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Abstract

Discretization methods for ordinary differential equations are usually not exact;
they commit an error at every step of the algorithm. All these errors combine to
form the global error, which is the error in the final result. The global error is the
subject of this thesis.

In the first half of the thesis, accuratgriori estimates of the global error are
derived. Three different approaches are followed: to combine the effects of the
errors committed at every step, to expand the global error in an asymptotic series
in the step size, and to use the theory of modified equations. The last approach,
which is often the most useful one, yields an estimate which is correct up to a
term of orderh??, whereh denotes the step size apdhe order of the numerical
method. This result is then applied to estimate the global error for the Airy equa-
tion (and related oscillators that obey the Liouville—Green approximation) and the
Emden—Fowler equation. The latter example has the interesting feature that it is
not sufficient to consider only the leading global error term, because subsequent
terms of higher order in the step size may grow faster in time.

The second half of the thesis concentrates on minimizing the global error by
varying the step size. It is argued that the correct objective function is the norm
of the global error over the entire integration interval. Specifically, itherorm
and theL ., norm are studied. In the former case, Pontryagin’s Minimum Principle
converts the problem to a boundary value problem, which may be solved analyti-
cally or numerically. When thé ., norm is used, a boundary value problem with a
complementarity condition results. Alternatively, the Exterior Penalty Method may
be employed to get a boundary value problem without complementarity condition,
which can be solved by standard numerical software. The theory is illustrated by
calculating the optimal step size for solving the Dahlquist test equation and the
Kepler problem.



Declaration

This dissertation is the result of my own work and includes nothing which is the
outcome of work done in collaboration except where specifically indicated in the

text.

Jitse Niesen



Preface

It is a great pleasure to be able to write this preface. It not only signals that the
thesis has come to completion, but it also gives me the opportunity to thank all the
people without whose help | would not have come to this point.

My PhD supervisor is Arieh Iserles. The research described in this thesis built
on his ideas, and he has been a source of assistance and inspiration throughout.
Per Christian Moan has put me on the right track in the first few months of my
PhD, while Arieh was abroad, and he has been very helpful ever since. Arieh
and Per Christian, thank you. | am also grateful to the many colleagues who dis-
cussed my work with me, including Sergio Blanes, Chris Budd, Stig Faltinsen,
Tony Humphries, Tobias Jahnke, Erjen Lefeber, Christian Lubich, Marcel Oliver,
Brynjulf Owren, Matthew Piggot, Divakar Viswanath, and Will Wright. The Nu-
merical Analysis group of the University of Cambridge is a great place to work and
| thank its present and former members for providing a pleasant atmosphere; they
are Arieh, Per Christian, Sergio, and Stig whom | have already mentioned, and
Brad Baxter, Aurelian Bejancu, NicoletdlR, Coralia Cartis, Anita Faul, Simon
Foucart, Hans-Martin Gutmann, Raphael Hauser, Mike Powell, Malcolm Sabin,
and Alexei Shadrin. | am especially grateful for the company of Cora, with whom
| shared an office for four years. She went through her PhD at the same time and
was a great support for me.

| thank the VSB Funds and Nuffic in the Netherlands, the EPSRC in Britain,
and various other Dutch sponsors for their financial support. | also thank Simon
Malham for letting me continue my work on the thesis while at Heriot-Watt. Last
but not least, | wish to thank my friends and family. They may not have contributed
directly to the thesis, but they always were there to give support. | would not have
managed to endure this ordeal without their help.

Thanks to all of you.

Edinburgh, March 2004
Jitse Niesen



Contents

[Abstract] i
[Preface i
(1__Introduction| 1
Part| Estimating the global error| 6
[2~ The numerical solution of ordinary differential equations 7
2.1 Basictheofly . . . . . . . . ... ..o 7
[2.2° " Runge—Kuttamethods . .. ... ... ............. 10
2.3 BuichertreesandB-sedies . ... ................ 11
2.4 Backward erroranalysis . . .. ... ... ... ........ 15
[2.5 Variable step-sizemethods . . . . ... ... ... ....... 19
[3  Three methods to estimate the global errar 22
[3.1 Lady Windermere'sfan . . . . ... ... .. ... ........ 23
[3.2 Asymptotic expansion . . . . . .. ... 31
[3.3 Modified equations and the global efror . . . .. ... ... .. 33
[4  Applications of global error estimates$ 38
4.1 Error growth inperiodicorbits . . . . . ... ... .. ...... 38
4.2 The Airy equation and related oscillators . . . . . . . ... ... 39
4.3 The Emden—Fowlerequatijon . . . ... ... ... ....... 48




CONTENTS Vv

Part|ll  Minimizing the global error | 60
[5 Formulation of the optimization problem| 61
5.1 Minimizing thefinalerrar. . . . ... ... ... .. ....... 62
9.2 Minimizing the error at all intermediate points . . . . . ... .. 64
[0.3 Formulation as an optimal control problem . . . . . . ... . .. 66
[6 Minimizing the error in the L, norm| 69
6.1  Optimal control problems . . . . ... ... ... ......... 70
[6.2 Analytictreatment . . ... ... ... ... ... ..., 74
[6.3 Numerical tfreatmeint . . . . . .. ... ... ... ... ..., 17
[/ Minimizing the maximal error | 88
[7.1 State-constrained optimal control problems . . . . . .. .. .. 89
/.2 Analytictreatment . . ... ... ... ... ... ... ... .. 93
[/.3 Numerical treatment . . ... ... ... .. ... ....... 98
[8  Conclusion and pointers for further research 107
[8.1 Estimating the globalerjor . . . . . ... ... ... ...... 107
[8.2  Minimizing the globalerrér . . . . .. ... ... ........ 109

Bibliograp 111



Chapter 1

Introduction

Many phenomena, like the weather, the circulation of blood through one’s body,
or the movement of the planets in the solar system, can be modelled by differen-
tial equations. Typically, these equation are so complicated that we cannot write
down the exact solution. However, we can use a numerical method to compute an
approximate solution on the computer. The computed solution will usually deviate
from the exact solution.

We will assume that we know the situation at a certain instant, and that we wish
to compute how the situation changes subsequently (this is callgttiahvalue
problem). This is commonly achieved byme-stepping starting with the known
situation, we apply some formula to calculate the state a little while later, then we
apply the formula again to find the situation still a bit later, and so on until we
have covered the whole period of interest. Of course, the formula that we apply
at every step is not exact, otherwise we would be able to find the exact solution.
The error that is committed at a particular step is calleddhal truncation errot
We will neglect round-off errors, which are caused by the fact that computers can
store numbers with only a finite precision, because these are typically small com-
pared to the truncation errors. We also neglect all other sources of errors, such as
discrepancies between the mathematical model and the reality.

So, an error is committed in the first step. In the second step, another error is
committed. However, we began the second step with a value which was slightly
wrong, because of the error committed in the first step. So, the result of the second
step is contaminated by both the error from the first step and the error from the
second step. In general, the result of some step is contaminated by the errors from
all the previous steps. The combined effect of all the local errors is callefddhal
error. The global error is the subject of this thesis.
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The global error is the crucial quantity to study if one wants to assess the quality
of some numerical method. However, this is not so easy, as the following quote by
Lambert [58, p. 57] indicates.

The LTE [local truncation error] and the starting errors accumulate
to produce the GTE [global truncation error], but this accumulation
process is very complicated, and we cannot hope to obtain any usable
general expression for the GTE.

Therefore, we will settle for aastimatefor the global error, instead of seeking an
exact formula.

Generally, we can distinguish two classes of error estimates. Some estimates
use the information obtained during the numerical solution of the differential equa-
tion, while other estimates use the analytic solution or at least some knowledge
about it. These are calleg posterioriestimates ana@ priori estimates, respec-
tively. Both types have their respective strengths. If one has actually computed
some numerical solution and wants to know how far it deviates from the exact so-
lution, one probably should use arposterioriestimate. However, for the purpose
of comparing different methods, or that of devising methods which are particularly
suited for a certain class of problems, there is often no choice but ta pseri
estimates.

Various approaches for obtainirgposteriori estimates are discussed in the
reviews by Skeel [80], Enright, Higham, Owren and Sharp 28, and Calvo,
Higham, Montijano and Randez [17]. However, in this thesis, we will only con-
sidera priori estimates. The classical texts on this class of estimates include the
work of Henrici [48,49], Gragd [34], Stetter [B1], Dahlquist [24], and Hairer and
Lubich [40]. A couple of years ago, Hairer and Lubi¢h![41] 42] made the con-
nection to the new theory of modified equations. Recent developments are due
to Viswanath([84], Moon, Szepessy, Tempone and Zouraris [69], and Iserles [54].
Indeed, the research of Iserles motivated the work described in this thesis.

Our aim in the first half of the thesis is to derive accuratgriori estimates
for the global error. The accuracy of the estimates is probed by applying them to
certain specific equations. The solutions of these equations are highly oscillatory.
We can expect that the local errors oscillate as well, so they may cancel when com-
bining to form the global error. This makes estimating the global error challenging.

The second half of the thesis illustrates another use of estimates for the global
error. Recall that a local error is committed with every step. Naturally, the step size
influences the local error, and indirectly the global error. So, we may try to keep
the error in check by choosing the step size wisely.
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Commonly, a posterioriestimates for the local error are used to choose the
step size. The idea is that an efficient method commits errors of roughly equal size
in every step; this is calledquidistribution But actually, we want to control the
global error, not the local error. So the question becomes: how to choose the step
size such that the global error is as small as possible?

This question has been considered before. Morrison [70], Greenspan, Hafner
and Ribart [35], Fuijii [30], and Gear[31] show how to vary the step size in order
to minimize the global error at some given instant. Butcher [14] extends their
work to the situation where one can not only vary the step size, but also switch
from one method to another, possibly with different order. The latest addition is
the interesting paper by Moon, Szepessy, Tempone and Zouraris [68], who give a
rigorous analysis of the complexity of their algorithm.

However, the size of the global error at a single instant is not always a good
indicator for the quality of the solution, as we will show. Instead, one should look
at the global error over the whole time interval. This does make the problem rather
more complicated, and only few people have studied it from this angle. Eriksson,
Estep, Hansbo and Johnson][28] study optimal step size strategies for discontin-
uous Galerkin methods; however, these methods are rarely used to solve initial
value problems for ordinary differential equations. Lindbérg [61] searches for the
strategy which minimizes the maximum of the global error. He manages to charac-
terize the optimal strategy for some equations using techniques from the calculus
of variations. Dahlquist [24] attempts to use this characterization to construct a
practical method for step size selection. Takaki, Utumi and Kawai [83] also look
at the global error over the whole time interval, but they use a rather unnatural ex-
pression for evaluating the step size strategies. As they mention in the same paper,
the root mean square value of the global error is of more interest.

In the second half of this thesis, we study the problem of determining the op-
timal step size strategy. We concentrate on two expressions for measuring the per-
formance of different strategies: the root mean square value of the global error, as
suggested by Takaki, Utumi and Kawai [83], and the maximal value of the global
error, as used by Lindberg [61]. These two objectives correspond tbotinerm
and theL,, norm of the global error, respectively. The resulting problem can be
viewed as an optimal control problem (this point of view is also taken by Utumi,
Takaki and Kawai).

Dikusar [25] and Gustafsson, Lundh andderlind [37/38] also use Control
Theory to select the step size, but their goals differ from ours. Dikusar tries to
control thelocal error, while Gustafssoet al.want to eliminate violent oscillations
in the step size sequence by adding a closed-loop control.
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Above, we considered the problem of finding the optimal step size for solving a
given differential equation. One could also ask for an optimal method for selecting
the step size that does not use angriori knowledge of the differential equation.
This question can posed in the framework of information-based complexity (see,
for instance, the book of Werschulz [85] for details). However, the results obtained
using this approach are not in agreement with the current practice. The work of
Moon, Szepessy, Tempone and Zouraris [68], referred to above, may be considered
as an effort to bridge this gap.

The plan of the thesis is as follows. There are two parts, each divided in three
chapters. Part | is devoted to the estimation of the global error. We start with
the standard theory on the numerical solution of ordinary differential equations in
Chaptef . In Chaptér 3, we derigepriori estimates for the global error. These
estimates are applied in Chapfér 4. Part Il starts with Chapter 5, in which we
discuss how to measure the performance of different step size strategies. This
chapter serves as motivation for the problems studied in the next two chapters.
Chaptef b investigates the step size strategy which minimizessm®rm of the
global error, both from an analytic and a numerical point of view. Chapter 7 does
the same for thé.., norm. Finally, Chapt€r|8 brings the thesis to a conclusion by
summarizing the main results and providing pointers for further research.

To end this introduction, we list the main contributions of this thesis to the field
of Numerical Analysis. To the best of the author’s knowledge, the following results
are new:

e the global error estimate of Theorém|3.4 for fixed step-size methods;

¢ the explicit expression for the global error in terms of modified equations, as
stated in Theorein 3.1.0 for general method and in Cord]lary 3.12 for Runge—
Kutta methods;

e the proof of Theorenf 4.]1, describing the global error when tracking a pe-
riodic orbit (a different proof has been given before by Cano and Sanz-
Sernal[20]);

e Theorenj 4.5, estimating the global erugrto orderh??, whereh is the step
size andp the order of the method, for the Airy equations and generaliza-
tions;

e Theoren 4.8, estimating the global error for the Emden—Fowler equation and
yielding a concrete, nontrivial example where the leading global error term
does not dominate the next term;
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e the characterization of the step size which minimizes ihenorm of the
global error in Theorern 6.5;

¢ the numerical computation of this step size, as described in Séctijon 6.3;
e the corresponding results for tfig, norm in Theorem 715 and Sectipn|7.3.

Parts of the material in Sectiops 3.3 4.3 were publishédin [72].



Part |

Estimating the global error



Chapter 2

The numerical solution of
ordinary differential equations

The subject of this thesis is the numerical solution of initial value problems for
ordinary differential equations, i.e., problems of the form

y/ = f(tay)v y(tO) =Y € Rd' (21)

In this chapter, we briefly describe the standard theory of the subject in order to
set the stage for the investigation carried out in the subsequent chapters. For more
background information, the reader is referred to the text books by Iserles [53] or
Lambert [58], the book by Butcher [115], or the extensive two-volume monograph
by Hairer, Ngrsett and Wanner [44,146]. Recent developments, especially the the-
ory of modified equations, are treated in Hairer, Lubich and Wanneér [43].

2.1 Basic theory

Given an initial timefy € R, a final timet; € R, and a set/ ¢ R, the functionf
is said to beLipschitz continuous [to, t¢] x U if there is a numbeF. such that

||f(t7y1) - f(tayQ)H < LHyl - yQH’ forallt € [to,tf], Y1,Y2 € U, (22)

where| - || denotes any vector norm @&¢. If f is both continuous and Lipschitz
continuous into, ts] x U, then the differential equatiop (2.1) has a unique solution
(which may only be defined on a subinteryal, t) with ¢ < t;). We will always
assume that this condition is indeed met. In fact, we will even assumg tisat
sufficiently smooth to justify all manipulations that we wish to perform. This is
certainly the case if is analytic, but in most situations less stringent requirements
will suffice.
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Theflow map@ﬁg is the function which associates to the initial valyec R¢
the corresponding solution value at timelt is defined by the relations

DP0(yo) =yo and L&} (yo) = f(t, P}, (v0))- (2.3)

Since the solution of equatiop (2.1) is unique, the flow map enjoys the following
composition property

P} 0 02 = o3P for all ¢y, to, andts. (2.4)

If the original differential equation (2.1) is linear, meaning that the right-hand

side f(t,y) depends linearly op, then the flow map is also linear. In this case, the

corresponding matrix is commonly called themdamental matrixor theresolvent
The derivative of the flow map is called thvariational flomw We denote it

by D(I)ig. By differentiating [(2.B), we find that it satisfies

D{(yo) =1 and D} (yo) = 3L(t, @}, (v0)) DD}, (o).  (2.5)

The variational flow determines the effect of perturbations of the differential equa-
tion, as specified in the Alekseev-@bner lemma below. The lemma provides a
generalization of the variations-of-constants formula for linear differential equa-
tions. A proof can be found in e.q. [44l,.14].

Lemma 2.1 (Alekseev—Gobner). Let the differential equatiof2.1) and a per-
turbed equation

7 = ft,9) + f(t.9),  §to) = yo (2.6)
be given. The solutions @B.1)and the perturbed equatig2.6) are connected by

143

glte) = y(te) + [ DR (5(t)) f(t, (1)) dt. (2.7)

to
Now suppose that we want to solve the differential equafion (2.1) numerically.
An easy way is théforward) Euler method We partition the intervalt, t¢] in
N subintervals of equal length. Denote the intermediate points, by ¢ty + kh,
k=1,2,...,N,whereh = (t; — tg)/N denotes the length of each of the subin-
tervals. We now approximatgt, ), the solution at time;, by

y1 = yo + hf(to,v0). (2.8)

The difference between this approximation and the real solution is calldddale
error. It is defined by

Ly(to,y0) = y1 — y(to + h).
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To calculate the local error for the Euler method, we first fjfidby differentiating
the given equatior (2.1). The result can be substituted in the Taylor serjes of

0 0
ylto+h) = y(to) +h 10, 0)+ 312 (5o 90) + 5L t0,00) £ t0,0) +0O(0).
(2.9)
Together with the definition ok, (o, yo), we find that the local error satisfies

of

g(to,yo) + g(to,yo) f(t07y0)> +0O(r%).  (2.10)

Lh(thyO) = _%h2< ay

The O(h?) term can be found by further expanding the Taylor sefies (2.9).
We apply the Euler step (2.8) iteratively to obtain approximations to the solu-
tion atto, t3, . .., ty by the recursive formula

Ykt1 = Yk + hf (tr, Yi)- (2.11)

The local errors committed in all steps accumulate to the total difference between
the numerical approximatiop, and the exact solutiop(¢¢) at tr = tn. This
difference is called thglobal error, and its definition is

Gh(ts) = yny —y(tr) where ¢ =tn. (2.12)

Note that the dependence@f,(¢;) on the initial dat&to, yo) is not explicit in this
notation. For the Euler method, one can prove tgtts) = O(h).

At this point we can state the goal of the first part of this the®is: want to
obtain precise estimates for the global errdtowever, we first need to generalize
the above description to include other numerical methods.

A generalone-step metholdas the same form as the Euler method, except that
(2.13) is replaced by

Yk+1 = Yn(te, yr), (2.13)

where ¥, is some functiorR x R? — R9. As for the functionf, we assume
throughout the thesis thaty, is sufficiently smooth.

The local error is again the difference between the numerical approximation
and the exact solution, so

Lu(t,y) = Tp(t,y) — 25" (y). (2.14)

The global error is defined by (2]12) as before. The local and global errors are
related by the following fundamental theorem. For a proof, the reader is referred
to [44, Theorem 11.3.4].

Theorem 2.2.1f Ly (t,y) = O(hPt1), thenGy,(t;) = O(RP).
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As indicated before, we always assume tfigd sufficiently smooth (in the above
theorem, it is enough to require thitbe Lipschitz continuous in a neighbour-
hood of the solution). This theorem leads to the following definition: a method is
said to haveorder p if L, (t,y) = O(hP*!), and hences), (tr) = O(hP), for all
sufficiently smoothf.

A further generalization is to considemltistep methodsvhich have the form
Yk+r = Yp(t, Yk, - -, Yk+v—1). HoOwever, we will not concern ourselves with
them in this work.

2.2 Runge—Kutta methods

An important family of one-step methods is formed by the so-caledge—Kutta
methodgabbreviated RK-methods). Given an integemdenoting the number of
stages, dv x v)—-matrix [a;;] and two vectorsb;] and|c;] of lengthv, the corre-

sponding Runge—Kutta method is given by

él:f<tk+clh)yk+hza2]€j)) i:1,2,...,V,
. 7=l (2.15)
Ver1 =Yk +h Y bici.
=1
It is customary to collect the coefficients in an arrangement calleBkx&ableau
The tableau corresponding to general RK-metiod {2.15) is

C1 aiy --- Ay
Cy | Qp1 Ayy
‘ by --- b,

For example, the Euler methdd (2/11) can be considered as a Runge—Kutta method
with v = 1 stagega; = ¢ = 0, andb; = 0, so its RK-tableau is

00
1
We list below some other Runge—Kutta methods, which will be mentioned in this
thesis.

e Runge’s methodalso known as the explicit midpoint rule), a second-order
method with two stages due to Carle Runge, is given by

&1 = f(tr, yr) 0|0 0
&2 = [tk + 3h,yr + 3h&1) 1/2]1/2 0 (2.16)
Yk+1 = Yk + h&2 0 1
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e Heun’s methoda third-order method with three stages due to Karl Heun, is

given by
&1 = f(te, yk) 00 0 0
& = f(te + h,yr + $h&1) 1/3/1/3 0 0 2.17)
&3 = f(tr+ 3h, yr + 3hé2) 2/3| 0 2/3 '
Yrt1 = Yk + h(E + 3&3) ‘ 1/4 0 3/4

e Martin Kutta designed a fourth-order method with four stages which is so
popular that it is commonly callethe standard Runge—Kutta methad is

given by
&1 = f(tr, yr) 0/ 0 0 0 0
& = f(tr + 3hyp + 3hé1) 1/2/1/2 0 0 0
& = [ty + 3h,yr + 3h&2) 12/ 0 1/2 0 0
&4 = f(ti + h,yr + h&3) 110 0 1 0
Ykl = Yk + gh(ér + 28 + 265 + &) 1/6 1/3 1/3 1/6

(2.18)

In principle, the local error of any Runge—Kutta method can be obtained in the
same way as we did above for the Euler method. However, the calculation soon
becomes highly cumbersome, so we need a device to keep the complexity in check.
The theory of Butcher trees, explained in the next section, is one way to achieve
this. An interesting alternative is provided by the framework of Albrecht [2], which

is also explained in Lambert [58].

2.3 Butcher trees and B-series

As a first step, we transform the nonautonomous equdtioh (2.1) to an autonomous
equation by appendingto the dependent variables as follows,

i-p)

So it suffices to restrict ourselvesaatonomougquations)’ = f(y).

The second device to simplify the computation is provided by the so-called
Butcher trees To introduce them, we look again at the Taylor series of the exact
solution, cf. [2.9). In the autonomous case, the first terms of the series are

y(t+h) = y(0) + hf + 5027 () + 402 (£ 1) + 1)
b (L D+ 3EE L D)+ P E ) + £ E )
+ O(R®). (2.19)
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Here the argumentgy(t)) of the functionf and its derivatives have been sup-
pressed, and the derivatives pfare considered as multilinear operators. For in-
stance, the ternf”(f, f/(f)) stands for a vector whoggh component is given by

S P dfe
PN = D000 30 5,5 () fuly(®) 52 = (6(0) fon (410).

(2.20)
where the subscripts denote the various components of the vectors. Terms like
the above, which appear in the Taylor expansion of the solutiop are called
elementary differentials

The idea is now to represent every elementary differential with a (rooted) tree,
a graph without cycles with one designated vertex calleddbe For instance, the
tree corresponding td (2.20) is

(2.21)

Here, and in the rest of this thesis, the root is the vertex depicted at the bottom.
With this convention, the Taylor serigs (21 19) can be written as:

y(t+h) = y(t) + hF () () + S2FQ) + 30 (F(\) ) + F(3) )

+ gih (F(\I/') (y) +3F <\}) (v) + F< % >(y) + F<Y> (y))

+O(h%).
(2.22)
It remains to formalize the above.
We define the set of trees, denotedbyto be the smallest set with the follow-

ing properties.

e The tree with one vertex, called thmit tree and denoted, is a member

of T

e If the treesry,..., 7, are inT, then so is the tree formed by connecting
all the roots ofrq, ..., 7, to a new vertex, which becomes the root of the
newly formed tree. This tree is denotgd, . .., 7,]. Note that some of the
T1,...,T, May be equal, and that the result does not depend on the ordering,
SO[Tl,TQ] = [7‘2,7’1].

