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Abstract

Consider a classical Hamiltonidi in » dimensions consisting of a ki-
netic energy term plus a potential. If the associated Hamilkacobi equa-
tion admits an orthogonal separation of variables, thempossible to gen-
erate algorithmically a canonical basds P whereP, = H, Py, ---, P, are
the other 2nd-order constants of the motion associated tiwithseparable
coordinates, and(;, Q;} = {F;, Pj} = 0, {Q;, Pj} = d;5. The2n — 1
functionsQs, - - -, Qn, Py, - - -, P, form a basis for the invariants. We show
how to determine for exactly which spaces and potentialsrivegiant (),
is a polynomial in the original momenta. We shed light on teeayal ques-
tion of exactly when the Hamiltonian admits a constant ofrttation that is
polynomial in the momenta. Fer = 2 we go further and consider all cases



where the Hamilton-Jacobi equation admits a 2nd-ordertaohsf the mo-
tion, not necessarily associated with orthogonal separebbrdinates, or
even separable coordinates at all. In each of these casesnsuct an
additional constant of the motion.

1 Introduction

The quest for integrable systems has a long history. B#&gidhe question is,
given a classical Hamiltoniali = H(x, p) wherex = (z1,...,x,),p = (P1, .-, Pn)
how can one find all the solutions to the Poisson bracket tiomdi
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H,L} = - = 1

=1

whereL = L(x,p),[1]. There is no known comprehensive solution to this prob-
lem. However, if the associated Hamilton-Jacobi equakigr, 22) = E is addi-
tively separable in the orthogonal variablehen a complete integral of the equa-
tion can be constructed by quadratures and one can find adfasis- 1 function-

ally independent solutions to equation (1). Indeed theanigxplicit canonical
change of coordinates from the variabdeg with {z;, p,} = ¢, to variableLQ, P
whereP, = H, P,, - - -, P, are the other 2nd-order constants of the motion associ-
ated with the orthogonal separableoordinates, andQ;, Q;} = {F;, P;} = 0,

{Qi, P;} = d;;. Thus the2n — 1 functions@)s, - - -, Q,, P, - - -, P, form a basis

for the invariants. Each invariaft; can be expressed as a sum of the form

n

Qj =Y M;(z;,P), (2)

k=1

see [1].

Numerous examples have been found through this approathmportant
problems remain. Many of the known interesting dynamicateays have ex-
tra constants of the motioh which arepolynomial in the canonical momenta
pi,i = 1,---,n. This often enables global statements to be made aboutstensy
in question, e.g., the existence of closed orbits. Howekierjgh many interesting
results have been obtained, e.g. [2], an algorithmic wayeoiegating all poly-
nomial solutions to (1) is not known. In particular from théased integrals in
(2) it is difficult to tell if @), is a polynomial in the momentg. In this article
we adopt g-based approach to the calculation of the invarigntsn which the
term M, take the formM, = M (p,, P), and we can say in advance for exactly
which separable metrics and potentiglsis a polynomial in the momenta. We
give, in principle, a complete solution to this problem. Mover, we show how



to characterize each teri, in (2) by the Poisson bracke{s\/,, P;}. [Note:
Although the termM/, (x, P) always exists, there are cases where it cannot be
expressed ad/.(pi, P), i.e., as a function op, alone. These are exactly the
cases where,, is anignorable variable, i.e., where the components of the metric
tensor in thex-coordinates do not depend eop and where, also, the potentiél
doesn’'t depend om;. However, these special cases whéfg and the invariant
Q; of which it is a component term always have polynomial depecd (after
multiplication by a linear combination of second-orderanants) can be handled
separately or by requiring thaf, depends on a variable with soméependence,
such asVly(r(zx)pk, P) treated below.]

Of course, the system could admit a polynomial invariant

L:R(PJQQJ...JQTL)

such thatZ, P is functionally independent, evendj., - - -, (),, are not polynomi-
als. It is a much more difficult problem to classify all suctsgibilities for poly-
nomial L as functions of possibly nonpolynomi@,;. We make some progress
toward the solution of this problem, through the consideredf important exam-
ples. These questions of when a system with n second-oraetarus of the
motion (generated by an orthogonal separation of varigtadmits additional
poynomial constants of the motion are closely related tocthrcept of super-
integrability, [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16].

For dimensiom = 2 in this paper, we go beyond the formulation discussed
above and consider all cases where the Hamilton-Jacobtieguedmits a 2nd-
order constant of the motion, not necessarily associatddosihogonal separable
coordinates, or even separable coordinates at all. In €atiese cases we con-
struct an additional constant of the motion.

