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Abstract

Wide classes of nonlinear mathematical physics equatimmsi@scribed that
admit order reduction through the use of the von Mises taansdtion, with the
unknown function taken as the new independent variable margpropriate partial
derivative taken as the new dependent variable. RF-paitassociated Backlund
transformations are constructed for evolution equatidngeoeral form (special
cases of which are Burgers, Korteweg—de Vries, and Harry Bya equations
as well as many other nonlinear equations of mathematiogigd). The results
obtained are used for order reduction and constructingtesaations of hydro-
dynamics equations. A generalized Calogero equation amgnder of other new
integrable nonlinear equations are considered.

Keywords: nonlinear partial differential equations; mathematidatgics; von
Mises transformation; Backlund transformations; RR-aintegrable equations;
order reduction; exact solutions; generalized Calogert@ton; hydrodynamics
equations

1 Preliminary remarks

A simple analogue of the von Mises transformation is widelgdiin the theory of ordi-
nary differential equations. Specifically, ath-order autonomous ordinary differential
equation of general form,

F(u7ulx7ulxlx7"'7u(xn)) = 07 (1)
which does not depend explicitly an can be reduced with the change of variable

n(u) = u’, (analogue of the von Mises transformatjon (2)
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to an(n — 1)st-order equation (e.g., see [1, 2]).

For partial differential equations, the von Mises transfation (with the unknown
function and its appropriate partial derivative taken asriew independent and de-
pendent variables, respectively) is applied for order céidu of steady hydrodynamic
boundary layer equations [3-5].

An RF-pair is an operation of consecutive raising and loagif the order of an
equation (RF stands for “Rise” and “Fall”). To illustratasttoncept, let us solve the
nth-order ordinary differential equation of general form

Fz,u,ul,u” ... ul™)y =0 (3)

y Py Yy vt

for the independent variable (which is assumed to be fegdiblobtain

G(u,u;,ugm,...,u;")) = . 4)
Differentiating [4) with respect te yields an(n + 1)st-order autonomous equation,
whose order is further reduced using substitutidn (2). Assalt, we arrive at the
nth-order equation

d

—G LTy =1, 5

N G,y g™ ™) (5)
The derivatives with respect to are found consecutively usingik) = n(ng(f_l))u.
The derivative with respect to on the left-hand side of15) is calculated by the chain
rule taking into account thdt depends om, 7, 7, ...
Equations[(4) and {5) are related by the Backlund transdtion

’ (n—1)
G(Uﬂ?,nma---ﬂ?w /) .T, (6)

Many new integrable ordinary differential equations hagerbfound in a system-
atic manner using RF-pair operations and associated Badkiansformations [2, 6].

The above ideas and results for ordinary differential éguatturn out to be trans-
ferrable, when appropriately modified, to nonlinear paditierential equations. The
present paper will describe wide classes of nonlinear madltieal physics equations
that admit order reduction with the Mises transformatiorhisTiransformation will
then be used to construct RF-pairs and Backlund transfiosnsafor nonlinear evo-
lution equations of general form. This will result in findingw integrable nonlinear
equations.

Various Backlund transformations and their applicatimspecific mathematical
physics equations can be found, for example, in [5, 7-17].

In the present paper, the teintegrable equatiorapplies to nonlinear partial dif-
ferential equations that admit solution in terms of quadhes or can be linearized (i.e.,
their solutions can be expressed in terms of solutions &aliulifferential equations or
linear integral equations).



2 Using the von Mises transformation for order
reduction of partial differential equations

Consider the nonlineatth-order equation [5, p. 678]
ou O*u  Oud*u F< ou 0%u 8"u>

dzotor oo T\ Mar e o (7)

In the special casé' = vu.., this is a nonlinear third-order equation that describes
a laminar boundary layer of a non-Newtonian fluid on a flatglatith « being the
stream function{ andx spatial coordinates measured along and across the plate, an
v the kinematic fluid viscosity [3-5].

1°. Characteristic property of EQ.](7). L&ft, =) be a solution to the above equa-
tion. Then the function

u(t, ) = u(t, z + (t))
with an arbitrary functionp(t), is also a solution to the equation.

