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Abstract—New classes of exact solutions of nonlinear sets of equations of the theory of heat and mass transfer
in reactive media and mathematical biology are described. Various sets of the general form are considered, in
which the chemical reaction rates depend on two or three arbitrary functions. Among the exact solutions
obtained are solutions with ordinary, generalized, and functional separation of variables; time-periodic solu-
tions; solutionsthat are periodic in the spatial coordinate; etc. A number of solutions contain arbitrary functions
(they are expressed in terms of solutions of the linear heat equation and solutions of sets of ordinary differential
equations). Sets describing the multicomponent reaction—diffusion and also some sets in several spatial vari-

ables are studied.

Exact solutions of nonlinear heat- and mass-transfer
equations have always played an important role in the
formation of a correct understanding of qualitative fea-
tures of various processes in chemical engineering,
thermophysics, and power engineering. Exact solutions
of nonlinear equations vividly demonstrate and allow
one to understand the mechanism of such complex non-
linear effects as the spatial localization of heat-transfer
processes, the multiplicity or absence of steady states
under certain conditions, the existence of blow-up
modes, the presence or absence of periodic modes, etc.
Simple solutions are widely used to illustrate the theo-
retical material, and some applications in lecture
coursesin universities and technical institutes (on heat-
and mass-transfer theory, chemical engineering, hydro-
dynamics, gas dynamics, etc.).

Exact solutions of the traveling-wave type and self-
similar solutions are often asymptotics of much wider
classes of solutions under other initial and boundary
conditions. This property alows one to draw genera
conclusions and predict the dynamics of various pro-
cesses and phenomena. Even the partial exact solutions
of nonlinear heat- and mass-transfer equations that
have no clear physica meaning can be used as test
problems for checking the validity and estimating the
accuracy of various numerical, asymptotic, and approx-
imate analytical methods. Moreover, model equations
and problemsthat allow exact solutions serve asabasis
for developing new numerical, asymptotic, and approx-
imate methods, which, in their turn, enable one to study
more complex problems that have no exact anaytical
solutions.

Note that many equations in chemical kinetics and
chemical engineering contain empirical parameters or

empirical functions. Exact solutions allow one to
design experiment for determining these parameters or
functions by artificially creating appropriate (boundary
and initial) conditions. Of particular interest for design
of experiments and testing of numerical and approxi-
mate methods are exact solutions of equations of the
general form, which contain arbitrary functions. By
exact solutions of heat- and mass-transfer equations
and other nonlinear partial differential equations, the
following solutions are usually meant:

(1) solutions that are expressed in terms of elemen-
tary functions or obtained by quadratures,

(2) solutionsthat are described by ordinary differen-
tial equations (sets of ordinary differential equations),

(3) solutionsthat are expressed in terms of solutions
of linear partial differential equations (linear integral
equations), and

(4) solutions that are described by sets of ordinary
differential equations and linear partial differential
equations.

Let us consider nonlinear sets of equations of the
form

ou,,

T3 = a,Au, + F(Ug, ...
where t istime, A is the Laplacian operator, and F,, =
F.(u,, ..., Uy are kinetic functions. Depending on the
problem being solved, the sought quantities can be con-
centrationsu,, ..., U, Or concentrationsu,, ..., u,_, and
temperature u,. Such equations and sets of equations
are widely used to mathematically describe various
phenomena and processes in the theory of heat and
mass transfer in reactive media [1-5], the theory of

,u)), m=1...n, (1)
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chemical reactors [6], and combustion theory [7] and
also to mathematically model different processes in
biology and biophysics [8-11].

Exact solutions of a single equation of form (1) for
different kinetic functions F = F(u) have been consid-
ered by many researchers [12-19]. Nikitin and Wilt-
shire[20, 21] and Chernihaand King [22, 23] presented
a group classification of nonlinear sets of form (1) in
two variables (m = 2), and Barannyk [24] gave some
invariant and noninvariant exact solutions. In the gen-
eral case, set (1) isinvariant under shiftsin independent
variables (and under the substitution of x for —x) and
allows exact solutions of the traveling-wave type u,, =
Uy(2), where z = kx + At. Such solutions and also dege-
nerate solutions, when one or more sought quantities
are zero, are not considered here.

This paper provides a brief list of nonlinear sets of
equations of the theory of heat and mass transfer in
reactive media of form (1) with two, three, or more
arbitrary functions that allow exact solutions. New
classes of exact solutions with generalized and func-
tional separation of variables and some other solutions
are described.

Let usinitially consider one-dimensional sets of two
equations containing arbitrary functions f(¢), g(¢), and
h(¢) of argument ¢ = ¢(u;, w,); the equations are
arranged in order of increasing complexity of thisargu-
ment. For clarity, let us use the notation u=u,, w= u,.

ARBITRARY FUNCTIONS ARE LINEAR
FUNCTIONS OF THE SOUGHT QUANTITIES

Set 1 contains two arbitrary functions, which are
functions of one of the sought quantities:

i) 0’
a_ltJ = aa—);+uexpB<V\E%f(u),
=gt expHtiwt (u) +g(u)].
The solution is[24]

U= (@), w = —Zinlbxy(E) + (&),

X+ Cj

(Cit+ )
where C,, C,, C;, and b are arbitrary constants and the

functionsy = y(§) and z= z(§) are found by solving the
set of ordinary differential equations,

s v leiey + L vendk@i(y) =
aygs + 5Ci8 Y + bzazyexpﬁwjf(y) 0,

] . 4a ,  2a
azg + 501525 - k_EyE + k_Ezy

. E}E——Zexp%[zf(y) +g(y)] = o.
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Set 2 contains three arbitrary functions, which are
functions of alinear combination of the sought quanti-
ties:

ou _ 9%
Frin aaX2+uf(bu—cw)+g(bu—cw),

, 2)
ow _ 0w

il —_— — + —
i aax2 wf (bu—cw) + h(bu-cw).