2 Cartesian systemsin two dimensions

Let us first consider two dimensional Euclidean space. IrgSan coordinates
the HamiltonianH has the form

H =p,+p, +V(z,y).

If we have separation of variables in Cartesian coordinhegotential must take
the form
Viz,y) = X(z) +Y(y). 3)

We immediately observe that there are already two invagiansing from the
separation, namely,, = p; + X(z) andL, = p> + Y (y). Our problem is to
calculate a third invariant and determine when it can be@hés be a polynomial
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in the canonical momenta. To do this we compute two functibis;, p,) and
N(y, p,) that satisfy the conditions

{H,M} =1, {H,N} =1. 4)

These equations can be solved in principle if we know theimaigunctions X
andY'. Indeed if we write out the first of these conditions we obtain

oM oM
my— — X' = 1.
P ox Opy
This equation can be readily solved to give
M= — / X' o

where@ = p, andL, = p2 + X. (We considerX’ ' = 2 to be a function
of X = L, — % to compute the integral. An arbitrary functighiZ,, L,) can
be added to the integral, but this makes no difference sincé, are invariants.)
Once M and N have been determined, we see that= N — M must be an
invariant. It is immediately clear that X = v wherep is an integer thed/ is a
polynomial inp,.. As examples of this consider

1.p=3
8
M:—3x%px—4x%pi—5pi.
2.p=4
3 1 32 1 64
M = —dgip, — 8z3pd — ZZgipp — 227

It follows from these two examples that the Hamiltonian
2 2 1 1
H =p; +p, + 23 +y?
has in addition to the obvious invariants
2 1 2 1
Ly =p; + a3, Ly =p, +y1,

the additional invariant
32 1 64

2 1 8 3 1 1
Ly = 3w3p, +4w3p, + 2p; — 4y'py — 8y?p, — —yiv, — =p, (5
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From this observation we conclude that all potentials offtinmn
V = az? + Byt (6)

have the superintegrability property with three functibgnandependent invari-
ants which are polynomial ip, andp,. This includes the known examples cor-
responding t = 1,2. If X(z) is determined by a polynomial relation of the

form
n .
Z a; X! =x
j=1

we can go even further. Then the functibhis always a polynomial in the canon-
ical momentunp,. As an example consider

X(z) =27"P[{z + Va2 + 3P — {z + Va2 +1}717). (7)

The inverse function is 5
o 3

and the corresponding functidv (z, p, ) is given by

8
—M(z,pa) = =p; +4Xp; +3X7p, +
It is clear that all that we have done applies also to potktieat separate in
n dimensions, in Cartesian coordinates. There is only orteduCartesian case
for which polynomial invariants can be generated. Let usmer the case when
X (z) = w?z?. The corresponding functiol (z, p,) is given by

3
%pm-

1 Wl — 2
M(z,p,) = — arcsin(;ipx
4wy wiz? + p?

).

If Y(y) = w3y? this establishes that the Hamiltonian
H = p} +pj, + wia® + w3y’ (8)

has the constant of motion

2,2 2 2,2 2
Ly = — arcsin(—5—5——) — arcsin(—5——-—
Wy wix® + pg 4wy w3y* + p,

), 9)

in addition to the constants, = p; + wiz® and L, = p; + wjy®. In general
this invariant is not polynomial in the canonical momentawsver, ifw; /w; is
a fractionp/q for integersp, g thenw; = ps, w, = gs and L = sin(4spqLs) will
be a rational invariant whose common denominator is a ptoafysowers ofL,
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and L,. The numerator is then an additional polynomial invariang,, consider
w1 =1, ws = 2. Then

Ly L5 — 2(xp, — 4yp.py — 42y°)°
L2 ’

L}, = sin(8L3) =

which indicates thaLy = xp; — 4yp.p, — 4zy” is an additional invariant. In gen-
eral, L} L% sin(4spgLs) will be a polynomial invariant, functionally independent
of L, andL,.

3 General two-dimensional separable systems

If we extend this problem to the case of orthogonal separaimedinates in a gen-

eral Riemannian space, we know that the Hamiltonian in angget of coordinates

with a separable potential has the form

_ pa i) +va(y)

fi(z) + fa(y)

and, due to the separability, there is the invariant [17, 18]

fo(y) (P2 + vi () — fu (T)(pz + v2(y))
fi(z) + fa(y) '

We can implement the same ansatz as we have done previouklghigg for a
function M (H, x, p,) which satisfies

H=1, (10)

LQZ

1
HM)=———. 11
{ } fi(z) + fao(y) 1D
The condition has the form
, , oM oM
(—vy(z) + fi(x)H) o + prﬁ =1. (12)

Assuming thatv| | + | f{| > 0, we see that this equation has the solution

M(H, Ly, p,) = [ UdQ
where
Q=ps,  Ly=w) - il@)H+p;,  Ulx)=—v(r)+ fi(s)H + L.