For example, the tree it (2.21) isThand it is denotedls, [«]].
We now define the following functions acting on the set of trees. They are also
defined recursively.
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e The number of vertices of a treeis called itsorder, and denoteg(7). Its
definition is

p(e) =1 and p([ri,...,7]) = 1+ p(m1) + -+ p(7n).
e Thesymmetry coefficient(r) is defined by
o(e)=1 and o([r,...,m]) =0c(n)...o(m)ulp! ...,
where the integergy, ueo, . .. count equal trees among, . . ., 7,.

e Theorder producty(7) is defined by
(o) =1 and y([ri,...,7]) = p(T)y(71) ... (7).

e Given the functionf : R* — R¢, theelementary differentiatorresponding
to a treer is the functionF(7) : R — RY with

F()(y) = fW), F(lri, ... @) = fY @) (F(r) (@), ... F(7a) ().

e Given a Runge—Kutta method (2]15), thlementary weightorresponding
toatreeris o(r) =3 7, bipi(T), where

852(’) =1 andcﬁi([ﬁ, ce ,TnD = Z QAijy - - - aijncﬁjl(ﬁ) ce @jn(Tn)-

Il Jn=1
Note that for the Euler methof (2]11), we haver) = 0if 7 # «. More
generally, for an explicit Runge—Kutta method witlstages, the elementary
weighty(7) vanishes whenever(r) > v.

In Table[2.1 we list all the trees of order up to 5 with the values of the functions

defined above. Itis often convenient to extend the domain of definition of the above

functions with the empty tree, denotéd The results of evaluating the functions
on() can also be found in Table 2.1.
We can now write the Taylor expansion of the exact solution as

hP(T)
(t+h)=y(t) + ————— F(7)(y(t)). (2.23)
g YO+ 2 Sy T

Of course, this requiregto be analytic, which is the casefifis analytic. But also

the numerical solution can be expanded in a Taylor series. For the Runge—Kutta

method[(2.15), we find

war =+ 3 E0 1 F ) ). (2.24)
T7€T
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n(7) o) F(r) o(r) |
0 0 1 1 id 1
1 ; 1 1 f b
2 ['] = I 1 2 f’f Zij biaij
3 [e]=\/ 2 3 (£, f) ik bidij ik
3 o)) =% 1 6 ' f > ik bidijaj
4 [‘a i) ‘] = \V 6 4 f”/(fv f f) Zijkzbiaijaikaiz
4 [[']7 '] = \} 1 8 f”(f,fv f) Zijke biaijaz’kajé
4 [s,s]] = Y 2 12 fH(f 1) 2ijre bitijajrage
4 Ml=1 12 PP Syubesea
3 [e;e,0,0] 24 5 f"(f, f, 1, f) Y bigijaixaicaim
S [[']7 ) '] 2 10 f///(f/fa I f) Z biaijajkaiéaim
5 [[o,¢], o] 2 15 fU(fU(f ) ) Yo biaijaikakearn
5 [[[e]], *] 1 30  fUSfff ) Y biaijajrageaim
5 [[+], [*]] 2 20 U D biaagkaicanm
5 [[o; 0, ¢]] 6 20 L) Y biaijagrajeagm
5 [[[e], «]] 1 40  flf'(f'ff) Y biaijagrajeaem
5 [{[e, ]]] 2 60  fIE ) DD biagagkakeakm
S [[[[=]1]] 1 120 f'IEFff > biaijajrakeamm

Table 2.1: Trees, and the values of various functions defined on them.

The local error of a Runge—Kutta method can now be found by simply subtract-
ing (2.23) from [(2.2}4). A succinct formulation of the order conditions follows:
a Runge—Kutta method has ordeif and only if its elementary weights satisfy
(1) = 1/~(r) for all treesr of orderp(7) < p.

If we compare the Taylor series (2]23) and (2.24), we see that they have a
similar form. This motivates the following definition. B-seriesis the formal
series

B(a, a(®)y + Z hp a(t) F(T)(y), (2.25)

wherea is a functionT U {)} — R. Different normalizations are in use in the
literature. Here we follow the convention used in Butcher and Sanz-Serna [16] and
Hairer, Lubich and Wannelr [43].

With the definition [(2.2b), we can reformulate the serjes (2.23) [and](2.24) as
y(t+h) = B(%,y(t)) andyy41 = By, yy), respectively; herey stands for the
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function mapping the treeto ﬁ

Many operations on trees and B-series have been considered in the literature,
see e.g. Butchef [15], but we will only need thie derivativeof a B-series as
defined in Hairer, Lubich and Wannér [43]. Recall that given a funaiiom R,
the Lie derivative o with respect tof, denoted;a, is defined to be the derivative
of a along solutions of/ = f(y), so

Oralyo) = §ra(y(t)|,_y, wherey'(t) = F(y(t)). y(0) = yo.

Mirroring this definition, we define the Lie derivative of the functiBia, y) with
respect taB(b, y) as the B-series

B(dya,y0) = h§s B(a, y(1))|,_,, wherehy'(t) = B(b,y(t)), y(0) = yo. (2.26)

It turns out that there indeed exists a functign : T U {0} — R such that[(Z.26)
is satisfied ifb()) = 0. Moreover, we can compute this function explicitly as

da(r) = Y a(r\7)b(r). (2.27)

veV(r)

Here V(7) is the set containing thge(7) vertices of the
treer. Furthermorey, denotes the subtree efhavingv
as its root, and- \ 7, is whatever is left fromr after the
subtreer, is removed. The picture to the right illustrates "
these definitions. For the trees up to order 3, the formulag %"
for Opa are

Ty, .o

7\ To

The Lie derivative is used to compute the modified equation, which is the subject
of the next section.

2.4 Backward error analysis

There is a theory in numerical ODEs akin to the backward error analysis in nu-
merical linear algebra initiated by Wilkinson. While a forward error analysis is
concerned with the error in the solution space, backward error analysis consists of
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a study of the error in the problem space. In the context of numerical ODEs, the
development of the theory of backward error analysis is fairly recent and there-
fore not contained in older books. The reader is referred to Hairer, Lubich and
Wanner|[[43] for a more extensive treatment than is possible here.

More precisely, given an autonomous differential equagibr= f(y) and a
numerical methody, 1 = ¥,(yx), the idea is to search forrmodified equation
7' = fn(7) whose exact solution equals the numerical solufigr} of the original
equation at the grid point§t; }. It turns out that usually the modified equation
only exists in a formal sense, so instead we are looking for an equation whose
exact solution isO(h")—close to the numerical solution wherds an arbitrary
positive integer. If both the right-hand sigeand the numerical method;, are
analytic in some neighbourhood, then there exist functifng;, . . ., fr_1, such
that the difference between the exact solution of

J = fo(§) + hfr(@) + B2 fo(§) + -+ Bl (D)

and the numerical solution of the original equatio(s,) — y, = O(h").

Note that the solution of the original equation is alre&ty.”)—close to the nu-
merical solution, wherg is the order of the method. Hence, the modified equation
in fact takes the form

g = @)+ WP Lp(5) + WP e (5) + - (2.28)
However, the series on the right-hand side does not converge in general.

Example 2.3. The results in this chapter and the next are illustrated by a running
example, which is also considered by Calvo, Murua and Sanz-Serina [19], Griffiths
and Sanz-Serna [36], and Hairer, Lubich and Wanher([42, 43]. We are seeking a
numerical solution of the scalar differential equation

v (1) = (y1)°,  y0)=1 (2.29)

The exact solution of this initial value problemy$t) = 1/(1 — t), which has a
singularity att = 1.

Suppose that Runge’s second order method|2.16) is used to[solMe (2.29). Then
the modified equation is given by

. 5 o T o4
h2y4 + Zh3y5 _ §h4y6 4+ ... (230)

3
~ _ ~2 2
y =y 4

In Example 2.4, we will explain how to find this equation. Another method can be
found in [43,81X.1].
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Figure 2.2: The exact solution of = 3> (dashed line), the result of Runge’s
method with step sizé = 0.25 (circles), and the exact solution of the modified
equation[(2.30) truncated after two, three, and four terms (solid lines marked 2, 3
and 4, respectively).

In Figure[2.2, we compare the numerical results with the exact solutions of
the original equationy/ = y? and the modified equatiof (2]30). It is clear that
the latter approximates the numerical results better. However, this approximation
breaks down at = 1, reflecting the singularity in the exact solution (of course, the
numerical solution has no finite-time singularity). O

Let us now suppose that the numerical method can be expressed as a B-sellies (2.25),
sayyr+1 = Yr(yr) = B(a,yx), as is the case for Runge—Kutta methods. Then

the modified equation (2.28) can also be written in terms of a B-series, namely as

~ ~ pe(r)—1

7 =3B =Y

T€T

b(7) F(7)(9), (2.31)

o(7)
but with different coefficients(7). In fact, we have(()) = 0 and
b(r) =al(r) = > _ =3 'b(r), (2.32)

whered] ' denotes thé;j — 1)—th iterate of the Lie derivativé, defined in[[2:26).
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The coefficients for trees up to order 3 are

b(s) = a(s)
b(1) = a(l) — 3b(+)? = a(]) — zal+)’
b(\) = a(\/) = b(D)b(e) — 30()* = ¢(\/) — a(D)a(+) + Fa(+)?
b(3) =a(}) —b@b(s) — $b(+)* =a(}) —a(d)a(+) + Sa(s)?

Example 2.4. We return to the equatiogl = y2. The elementary differentials can
easily be computed with the definition given on pagke 13.

Hence, the modified equation is, ¢f. (2.31),
§ =1 - 3%+ O(h®).

To find the next term, we repeat this calculation for the trees of order four. The

FNAw =0, o(N) =5 (N) =0
o ) )
(o o) oY)
(o o) o)

So, the next term igh3§*, and the modified equation reads
g/ — QQ o %h2g4 4 %h3g4 + O(h4)

This agrees with (2.30). O
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2.5 Variable step-size methods

In the previous sections, we divided the time interfvgl¢¢] in @ number of subin-
tervals of equal length. However, almost all programs used in practice do not
space the intermediate points uniformly, because it is often more efficient to
concentrate them where the problem is harder. This means that, instead of having
a constant step siZethroughout the computation, we have a different step/sjize

at every step. The time stepping formula changes fgpm = Uy, (tx, yx) tO

thy1 =tk + hiy and ypq = Wy, (th, yi)-

In this context, the global error depends not on a single variapbait on all the
step sizedi,. We still denote the global error b§},(t¢), but nowh represents
the vector(hg, h1, ..., hg_1). Theore, which states that a local error of or-
derhP*! implies a global error of ordées?, is still valid in the form

Li, (tk, ) = O(RYTY) implies Gy (te) = O(hB,,), (2.34)

whereh.x = maxy hj, denotes the maximal step size.

For a further analysis of the variable step-size method, some knowledge on how
the step sizé,, is determined is required. The idea of most programs is to try and
keep the local error, possibly normalized by dividing it by the step size, below a
certain value specified by the user. The details, which may be rather intricate, often
introduce a dependency af, on the size of the previous stefy,_;. However,
Stoffer and Nipp[[82] prove that under some assumptibnss asymptotically
independent of_. This suggests that we consider methods of the form

hi, = eph(ti, yr),
thrr =t + hy, (2.35)
Yr+1 = Y, (trs Ur),

wheregy, is a reference step size, reflecting the user-specified tolerance. Further-
more, we will assume that the functi@dnis bounded from below, i.e., that there is
aC > 0 such thati(t,y) > C for all t andy. This model is commonly used when
analysing variable step-size methods; see for instanc¢e[Ud), and [43,5VI11.2].

The variable step-size method can generally not be expanded in a B-series, even
if U, is a Runge—Kutta method. That s, there is no coefficient funetiom — R
such that

Yk+1 = Yk + Z ZEZ; 5Z(T) F(7)(yr)-
T7eT
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Hence the theory of Sectign 2.3 is not applicable to variable step-size methods,
which complicates their analysis considerably.

The theory of Section 2.4 on backward error analysis remains valid for variable
step-size methods, in that there exists a modified equdtion (2.28) whose (formal)
solution coincides with the result of the numerical method, as proved by Hairer and
Stoffer [45]. Of course, formulg (2.B1) expressing the modified equation in terms
of the B-series of the numerical method cannot be applied.

Example 2.5. We continue with the equatiof = 32. Again, Runge’s second
order method is employed, but now with variable step size. We suppose that the
step size is given b, = 5, (yx) 2, so that the method is indeed of the fofm (2.35).
This causes the step size to decrease as the singularity is approached, as illustrated
in Figure[2.3.

The modified equation can be found by using the same technique as explained
for constant step-size methods|in[48¢.1]. We find that it is given by

B - 3 1, 1,
G =0 = e - e e (2.36)

Its solution, and the solution of the original equation, is compared to the numerical
results in Figuré 2]3. We see that the solution of the modified equation follows the
numerical results closely.

One might naively think that the modified equation (2.36) for the variable
step-size method can be deduced from the modified equtiorj (2.30) for the con-
stant step-size equation by the substitutior- ¢,5~2. A comparison of[(2.36)
and [2.3D) shows that this is not the case. However, and this holds in general, the
term of orders} (remember thap stands for the order of the numerical method)
can indeed be derived in this way. O
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Figure 2.3: The exact solution of = 3> (dashed line), the result of Runge’s
method with step sizé;, = ¢, (yx) "2 wheree;, = 0.4 (circles), and the exact
solution of the modified equatiop (2]36) truncated after the fourth term (solid line).



Chapter 3

Three methods to estimate
the global error

This chapter forms the heart of the first part of the thesis. Its purpose is to find
estimates for the global err@r,,(¢), the difference between the result of the nu-
merical method and the exact solution. The basic ingredient of the estimates is the
local error of a method. Parts of the discussion are valid for both constant step-size
methods of the fornj (2.13) and variable step-size methods givgn by (2.35), but the
greater part assumes that the step size is kept constant.

Recall from Chaptér|2 that the global error of a constant step-size method satis-
fiesGy(tg) = O(RP) if the method has order. We are seeking an estimatg, (t;)
that at least satisfieS), (tr) — Gp,(t;) = O(hP*!). However, considerable efforts
will be put in the quest for more precise estimators. Similarly, for variable step-size
methods, we are seeking an estim@te (t;) with G, (tr) — Gz, (t;) = O(el™),
or better.

In each of the three sections in this chapter, a different line of attack will be
pursued. First, the most straightforward approach will be taken: for every step, we
compute the contribution of the local error at that step to the global error attjme
and then we sum these contributions to find the global error. In S€ctipn 3.2, we
expand the global error in powers bf and we seek to obtain the terms in this
power series. The third approach uses the theory of backward error analysis, which
was explained in Sectign 2.4, to get yet another estimate for the global error.

22
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3.1 Lady Windermere’s fan

The approach described here is rather straightforward: we add the contributions
of the local errors committed at every step to find the global error. Many of the
classical text books (see, for example, Isaacson and Keller [52]) use this approach.
The usual result is a bound of the form

IGh(t)| < ChP,, el ti=to) (3.1)

max

where L is a Lipschitz constant as defined jn (2.2), arids some constant de-
pending on the size of the derivativesfofin fact, this is the standard way to prove
Theoreni 2.P.

It is well known that the bound (3.1) often yields a gross overestimate of the
error. The problem is that the Lipschitz constdnbften does not describe the
function f well. Hence, the estimate can be improved if one takes a more sophisti-
cated approach, based for instance on a one-sided Lipschitz condition. Details can
be found in e.g. Hairer, Lubich and Wanner|[4410], who follow Dahlquist[[23],
or Iserles and &derlind [55].

None of these approaches take into account that the errors committed at various
steps may (partially) cancel each other. This is why their results may still be too
pessimistic. In other words, these approaches giwendson the global error,
while we are looking foestimates

Below, we will derive an estimate of the global error. The idea is illustrated in
Figure[3.]. At every timey, a local error is committed. This error is transported
along the flow of the differential equation to the end of the integration interval, and
then all the transported local errors are summed to get the global@for). As
the local errors are quite small, the linearized flow can be used to transport them.
This gives the following error estimate.

Lemma 3.1. If a one-step method of orderis employed, then the global error
satisfiesG), (tr) = G (te) + O(hi.), whereG), is given by

N-1
Gh(te) = > DO (y(te1)) Ln (e y(th)), Withty =t (3.2)
k=0

Proof. We decompose the global error as suggested by Higure 3.1,

N-1

Ghlts) = yn — B (yo) = > Ry, WhereRy, = ®i  (ypy1) — 4 (ui).
k=0

Note thatRy, represents the local error committedat,, transported te¢. Using
the definition of the local errof (2.14) and the flow composition propérty (2.4), the
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global error

Yo

local error

to th to ts ta

Figure 3.1: The local errors committed at every step are combined to form the
global error. This picture is calledady Windermere’s fgrafter a play by Oscar
Wilde, in [44].

expression folR;, can be rewritten as

Ry, = ®f

tet1

((IDtk+1 (k) + L, (tk, yk)) (I)i‘;ﬂ ((I)tk+1 (yk))

The main theorem of calculus allows us to write this as an integral,

Rk—/ D®tk+1 tk“(yk)+thk(tmyk))Lhk(tk,yk)dﬁ (3.3)

The local error isLy, (ty, yx) = (’)(hﬁ“) because the numerical method has or-
der p. Furthermore, the smoothness pfimplies that the flow mapb is also
smooth, so

t t 1
DEE (07" (yr) + ELny (thoyn)) = DO, (P (wr)) + O(RY ).
Hence we can approximate the integral[in|3.3) as follows.

Ry, = Do

tht1

(‘I’tk+1 (yk)) Ly (ths 1) + O(2PF2). (3.4)

We also havey, = @ (yo) + Gi(tr) = i (o) + O(hhax) because of The-
orem[2.2. Thus, the composition property {2.4) of the flow map implies that
<I>§’;“ (yp) = ‘I’ZZH (yo) + O(hhax). Hence, we can rewritg (3.4) as

Ry = DO (@45 (y0)) Ly (tr yi) + O(RZED).
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Furthermore, using the smoothness of the numerical method, and hence of the local
error, we can write

Ry = Dq>§2+1(q)is+l(y0))l’hk(tk’ (I)ig (yo)) + O(h?fg(l)

Finally, the global error is retrieved vidy,(tf) = >, Ri, where the summation
goes ovelN < (ty — to)/hmax terms. This gives u$ (3.2). O

The same argument, up {o (B.4), can also be used to prove Theoljem 2.2.

It should be borne in mind that the constant hidden in ¢heymbol in the
equationGp,(t¢) = Gh(tf) + (’)(hﬁ?ax) depends on the final timg. This constant
often grows exponentially agsincreases. In this case, the estin@tgtf) becomes
meaningless from a certain point (see for instance Example 4.7).

Example 3.2. We return to the same example as in Chdpjter 2: solving the equation
y' = y%,y(0) = 1, with Runge’s second order method. For the moment, we restrict
ourselves to the case where the step size is constant. We want to use Lefnma 3.1 to
estimate the global error.

We setty = 0, sot; = Nh. The estimate for the global error becomes
Gu(ts) = SN A + O(h*) where

Ay = DOGM 1 (y((k + 1)h)) Ly (kh, y(kh)).
Recall that the exact solutionggt) = 1/(1—t). The flow and the variational flow
of the equation/ = y? are
-
(1 —(t— s)y)z‘
We also need to know the local error of Runge’s method. This can be determined

by comparing the B-series of the exact and the numerical solution, or by a straight-
forward Taylor expansion. Both methods yield

®l(y) = ——~—— and DP(y) =

1= (t—s)y (3.5)

Ly(t,y) = —30%y* — h'y® + O(R9). (3.6)

Combining all these expressions, we find that
1=+ (3, 1 N\ a1 N
A’““( 1— Nh ) <4h =) TP\

B _(1—1tf)2 (Zhs <1 _1kh>2 - %h4 (1 _1kh>3) +O(R°). (37

We now need to sum thd,. However, here we encounter a problem: the sum
> (1 — kh)™™ cannot be expressed in elementary functions. One possible way
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107 107

—-10] -10]

10 10

Figure 3.2: The plot on the left shows the global errot;at= 0.9 committed

by Runge’s method with constant step size when applied te= y? (circles),

the difference between the estimgte [(3.8) and the true global error (crosses), and
the difference betweef (3]11) and the true global error (squares). The dotted ref-
erence lines have slop@&sand4. On the right, the global error with step size

hi. = e1,/y; (circles) and the difference between the estinfate [3.15) and the global
error (crosses) are shown. The dotted reference lines have glapes.

around this obstacle is to use the Euler—MacLaurin theorem, as will be explained
in Example[3.5. We can also use the digamma functiorwhich is defined

by ¢(z) = T'(x)/T'(x), wherel'(x) denotes Euler's gamma function (see for in-
stancel[l, Ch. 6]). In terms of the digamma function,

N—-1
Gu(tr) = Ap + O(h*)

Sl ) o

1 ,(1—t 1 ,/1 4
- 1) —= Z+1 .
+4¢< W +> 4¢ n T +O(h%)
This estimate is illustrated on the left-hand side of Fidure 3.2, which shows the
difference between the estimafe {3.8) and the exact global errgr=a0.9 for

various values of the step size Comparison with the reference line shows that
the remainder term is indeed of orde. &
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As illustrated in the above example, it is often rather difficult to evaluate the sum-
mation in [3.2). This problem can be mitigated by converting the sum to an integral.
The Euler—-MacLaurin theorem achieves this conversion. A proof of this theorem
can be found in [57§7.7].

Theorem 3.3 (Euler-MacLaurin). Let be a function ori0, 1]. If 1 is C?", then
for some¢ € (0, 1) we have

n—1 b

[ vwa=i )= X G

2k: 1) ) w(?k—l)(o))

_ Do pom)
ot G9)

whereb;, denote the Bernoulli numbers.

Two equivalent definitions for the Bernoulli numbers are

and b =0 (forn > 1).
kok' = kZ:O< . )k (forn > 1)

The firstvalues ary = 1, by = —3,by = ¢,b3 = 0,by = —55,b5 = 0, bg = 15
In generalp, vanishes for odd > 3.
The Euler—MacLaurin theorem can readily be used if the numerical method

employs a constant step size.

Theorem 3.4. If we are using a constant step-size method of ogdr solve the
equationy’ = f(t,y), then the global error satisfie§}, (t;) = Gp(ts) + O(h?)
with

~ 1 [ti—h

Gp(te) = - pr(t) dt + 5 (pn(te — h) + pa(to))

p—1
Py b% (2D = ) = 2D 1)),
k:l

where the functiomy, : [to, t; — h] — R%is defined by
pu(t) = DO, (y(t +h)) La(ty(t))-

Proof. Summing the Euler—MacLaurin formula (B.9) yields the following summa-
tion formula (see e.g. [5%,7.4])

N N—-1
/0 (o) dz = Lp(0) + 3 w(k) + Lo(N
k=1

1

3
|

b2k (2k—1) L (2k=1) _(727n (2m)
‘ (2k)! (ﬂ) 2 (N) =9 2t (0)) (2n>!N¢ 2 (£). (3.10)

e
Il
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For constant step -size methods, we hgve: ¢, + kh. Hence,[(3.R) takes the form
Gh(ty) = Zk o pr(to + kh). The theorem follows by applying (3110), rescaled
to the time intervalto, ty — hl. O

Example 3.5. We continue Example 3.2. Froin (B.5) apd {3.6), it follows that the
function py, in Theorenj 3.4 is given by, cf. (3.7),

1 3h3 ht 5
)= == (s —e ~ 2 ) 000
Integrating this expression is a tedious but straightforward computation, which re-
sults in
ti=h 3h3t ht 1
t)ydt = — —4 o).
[ moa= gy g (e 1) o0

Hence, we find that the global error satisfies

1 fl—h
Grlt) =3 [ n()dt+ Sonlte — b) + pat) + O

n Jy,
e, Bte(2—

_ t) .
41 —tf)sh + 8(1— t;)* Th* + 0. (3.11)

Again, we plot the difference between the above estimate and the true global error
in the left-hand plot of Figurg 3,2. This figure supports the error estirpate] (3.11).
Note that the estimatds (8.8) afd (3.11) are not identical; the difference is subsumed
in the O(h*) remainder terms. %

The situation is more complicated for variable step-size methods. The following
result is a straightforward application of the Euler—-MacLaurin theorem, but it dis-
cards all information of orde?*!, and retains only the leading error term, which
has ordeh?.

