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Abstract

New method is presented to look for exact solutions of nonlinear differ-
ential equations. Two basic ideas are at the heart of our approach. One of
them is to use the general solutions of the simplest nonlinear differential
equations. Another idea is to take into consideration all possible singu-
larities of equation studied. Application of our approach to search exact
solutions of nonlinear differential equations is discussed in detail. The
method is used to look for exact solutions of the Kuramoto - Sivashinsky
equation and the equation for description of nonlinear waves in a convec-
tive fluid. New exact solitary and periodic waves of these equations are
given.
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1 Introduction

One of the most exciting recent advances of nonlinear science and theoreti-
cal physics has been a development of methods to look for exact solutions for
nonlinear differential equations. This is important because many mathematical
models are described by nonlinear differential equations.

The inverse scattering transform [1] and the direct method by R. Hirota
[2] are known as impressive methods to search solutions of exactly solvable
differential equations.

The singular manifold method [3-5], the transformation method [6-8], the
tanh-function method [9-12], the sh-function method [13,14] and the Weierstrass
function method [15,16] are useful in many applications to search exact solutions
of nonlinear partially solvable differential equations.

In this paper we present new approach to look for exact solutions of nonlin-
ear differential equations. We take two basic ideas for our method into account.



The first idea is to apply the simplest nonlinear differential equations (the Ric-
cati equation, the equation for the Jacobi elliptic fuction, the equation for the
Weierstrass ellipic function and so on) that have lesser order then the equa-
tion studied. The second idea is to use all possible singularities of the equation
studied.

There are two advantages of our method. The first advantage is that our
approach generalizes a number of methods that were applied before. The second
advantage of the method is simplicity of realization.

We apply our approach to look for exact solutions of the Kuramoto - Sivashin-
sky equation [17-19] and for the equation at the description of nonlinear waves
on the surface in a convective fluid [20,21].

The outline of this paper is as follows. New approach to look for exact
solution of nonlinear differential equation is discussed in section 2. Application
of our approach to look for exact solitary and periodic waves of the Kuramoto -
Sivashinsky equation are given in sections 3 and 4. Exact solitary and periodic
waves of the equation for nonlinear waves in a convective fluid are presented in
sections 5 and 6.

2 Method applied

Consider the nonlinear ordinary differential equation in the polynomial form

Mly] =0 (2.1)

Let us assume we look for exact solutions of equation ([ZII). Take the non-
linear ordinary differential equation of lesser order than equation (ZTI)

E,[Y]=0 (2.2)

Any nonlinear ordinary differential equation [Z2) of lesser order than (ZTI)
with known general solution we call as the simplest equation.
The first example of the simplest equation is the Riccati equation

E\Y]=Y,+Y?—aY —b=0 (2.3)

The second example of the simplest equation is the equation for the Jacobi
elliptic function

Ex[Q)= Q2 - Q' —aQ’ —bQ* —cQ —d =0 (2.4)

The third example of the simplest equation is the equation for the Weierstrass
elliptic function

E3[R] = R? —4R®* —aR* - bR —c=0 (2.5)

We emphasize that the general solutions of equations ([23]) and ([Z4) have
the first order singularities but the general solution of equation (ZH) has the
second order singularity. We are going to use these properties of equations (233,

E&32) and Z3).



Let us show that the general solution of equation ([ZZ)) is written via the
Jacobi elliptic function sn(mz, k). Equation ) can be presented in the form

Q2 =(Q—Q1)(Q —Q2)(Q — Q3)(Q — Qa) (2.6)

where @1, @2, Q3 and Q4 are roots of the equation

Q*+aQ®*+0Q*+cQ+d=0 (2.7)

Taking new variable

(Q2 — Q) )(W(z) — Q1)

2 _

e~ Q) 2
with

s (Q2—Q3)(Q1 — Qu)
"= (@1 — @3)(Q2 — Qu) 29)
m? = 1(@2 ~ Q)(Q1 — Qs) (210)
into consideration we have the equation

dw\? _ 2 27172
(E) — (1= W1 — kW) (211)
with the general solution
W(z) = su(mz, k) (2.12)

The general solution of equation () is expressed via the Weierstrass elliptic
function because having used new variable

CL2

R=p- (2.13)

we obtain the equation for the Weierstrass elliptic function [22]

0> = 49" — gop — g3, (2.14)

a3

2
where go = 35 — b, g3 = ‘f—g—c—m.
Suppose we can find the relation between solutions of equations (21l and

&2

y=F(Y) (2.15)



In addition, suppose that substitution [ZIH) into equation [Z1I) leads to the
relation in the form

M[F(Y)] = AE,[Y] (2.16)

where A is an operator that should be found.

we can see from relation (ZZI0) that for any solution of the simplest equation
22 there exists a special solution of equation (ZI) by the formula (ZTH).