(We considerl’ ' = % to be a function ofU = Q2% An arbitrary func-

tion f(L,, L,) can be added to the integral, but this makes no differenaze sin
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Ly = H and L, are invariants.) There is a similar condition for the fuaonti
N(H, Ly, y,p,). The new invariantig.; = N — M. Itis straightforward to verify

the condition
{LQ, Lg} — 1 (13)

Indeed,{ Ly, M} = fo/(fr + f2), {Ls, N} = —f1/(f1 + f2). This implies that
the setly, Lo, L3 is functionally independent.
Similarly we can construct function¥ (H, =, p,,), N(H, y, p,) that satisfy

A L)
L TS I M C iy Y% a7 M

Assuming thatv;| + | f/| > 0 for i = 1,2, we see that these equations have the

solutions
M(HJ L27pl‘) - / fl(x)Uiilan N(H, L2=py) = _/ f2(U)UéildQ

where
Ui = —v; + fiHH + Ly.

Settingl, = N — M, we see thal,, not an invariant, satisfies
{H, Ls} =1, {Lg, Ly} = 0. (15)
Let us illustrate what can happen with some examples.

1. We choose parabolic coordinates in Euclidean spaee; (¢ — 7?), y' =
&n . First consider the parabolic-separable Hamiltonian

2 2
+pp +
H=1L, = w (16)
&+
We can immediately associate with this the extra invariant
_ e =&y ¢
&+nt

If we look for our functionsM (€, p¢) andN(n, p,), as before we obtain

L,

1 \/ﬁpf+%fH>
M(&pe) = 7z In (_\/ﬁp§+%—§H ’
1 \/FU‘FPH
N(npn) = = In (ﬁn_pn)
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If we now consider the constantsh(4(M — N)v/H), we find that it can
be written in the form

L:H

4cosh(4(M — N)WH) = (0 4HL) L’

where .
S (& —n’)
& +n? &+’
is an additional invariant quadratic in the canonical mota¢i9].

(Ve + ;) — 2pepy + (17)

. Consider the Hamiltonian in Cartesian coordinates

H:pi+pz+ (18)

T
In parabolic coordinates this Hamiltonian has the form
P+ +& -1

& +n?
The second order invariant associated with this separation
&py — Wpe 28
&+

The additional invariant calculated by our method is givgn b

H:L]:

LQZ

&> +p3 (H+1)n2+p?
arccos}ﬁﬁﬁ) arccostizy,7—,%)
Ly = L AL i (19)

H-1 vVH+1

which is clearly transcendental.

. If we consider the Hamiltonian
H = p2 + pj, +ib(z + iy), (20)
then using the semihyperbolic coordinates
z+iy =i(u + w), x—iy = (—i/2)(u —w)?
and applying our construction, we find

exp(M — N) —i Vb —iX
:—27’
exp(M — N) +i Vb+iX

thus giving rise to the additional constaXit= p, + ip,.
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4. Let's now look at an example of a potential where our catsiton yields
elliptic integrals. We consider the potentidl= 2x + y%. If we carry out
the construction using parabolic coordinates- (1/2)(£? — n?), y = &n
then the functiong/ and N are given by the integrals

1 £dg 1 ndn
V=3 | e Vi veme=

wherel is the quadratic constant associated with the separatizariables
in parabolic coordinates. If we change variables accortbng= &2, v =
—n? then bothM and N are given by integrals of the form

1 d\
1=/ ,
20\ Jla= N (b= (c—N)
where\ = u, v and
abc = —[3, L = ab+ bc + ac, H=a+b+c

There are a variety of ways of evaluating elliptic integi@ishis type. We
recall that all our considerations are in the complex domasian example,
we can choose to use the complex equivalent of the integral

u dx
/*00 \/((L*J))(b*l‘)((j—:p)  Va-—c¢
valid fora > b > ¢ > w and for which

a—c . a—>b
=sina = sn(4, p), p= .
a—u a—c

Then if we calculate sit\/a — ¢(M — N), p) using the addition formulas
for elliptic functions we obtain
cC—a

st (vVa—c(M = N),p) = i ba L

where L, is the second quadratic constant associated with this isiper
grable system. Because of the various ways of evaluatirgielintegrals
there are a number of ways of uncovering the presendg.of

In analogy with the constructions (5)-(7), we can find Rieman spaces and
potentials with polynomial invariants of arbitrarily higinder. Set

=D, U+ A

a+ SH

>, A=6+¢H — Ly, (21)
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whereP, is a polynomial of orden anda, 3, 9, ¢ are constants. Then there exists
a functionF,,, inverse toP,, i.e., F,,(P,(y)) = y, such that

U= (a+ pH)F,(x) —§ — ¢H + Lo,

andv, (z) = —aF,(z) + 9, fi(z) = BF,(x) — ¢, where(a + SH)"M (z, p,)
is a polynomial in the momenta. The cartesian coordinatstcoctions (5)-(7)
correspond to the special case- 0.

