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A
adjoint boundary conditions, 647
adjoint equation, 646
Airy equation, 668
Airy function, 163, 601

first kind, 668
second kind, 668

Airy stress function, 621
analytic function, 477
Appell transformation, 44
associated Legendre functions, 250–253, 408, 674

B
Bessel equation, 97, 311, 661
Bessel functions

first kind, 661
orthogonality properties, 664
second kind, 661
third kind, 665
zeros, 664

Bessel’s formula, 663
beta function, 660

incomplete, 661
biharmonic equation, 621
binomial coefficients, 655
bipolar coordinates, 476
boundary conditions, 4

adjoint, 647
homogeneous, 4–7

boundary value problem
first, 6, 26, 29
homogeneous, 6, 490, 561
mixed, 7, 26
nonhomogeneous, 25, 28
nonstationary, 15, 16, 25, 27, 28
second, 6, 26, 29
third, 7, 26

Boussinesq solution, 605

C
Cauchy problem, 5

for equations of hyperbolic type, 24
for equations of parabolic type, 23
initial conditions, 5, 637

Cauchy–Riemann conditions, 468
Chebyshev functions, 679
Chebyshev polynomials, 679
classical solution, 7
classification of second order PDE, 1
compatibility conditions, 16
complementary error function, 44, 106
complementary probability integral, 44
conditions

boundary, 4–7, 12
Cauchy–Riemann, 468
initial, 5, 6, 637
radiation, 493, 494, 564
Sommerfeld, 493, 494, 564

conjugate heat and mass transfer problems, 50
coordinates

bipolar, 476, 622, 632
cylindrical, seeBasic Notation
polar, 622
spherical,seeBasic Notation

constant coefficient equations, 9–11, 43, 279
cosine integral, 658
cylinder function, 661

D
D’Alembert’s formula, 280
Darboux equation, 331, 465
Dean’s solution, 623
degenerate hypergeometric equation, 97, 669
degenerate hypergeometric functions, 86, 97, 99,

105, 669
Wronskian, 670

descent method, 460
differential equation,seeequation
diffusion equation, 161
Dini integral, 474
Dirac delta function, 11, 26, 203, 393, 633
Dirichlet problem, 467, 533, 477
Duhamel’s principles, 38, 39

E
eigenfunctions, 14, 491, 561
eigenvalues, 14, 491, 561
ellipsoidal wave functions, 593
elliptic equation, 1, 4, 635

problems, 30
with three space variables, 533
with two space variables, 467

elliptic operator, 635
equation

adjoint, 646
Bessel, 97, 311, 661
biharmonic, 621
Darboux, 331, 465
degenerate hypergeometric, 97, 669
diffusion, 161
diffusion boundary layer, 155
Euler–Poisson–Darboux, 314
heat 1, 43, 65, 161, 187, 205, 254
heat transfer in anisotropic media, 518
homogeneous, 5, 6
Klein–Gordon, 287, 302, 305, 376, 381, 414,

434
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Laplace, 1, 467, 533, 597
linear, 1, 5–7, 10
linearized Corteveg–de Vries, 601
mass transfer in anisotropic media, 518
mass transfer in liquid film, 105
Mathieu, 288, 675
modified Bessel, 666
modified Mathieu, 288, 677
nonhomogeneous biharmonic, 625
nonhomogeneous polyharmonic, 642
normal hyperbolic, 4
nonhomogeneous wave, 355, 412, 457
one-dimensional vibration with central symme-

try, 298
Poisson, 478, 539, 598
polyharmonic, 638, 642, 643
Schr̈odinger, 85, 157, 199, 263, 510, 593
spheroidal wave, 591
Stokes, 630
telegraph, 321, 376, 386, 434, 438, 448
thermal boundary layer, 155
Tricomi, 526
turbulent diffusion, 265
ultrahyperbolic, 4
variance, 9
vibration of string, 279
wave, 1, 279, 341, 393, 456
wave, with axial symmetry, 295
Whittaker, 672
Whittaker–Hill, 162, 593

equations
constant coefficient, 43, 279, 633
elliptic, 1, 3, 4, 6, 635
fourth order, 602–633
higher order, 633–653
hyperbolic, 1, 2, 4, 5, 637
nonstationary, 613
parabolic, 1, 2, 4, 5, 43, 161, 205
regular, 637
second order, 43–600
third order, 601, 602

error function, 44, 656, 669
complementary, 656

Euler constant, 660, 662, 670
Euler formula, 659
Euler–Poisson–Darboux equation, 314

elliptic analogue, 528
exponential integral, 656
extremum principle, 467, 533

F
factorial, 655
first boundary value problem, 6, 29, 29
forced vibration of elastic rods, 606
formal solution, 7
formula