Theorem 3.6. Suppose that we are employing a variable step-size method of the
form (2.35) If the local error is Ly (t,y) = hPT(t,y) + O(hP+?) and the

step size function is bounded below, then the global error satisfies the estimate
Ge, (tr) = ehg(tr) + O(h™) with

olte) = / Ch(ty()” DBy (1)) £t y(1)) dt. (3.12)

to

Proof. According to Lemma 3]1, the global error satisfies

N-1
Go(t) = Y ge+O(h,) with gy = DO (y(tis)) Ln, (te y(tr))-
k=0
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We haveD<I>§’;+l = I+ O(hy) because of the differential equatign (2.5) determin-
ing the variational flow. So we can write

gk = D@} (y(t)) Ly, (te, y(te)) + O(RLH?)
= W DOV (y(ty)) £t y(tr)) + O(R?).

Now consider the sequenge, }. It is generated by the recurrence

thp1 = te +hiy,  Yerr = Yn, (te,yk)  @nd by, = eph(te, yi)-

Since the method is convergent, we hgye= y(tx,) +O(ep). If the sequencét, }
is defined by
to=to and tpy1 =t +enh(tp, y(te)), (3.13)

thent, = t; + O(ep). But (3:13) is the Euler methoff (2]11) with constant step
sizee;, applied to the differential equatiofft = h(t,y(t)), wheret is the de-
pendent variable and is the independent variable. Denoting the solution of this
equation byt(x), we havet, = t(key,) + O(s;) because the Euler method is a
convergent method. Hengg = v (key) + O(eﬁ’fz) with

(k) = h(t(r), y(t()))" ! DB (y(t(x))) €(t(R), y(1(x)).

Going back to the global error, we have

=2

Ge, (te) = Y p(ken) + O™, (3.14)

e
I
<)

sinceN = O(e; ). Itfollows from the Euler-MacLaurin summation formufa (3.10)
with n = 1 that

=

-1

N
/0 Olken) dk = 16(0) + 3 w(ken) + L(Nen) + L NA2(€),
1

i

for some¢ € [0, N]. This is the (composite) trapezoid rule. We now use this to
rewrite (3.14), remembering thétz) = O(sﬁ“). This gives

N
G, () = /0 D(ken) dk + OEDHD).

Finally, changing the variable of integration frakrto ¢ gives the estimate in the
theorem. O



§3.1 LADY WINDERMERE'S FAN 30

Example 3.7. We return to Runge’s second-order method applied to the differen-
tial equationy’ = y?, but this time we vary the step size accordingifo= ¢, /y;
(as in Examplg 2]5), so we havét,y) = y~2. The variational flow is given

in (3:9), and from[(3}6) we hav&t,y) = —3y*. Hence the integral (3.12) evalu-
ates to

g(te) = i/otf <11—_ttf>2dt = *i (u_ltf)Q - tf)) :

It follows from Theoreny 36 that the global error satisfies

= _1 2 # (1 _ 3
The accuracy of this estimate is shown in the right-hand plot of F[gufe 3.2¢)

Theoreni 3.6 also holds if the step size happens to be constant. In that case, the
result is

Gh(ty) = h? / ! DY (y(t)) £(t, y(t)) dt + O(RPTY). (3.16)

to
This is also an immediate corollary of Theorpm|3.4.
The estimatd (3.16) for the global error is not new; Isefles [54] provides a proof
of it. In fact, the research described in this thesis was inspired by this paper.
In an earlier paper, Viswanath [84] proves the following bound on the global
error. Given anyy ande > 0, and assuming that the magnitude of the local error
is bounded above bif h?+1, the error satisfies

Gh(t) < (E(t) + €) KR (3.17)

foranyt € [to, t¢] and sufficiently smalk. In the framework adopted in this thesis,
Viswanath’s definition fo€ (¢) is equivalent to

te

e(t) = [ IDouv)]at

0
With this definition, the bound (3.17) on the global error follows frgm (B.16).
Viswanath[[84] use$ (3.17) to prove that the global error as a functiobafinded
above by a linear function or by a constant in various situations, e.g. stable, hyper-
bolic cycles.

Differentiating [3.1P) gives the following equation for the leading term of the

global error

g () = 5L(ty(®) g(t) + h(t, ()" £(ty(t), g(to) = 0. (3.18)

This differential equation is well known in the literature, see e.gl. j443]. In
the case of constant step size, where we tave 1, it goes back to Henric[ [48,
Thm. 3.4]. The equation (3.]18) will play an essential role in Part Il of this thesis.
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3.2 Asymptotic expansion

In this section, we assume that the step sizives not vary.
Another approach is to expand the global e@(¢) in a power series

Gh(t) ~ gp(t) B + gpi1 (t) WP + gpro(t) BPF2 4 - (3.19)

As denoted by the symbeol, this is anasymptotic expansiom the sense of
Poincag, meaning that

ng t)hE + O(rN*TY  foreveryN,

but the infinite seried ;2 gx.(t) h* diverges in general.
Henrici [48] and Gragg [34] are among the first who rigorously analysed this
approach. We will follow the treatment of Hairer, Ngrsett and Warinerd8).

Theorem 3.8 (Gragg [34]). If we apply a convergent method with constant step
size, then the global error admits an asymptotic expansion of the(®d8) where

the functiong,, solves a differential equation of the forg) = g—g(t, Y) gk + dg,

gk (to) = 0, for suitably chosen functiong;.

Proof (after [44]). Suppose that the firgt terms of the expansion have already
be found, so we know functiong, such thatg(t) = >_;_, gx(t) h* satisfies
Gr(t) = g(t) + O(h™*1). Note that we can always start with= 0 andg(t) = 0,
becausér),(t) = O(h) as the method is convergent. We will show how to find the
next term in the expansiop (3]19), thus proving the theorem by induction.

Recall that¥,(t,y) denotes the numerical method. Now consider another
method, defined by

Uy (t,y) = Wn(t,y + Gu(t)) — dnlt +h). (3.20)

Application of this method yields the sequence of valfigs} with gy = yo and
Un+l = \ifh(tn, Un). These values satisfy, = v, — gn(t,), as can easily be shown
by induction. Therefore, its global error is

yn*y(tn) = (gn*yn)ﬁL (yn*y(tn)) = *gh(tn)JrGh(tn) = O(hT+1)- (3.21)

We conclude that the numerical methpd (3.20) has ardei, and that its leading
global error termigy, 1 (t) h"*!, the term which we are looking for. However, the
function g, satisfies the differential equation, df. (3.18),

g;*-i—l(t) = %(t7 y(t» gr-l—l(t) + hp—Hé(tv y(t))v g7"+1(t0) =0,
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where/(t,y) is defined by requiring that the local error of the metHod (3.20) be
hPt20(t,y) + O(h?+3). Hence, we can fing, 1 (t) by solving this equation. This
completes the induction step. O

Note that the differential equatiay} = g—]yc(t, Y) gk + dg, gr(to) = 0 can easily be
solved. The variation of constants formula gives

gt = [ DY (y(6)) du(t) dt. (3.22)

to
The theorem is still valid if we use a variable step-size method, provided that the

step size is chosen accordingitp = e,h(tx); in other words, it should be inde-
pendent of the current position (see [44]).

Example 3.9. We return to the equatioyf = y?2, solved with Runge’s second-
order method (2.16) with constant step size.

From [3:6) it follows that{(t,y) = —2y* and hence the differential equa-
tion (3.18) reads
2 3
! — — § 4 P — —_— =
9t =2y(t) 9(t) — 39()" = 7—9() TEEE 9(0) = 0.
The solution of this equation ig(t) = —2¢(1 — ¢)~3, so the global error is

—2h%(1 — t)=2 + O(h?). To find the next term, we construct the methjod (B.20)
with §(t) = —3h2¢(1 — t)~3. We find

. 3t 3¢ 1 3V
\I/h(t,y)—y—M+h<y_4(1—t)3+2h<y_4(1—t)3> >
3(t+ h)

it

After some tedious algebra, we find that

1 1 1
h h?
S SR DA SR

1 3 9 4 5
T gt o),

U, (t,y(t) =

1

_|_

We now subtract the Taylor series fgft + /), which reads

1 1 1 1 1
t4+h) = h ~h? R3
Yt =TSt o T oo tao e tasy

4 5
=h"+O(R?).
This gives the local error for the methdd

) 4 5
Wt 4+ O(h?).

Ut y(1) —y(t+h) = g5



§3.3 MODIFIED EQUATIONS AND THE GLOBAL ERROR 33

So, the method? indeed has order 3. We can again find the leading global error
term by solving the equatiof (3]18). Fir this equation reads

g5(t) = 1 i 195(t) + 4(15_75)5, g3(0) = 0.

The solution isys(t) = 3t(2 — ¢)(1 — ¢)~*.
We can proceed in this way to find more and more terms. However, instead of
boring the reader with the calculations, we just state the result of the computation.

3t 5t(2 — ) t(23t2 — 96t + 42)
t) = — h? 3 4
Gnlt) = —qa =" Tsa o B —1)p
3t(2t — 18t 4+ 27t + 12) & 6
— . (8.2
(1~ 1% h® + O(h). (3.23)

This estimate is illustrated in the left-hand plot of Figurg 3.3. The dotted line shows
the global error of Runge’s method. The topmost solid line shows the first term of
the estimate[(3.23), the second line shows the sum oftrendh? terms, and so

on. We can conclude from this picture that (3.23) is correct. &

The Euler—MacLaurin formula (cf. Theor¢m 3.3) can be proved with a similar com-
putation that considers the trapezoidal rule

Yn+1 = Yn + %h(f(tna yn) + f(tn-‘rla yn+1))

applied to the equatiogl = f(¢).

Comparing Theorern 3.4 with Theor¢m|3.8 above, we see that the latter theo-
rem has the clear advantage that it gives the complete asymptotic expansion, while
Theoren] 3.4 does not allow one to go beyond the term of dréferOn the other
hand, we only need to compute one integral when evaluating the estimate in The-
orem[3.4, the rest is straightforward but tedious algebra (provided that the exact
solution is known). In contradistinction, the method of Theofrem 3.8 requires us to
solve a differential equation, or, equivalently, the intedral (3.22), for every term in
the asymptotic expansion.

3.3 Moadified equations and the global error

In this section, we describe the third approach to estimating the global error. This
approach uses the theory of backward error analysis, which was explained in Sec-
tion[2.4. A similar strategy is used by Calvo and Hairer| [18], and Hairer and
Lubich [42].
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Figure 3.3: On the left, the dotted line shows the global errer-at0.9 committed

by Runge’s method with constant step size when applied te 2. The solid

curve marked 1 shows the difference between the global error and the first term of
the estimate[(3:23); in other words, it sho@s(t) + 2¢(1 — t)~3h2. Similarly,

the curves marked 2, 3 and 4 show the difference between the global error and the
estimate[(3.23) truncated after the second, third, and fourth term, respectively. On
the right, a similar picture compares the global error of Runge’s method with step
sizehy, = 1/y? with the estimate[ (3.25).
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The idea is rather simple. The Alekseevé@Gmer lemma describes the effect
of perturbing a differential equation. The modified equation allows us to view the
numerical method as a perturbation of the original differential equation. This leads
to the following theorem. For simplicity, we assume that the differential equation
is autonomous.

Theorem 3.10. Suppose that we solve the differential equatjor= f(y) with a
variable step-size method of the fof&38) which produces the valudg }. If
the method has order, and the solutiory(¢) of the (truncated) modified equation
7 = [, (7) satisfiegj(t,) = yi, + O(c;”) for all k, then

G, (t) = / " DRU(y(1)) 8, (y(1)) dt + O(2), (3.24)

to

whered,, (y) = f-, (y) — f(y).
Of course, this theorem is also valid for constant step-size methods.

Proof. The Alekseev—-Gibner lemma on pagé 8 shows that

te

i)~ uit) = [ DRI(3(0) 5., (5(0) .
to

The expression on the left-hand sideds, (¢) + O(aip) because the solution of

the modified equation i@(sip)—close to the numerical solution. Furthermore, we

havey(t) — 4(t) = O(e}), since the method is of order Finally, it follows from

the theory of modified equation in Section|2.4 that(y) = O(c}). Together, this

proves|[(3.2]4). O

Example 3.11. We again consider Runge’s second-order method applied to the
differential equationy’ = y2. First, we will assume that the step size is held
constant. In Example 3.3, we found that the modified equation is given by (2.30).
Hence we have

3 5 7
only) = = 0%yt + 0%y — ShyP + O(h).

The integral in[(3.24) evaluates to

3t o Bte(2—1te) 5 Tte(tf — 3t +3)

4(1 —tg)3 8(1 — ) 241 = 477 h4—|—(’)(h5).

If we compare this with the estimafe (3]23), which we obtained in the last section,
we see that the first two terms are correct, but the third one is not| Sd (3.24)
provides arO(h*)—estimate of the global error, just as the theorem states.
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Now suppose we choose the step size according, te- l/y,% as in Exam-
ple[2.5. The modified equation is given n (2.36), and a similar computation as in
the constant step-size case yields
te(t2 —3te+3) 5 (1} —4tF + 6t —4) 4
— % ¢ g

41—tz " 16(1 — t;)2 h

G, (tf) - + O(E%) (3.25)

A numerical experiment was performed to check this estimate. The result, reported
on the right-hand side of Figufe 8.3, indicates that the estimate is indeed correct.

&

We know from Sectiof 2]4, that if the numerical method can be expanded in a

B-series (as is the case for all Runge—Kutta methods), the modified equation can
also be written in terms of a B-series. Combining this with the above theorem

yields the following result.

Corollary 3.12. Suppose that a consistent numerical method with constant step
size is used, and that this method can be expanded in a B-series with coefficient
functiona : TU {0} — R. Define the functioh : TU {#} — R bybs(()) = 0 and

p(7)

Za“

If the numerical method has ordgr then the global error satisfies

2p—1
Xy X0 2o)ta0) + 0,
r<Ten (3.26)
whereZ(7)(t¢) = D(I)ff (y(t)) F(7)(y(t)) dt.

to

Here, T}, denotes the set of all trees with order

Proof. The modified equation i§ = %B(b, y) with b as defined in the theorem, as
the discussion around (2]31) shows. The first term of the B-sBiigg)) vanishes,
sinceb()) = 0. For the second term, we havés) = a(s) = 1 (because the
method is consistent) and(«)(y) = f(y). Hence, we have

50) = ) 10 =3 3 7 XD )
k=2 T1€Ty
However, we know thab(7) vanishes ifp(7) < p, because the first term in the
modified equation has ordéf. We now substitute this expression in the estimate
in Theoreni 3.10, and move the scalar factors out of the integral (remember that the
variational rochbfff is linear). This yields the estimate (3]24). O
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The nice thing about the error estimdte (3.24) is that it cleanly separates the nu-
merical method from the particular problem that we want to solve. The method
only enters the estimate via the coefficiebts). On the other hand, the value of

the integralsZ(7) is completely determined by the particular differential equation
(i.e., the functionf) under consideration. We will cdll(7) theelementary integral
associated withr, because its role in the global error estimate (3.24) is similar to
the role of the elementary differenti&l(7)(y) in the local error.

Example 3.13. We consider again the differential equatigh= 72 with initial
conditiony(0) = 1. An easy calculation shows that the elementary differentials are
given by F(7)(y) = C(r) y*”)*1, whereC(7) is a (possibly vanishing) constant
which depends on the tree Hence, the elementary integrals are

C(r) 1 !
I(T)(tf) = P) <(1 _ tf)p('r)+2 N (1 — tf)2> ‘

It now follows from Corollary 3.IP that the global error of every constant step-size
Runge—Kutta method of orderis

iy 1 1 .,
Galtr) = kzzp O <(1 — )3 (1 tf)2) +OW®)

where the constants;, depend on the coefficients of the method. This agrees with
the result for Runge’s method with constant step size which we found in Exam-

ple[3.11. ¢

The above example shows the merit of Corolfary B.12: it allows us to find the global
error ofanyRunge—Kutta method in one calculation. The disadvantage when com-
pared to the method of the previous section, is that the global error estimate is only
exact up to a term of ordér??, while the theory of Secti.2 allows us to find an
estimate which approximates the global error with arbitrary order.



Chapter 4

Applications of global error
estimates

This chapter contains various applications of the estimates for the global error
which were derived in the previous chapter. The first application is of a more
theoretical nature: we prove a key lemma which can be used to study the growth of
the global error when tracking a periodic orbit. The other two applications pertain
to specific classes of equations with highly oscillatory solutions. In Sectipn 4.2, we
study the Airy equation” + ty = 0, and related equations which are amenable to
Liouville-Green analysis. In Secti¢n 4.3, we look at the nonlinear Emden—Fowler
equationy” + tYy™ = 0 in the oscillatory regime. The goal in both cases is to
obtain estimates for the global error.

4.1 Error growth in periodic orbits

Cano and Sanz-Serria [20] study the growth of the global error when the numerical
integrator is tracking a periodic orbit. Their main technical result is reproduced as
Theorenj 411 below. They use the asymptotic expansion of the global error (cf. Sec-
tion[3.2) to prove this result. Specifically, they prove that the coefficigr(ts in

the expansior] (3.19) are periodic under the assumptions of the theorem. Here, we
will give an alternative proof via modified equations, based on Theprem 3.10.

Theorem 4.1 (Cano and Sanz-Serna)Suppose we are solving an autonomous
differential equation of the fory’ = f(y), and that the exact solution -
periodic, meaning thag(t+7') = y(t) for all t. Assume for simplicity that = 0.
If we use a variable step-size method of the f2m83)that has ordemp, then the

38
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global error satisfies
N-1
Ge,(NT) = (Z M’“) Ge, (T) + O(e}7).
k=0

whereM is the monodromy matrix, defined By = D®E (y).

Proof. Lety’ = fah (7) be the modified equation, truncated after the term of or-
dersip. Defined., (y) = f-, (y) — f(y). It follows from TheoreO that

G.,(NT) = DN (y(t)) 8z, (y(1)) dt + O(77)
0
=Dy | T e T 0) o w0
0

NT
+ / DO (y (1)) 6z, (y(t)) dt + O(e}F)
(N—D)T

= MG., (N = 1)T) + Ge, (T) + O@EP).

Here, we used the composition propefty [2.4) andfheeriodicity of the flow.
The theorem now follows by induction ax. O

Having established Theordm #.1, Cano and Sanz-Serha [20] apply this formula to
Hamiltonian systems. They conclude that for many Hamiltonian systems general
integrators possess quadratic error growth, while energy-conserving methods and
symplectic methods only lead to linear error growth when following a periodic
orbits. A similar result holds for reversible systems.

It should be stressed that techniques from the theory of Dynamical Systems, in
particular the KAM-theory, have been successfully applied to explain the behaviour
of numerical integrators for Hamiltonian and reversible systems. Two excellent
recent references are the works of Hairer, Lubich and Wahner [43], and Mdan [67].

4.2 The Airy equation and related oscillators

In this section, we study the global error of Runge—Kutta methods with constant
step size when applied to a certain class of equations of thegbrmn(t)y = 0,
a class which includes the (time-reversed) Airy equatién- ty = 0. All these
equations have oscillatory solutions. However, we do not know this solution; we
only have the asymptotic solution as— oo. Nevertheless, we will be able to
derive accurate estimates for the global error.

This section builds on the work of Iserlés [54], who uses the estifhatg (3.16) to
study the global error of Runge—Kutta, Magnus, and modified Magnus methods.
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However, this estimate gives only the leading error term of oftderHere, we
will apply Corollary[3.12, which enables us to find a more accurate estimate of the
global error.

We start by stating the assumptions needed to carry through the computation.
Informally, we requiren(t) to be large for large, while its derivatives are small.
The precise requirements are as follows.

Assumption 4.2. The functionn and its derivatives satisfy the following growth
conditions ag — oo: n — 0o, 7’ = o(n) andn®) = o(y) for £ = 2,3,4, .. ..

In addition,
J,

Note that this assumption is satisfied i) = t“ with a > 0 (the choicen = 1
retrieves the Airy equation) angl(t) = logt.
We now rewrite the second-order equatigh+ n(t)y = 0 as a system of

first-order equations,
0 1

L & ! dt nver 4.1
W@ W converges. (4.2)

—n(t) 0
The asymptotic solution of this equation is given by the following result.

Theorem 4.3 (Liouville-Green approximation). If n satisfies Assumptidn 4.2,
then the asymptotic solution of the equat)isE|

y(t) ~ A(t) R(O(t)) so ast — oo, (4.3)

wheres, € R? is a vector whose value depends on the initial condition@d),

0(t) = J;. \/n(s)ds, and
) _
0 (n(t)"* and 0=

The Liouville—Green approximation is also known as the WKB- or WKBJ-ap-
proximation (the letters stand for Wentzel, Kramers, Brillouin, and Jeffrey), espe-

—sinf@ cos6

A(t) = [ cosf sin&] .

cially among theoretical physicists. The central idea in deriving this estimate is
that, if we set(t) = A(t) y(¢), the differential equation (4.2) transforms to

dv in*3/2 1
— = V.
d9 —1 —in_3/2

The notationf (t) ~ g(t) means thalim;_. o % = 1. Do not confuse this with the use of the

~ symbol to indicate an asymptotic expansion in Se 3.2.



§4.2 THE AIRY EQUATION AND RELATED OSCILLATORS 41

If we neglect theiin—fi/2 entries, this is the harmonic oscillator with solution
v(#) = R(#)so, which corresponds td (4.3). A rigorous proof of Theorenj 4.3
can be found in Olvel [7656.3]. This proof makes clear why we need to impose
the condition[(4.]1); the other growth conditions in Assumpfion 4.2 are in fact not
necessary for Theorem 4.3 but are used to prove Thejorgm 4.6 later. The book by
Hinch [51], which may be more accessible, takes another approach to derive the
Liouville—Green approximation.

Example 4.4. If we taken(t) = ¢ in (4.2), we get the Airy equation. We plot
the solution of [4R) with initial conditiory(0) = [1 0]" in Figure[4.1. Note
that the amplitude of the oscillations decreases, while their frequency increases.
The solution can be expressed in terms of the standard Airy functions (se€ e.g. [1,
§10.4)),
y1(t) = 3350 (2) (VB Ai(—t) + Bi(—t)). (4.4)

For the Airy equation, the Liouville—-Green approximatipn[4.3) reads

yi(t) ~ 74 (501 cos(%t?’/Q) + 50,2 sin(%t?’/z)). (4.5)

This estimate is also shown in Figlire]4.1 with
s _1\/531/61—\(2) \/§+1
o= 3V 7x 3701V3 -1
Note that the Liouville-Green approximation, being an asymptotic approximation,

gives no information about whicky corresponds to a particular initial condition;
another method is required to find the corregc(in this case, the initial values and

. (4.6)

asymptotic expansions of the Airy functions, listedlin{10.4], are used).
We see thaf (4]5) approximates the real solution very welf for5. &

We want to use the Liouville—Green approximation to evaluate the global error
estimate in Corollary 3.12. This estimate is reproduced below for the reader’s
convenience.

