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Abstract

Wide classes of nonlinear mathematical physics equations are described that
admit order reduction through the use of the von Mises transformation, with the
unknown function taken as the new independent variable and an appropriate partial
derivative taken as the new dependent variable. RF-pairs and associated Bäcklund
transformations are constructed for evolution equations of general form (special
cases of which are Burgers, Korteweg–de Vries, and Harry Dymtype equations
as well as many other nonlinear equations of mathematical physics). The results
obtained are used for order reduction and constructing exact solutions of hydro-
dynamics equations. A generalized Calogero equation and a number of other new
integrable nonlinear equations are considered.

Keywords: nonlinear partial differential equations; mathematical physics; von
Mises transformation; Bäcklund transformations; RF-pairs; integrable equations;
order reduction; exact solutions; generalized Calogero equation; hydrodynamics
equations

1 Preliminary remarks

A simple analogue of the von Mises transformation is widely used in the theory of ordi-
nary differential equations. Specifically, annth-order autonomous ordinary differential
equation of general form,

F (u, u′x, u
′′

xx, . . . , u
(n)
x ) = 0, (1)

which does not depend explicitly onx, can be reduced with the change of variable

η(u) = u′x (analogue of the von Mises transformation) (2)
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to an(n− 1)st-order equation (e.g., see [1, 2]).
For partial differential equations, the von Mises transformation (with the unknown

function and its appropriate partial derivative taken as the new independent and de-
pendent variables, respectively) is applied for order reduction of steady hydrodynamic
boundary layer equations [3–5].

An RF-pair is an operation of consecutive raising and lowering of the order of an
equation (RF stands for “Rise” and “Fall”). To illustrate this concept, let us solve the
nth-order ordinary differential equation of general form

F (x, u, u′x, u
′′

xx, . . . , u
(n)
x ) = 0 (3)

for the independent variable (which is assumed to be feasible) to obtain

G(u, u′x, u
′′

xx, . . . , u
(n)
x ) = x. (4)

Differentiating (4) with respect tox yields an(n + 1)st-order autonomous equation,
whose order is further reduced using substitution (2). As a result, we arrive at the
nth-order equation

η
d

du
G(u, η, ηη′u, . . . , η

(n−1)
x ) = 1. (5)

The derivatives with respect tox are found consecutively usingη(k)
x = η(η

(k−1)
x )u.

The derivative with respect tou on the left-hand side of (5) is calculated by the chain
rule taking into account thatF depends onu, η, ηu, . . .

Equations (4) and (5) are related by the Bäcklund transformation

G(u, η, η′x, . . . , η
(n−1)
x ) = x,

u′x = η.
(6)

Many new integrable ordinary differential equations have been found in a system-
atic manner using RF-pair operations and associated Bäcklund transformations [2, 6].

The above ideas and results for ordinary differential equations turn out to be trans-
ferrable, when appropriately modified, to nonlinear partial differential equations. The
present paper will describe wide classes of nonlinear mathematical physics equations
that admit order reduction with the Mises transformation. This transformation will
then be used to construct RF-pairs and Bäcklund transformations for nonlinear evo-
lution equations of general form. This will result in findingnew integrable nonlinear
equations.

Various Bäcklund transformations and their applicationsto specific mathematical
physics equations can be found, for example, in [5, 7–17].

In the present paper, the termintegrable equationapplies to nonlinear partial dif-
ferential equations that admit solution in terms of quadratures or can be linearized (i.e.,
their solutions can be expressed in terms of solutions to linear differential equations or
linear integral equations).
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2 Using the von Mises transformation for order
reduction of partial differential equations

Consider the nonlinearnth-order equation [5, p. 678]

∂u

∂x

∂2u

∂t∂x
−
∂u

∂t

∂2u

∂x2
= F

(
t, u,

∂u

∂x
,
∂2u

∂x2
, . . . ,

∂nu

∂xn

)
. (7)

In the special caseF = νuxxx, this is a nonlinear third-order equation that describes
a laminar boundary layer of a non-Newtonian fluid on a flat plate, with u being the
stream function,t andx spatial coordinates measured along and across the plate, and
ν the kinematic fluid viscosity [3–5].

1◦. Characteristic property of Eq. (7). Letũ(t, x) be a solution to the above equa-
tion. Then the function

u(t, x) = ũ (t, x+ ϕ(t)) ,

with an arbitrary functionϕ(t), is also a solution to the equation.

