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A
Abel equation

first kind, 9, 138,
first kind, canonical (normal) form, 9
second kind, 10, 107
second kind, canonical (normal) form, 11

Airy equation, 213
Airy functions, 25, 214

first kind, 214
second kind, 214

algebraic form of Mathieu equation, 233
approximation function, 47
associated Legendre functions, 756, 758

first kind, 756
second kind, 756

asymptotic solutions
Duffing equation, 302
fourth-order linear equations, 55
nth-order linear equations, 55, 56
second-order linear equations, 24–27
second-order nonlinear equations, 299, 305

autonomous equation, 295, 486, 608, 625, 637,
678, 686, 687

averaging method, 41, 42

B
Bäcklund transformation, 66, 424, 433
Bernoulli equation, 4, 81
Bessel equation, 227

nonhomogeneous, 286
Bessel function, 227, 748

first kind, 227, 748
orthogonality properties, 750
second kind, 227, 748
third kind, 750
zeros, 750

Bessel’s formula, 749
beta function, 747

incomplete, 747
binomial coefficients, 736, 743
boundary conditions, 29

first kind, 30
mixed, 33
second kind, 32
third kind, 33

boundary value problem, 27
first kind, 30
mixed, 33
second kind, 32
third kind, 33

Bubnov–Galerkin method, 48

C
canonical form

Abel equation of first kind, 11
Abel equation of second kind, 9
Riccati equation, 8
second-order linear equation, 21

Cauchy problem, 1, 34
C-discriminant curve, 2
characteristic equation, 51, 692, 703
characteristic index, 262
characteristic polynomial, 503, 645
Chebyshev polynomials, 230, 760

first kind, 231
second kind, 232

Clairaut equation, 15, 204
collocation method, 48
complete elliptic integral

first kind, 302
second kind, 304

complementary error function, 744
conservation laws, 71, 312
constant coefficient linear equation, 692, 703
contact transformations, 15, 65
Coulomb law, 162
critical point, 432
curve

C-discriminant, 2
singular integral, 2
t-discriminant, 2

cylindrical function, 227, 748

D
Darboux equation, 5, 196
degenerate hypergeometric equation, 220, 753
de Moivre formula, 737
differential equation,seeequation
discrete transformations of generalized Emden–

Fowler equation, 355
Duffing equation, 38, 42, 302
dynamical system, 144, 145

E
eigenfunctions, 29
eigenvalue problems, 29, 50
eigenvalues, 29
elliptic integral of first kind, 582
elliptic Weierstrass function, 297
Emden–Fowler equation, 63–65, 77, 306

conservation laws, 312
first integrals, 312
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Abel, 9–13, 107–142
Abel, first kind, 9–10, 138–142
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Abel, second kind, 10–13, 107–137
Airy, 213
autonomous, 34, 57, 295, 486, 608, 625, 637,

678, 686, 687
Bernoulli, 4, 81
Bessel, 227
characteristic, 51, 692, 703
Clairaut, 15, 204
Darboux, 5, 196
Duffing, 38, 42, 302
Emden–Fowler, 63–65, 77, 306
Euler, 226, 511, 647, 694
Euler, nonhomogeneous, 286, 556, 704
exact, 5, 36, 197
first-order linear, 4, 81
general Riccati, 6, 8
generalized Emden–Fowler, 74, 76, 336
generalized homogeneous, 35, 58, 137, 195,

462, 487, 623, 637, 660, 679, 687, 710, 732
generalized Yermakov, 462
Halm, 241
Heun, 238
homogeneous, 3, 35, 57, 82, 143, 462, 686,

