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EXACT DIFFERENCE SCHEMES FOR
MULTIDIMENSIONAL HEAT CONDUCTION EQUATIONS

M. LAPINSKA-CHRZCZONOWICZ !

Abstract | The initial boundary-value problem for the two-dimensional heat con-

duction equation
@ @ , ,@u, @ . @u
at ex “Max " ex “Max

is considered. A new dierence scheme approximating the abee equation is con-
structed. The error of approximation of the considered schme is O(( 0:5)(hy +
ho+ )+ hZ+ h3+ 2) where isaweight. The main di erence between the method
proposed in the present paper and the other di erence schengeis that for the traveling
wave solutions

1 1
u(x;t):U£x1+%x2 t; 06x1611; 06x261,; 06t6 T;

the considered scheme is exact if the grid steps satisfy deite conditions ; = a =h; =
1=2; , = b =h, = 1=2. The iteration method is used to solve a nonlinear di eren@
equation.

2000 Mathematics Subject Classi cation: 65M06; 65M12.
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1. Introduction

Various schemes have been constructed to approximate theumolary-value problem for the
heat conduction equation [8,24]. Let us consider the onenrtensional parabolic equation

@u_ @u .

@t 0% + f(x;t):
The simplest di erence scheme approximating the above prtdm is explicit (backward)
di erence scheme involving four points of the grid

n+1

Yio W Wy ATV

h? "

The other basic schemes approximating this equation are thRichardsons scheme, the
Crank | Nicolsons scheme, the Saulevs schemes or the scheméhwveight [1{3, 8, 24].
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In investigating di erence schemes, one of the most impont& problem is the approxi-
mation order, which is desired to be as high as possible. Fotaeple, the scheme with a
weight

yim-:L y|n — y|n+iL 2yin*'l + yin++1:L + (1 )y|n 1 2y|n + yin+1 +'N
h2 h2 i
has the order of approximationO(( 0:5) + 2+ h?), where is a weight. For =
05 h2=(12 )and' " = (5=6)f "+ (1=12)(F "2+ £1), if u 2 C§, the error can be
reduced toO( 2+ h*). In this case the scheme with a weight is usually termed a Higr-
accuracy scheme [24].

Di erence schemes of a high order of approximation arouseténest among authors [17,
21,26,27]. In the article of Mohanty [18], two-level implit di erence methods of O( 2+ h?)
using 19-spatial grid points for the solving the three spacdimensional heat conduction
equation is proposed. Radwan in [22] gives a comparison oéthumerical solutions obtained

from higher-order accurate di erence schemes for the twdrdensional Burgers equation.

De nition 1.1. A di erence scheme isexactif the truncation error is equal to zero or
y = u at the grid nodes.

It is widely known that there exist exact di erence schemes mproximating transport
equations or some ordinary di erential equations. For exaple, for the Cauchy problem

du=dt= f{(t)fo(u); 0<t 6 T; u(0)= up;

the di erence scheme

yn 1 yn 1 Z+1 1 E+l d u 1

= — fl(t) dt yn+1 yr fz(U) ;
th Yn
wheref,(u) 6 0, is exact [9]. In [24], the exact di erence scheme is comstted for the
equation

t21 ; y°= up;

(kOQuAx)? a(xju(x) = f(x); 0<x<L; u (0)= 1 u(L)= 2 (1.1

It turned out that it is possible to construct other exact di erence schemes for some
ordinary or partial di erential equations .

In the last few years, such schemes have been considered ipgua [5{7, 9, 10, 23]. It
is worth to mention here paper [7], in which under natural caditions the authors proved
the existence of a two-point exact di erence scheme for sgshs of rst-order boundary
value problems, or papers of Mickens [12{16], in which a ndaadard nite di erence
schemes were introduced. Mickens [11] gives certain rulesd¢onstructing nonstandard nite
di erence schemes and emphasizes that an important featuoé nonstandard schemes is that
they often can provide numerical integration techniques,of which elementary numerical
instabilities do not occur. Nowadays, other authors are apying techniques initiated by
Mickens to obtain exact numerical solutions or numerical sations of a highorder of accuracy
to a wide class of di erential equations.