The particular casef(z2) =0, g(2) =z and h(z) =-zin
set (2) describes afirst-order reversible chemical reac-
tion[2]. Atf(2) =z+ kand g2 =h(2 =0, set (2) isa
special case of the Lotka—Volterra model, which
describes the competition between two biological spe-
cies for the same food [9, pp. 35, 57]. In mathematical
biophysics, set (2) at f(2) = z+ k;, g(2 = k,z and h(z) =
k;z[9, p. 37] is also encountered.

1°. The solution is

u= )+ ceprf(bq) —Clp)dt}e(x, 1),

W= g(t) + bexp“f(bcl) —cw)dt}e(x, t),

where ¢ = ¢(t) and P = Y(t) arefound by solving the set
of ordinary differential equations

o = of (b —cy) +g(bd —cy),

Wy = W (bo —cy) +h(bd —cy),

and the function 8 = B(x, t) obeys the linear heat equa-
tion

00 _ a0’
ot axz '
2°. Let us multiply thefirst and second equations of

set (2) by b and —c, respectively, and add the products
obtained. This leads to the equation

oy _ 0% _
i aaX2+Zf(Z)+bg(Z) ch({),

€))
( = bu-cw,

which is considered here together with the first equa-
tion of theinitial set:

ou _ ad’u

5t = 5 Tuf@Q o). “)
Equation (3) can be studied separately. An extensivelist
of exact solutions of equations of thisform for different
kinetic functions F({) = {f({) + bg(¢) — ch({) is avalil-
able in the literature [17, 19] (for a given function F,
two of the three functions f, g, and h can be specified
arbitrarily). Note that, in the general case, Eqg. (3)
allows an exact solution of the traveling-wave type { =
((2), where z= kx — At.

If acertain solution { == {(x, t) of Eq. (3) isknown,
then the function u = u(x, t) can be determined by solv-
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ing linear EQ. (4) and the function w = w(x, t) is found
from the expression w = (bu — ¢)/c.

Set 3 contains two arbitrary functions, which are
functions of alinear combination of the sought quanti-
ties and exponential functions:

2
ou _ a‘1—92+e“f()\u—ow),
0X

ot
aW_ aZW oW
5 bax2+e g(Au—ow).

1°. The solution is
1
u = y(€)-;IN(Cit+Cy),

X+ Cy
(Cit+ Cz)llz,

where C,, C,, and C,; are arbitrary constants and the
functionsy = y(§) and z= z(€) are found by solving the
set of ordinary differential equations

W= 28)-2In(Cit+Cy), &=

ayg + %Cléy; ¥ Cy +€Vf(A\y-02) = 0,

bz + %Clﬁz; + % +e’’g(A\y—02) = 0.
2°. Thesolutionat b=ais
- _ A _k
u=0(xt), w= Ge(x, t) 5
where Kk is the root of the algebraic (transcendental)
equation

A (k) = oe™g(k),

and the function 8 = 8(x, t) obeys the differential equa-
tion

90 _ ad’e

ot axz
For exact solutions of this equation, see [17, 19].

+ f(K)€°.

ARBITRARY FUNCTIONS ARE FUNCTIONS
OF THE RATIO OF THE SOUGHT QUANTITIES

Set 4 contains two arbitrary functions, which are
functions of the ratio of the sought quantities:

ou _ _d°u . .[ruj

— - a—+ T

ot aax2 uf g ot

The particular case f(z) = k, — k,z'!, g(2) = k, — k,z char-
acterizes a first-order reversible chemical reaction [2].
The Eigen—Schuster model [11] (see aso [9, pp. 31—
32]), which describes the competition between popul a-
tions for the food substrate at constant multiplication
coefficients, leadsto set (5) at f(2) = k/(z+ 1) and g(2) =
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—kz/(z+ 1), where k is the difference of the multiplica-
tion coefficients.

1°. The solution in the form of the product of func-
tions of different arguments, which is periodic in the
gpatia coordinate, is

u = [C,sin(kx) + C,cos(kx)]® (1),
w = [C,sin(kx) + C,cos(kx)]W (1),

where C,, C,, and k are arbitrary constants and the func-
tions ¢ = ¢(t) and Y = Y(t) are found by solving the set
of ordinary differential equations

01 = —ak’d + o (o/W),

Yp = —bKY + Yg(d/p).

2°. The solution in the form of the product of func-
tions of different argumentsis

u = [Cyexp(kx) + Coexp(-kx)] U(t),
w = [Cyexp(kx) + Cexp(—kx)] W(t),
where C,, C,, and k are arbitrary constants and the func-
tions U = U(t) and W = W(t) are found by solving the
set of ordinary differential equations
U = ak’U + Uf (U/W),
Wi = bk*W + Wg(U/W).

3°. The degenerate solution in the form of the pro-
duct of functions of different argumentsis

u = (Cx+CU(t), w = (Cyx+Cr)W(t),

where C, and C, are arbitrary constants and the func-
tions U = U(t) and W=W(t) are found by solving the set
of ordinary differential equations

U, = UF(U/W), W, = Wg(U/W).

This autonomous set can be integrated, since, after
elimination of thevariablet, it isreduced to afirst-order
homogeneous equation (similarly, the corresponding
sets from examples 1° and 2° are integrated).

