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Abstra
tWe outline generalized separation of variables as applied to nonlinearse
ond-order partial di�erential equations. In this 
ontext, we suggestan approa
h to 
onstru
ting exa
t solutions of nonlinear PDEs. Theapproa
h involves sear
hing for transformations that \redu
e the dimen-sionality" of the equation. New families of exa
t solutions of 3D nonlinearellipti
 and paraboli
 equations that govern pro
esses of heat and masstransfer in inhomogeneous anisotropi
 media are des
ribed. Moreover,the approa
h makes it possible to 
onstru
t exa
t solutions of nonlinearwave equations. We also present solutions for three families of equationswith logarithmi
 heat sour
es; the solutions are obtained by nonlinearseparation of variables.Introdu
tionHeat and mass transfer phenomena in a medium (solid, liquid, or gas) at rest aregoverned by heat (di�usion) equations [1{4℄. For a homogeneous and isotropi
medium, the thermal di�usivity (di�usion 
oeÆ
ient) that o

urs in these equa-tions is 
onstant in the entire domain under study [5{7℄ and the heat (di�usion)equation is a linear partial di�erential equation with 
onstant 
oeÆ
ients. Inanisotropi
 media, the thermal di�usivity (di�usion 
oeÆ
ient) depends on theheat (mass) transfer dire
tion and, in inhomogeneous media, 
an depend onthe 
oordinates and even on the temperature [8{11℄. In the last 
ase, the heat(di�usion) equation is nonlinear. Various authors suggested many di�erent�The authors were partially supported by a resear
h grant from the Russian Foundationfor Basi
 Resear
h (Proje
t No. 97-02-17648).AMS Subje
t Classi�
ation: Primary 35K55, 35J60; Se
ondary 80A20, 35L70.Key words and phrases : Exa
t solutions, nonlinear PDE, heat and mass transfer equations.



106 A. D. POLYANIN A. I. ZHUROVrelations to approximate the dependen
e of the transfer 
oeÆ
ients on the tem-perature or 
on
entration, in
luding linear, power-law, and exponential (e.g.,see [8, 10, 12, 13℄).Heat (mass) transfer 
an be 
ompli
ated by sour
es or sinks, whi
h are as-so
iated with various physi
o
hemi
al me
hanisms of absorption and releaseof heat (substan
e). In 
ombustion theory and nonisothermal ma
rokineti
sof 
omplex 
hemi
al rea
tions [4, 14℄, it is not infrequent that the power ofheat sour
es/sinks depends on the temperature, often nonlinearly, e.g., expo-nentially [14℄ or in a

ordan
e with a power law [15℄. In mass transfer theory,the rate of volumetri
 
hemi
al rea
tion is widely approximated by power-lawdependen
es on the 
on
entration; at the same time, exponential, logarithmi
,and other dependen
es are also used.Exa
t solutions of heat and mass transfer equations play an important rolein forming a proper understanding of qualitative features of various thermal anddi�usion pro
esses. Exa
t solutions of nonlinear equations make it possible tolook into the me
hanism of intri
ate phenomena su
h as spatial lo
alization ofheat transfer, peaking regimes, multipli
ity and absen
e of steady states under
ertain 
onditions, et
. Even those parti
ular exa
t solutions of PDEs whi
h donot have a 
lear physi
al interpretation 
an be used as test problems for 
he
kingthe 
orre
tness and a

ura
y of various numeri
al, asymptoti
, and approximateanalyti
al methods. In addition, model equations and problems that allowexa
t solutions serve as a basis for developing new numeri
al, asymptoti
, andapproximate methods. These, in turn, permit one to study more 
ompli
atedproblems that have no analyti
al solution.Three basi
 approa
hes are traditionally used to seek exa
t solutions of non-linear di�erential equations: (i) sear
h for traveling-wave solutions, (ii) sear
hfor self-similar solutions, and (iii) appli
ation of groups to sear
h for symme-tries of the equations. The method of nonlinear separation of variables outlinedbelow in
ludes the �rst two approa
hes as its spe
ial 
ases and, very often, al-lows �nding exa
t solutions that 
annot be obtained by appli
ation of groups.Ex
ept for spe
ial 
ases of partial di�erential equations, the pre
ise 
onne
-



