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Abstract

Consider a classical HamiltonianH in n dimensions consisting of a ki-
netic energy term plus a potential. If the associated Hamilton-Jacobi equa-
tion admits an orthogonal separation of variables, then it is possible to gen-
erate algorithmically a canonical basisQ;P whereP1 = H, P2; � � � ; Pn are
the other 2nd-order constants of the motion associated withthe separable
coordinates, andfQi; Qjg = fPi; Pjg = 0, fQi; Pjg = Æij. The2n � 1
functionsQ2; � � � ; Qn; P1; � � � ; Pn form a basis for the invariants. We show
how to determine for exactly which spaces and potentials theinvariantQj
is a polynomial in the original momenta. We shed light on the general ques-
tion of exactly when the Hamiltonian admits a constant of themotion that is
polynomial in the momenta. Forn = 2 we go further and consider all cases
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where the Hamilton-Jacobi equation admits a 2nd-order constant of the mo-
tion, not necessarily associated with orthogonal separable coordinates, or
even separable coordinates at all. In each of these cases we construct an
additional constant of the motion.

1 Introduction

The quest for integrable systems has a long history. Basically, the question is,
given a classical HamiltonianH = H(x; p) wherex = (x1; :::; xn),p = (p1; :::; pn)
how can one find all the solutions to the Poisson bracket conditionfH;Lg = nXi=1(�H�pi �L�xi � �H�xi �L�pi ) = 0 (1)

whereL = L(x;p),[1]. There is no known comprehensive solution to this prob-
lem. However, if the associated Hamilton-Jacobi equationH(x; �S�x) = E is addi-
tively separable in the orthogonal variablesx then a complete integral of the equa-
tion can be constructed by quadratures and one can find a basisof 2n�1 function-
ally independent solutions to equation (1). Indeed there isan explicit canonical
change of coordinates from the variablesx;pwith fxi; pjg = Æij to variablesQ;P
whereP1 = H, P2; � � � ; Pn are the other 2nd-order constants of the motion associ-
ated with the orthogonal separablex-coordinates, andfQi; Qjg = fPi; Pjg = 0,fQi; Pjg = Æij. Thus the2n � 1 functionsQ2; � � � ; Qn; P1; � � � ; Pn form a basis
for the invariants. Each invariantQj can be expressed as a sum of the formQj = nXk=1Mj(xj;P); (2)

see [1].
Numerous examples have been found through this approach, but important

problems remain. Many of the known interesting dynamical systems have ex-
tra constants of the motionL which arepolynomial in the canonical momentapi; i = 1; � � � ; n. This often enables global statements to be made about the system
in question, e.g., the existence of closed orbits. However,though many interesting
results have been obtained, e.g. [2], an algorithmic way of generating all poly-
nomial solutions to (1) is not known. In particular from thex-based integrals in
(2) it is difficult to tell if Qj is a polynomial in the momentapi. In this article
we adopt ap-based approach to the calculation of the invariantsQj in which the
termMk take the formMk = M(pk;P), and we can say in advance for exactly
which separable metrics and potentialsQj is a polynomial in the momenta. We
give, in principle, a complete solution to this problem. Moreover, we show how

2



to characterize each termMk in (2) by the Poisson bracketsfMk; Pjg. [Note:
Although the termMk(xk;P) always exists, there are cases where it cannot be
expressed asMk(pk;P), i.e., as a function ofpk alone. These are exactly the
cases wherexk is anignorable variable, i.e., where the components of the metric
tensor in thex-coordinates do not depend onxk and where, also, the potentialV
doesn’t depend onxk. However, these special cases whereMk, and the invariantQi of which it is a component term always have polynomial dependence (after
multiplication by a linear combination of second-order invariants) can be handled
separately or by requiring thatMk depends on a variable with somex dependence,
such asMk(r(xk)pk;P) treated below.]

Of course, the system could admit a polynomial invariantL = R(P; Q2; � � � ; Qn)
such thatL;P is functionally independent, even ifQ2; � � � ; Qn are not polynomi-
als. It is a much more difficult problem to classify all such possibilities for poly-
nomialL as functions of possibly nonpolynomialQj. We make some progress
toward the solution of this problem, through the consideration of important exam-
ples. These questions of when a system with n second-order constants of the
motion (generated by an orthogonal separation of variables) admits additional
poynomial constants of the motion are closely related to theconcept of super-
integrability, [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16].

For dimensionn = 2 in this paper, we go beyond the formulation discussed
above and consider all cases where the Hamilton-Jacobi equation admits a 2nd-
order constant of the motion, not necessarily associated with orthogonal separable
coordinates, or even separable coordinates at all. In each of these cases we con-
struct an additional constant of the motion.