2◦. In Eq. (7), let us pass from the old variables to the Mises variables:

t, x, u = u(t, x) =⇒ t, u, η = η(t, u), where η =
∂u

∂x
. (8)

The derivatives are transformed as follows:

∂

∂x
=
∂u

∂x

∂

∂u
= η

∂

∂u
,

∂

∂t
=

∂

∂t
+
∂u

∂t

∂

∂u
, (9)

∂2u

∂x2
= η

∂η

∂u
,

∂3u

∂x3
= η

∂

∂u

(
η
∂η

∂u

)
, . . . ;

∂2u

∂t∂x
=
∂η

∂t
+
∂u

∂t

∂η

∂u
. (10)

As a result, the von Mises transformation (8) reduces thenth-order equation (7) to the
(n− 1)st-order equation

η
∂η

∂t
= F

(
t, u, η, η

∂η

∂u
, . . . ,

∂n−1η

∂xn−1

)
, (11)

where the higher derivatives are calculated as

∂ku

∂xk
=
∂k−1η

∂xk−1
= η

∂

∂u

∂k−2η

∂xk−2
,

∂

∂x
= η

∂

∂u
, k = 3, . . . , n.

Short notation for partial derivatives (e.g.,ux, uxx, uxt, etc.) will sometimes be
used in what follows.

Example 1.Equation (7) withF = f(t, u)uxx+g(t, u)u2
x+h(t, u)ux = f(t, u)ηηu+

g(t, u)η2 + h(t, u)η is reduced to an equation (11) of a special form, which is further
reduced, after canceling byη, to a linear first-order equation:

ηt − f(t, u)ηu = g(t, u)η + h(t, u).

Example 2.If F = f(t, u)uxxx/ux = f(t, u)(ηηu)u, Eq. (11) is reduced with the
change of variableZ = η2 to a linear second-order equation:Zt = f(t, u)Zuu.
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Given below are two possible generalizations of Eq. (7).

1◦. Equation (7) can be generalized by includingIx, . . . ,I(m)
x , whereI = uxutx−

utuxx, intoF as additional arguments.

2◦. The von Mises transformation (8) reduces the order of the equation

uxGt − utGx = F (t, u, ux, . . . , u
(n)
x ), G = G(t, u, ux, . . . , u

(m)
x ), (12)

and brings it to the form (11), whereηt must be replaced withGt. If G = ux, Eq. (12)
coincides with Eq. (7).

Example 3.The nonlinear third-order equation

uxutxx − utuxxx = f(t, u)ux (13)

is a special case of Eq. (12) withG = uxx andF = f(t, u)ux. The von Mises
transformation (8) brings it to the second-order equation(ηηu)t = f(t, u), whose
general solution is given by

η2 = 2

∫ t

t0

∫ u

u0

f(τ, ξ) dξ dτ + ϕ(t) + ψ(u),

whereϕ(t) andψ(u) arbitrary functions andt0 andu0 are arbitrary constants.
Remark. Other partial differential equations that admit order reduction will be

considered below in Section 6.

3 Using the von Mises transformation for constructing
RF-pairs and Bäcklund transformations

Consider thenth-order evolution equation of general form

ut = s(t)xux + F (t, u, ux, uxx, . . . , u
(n)
x ). (14)

The Burgers, Korteweg–de Vries, and Harry Dym equations as well as many other
nonlinear mathematical physics equations [5, 7–9] are special cases of Eq. (14).

1◦. Characteristic property of Eq. (14). Letũ(t, x) be a solution to the above equa-
tion. Then the function

u = ũ(t, x+ ψ(t)), ψ(t) = C exp

(
−

∫
s(t) dt

)
,

whereC is an arbitrary constant, is also a solution to this equation.

2◦. Suitable RF-pair operations are performed using the formula

∂

∂x

(
ut

ux

)
≡
uxutx − utuxx

u2
x

=
ηt

η
. (15)
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It is obtained by differentiating the ratio of the derivativesut/ux with respect tox
followed by passing fromt, x, u to the von Mises variables (8).

Let us divide both sides of Eq. (14) byux and differentiate with respect tox. The
left-hand side of the resulting(n+1)st-order equation coincides with (15). By passing
to the von Mises variables (8) and rearranging, we arrive at thenth-order equation

ηt = s(t)η + η2 ∂

∂u

(
F

η

)
, F = F (t, u, η, ηηu, . . . , η

(n−1)
x ). (16)

The partial derivatives with respect tox are calculated successively usingη(k)
x =

η(η
(k−1)
x )u. The derivative with respect tou on the right-hand side of Eq. (16) is

obtained by the chain rule taking into account thatF depends onu, η, ηu, . . .