EXACT SOLUTIONS OF HEAT AND MASS TRANSFER 107tion between symmetries and separation of variables is not fully understood atpresent, what is espe
ially true for nonlinear 
ases (e.g., see [15, page xx℄).1. Stru
ture of Exa
t Solutions for Some Heat and MassTransfer EquationsPrior to des
ribing nonlinear separation of variables, we �rst brie
y remindthe pro
edure of sear
hing for self-similar solutions and that of separation ofvariables for linear equations.1.1. Self-similar SolutionsFor simpli
ity we 
onsider the one-dimensional 
ase. Self-similar solutions ofone-dimensional heat equations are solutions of the form [17, 18℄T (x; t) = t�f xt
!; (1.1)where � and 
 are some 
onstants. The unknown fun
tion f(x=t
) is deter-mined by an ordinary di�erential equation resulting from the substitution ofsolution (1.1) into the original PDE.More generally, self-similar solutions are said to be solutions of the formT (x; t) = '(t) f x (t)!: (1.2)The fun
tions '(t) and  (t) are 
hosen for reasons of 
onvenien
e in the spe
i�
problem.For illustration, we 
onsider a nonlinear problem des
ribing unsteady heattransfer in a semiin�nite plate, x � 0, with thermal di�usivity depending onthe temperature, a = a(T ). Initially, for t � 0, the plate has a uniform tem-perature Ti. For t > 0, a temperature Ts is maintained at the plate boundaryx = 0. Thus, we have the following boundary value problem:�T�t = ��x"a(T )�T�x #; T ���t=0 = Ti; T ���x=0 = Ts; T ���x!1 ! Ti: (1.3)



108 A. D. POLYANIN A. I. ZHUROVThis problem has been the subje
t of mu
h investigation in heat 
ondu
tiontheory and seepage theory (e.g., see [4, 19℄).A solution of problem (1.3) is sought in the form T = T (!), ! = x=pt, thusresulting in the ODE[a(T )T 0!℄0! + 12!T 0! = 0; T ���!=0 = Ts; T ���!!1 ! Ti: (1.4)Solutions of problem (1.4) have been obtain for linear dependen
e of a on T[2, 20, 21℄, hyperboli
 approximation [3, 22℄, and power-law dependen
e [14, 23℄.A detailed list of exa
t solutions to equations of the form�T�t = ��x"a(T )�T�x #+ �(T )
an be found in [19℄ for � = 0 and [24℄ for � 6= 0.1.2. Separation of Variables in Linear EquationsMany linear PDEs 
an be solved by separation of variables. For illustration, we
onsider a linear se
ond order PDE of the fromF x; t; T; �T�x ; �T�t ; �2T�x2 ; �2T�x�t ; �2T�t2 ! = 0; (1.5)with two independent variables, x and t, and the unknown fun
tion T = T (x; t).The solution pro
edure involves several stages, whi
h are outlined below.1. At the �rst stage, one seeks a parti
ular solution of the formT (x; t) = '(x) (t): (1.6)After substituting solution (1.6) into Eq. (1.5), one rewrites, if possible, theequation so that its left-hand side depends only on x (involves x, ', '0x, and '00xx)and the right-hand side depends only on t (involves t,  ,  0t, and  00tt). Theequality is possible only if both sides are equal to the same 
onstant, k, 
alledthe separation variable. Thus, one obtains ODEs for '(x) and  (t) whi
h
ontain the parameter k.This pro
edure is 
alled separation of variables in linear equations.



EXACT SOLUTIONS OF HEAT AND MASS TRANSFER 1092. At the se
ond stage, the prin
iple of linear superposition is used|a linear
ombination of exa
t solutions of a linear equation is also an exa
t solution ofthis equation.The fun
tions ' and  in solution (1.6) depend not only on x and t but alsoon the separation 
onstant, ' = '(x; k) and  =  (t; k). For various valuesk1, k2, : : : of k we obtain distin
t parti
ular solutions of Eq. (1.5),T1(x; t) = '1(x) 1(t); T2(x; t) = '2(x) 2(t); : : : ;where 'i = '(x; ki) and  i =  (t; ki), i = 1; 2; : : : The spe
trum of possiblevalues of k 
an be established from the boundary 
onditions.A

ording to the prin
iple of linear superposition, the sumT (x; t) = A1'1(x) 1(t) + A2'2(x) 2(t) + � � � ; (1.7)where A1, A2, : : : are arbitrary 
onstants, is an exa
t solution of the originalequation. Formally, all Ai's 
an be set equal to 1, thus 
ombining them withthe 'i's.3. The third stage serves to determine the spe
trum of k from the bound-ary 
onditions when solving spe
i�
 problems. Here we arrive at the Sturm{Liouville eigenvalue problem for '. The arbitrary 
onstants Ai 
an be deter-mined from the initial 
onditions.Remark. Note that a lot of linear equations of mathemati
al physi
s 
an alsoadmit exa
t solutions of the formT (x; t) = #(x) + �(t); (1.8)where #(x) and �(t) are determined by the 
orresponding ODEs after separatingthe variables.Example. Consider the linear equation�C�t = ��x"D(x)�C�x #+ U(x)�C�x +K0C + �(t)