4°. The solution, in the form of the product of func-
tions of different arguments (which rapidly decays as
t—ocaA>0),is

u=ey(x), w=ez(x),

where A is an arbitrary constant and the functions 'y =
y(X) and z= z(x) are found by solving the set of ordinary
differential equations

aY + Ay +yf(yl2) = 0,
bz, +Az+zg(y/z) = 0.
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5°. The solution in the form of the product of two
traveling waves with different velocities (which gener-
alizes the solution from example 4°) is

u=e"My@E), w=e"MzE), &=px-yt,

wherek, A, B, and y are arbitrary constants and the func-
tionsy = y(§) and z= (&) are found by solving the set
of ordinary differential equations

ap’y; + (2akB +y)y; + (ak’ + M)y + yf (y/2) = 0,
bB’Z; + (2bkB +y)Z; + (bk® + A)z+ zg(y/z) = O.

The particular case k = A = 0 describes a solution of the
traveling-wavetype. Atk=y=0and 3 = 1, the solution
coincides with the solution from example 4°.

Set 4a contains two arbitrary functions, which are
functions of the ratio of the sought quantities:

ou _ %, crum ow_ d'w, . run
- e oy Bt e Wi ©

Thisset isaparticular case of set (5) at b=aand alows
the above solutions from examples 1°-5°. Moreover,
set (5) has interesting properties and other solutions,
which are presented below.

6°. The solution of the point-source type is

u= eXpD4 ﬁ]q)(t) w = eXpD4 tDllJ(t)

where the functions ¢ = ¢(t) and Y = Yi(t) are found by
solving the set of ordinary differential equations

oy = 2t¢ +¢f B.DD’ W, = lIJ wgm.u]
7°. The solution with functional separation of vari-
ablesis

u = expB(xt+§ak2t3—)\%y(E), £ = x+akt,

w = expB(xH %ak2t3—)\%z(é),

where k and A are arbitrary constants and the functions
y=Vy(§) and z= z(€) arefound by solving the set of ordi-
nary differential equations

ayg + (A—k&)y +yf(y/2) = 0,
azg + (A —k&)z+zg(y/z) = 0.

8°. Let k betheroot of the algebraic (transcendental)
equation

f(k) = g(k). (7)
Then, there is an exact solution of the form

u=ke'e, w=¢€" A= f(K),
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where the function 8 = 6(x, t) obeys the linear heat
equation

00 _ 20’0
ot N
9°. The solution that is periodic intimet is
u = Akexp(—px)sin(Bx—2aput + B),
w = Aexp(—px)sin(px—2aput + B),

_ 2 1 1/2
B = B,l +af(k%

where A, B, and [ are arbitrary constants and k is the
root of algebraic (transcendental) equation (7).

10°. The solution

u= q)(t)eprg(q)(t))dt}e(x, 1),

(®)

w = exp| [9(0(1)dt[o(x,1),

where the function ¢ = ¢(t) is described by a nonlinear
first-order ordinary differential equation with separable
variables:

o = [F(0)-a(9)]9, ©)

and the function 8 = B(x, t) obeys linear heat equation
(8). The partia solution ¢ = k = const of Eq. (9) corre-
sponds to the solution form example 8°. The genera
solution of Eqg. (9) iswritten in the implicit form

do _
If@=e@me ~ ¢

Note. Let u=u(x, t) and w = w(x, t) be a solution of
set (6). Then, the functions

Au(x+C;,t+C,),
Aw(x x+C,, t+C));

U

W,
exp(AX +ar’t)u(x + 2aAt, t),

exp(AX + aA’t)w(x + 2aht, t),

(where A, C,, C,, and A are arbitrary constants) are also
solutions of the same equations. These expressions
enable oneto “breed” exact solutions. For this purpose,
for example, one can use the solutions of set (5) atb=a,
which were presented above in examples 1°-5°, and the
solution from examples 6°, 7°.

Set 5 contains three arbitrary functions, which are
functions of the ratio of the sought quantities:

U,

W,

ou_ 0’u uo, M0

5t - A2 ot G

ow _ _9°w_ .rud_ (U]

ot - a5 TWIRRT e
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L et k betheroot of the dgebraic (transcendenta) equation
g(k) = kh(k).
1°. The solution at f(k) # 0 is
_ _hko
U0t = kxRl (U8 (% O = F i
h(k)
f(k)’
wherethefunction 6 = 8(x, t) obeyslinear heat equation (8).
2°. The solution at f(k) =0 is

u(x,t) = K[8(x, t) + h(k)],
w(x 1) = 8(x t) + h(K)t,

wherethefunction 8 = 8(x, t) obeyslinear heat equation (8).

Set 6 contains three arbitrary functions, which are
functions of the ratio of the sought quantities:

w(x, 1) = exp[ f (k)]0 (x t) — a2

du _ 0% Ui, U, [H0
ot - ARt u gt e

ow _ OW U0, MO
5t - 852 TWIRn T e

The solution is

u= q)(t)G(t)[e(x £ + J'g(g;dt}
W= G(t)[e(x £ + Ig((q:;dt}
G(t) = exp| [a(@)ct],

where the function ¢ = ¢(t) is described by nonlinear
first-order ordinary differential equation (9) with sepa-
rable variables and the function 8 = 6(x, t) obeys linear
heat equation (8).

Set 7 contains two arbitrary functions, which are
functions of the ratio of the sought quantities:

ou _ 6 Uy Bfdo  ow

ot ax Ll ot

1°. The noninvariant solution is[24, 25]
us=(x+A9(2, w=(x+AY(2),

aw aw

1 2
= t+—=(x+A)+
z=t 6a(x )+ B,
where A and B are arbitrary constants and the functions

¢ = d(2 and Y = Y(2) are found by solving the set of
ordinary differential equations

s, +9ad>f (¢/y) = 0,
Wy, +920°g(¢/y) = O.
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2°. Self-similar solutions; see set 9, example 1° at
n=3.