3◦. Equations (14) and (16) are related by the Bäcklund transformation

ut = s(t)xη + F (t, u, η, ηx, . . . , η
(n−1)
x ),

ux = η.
(17)

Any solutionu = g(t, x) to Eq. (14) determines a solution to Eq. (16), which can
be represented in parametric form asu = g(t, x), η = gx(t, x).

Supposeη = η(t, u) is a solution to Eq. (16). Then it follows from the second
equation in (17) that ∫

du

η(t, u)
= x+ ϕ(t), (18)

whereϕ(t) is an arbitrary function. Further, on solving Eq. (18) foru = u(t, x),
one should substitute the resulting expression into the original equation (14) and deter-
mineϕ(t).

Remark.It is sometimes convenient to rewrite Eq. (16) in the form

ζt = −s(t)ζ −
∂

∂u
(ζF ), ζ =

1

η
.

4 Using the von Mises transformation for constructing
new integrable nonlinear equations

Below are examples of using the Bäcklund transformation (17) to construct new inte-
grable nonlinear equations of mathematical physics.

Example 1.Consider the generalized Burgers equation

ut + f(u)ux = auxx. (19)

The Bäcklund transformation (17) withF = aηx − f(u)η = aηηu − f(u)η and
s(t) ≡ 0 brings Eq. (19) to the equationηt = aη2ηuu − f ′

u(u)η2, which is further
reduced with the substitutionη = 1/ζ to the nonlinear heat equation with a source

ζt = a(ζ−2ζu)u + f ′

u(u). (20)

5



By settingf(u) = bu in (19), we arrive at an integrable equation (20) (reducibleto the
classical Burgers equation (19)), which was derived in [18](see also [5, 19]) using a
different method.

Example 2.Consider the nonlinear second-order equation

ut = uxx + f(u)u2
x. (21)

It is reducible, with the change of variable [5, p. 87]

w =

∫
F (u) du, F (u) = exp

[∫
f(u) du

]
,

to the linear heat equationwt = wxx.
The Bäcklund transformation (17) withF = ηx + f(u)η2 = ηηu + f(u)η2 and

s(t) ≡ 0 reduces Eq. (21) to the new integrable nonlinear equation

ηt = η2ηuu + η2[f(u)η]u.

Example 3.The linear third-order equation

ut = auxxx + buxx + sxux

with arbitrary functional coefficientsa = a(t), b = b(t), ands = s(t) can be reduced,
using the Bäcklund transformation (17) withF = aηxx + bηx = aη(ηηu)u + bηηu

followed by substitutingη = 1/ζ, to a new integrable equation

ζt + sζ = a(ζ−3ζu)uu + b(ζ−2ζu)u. (22)

In the special casesa = s = 0 andb = s = 0, we have simpler nonlinear equations,
which were studied in [18] and [5, p. 26, 534].

Example 4.Consider the nonlinear third-order equation

ut + f(u)ux = auxxx. (23)

If f(u) = const, it is linear. Forf(u) = bu andf(u) = bu2, it becomes the Korteweg–
de Vries and modified Korteweg–de Vries equation [5, 7], respectively. The Bäcklund
transformation (17) withF = aηxx − f(u)η = aη(ηηu)u − f(u)η ands(t) ≡ 0 brings
Eq. (23) to the equationηt = aη2(ηηu)uu − f ′

u(u)η2, which is further reduced with
the change of variableη = 1/ζ to the form

ζt = a(ζ−3ζu)uu + f ′

u(u). (24)

The special case of this equation withf(u) ≡ 0 was obtained in [5, p. 534] by a
different method.

Also, settingf(u) = bu andf(u) = bu2 in (24) gives the integrable equations

ζt = a(ζ−3ζu)uu + b, (25)

ζt = a(ζ−3ζu)uu + 2bu. (26)

6



Example 5.Consider the third-order equation

ut = auxxx + bun
x, (27)

which is linear forn = 0 andn = 1 and also integrable forn = 2 andn = 3 [5, 7].
The Bäcklund transformation (17) withF = auxxx + bun

x = aη(ηηu)u + bηn and
s(t) ≡ 0 brings Eq. (27) to a nonlinear equation, which is further reduced with the
change of variableη = θ1/2 to the form

θt = aθ3/2θuuu + b(n− 1)θn/2θu. (28)

In particular, settingn = 2 andn = 3 in (28) gives the integrable equations

θt = aθ3/2θuuu + bθθu,

θt = aθ3/2θuuu + 2bθ3/2θu.