2°. In Eq. [), let us pass from the old variables to the Misegbies:
ou
t, z, u =u(t,x) = t, u, n=n(t,u), wheren= 7 (8)
xXr

The derivatives are transformed as follows:
d Oud 0 0 0 Ou 0

9z ozou "ow @i ot otow ©)
Pu _ On 0w _ 0 ( In . ﬂfﬁ_,_@@ (10)
02 "ouw o "ou\"ou) 7 Gtoxr ot T dtou

As a result, the von Mises transformatidh (8) reducesitheorder equatiori{7) to the
(n — 1)st-order equation

on _ on 0" 'n
UE_F(tvuanvn%a"wW ’ (11)

where the higher derivatives are calculated as

oFu 01y 9 ok 2 0 0

@:W_ k:3,...,n.

“ouar—2 ar "ow
Short notation for partial derivatives (€.@.y, tz., uz:, €tc.) will sometimes be
used in what follows.

Example 1Equation[[V) WithF' = f (¢, u)uze+g(t, u)uZ+h(t, u)u, = f(t, u)nn.+
g(t,u)n? + h(t,u)n is reduced to an equation {11) of a special form, which ishfent
reduced, after canceling by to a linear first-order equation:

e — f(ta u)nu = g(t, U)77 + h(tv u)

Example 2If F = f(t,u)uzze/vs = f(t, w)(nmu)u, EQ. (I1) is reduced with the
change of variabl¢Z = 72 to a linear second-order equatioty; = f(t, u) Zy..-



Given below are two possible generalizations of Eb. (7).

1°. Equation[(¥) can be generalized by includiig. . . 1™ wherel = Ug Uty —
Uiz, INtO F' as additional arguments.

2°. The von Mises transformationl(8) reduces the order of thagon

uzGt _utGI :F(tauvumv"'au(n))a G:G(tvuauza"'au(zm))v (12)

x

and brings it to the forni{11), wherg must be replaced witty;. If G = u,, Eq. [12)
coincides with Eq.[{7).

Example 3The nonlinear third-order equation
UpUtgpr — UtUgpgpr = f(tv u)um (13)

is a special case of EQ.(12) witi = wu,, andF = f(t,u)u,. The von Mises
transformation[(8) brings it to the second-order equatigm,): = f(¢,u), whose
general solution is given by

t ru
=2 / F(r.€) e dr + p(t) + (w),

wherey(t) andy (u) arbitrary functions and, andu, are arbitrary constants.
Remark. Other partial differential equations that admit order retéhn will be
considered below in Sectidmh 6.

3 Using the von Mises transformation for constructing
RF-pairs and Backlund transformations

Consider thenth-order evolution equation of general form
up = s(t)zug + F(t, 0, g, Ugg, - . ., ul™). (14)

The Burgers, Korteweg—de Vries, and Harry Dym equations el a8 many other
nonlinear mathematical physics equations [5, 7-9] areiapegses of Eq[{14).

1°. Characteristic property of Eq.(114). L&{t, ) be a solution to the above equa-
tion. Then the function

w=t, x+ (), »(t)=Cexp (—/s(t) dt) ,

whereC' is an arbitrary constant, is also a solution to this equation

2°. Suitable RF-pair operations are performed using the ftamu

0 [ Up Uty — Utlgg un
— () = Zxtr tPwr 15
7 (i) = g = a9



It is obtained by differentiating the ratio of the derivaa;/u, with respect tox
followed by passing from, z, u to the von Mises variableEl(8).

Let us divide both sides of E_([L4) by, and differentiate with respect ta The
left-hand side of the resulting: + 1)st-order equation coincides with {15). By passing
to the von Mises variableE](8) and rearranging, we arriveatth-order equation

o (F .
m:S(t)nJrnQ% (ﬁ) F = F(t,u,n,m0u, .., Y). (16)

The partial derivatives with respect to are calculated successively usinﬁ“) =

n(nék’l))u. The derivative with respect te on the right-hand side of Eq._(IL6) is
obtained by the chain rule taking into account thadepends ow, 7, 1,,, .. .

