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Abstract

Group classification of systems of two coupled nonlinear reaction-diffusion
equation with a diagonal diffusion matrix is carried out. Symmetries of diffusion
systems with singular diffusion matrix and additional first order derivative terms
are described.

1 Introduction

Coupled systems of nonlinear reaction-diffusion equations form the basis of many
models of mathematical biology. These systems are widely used in mathemat-
ical physics, chemistry and also in social sciences and many other fields. Such
reach spectrum of applications stimulates numerous thorough investigations of
fundamentals of these equations theory.

In the present paper we continue group classification of systems of reaction-
diffusion equations with general diffusion matrix

uy — A(AMu + A%0) = f(u,v), ]
v — A(AMu + A%0) = f2(u,v) (1)

where v and v are function of ¢,z, s, ..., 2, A, A2 A% and A?? are real
constants and A is the Laplace operator in R™.

Up to linear transformations of functions u, v and f;, fs it is sufficient to
restrict ourselves to such diffusion matrices (i.e., matrices whose elements are
A ... A?%) which are diagonal, triangular, or are sums of the unit and anti-
symmetric matrices. In the last case ([l) can be reduced to a single equation for
a complex function which we call generalized complex Ginzburg-Landau (CGL)
equation. Group classification of CGL equations is carried out in paper [I].

In the present paper we classify equations (0l with diagonal diffusion matrix.
Without loss of generality such equations can be written as

uy — Au = fl(u,v),
v, — alv = f*(u,v) (2)

where a is a constant.



Apparently the first attempt of group classification of equations () was made

by Danilov [2]. We will show that the results present in [2] are far from com-
pleteness.

Group classification of equations () with general diffusion matrix was an-

nounced in [3] and presented in []. Unfortunately due to typographical errors
the tables with classification results present there are poorly readable (see [I] for
additional comments).

Symmetries of systems of reaction-diffusion equations with diagonal diffusion

matrix (i.e., of systems (B)) where studied in papers [0, [6]. We will see in the
following that classification results given in [B], [6] are incomplete and include
many equivalent cases treated as non-equivalent.

It is practically impossible to enumerate all fields of applications of systems

(). We restrict ourselves to few examples only.

e The Jackiw-Teitelboim model of two-dimension gravity with the non-relativistic
gauge [7]

Up — Ugy = 2ku — 2u%v = 0,
> (3)
Vg + Vg = 2uv® — 2kv = 0.

Symmetries of equations (B]) were investigated in paper [§]. In the following
we correct and complete results obtained in [§].

e The primitive predator-prey system which can be defined by [9
uy — Dug, = —uv, vy — ANDv,, = uv. (4)
also appears as an particular subject of our analysis.
e The A\ — w reaction-diffusion system [10]
uy = DAu+ A(R)u — w(R)v, vy = DAv 4+ w(R)u + A(R)v, (5)

where R? = u? + 1?2, is widely used in studies of reaction-diffusion models,
in particular, to describe spiral waves phenomena [I1] .

Symmetries of equations (H) were studied in paper [12]. We shall add the
results [I2] in the following.

Thus the problem of group classification of equations (B) is still actual and

we will present its solution here. In addition, for the first time we shall classify
equations (B) with non-invertible diffusion matrix (i.e., equations (&) when pa-
rameter a is equal to zero) and also the following equations which include the
first derivative terms:

Uy — AU = fl(U,U),

UVt — PuVz, = fz(uu U)

(6)



where u,, = 597“, p, are arbitrary constants and summation from 1 to m is
I
imposed over the repeated index u. Moreover, without loss of generality one can

set

pr=ps=-=DPp1=0, Py =p. (7)

In the case p = 0 equation (@) reduces to (@) with a = 0. The latest equation
is used in such popular models of mathematical biology as the FitzHung-Naguno
[13] and Rinzel-Keller [T4] ones.

2 Equivalence transformations

The problem of group classification of equations ), (@) will be solved up to
equivalence transformations. Clear definition of these transformations is one of
the main points of any classification procedure.