Bessel, 663
D’Alembert, 280
Euler, 659
Kirchhoff, 394

Krylov, 606
Poisson, 343, 663
Stirling, 659

Fourier transform, 18, 21
inverse, 21

Fourier cosine transform, 18
Fourier sine transform, 18
fourth order equations

nonstationary, 602
stationary, 621

Fresnel integrals, 658
function

Airy, 163, 601
Airy, first kind, 668
Airy, second kind, 668
Airy stress, 621
analytic, 477
associated Legendre, 250, 252, 253, 674
Bessel, first kind, 661
Bessel, modified, 666
Bessel, second kind, 661
Bessel, third kind, 665
beta, 660
beta, incomplete, 661
Chebyshev, 679
cylinder, 661
degenerate hypergeometric, 86, 97, 99, 105,

669
Dirac delta, 11
ellipsoidal wave, 593
error, 44, 656, 669
error, complementary, 44
gamma, 83, 102, 659
gamma, incomplete, 82, 83, 660
Gegenbauer, 631, 632
Green, 17, 25–37, 644, 646
Hankel, 665
harmonic, 467, 533, 597
Hermite, 680
hypergeometric, 672
Legendre, 631, 674
Macdonald, 666
Mathieu, 675, 676
Mathieu, modified, 677
Neumann, 661
parabolic cylinder, 45, 287, 675
special, 655
spheroidal wave, 591
stream, 473, 477, 517, 621
Whittaker, 672

fundamental solution, 11, 633, 636
Cauchy problem, 23, 24, 634

G
gamma function, 83, 102, 659

incomplete, 82, 660
logarithmic derivative, 662, 666

Gaussian hypergeometric equation, 672
Gegenbauer functions, 631, 632
Goursat problem, 6, 284
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Graetz–Nusselt equation, 514
Green’s function, 17, 25–37, 644, 646

H
Hankel functions, 665
Hankel transform, 18
harmonic function, 467, 533, 597
heat equation, 1, 43

n-dimensional, 268
one-dimensional, 43
three-dimensional, 205
two-dimensional, 161
with axial symmetry, 65, 70
with central symmetry, 73, 79
with source, 187, 254

Helmholtz equation, 490, 561, 599
Hermite functions, 680
Hermite polynomials, 669, 679
higher order PDE, 633–653
homogeneous boundary condition, 4–7
homogeneous boundary value problem, 6, 490,

561
homogeneous equation, 5, 6
homogeneous initial condition, 5, 6
hyperbolic differential operator, 637
hyperbolic equation, 1, 2, 4, 5, 637

first canonical form, 3
problems, 27, 29
second canonical form, 3
with n variables, 456–466
with one space variable, 279–340
with three space variables, 393–455
with two space variables, 341–391

hypergeometric equation, 672
hypergeometric functions, 672
hypergeometric series, 672

I
incomplete beta function, 661
incomplete gamma function, 82, 83, 660
incomplete separation of variables, 10, 24, 34, 203
initial conditions, 4

for hyperbolic equations, 6
for parabolic equations, 5
homogeneous, 5, 6

integral
complementary probability, 44
Dini, 474
Fresnel, 658
Poisson, 473, 537, 598
probability, 44

integral transforms, 17
inverse Fourier transform, 21
inverse transform, 17

J
Jacobi polynomials, 680

K
kernel of integral transform, 17
Kirchhoff’s formula for wave equation, 394
Klein–Gordon equation

one-dimensional, 287, 302, 305
three-dimensional, 414
two-dimensional, 362
with axial symmetry, 302
with central symmetry, 305

Krylov’s formula, 606
Kummer series, 669
Kummer transformation, 670

L
Laguerre polynomials, 669, 678

generalized, 678
Lamé equation, 540
Laplace equation, 1

with n variables, 597
with three variables, 533
with two variables, 467

Laplace transform, 18
inverse, 18

Legendre functions, 631, 674
associated, 250–253, 408, 674

Legendre polynomials, 674
zeros 674

linear equation, 1, 5–7, 10
homogeneous, 7
nonhomogeneous, 10

linearized Corteveg–de Vries equation, 601
logarithmic derivative of gamma function, 662,