110 A. D. POLYANIN A. I. ZHUROVthat governs a 
onve
tive mass transfer at a speed of �U(x), provided thatthe di�usion 
oeÆ
ient D(x) depends on the 
oordinate, a �rst order 
hemi-
al rea
tion takes pla
e, K0C, and there is a volume absorption of substan
ewith intensity depending on time, �(t). This equation admits solutions of theform (1.8) but does not have exa
t solutions of the form (1.6). However, theequation admits more 
ompli
ated solutions of the formC(x; t) = #(x)�1(t) + �2(t); (1.9)where �1(t) = exp(K0t) and the fun
tion �2(t) is determined by the �rst orderODE �02 = K0�2 + �(t).1.3. Separation of Variables in Nonlinear EquationsJust as linear PDEs, some nonlinear equations admit exa
t solutions of theform (1.6). In this 
ase, the fun
tions '(x) and  (t) are determined by theODEs obtained by substituting Eq. (1.6) into the original equation and followedby nonlinear separation of variables.Example 1. The nonlinear heat equation�T�t = ��x �T n�T�x! (1.10)with the thermal di�usivity �T n, where � and n are 
onstants, admits exa
tsolutions of the form (1.6) [19℄.There are also nonlinear PDEs that admit exa
t solutions of the form (1.8).Example 2. The nonlinear heat equation�T�t = ��x �e�T �T�x! (1.11)with the thermal di�usivity �e�T , where � and � are 
onstants, admits exa
tsolutions of the form (1.8) [19℄.Below we 
onsider generalized separation of variables in nonlinear equations.Some aspe
ts of this approa
h were 
onsidered in [30℄.



EXACT SOLUTIONS OF HEAT AND MASS TRANSFER 1111. Suppose that a nonlinear equation for T (x; t) is obtained from a linearequation for u(x; t) admitting exa
t solutions of the form (1.6) or (1.8) by anonlinear 
hange of variable T = F (u); (1.12)where F (u) is some fun
tion. Then the nonlinear equation admits exa
t solu-tions of the form T (x; t) = F (u); u = '(x) (t); (1.13)T (x; t) = F (u); u = #(x) + �(t): (1.14)For example, the above self-similar solution to the equation of (1.3) 
an berepresented in the form (1.13) with '(x) = x and  (t) = t�1=2.Most 
ommonly, solutions of nonlinear equations are sought in the form oftraveling waves, T (x; t) = F (u); u = x+ �t: (1.15)Su
h solutions are spe
ial 
ases of Eq. (1.14) with #(x) = x and �(t) = �t. Notethat solution (1.15) 
an also be represented in the form (1.13),T (x; t) = F1(v); v = ex+�t = exe�t; F1(v) = F (ln v):Similarly, solution (1.14) 
an be represented in the form (1.13) by setting u =ln v and denoting F (u) = F1(v).Usually, the fun
tions ' and  or # and �, as well as the \temperaturepro�le" F = F (u), o

urring in Eqs. (1.13) and (1.14) 
an be determined in thefollowing two ways:� The pro�le F = F (u) is determined by an ODE resulting from the originalequation after appropriate ' and  (or # and �) have been 
hosen. Thefun
tions ' and  (or # and �) also are determined by ODEs. Self-similarsolutions and some more 
ompli
ated solutions 
an be found in this way.