We say the equations

iy — A= fY(u,v),
Uy — aAD = f2(u, v) (8)

be equivalent to (@) if there exist an invertible transformation u — @ = G(t, z, u, v),
v— 0 =®tz,uv),t —t="T(tzuv),r—7=X(trzuv)and f, — f=
F,(u,t,x, f) which connects () with (§). In other words the equivalence trans-
formations should keep the general form of equation () but can change concrete
realization of non-linear terms f! and f2.

The group of equivalence transformations for equation () can be found us-
ing the classical Lie approach and treating f' and f? as additional dependent
variables. In addition to the obvious symmetry transformations

t—t'=t+a, wz,—,=R,v, +b, 9)

where a, b, and R, are arbitrary parameters satisfying R,,, R,» = 0,, this group
includes the following transformations

Up — Kbcuc + bba fb - )\2Kbcfc7
t— A2, a1, — Ao

(10)

and

Uy — Kbcuc’ fb - akbcfc’ (11)
t—a ', zy— a2z, a#0

where indices b, ¢ take values 1 and 2, K be and K are elements of an invertible
constant matrices K and K respectively, moreover, K commutes and K anticom-
mutes with A; A # 0 and b, are arbitrary constants, and we use the temporary



notations u = uy,v = us. In this Section and Sections 3, 4, 7 we use for dependent
variables both notations u,v and uy, us simultaneously.

If parameter a is equal to 1 then K is an arbitrary 2 x 2 invertible matrix,
and equivalence transformations ([[T) do not exist. For a # 1 matrices K and K
have the following form

_( Ku O ~ (01
e= () k=(V o).

Transformation ([Il) reduce to the change a — 1/a in the related matrix A,
i.e., to scaling of arbitrary constant a. Thus without loss of generality we can
restrict ourselves to the following values of a:

l.a=0, 2.0<a<1, 3. a=1. (12)

It is possible to show that there is no more extended equivalence relations valid
for arbitrary nonlinearities f! and f2. However, if functions f!, f? are fixed, the
invariance group in general is more extended. In addition to transformations ([IT)
and () it includes symmetry transformations which does not change the form of
equation (B). Moreover, for some classes of functions f!, f% equation (@) admits
additional equivalence transformations (AET) which do not belong to symmetry
transformations.

In spite of the fact that we search for AET after description of symmetries
of equations (&) and specification of functions f*, f2, for convenience we present
the list of the additional equivalence transformations in the following formulae:

u — exp(wt)u, v — exp(pt)v,

u— u+wt, v— 0,

u—u, v— v+ pt,

u— u+pt, v— vexp(pt),

u — exp(wt)u, v — v+ wt,

u—u, v— v+ ptu,

u — exp(wt)u, v — v+ w%,

u — exp(wt)u, v — v+ Ktu + p%, (13)
U — u, v—>v—ptu+p)\§,

0. u—exp(pt)u, v — v — Kpt,

2 L9 XN gtk W

1. u— exp(pt)u, v — exp(pt) <v + »s%u) ,

12, u—u+pt, v—0v—pt,

13.  u—u+pt, v—e vty

14. u—>u+pt,v—>v+ptu+p§,

15. u — ucoswt —vsinwt, v — vcoswt + usin wt.

Here the Greek letters denote parameters whose values are specified in the
tables presented below. We stress once more that equivalence transformations
([3) are valid only for some concrete non-linearities which will be specified in the
following.



3 Symmetries and classifying equations

As usual, we will search for symmetries of equations (&) and () with respect to
continuous groups of transformations using the infinitesimal approach. Using the
Lie algorithm or its simplified version proposed in ] one can find the determining
equations for coefficient functions 1, &,, 7 of generator X of the symmetry group:

X = n0; + &0y, — ©0y, (14)

and classifying equations for non-linearities f! and f2. We will not reproduce
the related routine calculations but present the general form of symmetry X for
equation (B) with a # 0 found in [] (see also [I) :

X = \K +0,G,, 4+ w, G, + uD — (C®uy + B*)d,,

15
+WH*z,0,, + v0; + pu0s, (15)

where the Greek letters denote arbitrary constants, B® and are functions of ¢, x
and t respectively, matrix whose elements are C® have to commute with A, and

CabAbk o Aabcbk — 07 (16)
and

m
- TUaauaa

7 2 a’ 17
Gy =" (Ox, + 572u(A™) P usdy, ) | o

D = tat + %xuﬁwu.