Let us introduce on the domainQ; =[0;1;] [0;l;] [0; T] with boundary a uniform
grid

T=Th Th, T =f(Xui;Xej;th) 1 Xg = ihg; 1= 0;Ng; hNy = Iy;

Xzj = jh2; j = O;Ng; hN2 =15, tp=n; n = O;No; No=Tg; (1.2)
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h= f(Xu; Xy the1) 2 0 Xg = ihg; 1= 0;Nyg; hNg = |y;
Xy = jha; j = O;Ng; hNa =1, ta=n; n =0Ng; No= Tg: (1.3)
In this paper, we will use the following notation: y; = yi! = y(Xui;Xz;ta), § = yntt,

Y=Yy = By Yi)= 0 Y = (Y Y on)=h Ve = (Y Vi 0)=he, B =
sy B)=he, O, = Bij+r - By )=hu.

The main goal of this paper is to construct a new di erence seme approximating the
two-dimensional heat conduction equation

@u @ () @
@t @x @x T @x

The order of approximation of the scheme, which will be intrduced in this paper, is
O(( 0:5)(hy + h, + )+ hi+ h3+ 2). The essential di erence between the suggested
method and the other di erence schemes is that for travelingiave solutions with a constant
velocity u(xy; Xp;t) = U(x;=(2a) + x,=(2b) t) satisfying the conditions stated in paper and
with speci ¢ stepshs; hy; , the considered scheme is exact.

The paper is organized as follows. In Section 2, the new diemce scheme for the
boundary-value problem (1.4) is constructed and the errof @pproximation of this scheme is
investigated. The iteration method is used to solve the di Bence equation. In Section 3, the
stability of the linear approach of the nonlinear di erencescheme (1.4) is proved. In Section
4, the results of the numerical experiments are presented ton rm the theoretical results
investigated in the paper and show that an approach can be algd to di erent problems.

()—; O0<x:<ly; O<x,<ly O<t6 T: (1.4

2. Exact dierence schemes for the two-dimensional quasili near
parabolic equation

In this Section, a new di erence scheme for boundary-valuggblem for parabolic equation is
constructed. Primary consideration is given to the invesgation of the error of approximation
of this scheme. The iteration method is used to to solve the nlinear di erence equation.

Let us consider in the domainQ; the boundary-value problem for the two-dimensional
guasi-linear parabolic equation

%‘t‘:@_@x 1()@x @_% kz(u)@%’; O<xi<liy O0<xs,<ly 0<t6T; (2.1)
U(X1;X2;0) = Ug(X1;X2); 06 X316 13; 06 X6 Ip; (2.2)
uj = (XX2it), (Xoxat)2 (2.3)

where 0< c; 6 Kky(u); ko(u) 6 ¢, U = u(Xg;Xz;t); (X1;X2;t) 2 Qt, C1;C = const. We
assume thatu 2 C*Q¢) and 0<m1 6 u(Xy;X2;t) 6 My; (X1;X2;t) 2 Q7; my; M, = const.
Then, equation (2.1) can be written in the equivalent form

Zu Zu
5Oy, -

uo uo

Qu @ u@l(U) @ u@'z(U)
@t @x @x @x @x

kZ()d:

()= (2.4)
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On the uniform grid (1.2), problem (2.1){(2.3) is approximded by the di erence scheme
yi= (9C 1Mx )t OC 20xa)i,t (X IYC 2(WDx)x (@ NYC 2(Y)x2)x.; (2.5)
Vi = Uo(X1i;Xg); Xu2Tan Xz 2Tan; Y7 h = (XuiXgitan); (XaiiXgitas)2 n

(2.6)

Let us investigate the error of approximation of scheme (2.5(2.6). We assume that
' 1;' 22 C4m1; m,]. Then the error of approximation satis es the chain of equéies

i=u (0 2(0)x)xt (OC 2(0)x)xo (@ IUC 12U x)r (@ )UC 2(U))x)x, =

_ @ @u : @  @'(0) :
=t @ gt 00U g 0 g HE U (W)
@ @"1(u) . @ ,@%(0) :
(1 )@ U= ax + (0C 2(0))x,)x, @x a @x +(1 ) 2(U))x0)x,
(t )@—@; U@(C;()L(U) = 1t 2t 3
We may introduce ; in the form
= ur @aa 8L 05 Slioy, @)
Substituting the expansions
. @ , h@ |, h>@ ,
(" 1(0))yy = @( 1(0)); + 5@—%( 1(0)); + g@—%( 1(0)); +
3
"‘% @g}( (") 5 oe=u( ;X5 ther); 12 [Xui; Xaiea ]
. @ , h@ |, h2@ |,
(" 1(O)gy = @( 1(0)); 5@—%( 1(0)); + 5@—2( 1(0));
h® @