112 A. D. POLYANIN A. I. ZHUROV� The pro�le F = F (u) is pres
ribed a priori on the basis of some 
onsider-ations (e.g., a solution of a simpler auxiliary equation 
an be used as thepro�le) so that the variables 
an be separated. This leads to ODEs for 'and  (or # and �).Table 1 presents some spe
i�
 nonlinear equations that allow exa
t solutionsof the form (1.13) or (1.14). We do not 
onsider here self-similar solutions with'(x) = x and travelling wave type solutions.2. Suppose a nonlinear PDE for T (x; t) is obtained from a linear PDE foru(x; t) admitting exa
t solutions of the form (1.7) by a nonlinear 
hange ofvariable T = F (u). Then the nonlinear equation admits solutions of the formT (x; t) = F (u); u = '1(x) 1(t) + '2(x) 2(t) + � � � : (1.16)The stru
tural formula (1.16) may now be used as a basis for seeking exa
tsolutions to nonlinear equations that 
annot be redu
ed to linear PDEs. Thepro�le F (u) and the fun
tions '1(x), '2(x), : : : ,  1(t),  2(t), : : : are to bedetermined. It should be noted that generally solutions of this form 
annot beobtained by group methods.It is worth mentioning that in [27℄ exa
t solutions of the form (1.16) withF (u) = u,  2 = 1, and  i = 0, i � 3, were sought for PDEs with quadrati
nonlinearities. In [30℄ a quite general pro
edure for seeking exa
t solutions ofequations with quadrati
 nonlinearities for F (u) = u is presented. Solutionsof the form (1.16) are a natural extension of equations 
onsidered in the 
itedpapers.In the analysis of spe
i�
 equations, it is useful to try the following spe
ial
ases of formula (1.16):T (x; t) = F (u); u = '1(x) 1(t) +  2(t); (1.17)T (x; t) = F (u); u = '1(x) 1(t) + '2(x): (1.18)Table 2 presents some nonlinear equations admitting solutions of the form(1.16). One 
an see that solutions of the form (1.17) are most frequent.



EXACT SOLUTIONS OF HEAT AND MASS TRANSFER 113Table 1: Some nonlinear PDEs admitting (1.13) or (1.14) type solutionsEquation Solution stru
ture Referen
es�T�t =a�2T�x2 +b��T�x �2 T ='(x)+ (t); [25℄T = ab lnu; u='(x)+ (t)�T�t =a ��x�Tm�T�x � T ='(x) (t) [16, 17℄�T�t =a ��x�e�T �T�x � T ='(x)+ (t) [16, 19, 26℄�T�t =a�2T�x2 +aT lnT T ='(x) (t) [16, 24℄�T�t = axn ��x�xn �T�x �+aT lnT T ='(x) (t) [16, 27℄�2T�x2 + �2T�y2 =aeT T =�2 lnu; u='(x)+ (y) [14℄�2T�x2 + �2T�y2 =a sinhT T =2 ln 1+u1�u ; u='(x) (y) [28℄�2T�x2 + �2T�y2 =aT lnT T =eu; u='(x)+ (y) [28℄�2T�x2 + �2T�y2 =a sinT T =4 ar
tanu; u='(x) (y) [28℄��x�axn �T�x �+ ��y�bym �T�y �=
T k T =f(u); u='(x)+ (y) [29℄��x�ae�x �T�x �+ ��y�be�y �T�y �=
e
T T =f(u); u='(x)+ (y) [29℄��x�axn �T�x �+ ��y�be�y �T�y �=
e
T T =f(u); u='(x)+ (y) [29℄��x�aT n �T�x �+ ��y�bTm�T�y �=0 T ='(x) (y) [29℄��x�ae�T �T�x �+ ��y�be�T �T�y �=0 T ='(x)+ (y) [25℄�2T�t2 = �2T�x2 +aeT T =�2 lnu; u='(x)+ (t) [25℄�2T�t2 = �2T�x2 +a sinhT T =2 ln 1+u1�u ; u='(x) (t) [28℄�2T�t2 = �2T�x2 +aT lnT T =eu; u='(x)+ (t) [28℄�2T�t2 = �2T�x2 +a sinT T =4 ar
tanu; u='(x) (t) [28℄Here a, b, 
, k, m, n, �, 
, and � are 
onstants.It is important to note that in prin
iple the representation (1.16) permitsone to �nd exa
t solutions of nonlinear equations derived from a separable linearequation by a nonlinear transformation T = F (u).3. Suppose now that a nonlinear equation for T (x; t) is obtained froma linear equation for u(x; t) by a more general nonlinear 
hange of variable