Here A% and (A1) are elements of matrix A and matrix inverse to A respec-
tively.

If a = 0 then the related generator X again has the form ([[H) where however
A=o0,=w, =0.

Equation (B) admits symmetry (IH) iff the following classifying equations for
f and f? are satisfied [1]:

X+ ) f* + (3222 + o2y + ve wuxy,) (ATH® O + Lmfe
+C® fo 4+ Cfbuy, + 22 (u® — (A7) %) + B — AA®B? (18)
= (B® + C*'uy + (3\2% + 0,3, + ve'lw,z,) (A7) Fuy,) f2

Us*

In other words, to make group classification of systems (B) means to find all non-
equivalent solutions of equations ([[¥) and to specify the related symmetries ([[H)
[A.

We stress that relations ([[H)-(I8) are valid for group classification of systems
@) including arbitrary number n of dependent variables u = (uy, us, ... u,) pro-
vided the related n x n matrix A be invertible []. In this case indices a, b, s, k in
([@)-([@) run over the values 1,2...n.



Consider now equation () and the related symmetry operator (Id]). The
determining equations for n, £* and n* are easily obtained using the standard
Lie algorithm and have the following form

Mt = Na,e = Nu = Mo = 0, 5#2552517:07
Tay =0, 7o, +mp, =0, m=m =0 m,—m =3, if p#0; (19)

R O L

where subscripts denote derivatives w.r.t. the corresponding independent vari-

. 9 e
able, i.e., ny = 31, &8 = 5. ete.

Integrating system () we obtain the general form of operator X:

X =v0, + p,0, + V0,2, + uD — B'0, — B*0, — Fud, — Gvd,;  (20)

F—G:%u ifp#0 (21)

where B!, B? are functions of (¢,z), F and G are functions of ¢ and summation
over the indices o, v is assumed with o, v =1,2,--- 'n— 1.

The classifying equations for non-linearities f! and f? reduce to the following
ones

(u+ F)ft + Fouy + (0, — A)B?

= (B9, + B?0, + Fud, + Gvd,) f1, (22)

(,U + G)f2 + Grug + Bt2 - pB;m (23)
= (B9, + B*0, + Fu,0, + Guyd,) f*.

Relations (Z20)—( 3) are valid for both cases p # 0 and p = 0 (in the last case
condition (ZII) should be omitted). Solving (22), [3)) we shall specify both the
coefficients of infinitesimal operator (20) and the related non-linearities f! and
12

It is obvious that the widest spectrum of symmetries appears in the case when
the parameter a is equal to 1, in as much as the corresponding relation ([IH) does
not impose any restrictions for functions C%. Quite the contrary, equations (2
with a # 1 and especially () admit relatively small variety of symmetries.

4 Classification of symmetries

Following [1] we specify basic, main and extended symmetries for the analyzed
systems of reaction-diffusion equations.



Basic symmetries are nothing but generators of transformations (@) forming
the kernel of a symmetry group, i.e.,

PO = ata P)\ = a)\a Jul/ = xuazy - xuazu' (24)

Main symmetries form an important subclass of general symmetries ([[H) and
have the following form

X = uD + C%ud,, + B*9,, . (25)

In accordance with the analysis present in [I] complete description of general
symmetries () can be obtained using the following steps:

e Find all main symmetries (Z3), i.e., solve equations ([[8) for V* = v =
py =0, =w, =0:

(0 + C) f* + CiPuy + BY — AAB" = (C™uy + B") f . (26)

e Specify all cases when the main symmetries can be extended, i.e., at least
one of the following relations are satisfied:

(AT S = (A" fy,, (27)

(AT +qu’) = (A7) w f,. (28)
or if equation () is satisfied together with the following condition:
m

C 4 O+

(uF — (A™)*Pu,)+ BE—(AAR BY) = (CPuy+ B*) £ (29)

U

where

Cct =0y / c®dt, B*=B"—v / Badt.

If relations (1), [28) or [Z9) are valid then the corresponding system ()
admits symmetry G, G, or K correspondingly (see () for definitions).

e This algorithm is valid for classification of systems () including arbitrary
number n of dependent variables u = (uy,us,...u,) provided the related
n X n matrix A be invertible.

e When classifying equations (@) the second step in not needed in as much
as in accordance with ([200) these equations admit only basic and mane
symmetries.