3°. Equations[(14) and (16) are related by the Backlund tansition
Uy = S(t)xn—i_F(t?u?nanIa'"777&71_1))7 (17)
Uy = 7).

Any solutionu = g(t, x) to Eq. [14) determines a solution to Elg.](16), which can
be represented in parametric formas: (¢, x), n = g, (¢, x).

Suppose; = n(t,u) is a solution to Eq.[{16). Then it follows from the second
equation in[(1l7) that

du
/ ) =z + (t), (18)

wherep(t) is an arbitrary function. Further, on solving Ef.1(18) for= u(t,x),
one should substitute the resulting expression into thgrai equation[(14) and deter-
miney(t).

Remark.It is sometimes convenient to rewrite Elg.(16) in the form

0
G = =s(t)C = gn(CF). (=

4 Using the von Mises transformation for constructing
new integrable nonlinear equations

Below are examples of using the Backlund transformafiaf) {@ construct new inte-
grable nonlinear equations of mathematical physics.

Example 1.Consider the generalized Burgers equation
u + fu)uy = atigy. (29)

The Backlund transformatiof (IL7) with = an, — f(u)n = ann, — f(u)n and
s(t) = 0 brings Eq. [(IP) to the equatiop = an®nu. — f.(u)n?, which is further
reduced with the substitution= 1/( to the nonlinear heat equation with a source

Gt = a(¢Cu)u + fulu). (20)



By settingf(u) = bu in (I9), we arrive at an integrable equatibnl(20) (redudiblthe
classical Burgers equatiohn {19)), which was derived in [58F also [5, 19]) using a
different method.

Example 2Consider the nonlinear second-order equation
U = Uy + f(w)u2. (21)

It is reducible, with the change of variable [5, p. 87]

w:/F(u)du, F(u) = exp Uf(u) du},

to the linear heat equatian, = w,.
The Backlund transformatiof (117) with = n, + f(u)n®> = nm. + f(u)n* and
s(t) = 0 reduces EqL(21) to the new integrable nonlinear equation

M = 0" Nuw + 72 [f (W)n]u-

Example 3The linear third-order equation
Up = QUggy + DUgy + STUL

with arbitrary functional coefficients = a(t), b = b(t), ands = s(t) can be reduced,
using the Backlund transformatidn {17) with = an., + b1, = an(nnu)w + nu
followed by substituting) = 1/¢, to a new integrable equation

Gt +sC= G(C_3Cu)uu + b(C_QCu)u (22)
In the special cases = s = 0 andb = s = 0, we have simpler nonlinear equations,

which were studied in [18] and [5, p. 26, 534].

Example 4.Consider the nonlinear third-order equation
ur + f(u)uy = agyy. (23)

If f(u) = const, itis linear. Fof (u) = bu andf(u) = bu?, it becomes the Korteweg—
de Vries and modified Korteweg—de Vries equation [5, 7], eetipely. The Backlund
transformation[(17) withF" = an,, — f(u)n = an(nny). — f(uw)nands(t) = 0 brings
Eqg. (23) to the equation, = an?(nnu)uu — f.,(u)n?, which is further reduced with
the change of variable = 1/¢ to the form

The special case of this equation wifffu) = 0 was obtained in [5, p. 534] by a
different method.
Also, settingf (u) = bu and f(u) = bu? in (24) gives the integrable equations

Ct = a(<_3<u)uu + b, (25)
G = a(CCu)uu + 2bu. (26)



Example 5Consider the third-order equation
Ut = QUggy + bu;lv (27)

which is linear forn = 0 andn = 1 and also integrable fat = 2 andn = 3 [5, 7].
The Backlund transformatiof (IL7) with = auyy. + bu? = an(nn.). + bn™ and
s(t) = 0 brings Eq.[(2F) to a nonlinear equation, which is furtheruetl with the
change of variablg = 6'/? to the form

0; = ab®%0,40 + b(n — 1)07/20,,. (28)
In particular, settingr = 2 andn = 3 in (28) gives the integrable equations

0, = a6/ %00y + bOO,,
0; = ab>/20,uy + 200°/20,,.