Later we will show that there is the transformation [IH) that allows us to
obtain relation (ZI6).

Consider our method in detail. It contains the following steps.

The first step. Determination of the dominant terms and the singularity
order for the solution of equation (ZI).

To find the dominant terms of equation (Il we substitute

y = Ap(z — 20)" (2.17)

into all terms of equation EI).

It should be noted that the first step of our method correspond to the first
step of the Painleve test that is used to analyze equation (I) on the Painleve
property [23]. We have to compare the degrees of all terms of equation [ZII)
and take two or more of them with the least degree. Let N be the least degree
of the dominant terms of equation (1l and denote by n the value of k that
corresponds to the least degree.

The value of k that leads to the terms of the least degree by substitution
of (ZT1) into equation (l) we call as the singularity order of the solution of
equation ().

Our method can be applied when n is integer. In the case of non - integer
value of n one can try to transfer equation E1I).

The second step. Arrangement of formula ([ZIH) as polynomial dependence
on the general solution of the simplest equation (Z2). This formula can be writ-
ten taking into consideration the singularity orders for the solutions of equations
@I and E2).

Taking equation ([Z3)) into consideration in this paper we firstly introduce
and use new formula [ZIH) to look for exact solutions of nonlinear differential
equations that takes the form

Y, Y. \"
y(z) =Ao+ A1Y +... + AY" + By <?>+...+Bn <?) (2.18)

where Y'(2) is the general solution of equation [Z3), coefficients A, (k =0,...,n)
and B, (k=1,...,n) are unknown coefficients that should be found.

It should be noted that assuming By = 0 (k = 1,...,n) in formula &I
and a = 0 in equation (Z3]) our approach is reduced to the tanh-function method
to look for exact solution of nonlinear differential equation ([1I). For a = 0 in
equation (3] we obtain the method of the hyperbolic functions from formula
EI) to look for exact solutions.



Taking equation ([ZZ)) into consideration we also firstly introduce and we
apply formula (ZZTH) in the form

y(z):AO+A1Q+"'+AnQn+(Bl+-~.+Bn,1Qn72)QZ+

7)o (§) - (G)
+D <— +Dy () 44D, (),
e/ \e Q

where Q(z) is the general solution of equation @4), Ay (k=0,...,n), By (k=
1,...,n—=1) and Dy (k=1,...,n) are coeflicients that should be found. For
B, =0, (k=0,....,n) and Dy, = 0 (k = 1,...,n) formula ZIJ) can be
reduced to the sn-function method to look for exact solutions of equation ().

Taking equation ([ZH) into account we can also suggest formula [ZIH) to
look for exact solutions of nonlinear differential equations in the form

R, R.\? R.\"
y(z)—Ao+D1(§)+D2<§) ++Dn<§> +

(2.19)

(2.20)
+A1R+ BiR. 4+ (A3R+ BoR.)R + (AsR + BsR,)R* + ...,

where R(z) is the general solution of equation ([ZH). The last term in formula
@20) is determined by the singularity order of the solution of equation (Z1I).
If n = 2m then the last term is A4,,R™. In the case n = 2m — 1 the last term
in formula ZZ0) is B,, R™ ' R,.

Assuming Ay, =0 (k =2,...,n), D, =0 (k=1,...,n), B, =0 (k =
2,...,n) from formula Z2Z0) we have the approach by N.A. Kudryashov [15]
that was used to find exact solutions of nonlinear differential equation. Using
A, =0(k=2,...,n), D=0 (k=2,...,n)and By =0 (k=1,...,n) from
expression ([Z20) we obtain the method by A.V. Porubov [16].

The third step. Determination of coefficients Ay (k = 0,...,n), By (k =
1,...,n)and Dy (k=1,...,n) in formulas ZI]), ZT) and 20).

Using formulas (ZI8), I9) or €2Z0) for finding exact solutions of equation
&) we chose the type of solution for equation II). If we use formula ZIF)
we can find exact solutions of equation (1]) in the form of solitary waves. Using
formula ([ZZT9) we can look for special periodic solutions expressed via the Jacobi
elliptic functions. If we use formula [Z220) we can obtain periodic exact solutions
expressed via the Weierstrass elliptic function.

Coefficients Ay, (k=0,...,n), By (k=1,...,n)and Dy (k=1,...,n) are
determined after substitution of formulas ZI]), ZI9) and 20) into equation
@I). As a result of this substitution we obtain the equation with derivatives
of Y (or Q and R) with respect to z. To find coefficients Ay (k = 0,...,n),
By (k=1,...,n)and Dy (k=1,...,n) we take the following simple theorems
into consideration.