114 A. D. POLYANIN A. I. ZHUROVTable 2: Some nonlinear PDEs admitting solutions of the form (1.16)Equation Solution stru
ture Referen
es�T�t =a�2T�x2+bT �T�x T=1=u, u='(x)�(t)+ (x) [26℄�T�t =a�2T�x2+b��T�x �2+
1T+
0 T='(t)x2+ (t)x+�(t) [29℄�T�t =a�2T�x2+b��T�x �2+
2T 2+
1T T='(t)�(x)+ (t), [27℄�(x)=e�x, �(x)=sin(�x)�T�t =a ��x�Tm�T�x � T=u1=m; u='(t)x2+ (t) [4, 19℄�T�t =a ��x�Tm�T�x �+bT T=u1=m; u='(t)x2+ (t) [24{26, 30℄�T�t =a ��x�Tm�T�x �+bTm+1 T=u1=m; u='(t)�(x)+ (t) [16℄�T�t =a ��x�Tm�T�x �+bT 1�m T=u1=m; u='(t)x2+ (t) [31℄�T�t =a ��x�eT �T�x �+beT+
 T=lnu; u='(t)�(x)+ (t), [32℄�(x)=e�x, �(x)=sin(�x)�T�t =a ��x�eT �T�x �+b+
e�T T=lnu, u='(t)x2+ (t)x+�(t) [29℄�T�t =a�2T�x2+aT lnT+bT T=eu; u='(t)x+ (t); [29℄T=eu; u='(t)x2+ (t)�T�t =a�2T�x2+T (a ln2T+b lnT+
) T=eu; u='(t)�(x)+ (t), [27℄�(x)=e�x, �(x)=sin(�x)�T�t = axn ��x�xn�T�x �+aT lnT T=eu; u='(t)x2+ (t) [16℄Here a, b, 
, 
0, 
1, 
2, m, n, and � are 
onstants.T = g(x; t)F (u) + h(x; t). By narrowing the 
lasses of the fun
tions g(x; t)and h(x; t), one arrives at more simple dependen
es, whi
h may be used as abasis for seeking exa
t solutions of nonlinear equations that 
annot be redu
edto linear equations.We suggest below stru
tural formulas that are generalizations of relations(1.17) and (1.18):T (x; t) = g(t)F (u) + h(t); u = '1(x) 1(t) +  2(t); (1.19)T (x; t) = g(x)F (u) + h(x); u = '1(x) 1(t) + '2(x): (1.20)In the spe
ial 
ase '1(x) = x and  2(t) = 0, formula (1.19) 
orresponds togeneralized self-similar solutions.



EXACT SOLUTIONS OF HEAT AND MASS TRANSFER 1152. Exa
t Solutions of 3D Nonlinear Heat and Mass Trans-fer Equations2.1. Nonlinear Separation of VariablesConsider the following 
lass of m-dimensional PDEs:mXi=1 ��xi "pi(xi) �w�xi # = P [w℄; (2.1)where the pi(xi) are some fun
tions to be established below, x1, : : : , xm areindependent variables (m � 2). In general, the right-hand side of Eq. (2.1)is assumed to be a given nonlinear di�erential operator that depends on w, itsderivatives with respe
t to independent variables xm+1, : : : , xk that do not enterthe left-hand side, and the variables xm+1, : : : , xk themselves. The unknown w
an play the role of temperature, 
on
entration, or some other quantity.We look for parti
ular solutions of Eq. (2.1) of the formw = w(r; : : : ); r2 = mXi=1 'i(xi); (2.2)in whi
h the number of independent variables is redu
ed bym�1. The unknownfun
tions 'i(xi) and pi(xi) will be determined in the 
ourse of the study.Substituting solution (2.2) into Eq. (2.1), we arrive at the equation14r3 r�2w�r2 � �w�r ! mXi=1 pi('0i)2 + 12r �w�r mXi=1�pi'0i�0 = P [w℄; (2.3)where the primes denote the derivatives with respe
t to xi.The fun
tion of Eq. (2.2) is a solution of the original equation (2.1) only ifthe sums in Eq. (2.3) are 
onstants or fun
tions of r alone.Generally, this is possible ifpi('0i)2 = A'i + Ai; (pi'0i)0 = B'i +Bi; (2.4)where A, Ai, B, and Bi are some 
onstants (i = 1; : : : ; m). In this 
ase,mXi=1 pi('0i)2 = Ar2+A�; mXi=1(pi'0i)0 = Br2+B�; A� = mXi=1Ai; B� = mXi=1Bi:



116 A. D. POLYANIN A. I. ZHUROVFor ea
h i we have a system of two ODEs (2.4) for pi(xi) and 'i(xi).Express pi from the �rst equation in (2.4) in terms of 'i to obtainpi = A'i + Ai('0i)2 : (2.5)Substituting this expression into the se
ond equation in (2.4) yields the followingautonomous equation for 'i:(A'i + Ai)'00i + (B'i + �i)('0i)2 = 0; (2.6)where �i = Bi�A. This equation 
an be solved by the substitution '0i = zi('i).For A 6= 0 the general solution of equation (2.6) 
an be represented in theimpli
it form xi + C2 = C1 Z exp B'iA !���A'i + Ai���A�i�BAiA2 d'i; (2.7)'0i = zi('i) = 1C1 exp �B'iA !���A'i + Ai���BAi�A�iA2 ;where C1 and C2 are arbitrary 
onstants.For A = 0 and Ai 6= 0 the general solution of equation (2.6) is given byxi + C2 = C1 Z exp B'2i + 2Bi'i2Ai ! d'i; (2.8)'0i = zi('i) = 1C1 exp �B'2i + 2Bi'i2Ai !:In some 
ases the fun
tions pi(xi) and 'i(xi) 
an be represented in expli
itform. For example, if Ai = B = Bi = 0, from (2.7) and (2.5) we obtainxi + C2 = C1A ln jA'ij; '0i = AC1'i; pi = A'i('0i)2 :When
e, pi(xi) = aie�ixi; 'i(xi) = bie��ixi;where ai = �C21e�AC2=C1 , �i = �A=C1, and bi = �A�1eAC2=C1 .Table 3 shows spe
ial 
ases where the pi(xi) and 'i(xi) 
an be representedin expli
it form.On the basis of the pre
eding, we 
an formulate results for spe
i�
 equations.In this paper, we 
on�ne ourself to 3D equations and present exa
t solutionsobtained using the above approa
h.



EXACT SOLUTIONS OF HEAT AND MASS TRANSFER 117Table 3: Some 
ases where pi(xi) and 'i(xi) 
an be written out expli
itly# pi(xi) 'i(xi) Relations for the parameters1 aijxi+sijni bijxi+sij2�ni+
i Ai=�A
i; B=0;Bi= A2�ni ; bi= Aai(2�ni)22 aie�ixi bie��ixi+
i Ai=�A
i; B=Bi=0; bi= Aai�2i3 aix2i bi ln jxij+
i A=0; Ai= aib2i ; B=0; Bi= aibi4 (a ln jxij+bi)x2i 
 ln jxij+di A= a
; Ai=(bi
�adi)
,B= a; Bi= a
+(bi
�adi)2.2. Exa
t Solutions of Heat/Mass Transfer and Wave EquationsConsider 3D equations 
orresponding to rows 1 and 2 in Table 3 whi
h de-s
ribe heat (mass) transfer or propagation of nonlinear waves in an anisotropi
medium. In 
ases 1{4 below, we assume the operator P [T ℄ to be a nonlinearfun
tion �(T ).1. The equation (k;m; n 6= 2)��x ajxjk �T�x!+ ��y bjyjm�T�y !+ ��z 
jzjn�T�z ! = �(T ) (2.9)has exa
t solutions of the form (A = 
onstant)T = T (r); r2 = A" jxj2�ka(2� k)2 + jyj2�mb(2�m)2 + jzj2�n
(2� n)2 #: (2.10)The fun
tion T (r) is determined by the ODET 00rr + Dr T 0r = 4A�(T ); D = 2 12� k + 12�m + 12� n!� 1: (2.11)This equation 
an be solved expli
itly for D = 1 and �(T ) = C exp(�T ),where C and � are 
onstants. For D = 0 and arbitrary �(T ), Eq. (2.11) 
anbe integrated in quadrature. For other exa
t solutions, see [33℄.Note that jxj, jyj, and jzj in Eqs. (2.9) and (2.10) 
an be repla
ed by x+ s1,y + s2, and z + s3, respe
tively, where s1, s2, and s3 are arbitrary 
onstants.