The solution of the equation (11) can be understood in a memergl context.
We have the dual relations

(SinceU and L, occur only asl/ — L, we will, without loss of generality, set
L, = 0 in the theoretical developments to follow, and then repladey U — L,
in the examples.) Thus we have

1= FyU,, FyUpy + Fg = 0.

The condition thatU(x, H) is linear inH, i.e.,Uyy = 0, leads to the following
necessary and sufficient conditions that the functica F'(U, H) correspond to
an invariantM on a Riemannian manifold with potential:

FHHFL2] —2FyuFyFy + FUUFFQI =0, Fy#0. (23)

This equation admits an infinite dimensional conformal sygtrgngroup. Indeed
if V= F(U, H) is a solution therG(V') is also a solution, foany nonconstant
functionG. Also, this group contains the subgroup of inhomogenedussfym-
metries: if F'(U, H) is a solution then so i8'([a1,U + a;oH + +ay3]/A, [an U +
asoH + ag3 + as3]/A), whereq;; are constantslet(a;;) # 0 and

A= (L3]U + aggH + +ass.

Note that the function; = (U + 0 + ¢H)/(a + S H) satisfies (23), so any
function of V; must also satisfy the requirement. This puts (21) in the @rop
context. A more general solutionis = (U + ¢H +6)/(aU + SH + ), where
again any function of; also satisfies the requirement. Equation (23) also occurs
in the theory of level sets, used in computational geometd/@mputer vision,
[20], since it describes the family of functiorfs whose level sets are always
straight lines in théU, H) plane.

We have seen that the construction (21) always leads to apwlial invariant
L3, up to multiplication by a polynomial i/ and L,. In fact these are thenly
polynomial invariantsl; that can be constructed directly from the integration.
This follows from
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Theorem 1 Thefunction F'(U, H) with Fy; # 0 isa solution of equation (21) with
polynomial dependence on U if and only if it is of the form

U+aH+B>

F H)=P
(U, H) ( ~vH + 6

where P is a (nonconstant) polynomial and «, 3, v, § are constants with |v|? +
612 > 0.
PROOF: Let

F=ay(H)U + a;(H)UN '+ +ay 1 (H)U + ay(H)

be a solution of (21) wittv > 1 anda, # 0. Substituting this expression into (21)
and equating the coefficient 6f*Y 2 on both sides of the resulting expression,
we find the condition/ay = (%) al?, soag(H) = (vH +6)~~. Now we make

~ N ~
the change of variablds = ﬁfm, H = fgj[g, wheregpd — vp # 0. It follows

that

F=U"+a (U "'+ +ay (H)U +ay(H)
in the new coordinates, arfdis a solution of

FﬁﬁF[g]*ZFﬁﬁFﬁFﬁ—FFﬁﬁFEI:O. (24)

Substituting the polynomial into (24) and equating coefits of 3N -3, we find
a}N? = 0 ora; = ayH + ;. Using this information, we return to our original
expression for the polynomial and make a new change of \agaif the form

U+aH+p g_XH+C

U=
yH+¢6 vH +6’

(25)

wherexé — 7(¢ # 0, anda, 3 are chosen such that the transformed coefficient of
UN=1 vanishes. In these variables

F=UN+a@ U2+ +ay (H)U +ay(H).

We substitute this expression into (24), and equating aefiis of 3V we
find a4 = 0, soa, is a polynomial inH of order < 1. Proceeding in this
fashion to equate coefficients 6P~ 5 for s = 5.6, - in order, we find that
the first occurence oi,, £ > 3 in this sequence of equations takes the form
a = pr(asg,-- -, ar_1) Wherepy is a polynomial of order 3 at most. It follows by
induction onk that eachiy, is a polynomial inH .

At his point we have shown thdt is a polynomial in bottU and inH. Let
H™ be the maximal power off that occurs inF. If M = 0 we are done. As-
sumelM > 1. If we use the argument of the first paragraph of this proofi Wit

11



and / interchanged, we see that the coefficientof in F must take the form
ao /(61U + 1) with ag # 0. SinceF is a polynomial inU' we must haves; = 0.
Thus

F=U"+a,IU" 2+ +ay (H)U + aH.