In the following sections we find main and extended symmetries for classified
equations. For clarity we start with group classification of systems (f) which
is more simple technically and present rather detailed calculations. Then we
consider equations () and present classification results without technical details.
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5 Algebras of main symmetries for equation ([&)

To describe main symmetries we use the trick discussed in [I], i.e., make a priori
classification of low dimension algebras of these symmetries. In accordance with
@0) any symmetry generator extending algebra (24) has the following form

X = uD — B'9, — B%, — Fud, + (g >U&,. (30)

Let X; and X, be operators of the form (B) then the commutator [ X7, Xs] is
also a symmetry whose general form is given by (B). Thus operators ([B) form
a Lie algebra which we denote as A.

Let us specify algebras A which can appear in our classification procedure.
First consider one-dimensional A , i.e., suppose that equation (@) admits the
only symmetry of the form ([B). Then any commutator of operator (24]) with
[B0) should be equal to a linear combination of operators [Z4) and (B0). Using
this condition we come to the following possibilities only:

X =X1=pD — 10, — a0, — Bud, — (8 — §)vo,,
X = Xy = e’ (10, + @20, + fud, + [fvd,), (31)
X = X3 = e 2(ald, + a20,)

where the Greek letters again denote arbitrary parameters and p-x = p,x,.

The next step is to specify all non-equivalent sets of arbitrary constants in
[B1) using the equivalence transformations ([I0).

If the coefficient for ud, (or vd,) is non-zero then translating u (v) we reduce
to zero the related coefficient oy (as) in X; and Xy; then scaling u (v) we can
reduce to £1 all non-zero a in B1). In addition, all operators (BIl) are defined up
to constant multipliers. Using these simple arguments we come to the following
non-equivalent versions of operators (BIl) belonging to one-dimensional algebras

A:
XY = 24D — ud, + (1 — 1)vd,,

X(2) = 2D + 00, + v8,, X =2D — ud, — 0., (32)
X(V) _ eyt—i—pg w(ua + Ua ) Xél) _ ecrlt—i-pl m(au + av);
X(2) agt-l—pg zaqu ?E3) — agt-i—pg-z@v'

To describe two-dimensional algebras A we represent one of the related basis
element X in the general form (B0) and calculate the commutators

Y = [Po,X] —Q/LP(), Z = [P(),Y], W = [X,Y]
where Py is operator given in (24]). After simple calculations we obtain

Y = F,(udy, + vd,) + B1, + B20,, Z = Fy(ud, +vd,) + BLO, + B,

W = 2utZ + pxy(B} 8 + B2 0,. (33)

txy txy



By definition, Y, Z and W belong to A. Let F; # 0 than it follows from (B3])
that

uw#0: B, =F,= B =0, (34)

w=0: Fy=al+7'B}, Bj :'YaFtﬂLﬁabe' (35)

Starting with (B4]) we conclude that up to translations of ¢ the coefficients F’
and B, have the following form

F=otor F=0; B*=v"%+a"if n #0.
If F' = ot then the change

Ug — Uge 7 — Vay (36)
1

reduces the related operator (20) to X; of ([B1l) for § = 0.
The choice F' = 3 corresponds to the following operator (B0)

X =X, =X, —2t(a'd, + a?0,) (37)

where X is given in (BI).

Thus if one of basis elements of two dimension algebra A is of general form
@B0) with 2 # 0 then it can be reduced to X; with 5 = 0 or to generator (B1).
We denote such basis element as e;. Without loss of generality the second basis
element ey of A is a linear combination of operators XQ(V) and X?Ea) B2). Going
over possible pairs (e, ey) and requiring [e, ea] = aje; + ages we come to the
following two dimensional algebras

A =< 2D + 09, XV >, Ay =< XP x>,

As =< X1(3)7X§3) > A =< X1(l)a X§3) >,

Ay =< XD X® > Ag =< 2D + 200, + udy + vtd,, X2 >
A7 =< 2D + 2ud, + 300, + 3vtd,, ngl) >

(38)

The form of basis elements in (B8) is defined up to transformations (Ba)) ().
If A does not include operators (Bl) with non-trivial parameters p then in
accordance with (BB its elements are of the following form

ea = Fla) (U0, +v0,) + B(la)au + B(Qa)av, a=1,2 (39)

where F,) and B(,), B, are solutions of (5.