723, 731
homogeneous linear, 21, 51, 53, 213
hypergeometric, 234, 755
invariant under “dilatation–translation” transfor-

mation, 197, 465, 488, 638, 733
invariant under “translation–dilatation” transfor-

mation, 197, 465, 487, 638, 687, 733, 733
Jacobi, 134
Lagrange–d’Alembert, 15, 204
Lamé, 283
Laplace, 693
Legendre, 231, 242
Mathieu, 96, 262
modified Bessel, 228
nonhomogeneous Bessel, 286
nonhomogeneous Euler, 286, 556, 704
nth-order linear, 51–56, 689–705
nth-order nonlinear, 56–59, 706–733
of damped vibrations, 215
of forced oscillations, 260, 262
of forced oscillations with friction, 286
of forced oscillations without friction, 285
of free oscillations, 213,
of loaded rigid spherical shell, 654
of oblate spheroidal wave functions, 243
of oscillations of mathematical pendulum, 303
of prolate spheroidal wave functions, 243
of theory of diffusion boundary layer, 218
of transverse vibrations of bar, 658
of transverse vibrations of pointed bar, 647
Painlev́e, 432
quasi-homogeneous, 136
quasilinear, 37
Rayleigh, 304
Riccati, 6, 82
Riemann, 244
separable, 81
special Riccati, 83

Van der Pol, 305
Weber, 214
Whittaker, 226, 755
Yermakov, 461

equations
admitting reduction of order, 34, 56
containing arbitrary functions, 102, 203, 285,

461, 550, 655, 678, 701, 722
containing exponential and hyperbolic func-

tions, 197, 648, 695
containing exponential functions, 89, 162, 246,

418, 438, 512, 595, 608, 666, 711
containing hyperbolic functions, 92, 166, 252,

421, 445, 516, 611, 668, 713
containing inverse trigonometric functions, 100,

271, 539
containing logarithmic functions, 94, 168, 199,

257, 450, 525, 616, 651, 672, 698, 717
containing power functions, 159, 195, 213, 425,

496, 592, 601, 641, 659, 689, 705
containing trigonometric functions, 95, 169,

200, 260, 452, 528, 618, 652, 674, 698, 718
first-order, 1–20, 81–212
fourth-order, 641–688
fourth-order linear, 55, 641–658
fourth-order nonlinear, 659–688
not solved for derivative, 2, 14
of combustion theory, 136
of theory of chemical reactors, 136
of theory of nonlinear oscillations, 136, 299
second-order, 21–51, 213–494
second-order linear, 21–33, 213–294
second-order nonlinear, 33–51, 295–494
third-order, 495–639
third-order linear, 495–558
third-order nonlinear, 559–639

error function, 221, 744
Euler constant, 227, 746, 749, 754
Euler equation, 226, 511, 647, 694

nonhomogeneous, 286, 556, 704
Euler formula, 737, 745
exact differential equation, 5, 36, 197
existence theorem, 1, 34, 56
exponential integral, 744

F
factorial, 743
factorization principle, 68
fifth Painlev́e transcendent, 436
first integral, 71, 312
first-order differential equations, 1–20, 81–212

linear, 4, 81
first-order linear differential operator, 61
first Painlev́e transcendent, 432
fixed singular point, 432
formal operator, 66
formula

Bessel, 749
de Moivre, 737
Euler, 737, 745
Liouville, 21, 54
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Poisson, 749
Stirling, 746
Weierstrass, 762

fourth-order constant coefficient linear equation,
645

fourth-order differential equations, 641–688
linear, 55, 641–658
nonlinear, 659–688

fourth Painlev́e transcendent, 435
function

Airy, 25, 214
approximation, 47
Bessel, 227, 748
beta, 747
complementary error, 744
cylindrical function, 227, 748
error, 221, 744
gamma, 220, 745
Gegenbauer, 230
Green, 29
Hankel, 750
Hermite, 761
hyperbolic, 738
hypergeometric, 234, 755
incomplete beta, 747
incomplete gamma, 221, 747
inverse hyperbolic, 742
inverse trigonometric, 740
Jacobi elliptic, 283, 304
Legendre, 231, 757
lemniscate, 330
Mathieu, 262, 263
Mittag-Leffler type, 690
modified associated Legendre, 756
modified Bessel, 221, 751
modified Emden–Fowler, 356
modified Mathieu, 253
parabolic cylinder, 758
special, 743

fundamental system of solutions, 24, 25, 55

G
Galerkin method, 47
gamma function, 220, 745

incomplete, 221, 747
Gaussian hypergeometric equation, 234, 755
Gegenbauer function, 230
Gegenbauer polynomials, 232, 762
general Riccati equation, 6, 8
general solution, 21, 33
generalized Emden–Fowler equation, 74, 76, 336

discrete transformations, 355
generalized homogeneous equations, 35, 58, 137,

195, 462, 487, 623, 637, 660, 679, 687, 710,
732

generalized Yermakov’s equation, 462
Green’s function, 29
group analysis of second-order equations, 62
group methods, 61