2 Cartesian systems in two dimensions

Let us first consider two dimensional Euclidean space. In Cartesian coordinates
the HamiltonianH has the formH = p2x + p2y + V (x; y):
If we have separation of variables in Cartesian coordinatesthe potential must take
the form V (x; y) = X(x) + Y (y): (3)

We immediately observe that there are already two invariants arising from the
separation, namelyL1 = p2x + X(x) andL2 = p2y + Y (y). Our problem is to
calculate a third invariant and determine when it can be chosen to be a polynomial
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in the canonical momenta. To do this we compute two functionsM(x; px) andN(y; py) that satisfy the conditionsfH;Mg = 1; fH;Ng = 1: (4)

These equations can be solved in principle if we know the original functionsX
andY . Indeed if we write out the first of these conditions we obtain2px�M�x �X 0�M�px = 1:
This equation can be readily solved to giveM = � Z X 0�1dQ
whereQ = px andL1 = p2x + X. (We considerX 0�1 = dxdX to be a function
of X = L1 � Q2 to compute the integral. An arbitrary functionf(L1; L2) can
be added to the integral, but this makes no difference sinceL1; L2 are invariants.)
OnceM andN have been determined, we see thatL3 = N � M must be an
invariant. It is immediately clear that ifX = x 1p wherep is an integer thenM is a
polynomial inpx. As examples of this consider

1. p = 3. M = �3x 23px � 4x 13p3x � 85p5x:
2. p = 4. M = �4x 34 px � 8x 12 p3x � 325 x 14 p5x � 6435p7x:
It follows from these two examples that the HamiltonianH = p2x + p2y + x 13 + y 14

has in addition to the obvious invariantsL1 = p2x + x 13 ; L2 = p2y + y 14 ;
the additional invariantL3 = 3x 23px + 4x 13p3x + 85p5x � 4y 34 py � 8y 12p3y � 325 y 14 p5y � 6435p7y: (5)
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From this observation we conclude that all potentials of theformV = �x 1p + �y 1q (6)

have the superintegrability property with three functionally independent invari-
ants which are polynomial inpx andpy. This includes the known examples cor-
responding top = 1; 2. If X(x) is determined by a polynomial relation of the
form nXj=1 ajXj = x
we can go even further. Then the functionM is always a polynomial in the canon-
ical momentumpx. As an example considerX(x) = 2�1=3[fx+px2 + 1g1=3 � fx+px2 + 1g�1=3℄: (7)

The inverse function is x = X3 + 322=3X
and the corresponding functionM(x; px) is given by�M(x; px) = 85p5x + 4Xp3x + 3X2px + 322=3px:

It is clear that all that we have done applies also to potentials that separate inn dimensions, in Cartesian coordinates. There is only one further Cartesian case
for which polynomial invariants can be generated. Let us consider the case whenX(x) = !21x2. The corresponding functionM(x; px) is given byM(x; px) = 14!1 ar
sin(!21x2 � p2x!21x2 + p2x ):
If Y (y) = !22y2 this establishes that the HamiltonianH = p2x + p2y + !21x2 + !22y2 (8)

has the constant of motionL3 = 14!1 ar
sin(!21x2 � p2x!21x2 + p2x )� 14!2 ar
sin(!22y2 � p2y!22y2 + p2y ); (9)

in addition to the constantsL1 = p2x + !21x2 andL2 = p2y + !22y2. In general
this invariant is not polynomial in the canonical momenta. However, if!1=!2 is
a fractionp=q for integersp; q then!1 = ps; !2 = qs andL03 = sin(4spqL3) will
be a rational invariant whose common denominator is a product of powers ofL1
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andL2. The numerator is then an additional polynomial invariant,e.g., consider!1 = 1; !2 = 2: ThenL03 = sin(8L3) = L1L22 � 2(xp2y � 4ypxpy � 4xy2)2L1L22 ;
which indicates thatL003 = xp2y� 4ypxpy� 4xy2 is an additional invariant. In gen-
eral,Lp1Lq2 sin(4spqL3) will be a polynomial invariant, functionally independent
of L1 andL2.
3 General two-dimensional separable systems

If we extend this problem to the case of orthogonal separablecoordinates in a gen-
eral Riemannian space, we know that the Hamiltonian in a given set of coordinates
with a separable potential has the formH = L1 = p2x + p2y + v1(x) + v2(y)f1(x) + f2(y) : (10)

and, due to the separability, there is the invariant [17, 18]L2 = f2(y)(p2x + v1(x))� f1(x)(p2y + v2(y))f1(x) + f2(y) :
We can implement the same ansatz as we have done previously bylooking for a
functionM(H; x; px) which satisfiesfH;Mg = 1f1(x) + f2(y) : (11)

The condition has the form(�v01(x) + f 01(x)H)�M�px + 2px�M�x = 1: (12)

Assuming thatjv01j+ jf 01j > 0, we see that this equation has the solutionM(H;L2; px) = Z U 0�1dQ
whereQ = px; L2 = v1(x)� f1(x)H + p2x; U(x) = �v1(x) + f1(x)H + L2:
(We considerU 0�1 = dxdU to be a function ofU = Q2. An arbitrary func-
tion f(L1; L2) can be added to the integral, but this makes no difference since
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L1 = H andL2 are invariants.) There is a similar condition for the functionN(H;L2; y; py). The new invariant isL3 = N �M . It is straightforward to verify
the condition fL2; L3g = 1: (13)

Indeed,fL2;Mg = f2=(f1 + f2), fL2; Ng = �f1=(f1 + f2). This implies that
the setL1; L2; L3 is functionally independent.