7l @—% (@ &= u( 2 Xgther); 22 [Xai 1 Xail;

into ,, it is easy to get the expression

= OO gy 058D +@ U s @ g uE
e O R - Ok
e T - BRI+ SFCI
o) Bt 8 Doy ) BIEE g Sy
+hi %le;ij %(' 1(U)) + u%@%(( 1(e) + ui4l;j @% ' 1(8)
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Taking into account the estimates

XAi+1 XAi+1
“ hy @ hy @
X1i X1i
6 i max Qu )zmd 6 max Qu
h1amen2e, @X camen2Qr @X
X1i
Aui Aui
.1 @Q;X2;th) 1 @U ;X5 th)
Ug,] = — =79 Vg 6 = —="7d 6
J le hl @ hl @
X1i 1 X1i 1
1 @u 2 @u
6 — max d 6 max
higanon20; @X caan2gr @X
X1i 1
we arrive at
@u @ @U@
2 = hy( 05)@%@ (" 1(u)) + hy( 05)@ @3 (" 1(u)+ O( ?+ hi): (2.8)
Analogously, we write 3 in the form
@u @ @U@
3= hy( 05)@%@ (" 2(u)) + hy( 05)@ @3 (" 2(u) + O( 2+ h3): (2.9)

From equalities (2.7){(2.9), we nd that the di erence scheme (2.5), (2.6) has a rst order
of approximation O((  0:5)(hy+ ho+ )+ h2+ h3+ 2)for 6 0:5and a second order for
=0:5.
Lemma 2.1. If following conditions are satis ed

S (W)= & (W)= b ab=const> 0 210)

then equality
0C 2Oy, * 0C 2Oy, ,, + @ ) uCa()y,  +@ ) U aAW),, =
=a Oxl + b 0Xz + a(l )UY1 + b(l )u72 (211)
is valid.

Proof. Multiplying equations (2.10) by u and di erentiating obtained formulas with
respect tox; and x, respectively, we get following equations

@ @1(U) _ @U @ u@'z(U) _ @U
@x @x @x @x @x @z(

Integrating equations (2.10) on the intervals X1, 1;X1i], [X1i;Xui+a] and Xz 1;X2;],
[X2;; X25+1] respectively, we get equality

0C (@), + 00 2(0), J+@ ) O0C (W),  +@ ) a2, , =
= alyy, b0, al Juy, bl )ug,: (2.12)




Exact di erence schemes for multidimensional heat condastequations 183

Theorem 2.1. Ifconditions (2:10) of Lemma2:1 are satis ed and2a =h;=1; 2b =h,=1;
then the di erence schemg2:5), (2:6) is exact for traveling wave solutions of the form

1 1
U(X1;X5th) = U —=X1+ X2 t:
( 1, A2 n) 2a 1 2b 2
Proof. It is easy to see that
untl. :u(x v X0t t ): U iX i +ix .- t =
i+1; Li+1 s A2 tn+l 2a 1;i+1 2b 2;j n+1
1 1 1 1 1
=U EIXM + %XZ;j th + Z_ahl =U 2_aX1;i + %XZ;j th = U(Xyi; Xz th) = Uir?j ,

and similarly u{jﬁl = ufj. Denote ;= a =h; and , = b =h,. Then an alternative form of
the condition 2a =h; =2b =h,=1is ;= ,=1=2.

Applying Lemma 2.1, the error of approximation of the di erexce scheme (2.5), (2.6)
satis es the chain of equalities

B our 00 a(0)y 00 2A0),  + (@) u( a(u)y, , *

+(1 ) u(’ 2(u),, o= ( +1 Juu a0y, b, al Jug, D(1 JUx, =

_ U a0y, by, + (1 ) Uu aux, bug, _

= O P Uy aOiag ol 2O+ 200
N R B C I VI AL g
_ ( 1+ 1+ ) Oij + U 1041y 20 +1 +
(1 )(1 12U O+ qUi 1+ Ui 1 _ o Ui 1041 20 +1 +

W) Oij + a5+ U 1 (1 1 o) Uy (1 )( 1+ 1+ 20y _ .

Thus, the di erence scheme (2.5), (2.6) is exact.