Set 8 contains two arbitrary functions, which are
functions of the ratio of the sought quantities:

ou _ d°u 3.[U
5 = — tau-u faﬁ,

ot 9x
ow _ a w m'n
E A i)

1°. The solution at a> 0is[24]
u= [Clexp%JZ_alx+ga%
—Czexpg— %JZ_aLx+ ga%}q)(z),
W = [Clexp%@x+ ga%
—Czexpg—%@ﬁ ga%}w(Z),
z= ClexpEQJ_alx+ a%

1 3
EJZ_alx + éa% + C3,

where C,, C,, and C; are arbitrary constants and the
functions ¢ = ¢(2) and P = Y(2) are found by solving
the set of ordinary differential equations
ady, = 20°F(/W), ayy, = 20°g(¢/).
2°. Thesolutionat a< 0is[24]

+Cexp E—

u = expZalsn./2lalx + U (),
w = expEadsin 2 /2falx+ COW(E),
& = expEBEa%COS%«/mX"'CE"'CZv

where C, and C, are arbitrary constants and the func-
tions U = U(§) and W= W(§) are found by solving the
set of ordinary differential equations

aUy; = 2U°%f(U/IW), aWj = —2U°g(U/W).

Set 9 contains two arbitrary functions, which are
functions of the ratio of the sought quantities, and a
power-law function:

ow _ , o°w

ou _ au MO Ow _ w'gHd
ot - etV Gt 705 WO

At f(2) = kzMand g(2) = —kz"- ™M, this set describes a
chemical reaction of order n (of order n—min the com-
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ponent u and of order min the component w); the values
n=2 and m= 1 characterize the frequently encountered
case of a second-order reaction [1, 2, 4].

1°. The self-similar solution is
u = (Cyt+Cy) " "y(),

x+C
w = (Cit+C) " 2(F), &£= —Fr,
T (Cyt+Cp)™*
where C,, C,, and C; are arbitrary constants and the

functionsy = y(§) and z= z(€) are found by solving the
set of ordinary differential equations

n 1 1 C n
ays; + 5Ci8y; + =y +y'fBH = 0,
bzl + =C Ez + S z+2'g = o
w T phsa T T2tz ogn T

2°. Thesolutionat b=ais
u(x,t) = kB(x,t), w(xt) = 8(xt),
where Kk is the root of the algebraic (transcendental)
equation
K" (k) = g(k),
and the function B = B(x, t) obeys an equation contain-
ing a power-law function:

00 _ ad’d n
i W+g(k)6 .

For exact solutions of this equation, see [14, 19, 24].

Set 10 contains three arbitrary functions, which are
functions of the ratio of the sought quantities, and log-
arithmic functions:

du _ 9% run U0
ot a6x2+Uf[W]|nU+u9ﬂ/\D’
ow _ _0°w U0 U0
3 a—axz +Mﬂ/\Dan+Whﬂ/\D'

The solution is

u(x,t) = ¢(WV6(x, 1), w(xt) = P(t)8(x 1),
where the functions ¢ = ¢(t) and Y = (t) are found by
solving the first-order ordinary differential equations

¢ = ¢[9(9) —h(¢) + f(9)Ing], (10)

Pe = Ylh(¢) + £(9)Iny], (11)

and the function 8 = B(x, t) is described by the differen-
tial equation

2
9 - 228 t(¢)0Ine.
0X

i (12)
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The solution of Eq. (10) with separable variables can be
represented in implicit form. Equation (11) is easy to
integrate, since the change of variable | = € reduces it
to a linear equation. Equation (12) allows exact solu-
tions of the form

B = exp[oy(t)X" + 0y (t)x + Og(t)],
wherethefunctions o, (t) are described by the equations

o, = f(¢)o,+4acs,
o, = f(¢)o, +4ao,0,,
o, = f(¢)o,+ac’ +2ao,.

This set can be sequentialy integrated, since the first
equation is the Bernoulli equation and the second and
third equations are linear in the sought function. Note
that the first equation has the partial solution g, = 0.

Note. Equation (10) allowsthe singular solution ¢ =
k = const, where kisthe root of the algebraic (transcen-
dental) equation g(k) — h(k) + f(k)Ink = 0.

ARBITRARY FUNCTIONS ARE FUNCTIONS
OF THE PRODUCT OF VARIOUS POWERS
OF THE SOUGHT QUANTITIES

Set 11 contains two arbitrary functions, which are
functions of the product of various powers of the sought
guantities:

ou _ 02u n,. m
i aax2+uf(u w),
ow _ 0°w

i 5)—(5+wg(unwm).

The solution in the form of the product of severa trav-
eling waves with different velocities:

u=e"My@E), w= e Mye),
€ = Bx—wt,

wherek, A, B, and y are arbitrary constants and the func-
tionsy = y(§) and z= &) are found by solving the set
of ordinary differential equations

ap’yg; + (2akmB +y)y;
+m(ak’m+A)y +yf(y'2") = 0,

bB*Z; + (—2bknB + y)Z;
+n(bk’n=A\)z+zg(y"z") = 0.

The particular case k = A = 0 describes a solution of the
traveling-wave type.

Note. The solution obtained generalizes the results
of Barannyk [24], who considered the case A = 0.

No. 6 2004



628

Set 12 contains two arbitrary functions, which are
functions of the product of various powers of the sought
quantities, and power-law functions:

Ju _ 62u 1+kn n_m

E—aaxﬁu f(uw?),
aW_ aZW 1—km n._m
3 bax2+W g(uwh).