Example 6.The nonlinear third-order equation
ur = f(u) gy (29)

is integrable forf(u) = au®/? [5, p. 535] (cf. EQ.[(2B) witth = 0) and f(u) = au?®
(Harry Dym equation) [5, p. 528]. The Backlund transforimat(I7) with F* =

Fw)nee = f(u)n(nm.). ands(t) = 0 reduces Eq[(29) to the equation= 7%[f () (774 )],
which can also be rewritten as

et = 93/2[f(u)9uu]ua 0= 772'

Example 7.The linear fourth-order equatiom, = au,.., can be reduced, us-
ing the Backlund transformatioh (17) with = an... = an[n(nmu)w], ands = 0
followed by the change of variable= 6'/2, to the nonlinear fourth-order equation

0, = ab®%(0120,) . (30)

Remark.More new integrable equations may be obtained by applyingckBnd
transformation of the forni.(17), based on the von Mises faansation, to each of the

equations[(20) (witty (u) = bu), (22), [25), [28), and (30).

5 Using the von Mises transformation for integro-
differential equations

Consider integro-differential equations of the form

ur = F(t, u, Uy, Ugg, - - - ,u;")) + uz/ Gt uy Uy, Uy - - ,ugm)) dz. (31)
z0

The following brief notation is used for the argumentsaf u = o) (t,2), k =
0,1, ..., m. In the special cas& = s(t) andzy = 0, Eq. [31) coincides with

Eq. (13).



Dividing Eq. (31) byu,, differentiating with respect te, and passing to the von
Mises variableqd(8), we obtain
o (F
m=n'o <—> +nG, (32)
u \ 7

whereF = F(t, u, 0, M, 1(NMu)u, - - -) @NAG = G(¢, w, 7, 1w, N(100u ) - - -)-
Equations[(31) and (32) are related by the nonlocal Backttamsformation

Ut = F(t7uan7nwa~'-7n§n_l)) +77/ G(t7uau27uzza'-'7ugm))dz7
Zo

(33)
Uy = 1.
Example.Let us choose the following functions in EQ.{31):
F = filt,u)us + foltu) + folt,w) =5,
’ (34)

u
G = g1(t,w)uy + go(t,u) + gs(t, u) uac;'

x

Transformation[(33)£(34) leads to the partial differelrgiguation

0
With the change of variable = 1/¢, it is reduced to the linear equation

0 u
n = 772% (fl 4P +fSZ_2> + g10* + g2n + g3Nu-

0
G = %(]%Cu — f20 = f1) + 93Cu — 92 — 1.

Remark.The integro-differential equatiob (B1) can be reduced, ikidihg by u,,
and differentiating with respect to, to a partial differential equation containing a
mixed derivative.

6 A new class of nonlinear equations with mixed
derivatives that admit order reduction

By settingG = a(t)u in Eq. (31) and substituting

w(t,z) = /1 u(t, z) dz, (35)

one arrives at the followingn + 1)st-order differential equation with a mixed deriva-
tive:
Wip = a(t)wwey + F(t, e, Weg, ..., w{ ). (36)
Nonlinear(n + 1)st-order equations of the forfa (36) can be reduced, usingtisub
tution (38) and applying the Backlund transformation (@&h G = a(t)u(t, 2), to the
nth-order equation

o (F
N = 7728— (—) +a(t)un, F = F(t,u,n,000,0000)u; - - -)-
u \ 7

8



Example 1 (generalized Calogero equatidrje nonlinear second-order equation
with a mixed derivative

wie = [f(t, we) + a(t)w|wee + g(t, wy) (37)

is a special case of EQ{(36) with = [ (¢, w, )ws. + g(¢, w, ). Substitution[(3b) brings
Eq. (37) to an equation of the forfn {31):

x

ug = f(t, u)u, + g(t,u) + a(t)um/ u(t, z) dz. (38)

Zo

The nonlocal Backlund transformatidn {33) with= a(t)u(t, z) reduces Eq[(38) to
the equation

g(t, u)
n
which becomes linear after substituting= 1/¢.
In the special case of(t) = 1, f(t,w,) = 0, andg(t, w,) = g(w,), Eq. [3T)
becomes the Calogero equation [5, 20, 21].