2p—1
Gt = S Y fj((gzv)(tf)w(h?p),
= T E2)

whereZ(7)(tr) = | D& (y(t)) F(r) (y(1)) dt.

to
We first need to transform the equatipn {4.2) in an autonomous system by adding a
dummy variable (cf. the first paragraph of Secfior] 2.3),
yﬂ = Y2,
ys = n(y3) Y1, (4.7)
ys = 1.
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151,
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Figure 4.1: The solid line shows the first component of the solutiop of (4.2) with
n(t) = t, while the dashed line displays the corresponding Liouville—Green ap-

proximation [(4.5).

The next step is to evaluate the elementary integf&ly. First, we want to find
out which tree fromiI',, gives the dominating contribution to the error estimate in
order to save us some work.

We define thdneightof a vertex to be the distance to the root, and the height of
a tree to be the maximum of the heights of its vertices. The lemma below shows
that we can bound the growth of the elementary differentials in terms of the height
of the corresponding tree.

Lemma 4.5. Suppose that Assumptipn}4.2 is satisfied. If the-trbas heightn,
with m > 2, then
O(n(t)m/2_1/4)
F(r)(y(t)) = |O(ntym/2+1/4) ] . (4.8)
0

For m = 1, the same result holds except thaf(+) (y(¢)) = 1.

Proof. We start by evaluating the simplest elementary differential,

F(e)(y) = fy) = |—nn (4.9)
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wheref denotes the right-hand side pf (4.7) and the argurisrieft out. Note that
from the Liouville-Green formuld (4.3) we haye = O(~/*) andys = O(n'/4),
so we have already proved the statement of the lemmaufer 1.

To tackle the caser > 2, we use induction. Assume that the lemma has been
proved for all trees of height up ta — 1. If the root ofr has degree 1, thenis of
the form[r;], and the associated elementary differential is

Fy(m1)(y)

F(P)(y) = [Zj gijl’j(ﬁ)(y)] = [ =nFU(m)(Y) — 0y Fs(m)(y)
‘ 0

(4.10)
But the height ofr; is one less than the height of= [r;]. So we can apply the
induction hypothesis, and establish {4.8).
Now suppose that the root has degke&vith £ > 2. In this case,

S L O
PN W) = Z : Z Sur 5y ) B (),

8yj1 .0y
Note that the only nonvanishing partial derivativesfaif orderk are

(2:]’22 = —n™y; and 461{']271 ="
Y3 8Z/18y3
However,F5(7)(y) = 0 unlessr is the unit tree (the unique tree of order 1). So, the
elementary differentiaF'(7)(y) vanishes except if is of the form[ry, e,..., ],
orT =[e,s,...,s]. The associated elementary differentials are

0

F(S )W) = |- D Rm) )

0
0

F(C )W) = | —kn®Dys — 7Py,

0

In both cases, the order estimdte [4.8) holds. O

Because of the above lemma, we can expect that among the trees of ptder
highest tree dominates the error estimate. Obviously, the height of a tree okorder
is bounded above by — 1. There is only one such tree; it consists of only a trunk
without any branches. We denote this treerg).yFor examplerg is the tree
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The next step is to calculate the elementary differentials associate,g:l téor
k = 1, thisis done in[(4]9). Fak > 1, we can use the recurrence relatipn (4.10) to
find

(=)™ — 7' (=)™ L] [O@E™ 4]

F(Tgmi1)(y) = (—=m)mHy = |O@ymt3/1) (4.11)
L O - L O -
(=)™t 1 [omm+3/4)]

F(Tomia) W) = [(=0)™ lyo — 0/ (=m)™y1 | = |04 . (4.12)
L 0 - L 0 -

Comparing with Lemmp 4]5, we conclude that, among the elementary differential
associated with trees of a given order, the one associated to the branchless tree
dominates.

As noted by Orel([77], this knowledge can be used to design better methods.
In particular, if a method of order haSa(Tp‘H) = 0, then the leading error term
is knocked out. Therefore, methods with this property will perform better on the
differential equation[(4]2) than general methods.

Note that the third component &f(7)(y) is always zero (except if is the unit
tree). We shall henceforth drop this component; in other words, we return to the
nonautonomous formulatiop (4.2).

The next step is to calculate the elementary integf@'%)(y). First, assume
thatk is even. From[{4.12), we deduce ti@tr,, ) ~ (—n)™y, where we dropped
the term withi’ which iso(™~1/4). Furthermore, fron(4]3) we can calculate the
variational flow

D®L ~ A(t) R(0(t) — 0(s)) A (s). (4.13)

Putting both facts together, we can evaluate the elementary integral,

T(rp)(t) = [ D (u(1)) F () (0(0) .
~ [ M) R — 006) A7) (—n(1) " A) RIO) 50t

to

_(—qym / ()™ dey(tr). (4.14)

to

Now, assume thdt is odd. From[(4.11), we deduce that

F(T2|m+1)(y(t)) = !(_n(to))erl (_n(()t)) ] Z/(t)

A similar computation as above yields

ﬂ@HMch4W/YmmW“%wam, (4.15)

to
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whereyy(t) denotes the solution with opposite phase, thaj;is¢) is the solution
of (4.2) which satisfies

yr(t) ~ A(t) R(6(t) + 37) so. (4.16)

Combining [(4.14) and (4.15) into the error estimate in Corollary|3.12, we get the
following estimate for the global error.

Theorem 4.6. Suppose we are solving the differential equai{érd) wherer sat-
isfies Assumption 4.2. If a constant step-size Runge—Kutta method ofpoisier
employed, then the global error is

p—1 te
Gltr) ~ Z (—1)™ b(ryy, 1) B2 / (n(0))™2 dt yu ()
=[p/2] to
te
+ Z 1)+ b(r o) B2 / (n(0)™ " dty(te) + O(), (4.17)
=|p/2] to

where the B-series coefficierits) are defined in Corollary 3.2, ang(t;) is as

defined in(4.16)

It should be noted that the remainder tethh2P) in (@.17) is not uniform irt;.
This is illustrated in the following example.

Example 4.7. As in Examplg 4.4, we consider the Airy equation, that is, we set
n(t) = t. The error estimat¢ (4.]L7) becomes (assumingtthiatsmall)

p—1

1)™b(T. m
Gt~ 5 ) o i o) 12y
m=[p/2] 2
)"t b(7—2m+2) 2m+1,m+2 2p
+ Z s REMHLmE2y (1) + O(h%P).
=[p/2]
For example, for Runge’s second order method, we pave2, b(t)) = —% and
b(r{) = % (cf. Examplg 2.4), so
Grte) = 02 yp(te) + Ry (k) + O(hY). (4.18)

With enough perseverance, the same result can also be derived using the method
of Section3.p. However, the calculation is more complicated than the method
described above, and it seems impossible to derive the general esfimate (4.17) with
the method of Sectidn 3.2.
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We see from[(4.18) that the global error oscillates with ever-increasing fre-
qguency, like the true solution. The amplitude of the oscillations of the leading term
grows liket/# (remember that the amplitude of the true solution decays fike").

The 3 term is negligible for smalf, but it grows faster than thi&? term. Hence,
the b3 term will overtake thé:? term at some point, namely gt~ 52h =2 (but we
will see later that this is irrelevant).

To check this estimate, we solve the Airy equation with the initial condition
y(0) = [§] over the time interva0, 2000] with various step sizes. The numerical
solution is compared with the exact solutipn {4.4) to compute the global error. The
first component of the error is shown in Figlire|4.2. The left column shows the time
interval[0, 50], and on the right the larger intervi@l, 2000] is displayed.

We can see in the left-hand column that the global error oscillates, just as dis-
cussed undef (4.118). The envelope of these oscillations, as predicted by the esti-
mate [4.1B), is shown by the thick curve in the left-hand column in Figufe 4.2. We
conclude that the estimafe (4]18) describes the actual error accurately.

The right-hand column of Figufe 4.2 shows a much larger time interval. Here
the oscillations of the error are compressed so heavily that the error appears as a
grey blob. The black line shows the estimdte (4.18). We see that this estimate
breaks down aroung = 800 for h = 1/1000 andt; = 1400 for h = 1,/2000.

If we look again at[(4.1]8), we see that the amplitude of the leading error term
reaches the amplitude of the solution wher: 15%/°h=%/%, Forh = 1/1000 and
h = 1/2000, this evaluates tér ~ 742 andt; ~ 1292, respectively. We conclude
that the estimatég (4.18) ceases to be valid around the time at which the numerical
solution has become meaningless because the error is as big as the solution itself.
The reason for this break-down of the error estimate lies int!) remainder
term in [4.18), which grows faster than thé andh? terms.

Therefore, the fact that the® term overtakes thé? term att; ~ %h—Q is
irrelevant, as the estimafe (4]18) has already become meaningless by that time. So,
it turns out that it was not necessary to compute/ihéerm, and that we could
have restricted ourselves to the leading error term. Of course, we did not know this
in advance. In the next section, we show an example where the leading term does
not dominate, and other terms in the expansion have to be calculated in order to get
an accurate approximation of the global error. &

Iserles([54] gives error estimates and numerical results for the standard fourth-order
method|(2.1B), the fourth-order Gauss—Legendre method, the Magnus method, and
the modified Magnus method, when applied to either the Airy equation or the equa-

tion (4.2) withn(t) = log(t + 1).
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Figure 4.2: On the left, the oscillating curve shows the first component of the
global error committed by Runge’s second-order method for various step sizes,
when applied to the Airy equation. The thick curve shows the envelope of the
oscillations as predicted bly (4]18). On the right, a different time scale is used. The
true error is shown in grey and the solid curve shows the error estimaté (4.18).
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4.3 The Emden—Fowler equation

In this section, we study the Emden—Fowler equation. This equation can be viewed
as a nonlinear, and hence more challenging, variant of the Airy-like equations stud-
ied in the previous section. Again, the goal is to find an accurate estimate for the
global error when solving this equation. In contrast to the Airy equation, we find
that for the Emden—Fowler equation, the leading error term is sometimes domi-
nated by the second term. This shows that we cannot always be satisfied with
computing only the leading error term.

The history of the Emden—Fowler equation starts with a model of the Sun de-
rived by Lanel[59]. Suppose that the Sun is a radially symmetric body of gas with
radius R. The pressure® at a point at distancey of the centre is given by the
weight of the column of gas above it, $b= ff: gp dr whereg is the gravitational
acceleration ang is the density (botly andp depend on’). The acceleration is
given byg = —‘é—f, where is the gravitational potential, and hengg = p.

We now assume that the gas satisfies a polytropic equation of state, meaning that
its pressure and density are related®y= K p", where K and~ are empirical
constants. Substituting this %fg = p and solving the resulting equation using the
fact thatP = p = 0 at the surface of the Sun, yields

(=Y
p= ( K s0> ; (4.19)
wheren = 1/(~ — 1). Finally, we use that the gravitational potentiais given by

V2p = —4nGp, wheredG is the gravitational constant. This reduces by spherical
symmetry tol £ + 2192 — _47Gp. Substituting[(-19) in this equation yields

d?p  2dyp y—1 \"
—+ - =-4 _— )
dr2+rdr 71-G< 90)

Settingr = (47TG)‘% (Z/—;(l)_? t simplifies the equation tp” + 2t ~1¢/ 4 " = 0,
where the primes denote derivatives with respec¢t bhis equation is commonly
called the Lane—-Emden equation. The substitugios ¢~!y reduces the Lane—
Emden equation tg” + t'~"¢™ = 0. An obvious generalization of this equation
isy” + tYy"™ = 0, or, in first-order form,

Yy =y2 and yh = —t"y}. (4.20)

This is the Emden—Fowler equation, named after Robert Emden and Ralph Howard
Fowler, who contributed significantly to its analysis in the beginning of the twenti-
eth century.
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The Emden—Fowler equation has recently appeared in the study of spherical
gas clouds that cool slowly by radiation (see Meerson, Megged and Tajirha [66]),
phase transition in critical adsorption in the mean-field framework (see Gnutzmann
and Ritschel[32]), and spherically symmetric space-time manifolds with constant
scalar curvature (see Goenner and Havas [33]). More applications of the Emden-
Fowler equation (including nuclear physics and the study of chemically reacting
systems) can be found in the review by Wond [86] and references therein. Note that
the choicev = n = 1 reduces the Emden—Fowler equation to the Airy equation,
which was studied in the previous section.

From now on, we will assume that is an odd integer, that > 3, and
thatv > —1(n + 3). These conditions assure that oscillatory solutions exist (see
Wong [86] for details). We remark incidentally that this remains true when the re-
quirement that be an integer is dropped, provided we replaE®y |y |" sgn(y1)
in (4.20), wheresgn(y; ) denotes the sign af;. However, this destroys the analyt-
icity of the equation afj; = 0.

Inspired by the Liouville—Green approximation discussed on pagge 40, we seek
a transformation which allows us to find the asymptotic solution of the Emden—
Fowler equation (see also the work of Aripov aashmatov [3], who do a similar
analysis in the nonoscillatory regime). From now on, we set

v
n+3

0= and A=1+24.

The conditions om andv imply that 3 > —% and\ > 0. Now consider the
transformation given by

y1(t) = A==y, (1Y),
yQ(t) _ )\(n+1)/(n71)tﬂv2(t)\).

This transforms the differential equatidn (4.20) into

v) = vg + BATH My,

vh = —ol — BATH s

If we neglect the last term in both equations (rememberithat0), we are left with
the equations) = vy andvh, = —v}'. The expressiod = 2v]™ + (n + 1)v2 is
an invariant of this equation, so the solutions trace the level curvéstdbwever,
I is only approximately constant on solutions of the original equation.

Note that the systemy, = vy, v), = —v}* can be written as the single second-
order equation” + v™ = 0. We will denote the solution of this equation that
satisfies the initial conditions(0) = 0 andv’(0) = 1 by w,(¢), and note for



84.3 THE EMDEN—FOWLER EQUATION 50

further reference that it is an odd, periodic function. The general solution of the
systemv] = vy, v) = —o} is then given by

ni(t) = &/ g (ert + o),
va(t) = c&nﬂ)/(n Dl (ert + ca).

Note thatc; determines the amplitude of the oscillations, whiledetermines the
phase. In other wordsg¢,, c2) are the action-angle coordinates of the Hamiltonian
systemv| = vy, v = —v}.

It follows that the solution of the Emden—Fowler equation (#.20) is asymptoti-
cally (ast — o) given by

y1(t) = (Aer) ¥Vt Buw, (a1t + ¢2),

ya(t) =~ ()\cl)("H)/(”_l)tﬁw;(qt}‘ + c9).
In the remainder of this section, we assume that the above asymptotic solution is
in fact exact. The numerical experiments described at the end of this section, will
show that this is a valid approximation.

The next steps are to calculate the elementary differentials and integrals. We
can then apply Corollary 3.12 to find an estimate for the global error. Unfortu-
nately, the whole computation is rather tedious. While studying the details, the
reader may want to refer to Taljle 4.3 on ppge 54, where some elementary differ-
entials and integrals for the specific case- 1 andn = 3 are listed.

To compute the elementary differentials, we need to corjvert|(4.20) to a system
of autonomous equations by introducing a third variable representing time,

(4.21)

yll = Y2,
ys = 1.

The first components of the elementary differentials satisfy the following recur-
rence relations (where the argumeris deleted)

Fi(e)=w2, F(])=F(r), kA (T\/T") =0 (fork>2). (4.23)
For the third component, the situation is even simpler, as we have
F3(s) =1 and Fs(r) = 0forall r with p(r) > 2. (4.24)

Finally, for the second component, we havg+) = —y4y}" and

£ (Tl\/Tk) == > ((V — S|+ 1)sp (n = 18] +1))5¢

Sc{1,...,k}
1/ \S| —|S¢ HF3 H Fl Tz >, (4.25)

€S eS¢
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where| - | denotes the cardinalit® = {1,...,k} \ S is the complement of,
and(zx),, denotes the Pochhammer symbol

(@) =z(z+1)(x+2)...(x+n—-2)(z+n-—1).

We now compare the various terms in the summation in [4.25)S beta nonempty
subset of{1,...,k} and pick an arbitrary € S. If 7; is not the unit tree, then
F3(7;) vanishes, so the term in the sum corresponding te zero. On the other
hand, ifr; is the unit tree, then shiftingfrom S to S results in replacing the factor

ys ' F3(s) =t~ by y; L Fi(s) = O(t?9), disregarding the constant. In both cases,
we find that the term corresponding $ois dominated by the term corresponding
to S\ {i¢}. Hence, the sum irfj (4.25) is dominated by the term corresponding to
S =, and we have

k
s (T\/Tk) = —(n—k+ gy " H1 Fi(rn)- (1+ 0@ 17%)).  (4.26)

After solving the recurrence relatiorfs (4.23), (4.24), dnd (4.26), and substituting
the approximate solutioh (4.21), we find that the elementary differentials are given

by

O B DTPHL ) g1 p=24(F) 4 O(18(20-3) 1)
02’7t5(2p+1)wgp—(”“)d({) w! 247PHL(§) 4 OtP2e— D)
(4.27)

Here p denotes the order of the tree andd is the number of vertices with odd
height. Furthermore, = ¢;t* + c,. We dropped the third component, because it
does not contribute to the global error. It should be noted that the constants
andC, , may vanish; in fact, the only trees for which both constants are nonzero,
are the branchless trees

The growth rate of the elementary differentfal (4.27) is determined by the ex-
ponent oft. Note that the variablé does not enter in this exponent. The surprising
conclusion is that all trees of the same order contribute a term with the same growth
rate, independent of their shape. This is in stark contrast to the linear case treated in
the previous section, where the differential corresponding to the branchlesﬁ tree
dominates, as discussed after Lenima 4.5.

The next step is to calculate the elementary inte@(al). For this, we need
to multiply the above differential with the variational flow matrix and integrate the
resulting expression, cf. (3.26). To compute the variational flow, we introduce the
mapX; : R? — R? defined by

F(r)(y(t) =

(Acl)Q/(”*l)tfﬁwn(clt)‘ + ¢2)

Xi(eq, =
t(cl 62) ()\Cl)(n—i—l)/(”—l)tﬁw%(cltk + 62)

(4.28)
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SoX; maps the parameter space to the solution space at tchg4.21). It follows
that the flow map satisfieg? = X; o X; 1. Hence we can write the elementary
integral as

I()(t0) = DXy (uit) | DX (o) PO ) dt. (4.29)

to
To find the integrand in the above expression, we multiply the inverse of the Jaco-
bian matrix of (4.2B) with the elementary differential (4.27). The result is

29 (G oDV (wf o204 O

—1 .

(4.30)
where the functionsy,, andw/, are evaluated at= c1t* + ¢o. In the calculation,
we usedw” = —w?” and the fact thaw? ! + (n + 1) (w!,)? is a first integral.
The next step is to integrate (4]30). But consider the exponents ahdw),.
If pis even, then these exponents are also even and hence the integrand is nonneg-
ative. However, ifp is odd, then the exponents @f, andw, are also odd. Since
wy, IS odd and periodic, this implies that the integrand oscillates around zero. Thus
we can expect cancellationsifis odd, but not ifp is even. We stress that this
phenomenon does not occur in the linear case, analysed in the previous section.
More precisely, we have

b, m Coomn(ts), if either ¢ or m is odd,
/ Wl (£) w!, ™ (£) dt = )
0 Comnts + Comn(ts), if both £ andm are even,

whereCy,,,(t) denotes an oscillatory function with the same periodag), and
Comn IS @ constant. After the substitution= ¢;t* + ¢, and integration by parts,
we find that

/tf ol () w!, (F) dt Crtmn(F) tE2° + OtF272), if £ orm odd,
wn wn — .
0 Clmntt ™+ O#F1=2), if £ andm even,

where agairC’kgmn andCysnpn, denote a periodic function and a constant, respec-
tively, andy = c1t + co.

We can use this result to integrafe (4.30), which yields (under the assumption
thatty, < t)

5 r N L28p+1—A 28p+1—2A
L Cor () 771+ O |7 ’
DX, F(1)(y)dt = S RN
to Cs o777+ O oven
Cﬁ,thQﬂp+1+>\+O(t]‘26p+l) ’ P )

(4.31)
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To compute the elementary integZdlr), we need to premultiply the above integral
with DX, cf. (4.29). But the expression (4]31) has an interpretation by itself. Re-
call thatX; maps the parameter space to the solution space. So the infegral (4.31)
represents the error in parameter space. As the first parameter represents the ampli-
tude, or energy, we conclude that the energy error associated with thegrees
ast?’PTLlif pis even, and a8#* 1=} if pis odd. The second component[of (4.31)
gives the phase error.

Multiplying the Jacobian matrix of the mali; with the integral[(4.31) gives
us the elementary integrals,

ff) 2Bp+1— ’64—(9( 2Bp+1—-6—X
i)t 2ﬁp+1+ﬁ+o( 25p+1+6 A
)t

] , if podd,

7_

72 ( )

T - B ( ) 4.32

)= é i) 971 o0 o
(~) 2ﬁp+1+ﬁ+/\+o( 26p+1+ﬁ)

f

] if p even.

Finally, we can find an estimate for the global error by adding the contributions of
all trees, according to Corollafy 3]12.

Theorem 4.8. Suppose we are solving the differential equa@20)wheren > 3
is an odd integer and > —1(n + 3). If a constant step-size Runge—Kutta method
of orderp is employed, then the global error is

Z h2m

=[p/2]

p—1
+ Z h2m+1

m=|p/2]

CQm( )t4ﬁm+ﬁ+1
C2m( ) 4ﬁm+3ﬂ+l

sz+1 (tf ) t4ﬁm+5ﬁ+2

() ¢! 4ﬁm+7ﬁ+2 +O(h?). (4.33)

C’27714-1
Here@,i denotes a periodic functios = ¢t} + co, andg = v/(n + 3).

Like in Theoren{ 45, the remainder ter@(h??) in @.33) is not uniform in;.
Furthermore, we see that the error coefficients of odd powers griow faster
than the coefficients of even powers. Both remarks are illustrated in the following
example.

Example 4.9. We choose the parameteis= 3 andv = 1, so we are solving

the equationy, = yo, y4 = —ty}. In this case, the functiow,, which solves

wir + wlr = 0 with initial conditionsw,,(0) = 0 andw/,(0) = 1, can be expressed

in terms of Jacobi elliptic functions (see e.g. Neville/[71]). In fact, we hayg) =

sd(t | %). The parameteg will be dropped from now on. As a consequence, we
can calculate the elementary integral associated with any given tree explicitly. For
the first couple of trees, this yields the results listed in Table 4.3.



§4.3 THE EMDEN—FOWLER EQUATION 54
Tree Elementary differential Elementary integral
T F(7)(y) I(r)(tr) = Jof D®TF(7)(y) dt
7 r 7 17/6 N\
! —~yius o)) [~EEVZelxy s (f)
—3ytyays —yi|  |O(t%°) | 256 /2 it O sdB (i) |
\/ 0 _ - 0 135 \/§C1Xt11/6 Sd/(~ )_
—6y1y3ys — 6yiy2| | O(t7/9) | SO sdd (F) |
T r 11/6
: —3yiyoys — y3 O(t°/%) — 1B V2cixt; / sd' ()|
3y1y3 O(t7/%) |46 /5 3t 13/ 0 sd3 () |
\I/' 0 — 0 _1%405%63\fcflstw2 sd’ (t¢)
—Gydys — 18yiy3|  [O(t7?) 192\ /3 ¢Tt70 sd3 (i)
\} o ] o V2t sd (0)
6yiyeys +3yiys| | O(?) — 31923t 0 sd (i)
- 7 2 ~
Y [_6yly§y3 - 69%3/2 O(t7/6) [_443069569\[ 6t / Sd,( )]
23/6
0 Lo Tsoo77 V2 €ity - sd’(f)
r 7 2
: Wi |_[owm)] [ Vet
Wiyays +3yiys| | O(t%?) — ares 2c{tf3/6 sd?(7r)

Table 4.3: Trees of ordex 4, with their elementary differentials and integrals for
the Emden—Fowler equatiop (4]20) with= 3 andv = 1.