The self-similar solution is

U= (Cit+C) M My(E), w=(Cit+Cy)Y*™Mx2),
__X+GC
(Cit+Cy)"?

where C,, C,, and C,; are arbitrary constants and the
functionsy = y(§) and z= z(&) are found by solving the
set of ordinary differential equations

" 1 ., C 1+kn n_m _
ayge +5CEYE + oy +y (Y2 = 0,

1

éclzz'z—&z+zl_kmg(y"zm) = 0.

le +
b 33 km

Set 13 contains two arbitrary functions, which are
functions of the product of various powers of the sought
guantities, and logarithmic functions:

Ju _ 02u n_m
% aax2+culnu+uf(u w),

2
AL Wr cwlnw + wg(u"w™).

At gy
1°. The solutionis

u = exp(Ame™)y(§), w = exp(-Ane™)z(&),
£ = kx—A\t,

where A, k, and A are arbitrary constants and the func-
tionsy = y(§) and z= z€) are found by solving the set
of ordinary differential equations

ak®yie + Ay; + cylny + yf (y'2") = 0,
bk’Z; + \Z; + czInz+ zg(y"Z") = O.

The particular case A = 0 describes a solution of the
traveling-wave type. At A = 0, thereisasolution in the
form of the product of two functions of timet and coor-
dinate x.

2°. Ata=band n=-m, see set (10), in which one
should take f(u/w) = ¢ and, then, sequentially redencte
the function g by f and the function h by g.
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ARBITRARY FUNCTIONS ARE FUNCTIONS
OF THE SUM OR DIFFERENCE
OF THE SQUARES OF THE SOUGHT
QUANTITIES

Set 14 contains two arbitrary functions, which are
functions of the sum of the squares of the sought quan-
tities:

2
%’ = ag—XL;+uf(u2+w2)—wg(u2+w2),
ow _ 9w

T +wf (U? +w?) + ug(u® + w?).

At f(2) = k—zand g(2) = -2, the set under consideration
without diffusion (a = 0) was used to model kinematic
waves in Belousov—Zhabotinskii-type reactions [8,
p. 211].

1°. The solution that is periodic in the spatial coor-
dinate with phase shift of the components:

u = Q(t)cosp(x,t), w = @(t)sing(x1),
d(x 1) = Cox+ [g(y)dt + Cy,
Here, C, and C, are arbitrary constants and the function
U = Y(t) isfound from the autonomous ordinary differ-
ential equation
W = wi(y®)-acly,
the general solution of which can be written in the
implicit form
I—zdw — = t+Cs.
Wf () —aCiy
2°. The solution that is periodic in time with phase
shift of the components:
u = r(x)cos[0B(x) + C,t +C;],
w = r(x)sin[B8(x) + C;t + C,],
where C, and C, are arbitrary constants and the func-
tionsr = r(x) and 8 = B(x) are found by solving the set
of ordinary differential equations
arl, —ar(8.)’+rf(r’) = 0,
ar@., +2ar.0. —C,r +rg(r’) = 0.

3°. The solution (which generalizes the solution
from example 2°) is[24]
u=r(z)cos[B(z) +Cit +C,],

w =r(2)sn[B(z2) +C;t+C)], z = xX+At,

whereC,, C,, and A arearbitrary constants and the func-
tionsr =r(2) and 6 = B(2) are found by solving the set
of ordinary differential equations
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art, —ar(0)*=Ar,+rf(r?) = 0,
ar@. +2ar.0,—Ar6,—C,r +rg(r’) = 0.

Note. The set considered and its solutions can be

obtained by separating the real and imaginary parts of
the generalized Landau—Ginzburg equation of special
form [19, p. 135, Eq. (3) at b=0].

Set 15 contains two arbitrary functions, which are

functions of the difference of the sguares of the sought
quantities:

u _ ag—u+uf(u —w) +wg(u”—w),
X

ot
%—\iv = a‘Z—XW+wf(u —w?) + ug(u® —w).

1°. The solution is
u = Q(t)coshdp(x,t), w = Y(t)sinhdp(x,t),
d(x 1) = Cox+ [g(y)dt +C,,

Here, C, and C, are arbitrary constants and the function
P = Y(t) isfound from the autonomous ordinary differ-

ential equation
= Yf (Y°) +aCly,

the general solution of which can be written in the
implicit form

dy
I Wt (y*) +aCly

2°. The solution is
u = r(x)cosh[B(x) + C;t + C,],
w = r(x)sinh[B(x) + C;t + C,],

where C, and C, are arbitrary constants and the func-
tionsr = r(x) and 6 = B(x) are found by solving the set
of ordinary differential equations

ar! +ar(0))’+rf(r?)
are;, + 2ar.0, +rg(r’) = C,r

01

0.

3°. The solution (which generalizes the solution
from example 2°) is

u = r(z)cosh[B(z) + C;t + C],
w = r(2)snh[B8(2) + Cit +C,], z = X+At,

where C,, C,, and A arearbitrary constants and the func-
tionsr = r(2) and 6 = B(2) are found by solving the set
of ordinary differential equations

arl +ar(8)° —Ar,+rf(r’) = 0,
ar@. +2ar.0,—Ar6,—C,r +rg(r’) = 0.

Set 16 contains three arbitrary functions, which are
functions of the sum of the squares of the sought quan-
tities, and inverse trigonometric functions:

du _ ag—u+uf(u +w) —wg(u® +w)
X

ot
—warctan EUDh(u2 +w),
ow o°w
= = a—; +wf(u*+w’) + ug(u®+w’)

+ uarctan EUDh(u2 +w).

The solution with functional separation of variables
(which, at fixed t, determines the structure that is peri-
odic in x with phase shifts of the components) is

u = r(t)cos[¢(t)x + Y(t)],

w = r(t)sin[¢(t)x+ ()],
where the functionsr = r(t), ¢ = ¢(t), and P = Y(t) are

found by solving the set of ordinary differential equa-
tions

r= —ard’+rf(r?,
o; = h(r®)¢,
W = h(r’)yp +g(r%).