Now substitute this expression into (24) and equate coeffisiofU” H™ where
n + m is maximal. Suppos& > M. The highest power term iﬁﬁf,Fg is
ayM(M — 1)N?HM=202N=2_ The highest power term ifi 5 F'2 is o3 N (N —
1) M?H?-2[N-2 putthis is of lower order. The highest power term i}, ; Fi; F;
ist = 2anay, p, NyMy NMUNHN=2 [[Mi+M=2 \yhereay, 4, is the coefficient
of UNHM' in F. HereN, < N, M, < M. If N > N, + M, then the highest
power term is the coefficient df 202V-2, soM = 1. If N < N, + M, then
t =0, soan, v, = 0. Thus, the only possiblity i8/ = 1, so

F:UN—FOCQUNiQ—F"'—FO{N,]U—FO{NI:I.

Substituting this expression into the differential eqortive see thak;; = 0, or
F = U + ayH. But this is impossible sinc& = 1 and the coefficient of/V '
must be). HenceF depends only of/. There is a similar argument for the case
M > N.QED

If we limit our search for potentials to a space in which = f,(z) is pre-
scribed, then the general conditions (23) are replaced by

Fy+ [i(F)Fy =0, Fy #0. (26)

Equation (26) admits the complete integral

(U +«
F(U H, o, 8) = f (m) ;
wheref, ! is the function inverse tg, . From this one can use standard techniques
(method of characteristics, envelopes of solutions) froentheory of quasilinear
first order partial differential equations to constructugmns of (26) that satisfy
particular initial conditions or that depend on arbitrampétions, [21] (chapter II)
or [22] (section 88).

Note: Standard Hamilton-Jacobi theory gives essentiaigé same constants

of the motion, but from a different viewpoint, [1]. Our expsgon for L3, for

example, is
m:/qﬂm—/%ﬂ%:M—M
whereU, = —uv;(z) + fi(z)H + Lo, etc. Standard Hamilton-Jacobi theory gives

dx 1 dy

1 - N
L:_/ f_/ — M N.
72 vV-ui+fH+Ly, 2J) \/—vs+ foH — Ly

12



In the standard theory/ = M (H, L,, z), etc., whereas in our approadti =
M (H, Ly, p,), etc. In both cases the condition (12) is satisfied. Our egro
makes it easier in some cases to determine if polynomialigwes exist. It also
points out the bracket relations betwegh N and the operators,; defining the
separation, e.g., (11).

Examples abound of spaces for which these constructiorg. ap illustrate
this with a family of surfaces in Minkowski spacés? = dz?> — dy? — da?. The
surfaces involve a horispherical coordingtend take the form

X(t,€) = (w,9,2) = (2€, 9(t) + (€ = Dt g(t) + (€ + 1)) . (27)

The metric on the surface is
ds? = 4[tg'(t) di* —1* d€?]) = 4*[dp® — &) = (f(p) + 1)[dp” — d€?,

Where(%)2 = -";2”, and we can construct a polynomial invariant for the surface
(and for an appropriate added potential) provided thatuhetfont* = F(p) has
a polynomial inverse function, i.ep, = G(#*) whereG is a polynomial. Clearly
g'(t) = 4t*G'(¢?)? and any polynomial7 will determine a surface with a poly-
nomial invariant. For example, choos&t*) = 1t* + ¢*. Then we can take
g(t) = 5t° + £t" + 2t° andp(t) = 1t* + t2. The resultingV/ will be third-order
polynomial inps andp,. Similarly, we can determine a potential tetrfp) with
v' # 0 such that N is a polynomial ip: andp,.

Rather than make either of the choigesor x for the independent variable
in (12) we could choose some other functiefz, p,), adapted to the specific
problem at hand. For example, let us takér, p,) = r'(x)p, for some given
functionr, and requireM = M (H, Ly, w). Solving (12) in these variables we

find
M= / ) . (28)

dw?

where
w? = U = 7' (2)*p? = r'(2)*(—v, + fLH + Ly), r(z) = F(U, H, Ly).

This approach will work even if; and f; are constants; it is guaranteed to yield
a polynomial invariant if we require

r—Pn<U+mH+“2L2+“3), (29)

()’,4H + ()’,5L2 + ag

whereP, is a polynomial of order. and thex; are constants. Then there exists a
function F,,, inverse taP,, such that

U= (asH + asLy + ag)F,(r) — (a1 H + azLy + a3) = r*(—v1 + fiH + Ly).