Theorem 2.1. Let Y(z) be a solution of equation [Z3). Than the equations

Y., =2Y? — 3aY? + (a® — 2b)Y + ab (2.21)



V.. = —6Y*+12Y3%+ (8b—7a%) Y2+ (2.2
(—=8ab+a®)Y —2b% + a®b '
Vieww = 24Y° —60Y*a + (50 a® — 400) Y3+
3 2 2 2 4 2 3 (223)
+(60ab—15a”) Y? + (16b* — 22a*b + a*) Y — 8ab* + a’b
Viewe = —120Y% + 360 Y a + (—390a® + 240b) Y+
+ (180a® — 480 ab) Y + (—136b* — 31 a* + 292 a®b) Y2+ (2.24)
+ (136 ab® — 52a’b +a°) Y — 22a%b* + a*b + 16 b
have special solutions that are expressed via the general solution of equation

3.

Proof. Theorem 2.1 is proved by differentiation of Z3) with respect to z and
substitution Y, from equation [Z3)) into expressions obtained.
([l

Theorem 2.2. Let Q(z) be a solution of equation ). Than the equations

sz:2Q3+gaQ2+bQ+%C (225)
Qun = 6Q%Q. +30aQ (2) Q. +bQ. (2.26)

15
szzz =24 Q5 + 30 CLQ4 + <7 a2 + 20 b) Q3+
9 ) (2.27)
+(152ab+ 15¢) Q* + <b2 +5act 12d> Q+3ad+ ;b

1
Qrrrre = 1200Q%Q. + 120aQ%Q. + 3 <75 a?+20 b) Q%Q.+
(2.28)

+2 <12—5ab—|—15c) Q(2) Q. + <bz+gac+12d> Q-

have special solutions that are expressed via the general solution of equation
&3).

Proof. Theorem 2.2 is proved along similar lines than theorem 2.1. O

Theorem 2.3. Let R(z) be a solution of equation @X). Than the equations

1
R.. =6R?+aR+ 50 (2.29)



R... = 12RR. +aR. (2.30)

1
R.... =120R® +30aR’ + (a® + 18b) R + 5ab+12¢ (2.31)

R..... = 360 R°R. + 60 aRR. + (a® + 18b) R (2.32)
have special solutions that are expressed via the general solution of equation
&Z3).

Proof. Theorem 2.3 is proved in a manner like theorem 2.1.
O

Substituting dependence y on Y [IF)) into equation (1I) and taking theo-
rem 2.1 into account we obtain

2N
Mly] =Y Pi(a,b, Ao,..., An, By,...,Bp)Y*N (2.33)
k=0

Consider the system of algebraic equations with respect to a,b, Ay (k =
0,...,n)and By (k=1,...,n)

Pi(a,b, Ao, ..., An, B,...,By) =0 (k=0,...,2N) (2.34)

As a consequence of the choice for the dominant terms of equation (ZII) we
have A,, # 0 at the first step of the method. Assume that there are solutions of
the system of equations ([Z34)). If equations ([234)) are satisfied then

My =0 (2.35)

and y by formula ZIX) is the solution of equation (II). Here Y (z) is the
general solution of equation Z3).

Substituting [ZIJ) into equation (ZIl) and taking theorem 2.2 into consid-
eration we have the equality in the form

Mly| = i Pi(a,b,c,d, Ay, ..., Ay, B1,...,Bn_1,D1,..., D,,) Q"+
N (2.36)
+ > Skla,bye,d Ag,..., Ay, By,...,Bu1, D1, ..., D) Q8 Q..
k=2—N
Suppose we have solutions of the systems of equation
Py(a,b,c,d, Ao, ..., An,B1,...,Bn_1,D1,..., D) =0,
(2.37)



Sk(a,b,c,d,Ao,...,An,Bl,...7Bn,1,D1,...,Dn):0,
(2.38)
(k=1,...,2N —4)

then y expressed by the formula [ZIJ) allows us to have exact solutions of

equation ().
Substituting [Z20) into equation ([ZI]) and using theorem 2.3 we obtain the
relation in the form

L
Mly]= Y Pi(a,b,¢,Ds,..., Dy, Ay, Ar... B1,By...)R"+
k=—L
(2.39)

M
+ Y Sk(a,b,¢,Dy,..., Dn, Ag, Ay ... By, By...)RFR,
k=—M

If N = 2m then we take in Z39) L = N and M = N — 2. In the case
N =2m — 1 we need to take M = N and L = N — 1. If we have solutions for

coefficients D, ..., Dy,; Ag, Ao, ...and By, Bs, ... of the system of the equations
Pk(a,b,C7D1,...7Dn,Ao,Al,...,Bl,Bg,...):O, ]€=0,...72L (240)
Sk(a,b,C,Dl,...,Dn,Ao,Al,...,Bl,BQ,...)ZO, k:O,,ZM (241)

we obtain exact solution of equation in the form (Z20) that is expressed via the
Weierstrass solution.