In the last column,

X = 1 04K sd?(t) dt where4 K is the period of the functiosd, #; = clt?/?’ +co

wherec; andce depend on the initial condition, and only the term of leading order

is displayed.
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We start with Runge’s second-order method, defined in[2.16). Substituting the
B-series coefficients of the modified equation (cf. Exarpplg 2.4) and the elementary
integrals from Tabl¢ 4|3 in the estimafe (3.26) of Corollary 3.12, we obtain the
following global error estimate

) | Y26l o ] 3 [ s

— 52t sd3 (f) — 2122 Te20 s (i)

(4.34)
Herex = - O4K sd?(t) dt where4K is the period of the functiosd, and fur-
thermoref; = clt?/?’ + co.

As in the previous section, we perform a numerical experiment to check this
estimate. We solve the equatidn (4.20) with= 1 andn = 3 with Runge’s
method [(2.16). The initial condition ig(0) = [}], which leads to a solution
with ¢; & 0.7. The numerical solution is compared to the result of the standard
fourth-order Runge—Kutta methdd (2} 18) with= 1/10000. According to Corol-
lary , this would give an error of abol®—, so we can consider this to be
the exact solution. The global errét;, is computed by subtracting the result of
Runge’s method from the “exact” solution. The first component of the global error
is depicted in Figurg 4]4. Again, the left column shows the time intefval0],
and on the right the larger intervi, 2000] is displayed.

As we can see in the left-hand column, the estinjate [4.34) describes the actual
error accurately over the interv@l, 50]. In the right-hand column, the oscillations
of the global error are again compressed to a grey blob. The dashed curve shows
the first, leading term of the estimafe (4.34), and the solid curve shows the sum of
both terms. We conclude that the leadirfgterm of the estimate does not describe
the actual error correctly, but that the error is predicted accurately Htterm is
included. Forh = 1/1000 the latter estimate breaks down aroupd= 1200. At
this point, theh?® term of the error estimaté (4]34) and the actual solution are of
equal magnitude, so the numerical solution is meaningless beyond this point. In
this respect we are in the same situation as in the example in the previous section,
but there is a marked difference: because of the different growth rates/ot trel
h3 terms, theh? term overtakes thé? term whent; is of the orderh =3/, which
happens well before the numerical solution becomes meaningless. We conclude
that for the Emden—Fowler equation, we cannot restrict our attention to the leading
term of the global error, which can easily be computed uging [3.16), because the
second term in the error expansion dominates (at least for Runge’s method). This
shows the utility of Corollary 3.12.

Another way to put it is to say that Runge’s method is essentially behaving
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Figure 4.4: Onthe left, the oscillating curve shows the first component of the global
error committed by Runge’s second-order method for various step sizes when ap-
plied to (4.20) withv = 1 andn = 3. The thick curve shows the envelope of the
oscillations as predicted by (4]34). On the right, a different time scale is used. The
true error is shown is grey, the dashed curve shows the first, leading term of the
error estimatg (4.34), and the solid curve shows the sum of both terms.
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as a third-order method for large enough To check this, we compare Runge’s
method with Heun’s third-order method, given[in (3.17). A similar calculation as
for Runge’s method, based on Theorjen 4.8, yields the following estimate for the
global error committed by Heun’s method,

En(te) ~ b3 | grar V23172 Sd,(ff)] B [ oo \/2 552 sd (1) ]
n\lf) = +
1024 377 60416 37
Tosi6s V2 c[t?/0 sd* (i) — S48 /2 eTHT/0 sd? (%)
sraaggs V2 cxt®/ 0 sd' (i)

1114112 9.49/2 . 13(F
— 103630005 V 2 (Xt /2 sd?(t)

+ K

] . (4.35)

The actual error and the above estimate, for step/sizel /2000, are displayed in

the second row of Figufe 4.5. We see that the error estirnatg (4.35) again provides
an excellent description of the actual error. When the second row in Figure 4.5 is
compared with the first row, which corresponds to Runge’s second order method
discussed before, the difference in order clearly shows for small valugqsde

the left-hand column). For larger valuestphowever (cf. the right-hand column),
Runge’s method behaves essentially as a third-order method and we see indeed that
the difference between the two methods is much smaller.

The bottom row of Figure 415 shows a specially tuned method. Remember that
for the linear oscillator[(4]2), which was studied in Secfior] 4.2, the contribution
of the branchless treg to the global error dominates the contribution of the other
trees of the same order. This is not the case for the Emden—Fowler osdillaior (4.20).
However, if we study the elementary integrdig-) in Table[4.3 carefully, we see
that they are scalar multiples of each other. Indeed, we have

1T(\) (tr) = —121<\)> (t) = 121<Y> (t) = —31( % )(tf).

Therefore, bearing in mind the facte(r) in Corollary{3.12, the:® term in the
global error estimatg (4.83) will be killed for a third-order method with

() — 2b<\)> + b(Y) — Sb< %) =0. (4.36)

According to the theory of backward error analysis of ODEs, discussed in Sec-
tion[2.4, a method has order three if

b(s)=1 and b)) =b(/)=0b(})=0.

Together, these are five conditions. An explicit 3-stage Runge—Kutta method has
six free parameters, so there is some hope that we can find such a method satisfying



84.3 THE EMDEN—FOWLER EQUATION 58

x 10~ Runge Runge
0.3
2 0.2
1 0.1
0 0 == — = — = T 7
1 -0.1
I -02
3 -0.3
o 10 20 30 40 50 0 500 1000 1500 2000
x 10~ Heun Heun
0.1
2
1 0.05
0 0
-1 -0.05
2
-0.1
-3
0 10 20 30 40 50 0 500 1000 1500 2000
x 107"° Tuned x 107 Tuned
1 1
05 05 h——‘/
o T 0 =
-0.5 -0.5
|
0 10 20 30 40 50 0 500 1000 1500 2000
time time

Figure 4.5: The first component of the global error committed by Runge’s
method [(2.16), Heun's method (2]17), and the specially tuned third-order
method [(4.3]7), all with step siZe = 1/2000, together with their respective error
estimates[(4.34)[ (4.B5), ar{d (4.38). The lines in the plots have the same meaning

as in Figur¢ 414.
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these five conditions. Indeed, it turns out that there exists a one-parameter family
of these methods. A particular instance is given by

& = (e, yr) 0 0 0 0

& = f(tk + h,yx + h&1) 1 1 0 0 4.37)
& = f(tx + Shyye + Jh&r — 2h&o) 3/2] 9/4 -3/4 0 '
Ykl = Uk + 15hé1 + Shés — 3hés ‘ 7/18 5/6 —2/9

Note that the last stage of this method evalugtatt = ¢, + %h, which lies outside
the intervallty, tx+1]. In fact, all 3-stage, third order Runge—Kutta methods satis-
fying (4.38) do this. This is generally a bad idea because it may cause instability,
but the numerical results indicate that it does not matter in this case.

If we use Theorem 4]8 to compute the estimate for the global error of this
method, we find

Gh (tf) ~ h4 25515 1279395

10016 /5 .7417/6 .33 (7 157696 9.49/2 . 13(7
Taaas V2 c1t! /0 sd’ (i) sessiss V2 xt?? sd’ (f)

5008 2 C?t5/2 Sd/(gf)] h5 [ 78848 9 c§xt25/6 Sd/(gf)

(4.38)

The h? term has disappeared, which is indeed how we designed the method. This
estimate, together with the actual error committed[by (4.37), is displayed in the
bottom row of Figurd 4]J5. We see that the global error of this method is much
smaller than that of Heun’s method, though both methods are of third order. The
other thing to note is that the error estimgte (4.38) is not as accurate as the cor-
responding estimates for the other methods, even though it does predict the right
order of magnitude.

The reader should keep in mind that tloeal error of the method (4.37) is
still O(h*), as for all third-order methods. In fact, the B-series coefficient func-
tion a of the method[(4.37) satisfies

1 -o(y) -2e(Y) ()

So the local error of this method is (cf. Sectjon|2.3)

1,52 __ 1 20, — 1,2
B@—iw)zml Baey SRR, TR o)

Sutvoud + 2ydys + Sydys + Lyiy3

It is only when the individual local errors are combined to form the global error,
that something special happens with the method [4.37). While for a general third-
order method, the leading global error term is of the orid*e[ntlz/2 tfg/G]T, this

term disappears for the methdd (4.37). There is stillharcontribution to the
global error, but it is only of the ordér® [tf13/6 t?ﬂ ]T; this is the remainder term

in (4.29). &
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Chapter 5

Formulation of
the optimization problem

In the second part of this thesis, as in the first part, we study the numerical solution
of the initial value problem

y/ = f(tvy)7 y(tO) =1Yo € Rd' @)

We are considering one-step methods with variable step size of the form described
in Sectior{ 2.p, namely
hi. = enh(te, i),
tk+1 =tk + i, (2.39)
Yer1 = Yn, (tk, Uk)-
In the first part, we derived estimates for the global error committed by such meth-
ods. The global error is defined by

Gu(ts) = yy —y(tr) where t;=ty. 2.12)

Recall that, is the reference step size, reflecting the user-specified tolerance. We
assume that;, is small, so all results are only valid in the limai{ — 0.

Now, we switch from observing to controlling. Specifically, we try to vary the
step size in such a way, that the global error is as small as possible. This yields an
optimization problem: how to choose the step size sequence in order to minimize
the global error?

The aim of this chapter is to formulate this optimization problem precisely; the
next two chapters are about solving the problem. In particular, we need to describe
the objective function: exactly which quantity do we want to minimize? First, we
take the most straightforward choice, namely the error at the end of integration

61
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interval. However, as we will see in Section|5.1, this yields unsatisfactory results.
The next attempt takes the error at every instairito account. Unfortunately, this
approach also has its shortcomings. Finally, in Se¢tion 5.3, we consider the global
error as a function defined on the whole time interval, instead of only at the inter-
mediate pointg;. We then minimize the norm of this function, yielding an optimal
control problem. We conclude that this formulation is the most appropriate, and
we will return to it in the next two chapters.

5.1 Minimizing the final error

The most obvious choice for the objective is to minimijize, (t¢)||, the Euclidean
norm of the global error at the end of the integration interval, subject to the require-
ment that a certain numbers of steps, $aybe used. This requirement needs to
be stipulated, as otherwise the error can be made arbitrarily small by taking a very
large number of tiny steps. The optimization problem can be formulated as follows

minihmize HGh(tf)H subject to ty = ts. (51)

Recall from Secti05 that ¢ RY is the vector containing the step sizes
ho, h1, ..., hn—1. S0 [5.1) is anV-dimensional optimization problem.

Morrison [70] appears to be the first one who considered this problem. Green-
span, Hafner and Rib&r{35] did some further investigations, and Gear [31] con-
sidered the casé > 1. Fuijii [30] extended the analysis to multistep methods,
while Butcher[[14] considered methods that vary both the step size and the order.
Also relevant is the work of Utumi, Takaki and Kawali [83], to which we will return
in Sectior{ 5.B.

In the simplest case, when we are solving Dahlquist’s test equatiensy,
this works fine. We can prove that the optimal strategy is to use constant step size.

Theorem 5.1. Suppose that we are solving the equatidn= Sy with 3 € R.. If
we are using the Euler method, then the solution of the optimization praldin
is given byhy, = t¢/N.

Proof. For this equation, the Euler methodyg.1 = (1 + Shy)y,. Assume that
the initial condition is given by(0) = yo. We have, by the algebraic-geometric
mean inequality,

N-1 N
YN = (H (1+ 5hk>> Yo < (1 + ﬁNtf> Yo- (5.2)

k=0
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The inequalityl + = < e® shows that the right-hand side pf (5.1) is strictly smaller
thany(t¢) = yo e’. Therefore, the difference betwegg andy(t;) is minimized
if we have equality in[(5]1), which happens when theare all equal. O

The same result holds if we minimize the leading term of the global error instead
of minimizing the global error. This was already proved by Morridon [70]. The
work of Greenspan, Hafner and Rib&j85] implies that this can be generalized to
any Runge—Kutta method.

However, problems arise when we study slightly more complicated equations.
Generally, there are many step-size vectossich thatG;, (¢;) = 0, suggesting that
|G (t¢)|| is not a good choice for the objective function. The following example
elaborates on this.

Example 5.2. The Lotka—\Volterra equation, a simple model for the growth of ani-
mal species, redfs

v =u(v—2) and v =v(l—u). (5.3)

The solutions of this equation are periodic for strictly positivandv (except at
the equilibrium point). If we take the initial valueg0) = 3 andv(0) = 2, then
the period ig, ~ 4.956 (see Figuré 5]1).
Suppose we are using the Euler metHod (2.11) to solve this differential equa-
tion. Consider the carefully chosen step size sequence

ho = 3.83287.. ., h1 =0.50531..., ho = 0.61785.... (5.4)

If we take three steps of lengthg, h1 andhs respectively, then we return to the
point (ug, vp), as shown in Figur@.l. Furthermotg, = hg + hy + he = t4.

We conclude thati; = u(t3) andvs = wv(t3), so the global error af is zero.
Hence, [(5.14) is a solution for the optimization problgm|(5.1) wkh= 3 and

ty = t.. Even worse, for any > 3, a solution for[(5.]) is given by taking three
steps according td (5.4) and then takiNg— 3 steps of length zero. Of course,
the numerical solution is ridiculously far from the exact solution, even though the
objective function is zero. O

We conclude that, in general, it is not sufficient to look only at the global error
committed at the end point. We need to replace (5.1) by another formulation.

We have chosen the constants 2 and 1 arbitrarily.
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Figure 5.1: The exact solution of the Lotka—Volterra equatjon| (5.3) with initial
valuesu(0) = 3 andv(0) = 2 (left) and the numerical solution produced by the
Euler method with three steps, whose lengths are givep by (5.4).

5.2 Minimizing the error at all intermediate points

The example in the previous section shows that we cannot consider only the error
at the end point. The next step is to take the global error at all the pgimtgh

k =1,...,N into account. We can formulate this as the following optimization
problem,
N
minihmizez IGr(tx)|| subjectto ty = ts. (5.5)
k=1

Of course, different formulations are also possible. For instance, we may replace
the sum in[(5.p) by the sum of squared errors instead, or by a weighted sum.

Preliminary numerical experiments indicate that the optimization profplem (5.5)
is rather hard to solve wheN is about a hundred or more. However, there is a
more fundamental problem with the formulati¢n (5.5), as will become apparent in
the following example.

Example 5.3. Consider a unit mass particle moving in the double-well potential
Vig) = iq2(3q2+2q—9). The motion of this particle is governed by the equations

¢=p and p'=-V'(¢)=3q(qg+3)(q—1), (5.6)

whereq stands for the position anddenotes the momentum. The initial conditions
areq(0) = 1.290908997 andp(0) = —0.9206021281.
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Figure 5.2: The solid curves show the exact solutior] of| (5.6), while the crosses
connected by the dotted lines show the numerical results of the Euler method with
step sizes given by (5.7).

Suppose we solve the equati¢n {5.6) with the Euler method, and that we take
twenty-one steps: ten short steps, followed by one very long step, and finally ten
more short steps. Specifically, we take

hg=---=hg = 0.03, hip = 3, and hj; =--- = hgy = 0.03. (57)

The numerical results and the exact solution are shown in Higure 5.2. The picture
shows that the numerical results (the crosses) are fairly close to the exact solu-
tion (the solid line). Hence, the global errGy, is fairly small at the intermediate
pointst, and the same goes for the objective functiori in|(5.5). However, the nu-
merical solution is far worse than this suggests, because it does not approximate
the exact solution well in the middle of the integration interval. O

The conclusion from the above example must be that the optimization prgblém (5.5)
is not a good model either. We need to consider not only the error at the endgpoint
as in [5.1), or at the intermediate poirtis as in [5.5), but throughout the whole
interval[to, t¢].
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5.3 Formulation as an optimal control problem

In this section, we minimize the global error over the whole integration interval.
Our objective function is thuGy ||, where|| - || denotes some norm of the func-
tion Gy, In particular, we will consider in Chaptef 6 tiie norm

te ) 1/2
||Gh||2=(/t 1Gh(®)] dt) ,
0

and in Chaptdr]|7 the maximum norm

|Ghlloo = max [[Gr(t)]].

te[to,te]

This implies that we are now considering the global error as a function defined on
the whole intervalty, t¢]. We will explain below how to interpret;, (t) whent is
not one of the grid points..

We also embed the step sizg in a continuous functioh (). So, we suppose
that the numerical method has the fofm (2.35). However, we will assume that the
step size is given by, = e, h(ty) instead ofhy, = e, h(tx, yr). The latter expres-
sion may appear to be more general, but in fact, all possible step size strategies for
a given initial value problem can be written in the fofmn = e, h(tx).

Two things need to be specified before we can give a complete formulation of
the optimization problem, namely, how to formulate the constraint that the number
of steps be fixed, and how exactly to interpfbi(t) at everyt € [to, t¢].

Definet(x) to be the solution ofiL = h(¢) with initial conditiont(0) = t,.

It was shown in the proof of Theordm B.6 that= ¢(kep,) + O(ey). Neglecting
the remainder term, we conclude that the integration intétyal¢| is traversed in
N steps ift(Nep) = ts. However, the differential equation fofx) can easily be
solved by separation of variables. The result is that the conditida;,) = t; is

equivalent tof,’ ity dt = Ney,.

Having conceded an error of ordey in the definition of the constraint, we can
allow for a similar error in the objective function. Thus, we can restrict ourselves to
the leading term of the global error. As before, we will denote this tera}lpyt),
wherep is the order of the numerical method. At the end of Sedtioh 3.1, we found
thatg(t) satisfies the differential equatigh = %g + hPe, cf. (3.18), if the local
error of the numerical method 15, (¢, y) = hPTe(t,y) + O(hP+2).

Summarizing, the minimization problem that we want to solve, is

te 1
minimize ||fg|| subject to / ——dt = N¢y,
h h to h(t)

where g'(t) = 9L (t,y(t)) g(t) + ()P £(ty (1)),  glto) = 0.
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We can remove the constant factd} in the objective function, because mini-
mizing ||} ¢|| is equivalent to minimizing|g||. Furthermore, we can assume that
Ney, = ty — to (with this normalizationg;, denotes the average step size). Indeed,
if h*(t) is the solution of the above minimization problem wh¥e;, = ¢; — to,
then the solution for another value gf is given by%h*(t). This reduces the
problem to

loll sub "L
minimize ||g|| Subjectto / ——dt =1t — ¢ty
h to h(t) (5.8)

where ¢'(t) = 3L (t,y(t)) g(t) + h(t)P £(t,y(1)), glto) = 0.

Optimal Control Theory studies problems of this form, where one is minimizing a
functional of some function (herg), which is determined via a differential equa-
tion by another function (here), which one is allowed to vary. Sectidns|6.1 7.1
give a short introduction to this field. The remainder of Chagpters ¢ and 7 are about
the solution of[(5.B), if the norm in the objective function is either fheor the
maximum norm.

The structure of the discussion in this part of the thesis is outlined in Higdre 5.3,
showing how we leap back and forth between the continuous and the discrete points
of view. We start with some differential equation, which has a continuous solution.
This solution is approximated by a discrete process, the numerical method. The
numerical method commits some err6#, (t;), which is then embedded in the
continuous functiory(t). This function is used to formulate the optimal control
problem [5.8). In Chaptefs 6 ahfl 7, we will see that this problem can be converted
to a two-point boundary value problem. Finally, we use collocation to discretize
the problem, so that we can solve it on a computer. This gives us an approximation
to the optimal step size strategy.
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Figure 5.3: Overview of the structure of Part Il of this thesis. The last two boxes
will be treated in Chaptefd 6 afl 7.



Chapter 6

Minimizing the error
In the Lo norm

In this chapter, we want to minimize the global error measured in_thaorm.
Specifically, we want to solve the optimization problém|5.8), where the norm in
the objective function is thés norm. So, the problem under consideration is

te te 1
minimize lg(t)||*dt subject to / ——dt =t — 1
h /to to h(t) (61)

where ¢'(t) = $L(t,y(t)) g(t) + h(t)P £(t,y(1)), g(to) = 0.

The values o% (t,y(t)) and((¢,y(t)) are given; they depend on the differential
eqguation being solved and the employed numerical method, respectively.
Problems of this sort are studied in Optimal Control Theory, so we start in Sec-
tion[6.7 with an introduction to this theory, concentrating on the parts which we
need in the remainder of the chapter. Then, in Se¢tioh 6.2, we apply this theory
to the optimal control problen (§.1). This leads to the main result of the chapter,
Theorenf 6.6, which states a boundary value problem equivalent fo (6.1). Unfor-
tunately, the boundary value problem can rarely be solved analytically, so in the
final section we discuss how to treat it numerically. We illustrate the procedure by
applying it to two differential equations, namely the trivial equatiér= ky and
the Kepler problem.
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6.1 Optimal control problems

This section gives a short introduction to Optimal Control Theory. All results in
this section are well known and treated in many books, including the very readable
text book by Macki and Strauss [62], and the monographs by Césari [22] and Lee
and Markus|[60], which cover the subject in more depth.

In Control Theory, one studies dynamical systems of theﬁbrm

2 (t) = f(t,z(t),u(t), x(to) = xo.

Here, z(t) denotes thestateof the system at a certain tinte The problem is to
choose the functiom, so that a certain goal is reached. For instance, one can ask
to steer the state to a given target. We eatthe control variable.

For example, consider a ship which has to be brought to some port. The
statexr(¢) models the current velocity and the direction that the ship is facing, while
the control(t) models the direction of the rudder and the thrust of the engine. We
want to find a controk:, such that the ship is at rest at a certain position in the
harbour at a given time. Navigational problems of this sort were originally studied
by Zermelo[[87].

In general, there are many controls which reach the required target. This free-
dom can be used to achieve a secondary goal. In the above example with the ship,
we can ask for the fuel consumption to be as small as possible. In general, we are
considering problems of the form

ueU

te
minimize/ fo(t,z(t),u(t)) dt subjectto z(t;) € T
to (62)

where 2'(t) = f(t,z(t),u(t)), x(to) = .

The functionf, models the objective, and the $etlenotes the target that we want
to reach. The sét of admissible controls will be specified later. We will denote
the integralf,” fo(t, (t), u(t)) dt by J.

Note that the problenj (6.1), which is being studied in this chapter, is almost of
the form [6.2), if we take the global errg(t) as the state of the system, and the
step sizeh(t) as the control variable. Only the constraf@f ﬁ dt = 1 does not
fit. Fortunately, there is a standard trick which convéris|(6.1) to the form (6.2): an
extra variable:(t) is introduced to keep track of the integgé% dt. So, instead

We denote the right-hand side withinstead of the customary to avoid confusion with the
differential equation(2]1) being solved by the numerical method.
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of (6.1), we consider the problem

153
minimize / (0|2t subjectto k(t) = t — to
to

where ¢'(t) = 5L(t,y(t) g(t) + R £(t,y(t),  gl(to) =0,  (6:3)
K (t) = (1) k(to) = 0.

The problem[(6]3) is indeed in the standard fofm](6.2), with the state being the
pair (g, k). The target sef consists of all states with = ¢y — t,.

Optimal Control Theory studies problems of the fofm [6.2) and their gener-
alizations, like the problenj (7.3) treated in the next chapter. The basic questions
are the same as in other disciplines of Optimization Theory. On the theoretical
side, we want to have existence theorems, telling us that under certain conditions
the problem[(6.]2) has a solution. However, these existence theorems are typically
nonconstructive, so we cannot use them to find a solution. Therefore, we are also
seeking necessary and sufficient conditions for a (ait) to be a solution of the
optimal control problend (6]2).