13



Equating coefficients of., we find the condition’(z)* = a5 F,(r) — ap and we
can solve forr(z) by quadratures. Equating coefficients iéfand the constant
term, we obtain expressions f¢y andv; :

asF,(r) — oy az — aglE, (1)

fi(z) = vy () =

asF,(r) — ay’ asF,(r) —ay

It follows that («y H + a5 Ls + i)™ M (rp,,) is @ polynomial in the momenta.

4 Lieform and nonorthogonal separation in two di-
mensions

We know that if a Hamiltonian

2
H="> ¢pp;
ij=1

admits a constant of the motidnthat is quadratic in the momenta

2
L=">" app;, {H, L} =0 (30)

i,j=1

and if the roots of the determinajat’ — \¢*/| are distinct, then the eigenforms de-
fine new (separable) variablges;: and the Hamiltonian can be written in Liouville
form ,

bt

flp)+g(n)

However, it may be that the roots of this determinant are lequathis caseH
cannot be put into Liouville form, but rather Lie form, whifir a suitable choice
of variables (non-separable) is

 Daby
pbny-Tmt (31)

The associated quadratic constant of the motion is
L =p>—2yH. (32)

We now ask the question: When the rootd.adre equal, how can we calculate
the third invariant? We are interested in the the same questhen a potential
is added to the Hamiltonian. These questions can readilynwbeered. Indeed if
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we look for a functionV(H, L, y, p,) that is in involution withH, we obtain the
equation
(z + B(y))Ny + pyB'(y)N,, = 0. (33)

If we solve (31), (32) forz andp, in terms of the variable#/, L,y andp,, we

obtain
_ _ Dy
pr =1/ L+ 2yH, x—ﬁ\/L—i-QyH—B(y).

The equation (33) foN then has the form

VITH

_— N, =0.
HB(y) v

From this condition a second invariant can be readily olethin the form

B'(y)
I'=H / 2 gy, 34
| VT P 39
We now extend these considerations by considering the pbigsof adding
a potential. If we do this and have an extra quadratic congten H and L have
the forms
_ papy +5K(y) 1

1B +5U'(y), L =p;—2yH+U(y). (35)

Solving (35) forp, andz gives

o poy/L — Uly) +2yH + 3K (y)

. =/ L —U(y)+2yH, — B(y).
pe =1/ () +2y " 10(y) (v)
Then the equation fav has the form

2L~ Uly) +2yHQ2H — U'(y))N, (36)

20" (y)\/L — Uly) +2yHp, + B'(y)U'(y)* + 4B'(y) H* — U"(y)K ()
—AB'(y)U'(y)H + K'(y)U'(y) — 2K (y) H]N,, = 0.

This equation can, in principle, be solved directly. In flmrtsuitable redefinition
of the variablegy — Y, p, — P, equation (36) can be put in the form

Ny+(Py+S(Y))NPy =0 (37)
that can be solved by the further transformation

Py/:Py+t(Y), Y’:Y
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Then, provided that
t'(Y)=t(Y)+s(Y) =0,

(37) reduces to
Ny + Py/pr, =0.

From this we immediately deduce an extra constant of theanati the form
L'=e" /Py (38)

The equation fot(Y") has the solution
Y
t(Y) = ey/ e "s(u)du.

There is one remaining possibility for a quadratic constdihe motion (30)
in two dimensions: the constant may be associatednaitiorthogonal separation
of variables. In two dimensions there is only one case: sgjoarin light cone
(null) coordinates, []. For this case the Hamiltonian tatkessform

H =p.p: + f(Z)

and there is a Killing vectap,, sop? is a second-order constant of the motion. In
addition there is a quadratic constant

i df
L=M — [ z—dz.
pz+2/zd2dz

Thus we have answered the following questions.

1. If a Hamiltonian with potential admits a quadratic consta the motion in
two dimensions how does one calculate the third constant?

2. A subset of problem 1 is when we require separation onlyaskdo calcu-
late the third constant.

5 Systemsin threedimensions

Let us now look at how the orthogonal separation of variables@erations ex-
tend to three dimensions. If we have a general separablelioabe system in
three dimensions we could take the Hamiltonian to be [18, 23]

g2 — g3

gs— g
H=1L, = (P2, +vi (1)) + 2
)] (6}

+ gl % 92 (pi3 + v3(x3)) (39)

(Piz + v2(2))
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whereg; = g;(x;), fi = f(z;) and® is the determinant of the Stackel matrix

1 fi o
L fo g (40)
1 f3 g3
This automatically gives us two more invariants:
L2 — f3;f2(pi,l+7)1(xl))+ fl;f3(piz+v2(x2))
b D ), (41)
R B A )
+ M(ﬁig + v3(73)). (42)