In this manner the method applied allows us to look for exact solutions of
equation (2TI). Let us consider the application of our method to look for exact
solitary and periodic waves of nonlinear differential equations.

3 Exact solitary waves of the Kuramoto — Sivashin-
sky equation

Let us apply our approach to look for exact solitary waves of the Kuramoto —
Sivashinsky equation. This equation has the form

Nonlinear evolution equation [BI) describes nonlinear waves in active — dis-
sipative dispersive media. For a = 0, v = 0 and 8 # 0 from equation (Il we
have the famous Korteveg — de Vries equation. The Causchy problem for this
equation can be solved by the inverse scattering transform [1]. In the case 8 = 0,
v =0 and « # 0 from equation ([BIl) we get the Burgers equation that can be



linearized by the Cole — Hopf transformation into the heat equation [24,25]. At
a#0, 8 #0 and v # 0 equation @I is not integrable because this one does
not pass the Painleve test [23]. However there are several special solutions of
this equation.

Exact solitary waves of equation at o« # 0, 8 # 0 and v # 0 was firstly
found in [4] at § = 0; 8 = +4,/a7; 3 = £12\/ay/47; f = £16+/ay/73. Later
these solutions were rediscovered more than once. Let us show that using our
approach we can obtain more general solitary waves.

Using new variables

’ « ’ /’)/2 ﬁ
U=UO0,— =2 , t=t— , o =—, 3.2
V3 \/ o o (32)

(the primes of the variables are omitted) we have equation in the form

Q=

Taking the travelling wave into consideration

u(z,t) =y(z), z=x—Cpt (3.4)

we obtain from equation B3]

1
Cl—Coy+yz+ayzz+yzzz+§y2=0 (3.5)

The equation of the dominant terms is

1
Yzzz T 592 =0 (36)
Substituting &I7) into equation [BI) we can see that the general solution
of equation ([FH) has the singularity order equals three and we take n = 3 in
formula [ZTI8). Therefore we will look for exact solution of equation ([BI) in the
form

B1Y., B)Y.,? BV}
1+2+3

_ 2 3
y(z) =Ag+ A1V + AY*+ AsY° + % Ve v (3.7)
It should be noted that formula ([B7) can be written in the form
y(z) = AO —2ng+ (Ag —Bg) Y3—|— (B2+A2) Y2—|—
(3.8)

B1b—3B3b?  Byb? L B3 b?

A — B Bsb) Y
+ (A 1+3B30) Y + % V2 e



Substituting [BF) into equation (BH) we have

BV =120, B® =0 (3.9)

Consider the case: Bs = Bgl) = 120. We obtain

15 60
By = —1 By =——0+—+24 3.10
2 50’, 1 760’ + 19 + 0b ( )
7o 13
Ag = 252 11
0o=Co+ 76 608 o 0bo (3.11)
AP =240, AP =120 (3.12)
Assuming Az = Agl) = 240 we have additionally

15 120
Ay = Al=——0o24+— -2 1
2 0, 1 380' + 19 0b (3 3)

We also obtain

5 5 1
big=———024+ — 4+ ——+/549 0% — 3584 02 + 9216 3.14
12 = 2617 T 3w 4864\/ 7 o7t (3.14)

Taking equation ([BI4) into account we find two variants values o. The first
variant has

oM =, Uél% — 44 (3.15)

and the second variant takes the form

o =0, of)=+4, AN-xt—1, oY== (3.16)

These values o corresponds to two variants values b. The first variant is

11 1

1 1
bg ) _ o1 é% = (3.17)
and the second variant takes the form
@__ 1 @ _ 1 2_ L @_ 1 318
WEtar et ies Mt mr MT TG (3.18)

10



As a result of calculations for these values o and b we have the following
special solutions of equation [BH) for the first variant

4511 (
15219

V11
U = tanh (m(z — Cz))

165v/11
15219

YV (z) = Co - Ut + U +U?),

(3.19)

1 1
yé,laz(z) =Cp £ g—g (U+U*1)¢I5 (U*+U2?) +

(3.20)
15 - 1
+§ (U3+U 3); U = tanh (Z(Z_CQ))

Special solutions for the second variant take the form

(2) — C _ 135 U— U*l _ 15 U3 _ U73
n (=) =Co— S ( ) 152/19 ( )
(3.21)

U = tan <ﬁ(2 - cg))

2) 30 345
2)=Cot — + ——
9273() 0 \/ﬁ 584\/ﬁ

(U+UY)F % (U2+U2) +

(3.22)

15

1
+ US4+U3), U=t h(— —c)
534/73 ( ) anh ( (e - )