Remark 2.1. The di erence scheme (2.5), (2.6) is nonlinear, so there isreeed to use
the iteration method, for example,

s+l

n
L Y= @+ 2y Vv o+ ey Y oy
X1 X1 X2 X2
L) YOy @) Y 2Ny, o (2.13)

where the initial approximationfl is calculated from the explicit di erence scheme

0
y y"

= Y1y ot YO 2Y)y, &, (2.14)
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The application of the iteration scheme is connected with &tking the condition

Ky Vke 6 ;
where is the previously given accuracy and the normk k. is de ned as follows:
kaC - 0<i<le;aE))<(j<N 2]VijJ :
If this condition is satis ed, then we obtainy"*™* = Si'/li;j ;i=1LN;y 1) =1N, 1

L

3. Stability of the linear approach

In the present Section the object of investigation is the shality of the linear approach to
the nonlinear di erence scheme (2.5), (2.6).

Let us assume that the coe cients of equation (2.1) depend dy on X, X, and the
boundary conditions

Yi= (Kifxda t (Kefrodxe + (1 )(Kayx)x (1 )(K2Yio)xes (3.1)
yi]Q = Uo(X1i; Xg); X1 2 Tany X 2 Ton;
yierl =0; (X1i;Xgthe1) 2 h: (3.2)
are homogeneous. We assume that the coe cientg and k, are positive and bounded:
0<cy6 ki(X1;X2); Ka(X1;X2) 6 C; X1 2 [0;11]; X2 2 [0;15]; (3.3)

wherec;; ¢, = const.
Let us introduce the spaceH comprising all the functionsv de ned on the grid ™
and satisfying the conditionvj = 0; (X1i;Xz;tn) 2 n, With the inner product (y;v) =

NP INP 1 p
yij Vi hihz and normkvk = = (v;v).

i=1 j=1
Let us de ne in the spaceH the grid operatorsA, B, A;, Ay, A9, AJ
(Av) = (KiVx)xas (A2v) = (1 )(KaViy)xs;
(AgV) = (kZVY2)X2; (A(Z)V) = (1 )(kZVX2)Y2;
A=A+A+ A+ AY; B=E+ (A+AY; (3.4)

where E is the identity operator making it possible to rewrite probém (3.1) - (3.2) in the
equivalent operator form

By + Ay =0; Vy°= ug: (3.5)
It is easy to see that
Ay = [ (kly71)X1 + (1 )(klyxl)Yl + (k2y72)X2 + (1 )(kaxz)Yz] =
= [ (klyfl)m + (1 )(kl; 1y71)X1 + (k2y72)xz + (1 )(kZ; 1y72)X2] =
= (K )Yxdxa (K )Yo)xs
whereky; 1= Ky 15,Ke; 1= Kaiij 1, Ka(y = Kaig +(@ ki 1y, ko) = Kazig +(@ Kz 1
Let the self-adjoint and positive operatorA : H ! H be prescribed. The normkvk, =
(Av; V) is called the energy norm generated by the operatér. H, denotes a Hilbert space

consisting of elementsy 2 H provided with the inner product (y;v)a = (Ay;Vv) and norm
kvk, [25].
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Lemma 3.1 [25]. Let the operator A be a self-adjoint positive operator independent of
n. The condition
B>05A; t2!;

is necessary and su cient for schemd3:5) in Ha to be stable with respect to the initial data
ky"k, 6 kugk, : (3.6)

It is wellknown that the operator A (independent ofn) de ned by (3.4) is self-adjoint
and positive. Thereby, it is su cient to verify the inequality B > 0:5 A. Let us notice that

B O5A=E+ (A;+AY O05A; 05A% 05A, 05A)=
=E+0:5 (A1 Ap)+0:5 (AY A):
Let v2 H be an arbitrary function, then
(B 05A)Vv;V)=((E+0:5 (A; Ap)+0:5 (AY Ad))v;v)=
= kvk®+0:5 (A1 A)v;v)+0:5 ((A) A v;v)= kvk® 05 (Kyvg, ), 5V +
+0:5 (1 ) (Kiviy)g, sV 05 (Kavk,),, sV +0:5 (1 ) (KaVxy)y, sV -

Applying the rst Green formula with regard to the operator (k vy ) =1;2, [24], we
have

X !

