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Here we describe a method for solving some classes of nonlinear functional and functional-
differential equations that relies upon the reduction to a standard bilinear functional equation.
The classes of nonlinear functional and functional-differential equations in question arise in con-
structing exact solutions to nonlinear partial differential equations with the methods of generalized
and functional separation of variables [1-4].

1. Bilinear Functional Equations

1.1. Simple bilinear functional equations and their solutions
1°. A binomial bilinear functional equation has the form

f1(2)g1(y) + fa(2)g2(y) = O, 1)
wheref,, = f,(z) andg,, = g,(y) (n =1, 2) are unknown functions of the different argumenfts0,
gn #0.

Separating variables in (1) yields the solution
fi=Af2  g2=-Ag, )

where A is an arbitrary constant. The functions on the right-hand sides of the formulae in (2) are
assumed to be arbitrary.

2°. The trinomial bilinear functional equation
f1(2)g1(y) + f2(2)g92(y) + fa()g3(y) = O, (€©)
wheref, = f.(x) andg, = g.(y) (n = 1,2, 3) are unknown functions, has two solutions:
Ji=Aafs, fa=Aofs g3=—A191— Aaga; @
91=A193, g2 =A2gs, [f3=-A1f1—Azf>

whereA; and A, are arbitrary constants. The functions on the right-hand sides of the equations in
(4) are assumed to be arbitrary.

3°. The four-term functional equation

J1(@)g1(y) + f2(2)g2(y) + f3(x)g3(y) + fa(z)galy) = O, ®)
where thef; are all functions of the same argument andghare all functions of another argument,

has a solution
Ji=Aafs+ Asfa,  fo=Asfz+ Asfa,

g3 = —A191 = Aszg2, ga=—A2g1— Asgz ©
dependent on four arbitrary constamts, ..., A4. The functions on the right-hand sides of the
equations in (4) are assumed to be arbitrary.
Equation (5) has also two other solutions

fi=Axfa, fa=Asfa, f3=Azfsa, ga=-A191~ Axgo— Azgs;

91=A19s, g2 = A294, 93 =Asga, fa=-A1f1—Azfo— Asfs
involving three arbitrary constants.

)
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1.2. Bilinear functional equation of the general form

Consider a bilinear functional equation of the general form

J1(@)g1(y) + fa(z)g2(y) + - - + fr(x)gr(y) =0 (8)

wheref,, = f,(z) andg, = g,(y) are unknown quantitiesy(= 1,..., k).
It can be shown that the bilinear functional equation (8)hadl different solutions:

fz(-r) = Ai,lfm+l(x) + Ai,2fm+2('r) +..- Ai,k‘—'mfk'(x)! 1= l, U
Im+i (V) = =A1;91(y) = A2592(y) = - = A jgm(Y), j=1.. . k-m 9)
m=212,...,k-1;

where theA; ; are arbitrary constants. The functiofis+1(x), ..., fe(2), 91(y), ..., gm(y) On the
right-hand sides of equations (9) are defined arbitrarily. It is apparent that forfixedlution (9)
containsm(k — m) arbitrary constants.

For fixedm, solution (9) containsn(k —m) arbitrary constantsl; ;. Givenk, the solutions
having the maximum number of arbitrary constants are defined by

Solution number Number of arbitrary constants Conditiong:on
m= 3k 12 if kiseven,
m=3(k+1) k-1 if % is odd.

Remark 1. Itfollows from formulas (9) that equation (8) can be satisfied only if the functfgns
(and theg,,) are linearly independent.

Remark 2. The bilinear functional equation (8) and its solutions (9) play an important role in
the method of functional separation of variables for the nonlinear PDEs.

1.3. Nonlinear functional-differential equations reducible to the bilinear functional
equation

Consider a functional-differential equation of the form

J1(@)g1(y) + fa(z)g2(y) + - - - + fr(x)gx(y) = O, (10)

where the functionalg;(x) andg;(x) are prescribed and have the form, respectively,

[i(@) = Fj (2,01, 00,071 0ns O )
9 W) =G (01, 1,0 s o, U, ).