Before we turn to these questions, we need to discuss some technical details.
We assume that the functighis continuously differentiable, that the functigp
is continuous, and that the target gets a smooth manifold. There are various
possibilities to define the sét of admissible control functions, with more or less
generality. For our purposes, it is best to tékéo be the set of measurable func-
tions (the example in Sectipn 7.2 shows that we cannot reguivebe smooth). If
u IS a measurable function, and the statess an absolutely continuous funct@)n
satisfying the equation’ = f(¢,z,u) for almost aIIt then the pair(x, u) is
called anadmissible pair The optimal control problen[@ 2) asks for an admissi-
ble pair which minimizes the objectivé = f fo(t,(t),u(t)) dt among all the
admissible pairs. Such a pair is calledgtimal pair.

The controlu determines the state via the equation’ = f(¢,z,u), and

D‘

hence, indirectly, the objectivé If the mapping: — J is alower semi-continuous
function with a compact domain, then the optimal control probleni (6.2) has a so-
lution. Many existence theorems in Optimal Control Theory can be thought of as
a consequence of this basic fact. A typical representative is the following.

2A function z is absolutely continuousn an intervall if for all € > 0 there exists @ > 0 such
that) ", |z(8:) — z(au)| < e whenever(ai, 1), ..., (an, Bi) are disjoint subintervals df whose
total length is at mosi. An absolutely continuous function has a derivative almost everywhere.

3A condition, depending on a variabte is said to hold foralmost all¢, if the set where the

condition doesiot hold has measure zero. We will often use the abbreviatianfor almost all
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Theorem 6.1. If there is at least one admissible pair, if all admissible pdirsu)
satisfya prioribounds|z(¢)|| < Zmax ||u(t)|| < umax for all ¢, and if the set

{(wo,v) | vo = fo(t, =, u) andy = f(¢,z, u) for some admissible}

is convex for all(¢, z), then there exists an optimal pair for the optimal control

problem(6.7).

This theorem is stated and proved by BerkovitZ [10, Ch. Ill, Thm. 5.1].

Theoren{ 6.l guarantees the existence of an optimal pair, but does not tell us
how to find it. For this, we need Pontryagin’s Minimum Principle, which gives a
necessary condition for an admissible pair to be optimal.

Theorem 6.2 (Pontryagin’s Minimum Principle). Consider the problen(6.2).
Suppose that the skt of admissible controls has the form

U = {u | uis measurable and(t) € ¢/ for a.a.t}, (6.4)

for some set/. If (z, ) is an optimal pair for(6.2), then there exist &y > 0 and
an absolutely continuous function not both zero, such that

AN = —%—Z fora.a.t, and (6.5)

A(t¢) is orthogonal to7” at z(t¢), and (6.6)

H(t,z(t),u(t), Ao, AM(t)) = min H (¢, 2(t),v, Xo, A(t)) fora.a.t,and  (6.7)
vel

H (t,2(t), u(t), 2o A0) = — [ A6) % (00, u(s) ds, (6.9

to

where theHamiltonianH is defined by = Ao fo + AT f.

This result is called the Minimum Principle because of equafion (6.7), which says
that the optimal control at almost any time is the control which minimizes the
Hamiltonian. A proof is given by Lee and Markus [6§5,.1].

The HamiltonianH is said to beregular if the minimizerv € ¢ in (6.7) is
unique. In this case, the conclusion in Theofen 6.2 can be simplified considerably.

Theorem 6.3. Suppose that all assumptions of Theofen 6.2 are satisfied. If fur-
thermore the Hamiltonian is regular, then the optimal contra$ continuous, and
both the stater and the costate are C'. Hence, the conditionf§.5)and (6.7) are
satisfied for allt.

Proof. Jacobson, Lele, and Speyer|[56] prove (in a more general setting) that the
optimal control is continuous (see also Theofem 7.3). The other conclusions of the
theorem follow by Remark 2 in [2234.2C]. O
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The above theorems give onlynacessargondition for optimality. However, un-
der some extra assumptions, it is alsuéficientcondition. The following theorem,
due to Lee and Markus [6@5.2], gives the details.

Theorem 6.4. Suppose that the optimal control problem has the form

te .
minimize t,z(t)) + ho(t,u(t))dt subjectto z(tf) € T
nim / ot (1)) + o (t,u(t)) jectto a(t) 69)

where 2'(t) = A(t)z(t) + h(u(t),t), x(to) = zo.

Suppose furthermore that has the forn(6.4), the target sef is convex, and the
function f, is convex inz for all ¢. If (z, v) is an admissible pair and there exist a
Ao > 0 and an absolutely continuous functian not both zero, which satisfy the
conditions(6.5), (6.6), (6.7), and (6.8) of Pontryagin’s Minimum Principle, then
(x,u) is an optimal pair.

Optimal Control Theory is closely connected to the Calculus of Variations. Most
variational problems can be considered as optimal control problems, and vice
versa, as described by Hesteries [50].

An alternative approach is to use techniques from Dynamic Programming. This
field was originally conceived by Bellman [9] as an effective computational method
for dealing with optimal decision making in discrete time processes. The theory
was later extended to continuous time via a limiting process. The basic idea is the
Principle of Optimality which says that from any point on an optimal trajectory,
the remaining trajectory is optimal for the corresponding problem initiated at that
point. This leads to the definition of thealue function which associates to a
time ¢ and a state, the cost incurred by an optimal pair for the problem initiated
at that point. This value function satisfies a partial differential equation, called the
Bellman equation By solving this equation, one can find the value function, and
subsequently the optimal control. A popular reference for Dynamic Programming
is the two-volume work by Bertsekas [12].

The Dynamic Programming approach might be considered quite natural for
the problem at hand, as the limiting process for going from discrete time to con-
tinuous time reflects the limit where the step size of the numerical method goes
to zero. Nevertheless, it seems that using Pontryagin’s Minimum Principle is the
more fruitful approach, because the Bellman equation is a complicated partial dif-
ferential equation. For this reason, we abandon the Dynamic Programming point
of view.



§6.2 ANALYTIC TREATMENT 74

6.2 Analytic treatment

In this section, we apply the theory of the preceding section to the optimal control
problem [6.1), which asks for the step sizg) that minimizes the.» norm of the
global error. This follows a suggestion in the appendix of a paper by Utumi, Takaki
and Kazail[83].

We found in the previous section that (6.1) is equivalerittd (6.3), which is in the
standard forn{(6]2). The first question under consideration is whether the existence
of an optimal pair can be guaranteed. If we could establisa priori bound on
the step size functioh, sayh(t) < hmaxfor all ¢, then this would imply a bound
on the global errog(t). Indeed, the solution of the differential equation fois

(cf. Theoreni 3.6)
o(t) = / h(s,y(s))” DB(y(s)) €(s,y(s)) ds.

to

and both the variational flow matriv® and the local errof(¢,y) are bounded.
In this case, the existence of an optimal pair would follow from Thedrerh 6.1.
However, there seems to be no reason to assurag&ori bound on the step size.
In fact, as we will see after the forthcoming Theoren 6.5, the optimal step size is
unbounded asapproaches the final time. For this reason, we are unable to make
any claims on the existence of a solution to the optimal control prolerh (6.3).

We now turn to the second theorem mentioned in the previous section, namely
Pontryagin’s Minimum Principle (Theore@.Z). Letc R? andx € R denote
the adjoint variables of andk, respectively. Then the Hamiltonian is

H(t,g. kb Aoy ) = Dolll+47 (5 (8. o(0) g-+076(e, ) ) + - (6.10)

Hence the adjoint variables evolve according to

_(?91;[ - —(g(t’y(t)))Tv(t) —2Xg(t) and &'(t) = _% —0:

(6.11)
this is equation[(6]5) from Theorejn .2. Furthermore, equafion (6.6) from the
same theorem readgt;) = 0. Finally, the actual minimum principle, i.€. (6.7),
states that the step sizeminimizes the Hamiltonian (6.10). If bothand the inner
producty "¢ are positive, then the minimum for the Hamiltonian is attained when

1/(p+1)
h= <“T> .
py' L

Furthermore, this minimizer is unique, so the Hamiltonian is regular and Theo-

V() =

rem[6.3 applies. This implies that the optimal conthols continuous, and that
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the differential equation$ (6.11) are valid for alllt follows that« is a constant
function. If we now setsy = (x/p)'/(P*+1, then the above formula fdr reads
h = ko(y"0)~1/®+1) On the other hand, "¢ < 0 then H is a decreasing
function of h, so the Hamiltonian has no minimum and conditipn](6.7) can never
be satisfied.

Summarizing, Pontryagin’s Maximum Principle implies tha{4f &, h) is a
solution to the optimal control problerp (6.3), then there exist a continuously dif-
ferentiable functiony : R — R¢ and constants, andx, such that

g'(t) = Gt y(®) g(8) + h(t) £ty (1)), g(to) =0,
1
%7

(1) =~ (% (t.(1)) A1)~ 2hog(t). (1) =0,

h(t) = ro(v(&)Te(ty()) VP and (1) Te(t,y(t) > 0.

K(t) = k(to) = 0, k(ts) = t¢ — to,

(6.12)

We now simplify the systenp (6.112) by exploiting its scaling symmetries. Note that
if (g, k, h,7, Mo, ko) is a solution, then so ig, k, h, ary, a)g, o/ PtV k). Hence,

we can assume thay = 1. If we neglect the constrairit(ts) = ¢¢ — to for the
moment, then we can find another scaling symmetry, namely

(g, k, by v, Mo, ko) — (@Pg, o k, ah, aPy, Ao, a P/ PHD k).

So, as long as we neglect the constrdifty) = ¢ — ¢y, we can assume without
long of generality thaty = 1. This also decouples the equation gt) from the
other differential equations. After we found a soluti@n~), we reintroduce the
equation fork(ts). We can now use the freedom iy to scale the step size and
thus ensure that the constrakdt;) = t; — ¢ is satisfied.

Finally, note that the system (.3) satisfies the conditions in Theprem 6.4.
Hence, the necessary conditions from Pontryagin’s Minimum Principle are in fact
also sufficient conditions. We summarize our results in the following theorem.

Theorem 6.5. Consider the optimal control proble(.1). If (¢*, 2*) is an optimal
pair for (6.1), then there exist continuously differentiable functigns : R — R?
that solve the following two-point boundary value problem,

g(t) = 9 (t,y(1) g(t) + (v(&) "€t y(0) PP e(t,y(1), glto) =0,

/ af T
V(t) == (% (L)) 1) - 20(0), A(t) =0,
(6.13)
and for some value ofy, the pairs(¢*, h*) and(g, ) are connected by

g*(t) = kBg(t) and h*(t) = ro(v(t) (L, y(t))) /P, (6.14)
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Furthermore, the following condition is satisfied, ensuring that the fractional power
in (6.13)is well-defined,

y(t)Te(t, y(t)) > 0forall t < ;. (6.15)

Conversely, if a paig, v) satisfieg6.13)and (6.13) then there is a constani,
such that(g*, h*) as defined irf6.14)is an optimal pair for(6.7)).

The differential equation (6.13) implies thaft) — 0 ast — t;. Hence, by[(6.14),
the step sizé(t) becomes unbounded aapproaches the final timg. This may
be surprising at first sight, but it should be borne in mind that notwithstanding
the unboundedness &{t), the integration intervalt, ¢¢] is traversed in a finite
number of steps becauiét) satisfies the constrailffof % dt = t¢ — to.

Furthermore [(6.14) implies that the expression

()" () Tty () (6.16)

is constant. Recall that the local errorfig*!(t) £(¢,y(t)), so we can interpret
the above expression as a weighted local error. The condition that this weighted
local error be constant is reminiscentezjuidistribution This term refers to the
idea that, when solving a differential equation numerically, an efficient method
commits an equal error in every subinterval (or subdomain, for partial differential
equations). With other words, the error is distributed equally over the subintervals.
Eriksson, Estep, Hansbo and Johnson [27, 28] describe this idea in great detail.

A similar computation can be carried out for the more general case in which
we are minimizing thel; norm of the global error, with € (1, o), meaning that
the optimal control problenj (6.1) is replaced by

te te 1
minimize llg(t)]°dt subject to / —dt =t — 1
h /to to (1) (6.17)
where ¢'(t) = 5L(t,y(t)) g(t) + h(t)P £(t,y(1)),  g(to) = 0.
The cases = 1 needs to be excluded, as the objective function fails to be continu-

ously differentiable whes = 1. Theorenj 6.5 still holds fof (6.17) withe (1, co)
if the boundary value problerp (6]13) is replaced by

g = 5L (ty®) g(t) + (&) et y(®) P e(ty(t)), g(to) =0,

(1) = (% (tu0)) 4(0) — slla)|*2g(0) A(tr) = 0.
(6.18)
For the rest of the chapter however, we consider only the speciakcase
Unfortunately, the boundary value problem (6.13) is quite hard to solve analyt-
ically. Even determining the optimal step size for the simple equatien ky is a
problem, as the following example shows.
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Example 6.6. Suppose that we are solving the differential equatioa ky with
k € R\ {0}. We takey(0) = 1 as initial condition, so the exact solution is
y(t) = eft,

The leading local error term of any Runge—Kutta method applied to this equa-
tion is proportional tdW?*1y, wherep is the order of the method. We can assume
without loss of generality that the constant of proportionality is one. In that case,
{(t,y) = y and the boundary value problem (6.13) reads

g'(t) = kg(t) + (5 () "V g(0) =0,
V(1) = —ky(t) — 29(1), 7(tr) = 0.

These equations can be simplified in various ways. For instance, the substitution

(6.19)

g(t) = klk|=2PD/CPHD o=s 5(5).
90E) = KB/ CreD e (s,
o 2p+1
= kp S,

transforms the problerh (6.[19) in

pi(s) = (Bp+1)g(s) + 2+ VA7 3(0) =0,
P () = —A(s) — 2 5(5) 7 (s), 5(Lze) = o.

Compared td (6.19), we got rid of the fractional power, and we removed the depen-
dency of the differential equation on the paramétefurthermore, the transformed
system is autonomous, so we can write it as a single equation if we cogsider

be a function ofy,

dg

3p+ 1)3P5 + 2p + 1
7:_(p+1)(p+ )3Pg + 2p +

(4p+2)g + A+
Unfortunately, neithei (6.20) nor the original syst¢m (6.19) can be solved analyti-
cally. So, in the next section, we investigate the numerical solution of the boundary
value problem[(6.13). We then return to the system (6.19) in Exgmgle 6.7

(6.20)

6.3 Numerical treatment

In this section, we describe how the boundary value prollem|(6.13), and hence the
optimal control problem[(6]1), can be solved numerically. Below, we give a very
short introduction to the numerical solution of boundary value problems. More
information can be found in the extensive literature that covers this field, which
includes the book by Ascher and Petzald [6].
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It was mentioned in Sectign 2.1 that initial value problems for ordinary differ-
ential equations have a unique solution if the right-hand side is differentiable. This
is no longer true for a boundary value problem like (6.13), which may have zero
or multiple solutions. This reflects the lack of an existence result for the optimal
control problem[(6]1).

With this warning in mind, we proceed with the numerical solutior of (6.13).
The basic numerical methods for boundary value problems are shooting and finite
difference methods. Ahooting methodor (6.13) starts from a guess forty),
and then uses any numerical method for initial value problems to solve the differ-
ential equation. In general, the solution will not satisfy the end-point condition
~(tf) = 0, so we correct our guess fo(t,) and try again, until we find a solution
with v(¢¢) = 0. The shooting method has the disadvantage that it is not very ro-
bust, because it might take a long time (or even forever) before it hits the correct
guess fory(tp).

A finite difference methodivides the time intervdk, t¢] in a number of subin-
tervals. At each of the intermediate points. .., ty_1, the derivatives occurring
in the boundary value problerh (6]13) are replaced by a finite difference formula.
Together with the boundary conditions, this yields a large system of equations,
which is subsequently solved to get a numerical solution to the boundary value
problem. Solving the system of equations is feasible because of its band structure,
but this method is more difficult to implement than a shooting method.

Both the shooting and the finite difference method can be extended. Here, we
choose to use eollocation methodan extension of the finite difference method,
because of the availability of an excellent implementation which performs well in
practice. The idea behind collocation methods is to approximate the solution in
every subintervalt, t;+1] by a polynomial of some fixed degrédeand to require
that the polynomial satisfy the differential equationdgpredetermined points in
the subinterval and that all the polynomials in the different subintervals fit together
to form a continuous function satisfying the boundary conditions.

We use the ©LNEW code by Bader and Ascher [7], which is a newer version
of the CoLsys code by Ascher, Christiansen, and Russé€ll |4, 5]. This program
performs collocation at the five Gauss—Legendre points. The resulting collocation
equations are solved with the damped Newton method. The program then esti-
mates the error of the numerical solution, and compares it with the tolerance level
requested by the user. If the estimated error exceeds the tolerance level, then the
program determines a new subdivision of the intefigalt¢], either by halving the
subintervals in the previous iteration or by redistributing the intermediate pgints
so that they concentrate in the regions where the error estimate is high, and an-
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other iteration is started. Otherwise, the solution is accepted and returned to the
user. The ©LNEW code differs from the GLsYS code by using another basis to
represent the solution, which speeds up the solution of the linearized system.
There is one remaining detail that needs to be taken care of, namely, the frac-
tional power in[(6.1B). If the inner produgtt) " ¢(¢, y(t)) is negative for some,
then raising it to a fractional power results in a complex number for the step size,
which does not make any sense. Theofem 6.5 guarantees us that, if there is a so-
lution to the optimal control problem (8.1), the boundary value probfem|(6.13) has
a solution for which the inner product is never negative,[cf. (6.15). Nevertheless,
it is quite possible that one of the iterates produced by tbeNEw program vi-
olates the conditiori (6.15). This would lead to complex numbers and terminate
the iteration process, unless we make some special arrangement to circumvent the
problem.
Here, we employ the following trick to overcome this difficulty. Denoting
the inner producty(t)Té(t,y(t)) by z, we replace the inner product in (6]13)
by ¢ (x), wherey,, denotes a family of real functions that satisfies

Yo(x)>0forallz ¢ R and ¢,(z)==xforallz > o > 0. (6.21)

The first condition ensures thgt, () can be raised to a fractional power without
problems, while the second condition implies that the introduction of the function
1, in (6.13) has no effect as long as the inner produds$ larger than the cut-

off parametefs. However, we know that is strictly positive on(ty, tf) for the
solution that we are looking for. Hence, we may expect that for small but strictly
positive values of, the solution of the new boundary value problem

() = 9 (t.0) ) + (4 (O el w@))) " et yi0). glt0) =0,
(t) =~ (% (1)) (1)~ 20(0) 1(t1) =0,

(6.22)
is close to the solution of the original boundary value problem {6.13). On the other
hand, ifo is chosen too small, then the bad scaling may cause numerical problems.
For the two examples in this section, the precise choiceiefnot very important.
However, the choice of the parameters is a more delicate issue for the examples in
Sectior 7.B.

Specifically, we define), by

0.2

VYo(r) =4 20—

x, if x> o.

, ifx <o,
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This function, which is depicted on the right, is continuously differentiable and
possesses the required propefrty (5.21).

Example 6.7. In Examplg 6. in the previous section, we sought the optimal step
size for solving the equatiop’ = ky with £ € R \ {0} and initial condition
y(0) = 1. The corresponding boundary value problem was found t¢ be|(6.19),
but we could not solve this problem analytically. Here, we discuss its numerical
solution.

We consider the Euler method (2]11) for solving the equagios ky. The
Euler method has order= 1 and local erro¥(t,y) = —1k?y, cf. (2.10). Hence,
the boundary value problern (6]22) reads

(1) = kg(t) — k26" (v, (~R29(0)) L g0) =0,

V() = —ky(t) — 29(2), Y(tr) =0,
We use @LNEW to solve this boundary value problem, pickitig= 1, k = —2,
ando = 1073. COLNEW also needs an initial guess for the solution to start the
iteration. Lacking much inspiration, we provide as initial guesg§ = 0 and
y(t) = £(t,y(t)), which ensures that the conditigiy > 0 in Theoren| 65 is
satisfied.

This results in the numerical solution shown in the left-hand plot in Figufe 6.1.

The corresponding step size function can be retrieved using (6.14), which for this
example reads

(6.23)

h(t) = ﬁo(—%k%’%(t))—l/?

The constank is determined by the requiremefg)’if ﬁ dt = ¢;. In our case, we
find ko ~ 0.5082, and the resulting step size function is also plotted in Figure 6.1.
For comparison, the optimal step size whes 2 is also displayed in this figure.

The picture shows that the step size is an increasing function, and that it be-
comes very large asapproaches the end of the integration interval; in fa¢t)
is unbounded as — t; for the original problem[(6.13). Nevertheless, the global
errorg(t) remains bounded.

The following informal argument explains why the step size increasds as
grows. Any error committed at some instaptcontaminates the numerical solu-
tion over the intervalt,, ts]. Thus, it is important to avoid early errors, since they
cause contamination over a long time interval. On the other hand, an error com-
mitted near the end of the integration interval increases the objef;’gﬁ\kg(tﬂ dt
only slightly, so one should not worry too much about taking large steps near the
final timet;. It pays therefore to concentrate one’s efforts at the beginning of the
integration interval.
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Figure 6.1: On the left, the solution ¢ (6]23) with= 1, k = —2, ando = 1073,
On the right, the corresponding step size function, and the optimal step size func-
tion whenk = 2.

When interpreting the above results, it should be borne in mind that the step
size sequence is given By, = e,h(tx), whereh is the function depicted in Fig-
ure[6.]. The differential equatiof (3]18) describing the dynamics of the global
error is only valid in the limits;, — 0. In this limit, the global error at time is
ehg(t) + O(sﬁ“). In particular, one cannot take the step size sequence given by
hi = h(tx) and expect the global error to lpét); this amounts to taking; = 1
and violates the condition thaf, be sufficiently small.

To determine the effect of the cut-off parameterwe repeat the numerical
simulation witho = 1079 instead ofr = 1073. The results are nearly identical,
except whert is very close to the end of the interval. Indeed, the functigracts
as the identity unless its argument is less thafroro = 1073, this happens only
in the tiny interval(0.998, 1). In conclusion, we can be confident that the solution
of (6.22), which includes the cut-off functian,, with o around10~% or 10~ does
not differ markedly from the solution of (6.[13).

In the next chapter, specifically in Example|7.7 and Figure 7.3, the above results
for the Lo-optimal step size are compared to other step size strategies, including
the L.-optimal step size. &

The above example concerns a very simple equation. Next, we consider a more
complicated example, namely the Kepler two-body problem.
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Example 6.8. The dynamics of a particle moving in the gravitational field of an-
other particle of unit mass, fixed at the origin, is given by

O — ) (6.24)

[I(2)
Here,r(t) € R3 is the position of the moving particlg,- || denotes the Euclidean
norm, and we assume that the units are chosen such that the universal gravitational
constantz equals one.

In fact, the particle will stay in a plane containing the origin, so we may assume
without loss of generality that(t) = (y1(t),y2(t),0). If we setys = y} and
ys = vh, then the equatiorj (6.P4) is equivalent to the following system of first-
order equations,

y1(t) = y3(t),
yS(t) (yl (t)2 N yg(t)2)3/2 ) ( )
A(D) = 20

(y1(8)2 + y2(1)2) >
To complete the formulation of the problem, we pick the following initial condi-
tions,
y1(0) =2, 12(0)=0, u3(0)=0, wa(0)=3. (6.26)

With these initial conditions, the particle describes an ellipse around the origin with
eccentricity%, as depicted in Figu@.z. The time to complete one revolution is
T ~ 9.674.