118 A. D. POLYANIN A. I. ZHUROVFor k = m = n = 0 and a = b = 
, Eq. (2.9) be
omes a 
lassi
al equation ofheat (mass) transfer in an isotropi
 medium with heat release (volume rea
tion).In this 
ase, solution (2.10), (2.11) 
orresponds to a spheri
ally symmetri
 
ase.2. The steady-state heat equation (��� 6= 0)��x ae�x�T�x!+ ��y be�y �T�y !+ ��z 
e�z �T�z ! = �(T ) (2.12)admits solutions of the formT = T (r); r2 = A e��xa�2 + e��yb�2 + e��z
�2 !;where T (r) is determined by the ODET 00rr � 1rT 0r = 4A�(T ):3. The equation (n;m 6= 2 and � 6= 0)��x axn�T�x!+ ��y bym�T�y !+ ��z 
e�z �T�z ! = �(T ) (2.13)admits solutions of the formT = T (r); r2 = A" x2�na(2� n)2 + y2�mb(2�m)2 + e��z
�2 #;where T (r) is determined by the equationT 00rr + Dr T 0r = 4A�(T ); D = 2 12� n + 12�m!� 1:4. The equation (n 6= 2 and �� 6= 0)��x axn�T�x!+ ��y be�y �T�y !+ ��z 
e�z �T�z ! = �(T ) (2.14)has solutions of the formT = T (r); r2 = A" x2�na(2� n)2 + e��yb�2 + e��z
�2 #:The fun
tion T (r) is determined by the ODET 00rr + Dr T 0r = 4A�(T ); D = n2� n:For example, this equation is integrable in quadrature for n = 0 and arbitrary�(T ) and expli
itly for n = 1 and �(T ) = Ce�T , where C and � are 
onstants.



EXACT SOLUTIONS OF HEAT AND MASS TRANSFER 1195. Assume that P [T ℄ = �T�t � �(T ). Consider the unsteady heat equation(k;m; n 6= 2)�T�t = ��x axk �T�x!+ ��y bym�T�y !+ ��z 
zn�T�z !+ �(T ): (2.15)Following the approa
h of Subse
tion 2.1, we �nd that this equation has solu-tions of the formT = T (t; r); r2 = 4A" x2�ka(2� k)2 + y2�mb(2�m)2 + z2�n
(2� n)2 #:The fun
tion T (t; r) satis�es a simpler PDE with two independent variables,spe
i�
ally,�T�t = A �2T�r2 + Dr �T�r !+ �(T ); D = 22� k + 22�m + 22� n � 1:For exa
t solutions of this equation, see [25℄.Remark 1. Solutions of unsteady equations 
orresponding to Eqs. (2.12){(2.14) 
an be 
onstru
ted in a similar manner.6. Assume that P [T ℄ = �2T=�t2��(T ). Consider the following 3D equationdes
ribing the propagation of nonlinear waves in an inhomogeneous anisotropi
medium (��� 6= 0):�2T�t2 = ��x ae�x�T�x!+ ��y be�y �T�y !+ ��z 
e�z �T�z !+ �(T ): (2.16)It admits solutions of the formT = T (r); r2 = A"�14(t+ C)2 + e��xa�2 + e��yb�2 + e��z
�2 #;where A and C are arbitrary 
onstants and T (r) is determined by the ODET 00rr + 4A�(T ) = 0;whi
h is integrable in quadrature for any �(T ).



120 A. D. POLYANIN A. I. ZHUROVRemark 2. Solutions of wave analogues of the heat equations (2.9), (2.13),and (2.14) 
an be 
onstru
ted using similar 
onsiderations.Remark 3. Two-dimensional analogues of the 3D equations 
onsidered above
an be treated in a similar manner.3. Nonlinear Equations with a Logarithmi
 Sour
eFollowing the method of nonlinear separation of variables outlined in Subse
-tion 1.3, we found solutions of a number of other nonlinear equations. We 
hoseto present three families of equations.3.1. A 2D Steady-State Heat EquationConsider the two-dimensional equation (� = 
onst, � = 
onst)�2T�x2 + �2T�y2 = �T ln�T: (3.1)1. This equation 
an be treated as a 2D spe
ial 
ase of Eq. (2.9) with m =n = 0 and �(T ) = �T ln�T . Thus, Eq. (3.1) has solutions of the formT = T (r); T 00rr + 1rT 0r = �AT ln�T; r2 = A[(x + C1)2 + (y + C2)2℄;where A, C1, and C2 are arbitrary 
onstants.2. Exa
t solutions of Eq. (3.1) 
an also be sought in the form T = 1�eU(x;y).With this 
hange of variable, Eq. (3.1) be
omes�2U�x2 + �2U�y2 +  �U�x !2 +  �U�y !2 = �U: (3.2)Equation (3.2) admits traveling-wave solutions:U(x; y) = F (u); u = A1x + A2y + A3; (3.3)where A1, A2, and A3 are arbitrary 
onstants. Substituting solution (3.3) intoEq. (3.2) and integrating the resulting equation, we obtain the dependen
e F (u)in the impli
it formu = C1 � Z "C2e�2F + �A21 + A22 F � 12!#�1=2 dF;
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onstants.3. In addition, Eq. (3.2) has solutions of the formU(x; y) = '(x) +  (y):Substituting this expression into Eq. (3.2) yields'00xx + '02x � �' = � 00yy �  02y + � :It follows that the variables separate and both sides must be equal to the same
onstant, whi
h here 
an be set equal to zero. Solving the resulting equations,we obtain x = A1 � Z �B1e�2' + �'� 12���1=2 d'; (3.4)y = A2 � Z �B2e�2 + � � 12���1=2 d ; (3.5)where A1, B1, A2, and B2 are arbitrary 
onstants.4. Equation (3.2) admits also more 
ompli
ated solutions of the formU(x; y) = '(�) +  (�); � = x 
os�� y sin�; � = x sin�+ y 
os �;where � is an arbitrary 
onstant and '(�) and  (�) are determined by relations(3.4) and (3.5).3.2. A 1D Unsteady Heat EquationConsider the one-dimensional equation�T�t = axk ��x xk �T�x!+ f(t)T lnT; (3.6)where a and k are some 
onstants and f(t) is an arbitrary fun
tion. Note thatthe values k = 0, 1, and 2 
orrespond to the plane, 
ylindri
al, and spheri
al
ases. The variables separate with the transformationT (x; t) = eU(x;t); U(x; t) = '(t) x2 +  (t):