H
Halm equation, 241
Hankel functions, 750
Hermite functions, 761
Hermite polynomials, 216, 221, 761
Heun’s equation, 238
higher-order differential equations, 689
higher-order linear equations, 55
hodograph transformation, 74
homogeneous equation, 3, 35, 57, 82, 143, 462,

686, 723, 731
homogeneous linear equation, 21, 51, 53, 213
hyperbolic functions, 738
hypergeometric equation, 234, 755
hypergeometric functions, 755
hypergeometric series, 234, 755

I
incomplete beta function, 747
incomplete elliptic integral of second kind, 117,

297, 310, 323, 587
incomplete gamma function, 221, 747
infinitesimal generator, 61
infinitesimal operator, 61
initial condition, 1, 34
inner expansion, 41
integrating factor, 5
invariance condition, 61
invariant

of group, 61
of operator, 61

inverse hyperbolic functions, 742
inverse trigonometric functions, 740
iteration methods, 49

J
Jacobi elliptic function, 283, 304
Jacobi equation, 134
Jacobi polynomials, 233, 762

K
Krylov–Bogolyubov–Mitropolskii method, 41
Kummer–Liouville transformation, 23
Kummer series, 220, 753
Kummer transformation, 753

L
Lagrange–d’Alembert equation, 15, 204
Laguerre polynomials, 221, 759

generalized, 759
Lamé equation

in form of Jacobi, 283
in form of Weierstrass, 283

Laplace equation, 693
least squares method, 48
Legendre equation, 231, 242
Legendre function, 757

second kind, 231
Legendre polynomials, 231, 756, 757
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Legendre transformation, 16, 178
lemniscate functions, 330
Lie group of transformations, 61
Lienard equations, 301
linear equations, 4, 81, 213, 495, 641, 689

asymptotic solutions, 55
first-order, 4, 81
fourth-order, 55, 641–658
nth-order, 51–56, 689–705
second-order, 21–33, 213–294
second-order, canonical form, 21
second-order, self-adjoint form, 28
third-order, 495–558
two-term asymptotic expansions, 25
with constant coefficients, 51, 53

Lindstedt–Poincaŕe method, 42
Liouville formula, 21, 54
logarithmic derivative of gamma function, 221,

227, 228, 746, 749, 752
logarithmic integral, 745

M
Macdonald function, 751
Mathieu equation, 96, 262

algebraic form, 233
Mathieu functions, 262, 263
method

averaging, 41, 42
Bubnov–Galerkin, 48
for construction of contact transformations, 16
Galerkin, 47
moment, 48
least squares, 48
least squared error, 49
Lindstedt–Poincaŕe, 42
Krylov–Bogolyubov–Mitropolskii, 41
multiple scales, 41
of accelerated convergence, 50
of composite expansions, 41
of discrete-group analysis, 73
of expansion in powers of independent variable,

37
of Euler polygonal lines, 20
of group analysis, 61
of “integration by differentiation”, 14
of matched asymptotic expansions, 41, 45
of partitioning the domain, 48
of regular expansion in small parameter, 19, 38
of regular series expansions with respect to

independent variable, 37
of regular series expansions with respect to

small parameter, 37
of RF-pairs, 75
of scaled parameters, 41, 42
of strained coordinates, 41
of successive approximations, 18, 49
of Taylor series expansion in independent vari-

able, 18
of two-scale expansions, 41, 43
projection, 47
Runge–Kutta, 49

Mittag-Leffler type special function, 690
modified associated Legendre functions, 756
modified Bessel equation, 228
modified Bessel function, 221, 751

first kind, 228, 751
second kind, 228, 751

modified Emden–Fowler equation, 356
modified Mathieu equation, 253
moment method, 48
movable critical point, 432
multiple scales method, 41