We want to solve the problerp (6]25) with initial conditigns 6.26 numerically.
We first assume that the Euler methpd (2.11) is employed. The local error commit-
ted by the Euler method is, cf. (2]10),

y17“73

1 Yor
2 |y3r=3 — 3y1(y1ys + yoya)r™
yar =2 — 3y2(y1ys + yaya)r—°

-3

Ut,y) = —3Df(y) fy) (6.27)

5 )

wherer = /y{ + y3 denotes the distance to the origin.
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0.5F

Figure 6.2: The orbit of a satellite in a gravitational field, as describefl by|(6.25).
The cross indicates the initial conditidn (6.26), and the circle at the origin repre-
sents the massive object generating the gravitational field.

Hence, the boundary value problem (6.22) reads
gi =93+ %hylriga 91(0) = 07
gh = ga + Shyor™3, 92(0) =0
95 = Byir™ —17%)g1 + 3y1yar g

+ 2h(ysr ™ = 3y1(y1ys + yoya)r "),  g1(0) =0,

g) = 3yryer g1 + (Byar > — 17 3)go
+ %h(yﬂ”_g — 3ya(y1ys + yaya)r "), g2(0) =0, (6.28)
M= =291 = Buir™ =) = 3y, yi(t) =0,
Vo = =292 — 3yryar s — (Byar > — 1), Ya(ts) = 0,
’Yé = =293 — ", v3(te) =0,
V4= =294 — 72, Ya(te) = 0,

- - ~1/2
whereh = (45 (y17 %9 + yor v — Sysvs — Syama))

The current example differs from the previous one in that we do not have an an-
alytic expression for the solution of the differential equation (6.25). Hence, we
first need to solve[ (6.25) numerically. We use theAB53 code for this task.
This routine, described by Hairer, Ngrsett and Wanher [44], implements an ex-
plicit eighth-order Runge—Kutta method due to Dormand and Prince [79]. We run
this code with the stringent tolerance requirement®f'®, and we use its dense
output routine to sample the solution with a frequency@f0. These samples are
stored in a table.
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We can now use GLNEW to solve the boundary value problem (6.28). When-
ever the solution of the Kepler problem (6.25) at a certain time is required, we look
it up in the table of samples constructed before, using cubic interpolation if nec-
essary. We track the satellite over three revolutions, so wettake 37. As in
the previous example, we set= 103, and we use as initial guegét) = 0 and
v(t) = £(t, y(t)). Finally, the tolerance level for @ NEW is set to a modesi0 2,
which is quite enough for graphical purposes. The resulting solution is plotted in
Figure[6.3.

We see that the step size in one period is different from the step size at the
corresponding time in another period. In fact, 54% of the steps are taken while
traversing the first revolution around the origin. The corresponding percentages
for the second and third revolution are 37% and 9% respectively. The reason is
the same as in Examgle §.7: errors committed at the beginning of the integration
interval contaminate the numerical solution over a longer time interval.

Figure[ 6.8 shows that, apart from the increasing trend, the step size decreases
aroundt = 37, ¢t = 137, andt = 217. These times correspond to the left-
most point of the ellipse in Figufe 6.2, where the satellite is closest to the origin.
Equation [(6.2]7) shows that the local error is large whes small. It is thus not
surprising that the optimal strategy is to take smaller steps when the satellite is
close to the origin.

We next consider a variant of the Euler method (R.11), given by

Yer1 = Uk + e f (b (W), (W) 2 (We41)3, (Ykt1)4), (6.29)

where(y;); denotes théth component of the four-dimensional vectgy, and f

refers to the right-hand side of the Kepler equat{on (6.25). This method is called
the symplectic Eulemethod. The reason for this name is that (.29) is very sim-
ilar to the standard Euler method, but it possesses a property which the Euler
method misses, namely symplecticity. A method is said t@yaplecticif the
time-stepping mapy), satisfie DW,,)~' J DV, = J with J = [9 /], wherel
denotes the identity matrix of dimensiéld, whenever the method is applied to a
Hamiltonian differential equation, i.e., an equation of the foym= J 'V H (y)

with / : R? — R. The Kepler equation (6.25) is Hamiltonian with

1
H(y) = ——=—= + 393 + 3vi-
y% ¥ y% 2 2
The flow ® of a Hamiltonian equation satisfigD®)~* J D® = J, so it may
be expected that symplectic methods perform well when applied to Hamiltonian

equations. Indeed, as was mentioned in Se€tign 4.1, the global error of symplectic
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Figure 6.3: The top picture shows the optimal step size (that is, the step size which
minimizes thel, norm of the global error) when solving the Kepler problgém (.25)
with the standard Euler methdd (2]11). The middle picture is identical, except that
a different vertical scaling is used. The bottom picture shows the norm of the global
error when the optimal step size is used.
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methods accumulates more slowly than the error of other methods. More informa-
tion can be found in [20, 43, 67] to which the text{@.1 refers.

The local error of the symplectic Euler method, when applied to the Kepler
problem, is given by

—y1r 3

1 —yar~
2 |ysr=3 — 3y1(yays + yaya)r™
yar ™2 — 3y2(y1y3 + Yoya)r~

3

0t y) = (6.30)

5
5

If we compare this with the local error of the standard Euler method, cf.](6.27), we
find that it differs very little: only the sign of the first two componentg@f y) is
reversed.

The optimal step size for the symplectic Euler method can be determined in the
same way as we did before for the standard Euler method. The results are shown
in Figure]6.4. The difference with Figure 6.3 is great, even though the local errors
of the standard and the symplectic Euler method are almost the same, showing
the importance of using a symplectic method. The global error committed by the
symplectic Euler method is far smaller, and the optimal step size function does not
vary as wildly. Other features do not change: the step size still shows an increasing
trend, and it drops when the satellite approaches the origin.

We return to the Kepler problem in Example]|7.8 in the next Chapter. There
we compare the step size strategy which we discussed here, with other step size

strategies (see Figurgs 7.4 7.6). %



§6.3 NUMERICAL TREATMENT 87

S

1.6
141
1.2

0.8
0.6r
04r
02

Figure 6.4: The optimal step size and the corresponding error when solving the
Kepler problem with thesymplecticEuler method[(6.29).



Chapter 7

Minimizing the maximal error

In the previous chapter, we minimized the global error as measured i1y therm.
In this chapter, we consider the,, norm. In other words, we want to find the
step size functiork for which the maximum of the norm of the global error over
the whole time interval is minimized. This leads to the following optimal control
problem,

tg

minimize max ||g(¢t)||*> subjectto ——dt =t —tg
h teltot] sl to D(t) (7.1)

where ¢'(t) = $L(t,y(t)) g(t) + h(t)P £(t,y(1)), gl(to) = 0.

Note that we use the Euclidean norm fgit) € R? and theL,, norm for the
functiong.

The theory of Section 6.1 is notimmediately applicable to this problem because
of the form of the objective function. This problem may be resolved by considering
the L., norm as the limit of thd.; norm ass — co. So, we could considef (7.1)
as the limit of the probleni (6.17) as— oc. The results of Baron and Ishiil[8]
imply that the minimal value of the objective functidg||s of (6.17) converges
to the minimal value of the objective functidfy| . of (7.1). However, there is
no guarantee that the optimal pdjy, ») of (6.17) converges to an optimal pair
of (7.1). Another problem is that it is not clear how to interpret the boundary value
problem [(6.1B) associated with (6]17) in the limit> co.

Here, we take a different approach to avoid these problems. Following Lind-
berg [61], we replacg (7].1) by the problem

te 1
minimize ——dt subjectto t)|| <1forallt e [tg,t
pize [y d- subiectto o(0)] il
where g'(t) = 3L (£, y(t)) g(t) + h(t) £(t, 4 (1)), glto) = 0.

88
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In words, instead of minimizing the maximal error using a fixed number of steps,
we minimize the number of steps subject to a bound on the global error. A moment
of reflection shows that the optimal paiig, ~) of (7.3) and[(7.R) coincide up to

a rescaling (recall that the differential equatign= g—gg + hP{ is invariant under

the scaling g, h) — (aPg, ah)).

The theory of Sectign 6.1 cannot be applied to the optimal control proplem (7.2)
either, even though the objective function has the right form, because of the con-
straint||g(¢)|| < 1. Fortunately, the theory can be extended to take this constraint
into account. This generalization is described in Segtioh 7.1. Again, we find that
we can convert the optimal control problem to an equivalent boundary value prob-
lem. In parallel with the previous chapter, Secfion] 7.2 describes the analytic solu-
tion of this boundary value problem, and Secfior] 7.3 its numerical solution. The
examples in this chapter are also the same as those considered in the previous chap-
ter, namely the equatiogf = ky and the Kepler problem.

7.1 State-constrained optimal control problems

In Sectior] 6.]L, we studied optimal control problems of the form

tr
minimize / folt.x(t),u(t)) dt  subjectto z(t) € T
to

el €2
where /(t) = f(t,m(t),u(t)), x(tg) = xo,
where the sal/ of admissible controls is of the form
U = {u | uis measurable and(t) € U for a.a.t}, ()

for some set{. The set/ allows us to place constraints on the control variable.
However, the problenj (7.2) being studied in this chapter includes a constraint on
the global errorg, which plays the role of a state variable. So we need to con-
sider a generalization df (6.2) that includes state constraints. Specifically, we study
optimal control problems of the form

te
minimize/ fo(t,z(t),u(t)) dt
u to

subjectto b(t,z(t)) >0 forallt e [to, t]
where z'(t) = f(t,x(t),u(t)), x(tp) = xo.

(7.3)

As in the previous chapter, we assume that the functf@mdf are continuously
differentiable with respect to all their arguments. Furthermore, the funttiefin-
ing the constraint is assumed to 68. A pair (z,u) is calledadmissiblef z is
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an absolutely continuous function,is a measurable function, and the inequality
constraint and differential equation jn (f7.3) are satisfied.optimal pairis a pair
which minimizes the objective function over all admissible pairs.

The problem[(7]2) is indeed of this form, withacting as the state variahle
andh as the control variable, while b(t,z) = 1 — ||z/|? (the square is needed to
ensure smoothnessat= 0).

Obviously, the probleni (7]3) can be generalized further. We will not discuss
this here, as it is not needed to solve the problem (7.2). Instead, we refer to the
excellent survey by Hartl, Sethi, and Vickson [47], which mentions the forthcom-
ing Theorem$ 7]1=7.4 in a more general setting, and also provides the interested
reader with additional background and references in state-constrained optimal con-
trol theory.

For any timet € [to, ¢], the inequalityb (¢, z(¢)) > 0 describes a closed subset
of state space. A statgt) satisfying the inequality can lie either in the interior or
on the boundary of this subset. This leads to the following definitions. Fix a trajec-
tory z : [to, t] — R?. We call a subintervalt, t;) C [to, t;] aninterior interval
if b(t,z(t)) > 0forall ¢t € (t1,t2). Similarly, a subintervalty, ts] C [to, ] is a
boundary intervalf b(t,z(t)) = 0 forall ¢ € [t1,¢5]. An instantt, is called an
entry timeif there is an interior interval ending at= ¢. and a boundary interval
starting att = t¢.. The termexit timedescribes the opposite situation, where the
state exits the boundary at= .. If z(t) is in the interior for allt in a neighbour-
hood of a certain instant, while z(¢,) lies on the boundary, then= ¢, is called
a contact time(in this case, the trajectory only touches the boundary). The term
junction timeis used to refer to entry times, exit times, and contact times taken
together.

Given an optimal control problem without state constraints, Theprem 6.1 guar-
antees the existence of a solution to this problem under certain conditions. A simi-
lar existence result holds for problems with state constraints.

Theorem 7.1 (Filippov—Cesari Theorem).Consider the optimal control prob-
lem (7.3). If there exists at least one admissible pair, if for certain constants
ZTmax and umay all admissible pairs(z, v) satisfy the bound§z(¢)|| < xmaxand
llu(t)]] < umaxfor all ¢, and if the set

{(wo,v) | vo = fo(t, =, u) andy = f(¢,z, u) for some admissible}
is convex for all(t, =), then there exists an optimal pdir, u) for (7.3).

A proof of this theorem is given by Cesadri [22].
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Let us now turn to the Pontryagin Minimum Principle (Theotfenj 6.2), which
gives a necessary condition for optimality. An analogous result for the state-
constrained optimal control problefn (7.3) is as follows.

Theorem 7.2. Suppose thatz, ) is an optimal pair for(7.3). Assume that is
right-continuous with left-hand limits and thathas only finitely many junction
times. Then there exist a constaxt > 0, a piecewise absolutely continuous
function\ : [to,tf] — R, a piecewise continuous functign: [to,#] — R, a
numbern;, and a number)(7;) for every pointr; of discontinuity of\, such that

(Ao, A(®), 1(t), me, (1), m(72), ... ) # 0 forall ¢ and

dA OH 0b
p(t) > 0andpu(t)b(t, z(t)) = 0fora.a.t, and (7.5)

H (t,z(t), u(t), Ao, A(t)) = mvinH(t, z(t),v, Ao, A(t)) for a.a.t, (7.6)

where theHamiltonian H is defined byd = X\ofy + A' f. Furthermore, at any
junction timer, the dual variableh might be discontinuous, in which case the
following jump condition is satisfied

ob .
i —1i = — —_— > 0. .
ltllnTa A(t) 1;%1 A(t) n(T) 9 with n(7) >0 (7.7)

Finally, at the terminal time, we have
ob .
A(t) =t 5 with 7, >0 and ngb(te, z(te)) = 0. (7.8)

According to [47], the above theorem has been proved (in a more general setting)
by Maurer [63].

We see that the minimum principle (.7) from the last chapter, where we stud-
ied optimal control problerwithoutstate constraints, carries over unchanged when
a state constraint is added. However, the state constraint does lead to an additional
multiplier, namelyy, which influences the dynamics of the costateia (7.4).
Condition [7.5) is a complementarity condition, which says that either the state
constraint is satisfied strictly and the multipliervanishes, or the state is on the
boundary of the allowed region, in which casenay take any positive value.

A further complication is that the costate may exhibit jumps, [cf.] (7.7). The
next theorem rules out this possibility in certain cases. As in Sectign 6.1, we call
the HamiltonianH regular if the minimizerv € ¢/ in (7.6) is unique. The state
constraint (¢, z(t)) > 0 is said to be ofirst orderif

9 (¢ 2) 9 (t 2, u) # 0. (7.9)



§7.1 STATE-CONSTRAINED OPTIMAL CONTROL PROBLEMS 92

This condition is equivalent to requiring that the time derivativé»(dta;(t)) de-
pends on the contral.

Theorem 7.3. Suppose thafz, w) is an optimal pair for(7.3). If the Hamilto-
nian H is regular, thenz is C' and « is continuous. If, furthermore, the state
constraint is of first order at a junction time, then the costate. as defined in
Theorenf 7.2 is continuous atandn(7) = 0.

This result is due to Jacobson, Lele and Spever{5& and6].

Contrary to the case where no state constraints are present (cf. THjeofem 6.3),
the costate\ need not be differentiable, even if the Hamiltonian is regular, because
the multiplier i is not continuous is general. In fact, the next section contains an
example in whichu is not continuous and is not differentiable (se¢ (7.21) and
Figure[7.1).

In Sectiorj 7.B, where we are seeking a numerical solution, we follow a different
approach. We introduce a penalty parameter 0 and replace the problem (7.3)
by the unconstrained optimal control problem

minimize /t ot w8, u(®)) + (bt 2(1))) , dt

(7.10)
where 2/(t) = f(t,a:(t),u(t)), x(to) = wo,

where the notatiofi- ). is defined by(a)y = 0if a < 0and(a)y = aif a > 0.
This approach is called thexterior penaltyapproach: those parts of the trajectory
that lie outside the regiofr € R? : b(z,t) > 0} are penalized by the extra term
in the objective function.

The parameter determines the weight of this penalty term. iAgrows larger,
violations of the state constraint are penalized more heavily. Intuitively speaking,
any violation is penalized infinitely heavily in the limit — oo, so in this limit,
the optimal pair(z, ) will not violate the constraink(t, z) > 0 and thus also be
a solution to the state-constrained problém|(7.3). This idea is substantiated by the
following theorem, which is due to Okamuta [75].

Theorem 7.4. Let {v}} be an unbounded increasing sequence of real numbers.
Suppose that for every, the unconstrained problerfY.10) with » = v}, has a
piecewise continuous optimal contre}. If the sequencéu;} converges in the

L1 norm, then the limit is an optimal control for the constrained probEm).

We conclude this section by repeating that more information on state-constrained
optimal control theory can be found in the survey article by Hartl, Sethi, and Vick-
son [47] and references therein.
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7.2 Analytic treatment

We return to the problem of choosing the step size function of a numerical in-
tegrator in such a way that the maximal global error is as small as possible. In
the introduction to this chapter, we formulated this as the minimax profjlein (7.1),
which is equivalent to the state-constrained optimal control protflem (7.2). In the
previous section, we briefly described the theory on problems of this kind. Now, we
apply this theory on the problem (7.2). This gives a characterization of the optimal
step size function (see Theor¢m|7.5). We then apply this result to the differential
equationy’ = ky. In contrast to thel, case (cf. Example 6.6), we can solve the

boundary value problem. The result is that the optimal step size is givén by (7.21).

We recall that the problen (7.2) is of the form (7.3), if we identify the egror
as the state variable and the step sizk as the controki. The state constraint is
1 gl > 0.

As in the L, case, treated in the Chapfér 6, we cannot guarantee the existence
of an optimal step size function. Theorém|7.1 does not apply, as we do not have
a priori bounds on the optimal pair. The usual generalizations of this existence
result do not apply either. However, we will see in Example$ 7.6 arjd 7.8 that the
optimal step size function for the Dahlquist test equation and the Kepler problem
are bounded, in contrast to tlig case where the optimal step size is unbounded as
t — t; (as remarked immediately after Theorem| 6.5). So, it might still be possible
that some proof of am priori bound on the optimal step size function will be
found, thus establishing the existence of a solutiof of (7.2).

Next, we turn to the minimum principle, stated in Theorem 7.2. We again
denote the adjoint variable gfby ~. The Hamiltonian is given by

H(t, g, h,Mo,7) = % +~7 (g‘;j(t, y(t)) g + hPL(t, y(t))). (7.11)

Condition [7.6) says that the optimal control minimizes the above Hamiltonian.
If yTﬁ is either negative or zero, theid does not have a minimum, and condi-
tion (7-8) cannot be satisfied. Thus!¢ has to be positive, in which case the

minimum is attained at
A 1/(p+1)
0
h = < - > .
py' el

We write this ash = ro(y" €)=/ @D with kg = (Ao/p)/®*+D. This mini-
mum is unique, so the Hamiltonign (7]11) is regular and thus Theforém 7.3 implies
that the optimal controk is continuous. Furthermore, the costatés continu-

ous at a junction time if the state constraint is first order which is the case if

g(T)TZ(T,y(T)) # 0, cf. (7.9).
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The dynamics of the costate is given By (7.4), which for the problem under
consideration reads

(0=~ (5L evle) 90 + 200 510)

The multiplier (¢), introduced in the above equation, is nonnegative and it van-
ishes whenever the strict inequaljgy(t)| < 1 holds, cf. [7.5).
The terminal conditior{ (7]8) reads

Y(t) = —2neg(t) with >0 and (1 — [g(te)]*) = 0.

The complementarity condition means that either= 0 or 1 — |g(t¢)|*> = 0.
However, we can prove that the latter equality holds. Indeed, suppodeg thais
an optimal pair. Ifig(t¢)| < 1, then, by continuity, there exists ar> 0 such that
lg(t)| < 1forallt € [ty — ¢,t¢]. Letd > 0 be sufficiently small. We define a new
step size functior by

. h(t), if t <t —e,
h(t) =
h(t)+6, ift>tf—e,
and denote the corresponding global errorgbyWe havej = g for t < ty — e.
Furthermore, the constraifj(t)| < 1 will still be satisfied insidgt; — ¢, t¢] if §
is small enough. Thus, the constraifitt)| < 1 is satisfied for alk € [t, t¢], SO

~

(g, h) is an admissible pair. However, sinéés positive, we have

t 1 te 1
/ —dt < / —dt.
to h(t) to h(t)

This is in contradiction with the optimality dfy, 2). We conclude that an optimal
pair necessarily satisfidg(t¢)| = 1. This condition automatically implies that
ne (1 = lg(te)]?) = 0.

We summarize the above discussion in the following theorem. The reader may
want to compare it to the analogous result for fiecase, Theorefn §.5.

Theorem 7.5. Consider the optimal control proble.]), and let(¢*, 2*) be an
optimal pair, such thay*(T)Te(T,y(r)) # 0 at all junction timesr. Then there
exist piecewise absolutely continuous functigns: [to, tf] — R, which for some
value ofk are related to(g*, h*) by

g"(t) = kbg(t) and h*() = ko(y(t) Ut y(®) T (7.12)
The functiong and~y satisfy the following differential equation
g'() = S (t.y(1) 9(t) + (&) Telt,y(1) Y e(t, (1),

(7.13)
(1) =~ (8 (Ly(®)) A0~ 20(0) 9(0).
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with boundary conditions

g(to) =0, lg(te)| =1, and ~(tr) = —2neg(te). (7.14)

where the multiplier); is nonnegative, angd : [to, tf] — R is a piecewise contin-
uous function satisfying the complementarity condition

t) = t) >
either uit) =0 or ult) 20 . (7.15)
lg(t) <1 lg(t)] =1
Furthermore, the following condition is satisfied, ensuring that the fractional power
in (7.13)is well-defined,

v(t)Te(t,y(t)) > 0forall t < ;. (7.16)

Lindberg [61] obtains very similar results in the specific case that the local error
is proportional tay®*+1) (¢) and the underlying differential equation is either linear
and autonomous (i.ef|(t,y) = Ay for some matrixA) or scalar (i.e.d = 1).

As in the previous chapter, we can interpfet (¥.13) as requiring the equidistri-
bution of the weighted local error

(R )" () Tty ().

Example 7.6. In Exampleg 6J6 and 6.7, we considered the differential equation
y' = ky with k € R\ {0} and initial conditiony(0) = 1. We solved the boundary
value problem of Theorefn §.5, which determines the step size function that mini-
mizes theL, norm of the global error. In this example, we apply Theoferh 7.5 and
determine the step size function that minimizes the maximal global error.

The exact solution is given by(t) = e**. If we use a Runge—Kutta method to
solve the equation, then the leading local error term is proportiorfétitéy. The
boundary value problem (7.[13)), (7]14) has the scaling symmetry

(€, 9,7, 1, mg) = (L, g, ay, o, amy). (7.17)

So, we can assume without loss of generality that the constant of proportionality
is one. This implies that(¢, y(t)) = y(¢), which is positive, and thus, by (7]16),

we havey(t) > 0 for all t < t¢. Hence, the boundary value problgm (7.1B), (7.14)
reduces to

g'(t) = kg(t) + D (4 (1) PPV g(0) = 0, [g(te)| = 1,

(7.18)
Y (t) = —ky(t) —2u(t) g(1), v(t¢) = 0.
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Solving the differential equation foryields

g(t) = /Ot exp (k:t — pk:ps ) ('y(s))*p/(pﬂ) ds. (7.19)

The integrand is positive, s@(t) > 0 for all ¢t > to. Hence,g(t)¢(t,y(t)) is
positive, so the state constraint is of first order and the global grisrC! by
Theoren{ 7.3. Furthermore, the terminal conditigf¥s)| = 1 is equivalent to
g(ts) = 1.

Let ¢, denote the first instantat whichg(t) = 1. Then(0, t.) is an interior
interval, sou vanishes on this interval by the complementarity conditjon (7.15).
Hence, the costatg satisfiesy’ = —kv on (0, ,), S0v(t) = ye ¥ for t € [0, t,]
wherey, = v(0). Substituting this in[(7.19) reveals that

g(t) =" TVt for te0,t.]. (7.20)

This function is increasing ikt > —1 and decreasing it < —1. Furthermore,
the conditiong(t,) = 1 implies thaty, = (tfe’“f)(pﬂ)/p.