Similarly we can construct functionsM(H; x; px); N(H; y; py) that satisfyfH;Mg = f1(x)f1(x) + f2(y) ; fH;Ng = �f2(y)f1(x) + f2(y) ; (14)

Assuming thatjv0ij + jf 0i j > 0 for i = 1; 2, we see that these equations have the
solutionsM(H;L2; px) = Z f1(x)U 01�1dQ; N(H;L2; py) = � Z f2(y)U 02�1dQ
where Ui = �vi + fiH + L2:
SettingL4 = N �M , we see thatL4, not an invariant, satisfiesfH;L4g = 1; fL2; L4g = 0: (15)

Let us illustrate what can happen with some examples.

1. We choose parabolic coordinates in Euclidean spacex0 = 12(�2 � �2), y0 =�� . First consider the parabolic-separable HamiltonianH = L1 = p2� + p2� + ��2 + �2 : (16)

We can immediately associate with this the extra invariantL2 = �2p2� � �2p2� + �2��2 + �2 :
If we look for our functionsM(�; p�) andN(�; p�), as before we obtainM(�; p�) = 14pH ln pHp� + 12 � �H�pHp� + 12 � �H! ;N(�; p�) = 14pH ln pH� + p�pH� � p�! :
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If we now consider the constant
osh(4(M � N)pH), we find that it can
be written in the form4 
osh(4(M �N)pH) = L23H(1� 4HL2)L2 ;
where L3 = 2���2 + �2 (p2� + p2�)� 2p�p� + �(�2 � �2)�2 + �2 (17)

is an additional invariant quadratic in the canonical momenta [19].

2. Consider the Hamiltonian in Cartesian coordinatesH = p2x + p2y + xpx2 + y2 : (18)

In parabolic coordinates this Hamiltonian has the formH = L1 = p2� + p2� + �2 � �2�2 + �2 :
The second order invariant associated with this separationisL2 = �2p2� � �2p2� � 2�2�2�2 + �2 :
The additional invariant calculated by our method is given byL3 = arccosh( (H�1)�2+p2�(H�1)�2�p2� )pH � 1 + arccosh( (H+1)�2+p2�(H+1)�2�p2� )pH + 1 ; (19)

which is clearly transcendental.

3. If we consider the HamiltonianH = p2x + p2y + ib(x + iy); (20)

then using the semihyperbolic coordinatesx+ iy = i(u+ w); x� iy = (�i=2)(u� w)2
and applying our construction, we findexp(M �N)� iexp(M �N) + i = �ip�b� iXpb+ iX ;
thus giving rise to the additional constantX = px + ipy.
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4. Let’s now look at an example of a potential where our construction yields
elliptic integrals. We consider the potentialV = 2x + �y2 . If we carry out
the construction using parabolic coordinatesx = (1=2)(�2 � �2), y = ��
then the functionsM andN are given by the integralsM = 12 Z �d�p��6 +H�4 + L�2 � � ; N = 12 Z �d�p�6 +H�4 + L�2 � � ;
whereL is the quadratic constant associated with the separation ofvariables
in parabolic coordinates. If we change variables accordingto u = �2, v =��2 then bothM andN are given by integrals of the formI = 12 Z d�q(a� �)(b� �)(
� �) ;
where� = u; v andab
 = ��; L = ab + b
 + a
; H = a+ b + 
:
There are a variety of ways of evaluating elliptic integralsof this type. We
recall that all our considerations are in the complex domain. As an example,
we can choose to use the complex equivalent of the integralZ u�1 dxq(a� x)(b� x)(
� x) = 2pa� 
F (�; p);
valid for a > b > 
 � u and for whichs a� 
a� u = sin� = sn(A; p); p = sa� ba� 
:
Then if we calculate sn2(pa� 
(M � N); p) using the addition formulas
for elliptic functions we obtain

sn2(pa� 
(M �N); p) = 
� a
+ b + L1 ;
whereL1 is the second quadratic constant associated with this superinte-
grable system. Because of the various ways of evaluating elliptic integrals
there are a number of ways of uncovering the presence ofL1.