122 A. D. POLYANIN A. I. ZHUROVAnalysis shows that '(t) and  (t) are determined by the following system of�rst order ODEs: '0t = f'+ 4a'2;  0t = f + 2a(k + 1)':The �rst, Bernoulli equation is integrable in quadrature for any f = f(t).Whenever '(t) is found, the se
ond, linear equation 
an be easily solved.3.3. A 2D Unsteady Heat EquationConsider the following two-dimensional heat equation:�T�t = a �2T�x2 + �2T�y2 !� �T lnT:We 
arry out the 
hange of variable T = eU(x;y;t).1. Exa
t solutions for U 
an be sought in the form U(x; y; t) = '(x; y)+ (t).The time-dependent term is expressed as  (t) = Ae�t, where A is an arbitrary
onstant. The fun
tion '(x; y) satis�es the steady-state equationa �2'�x2 + �2'�y2 !+ a" �'�x!2 +  �'�y !2 #� �' = 0;whi
h was 
onsidered in Subse
tion 3.1.2. The equation for U admits other exa
t solutions, for example, U(x; y; t) ='(x; t)+ (y; t). The two unknown fun
tions are determined by two independentone-dimensional nonlinear equations of the paraboli
 type,�'�t = a�2'�x2 + a �'�x!2 � �';� �t = a�2 �y2 + a � �y !2 � � :3. The following more sophisti
ated solutions are also possible:U(x; y; t) = '(�; t) +  (�; t); � = x+ �t; � = y + 
t:Here, � and 
 are arbitrary 
onstants. The unknown fun
tions '(�; t) and  (�; t)are determined by two independent one-dimensional nonlinear equations of the
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 type, �'�t = a�2'��2 + a �'�� !2 � ��'�� � �';� �t = a�2 ��2 + a � �� !2 � 
� �� � � :To the spe
ial 
ase '(�; t) = '(�),  (�; t) =  (�) there 
orrespond au-tonomous ordinary di�erential equations.4. Con
lusionsLet us summarize the basi
 
on
lusions and results of the paper:� The paper outlines the method of generalized separation of variables fornonlinear partial di�erential equations.� In the 
ontext of this method, an approa
h is suggested whi
h allows
onstru
ting exa
t solutions for some families of nonlinear PDEs. Theapproa
h is based on sear
hing for transformations that redu
e the equa-tion to one with fewer independent variables.� With this approa
h, new families of exa
t solutions of 3D nonlinear ellipti
and paraboli
 equations that govern pro
esses of heat and mass transferin inhomogeneous anisotropi
 media are des
ribed.� Exa
t solutions of some 3D hyperboli
 equations des
ribing the propa-gation of nonlinear waves in inhomogeneous anisotropi
 media are 
on-stru
ted.� For three families of equations with logarithmi
 heat sour
es, a numberof exa
t solutions are obtained by nonlinear separation of variables.Referen
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