We need to find an additional two invariants, such that thefiua a functionally
independent set.
If we look for a function)M; such that

g2 — g3

{H, My} = =2, (43)
then this function satisfies the equation
2D, Oy My + [—0) (21) + f1H + 91 L2]0), My =1, (44)

which looks like the form we have been using in two dimensiditgere are simi-
lar equations for the corresponding functiavsfor : = 2, 3. ForM;(H, Ly, L3, Q1)
with @, = p., this has the solution

My = [ Ui,
whereU, (z1) = —vi(x1) + fLH + g1Lo + Ly and Ly = v; — f1H — g1 Ly +p3,.
(Here, we considet/] ' = j% to be a function oft/; = @Q? to compute the
integral. We also assume that| + | f{| + |¢{| > 0.) The corresponding invariant
that we can calculate from these three functions;is= M, + M, + M. Thisis
based on the obvious identity

(g2 —93) + (95 —91) + (91 — g2) = 0.
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Note: As in the two-dimensional case, the solution of the equgddn can be
understood in a more general context. We have the dualoeati

v=F{U-—Ls,H,Ly), U(x,H, Ly) =—vi(x)+fi(x)H+g (x)Ly+ L3, (45)

whereU, # 0. (SinceU and Lz occur only ad/ — L3 we can, without loss of
generality, sef.; = 0 in the equations immediately following, and then repléce
by U — L; in the examples.) Thus we have

1 = FyU,, FoUg + Fg =0, FyU, + Fr, = 0.

The condition that/(z, H, L,) is linear in H and L, i.e., Uyy = Up,1, =
Uy, = 0, leads to the following necessary and sufficient condittbasthe func-
tionz = F(U, H, L) correspond to an invariart/;, on a Riemannian manifold
with potential:

FHHF(2]_QFIJHF[]FH‘i‘F(][]F?[ — 0; FU#O,
FyuFy, — 2F,uFp, Fy + Fr,,F; = 0, (46)
Fr,i,Fy — 2Fp1,FaFr, + FauFp, =

These equations admit an infinite dimensional conformalsgtny group. Indeed
if V= F(U, H, L,) is a solution therz(1) is also a solution, foany noncon-
stant function’z. Also, this group contains the subgroup of inhomogeneduseaf
symmetries: ifF'(U, H, L) is a solution then so i§'([a;1U + a1oH + ay3Ly +
a14)/A, [anU + asoH + ass Lo + ag|/A, [az:U + azs H + azz Ly + as4|/A) where
a;; are constantslet(a;;) # 0 and

A =anU + asoH + as3 Ly + aus.

As in the two-dimensional case, the only polynomial fune$ié’ of U are of
a very special form.

Theorem 2 Thefunction F'(U, H, L) with Fy; # 0 isa solution of equations (46)
with polynomial dependence on U if and only if it is of the form

U+()’]H+()’2L2+/6>

F(U,H, L) = P
( 2) ( ’Y]H+’72L2+(5

where P isa (nonconstant) polynomial and «;, 3, v;, § are constants with |, |> +
72?4 167 > 0.

PROOF: The proof is similar to that of Theorem 1. It follows from thieeorem
and the first two equations (46) that

F = P(U(U(]),Lg) — P(z)(U@),H)
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where, theP®) are polynomials of strict orde¥ in their first arguments and

po Ut ol L+ 50L, o) Ut ol HLy+ 52 H
W LH + 6L, WHL, + 6@ H
Furthermore the coefficients of thé — 1-st power of their first arguments can be

asumed to be zero. Comparing the coefficients of the higrwsep/" of U in
F', we see that this coefficient must be of the form

(iH 4 yoLo + y3HLy +8)7V,

where now they;,  are constants. Substituting this into the third equati@) (4
and equating coefficients 6f*", we see that; = 0.
Equating the coefficients éf V! in the P() we see that

U+(J/]H+(J/2L2+¢HL2+E

Uh =y ==
YH +v2Ly + 6

where the coefficients are constants. Then, substitutiisgrésult into the 3rd
equation again and comparing coefficientd 8" —! we see thaty = 0. At this
point we have shown thaf = P(U, H, L,) whereP is a polynomial of order
exactly NV in its first argument. The proof th&t is independent of its second and
third arguments follows exactly as in the last part of theopod Theorem 1QED

If we limit our search for potentials to a space in which = f;(z),U,, =
g1(x) are prescribed, then the general conditions (46) are reglag

FH+f](F)FU:O, F[Q—f—g](F)FU:O, FU#O (47)

From this one can use standard techniques (method of chasgicts, envelopes of
solutions) from the theory of systems of quasilinear firskeopartial differential
equations to construct solutions of (47) that satisfy pafdr initial conditions or
that depend on arbitrary functions.
The invariantL; = M, + M, + M3 also commutes witli.,. Indeed, from the
fact that
b

amLQ - ® (7)11 - f],H o quQ)

we can verify that (44) implies

fs— [
N

The corresponding conditions are satisfied My and M3;. Then the fact that
{L,, Ly} = 0is implied by the obvious identity

(fs— fo) +(fi — f3)+ (f2— f1) =0.