In analogy with the constructions (5)-(7), we can find Riemannian spaces and
potentials with polynomial invariants of arbitrarily highorder. Setx = Pn  U + A� + �H! ; A = Æ + �H � L2; (21)
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wherePn is a polynomial of ordern and�; �; Æ; � are constants. Then there exists
a functionFn, inverse toPn, i.e.,Fn(Pn(y)) = y, such thatU = (�+ �H)Fn(x)� Æ � �H + L2;
andv1(x) = ��Fn(x) + Æ, f1(x) = �Fn(x) � �, where(� + �H)nM(x; px)
is a polynomial in the momenta. The cartesian coordinate constructions (5)-(7)
correspond to the special case� = 0.

The solution of the equation (11) can be understood in a more general context.
We have the dual relationsx = F (U � L2; H); U(x;H) = �v1(x) + f1(x)H + L2; Ux 6= 0: (22)

(SinceU andL2 occur only asU � L2 we will, without loss of generality, setL2 = 0 in the theoretical developments to follow, and then replaceU by U � L2
in the examples.) Thus we have1 = FUUx; FUUH + FH = 0:
The condition thatU(x;H) is linear inH, i.e.,UHH = 0, leads to the following
necessary and sufficient conditions that the functionx = F (U;H) correspond to
an invariantM on a Riemannian manifold with potential:FHHF 2U � 2FUHFUFH + FUUF 2H = 0; FU 6= 0: (23)

This equation admits an infinite dimensional conformal symmetry group. Indeed
if V = F (U;H) is a solution thenG(V ) is also a solution, forany nonconstant
functionG. Also, this group contains the subgroup of inhomogeneous affine sym-
metries: ifF (U;H) is a solution then so isF ([a11U + a12H ++a13℄=A; [a21U +a22H + a23 + a23℄=A); whereaij are constants,det(aij) 6= 0 andA = a31U + a32H ++a33:

Note that the functionV1 = (U + Æ + �H)=(� + �H) satisfies (23), so any
function of V1 must also satisfy the requirement. This puts (21) in the proper
context. A more general solution isV2 = (U + �H + Æ)=(�U + �H + 
), where
again any function ofV2 also satisfies the requirement. Equation (23) also occurs
in the theory of level sets, used in computational geometry and computer vision,
[20], since it describes the family of functionsF whose level sets are always
straight lines in the(U;H) plane.

We have seen that the construction (21) always leads to a polynomial invariantL3, up to multiplication by a polynomial inH andL2. In fact these are theonly
polynomial invariantsL3 that can be constructed directly from the integration.
This follows from
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Theorem 1 The function F (U;H) with FU 6= 0 is a solution of equation (21) with
polynomial dependence on U if and only if it is of the formF (U;H) = P  U + �H + �
H + Æ !
where P is a (nonconstant) polynomial and �; �; 
; Æ are constants with j
j2 +jÆj2 > 0.

PROOF: LetF = a0(H)UN + a1(H)UN�1 + � � �+ aN�1(H)U + aN (H)
be a solution of (21) withN � 1 anda0 6= 0. Substituting this expression into (21)
and equating the coefficient ofU3N�2 on both sides of the resulting expression,
we find the conditiona000a0 = (N+1N )a002, soa0(H) = (
H + Æ)�N . Now we make
the change of variables~U = U
H+Æ ; ~H = �H+�
H+Æ , where�Æ � 
� 6= 0. It follows
that F = ~UN + ~a1( ~H) ~UN�1 + � � �+ ~aN�1( ~H) ~U + ~aN( ~H)
in the new coordinates, andF is a solution ofF ~H ~HF 2~U � 2F ~U ~HF ~UF ~H + F ~U ~UF 2~H = 0: (24)

Substituting the polynomial into (24) and equating coefficients of~U3N�3, we find~a001N2 = 0 or ~a1 = �1 ~H + �1. Using this information, we return to our original
expression for the polynomial and make a new change of variables of the form~U = U + �H + �
H + Æ ; ~H = �H + �
H + Æ ; (25)

where�Æ � 
� 6= 0, and�; � are chosen such that the transformed coefficient of~UN�1 vanishes. In these variablesF = ~UN + ~a2( ~H) ~UN�2 + � � �+ ~aN�1( ~H) ~U + ~aN( ~H):
We substitute this expression into (24), and equating coefficients of ~U3N�4 we
find ~a002 = 0, so ~a2 is a polynomial in ~H of order� 1. Proceeding in this
fashion to equate coefficients of~U3N�s for s = 5; 6; � � � in order, we find that
the first occurence of~ak; k � 3 in this sequence of equations takes the form~a00k = pk(~a2; � � � ; ~ak�1) wherepk is a polynomial of order 3 at most. It follows by
induction onk that each~ak is a polynomial in~H.