The functionsy; = ¢;(x) andvy; = ¢;(y), dependent on different arguments, are to be found.
Here, for simplicity, an equation involving second derivatives is considered; in the general case, the
right-hand sides of relations (11) will contain higher-order derivatives; 6f o;(x) andy; = v;(y).

The functional-differential equation (10)—(11) is solved by the splitting method. At the first
stage, we treat equation (10) as a purely functional equation that depends on two varkaides
where f; = f;(z) andg; = g;(y) are unknown quantities. Solutions of this equation are given by
formulas (9). At the second stage, we successively substitutg; @pandg;(y) of (11) into all
solutions (9) to obtain systems of ordinary differential equations* for the unknown functign$
andy;(y). Solving these systems, we get solutions of the functional-differential equation (10)—(11).

(11)

* Such systems are usually overdetermined.
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Example 1. We will illustrate how functional-differential equations of the form (10) arise.
Consider the nonlinear partial differential equation

2 2 2 3
which arises in hydrodynamics [2].
We look for exact solutions of the form
w = p(x)0(y) + (). 13)
Substituting (13) into (12) yields
@0, = by, +o?[(0,)° - 00,,] —veby, =0.

yyy

This functional-differential equation can be reduced to a bilinear functional equation of the form (5)
by setting
f=¢h, =, fa= ¢ Jfa=vo,
G =0, g2=-0y, ga=(0,)>-00,,, g9a=-0y,,.
On substituting expressions (14) into (6), we obtain the system of ordinary differential equations

(14)

= A1p® + Agvp, ot = Agp? + A,
(0,)% - 00, = —A10, + As0,,, 0, = Agl, = Al

vy’ yyy

Substituting (14) into (7) yields another two systems of ordinary differential equations. For detalils,
see the book [2, pages 708-709].

2. Nonlinear Functional Equations

2.1. Equations in two variables contaning complex argument of the form

z = p(x) + (1)
Here, we discuss some functional equations two variables that arise most frequently in the functional
separation of variables in nonlinear equations of mathematical physics.

1°. Consider a functional equation of the form

f@) +g(z) + h(x)Q(2) + R(z) =0, where z = o(z) +(?). (15)

Here, one of the two functiong(t) and(t) is prescribed and the other is assumed unknown, also
one of the functiong(x) andy(z) is prescribed and the other is unknown, and the functidm$,
Q(z), andR(z) are assumed unknown.*

Differentiating the equation (15) with respectiyields the two-argument equation

G + 1 Q + hp, Q' + ¢, R, = 0. (16)

Such equations were discussed in Subsection 1.1, their solutions are given by formulas (6) and (7).
Hence, the following system of ordinary differential equations hold [see formulas (6)]:

9y = Arhg), + Az,
h, = Ashg), + Aapy,
QL =-A1 - A3Q,
R, =-Ap - AsQ,

(17)

* In similar equations with a composite argument, it is assumedahelt const and)(y) # const.
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whereA,, ..., A4 are arbitrary constants. By integrating system ODEs (17) and substituting the
resulting solutions into the original functional equation, one obtains the results given below.
Case 1 If A3 =0in (17), the corresponding solution of the functional equation is given by
f=-2A1A% + (A1By + Ay + A4Ba)yp = Bo — B1B3 — Ba,
g= %Alsz +(A1By + A)p + By,
h= A4(p + Bj, (18)
Q =-A1z + Bg,
R= %A1A422 — (A2 + AsB3)z + By,

where thed,; and B, are arbitrary constants and= ¢(x) andy = ¢(t) are arbitrary functions.
Case 2 If A3 #0in (17), the corresponding solution of the functional equation is