(2) 225 1 45
) =Cot —=_ (U+U
Yas(z) = Co 376\/E( )F 188 V47

(U*+U?) +

(3.23)
45 15
+ +
9447 = 376/AT

(U*+U%), U =tanh ( (2 — cg)>

1
447
7 15 15
yia(z) = Co Fy g U-U)F L (U+U7)
(3.24)
15

2 (U*-U?), U=tan (l(z - 02))

4

Constant Cy in the case of the first variant is determined by the formulas

1 4950 1
cW = 22 200 clt) = =218 3.25
1 270~ 5859’ 23 = 5 -0 ( )

11



Constant Cy for the second variant is expressed by the formulas

1 450 1 4050
0(2):_02 b 0(2):_ 2 VIV
! 2“0 " Gg5g’ 237270 389017
(3.26)
2 _ 1 .o 1800 @ _ 1
Cis = 3% ~ {53823’ 67 =500 =8
Assuming A3 = Agz) = 120 we have
15 60
Ay =1 Al =——o02 4+ ——12 3.27
2 50’, 1 76 o° + 19 0b ( )
7 13
by = — — —— 52 by = 2
1= 350 300 0 270 (3.28)
We also obtain six values for o
16 12 2V/14
olpo=t—, oO3u=*t—,, Os55=F—+ 3.29
1,2 Nig 3,4 /T 5,6 /3 ( )
Constant C; takes values
1, 4050 1, 1800 1,
Cr2 =500~ 53g0m @347 3% ~qgazeg e =30 (3.30)
Special solutions of the Kuramoto — Sivashinsky equation can be written in
the form
y1.2(2) = Co + 10 (U F4U 2 +U P+ 4),
’ VT3
(3.31)
U = tanh < L ._c ))
=tanh | ——(z —
273 ?
ys.4(z) = Co + 10 (BUTTF3U P+ U +3),
’ VAT
(3.32)
1
U=tanh | ——(z - C
b (5t )
For 0 = 05,6 we have trivial solutions that are constants.
In the case B3 = 0 we obtain
By=0, By =0, A =120, 4P =0 (3.33)

12



Assuming A3 = Agl) = 120 we have

60 15
Ay =15 A= — — —0?—120b 3.34
2 7 Mm99 767 7 (3:34)

7 13
Ag = —o+100b— ——0° 3.35
0 Co+760'+ 0cgb 6080’ ( )
5 5 5, 1

bio= = 0% £ —— /9216 — 3584 02 + 549 o (3.36)

76 1216 1216

There are two variants values of o corresponding to b; o:

a_gl) -0, Uéils), — 44 (3.37)
and

2 2 16 2 12 2
O'g):()’ Ué’?)’::tﬁ” 0'4(175)::|Z\/—4_7,, Ué’%:ill (338)

Special solutions of the Kuramoto — Sivashinsky equation in the case of the
first variant take the form

D) =c +m 9U —11U3), U = tanh VL —C 3.39
yl (Z) 0 \/E ( )7 an 2\/@(2 2) ( )
Y (z) =Co+ 9+15(U F U2~ U®), U = tanh (%(z - 02)) (3.40)

Constant Cy in equation ([BH) for the special solutions y(l) (1=1,...,3)1s

i
given by formula (B2H).
Special solutions of the second variant are determined by the formulas

(2) 15 3 < 1 )
=Co+—=QBU+U”), U=t —C 3.41
Y1 (Z) 0 \/E( ) an 2\/@(2 2) ( )
ys3(z) = Co — B (5U £ 4U*+U? ¥4),
' V73

(3.42)

U = tanh <%(z - cg)>

13



15

V) = o= = (BU £ 30 4 U7 5:3)
(3.43)
1
U=tanh | —=(z—-C
an <2\/E(z 2))
Yo (z) = CoF 11415 (U F U +U%) U:tan<%(z—(]2)) (3.44)

Constant Cy in equation X)) for the special solutions y@) (j=1,...,7)is

J
given by formula B20).
The special solutions ([B39) - (BZ4) of the Kuramoto - Sivashinsky equation

were found in [4,10]. The special solutions of the Kuramoto — Sivashinsky
equation (B in the form of the solitary waves (BI19), B20), B21), B22),
B23), B24), B.31) and B.32) are new.

4 Exact periodic waves of the Kuramoto - Sivashin-
sky equation

Periodic exact solutions of the Kuramoto — Sivashinsky equation (BI) were
firstly obtained at § = £4,/av taking the Weierstrass elliptic function into
account in [15]. Let us show that our method allows to look for exact solutions
that are expressed via the Jacobi elliptic functions.