Suppose that, = ¢;. Theng(t) < 1fort < t¢ andg(ts) = 1, sog'(ts) > 0,
which implies thatct; > —1. If, on the other hand;, is strictly smaller thari;,
theng/(t.) = 0 sinceg is a continuously differentiable function having a maximum
att,, and hencét, = —1. We conclude that, = t; if k is positive orty < —1/k
and thatt, = —1/k otherwise.

In the case,. = t¢, equation[(7.20) is valid on the whole interyal ¢;] and we
have constructed a solution to the boundary value problem of Théorém 7.5.

Now assume that, = —1/k < t;. Suppose that the intervgl,, ;] con-
tains an interior interval, saj,t2]. We can now reason as above. Inside this
interval, the multiplieru vanishes. Hence satisfiesy’ = —k~, therefore we

have~v(t) = Cie™* for someC1, and finallyg(t) = Cytek* for some positive
constantC,. However, we already found out that this is a decreasing function
on [ty tg], S0g(t2) < g(t1) = 1. If ta < t, then the interior intervalty, o] is
followed by a boundary interval, but this would require thét;) = 1. On the
other hand, it = ¢, theng(t2) < 1 is in contradiction with the terminal condi-
tion g(¢r) = 1. We conclude thalt., t¢] contains no interior interval, s@(¢) = 1
forall t € [t,,t]. It now follows from [7-IB) thaty(t) = (—k)~Pt1)/pekt/P and
u(t) = ”%(—%e“)”p for t € (t.,t¢]. Note thatk is negative in this case, so the
fractional power is well-defined and the multiplieis indeed positive.
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Figure 7.1: The function$ (7.R1) fdgr= —2, ¢ = 1, andp = 1.

Summarizing, the unique solution ¢f (7]13)—(7.16) is

k=t if £ <,
g(t) = _
1, if t > t,,

(t) (t*ek’t*)(p‘i’l)/pefkt’ If t S t*,
e tPHD/Pokt/p if £ > ¢,
” (tckt) ™7 it <1, -
"= (tck) VP it > 1, (720
® 0, if + < t.,
M =
PRtk VP, if £ > 1,

te, if k>0o0rk < —1/tg,
wheret, =

—1/k, otherwise.

The same solution can be derived from the results of Lindberg [61].

We show the above solution with= —2, t; = 1, andp = 1 in Figure[7.]..
Note that the global errqy is continuously differentiable, while bothandh are
only continuous and the multipligr makes a jump at = 3. This is in agreement
with Theoreni 7.B.

In Examplg 7.]7 in the next section, we compare the above strategy with the
strategy found in the previous chapter. O
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Of course, not all equations are as simpleyas= ky, and the boundary value
problem of Theorer 7|5 cannot always be solved analytically. The alternative is to
solve it numerically. This is the subject of the next section.

7.3 Numerical treatment

In this section, we want to find a numerical solution to the problen (7.1), or the
equivalent problen{ (7]2), which asks for the step size function that minimizes the
maximal error. This complements Sectjon|7.2, where we solve the problem analyt-
ically, but also Sectiop 63, where the objective is to minimizeZth@orm of the
global error over the intervado, ts].

Oberle and Grimm[[73, 74], Pesch [78], and MauretjsBens and Feich-
tinger [64] solve state-constrained optimal control problems by converting them
to a boundary value problem with Theorém|7.2. In our case, the boundary value
problem is given by (7.13)F(7.1L6). This problem is then solved by multiple shoot-
ing. The obvious difficulty in this approach is the implementation of the comple-
mentarity condition[(7.15). The authors cited at the beginning of this paragraph all
assume that the number and type of junction times in the int@iuat| is known
and that only the precise instant at which the solution shifts from one alternative
in (7.15) to the other, needs to be determined. Unfortunately, this knowledge is not
available for the problem under consideration. Indeed, Example 7.8 shows that the
number of interior intervals depends subtly on the numerical method being used to
solve the differential equation. Therefore, we have to find an alternative algorithm
for solving the boundary value problem.

Consider the exterior penalty approach introduced at the end of Sgctjon 7.1.
This approach replaces the problém[7.2) by

nrlinihmize/tof h(lt) +v(lg@®)|* - 1)+ dt
where ¢'(t) = 3L(t,y(t)) g(t) + h(t)" £(t,y(1)), glto) = 0.

Recall that the notatioq- ) is defined by(z); = 0if x < 0and(x); = z if

x > 0. The optimal control problen (7.22) does not contain any state constraints,
just like the problem[(6]1) being considered in the previous chapter, so we can use
the same method as in the previous chapter to splve|(7.22). We apply Tteoyem 6.2
to convert[(7.2R) to a boundary value problem. The Hamiltonian is

(7.22)

Mo (% +u(lgl? = 1), )+ (5 () g+ hre(tyv)),
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where we introduced the costatec R%. The evolution of the costate is given by
/ af T 2
V() = = (55t y®)) (1) = 2200 H(lg®)I? - 1) g(0),
whereH( - ) denotes the Heaviside functiBjdefined by

0, ifz<O,

1, ifz>0.

H(z) =

Assuming that the inner prodU@U(t, y(t)) is positive, the Hamiltonian is mini-

1 1
. o /(p+1)
pyTe(ty(t)) 7

Furthermore, the Hamiltonian is regular, so any optimal control will be continuous
by Theorenj 6]3. Hence, Theor¢m|7.4 states that if the proljlem| (7.22) has a se-
guence of optimal step size functions which converges-asoc, then the limit of
this sequence solves the original probl¢m](7.2).

Finally, we can use a scaling symmetry to s8gt= p. This results in the

mized when

following boundary value problem,

g8 = 3 (t.y(®) a) + (v (GO Ty®)) " 0y, alto) =0,
(1) = (% (tu0)) 2(0) — 20 H(lg() ~ 1) o), (1) = 0.
(7.23)

As in Sectior] 6.3, we introduce the functigiy, which is defined on pade [79, to
circumvent any problems with the fractional power whel?Y becomes negative.
Note the similarity with the boundary value probldm (6.22), which yields the opti-
mal step size function in the, norm.

As in the previous chapter, we use th@I®IEw routine to solve the prob-
lem (7.23). Ideally, we would like to use a high value for the penalty parameter
in (7.23), since we want to find the solution as— co. However, @LNEW is
unable to solve (7.23) for high values mfunless the initial guess for the solution
is accurate. This suggests the usemftinuation start with a modest value of,
sayv = 1, use the solution as an initial guess for a slightly larger value, @ind
repeat until the desired value ofis reached.

Further details are described in the two examples which make up the rest of
this chapter. As in Sectidn 6.3, we first study the Dahlquist test equgtienky,
before turning to the Kepler system.

"Hopefully, the reader will not confusé( - ) denoting the Heaviside function witd denoting
the Hamiltonian.
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Figure 7.2: The numerical solution of the boundary value problem|(7.23)$ot,
v = 10, v = 100 (dashed lines), and = 10° (solid line). The values of the other
parameters are = —2 andt; = 1.

Example 7.7. In Example[ 6.5, we tried to find the step size functiorwhich
minimizes theL,; norm of the global error when solving the equatign= ky,
y(0) = 1, with £ € R\ {0} using the Euler method. That attempt was unsuccess-
ful, as we were not able to solve the boundary value probJem](6.19) analytically,
but we did find a numerical solution in Example]6.7. However, if we replace the
L, norm by theL,, horm, the problem can be solved analytically, as described in
Examplg 7.5. We now complete this series of examples by findingth@ptimal
step size numerically.

We havey(t) = e*, ((t,y) = —3k?, 3L = k, andp = 1, so the boundary
value problem[(7.23) reads

g'(t) = kg(t) — 3k (@%(—%k%ktv(t))))_l/ " glte) =0,
Y (t) = —kvy(t) — 20 H(Jg(t)]* — 1) g(2), (tg) = 0.

We use the same parameters as in the previous examples, nfameh?2, ty = 1,
ando = 10~3. Furthermore, we provide the following initial guess for the solution
to COLNEW: g(t) = 0 and~(t) = £(t,y(¢)). It turns out that the program is not
able to find a solution when = 10, so we start with, = 1 and use continuation,
multiplying v by a factor10 at every step. The result is shown in Figure 7.2.

The plot suggests that the solution converges (infthenorm) asy — oc.
When comparing the limit with the analytic solutign (7.21), depicted in Figure 7.1,

(7.24)
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Figure 7.3: Comparison of different step size strategies for solving the equation
y' = —2y with the Euler method. The strategies are: constant step size (dotted
line), constant local error (dash-dotted liné);-optimal step size (dashed line),
and L.-optimal step size (solid line). The left-hand plot shows how the step size
varies over time, and the right-hand plot depicts the global error.

it should be kept in mind that the analytic solution was derived under the assump-
tion {(¢, y) = y. However, for the Euler method, we hai(e, y) = —3k%y. So, we
have to apply the scaling symmetfy (7.17) when comparing the solutions. Apart
from this scaling, the analytic and numerical solution agree. O

To place these results in perspective, we contrast four different step size strategies
to solve the equatiop’ = ky with the Euler method. All strategies use the same
number of steps in order to produce a fair comparison. Specifically, we enforce the
normalization conditior_‘fo1 ﬁ dt = 1. Figur shows plots of the step size and
the global error against time for all four strategies.

1. The simplest method, which barely qualifies to be called a strategy, is to use
the same step size throughout the integration interval. The normalization
implies thath = 1. Furthermore, the global error satisfigs= g—gg + hP¢,
cf. (3.18). For the Euler method appliedito= ky, this differential equation
reduces tq/ = kg — %sze’“h. Solving this equation yields that the global
errorisg(t) = —3k>ter.

2. Another strategy is to choose the step size sofhét, y)/h, the local error
per unit step, is kept constant. A lot of numerical software in practical use
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is based on this idea. If we neglect higher order terms and use the approxi-
mationLy (¢, y) ~ hP*1{(t,y), then we find that the step size is proportional

to (¢(t,y)) ". In the present situation, we find thaft) = Ce *!. The
normalization condition implies that the proportionality const@néquals
—k/(e”* —1). Finally, the global error committed by this strategy is given
by g(t) = %Ck(l —ckt),

3. In the previous chapter, we considered choosing the step size sgythat
the global error in thd.y norm, is minimized. The step size that achieves
this was calculated in Examgle 6.7.

4. Inthis chapter, the maximum global error was minimized. Exanple 7.6 gives
an explicit formula for the resulting step size and global error, narpely|(7.21).

The step size chosen by these four strategies and the resulting global error are de-
picted in Figur¢ 7]3. In this figure, the dotted, dash-dotted, dashed, and solid lines
correspond to strategies 1, 2, 3, and 4, respectively. The right-hand graph shows
that thelL,-optimal strategy has indeed the smallest error infthaorm, while the
L.-optimal strategy has the smallest valuenefx, |¢(t)|, thus corroborating our
computations.

Example 7.8. In the final example in this thesis, we return to the Kepler prob-
lem (6.24). This equation was also studied in Examiplé 6.8, where the objective
was to minimize||g||2 for the standard Euler method (2111) and the symplectic
Euler method[(6.29). The results can be found in Figurgs 6.8 ahd 6.4.

Here, we seek to find the step size that minimizes the maximal global error by
solving the boundary value problein (7.23). We substitute the local error of the
standard Euler method for the Kepler problem, which is given[ by [6.27). As in
Examplg 6.B in the previous chapter, we need to solve the Kepler problem numeri-
cally. We then use GLNEW to solve the resulting boundary value problem.

The parameters for the Kepler problem are the same as in Example 6.8: the
initial condition isy(0) = (2,0,0, 3) and the integration interval i§, 37, where
T ~ 9.674 denotes the time for one revolution.

The parameters and o have to be chosen carefully, as the boundary value
problem [[7.2B) is not an easy problem to solve numerically. We startmi:th%
ando = 1, and use continuation. At every iteration, we doubleve halveo,
and we call ®LNEW with the previous solution as first guess. We stop after the
thirtiest call of ®@LNEW, whenv ~ 5- 107 ando ~ 2 - 10~?. The result of
this computation is depicted in Figure [7.4. This figure shows also the other three
strategies discussed above.
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Figure 7.4: The top two plots show (on a different scale) four different step size
strategies for the Kepler problem with the (standard) Euler method: constant step
size (dotted line), constant local error (dash-dotted lideyoptimal step size
(dashed line), and...-optimal step size (solid line). The bottom plot shows the
corresponding global error.
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Figure 7.4 clearly shows that keeping the step size constant results in the largest
error. The second strategy (constant local error) entails taking small steps around
t = 1T, ¢ = 11T, andt = 21T, when the satellite is closest to the origin, and
larger steps in between (see also Figuré 7.5). This results in a smaller global error
(with the same number of steps). The-optimal strategy also decreases the step
size when the satellite approaches the origin, but it adds a tendency to increase
the step size throughout the integration interval. This leads to a further decrease
in the global error. Finally, consider thie,.-optimal strategy. It is very similar
to the Lo-optimal strategy up t@ = 2%T, where the global error achieves its
maximum. Aftert = 2%T, the L..-optimal strategy takes even bigger steps than
the Lo-optimal strategy, because it only needs to keep the global error under the
maximum achieved arourid= 2%T. This freedom is used to take slightly smaller
steps before = Q%T. In fact, theL.-optimal strategy takes 55%, 39%, and 6%
of the steps in the first, second and third period respectively. The corresponding
percentages for theé,-optimal strategy are 54%, 37%, and 9%, whereas the other
two strategies take the same number of steps in each of the three periods.

Budd, Leimkuhler and Piggott [13] note that the Kepler equafion [6.25) is in-
variant under the rescaling

(t, 1, Y2, 93, Ya) — (at, 0?3y, a™V3yy a®Bys a3y,

They argue that the choice of step size should reflect this scaling invariance, which
leads them to take the step size proportionat¥@. This strategy is almost the
same as keeping the local error constant (see Fjgufe 7.5), and the resulting global
error differs by only a few percent.

We repeat the calculation for the symplectic Euler metfiod [6.29), which was
introduced at the end of the previous chapter. The boundary value problem is
the same as for the standard Euler method, except that the local[errdr (6.27) is
replaced by[(6.30). Now, the computation is even more sensitive to the choice of
the parameters, especially the penalty parametein fact, COLNEW is unable
to solve the boundary value problem at the twenty-fourth call, whens - 10°:
more and more collocation points are added by the program, until it runs out of
memory. Hence, we take the result of the twenty-third call asitheoptimum.
Surprisingly, it is counterproductive to multiply by % (instead of2) at every
iteration; in that case, GLNEW gives up atv ~ 6 - 103. Other multiplicative
factors are also not effective.

The solid curves in Figuie 7.6 show tiig -optimal step size and the resulting
global error. The bottom plot shows that there are three boundary intervals around
t = 3T,t = 13T, andt = 21T, where the norm of the global error reaches its
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Figure 7.5: This plot shows the step sizeas a function of = /47 + y2 for

four different strategies: constant local error (thick grey lidg)optimal step size
(dotted line),L..-optimal step size (solid black line), and the scale-invariant choice
h = r3/2 of Budd, Leimkuhler and Piggoft[13] (dashed line).

maximum. This maximum is also reachedtgtthe end point of the integration
interval. In contrast, the optimal solution for the (standard) Euler method has no
boundary intervals; the norm of the global error only touches the maximum around
t = 217 (see Figuré 7]4).

Figure[ 7.6 also shows the three other strategies. Again, it is obvious that the
symplectic Euler method behaves differently from the standard Euler method. We
see that the simple strategy of keeping the step size constant is doing remarkably
well, whereas varying the step size to keep the local error per step constant is
disastrous: the norm of the global error peaks above 100 ano;m@%T. This
should not come as a surprise, as it is well known that symplectic methods do not
perform well when combined with standard automatic step size selection strategies
(see forinstance [43VIII.1]). Finally, the Lo-optimal step size strategy computed
in Examplg 6.B behaves similarly to tlig,-optimal strategy. &
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Figure 7.6: Four different step size strategies and the corresponding global error
for the Kepler problem with theymplecticEuler method. The strategies are the
same as in Figuije 7.4.



Chapter 8

Conclusions and pointers
for further research

In this chapter, the main results of the thesis are summarized. Furthermore, we
specify how these results can be used in practice, and we pose some questions that
might form a basis for future research.

The chapter is divided in two sections. The first section refers to Part | of the
thesis, where we derived estimates for the global error of a numerical method for
solving ordinary differential equations. The second section contains the conclu-
sions of Part Il on the minimization of the global error.

8.1 Estimating the global error

In Chaptef B, we described three methods for deridngriori estimates for the
global error committed by a discretization method for solving ordinary differential
eqguations.

Using Lady Windermere’s fan (cf. Figure 8.1), we found an expression for the
global error with a remainder term of ordgf?, if a constant step-size method
is used (cf. Theorer 3.4). The corresponding expression for variable step-size
methods is given in Theorem B.6. Unfortunately, this expression has a remainder
term of order=2 ! while the global error is of ordet,, so Theorem 3|6 gives only
the leading term of the global error.

Another possibility is provided by Theorédm B.8 due to Gragg, which states that
the global error has an asymptotic expansion. Every term in this asymptotic expan-
sion can be found by solving a differential equation, in which the previous term in
the expansion appears as a source term. This approach works for all methods with
step size rules of the forfm, = ¢, h(tx).

107
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The third approach uses the theory of modified equations. Thegorein 3.10 gives
an estimate for the global error with a remainder term of ord@rif the modified
equation is known. If we are using a Runge—Kutta method with fixed step size, we
can write this estimate as a linear combination of so-called elementary integrals
(cf. Corollary[3.12). The coefficients in this linear combination depend on the
coefficients of the Runge—Kutta method.

The second approach has the clear advantage that we can find an estimate for
the global error with a remainder term of arbitrary order, at least in theory. How-
ever, in practice it may prove hard to solve the differential equations yielding the
terms in the asymptotic expansion. In contrast, the estimate obtained using modi-
fied equations is only valid for Runge—Kutta methods and up to dréfeut it is
easier to evaluate as the examples show. The first approach does not seem very use-
ful for constant step-size methods, but it still yields an estimate for general variable
step-size methods, unlike the other two approaches.

There are two obvious deficiencies in the theory developed in Chdpter 3. Firstly,
we did not find an accurate estimate for variable-step size methods. Secondly, we
only gave the order of the remainder term in the estimates, but we did not give any
bounds. A resolution of either of these issues would be very welcome.

It would also be useful to extend the global error estimates to other methods.
Cano and Sanz-Serna [21] explain how to use Gragg’s asymptotic expansion for
multistep methods. Similarly, the modified equations approach could be gener-
alized using the theory of modified equation for multistep method developed by
Hairer [39]. One could also look for estimates for Lie group methods (Berland and
Owren [11] describe the corresponding modified equations) or methods for partial
differential equations (see De Frutos and Sanz-Sérra [29] for a generalization of
Theoren 3. in this context).

We can use the estimates derived in Chdgter 3 to analyse existing methods and
to develop methods that perform especially well when applied to a certain class of
problems. Chaptgr|4 describes applications along these lines. We first proved a
theorem describing the accumulation of the global error when tracking a periodic
orbit. Next, we considered two families of equations with oscillatory behaviour,
namely Airy-like equations of the form” + n(t)y = 0 and the Emden—Fowler
equationy” + t“y™ = 0. There is no closed-form expression for the exact solution
of these equations. Nevertheless, we can still find an estimate for the global error
via the modified-equations approach by using the asymptotic solutior-asc.

Both the remainder term of ordéf” in the estimate and the difference between
the asymptotic and the exact solution of the differential equation cause the estimate
for the global error to deviate from the actual global error. We did not find a
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bound on this deviation. Consequently, we cannot predict with confidence in what
time range the estimates are valid, but the experiments show that the estimates
are very accurate over a long interval. The estimates show that the error of most
Runge—Kutta methods grows at the same rate, but that some methodg (like (4.37)
for the Emden—Fowler equation) accumulate error at a slower rate. Further research
is required to answer questions like whether this only happens for these specific
equation, or whether a similar phenomenon happens for a more general class of
equations.

8.2 Minimizing the global error

The aim in the second part of the thesis is to make the global error as small as
possible by varying the step size of the numerical method in a particular way. But
precisely what do we mean with a “small error”? We argued in Chapter 5 that the
solution given by a numerical method may be of low quality even though it is close
to the exact solution at the final point of the integration interval, or even at all the
grid points. This suggests considering the global error as a continuous function of
time, and minimizing the norm of this function over the entire integration interval.
But which norm should be used? We did not answer this question, because the
correct answer probably depends on the specific application. However, in the re-
mainder of the thesis, we concentrated on the two most natural norms, namely the
L, and L, norms. These are also the norms suggested in the literature.

This choice for the objective turns the problem of determining the optimal step
size into an optimal control problem (with state constraints, if fhg norm is
used). We used Pontryagin’s Minimum Principle to characterize the optimal step
size as the solution of a boundary value problem in Theofens 6.5 and 7.5 for the
L, and L., norm respectively. The result for the, norm has the counterintu-
itive implication that the optimal step size becomes unbounded as we approach the
end of the integration interval. On the other hand, we had to assume a technical
condition (namely that the state constraint is of first order) to derive the result for
the L., norm. No interpretation of this condition was given; we hope that future
work will enable us to do so. Another deficiency is that we were unable to prove
the existence of an optimal step size, but we did hint at a possible strategy: it suf-
fices to obtain amm priori bound for the optimal step size (for tHe norm, this
requires a rescaling to eliminate the unboundedness at the end of the integration
interval). Note that in fact routines for solving ordinary differential equations of-
ten include an upper bound for the step size. We also found an interesting parallel
between the solution of the optimal control problem and the idea of equidistribu-
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tion, as described by Eriksson, Estep, Hansbo and Johnsdn [27, 28]. It is probably
worthwhile to explore this connection further.

Generally, the boundary value problem cannot be solved analytically, so we
have to find recourse in a humerical method. The boundary value problem for
the Ly, norm is of standard form, and the currently available software can solve
it. However, the problem for thé ., norm includes a complementarity condition,
rendering it in nonstandard form, so we used a different approach. We went back
to the optimal control problem, and solved it with an exterior penalty method. The
resulting method does manage to solve the examples that we considered, but it is
not very robust. It would probably be better to solve the boundary value problem
with the complementary condition. This can probably be done with a method based
on collocation. If such an algorithm is developed, it would not only be useful to
compute the optimal step size, but also for solving other state-constrained optimal
control problem.

The step size selection algorithm is an important part of practical codes for
solving ordinary differential equations. It is natural to ask oneself how the results
obtained in this thesis can be used to improve the current mechanisms for choosing
the step size. The numerical algorithms for determining the optimal step size,
which are developed in Sectigns|6.3 7.3, cannot be implemented straight away
in a numerical integrator because they are basealmnori estimates of the global
error. Specifically, the estimates require the exact solution to be known. Of course,
they may be replaced layposterioriestimates, for instance by using the numerical
solution instead of the exact solution. But the resulting algorithm will be slow,
since it entails the solution of a boundary value problem (albeit at a low precision),
which is far more costly than the solution of the original initial value problem.
Nevertheless, the algorithms from Sectipng 6.3[anfl 7.3 might provide a basis on
which a practical method may be built.

However, the main application envisaged for the results of the second part of
the thesis is in the analysis of the error control mechanisms that are being used in
practice. We can compare the step size that is chosen by these practical methods
with the optimal step size. This will allow us to assess the quality of the current
algorithms for selecting the step size. A first step in this direction would be to
calculate the optimal step size for a wide variety of test problems, for instance
those in the Bari test set [65], and to compare the results with the step size used by
various numerical integrators. One may well be able to distinguish broad classes
of problems for which the current methods are fairly bad or near-optimal, and use
this knowledge to improve the current methods.
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