Set 17 contains three arbitrary functions, which are
functions of the difference of the squares of the sought
guantities, and inverse hyperbolic functions:

2
u ag—tzj + uf (u” —=w?) + wg(u® —w’)
X

ot
+WarctanhDADh(u —W)
ow _ aa—W+wf(u —w?) + ug(u’ —w?)

+ uarctanh h(u -w )

The solution with functional separation of variablesis
u = r(t)ycosh[¢(t)x+W(t)],
w = r(t)sinh[¢(t)x + Y(t)],

where the functionsr = r(t), & = ¢(t), and Y = i(t) are

found by solving the set of ordinary differential equa-
tions

r= ard’+rf(r’),
¢ = h(r’)¢,
Wi = h(r)w+g(r).
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ARBITRARY FUNCTIONS ARE FUNCTIONS
OF A COMPLEX COMBINATION
OF THE SOUGHT QUANTITIES

Set 18 contains two arbitrary functions, which are
functions of a complex argument:

ou _ 0°U . k+1 _ 0 W
= = aa_x +u f(), ¢ = uexpD o
ow _ 0w ke

a_‘f[" = _V_;’+ () Inu+g(9)].

The solution is[24]

U= (Ct+ G My (), x* G

§ = —————;,
(Cit+ C2)1/2

W= (Cit+ G 28 - gn(Cut+ Cy(®) |,

where C,, C,, and C; are arbitrary constants and the
functionsy = y(§) and z= z(€) are found by solving the
set of ordinary differential equations

" 1 1 C +
ayEE+§ClEyZ+?1y+yk 'f(¢) =0,

1 1 1 C C
bz,55+§C1£zE ” it ?y
+y 1L (0)Iny +9(9)] = 0,
_ 4]
¢ = YePIy

Set 19 contains two arbitrary functions, which are
functions of different arguments:

Ju _ au

i 2 — +uf(u Z+wh) — WgEUD’
ow _ _d°w W
i a—ax +Wf(u +W)+ugEUD

The solution with functional separation of variablesis
u = r(xt)cosp(t), w = r(x t)sing(t),

where the function ¢ = ¢(t) obeys the first-order ordi-
nary differential equation with separable variables,

¢; = g(tang), (13)
and the functionr = r(x, t) is described by the differen-
tial equation

or _ ad’r

6'[ 6X2
The general solution of Eq. (13) is expressed in the
implicit form

+rf(r?). (14)

+C.

d
Jotang) =
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Equation (14) allows an exact solution of the traveling-
wave typer = r(2), where z= kx — At (k and A are arbi-
trary constants) and the function r(2) is determined by
the autonomous ordinary differential equation

ak’ro, + Ary+rf(r’) = 0.

For exact solutions of Eq. (14) at different functionsf,
see[17, 19].

Set 20 contains two arbitrary functions, which are
functions of different arguments:

ou _ 0u _ WD
3% - aax +uf(u W)+WgEUD,
ow _ _d°w 3 W
3 a——ax +Wf(u W)+ugEL|D'

The solution with functional separation of variablesis
u = r(x t)coshd(t), w = r(x, t)sinhd(t),

where the function ¢ = ¢(t) obeys the first-order
ordinary differential equation with separable variables:

¢, = g(tanho),

and the function r = r(x, t) is described by differential
equation (14) (about its solutions, see set (19)).

STEADY-STATE SETS IN TWO INDEPENDENT
VARIABLES

Set 21 contains two arbitrary functions, which are
functions of the ratio of the sought quantities:

BN

au au f[pg aw aw Wg[wj

ax2 ay LW gy ay

1°. The solution in the form of the product of func-
tions of different arguments that is periodic in the spa-
tial variable x (a similar solution can be obtained by
interchanging x and y) is

u = [C;sin(kx) + C,cos(kx)]¢ (),
w = [Cysin(kx) + C,cos(kx)JW (y),

where C,, C,, and k are arbitrary constants and the func-
tions¢ = ¢(y) and Y = Y(y) are found by solving the set
of ordinary differential equations

oy, = Ko +0f ($/y),

Wy, = KW+ wg(d/p).

2°. The solution in the form of the product of func-
tions of different argumentsis

u = [C,exp(kx) + C,exp(=kx)] U(y),
w = [Ciexp(kx) + C,exp(—kx)] W(y),
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where C,, C,, and k are arbitrary constants and the func-
tions U = U(y) and W = W(y) are found by solving the
set of ordinary differential equations

Uy, = —k’U + Uf(U/W),
W, = —k*W + Wg(U/W).

3°. The degenerate solution in the form of the prod-
uct of functions of different argumentsis

u = (Cix+CyU(y), w = (Cyx+C,)W(y),

where C, and C, are arbitrary constants and the func-
tions U = U(y) and W = W(y) are found by solving the
set of ordinary differential equations

Uy, = UF(U/W), W, = Wg(U/W).

4°. The solution in the form of the product of func-
tions of different argumentsis

U= ea1x+b1ya(z), W= ealx+b1y

Z = a,X+ by,

n(2),

where a,, &,, b;, and b, are arbitrary constants and the
functions & = &(2) and n = n(2) are found by solving the
set of ordinary differential equations

(a5 + b3)Ey, + 2(a,@, + byb,)E,
+(al +b})E = Ef(E/n),
(a5 +b3)Ny, + 2(aya, + b;by)n,

+(ai+bH)n = ng(&/n).

Note. Sets 21-23 have axisymmetric solutions u =
u(r) and w=w(r), wherer = ( + y*)'/2, which are not
considered here.