Consider the equation

1
’szzz+6yzz+ayz+§y2—coy+01:0. (41)

This equation can be found from equation @) if we use travelling wave

(33

Let us look for exact solutions of equation [l in the form

y(2) = Ao+ A1Q+ A2 Q° + A3 Q* + B1Q. + BoQ Q-+

(4.2)

2 3
+D1%+D2%+D3%

Q Q? Q%
where Q(z) is solution of equation [Z4]). There is the case D3 =0, Do =0, D; =

0 of special solution and we consider this variant of formula {EZ). Substituting
[E2) into equation [ and taking the theorem 2.2 into consideration we have

By =—-60vy, A3==+60% (4.3)

15 15
312175—15’}/& A2::|:45’ya—7ﬁ (4.4)

14



15 10 5 (32
__ 15 0, 27 45
A L fat 3070+ 3 oF 37~ (4.5)
5 laB 5 5 (2%a 5 33
Ag=Co—28b+-22 4+ 200+ 15 o re 0 7 46
0=Co=3fbr g gaat I5yeF G =~ 155 72 (4.6)
1 ., 1a2
I S BTN B 47
d=qac- b5 (4.7)

1 3 135 135
Ch :15ba2+—002—13a——2072b3+—72bca——7202+
2 5 2 2
(4.8)
45 45 135
+§72a2b2—§a2a2— szagc

There is the additional condition for solution of equation @Il): 8 = +4,/a7.
Exact solutions of equation (Il at 3 = /a in the form of the periodic
wave take the form

3/2
y(z)=Ch =+ 15"/0—5b\/a’y—% —15a/ay Q=

+3067Q —30/avQR*+ 45a7Q*+ 60vQ3 —15av Q.+

+30 /a7 Q. — 607QQ.

Here Q(z) is the general solution of the equation for the Jacobi elliptic
function in the form

Qz_Qél_aQB_bQZ_CQ_%,\/20[2_’_%[)2_%@0:0 (410)

There is exact solutions of equation @) at « = § = 0 in the form

y(2)=Co=+ 157c+ 30byQ + 45avQ* £ 607 Q> —
(4.11)
—15a7Q. - 607Q Q-

Special solutions in the form of periodic waves @) and EI) of the Ku-
ramoto - Sivashinsky equation are expressed via the Jacobi elliptic function are
new.

15



5 Exact solitary waves of the equation in a con-
vective fluid

The equation

1
YYzzz + 6yzz +ay, + 5 5y2 + XYYy — C()y +C =0 (51)

can be obtained from the nonlinear evolution equation

that occurs at the description of nonlinear waves in a convecting fluid [20].
Assuming x = 0 in (&) we have the Kuramoto - Sivashinsky equation and
below we suppose x = 1.
Equation (BI) does not pass the Painleve test and this one is not exactly
solvable equation but it has several special solutions that were found in [9,16].
Let us consider equation ([E&]) using our method to look for new exact solitary
waves. Equation for the dominant terms has the form

VYzzz + YYz = 0 (53)

The singularity order for solution of equation (&) is equal to n = 2 and we
can look for exact solution in the form

Y, V2
y(z):A0+A1Y+A2Y2+B;L?+32Y—ZQ, (5.4)

where Y (z) is the general solution of the Riccati equation [Z3]). Substituting
expression ([ into equation (BI) we have the following values of coefficients:

BV = 124, BP =o0. (5.5)

Considering the first case By = Bél) = —12+ we obtain

AV =124, AP =0 (5.6)

Take Ay = Aél) = 12+~. In this case we have
12 12

12

12
A1:—247a+gﬂ—387
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23 12 24 1 3

Ap= =2 e - _dya =
0= gphet Fyas - gpye —dva e T
(5.9)
12
——pfa—a—1640b
)
1B o126 4 04, 4, 3 e 128,
Co= 1507 “125 7€ T575¢ ~5AY Ty T
(5.10)
—aet-yeb— - Bb
Oz€+5"/8 55
1 # 18 1
pv - - 2 - P, - 2 2 32 — o 5.11
10072 50 4 "100° (5.11)
409 18 B% 72 %2 553
C, = —— 23_ 2 K= i _ Yy 4
=500 T6s 2 T o e P
(5.12)
L 5 3 2 589 o5
+28a +yae® —ae 5—1—125078.
Solution of equation ([&JJ) in this case has the form
12 22 12
y(z):Eﬂa—lZ’yaQ—%’yaQ—a—?vas—F
3 32 19 3 (B—ev+107a)(B—ey—10va)’
+2—57+2—558+1—25 2y - (5.13)

3 (B—ey—107a)*(B—cy+10ya)’
2500 3 Y2 ’

where Y'(z) takes the form

Y(2)=a+ 1—10 (g - e) tanh (1—10 (g - e> (2 — 02)) (5.14)

We found new exact solutions ([I3) in the form of the solitary wave with

17



two arbitrary constants a and Cy that satisfies equation (BJ)) in the form

1 4
VYorz + BYze +ay. +yy. + —cy? — = (veb— Ba® — Bb)y—

2 5
3 4% 128 126 1 B3
_ 2 v = —eP 25 =V 3 - 2
<76a T Tt Tt T Tz )T
589 , . 18 fle 72 P2 409 , 5 553,
t2507 ¢ T3 7 Tom 5 Timol© e Pet

1
+§6a2+’y€3a—826a: 0.