(B O05A)v;v)= kvk® + 05 (klvyl;vfl]1 05 (1 ) (Ka. 1v71;v71]1+
+0:5 (k2v72;v72]2 05 (1 ) (Ko 1v72;v72]2=
= kvk®+0:5 (k1 (1 )ki ) Ve Ve ], 055 (k2 (X )kz 1) Vi Ve,l, =
=kvk®+05 ki (1 kg Vi (+05 ko (1 Dky 1VE

X2 27
where
X1 N 1 o q
(u;v], = Uij Vij hahoy  jivli, = (vivlg;
i=1 j=1
N¢ 12 o q
(u;v], = Uij Vij hihg;  jivli, = (Vs vl
i=1 j=1

Sincekvk® > h?jjvg, lif=4 and kvk® > h3jjvg,lis =4, then

h% kl (1 )kl'l 2 h% k2 (1 )k2'1 2
=T — Vg, Tt — vy, - (3.

2 A 7 Ve PG
It is easy to see that (B 05A)v;v) > 0, if h{=B+ k 14;=2 (1 )Kky 152> 0
and h3=8+ k ;=2 (1 ) k2ij 1=2> Ofori = 1;Ny; ] = 1;N,: These conditions are
equivalent to the following one

(B 05A)v;v)>

1 H 2. 12 .
TS 8—sz|n hi; h; (3.8)

If condition (3.8) is satis ed, then scheme (3.1), (3.2) istable. By contrast, the well-known
scheme with weight

Yt = (klyxl)xl + (k29‘Y2)X2 + (1 )(klle)Xl + (1 )(kaxz)Xz;
is stable under the condition [24]
> 1=2 (8cy) 'min hi;h3 :
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4. Numerical experiments

In this Section, the results of the numerical experiments psented to show that the approach,
presented in Section 2 can be used for di erent problems andrcrm the theoretical results
investigated in the paper.

4.1. Example of the exact di erence scheme for the two-dimen sional linear
parabolic equation. Inthe domain Q;, let us consider the two-dimensional linear parabolic
problem [19]

%ltJ igg bf 0<xi<ly 0<xz<lz; O0<t6T; (4.1)

where a;;bp = const > 0. The exact solution of problem (4.1) given byu(xy;X,;t) =
expft=2 x;=(2a;) X,=(2by)g satis es conditions (2.10) with constantsa = a;=2, b= b=2.
The boundary and initial conditions are consistent with theexact solution.

Problem (4.1) is approximated by the di erence scheme

Yeiy = O 1wy + @ IOL 2Wxdxzig + O 2Nz +

1 O 2o )i s X1 2 hes Xy 2 0hy; ta 205 (4.2)

where' 1(y) = aflny, ' »(y) = ailny. It is worth to emphasize here that scheme (4.2) is
nonlinear as compared to a lot of other schemes approximagirihe linear problem (4.1).
In all numerical experiments, the accuracy is=1:0E 17 (see Figs. 4.1, 4.2).

AN,

x, 4554 2 5 3

Fig. 4.2. Solution of the di erence scheme (4.2)
for =0:5,I1=5,I2=5,T=1,a1=1,a2=1,
N, =50, N, =50 and Ng =10

Fig. 4.1. Exact solution of problem (4.1) fort = 1,
|1=5, |2=5, T=1, a1=1and a=1

Here is the number of iterations. Let us stress here that the iteteon method (2.13)
converges after two-three iterations performed. This is @uto the calculation of the initial

approximation f/i;j from the exact but unstable explicit scheme (2.14) [9]. Tabk 4.1 and
4.2, in which the results of the numerical experiments for dirent parameter values are
presented, con rm the theoretical results stated in Theoma 2.1.
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Table41. =05 a; =1, by =1, I =1, Table 4.2. =0:5 a; = 2, by = 4,
l,=1, T=1 I, =10, 1,=10, T =5
ha h2 L max ky" u(tn)ke hy | he oMaX kY™ u(ta)kg
n o

0:2 0:2 0:2 867E 19 2 10 | 20| 05 9.98 18 3
0:1 0:1 0:1 9:76E 19 2 05 | 10 0:25 L3 17 3
005 | 005 | 005 1:95E 18 2 0251 0:5 1 0:125 L86E 17 3
0:02 | 002 | 002 6:94E 18 2 02 104 01 213E 17 3
0:01(6) | 0:01(6) | 0:01(6) 6:94E 18 2

The results of the numerical experiments presented in Figel.3 and 4.4 show that the
new scheme resolves the boundary-value problem (4.1) retiaig the accuracy of the order
O 05)(hi+hy+ )+ h2+h3+ ?),