666
logarithmic integral, 657
Lorentz transformation, 280, 342, 394

M
Macdonald function, 666
mass transfer equation in liquid film, 105
Mathieu equation, 288, 675
Mathieu functions, 675, 676
Meijer transform, 18
method

conformal mappings, 476, 489
descent, 460
integral transforms, 17
separation of variables, 11

mixed boundary value problem, 7, 26
modified Bessel equation, 666
modified Bessel functions

first kind, 666
second kind, 666

modified Mathieu equation, 288, 677
modified Mathieu functions, 677
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N
Neumann function, 661
Neumann problem, 467, 533
nonhomogeneous biharmonic equation, 625
nonhomogeneous polyharmonic equation, 642
nonhomogeneous wave equation, 355, 412, 457
nonstationary problems, 15, 16, 25, 27, 28, 38,

649
normal hyperbolic equation, 4

O
orthogonal polynomials, 677

P
parabolic cylinder functions, 675
parabolic equations, 1, 4, 16, 205

problems, 25, 28
in narrow sense, 4
with n variables, 268–277
with one space variable, 43–160
with three space variables, 205–267
with two space variables, 161–203

Pochhammer symbol, 656
Poisson equation, 478

with n variables, 598
with two variables, 478
with three variables, 539

Poisson integral, 473, 537, 598
Poisson solution, 615
Poisson’s formula, 663

for wave equation, 343
polyharmonic equation, 638, 642, 643
polynomials

Chebyshev, 679
Hermite, 669, 679
Jacobi, 680
Laguerre, 669, 678
Legendre, 674
orthogonal, 677

principle
Duhamel, 38, 39
extremum, 467, 533
linear superposition, 7, 15
Rayleigh, 152

probability integral, 44
problem

boundary value, 6, 7, 25, 28
Cauchy, 5, 23
conjugate, heat and mass transfer, 50
diffusion boundary layer, 81, 84, 101, 155, 156
Dirichlet, 467, 533
first boundary value, 6
for equations of elliptic type, 30
for equations of hyperbolic type, 27, 29
for equations of parabolic type, 25, 28
Goursat, 6, 284
mixed boundary value, 7, 26
Neumann, 467, 533
nonstationary, 15, 16, 25, 27, 28, 38, 649

of axisymmetric straining flow about drop, 632
of inflow of viscous fluid into half-plane

through slit, 623
of translational flow about drop/bubble, 632
of transverse vibration of elastic rod in resisting

medium, 612
second boundary value, 6, 26, 29
stationary, 31
Sturm–Liouville, 151, 267, 276, 334, 454, 595
third boundary value, 7, 26
without initial conditions, 49

R
radiation conditions, 493, 494, 564
Rayleigh principle, 152
regular equations, 637
regular linear differential operator, 640
regularity index, 637

S
Schr̈odinger equation, 85, 593

n-dimensional, 271
one-dimensional, 157
stationary, 510
three-dimensional, 263
two-dimensional, 199

second boundary value problem, 6, 26, 29
separable solutions, 9
sine integral, 657
solution

Boussinesq, 605
classical, 7
Dean, 623
formal, 7
fundamental, 11, 633, 636
fundamental for Cauchy problem, 23, 24, 634
Poisson, 615
separable, 9
Stokes, 631
Taylor, 632

Sommerfeld conditions, 493, 494, 564
special functions, 655
spectrum of boundary value problem, 491, 562
spheroidal wave functions, 591
stationary boundary value problems, 31
stationary Schr̈odinger equation, 510
Stirling formula, 659
Stokes equation, 630
Stokes solution, 631
stream function, 474, 477, 517, 621

in spherical coordinates, 631
Sturm–Liouville problem, 151, 267, 276, 334,

454, 595
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T
Taylor solution, 632
telegraph equation, 321

in axisymmetric case, 386
n-dimensional, 463
three-dimensional, 434, 438, 448
two-dimensional, 376, 381

third boundary value problem, 7, 26
third order PDE, 601, 602
three-dimensional Laplace equation, 533
three-dimensional Poisson equation, 539
transform

Fourier, 18, 21
Fourier, inverse 21
Fourier cosine, 18
Fourier sine, 18
Hankel, 18
integral, 17
integral, inverse, 17
Laplace, 18
Laplace, inverse 18
Meijer, 18
Mellin, 18

transformation
Appell, 44
Kummer, 670

Lorentz, 280, 342, 394
Tricomi equation, 526

U
ultrahyperbolic equation, 4

V
variance equation, 9
vibration equation with axial symmetry, 295

W
wave equation, 1, 279

n-dimensional, 456
one-dimensional, 279
three-dimensional, 393
two-dimensional, 341
with axial symmetry, 295
with central symmetry, 298

Whittaker equation, 672
Whittaker functions, 672
Whittaker–Hill equation, 162, 593

Z
zeros of Bessel functions, 664
zeros of Legendre polynomials, 674