Example 6.The nonlinear third-order equation

ut = f(u)uxxx (29)

is integrable forf(u) = au3/2 [5, p. 535] (cf. Eq. (28) withb = 0) andf(u) = au3

(Harry Dym equation) [5, p. 528]. The Bäcklund transformation (17) with F =
f(u)ηxx = f(u)η(ηηu)u ands(t) ≡ 0 reduces Eq. (29) to the equationηt = η2[f(u)(ηηu)u]u,
which can also be rewritten as

θt = θ3/2[f(u)θuu]u, θ = η2.

Example 7. The linear fourth-order equationut = auxxxx can be reduced, us-
ing the Bäcklund transformation (17) withF = aηxxx = aη[η(ηηu)u]u ands ≡ 0
followed by the change of variableη = θ1/2, to the nonlinear fourth-order equation

θt = aθ3/2(θ1/2θuu)uu. (30)

Remark.More new integrable equations may be obtained by applying a Bäcklund
transformation of the form (17), based on the von Mises transformation, to each of the
equations (20) (withf(u) = bu), (22), (25), (28), and (30).

5 Using the von Mises transformation for integro-
differential equations

Consider integro-differential equations of the form

ut = F (t, u, ux, uxx, . . . , u
(n)
x ) + ux

∫ x

x0

G(t, u, uz, uzz, . . . , u
(m)
z ) dz. (31)

The following brief notation is used for the arguments ofG: u(k)
z = u

(k)
z (t, z), k =

0, 1, . . . , m. In the special caseG = s(t) andx0 = 0, Eq. (31) coincides with
Eq. (14).
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Dividing Eq. (31) byux, differentiating with respect tox, and passing to the von
Mises variables (8), we obtain

ηt = η2 ∂

∂u

(
F

η

)
+ ηG, (32)

whereF = F (t, u, η, ηηu, η(ηηu)u, . . .) andG = G(t, u, η, ηηu, η(ηηu)u, . . .).
Equations (31) and (32) are related by the nonlocal Bäcklund transformation

ut = F (t, u, η, ηx, . . . , η
(n−1)
x ) + η

∫ x

x0

G(t, u, uz, uzz, . . . , u
(m)
z ) dz,

ux = η.
(33)

Example.Let us choose the following functions in Eq. (31):

F = f1(t, u)ux + f2(t, u) + f3(t, u)
uxx

u2
x

,

G = g1(t, u)ux + g2(t, u) + g3(t, u)
uxx

u2
x

.
(34)

Transformation (33)–(34) leads to the partial differential equation

ηt = η2 ∂

∂u

(
f1 +

f2
η

+ f3
ηu

η2

)
+ g1η

2 + g2η + g3ηu.

With the change of variableη = 1/ζ, it is reduced to the linear equation

ζt =
∂

∂u

(
f3ζu − f2ζ − f1

)
+ g3ζu − g2ζ − g1.

Remark.The integro-differential equation (31) can be reduced, by dividing by ux

and differentiating with respect tox, to a partial differential equation containing a
mixed derivative.

6 A new class of nonlinear equations with mixed
derivatives that admit order reduction

By settingG = a(t)u in Eq. (31) and substituting

w(t, x) =

∫ x

x0

u(t, z) dz, (35)

one arrives at the following(n + 1)st-order differential equation with a mixed deriva-
tive:

wtx = a(t)wwxx + F (t, wx, wxx, . . . , w
(n+1)
x ). (36)

Nonlinear(n+ 1)st-order equations of the form (36) can be reduced, using substi-
tution (35) and applying the Bäcklund transformation (33)withG = a(t)u(t, z), to the
nth-order equation

ηt = η2 ∂

∂u

(
F

η

)
+ a(t)uη, F = F (t, u, η, ηηu, η(ηηu)u, . . .).
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Example 1 (generalized Calogero equation).The nonlinear second-order equation
with a mixed derivative

wtx = [f(t, wx) + a(t)w]wxx + g(t, wx) (37)

is a special case of Eq. (36) withF = f(t, wx)wxx +g(t, wx). Substitution (35) brings
Eq. (37) to an equation of the form (31):

ut = f(t, u)ux + g(t, u) + a(t)ux

∫ x

x0

u(t, z) dz. (38)

The nonlocal Bäcklund transformation (33) withG = a(t)u(t, z) reduces Eq. (38) to
the equation

ηt = η2 ∂

∂u

[
f(t, u) +

g(t, u)

η

]
+ a(t)uη,

which becomes linear after substitutingη = 1/ζ.
In the special case ofa(t) = 1, f(t, wx) = 0, andg(t, wx) = g(wx), Eq. (37)

becomes the Calogero equation [5, 20, 21].