Set 22 contains two arbitrary functions, which are

functions of the product of various powers of the sought
guantities:

2 2

a—l; + 6_1; = uf (u"w"),
ox~ 0y

2 2
a—V;/ - a_v;/ = wg(u'w").
0X y

The solution in the form of the product of functions of
different arguments:
u= em(a1x+b1y)z(z), W = e—n(a1x+b1y)n(z),
Z = a,X+ by,
where a,, &,, b;, and b, are arbitrary constants and the

functions & = &(2) and n = n(2) are found by solving the
set of ordinary differential equations
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(83 + b2) &}, + 2m(aya, + b;b,)E,
+m(al+b)E = EF(E™M™),
(83 + bz)n},—2n(aya, + biby)n,
+n*(ai+b)n = ng(€'™.
Set 23 contains two arbitrary functions, which are

functions of the sum of the squares of the sought quan-
tities:

2 2
gx—l; + g——g = uf(u2 +W2) —Wg(u2 + WZ),
2 2
a—V;/+ a—V;/ = Wf(u2+W2) + ug(u2+W2).
ox~ oy

1°. The solution that is periodic in the y coordinate
with phase shift of the components:

u = r(x)cos[B(x) +C,y+C,],
w = r(x)sn[B8(x) + C,y+C,],
where C, and C, are arbitrary constants and the func-

tionsr = r(x) and 6 = 6(x) are found by solving the set
of ordinary differential equations

F = 1(8))°+ Cir +rf(r?),

rel. = —2r.0. +rg(rd.

2°. The solution (which generalizes the solution
from example 1°) is

u =r(z)cos[B(z) +C,y+C,],
w = r(z)sin[B(z) + C,y +C,],
Z = kyx+Kkyy,

where C,, C,, k;, and k, are arbitrary constants and the
functionsr = r(2) and 6 = 6(2) are found by solving the
set of ordinary differential equations

Kir(8))% +r (ko8 + Cy)* + rf (r%),
—2[(K; + k2)8} + Ciko] r +rg(r?).

(K +k)ry, =

(K; +k2)res,

SOME GENERALIZATIONS
FOR SETS OF TWO EQUATIONS

A number of the above results allow essential gener-
alizations.

Set 24 contains an arbitrary operator and three arbi-
trary functions of two arguments, which are functions
of a linear combination of the sought quantities and
time (set 24 generalizes set 2):
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g—‘tJ = L[u] + uf (t, bu—cw) +g(t, bu—cw),
= Liw] +wf (t, bu—cw) + h(t, bu—cw).

Here, L isan arbitrary linear differential operator in the
gpatia variables x,, ..., X, (of any order in the deriva-
tives), the coefficients of which may be functions of
Xy +eer Xy L

Below are examples of operatorsthat are frequently
used in heat- and mass-transfer theory:

_ 0 ou Jou
LI = 5 a005; |+ B,

L[u] = aglj+ﬂ+‘3—§
oXx

[ox; 0x2

Thefirst operator is used in one-dimensional problems
of convective mass transfer with variable diffusion
coefficient, and the second in various three-dimen-
siona problems.

The solution is

u= o)+ ceprf(t, bo —Clp)dt}e(x, 1),

W= W(t) + bexpD’f(t, bo —Clp)dt}e(x, t),

where ¢ = ¢(t) and Y = Y(t) are found by solving the set
of ordinary differential equations

by = ¢f(t, b —cy) +g(t, bp —cy),
= Yf(t, bo —cy) +h(t, by —cy),
and the function 8 = 6(x,, ..., X,, t) obeys the linear
equation
00 _
ot = L[6]. (15)

Set 25 contains an arbitrary operator and two arbi-
trary functions of two arguments, which are functions
of the ratio of the sought quantities and time (set 25
generalizes set 4):

= L[u] +uf{, \%,

ow _
3t = L[w] + Wg%

Here, L is an arbitrary linear differential operator
described in set 24.

The solution is
u= ¢(t)eprg(t ¢(t))dt}e(x1, X 1),
w = eprg(t ¢(t)>dt}e(xl, e X 1),
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where the function ¢ = ¢(t) is described by the nonlin-
ear first-order ordinary differential equation

0. = [f(t.9)—0a(t. 9)]9,

and the function 6 = 8(x, ...
tion (15).

Note. The coefficients of the operator L may also be
functions of the ratio u/w of the sought functions. Asan
example, let us consider anonlinear set of the reaction—
diffusion type:

(16)

, X, 1) obeys linear equa-

ou _ i[ UD6U}+ un
ot ox| U wlox "w
ow _ 9 uow

at dx[f }+ whi, 05

which contains three arbitrary functions of two argu-
ments. This set has an exact solution of the form

u= ¢(t)eprh(t, ¢(t))dt}e(x, 1),
w = epr’h(t, q)(t))dt}e(x, t),

wherethefunction ¢ = ¢(t) isdescribed by the ordinary
differential equation

o¢ = [a(t, ) —h(t, 9)]0,
and the function 8 = B(x, t) obeys the linear equation

90 _ 9°0
i f(t,¢(t))a—xz- 17)

The substitution T = J' f (t, d(t))dt reduces Eq. (17) to
the linear heat equation

08 _ 0%

o0t B axz.

Set 26 contains an arbitrary operator and three arbi-
trary functions of two arguments, which are functions
of the ratio of the sought quantities and time (set 26
generalizes set 6):

g‘tj L[] +uf§, 35+ Sn U

ow _

i +wgrd, J*“B sl

Here, L is an arbitrary linear differential operator
described in set 24.

The solution is
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"= ¢(t)G(t)[e(x1,.. X, 1) + J’hg(tq;)dt}
w = G(t)[e(xl,.. X, 1) + J’hg(tq;)dt}

G(t) = exp| [o(t, d)ct

where the function ¢ = ¢(t) is described by nonlinear
first-order ordinary differential equation (16) and the
function 8 = 6(x,, ..., X,, t) obeyslinear equation (15).