At his point we have shown thatF is a polynomial in both~U and in ~H. Let~HM be the maximal power of~H that occurs inF . If M = 0 we are done. As-
sumeM � 1. If we use the argument of the first paragraph of this proof with ~U
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and ~H interchanged, we see that the coefficient of~HM in F must take the form�0=(�1 ~U + 1) with �0 6= 0. SinceF is a polynomial in~U we must have�1 = 0.
Thus F = ~UN + ~a2( ~H) ~UN�2 + � � �+ ~aN�1( ~H) ~U + �0 ~HM :

Now substitute this expression into (24) and equate coefficients of ~Un ~Hm wheren + m is maximal. SupposeN � M . The highest power term inF ~H ~HF 2~U is�NM(M � 1)N2 ~HM�2 ~U2N�2. The highest power term inF ~U ~UF 2~H is �2NN(N �1)M2 ~H2M�2 ~UN�2, but this is of lower order. The highest power term in2F ~U ~HF ~HF ~U
is t = 2�NaN1;M1N1M1NM ~UN1+N�2 ~HM1+M�2 whereaN1;M1 is the coefficient
of ~UN1 ~HM1 in F . HereN1 < N;M1 < M . If N > N1 +M1 then the highest
power term is the coefficient of~HM�2 ~U2N�2, soM = 1. If N � N1 +M1 thent = 0, soaN1;M1 = 0. Thus, the only possiblity isM = 1, soF = ~UN + �2 ~UN�2 + � � �+ �N�1 ~U + �N ~H:
Substituting this expression into the differential equation we see thatF ~U ~U = 0, orF = ~U + �N ~H. But this is impossible sinceN = 1 and the coefficient of~UN�1
must be0. HenceF depends only on~U . There is a similar argument for the caseM > N . QED

If we limit our search for potentials to a space in whichUH = f1(x) is pre-
scribed, then the general conditions (23) are replaced byFH + f1(F )FU = 0; FU 6= 0: (26)

Equation (26) admits the complete integralF (U;H; �; �) = f�11  U + �H + �! ;
wheref�11 is the function inverse tof1. From this one can use standard techniques
(method of characteristics, envelopes of solutions) from the theory of quasilinear
first order partial differential equations to construct solutions of (26) that satisfy
particular initial conditions or that depend on arbitrary functions, [21] (chapter II)
or [22] (section 88).

Note: Standard Hamilton-Jacobi theory gives essentially these same constants
of the motion, but from a different viewpoint, [1]. Our expression forL3, for
example, is L3 = Z U 0x�1dpx � Z U 0y�1dpy = M �N;
whereUx = �v1(x) + f1(x)H + L2, etc. Standard Hamilton-Jacobi theory givesL3 = 12 Z dxp�v1 + f1H + L2 � 12 Z dyp�v2 + f2H � L2 = ~M � ~N:
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In the standard theory~M = ~M(H;L2; x), etc., whereas in our approachM =M(H;L2; px), etc. In both cases the condition (12) is satisfied. Our approach
makes it easier in some cases to determine if polynomial invariants exist. It also
points out the bracket relations betweenM;N and the operatorsLj defining the
separation, e.g., (11).

Examples abound of spaces for which these constructions apply. We illustrate
this with a family of surfaces in Minkowski space:ds2 = dz2 � dy2 � dx2. The
surfaces involve a horispherical coordinate� and take the formX(t; �) = (x; y; z) = �2t�; g(t) + (�2 � 1)t; g(t) + (�2 + 1)t� : (27)

The metric on the surface isds2 = 4[tg0(t) dt2 � t2 d�2℄ = 4t2[d�2 � d�2℄ = (f(�) + 1)[d�2 � d�2℄;
where(d�dt )2 = g0(t)t2 , and we can construct a polynomial invariant for the surface
(and for an appropriate added potential) provided that the functiont2 = F (�) has
a polynomial inverse function, i.e.,� = G(t2) whereG is a polynomial. Clearlyg0(t) = 4t4G0(t2)2 and any polynomialG will determine a surface with a poly-
nomial invariant. For example, chooseG(t2) = 12t4 + t2. Then we can takeg(t) = 49t9 + 87 t7 + 45t5 and�(t) = 12t4 + t2. The resultingM will be third-order
polynomial inp� andp�. Similarly, we can determine a potential termv(�) withv0 6= 0 such that N is a polynomial inp� andp�.

Rather than make either of the choicespx or x for the independent variable
in (12) we could choose some other functionw(x; px), adapted to the specific
problem at hand. For example, let us takew(x; px) = r0(x)px for some given
function r, and requireM = M(H;L2; w). Solving (12) in these variables we
find M = Z dr(x)dw2 dw; (28)

wherew2 = U = r0(x)2p2x = r0(x)2(�v1 + f1H + L2); r(x) = F (U;H; L2):
This approach will work even ifv1 andf1 are constants; it is guaranteed to yield
a polynomial invariant if we requirer = Pn �U + �1H + �2L2 + �3�4H + �5L2 + �6 � ; (29)

wherePn is a polynomial of ordern and the�i are constants. Then there exists a
functionFn, inverse toPn, such thatU = (�4H + �5L2 + �6)Fn(r)� (�1H + �2L2 + �3) = r02(�v1 + f1H + L2):
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Equating coefficients ofL2 we find the conditionr0(x)2 = �5Fn(r)� �2 and we
can solve forr(x) by quadratures. Equating coefficients ofH and the constant
term, we obtain expressions forf1 andv1:f1(x) = �4Fn(r)� �1�5Fn(r)� �2 ; v1(x) = �3 � �6Fn(r)�5Fn(r)� �2 :
It follows that(�4H + �5L2 + �6)nM(rpx) is a polynomial in the momenta.