(5.15)

Assuming a =1, 8 =1, v =1 and ¢ = 2 we have equation (EIH) in simple

form

751 10589

16

2

zzz 2z z z __b Tor ——0
Yozz + Yoz T Yz T YY= + Y 5 y+125y+ 625

In the case By = Bél) = —12v and Ag) = 0 we have ¢ = 0 and

Bi=C(-c), A=2(3-er)
AO:—;—gfyez—leb—i—%%Q—a—f—%sﬂ

—a5+%526
Clz%ﬁ—k%fﬁ—%’y&ﬂ—i—%gﬁ?—%%—k

1
+yae® + §so¢2 —ae’p

We have the exact solitary wave in the form

3 (B—ev)’ 3 (B-ey)t 12
. 2B-ey)Y
500 A2V 0000 gove T e

18

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)



where Y'(z) satisfies the equation

1 1 ep 1 B3
Y. +Y?2 - —¢&2 e | 5.22
+ 1005 T200 5 100 12 (5:22)

and takes the form

v (Y (5 (2 e-ca). 1

Exact solution () is the special solution of the following equation

1 1
YYozo + BYsz + ys Yy + s ey? —aey+ §€a2+a626+7a€3—

2
16 1265 3 e 1§ 18
I ek b 3 2 = 2
<5 ve ﬁ 157 13 5 1Bz TP (5.24)
558 4y, 409 o 18 ple T2 G B89,
[ R _ =0
525 P T 0 Y "5 2 Tem 4 12301 ¢

Assuming a =1, 8 =1,v =1 and € = 2 from [EZ) we have the equation
in the form

16 751 10589

2

222 2z z z ——b Tar s = 5.25
Yooz T Yoz T Yo H Yy +Y° — by +opy +mo =0 (5.25)

Consider the case By = Bé ) — 0 and A = A, (D — _19 ~. We obtain

12
B; =0, A1:24’ya+g(ﬂ—8’y) (5.26)
1 B2 12 24
Ag = 8yb— 22 — L+ Be—a—4 Zyae— = 5.27
0=28%v ﬁ+257+2566 o 7a+57a8 2578 (5.27)
4 4 126 3 ep?
Co=-yea®+—veb— —~e® — = fBa>— = Bb— — —
b=grea’ tgyeb—pae 5“ ﬂ 125 4 T
(5.28)
128 1 B
+E8ﬂ—€a+1—25?

1 1 Be 1 B3
b= L A i R 5.29
1005 % T 50 5 10042 (5:29)
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1, ., 409 5, 18 4
01—25a +ve'a sﬂa+12506ﬂ 625 2
(5.30)
553 . T2 £23% 580 , .
6257 P 6 Tm0 T C

As a result of calculations we have the exact solitary waves in the form that
were found in [9, 16]

12 12
y(z) = —129Y? + (24*ya—|— gﬁ— Es*y) Y-

(5.31)

where Y'(z) satisfies the equation

1
Y, Y2 _9qY — — 22 2 i —— 5.32
+ Y100 T TR 5 T 100 2 (5:32)

and is expressed by the function

Y(z) = a+ 1—10 (g _ 5) tanh <% <§ _ s) (2 — cg)) (5.33)

Equation (&) can be presented in the form

1
Y Yzzz +ﬁyzz+ayz+yyz+§5y2+"/€3a—82ﬁa+

126 5 4, 4 3 e 128 ,
+<12575+5ﬂa+55b+125 TPy
(5.34)
4 , 4 1 3 1,
—<so¢+g'ysa +375b+1—25¥) +§so¢ +

409 4., 18 ef* 553
to50° 7 om0z et 0T
Assuming a =1, 8 =1,v =1 and € = 2 from ([E34) we have the equation

in simple form

589 o . T2 £238
RLE _
1250 625

4 4 751 5589
2 2
222z 2z z z - = —=b Tar s 5.35
Yooz T Yoz e F Yy Ty — @y — by + eyt e =0 (5.35)

These exact solitary waves can be used to analyze nonlinear wave processes
at the description in a convective fluid.
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6 Exact periodic waves of the equation in a con-
vective fluid

Consider the equation for waves in a convective fluid again and find the exact
solutions in the form of periodic waves. We use the following formula

2
y(2) = Ao+ A1 Q + AsQ2 + D1 Q. + Bl% + 32% 6.1)
where Q(z) is the general solution of equation Z4).