_ AA AlA
[ =-B1Bze A3w+<A2— 234)%/1—32—34— ;154.
AlBl Azp A1A4
=—— +|Ap—-——— |p+B
g A, € 2 As ¥ 2,
h = Bye/s® - ﬂ, (19)
A3z

A
- -Azz _ A1
Q = Bse i
AyB3 oAz 4 A1A, 3
Az Az

where thed, and By, are arbitrary constants agd= o(x) andy = «(t) are arbitrary functions.
Case 3 In addition, the functional equation has the two degenerate solutions [obtainable with
formulas (7)]:

R=

Az) z + Ba,

f :A1¢+B1, g :A1§D+Bz, h :Ag, R:—Alz—AgQ—Bl—Bz, (20)

wherep = ¢(x), ¥ = (t), and@ = Q(z) are arbitrary functionsd,, A,, By, and B, are arbitrary
constants, and

f=A1p+B1, g=Ap+Ah+B,, Q=-A; R=-A12—DB1- By, (21)

wherey = o(x), ¥ = ¥(t), andh = h(x) are arbitrary functionsdi, A,, B1, and B, are arbitrary
constants.

Example 2. We will now illustrate how functional equations of the form (15) arise. Consider
the nonlinear heat equation with a source

ow  *w
_— = 4+ .
o = g2 7T W) (22)
We look for exact solutions of the form
w=w(z), z=p@)+Y). (23)
Substituting (23) into (22) and dividing hy’, yields the functional-differential equation

, wy,  F(w(z))
Yy = Py + (@&)ZF e

> w

z

We rewrite it as the functional equation (15) in which

FO ==, g@) = ¢l h2)=(@h)? Q) =wl/wl, R()=flw@)/w,.  (24)
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Substituting (24) into (18)—(21) yields systems of ordinary differential equations for determining
o(x), Y(t), w(z), andF(w). For details, see the book [2, pages 724—725)].

2°. Consider a functional equation of the form

f() +9(@)Q(2) + h(z)R(2) =0,  where z=(x) +1(1). (25)
Differentiating with (25) respect to yields the two-argument functional-differential equation
9:Q + 99, Q. + N, R+ hg R =0, (26)

which coincides with equation (5), up to notation.
Nondegenerate cas&quation (26) can be solved using formulas (6)—(7). In this way, we arrive
at the system of ordinary differential equations

g, = (Arg + Azh)¢),,
hl, = (Asg + Ash)el,,

/ (27)
Q, =-A10Q - A3R,
R, =-A5Q - A4R,
whereAy, ..., A4 are arbitrary constants.
The solution of equation (27) is given by
g(x) = AB1e"% + Ay Bpet?#,
h(x) = (k1 — A1) B1e™? + (kp — A1) Boe*??, 28)
Q(z) = A3Bze™™* + A3Bge 2%,
R(2) = (k1 — A1) Bae ™™ + (kp — A1) Bse %27,
whereBy, . .., By are arbitrary constants arg andk, are roots of the quadratic equation
(k= A1)(k - Ag) — A2A3 = 0. (29)

In the degenerate casg = ky, the termse*2¢ ande 2% in (28) must be replaced bye** and
ze™%1# respectively. In the case of purely imaginary or complex roots, one should extract the real
(or imaginary) part of the roots in solution (28).
On substituting (28) into the original functional equation, one obtains conditions that must be

met by the free coefficients and identifies the functf@t), specifically,

By=B4=0 = f(t)=[A2A3+ (k1 ~ A1)*]B1Bse ™™,

B1=B3=0 = f(t)=[A243+ (k2 — A1)*]B2Bsc™™?, (30)

A1=0 = f(t) = (A2As + k?)B1Bse ™Y + (A A3 + k3) B Bae ™Y
Solution (28), (30) involves arbitrary functions= p(x) andy = (¢).