Set 27 contains two arbitrary operators and two
arbitrary functions of two arguments, which are func-
tions of the ratio of the sought quantities and time (set
27 generalizes set 4):

ou/ot = L,[u] +uf(u/w),
ow/ot = L,[w] +wg(u/w).
Here, L, and L, are arhitrary linear differential opera-

tors (of any order) in the x coordinate with constant
coefficients.

1°. The solution in the form of the product of two
traveling waves with different velocitiesis
u=e"“MyE), w=e""2), &=px-wt,

wherek, A, B, and y are arbitrary constants and the func-
tionsy = y(§) and z= &) are found by solving the set
of ordinary differential equations

Mi[y] +Ay +yf(y/z) = O,

M,[Z] +Az+2z9(y/z) = O;

Myl = €L [e¥y(E)],

M2 = e™L,[e"2(¢)].
The particular case k = A = 0 describes a solution of the
traveling-wave type.

2°. If the operators contain only even derivatives,
there are solutions of the form

u = [C,;sin(kx) + C,cos(kx)]d (1),
[C,sin(kx) + C,cos(kx)|W (t);

u = [Ciexp(kx) + C,exp(—kx)]¢ (1),
[Ciexp(kx) + Cyexp(—kx)]y (1);
u = (Cix+Cy)o(1),

w = (Cyx+ Cu(t),

where C,, C,, and k are arbitrary constants (the first
solution is periodic in the spatial coordinate, and the
third solution is degenerate). Note that the coefficients
of the operatorsL, and L, and the functions f and g may
also be functions of time.

Set 28 contains an arbitrary operator and three arbi-
trary functions of two arguments, which are functions

w

w
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of the ratio of the sought quantities and time (set 28
generalizes set 10):

gltj = L[u] +uf% VEInu+ugB
ow _ M
5 = LW +wfH, wjlnw+whg

Here, L isan arbitrary linear differential operator in the
spatia variables x,, ..., X, (of any order in the deriva-
tives), the coefficients of which may be functions of
Xy +oer Xy L

The solutionis

u=oMW(t)B(xy, ..., Xy, 1),

w = Y(t)e(x,, ..., X, t),
where the functions ¢ = ¢(t) and Y = Y(t) are found by
solving the set of ordinary differential equations

b: = o[9(t, ¢) —h(t, ¢) + f(t, ¢)Ing],

= Y[h(t, ¢) + f(t, ¢)Iny],
and thefunction 8 = 8(x,, ..., X,, t) obeysthe differential
equation

(18)

a6
ot

If asolution of the first equation of set (18) is known,
then a solution of the second equation can be found by
the change of variable ) = € (it is reduced to a linear
equationfor ¢). If L isaone-dimensional operator (n=1)
with constant coefficients and the functions f = const
then Eqg. (19) has a solution of the traveling-wave type
0 = B(kx — At).

= L[6] + f(t, )0Iné. (19)

SOME GENERALIZATIONS
FOR MULTICOMPONENT SETS

Set 29. Let us consider the multicomponent set
du, /ot = L[ug]

+umf(t ul_bl ny e —1_bn—1un)
+0n(t, Uy —byUy, ... Uy =B Uy),
m=1,...,n,

which contains n + 1 arbitrary functionsf, g,, ..., g, of
n arguments. Here, L is an arbitrary linear differential
operator in the spatial variables x,, ..., X, (of any order
in the derivatives), whose coefficients may be functions
of X, ..., X,, t. It issupposed that L[const] =

The solutionis

m = Om(t)
+expD’f(t,¢1—bl¢n, R
X O(Xgy ooey X 1).

bn_lq)n)dt}
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Here, the functions ¢,,, = ¢,(t) are found by solving the
set of ordinary differential equations

d); = d)mf(ta ¢1_b1¢n’ ---1¢n—l_bn—1¢n)
+ gm(t’ ¢1_bl¢nv AR q)n—l_bn—lq)n)v
where m = 1, ..., n; the prime means differentiation
with respect to t; and the function 8 = 8(x,, ..., X,, t)
obeysthe linear equation
a6
at = L[6]. (20)
Set 30. Let us consider the multicomponent set (m=
n-1)
O =L +Up,f th-0]
at [um] Um m% . u, W
Upogj U Unog]
+ ung%l un! LR ] un Dl
au, un_JD
3 = Lud vt 2 S
U U
+g%! unl ey un |:|l
which contains n + 1 arbitrary functionsf,, ..., f,, g of

n arguments. Here, L is an arbitrary linear differential
operator described in set 29.

The solution is

= ¢m(t)Fn(t>[e<x1, ) X 1)

g(t, dg, by 1)
i ommd|
m=1,..n-1,
- Fn(t)[e(xl, %) +Ig(t' ¢}:’n'('6¢”‘1)dt},

Fo(t) = exp| [ folt, 01, oes ),

where the functions ¢,,,= ¢(t) are found by solving the
set of ordinary differential equations

Om = Ol Frn(t @1, o bnog) = Tt 04, o 0],
m=1,..n-1,
and the function 8 = 6(x,, ..., X,, t) obeys linear equa-

tion (20).

Some comments. The sets of the general form (con-
taining arbitrary functions) and their exact solutions,
which were considered above, enable one to model var-
ious heat- and mass-transfer processes in stagnant and
flowing reactive media. The results obtained can be
used to analyze nonlinear effects and develop new mod-
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elsin mathematical biology and chemical engineering,
and also to design some experiments. The exact solu-
tions presented alow one to efficiently test various
numerical and approximate methods.
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