N
Neumann function, 748
nonhomogeneous Bessel equation, 286
nonhomogeneous Euler equation, 286, 556, 704
nonhomogeneous linear equations, 52

existence theorem, 22
general solution, 22, 54

nonlocal exponential operator, 68
nonlocal variable, 66
nth-order equations

linear, 51–56, 689–705
nonlinear, 56–59, 706–733

numerical integration of differential equations, 20
numerical methods, 49

O
operator

canonical form, 67
first-order linear differential, 61
formal, 66
infinitesimal, 61
nonlocal exponential, 68
of total derivative, 62
prolonged, 62

orthogonal polynomials, 759
outer expansion, 41

P
Pad́e approximant, 39
Painlev́e equations,seePainlev́e transcendents
Painlev́e transcendents, 432–437

fifth, 436
first, 432
fourth, 435
second, 433
sixth, 437
third, 434

parabolic cylinder function, 758
perturbation method, 40
Pochhammer symbol, 744
point transformation, 2, 73
Poisson’s formula, 749
polynomial

characteristic, 503, 645
Chebyshev, 230, 760
Chebyshev, first kind, 231
Chebyshev, second kind, 232
Gegenbauer, 232, 762
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Hermite, 216, 221, 761
Jacobi, 233, 762
Laguerre, 221, 759
Legendre, 231, 756, 757
orthogonal, 759

problem
Cauchy, 1, 34
Sturm–Liouville, 29
with boundary conditions of first kind, 30
with boundary conditions of second kind, 32
with boundary conditions of third kind, 33
with mixed boundary conditions, 33

projection methods, 47
prolonged operator, 62

Q
quasi-homogeneous equation, 136
quasilinear equation, 37

R
Rayleigh equation, 304
Rayleigh–Ritz principle, 31, 50
RF-pair of transformations, 75

first, 76
second, 76

Riccati equation, 6, 82
canonical form, 8
general, 6, 8
special, 83

Riemann’s equation, 244
Runge–Kutta method, 20, 49

S
second-order constant coefficient linear equation,

215
second-order differential equations, 21–51, 213–

494
linear, 21–33, 213–294
nonlinear, 33–51, 295–494

second Painlev́e transcendent, 433
secular terms, 39, 41
separable equation, 81
shooting method, 50
single-step methods, 20
singular integral curve, 2
singular point, 432

algebraic branch, 432
essential singularity, 432
fixed, 432
logarithmic branch, 432
movable, 432
movable critical, 432
pole, 432

singular solution, 2
sixth Painlev́e transcendent, 437
solution

asymptotic, 24–27, 55, 56
explicit form, 33
general, 1, 21, 33

implicit form, 1, 295
parametric form, 1, 295, 306
particular, 1
singular, 2
trivial, 21

space ofnth prolongation, 61
special functions, 743
special Riccati equation, 83
Stirling formula, 746
Sturm–Liouville problem, 29

T
t-discriminant curve, 2
theorem

existence, 1, 34, 56
uniqueness, 1, 34, 56

third-order constant coefficient linear equation,
503

third-order differential equations, 495–639
linear, 495–558
nonlinear, 559–639

third Painlev́e transcendent, 434
total differential equation,seeexact equation
transformation

Bäcklund, 66, 424, 433
contact, 15, 65
“dilatation–translation”, 197, 465, 488, 638, 733
discrete, 355
hodograph, 74
Kummer, 753
Kummer–Liouville, 23
Legendre, 16, 178
Lie group, 61
point, 2, 73
“translation–dilatation”, 197, 465, 487, 638,

687, 733, 733
trivial solution, 21

U
uniqueness theorem, 1, 34, 56

V
Van der Pol equation, 305
Van der Pol oscillator, 299

W
wave functions

prolate spheroidal, 243
Weber equation, 214
Weierstrass function, 762
Whittaker equation, 226, 755
Whittaker functions, 755
Wronskian,seeWronskian determinant
Wronskian determinant, 21, 29, 54

Y
Yermakov’s equation, 461