4 Lie form and nonorthogonal separation in two di-
mensions

We know that if a HamiltonianH = 2Xi;j=1 gijpipj
admits a constant of the motionL that is quadratic in the momentaL = 2Xi;j=1aijpipj; fH;Lg = 0 (30)

and if the roots of the determinantjaij��gijj are distinct, then the eigenforms de-
fine new (separable) variables�; � and the Hamiltonian can be written in Liouville
form H = p2� + p2�f(�) + g(�) :
However, it may be that the roots of this determinant are equal. In this caseH
cannot be put into Liouville form, but rather Lie form, whichfor a suitable choice
of variables (non-separable) isH = pxpyx+B(y) : (31)

The associated quadratic constant of the motion isL = p2x � 2yH: (32)

We now ask the question: When the roots ofL are equal, how can we calculate
the third invariant? We are interested in the the same question when a potential
is added to the Hamiltonian. These questions can readily be answered. Indeed if
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we look for a functionN(H;L; y; py) that is in involution withH, we obtain the
equation (x+B(y))Ny + pyB0(y)Npy = 0: (33)

If we solve (31), (32) forx andpx in terms of the variablesH;L; y andpy, we
obtain px = qL+ 2yH; x = pyHqL+ 2yH � B(y):
The equation (33) forN then has the formpL + 2yHHB0(y) Ny +Npy = 0:
From this condition a second invariant can be readily obtained in the formL0 = H Z B0(y)pL + 2yHdy � py: (34)

We now extend these considerations by considering the possibility of adding
a potential. If we do this and have an extra quadratic constant thenH andL have
the forms H = pxpy + 12K(y)x +B(y) + 12U 0(y); L = p2x � 2yH + U(y): (35)

Solving (35) forpx andx givespx = qL� U(y) + 2yH; x = pyqL� U(y) + 2yH + 12K(y)H � 12U 0(y) �B(y):
Then the equation forN has the form2qL� U(y) + 2yH(2H � U 0(y))Ny (36)+[�2U 00(y)qL� U(y) + 2yHpy +B0(y)U 0(y)2 + 4B0(y)H2 � U 00(y)K(y)�4B0(y)U 0(y)H +K 0(y)U 0(y)� 2K 0(y)H℄Npy = 0:
This equation can, in principle, be solved directly. In factfor suitable redefinition
of the variablesy ! Y , py ! Py equation (36) can be put in the formNY + (PY + s(Y ))NPY = 0 (37)

that can be solved by the further transformationPY 0 = PY + t(Y ); Y 0 = Y:
15



Then, provided that t0(Y )� t(Y ) + s(Y ) = 0;
(37) reduces to NY 0 + PY 0NPY 0 = 0:
From this we immediately deduce an extra constant of the motion of the formL0 = eY 0=PY 0 : (38)

The equation fort(Y ) has the solutiont(Y ) = eY Z Y e�us(u)du:
There is one remaining possibility for a quadratic constantof the motion (30)

in two dimensions: the constant may be associated withnonorthogonal separation
of variables. In two dimensions there is only one case: separation in light cone
(null) coordinates, []. For this case the Hamiltonian takesthe formH = pzp�z + f(�z)
and there is a Killing vectorpz, sop2z is a second-order constant of the motion. In
addition there is a quadratic constantL = Mpz + i2 Z �z dfd�z d�z:

Thus we have answered the following questions.

1. If a Hamiltonian with potential admits a quadratic constant of the motion in
two dimensions how does one calculate the third constant?

2. A subset of problem 1 is when we require separation only andask to calcu-
late the third constant.

5 Systems in three dimensions

Let us now look at how the orthogonal separation of variable considerations ex-
tend to three dimensions. If we have a general separable coordinate system in
three dimensions we could take the Hamiltonian to be [18, 23]H = L1 = g2 � g3� (p2x1 + v1(x1)) + g3 � g1� (p2x2 + v2(x2))+ g1 � g2� (p2x3 + v3(x3)) (39)
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wheregi = gi(xi); fi = f(xi) and� is the determinant of the Stäckel matrix0B� 1 f1 g11 f2 g21 f3 g3 1CA (40)

This automatically gives us two more invariants:L2 = f3 � f2� (p2x1 + v1(x1)) + f1 � f3� (p2x2 + v2(x2))+ f2 � f1� (p2x3 + v3(x3)); (41)L3 = f2g3 � f3g2� (p2x1 + v1(x1)) + f3g1 � f1g3� (p2x2 + v2(x2))+ f1g2 � f2g1� (p2x3 + v3(x3)): (42)

We need to find an additional two invariants, such that the fiveform a functionally
independent set.