Substituting (@) into (&I)) we have Bél) =—127, Bf) = 0.

First of all let us consider the first case By = Bél) = —12.

We have

d=0, c¢=0, Ay=6vy (6.2)
6 6
Dy = 67y, By = R (ey—=0), Ai1=9ay F 3(57 - B) (6.3)
23 B2 24,
Ap = 11by — — — — — 6.4
0 V- atoefet %, 257° (6.4)
3 24 4 23 _, (b—eg)?
_ P _ = = =~ =7/ 6.5
Co 2% ea — bey 5r e+ 25ﬂ5 , b 25,2 (6.5)
409 18 ept T2 23
C — 302 2 e = 3
=50t O TP T s e, et
(6.6)
1 5, 58 ., 553,
T3 T st T T Gt 1P
The exact periodic waves are determined by the formula
9 6 6
ye)=fe—a—ye+ (£ 0F per—37a) Q-
(6.7)

07Q £ 690+ 3 (v - ) L,
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where Q(z) is the general solution of equation [Z4l). Equation (BI) in this case
can be written in the form

1
VYozz + BYsz + @y + ey’ +yy. teay +ye’y — Beiy—

2
1 72 £23% 553
2 3 2 4
—€ ﬁOZ-f—E ’)/OZ+§€OZ +@T_@E "/ﬁ‘f’ (68)
409 5 o, 589 -, 18 ep* B
T250 7 P10 T 62 2
Assuming a« =1, 5 =1, v =1 and € = 1 we have simple form of equation
B3)
1 5 1
Yezz T Y2z Y Y2+ 5y +yy.+y+ 5 =0 (69)

2 2

Consider the second case By = B§2) = 0. We have

d=0, BW=p5  BY=0 (6.10)

Assuming By = B%l) = [ we obtain

c=0, Ay =—-6,v D; =467~ (6.11)
Alzigﬁ F2ev—3an, ﬁ:1—615'y (6.12)
Ag=—by— %527 -« (6.13)
Coz—%63’y—£a—b5% b:%gQ (6.14)
01:%65724-%83’7044-%80[2 (6.15)

In this case we have special solution in the form

5 6
y(z) = —H€27—0<— (ﬂ:ﬁ67+3a7) Q—-67Q°+

(6.16)
Q:

6
+ .+ = —.
67Q +11€’Y 0
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Equation (&TH) for this case takes the form

6 1 5
VYsz + 7 EVY + Yz + 56y2+yy2 + ﬁ637y+€ay+

+3 3 Oz—i—l a2+@ 5.2 _
11° 74" 3¢ 29282 " 1 T

In the case « =1, B =1, v =1 and € = 1 we have simple equation

. N +E 2 +1001 +90695_
Yzzz Yzz Yz 12 ) YY= 216 Yy 15552 N

Assuming By = 0 and B; = 0 we have

A2=—6’}/, D1=:|:6’}/, A1::F2E’}/:|: 26—3&’)/
B=evy Ay=—-a-by, Co=-ca

3 1 1
Ci = 5672ac—552872+58a2—6672d

Special solution in this case takes the form

y(z) = —vb—a—-3avQ —67Q* £ 67Q.

where Q(z) satisfies equation

Q-Q'—aQ-bQ*~cQ-d=0
Equation (2TH) in this case can be written in the form

1 3
VYoze + VY + QY. + §8y2+yyz +eay+ §m2a0+

1 1
+§EOZ2— 5872b2—6872d=0.

Fora=1,8=1,~v=1 and € = 1 we have simple equation

1 1 1 3
yzzz+yzz+yz+§y2+yyz+y+§—§b2—6d+§&020

Special solutions (E), (EI0) and EZ2) of equation (BII) are new.

23

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)
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7 Conclusion

Let us emphasize in brief the results of this work. We have presented new
approach to look for exact solutions of nonlinear differential equations. Two
basic ideas were taken into account for our method. The first idea was to
use the simplest nonlinear ordinary differential equation with known general
solution for the finding new special solutions. The second idea was to take all
possible singularities of solution of equation studied into consideration. Using
these ideas we have suggested new formulas to search exact solutions of nonlinear
differential equations in the form of solitary and periodic waves.

Our approach was applied to look for exact solutions of the Kuramoto —
Sivashinsky equation and the equation for description nonlinear waves in a con-
vective fluid. These equations are noninegrable equations but they are very
popular at the description of nonlinear waves in the nonlinear science. New
exact solutions in the form of solitary and periodic waves of these nonlinear
differential equations were found.
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