Degenerate casdn addition, the functional equation has two degenerate solutions [obtainable
with formulas (7)],

f=BiBoe™Y,  g=ApBie ¥, h=Bie?,  R=-Bpe™ - 4Q,

wherey = ¢(z), ¥ = ¥(t), andQ = Q(z) are arbitrary functionsdi, A,, Bi1, and B, are arbitrary
constants; and

f=B1Boe™?, h==B1e™"¥ ~ Ayg, Q= AyBoe™*, R=Boe’?,

wherep = ¢(x), ¥ =(t), andg = g(x) are arbitrary functions, and,, A,, B;, andB; are arbitrary
constants.
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3°. A more general functional equation of the form

f@) +q1(2)Q1(2) +.. . + gn(¥)Qn(2) =0,  where z = () +1(t) (31)
can be reduced, also by differentiating with respect,tto a functional-differential equation that
may be treated as a bilinear functional equation of the form (8). One can first use (9) to write out its
solution in the form of a system of ODEs and then find solutions to the original equation (31).

4°. Consider a functional equation of the form

Si®)ga(@)*. .+ (O gm (2) +ha(2)Qa(2)+. . +hn(2)Qn(2) =0, where z=p(x)+y(t). (32)

Assume thay,, (x) # 0. We divide equation (32) by,,(x) and differentiate with respect ta This
results in the equation

2n
f1i®)ga(x) + -+ + fra(O)gm-a () + Z si(r)Ri(2) =0
=1
with fewer functionsf;(t). By repeating the above procedure, one can eventually eliminate all
functions f;(¢) and obtain a two-variable functional-differential equation of the form (10)—(11),
which is further reduced to the standard bilinear functional equation.

2.2. Equations in two variables containing complex argument of the form
z = @(t)0(x) + 1p(t)
Consider a functional equation of the form
[a1(t)(z) + L) Ra(2) + - - - + [an()0(2) + Bu(D] Bn(2) =0, 2z =¢()f(z) +4(t). (33)
Passing on from the variablesandt to the new variables andt [the function@ is substituted by
(z —)/¢], one arrives at a bilinear equation of the form (8):

> ailt)zRi(2) + Y _[o®)i(t) = (o (D] Ri(z) = 0.
=1 =1
Example 3. We will now show how functional equations of the form (33) arise. Consider again
the heat equation with a nonlinear source (22). We look for traveling-wave solutions of the form

w=w(z), z=pt)z+y(). (34)
The functionsw(z), ¢(t), ¥(t), andF(w) in (34) are to be determined.
On substituting (34) into (22) and on dividing lny,, we have

w?,  Fw)
o +P; = 9027, . (39)
wz wZ
This functional-differential equation can be treated as a functional equation (33) with
w, F(w
n=4, Ri(z)=Rax(2)=1 Rz(2)= o Ry(2) = (/ ),

O(x) =z, a1t) =t ao(t) = as(t) = as(t) =0,

Bit) =0, Ba(t) =¢i(t),  Ba(t) = —9%(t),  Palt) = -1,
For details on solutions (34) to equation (22), see the book [2, pages 714-715].

Reference

1. Polyanin, A. D.,Handbook of Linear Partial Differential Equations for Engineers and Scier(@&ipplement B), Chapman
& Hall/lCRC Press, Boca Raton, 2002.

2. Polyanin, A. D. and Zaitsev, V. F.,Handbook of Nonlinear Partial Differential EquationrShapman & Hall/CRC Press,
Boca Raton, 2004.

3. Polyanin, A. D. and Zhurov, A. I., The generalized and functional separation of variables in mathematical physics and
mechanicsPoklady Mathematicsvol. 65, No. 1, pp. 129-134, 2002.

4. Polyanin, A. D. and Zhurov, A. |., Methods of generalized and functional separation of variables in the hydrodynamic
and heat- and mass- transfer equatiditgor. Found. Chem. Eng/l. 36, No. 3, pp. 201-213, 2002.