If we look for a functionM1 such thatfH;M1g = g2 � g3� ; (43)

then this function satisfies the equation2px1�x1M1 + [�v01(x1) + f 01H + g01L2℄�px1M1 = 1; (44)

which looks like the form we have been using in two dimensions. There are simi-
lar equations for the corresponding functionsMi for i = 2; 3. ForM1(H;L2; L3; Q1)
with Q1 = px1 this has the solutionM1 = Z U 01�1dQ1
whereU1(x1) = �v1(x1) + f1H + g1L2 + L3 andL3 = v1 � f1H � g1L2 + p2x1.
(Here, we considerU 01�1 = dx1dU1 to be a function ofU1 = Q21 to compute the
integral. We also assume thatjv01j+ jf 01j+ jg01j > 0.) The corresponding invariant
that we can calculate from these three functions isL03 = M1 +M2 +M3. This is
based on the obvious identity(g2 � g3) + (g3 � g1) + (g1 � g2) = 0:
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Note: As in the two-dimensional case, the solution of the equation(44) can be
understood in a more general context. We have the dual relationsx = F (U�L3; H; L2); U(x;H; L2) = �v1(x)+f1(x)H+g1(x)L2+L3; (45)

whereUx 6= 0. (SinceU andL3 occur only asU � L3 we can, without loss of
generality, setL3 = 0 in the equations immediately following, and then replaceU
byU � L3 in the examples.) Thus we have1 = FUUx; FUUH + FH = 0; FUUL2 + FL2 = 0:
The condition thatU(x;H; L2) is linear inH andL2, i.e., UHH = UL2L2 =UHL2 = 0, leads to the following necessary and sufficient conditionsthat the func-
tion x = F (U;H; L2) correspond to an invariantM1 on a Riemannian manifold
with potential:FHHF 2U � 2FUHFUFH + FUUF 2H = 0; FU 6= 0;FUUF 2L2 � 2FL2UFL2FU + FL2L2F 2U = 0; (46)FL2L2F 2H � 2FHL2FHFL2 + FHHF 2L2 = 0
These equations admit an infinite dimensional conformal symmetry group. Indeed
if V = F (U;H; L2) is a solution thenG(V ) is also a solution, forany noncon-
stant functionG. Also, this group contains the subgroup of inhomogeneous affine
symmetries: ifF (U;H; L2) is a solution then so isF ([a11U + a12H + a13L2 +a14℄=A; [a21U + a22H + a23L2 + a24℄=A; [a31U + a32H + a33L2 + a24℄=A) whereaij are constants,det(aij) 6= 0 andA = a41U + a42H + a43L2 + a44:

As in the two-dimensional case, the only polynomial functionsF of U are of
a very special form.

Theorem 2 The function F (U;H; L2) with FU 6= 0 is a solution of equations (46)
with polynomial dependence on U if and only if it is of the formF (U;H; L2) = P  U + �1H + �2L2 + �
1H + 
2L2 + Æ !
where P is a (nonconstant) polynomial and �i; �; 
i; Æ are constants with j
1j2 +j
2j2 + jÆj2 > 0.

PROOF: The proof is similar to that of Theorem 1. It follows from thistheorem
and the first two equations (46) thatF = P (1)(U (1); L2) = P (2)(U (2); H)
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where, theP (i) are polynomials of strict orderN in their first arguments andU (1) = U + �(1)1 L2H + �(1)L2
(1)1 L2H + Æ(1)L2 U (2) = U + �(2)1 HL2 + �(2)H
(2)1 HL2 + Æ(2)H :
Furthermore the coefficients of theN � 1-st power of their first arguments can be
asumed to be zero. Comparing the coefficients of the highest powerUN of U inF , we see that this coefficient must be of the form(
1H + 
2L2 + 
3HL2 + Æ)�N ;
where now the
i; Æ are constants. Substituting this into the third equation (46)
and equating coefficients ofU3N , we see that
3 = 0.

Equating the coefficients ofUN�1 in theP (i) we see thatU (1) = U (2) = ~U = U + �1H + �2L2 + �HL2 + �
1H + 
2L2 + Æ
where the coefficients are constants. Then, substituting this result into the 3rd
equation again and comparing coefficients ofU3N�1 we see that� = 0. At this
point we have shown thatF = P ( ~U;H; L2) whereP is a polynomial of order
exactlyN in its first argument. The proof thatP is independent of its second and
third arguments follows exactly as in the last part of the proof of Theorem 1.QED

If we limit our search for potentials to a space in whichUH = f1(x); UL2 =g1(x) are prescribed, then the general conditions (46) are replaced byFH + f1(F )FU = 0; FL2 + g1(F )FU = 0; FU 6= 0: (47)

From this one can use standard techniques (method of characteristics, envelopes of
solutions) from the theory of systems of quasilinear first order partial differential
equations to construct solutions of (47) that satisfy particular initial conditions or
that depend on arbitrary functions.