{ Lo, My} =

(48)
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Finally, from the fact that

0, Ly = PO B0 0 g

we can verify that (44) implies

{L37M1}:M7' (49)
The corresponding conditions are satisfied My and M;. Then the fact that
{Ls, L} = 1is implied by the identity

(f295 — f392) + (fsgr — fig3) + (f192 — faqn) = @. (50)

Similarly, we can define a new invariabt by requiring that a new function
M, satisfy

{L1,M1} _ 9 (.02(1)— .03)’ (51)

with analogous conditions fa¥/, and M. For M, (H, Ly, L3, Q1) with Q1 = p,
this has the solution

M, = / glUrldQl

WhereUl(iEl) = —U1(£U1> + le + '(]1L2 + Ls.

[Note that for M, to be a polynomial irp,, p,, p. we must havey, (F')Fy, a
polynomial inU. If g; = 0 this reduces to requiring’ to be a polynomial in
U. If g # 0 we can replace the variableby 7, = r(x;) = [¢gi(x1) dzy
with &, = G(U, H, L, L3). Theng,(F)Fy = Gy and our original analysis goes
through with " replaced byG. It is guaranteed to yield a polynomial invariant if
we require

g1 =1'(11) (52)

U + Ole + CYQLQ + Oé3L3 + Oé4>

r=2~P, (
O{5H+O{6L2 + ar

whereP, is a polynomial of order. and thex; are constants. Then there exists a
function F,,, inverse taP,, such that

U = (asH+agLotaq)F,(r)— (a1 H+asLotasLy+oy) = —v1+f1H+g1 Lo+ Ls.

Equating coefficients of, we find the condition’ = a4 F, (1) — a, and we can
solve forr(z;) by quadratures. Equating coefficientsif L; and the constant
term, we findo; = —1 and

filx) = asF,(r) — a1, q1(x) = agFL(r) — as, vi(x) = aq — a7 F,(r).
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It follows that («s H + agLs + 7)™ My is a polynomial in the momenta.]
The corresponding invariant that we can calculate fromethiesee functions
is L, = M, + M, + Ms. This is based on the obvious identity

91(92 — g3) + 92(95 — 91) + 93(g1 — g2) = 0.
Then it follows that

G1(f293 — f392)
@ )

{LQ’MI}:M’ {Ls, M;} =

with analogous results fai/,, M5. Thus, from the definition o> we see that
{LQ, L’2} — ]_
Finally we define a functiol| = M; + M, + M; by requiring

{Ly, M} = w

with similar conditions forM, and M;. For M,(H, Ly, L3, Q1) with Q1 = p,,
this has the solution

(53)

My = [ piaQu
Then it follows that

fl(f3*f2) {L3,M1}: fl(f293*f392)

Ly My} =
{Qa 1} d ) d )

with analogous relations fav/, and M.
In summary, all brackets between the six functidnsL; are zero except that

{L37L§5} = {Lz,LIQ} = {Ll,Lﬁ} = 1. (54)

Thus the mappin@z1, ©2, 3, Puy s Day, Pus) — (L1, Lo, Ly, LY, L}, LY) is canoni-
cal.

Note: Standard Hamilton-Jacobi theory gives exactly tlsasee constants of
the motion, from a different viewpoint, [1]. Our expression L, for example,

IS
L=¥ [0, =0,
J J

whereU; = —v;(z;) + f; L1 +g; L2 + Ly andU; = p . Standard Hamilton-Jacobi
theory gives

1 dx ~
L=:% J = >
2 § o \/*7)]' + ij] + gng + Lj j .
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In the standard theonyl; = M;(L,, L, Ls, x;), whereas in our approadl; =
M;(Ly, Ly, Ls, ps;). In both cases the condition (44) is satisfied. Our approach
makes it straightforward to determine exactly when thare polynomials in the
momentap,,. It also points out the bracket relations between tieand the
operators.,; defining the separation, e.g., (43, 48, 49,51, 53).

The generalization te dimensions is straightforward.
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