1,00E-005 2

[
o

9,00E-006

p 00

8,00E-006 4

7,00E-006 +
6,00E-006

5,00E-006 +

4,00E-006
3,00E-006
2,00E-006 - 1,91E-006

error of the method

number of iterations

1,00E-006 +

1, 44E-007 7 175008

O B N W o oy ] 0y

0.2/0.2/0.2 0.1/0.1/0.1 0.05/0.05/0.05 0.02/0.02/0.02
h /h, /T

Fig. 4.3. Numerical results for =0:5,1;, =1, 1, =1, T=1, a3 =0:5andb =4

9, D0E-006 10 10

8, 00E-006 12 BSM 9
\E -8

9 7, 00E-006 .
5 =
u 6, D0E-006 5, 86E-006 73
U -5 B
Y 5, DDE-0064 h
5] . 8
H - -
H 4, 00E-006 S IBE=00% n
M
9 3, 00E-006 .
;j _3§
2, 00E-006 - 5

1,51E-006 |2
1, D0E-006

0, 00E+000 +
0.z/0.2/0.2 0.1/0.1/0.1 0.05/0.05/0.05 0.02/0.02/0.02

h) /h,/T
Fig. 4.4. Numerical results for =0:75,1;=1, 1, =1, T=1,a,=0:5andb =4
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4.2. Example of the exact dierence scheme for the two-dimen sional quasi-
linear heat conduction equation. In the domain Q+, let us consider the two-dimensional

guasi-linear heat conduction problem [20]

@u @u @u @Qu . . . .
@t @x ()@x @x k(u)@, 0<x1<ly; 0<x,<l, 0<t6T; (4.3

wherek(u) = ue Y. Function
8

X X 2
2 In 1 _t 2t 72 D X1+ X6 t<X 1+ Xot+ —;
u(Xq; Xp;t) = S 2 2 2
0 t<X 1+ Xo;
where = const > 0, is the solution of problem (4.3) and satis es condition (40) with

constantsa = b= 5. The boundary and initial conditions are consistent with tke exact

solution.
Problem (4.3) is approximated by the di erence scheme

Ve = P0 O @ ) Y Ol oyt 90 Ol o @ ) VI O, o
X1i 2 1hyy Xg 21h,, th2! (4.4)

where' (y)=expf vyag.

In all numerical experiments, the accuracy is=1:0E 17 (see Figs. 4.5, 4.6).

Here is the number of iterations. Tables 4.3 and 4.4, in which theesults of the
numerical experiments for di erent parameter values are gsented, con rm the theoretical

results stated in Theorem 2.1.

Fig. 4.6. Solution of the di erence scheme (4.4)

Fig 45 Bxact solution of provlem (A3 10M1= for =0:5,1=0:4,1; = 08,1, =038, T = 0:4,
T eSS R m e T - =2, N; =10, N, =10 and Ng = 10
Table 4.3. = 0:5, =1, I, =1, |, =1, Table4.4. =05 =2, 1,=0:8,1,=0:8,
T=1 T=0:4

hy h, 0s™3X, ky"  u(tn)ks hy h, 0s3X, ky"  u(tn)kg

0:2 0:2 0:2 1.08E 19 2 0:2 0:2 0:1 1.08E 19 1
0:1 0:1 0:1 1.:68E 18 2 0:1 0:1 0:05 1:14 18 1
0:05| 0:05| 0:05 5:10E 18 2 0:05| 0:05| 0:025 4.23E 18 2
0:02 | 0:02 | 0:02 3:36E 18 2 0:02 | 0:02 0:01 791E 18 3
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5. Conclusions

In this paper, we have constructed a new di erence scheme apgimating the two-dimensi-
onal heat conduction equation. We have proved that for the &veling wave solutions of the
form

1 1
u(x;t)=U £x1+2—bx2 t; 06x:61;; 06x,61,; 061t6 T;

the considered scheme is exact if the grid steps satisfy dée conditions
a 1 b 1

Numerical results have been presented to con rm the theoretl results stated in the
paper.

Future research will focus on multidimensional problems f@arabolic equations with a
traveling wave solution of the formu(xy; xz;t) = U(z1;22); z3 = kKiXy  1t; Zo = KoXo o,
where 1=k; and ,=k, are the velocities of wave propagation in the directiong; and X»,
respectively.
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