n = 7728% [f(t,U) + ] + a(t)un,

Example 2Consider the nonlinear third-order equation

0w 0w ow Y PFw w
i+ v - (37) =vas va0g 0. 69

which arises in hydrodynamics and derives from the Navigkes equations [5, 22—
24]; w is one of the fluid velocity components ands the kinematic viscosity. With
a(t) = —1, F = vug, + mu? + q(t)u + q(t), andu = w,, the above transformations
reduce Eq.[(39) to a second-order equation representatle form

on 2 on _ 2 6277

5 + [mu® + q(t)u + p(t)] 5 [(2m — Du+ q(t)]n +vn R (40)

Note that in the degenerate case of inviscid fluid= 0), the original nonlinear

equation[(3P) reduces to a first-order linear equation,[&Eg). \{ith v = 0.

7 Generalization of the von Mises transformation to the
case of three independent variables

The von Mises transformation can be generalized to the cafsttgee or more in-
dependent variables. For example, let us considentheorder equation with three
independent variables

(n)

F(t, z,u, Uy, Uyy, . .. s Uy Uy Uy — gy Uy Uy — Uglyy) = 0. (42)

The von Mises transformation

ta z, Y, u= u(t,:v,y) = t7 Z, u, = 77(75,55,71)7 Where?? = (42)

u
oy’



reduces the order of Eq._(41) and brings it to the form
F(t, w0000, -0 mme, ) = 0. (43)

where they-derivatives are calculated a§> = n(m(,k*l))u.

Example.Consider the Prandtl system

Up + ULy + VUy = Vg, + f(E, ), (44)
Uy + Vy = 0.

It describes a plane unsteady boundary layer with presgadiemt;« andv are the
fluid velocity components [3-5]. Let us divide the first eqolatoy u,, then differen-
tiate with respect tg, and eliminatev,, using the second equation [N {44) to obtain a
nonlinear third-order equation of the form {41):

Uylty — Utlyy + UW(Uylgy — Uglyy) = V(Uylyyy — ufw) — f(t, T)uyy. (45)

Applying the von Mises transformatiopn (42) to EQ.J(45) yette second-order equa-
tion
dn 9 on _ .9

Once a solution to this equation has been found, the secdadityecomponent is
found immediately from the first equation &f{44) withoutsgtating.

Note that Eq.[(46) can be reduced, with the change of variabte 1/¢, to the
nonlinear heat equation

o, 0 0,0 (1
ot +u3x + f(t’x)(?u ~ou (CQ ou)’ (47)
1°. Consider the special casft,x) = f(t). We look for exact solutions to
Eq. (47) in the form

C:Z(§77—)7 §:$_Ut+/tf(t)dt7 TZ%tB.
We arrive at the integrable equation

o¥A 0 1 07
o =voe (7% ) 9

which can be reduced to the linear heat equation [19] (sed %l

2°. Consider the more general cagg,z) = f(t)x + g(t). We look for exact
solutions of the special form

C=2(67), €=pMn+btutor), 7= / G (t) dt,

wherep = ¢(t), ¥ = ¢(t), andd = 6(¢t) are determined by the linear system of
ordinary differential equations

Oi+fv=0, Yi+e=0, 6;+gy=0.

As aresult, we arrive at the integrable equatlod (48).

10



8 Conclusion

We have presented wide classes of nonlinear mathematigaigshequations that ad-
mit order reduction through the use of the von Mises trams&tion, with the unknown
function taken as the new independent variable and an apategartial derivative
taken as the new dependent variable. RF-pairs and assb&atklund transforma-
tions are constructed for evolution equations of genenahf(special cases of which
are Burgers and Korteweg—de Vries type equations as wellaasy mather nonlinear
equations of mathematical physics). The results obtainedsed for order reduction
and constructing exact solutions of hydrodynamics equoatié generalized Calogero
equation and a number of other new integrable nonlineartemsaare considered.

The von Mises and Backlind transformations describedérpiper can be used to
construct other new integrable nonlinear differential anidgro-differential equations
of mathematical physics.
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