The invariantL03 = M1 +M2 +M3 also commutes withL2. Indeed, from the
fact that �x1L2 = f3 � f2� (v01 � f 01H � g01L2)
we can verify that (44) impliesfL2;M1g = f3 � f2� ; : (48)

The corresponding conditions are satisfied byM2 andM3. Then the fact thatfL2; L03g = 0 is implied by the obvious identity(f3 � f2) + (f1 � f3) + (f2 � f1) = 0:
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Finally, from the fact that�x1L3 = f2g3 � f3g2� (v01 � f 01H � g01L2)
we can verify that (44) impliesfL3;M1g = f2g3 � f3g2� ; : (49)

The corresponding conditions are satisfied byM2 andM3. Then the fact thatfL3; L03g = 1 is implied by the identity(f2g3 � f3g2) + (f3g1 � f1g3) + (f1g2 � f2g1) = �: (50)

Similarly, we can define a new invariantL02 by requiring that a new functionM1 satisfy fL1;M1g = g1(g2 � g3)� ; (51)

with analogous conditions forM2 andM3. ForM1(H;L2; L3; Q1) with Q1 = px1
this has the solution M1 = Z g1U 01�1dQ1
whereU1(x1) = �v1(x1) + f1H + g1L2 + L3.

[Note that forM1 to be a polynomial inpx; py; pz we must haveg1(F )FU a
polynomial inU . If g01 = 0 this reduces to requiringF to be a polynomial inU . If g01 6= 0 we can replace the variablex by ~x1 = r(x1) = R g1(x1) dx1
with ~x1 = G(U;H; L2; L3). Theng1(F )FU = GU and our original analysis goes
through withF replaced byG. It is guaranteed to yield a polynomial invariant if
we requirer = Pn �U + �1H + �2L2 + �3L3 + �4�5H + �6L2 + �7 � ; g1 = r0(x1) (52)

wherePn is a polynomial of ordern and the�i are constants. Then there exists a
functionFn, inverse toPn, such thatU = (�5H+�6L2+�7)Fn(r)�(�1H+�2L2+�3L3+�4) = �v1+f1H+g1L2+L3:
Equating coefficients ofL2 we find the conditionr0 = �6Fn(r) � �2 and we can
solve forr(x1) by quadratures. Equating coefficients ofH, L3 and the constant
term, we find�3 = �1 andf1(x) = �5Fn(r)� �1; g1(x) = �6Fn(r)� �2; v1(x) = �4 � �7Fn(r):
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It follows that(�5H + �6L2 + �7)nM1 is a polynomial in the momenta.]
The corresponding invariant that we can calculate from these three functions

isL02 = M1 +M2 +M3. This is based on the obvious identityg1(g2 � g3) + g2(g3 � g1) + g3(g1 � g2) = 0:
Then it follows thatfL2;M1g = g1(f3 � f2)� ; fL3;M1g = g1(f2g3 � f3g2)� ;
with analogous results forM2, M3. Thus, from the definition of� we see thatfL2; L02g = 1.

Finally we define a functionL01 = M1 +M2 +M3 by requiringfL1;M1g = f1(g2 � g3)� ; (53)

with similar conditions forM2 andM3. ForM1(H;L2; L3; Q1) with Q1 = px1
this has the solution M1 = Z f1U 01�1dQ1:
Then it follows thatfL2;M1g = f1(f3 � f2)� ; fL3;M1g = f1(f2g3 � f3g2)� ;
with analogous relations forM2 andM3.

In summary, all brackets between the six functionsLi; L0i are zero except thatfL3; L03g = fL2; L02g = fL1; L01g = 1: (54)

Thus the mapping(x1; x2; x3; px1; px2; px3) ! (L1; L2; L3; L01; L02; L03) is canoni-
cal.

Note: Standard Hamilton-Jacobi theory gives exactly thesesame constants of
the motion, from a different viewpoint, [1]. Our expressionfor L03, for example,
is L03 =Xj Z U 0j�1dpxj =Xj Mj;
whereUj = �vj(xj)+fjL1+gjL2+L3 andUj = p2xj . Standard Hamilton-Jacobi
theory gives L03 = 12Xj Z dxjq�vj + fjL1 + gjL2 + L3 =Xj ~Mj:
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In the standard theory~Mj = ~Mj(L1; L2; L3; xj), whereas in our approachMj =Mj(L1; L2; L3; pxj). In both cases the condition (44) is satisfied. Our approach
makes it straightforward to determine exactly when theL0i are polynomials in the
momentapxj . It also points out the bracket relations between theMi and the
operatorsLj defining the separation, e.g., (43, 48, 49,51, 53).

The generalization ton dimensions is straightforward.
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