Example 2.Consider the nonlinear third-order equation

∂2w

∂t∂x
+ w

∂2w

∂x2
−m

(
∂w

∂x

)2

= ν
∂3w

∂x3
+ q(t)

∂w

∂x
+ p(t), (39)

which arises in hydrodynamics and derives from the Navier–Stokes equations [5, 22–
24]; w is one of the fluid velocity components andν is the kinematic viscosity. With
a(t) = −1, F = νuxx +mu2 + q(t)u+ q(t), andu = wx, the above transformations
reduce Eq. (39) to a second-order equation representable inthe form

∂η

∂t
+ [mu2 + q(t)u + p(t)]

∂η

∂u
= [(2m− 1)u+ q(t)]η + νη2 ∂

2η

∂u2
. (40)

Note that in the degenerate case of inviscid fluid (ν = 0), the original nonlinear
equation (39) reduces to a first-order linear equation, Eq. (40) withν = 0.

7 Generalization of the von Mises transformation to the
case of three independent variables

The von Mises transformation can be generalized to the casesof three or more in-
dependent variables. For example, let us consider thenth-order equation with three
independent variables

F (t, x, u, uy, uyy, . . . , u
(n)
y , uyuty − utuyy, uyuxy − uxuyy) = 0. (41)

The von Mises transformation

t, x, y, u = u(t, x, y) =⇒ t, x, u, η = η(t, x, u), where η =
∂u

∂y
, (42)
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reduces the order of Eq. (41) and brings it to the form

F (t, x, u, η, ηηu, . . . , η
(n−1)
y , ηηt, ηηx) = 0. (43)

where they-derivatives are calculated asη(k)
y = η

(
η
(k−1)
y

)
u
.

Example.Consider the Prandtl system

ut + uux + vuy = νuyy + f(t, x),
ux + vy = 0.

(44)

It describes a plane unsteady boundary layer with pressure gradient;u andv are the
fluid velocity components [3–5]. Let us divide the first equation byuy, then differen-
tiate with respect toy, and eliminatevy using the second equation in (44) to obtain a
nonlinear third-order equation of the form (41):

uyuty − utuyy + u(uyuxy − uxuyy) = ν(uyuyyy − u2
yy) − f(t, x)uyy. (45)

Applying the von Mises transformation (42) to Eq. (45) yields the second-order equa-
tion

∂η

∂t
+ u

∂η

∂x
+ f(t, x)

∂η

∂u
= νη2 ∂

2η

∂u2
. (46)

Once a solution to this equation has been found, the second velocity componentv is
found immediately from the first equation of (44) without integrating.

Note that Eq. (46) can be reduced, with the change of variableη = 1/ζ, to the
nonlinear heat equation

∂ζ

∂t
+ u

∂ζ

∂x
+ f(t, x)

∂ζ

∂u
= ν

∂

∂u

(
1

ζ2

∂ζ

∂u

)
. (47)

1◦. Consider the special casef(t, x) = f(t). We look for exact solutions to
Eq. (47) in the form

ζ = Z(ξ, τ), ξ = x− ut+

∫
tf(t) dt, τ =

1

3
t3.

We arrive at the integrable equation

∂Z

∂τ
= ν

∂

∂ξ

(
1

Z2

∂Z

∂ξ

)
, (48)

which can be reduced to the linear heat equation [19] (see also [5]).

2◦. Consider the more general casef(t, x) = f(t)x + g(t). We look for exact
solutions of the special form

ζ = Z(ξ, τ), ξ = ϕ(t)x+ ψ(t)u + θ(t), τ =

∫
ψ2(t) dt,

whereϕ = ϕ(t), ψ = ψ(t), andθ = θ(t) are determined by the linear system of
ordinary differential equations

ϕ′

t + fψ = 0, ψ′

t + ϕ = 0, θ′t + gψ = 0.

As a result, we arrive at the integrable equation (48).
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8 Conclusion

We have presented wide classes of nonlinear mathematical physics equations that ad-
mit order reduction through the use of the von Mises transformation, with the unknown
function taken as the new independent variable and an appropriate partial derivative
taken as the new dependent variable. RF-pairs and associated Bäcklund transforma-
tions are constructed for evolution equations of general form (special cases of which
are Burgers and Korteweg–de Vries type equations as well as many other nonlinear
equations of mathematical physics). The results obtained are used for order reduction
and constructing exact solutions of hydrodynamics equations. A generalized Calogero
equation and a number of other new integrable nonlinear equations are considered.

The von Mises and Bäcklind transformations described in the paper can be used to
construct other new integrable nonlinear differential andintegro-differential equations
of mathematical physics.
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