Formulae (BY), (BY) define all non-equivalent two-dimensional algebras A
which have to be considered as possible symmetries of equations (@). We will
see that asking for invariance of (@) w.r.t. these algebras the related arbitrary
functions f* are defined up to arbitrary constants, and it is impossible to make
further specification of these functions by extending algebra A.

9



6 Group classification of equations ([@)

To classify equations () which admit one- and two- dimension extensions of the
basis invariance algebra (24I) it is sufficient to solve determining equations (22)
for f* with known coefficient functions B® and F' of symmetries (B0). These
functions are easily found comparing (20) with [B2), B) and (B9).

Let us present an example of such calculation which corresponds to algebra
A; whose basis elements are Xy = 2t0; + x,0,, + v0, and X2(O) = u0y, + v0,, refer

to (BY). Operator XQ(O) generates the following form of equation (22):
f¢=(uo, +v0,) f*, a=1,2

whose general solution is
fr=uk <E> , [P=uk <E> : (40)
u U

Here Fy and F} are arbitrary functions of =.

Equations (@) with non-linearities () admit symmetry X2(O). In order this
equation be invariant w.r.t. X, also, functions f!, f? have to satisfy equation
@2) with FF =0, i.e.,

1
Peupi e -tup ()
It follows from (@), (@) that
fl=auv®v™2 2= 0l (42)

Thus equation () admits symmetries X(g2) and X; which form algebra A; (BS)
provided f! and f? are functions given in ([{2]). These symmetries are defined up
to arbitrary constants « and A, if one of them is nonzero, than it can be reduced
to +1 or —1 by scaling independent variables. In addition, using MULIE software
we verify that this equation does not admit more extended symmetries.

In analogous way we solve equations (22) corresponding to other symmetries
indicated in (B2) and (BY). For one-dimension algebras (B2) the related non-
linearities f! and f? are defined up to arbitrary functions F; and F, while for
two dimension algebras (B) functions f! and f? are defined up to two integration
constants. Algebras (BY) either lead to incompatible equations (22)) or correspond
to linear functions f! and f? which are not considered here. We shall not repro-
duce the related rather routine calculations but present their results in Table
1 where Greek letters denote arbitrary parameters. Moreover, without loss of
generality we can restrict ourselves to A = 0,1, o, 5 = 0,41 (in items 11 and 12
a = 0,1 if v is half-integer).

10



Table 1. Non-linearities and symmetries for equation (@)

Argu-
No | Non-linearities ments Symmetries
of Fi, F,
Lo et T
f2 — UV—HFQ
2. | 1= Fuy?, uw—plnv | 2D + v, + uo,
f2 — F2u2_1
3. | f'=u(Fi+Alnw), |2 e (ud, + vo,)
f2=v(Fy+Xnu)
4. | fl=ulF, v—Ilnu 2D — ud, — 0,
f? = uiF;
5. | ft=au+ Fy, v eMtIm ()0,
f2=F, —vpu p=x—1v*—a«
6. | fr=F, u e’ (x)0,
f2 = F2 —+ vv
7. | fl=au+Fy u—v evrAttvemy () (0, + 0,),
P=F+\+pr p=vp+p—1r:—a
T_— 3, 2
8. ;2 _ gZ%Zz_l’ 2D 4+ v0,, ud, + v0,
fl = ae 2u’
9. 2 pe 2D +v0y + 0y, Y(2)0,
10. | 1 = Xe¥, 2D — ud,u — 0,,
f? = ae® e(’\ﬂ‘)t\ilu(f)@u
1 = au®*+, v2D — ud, + (v — 1)v0,,
A=t U(x)0,
12. | f1 =32, 2(v —1)D — vud, — v0,,
f?=ouz! T, (%)0,
L o« ) 2D + 200, + u0, + t0,,
B.1ff=2f=lhu ()0,
L 5 1 2D + 2ud, + 3v0, + 3t0,,
14. | f* =lnv, f*=awvs B, (t,7)0,

Here D is the dilatation operator given in (), & = (z1, 22, ,¥m-1), V()
is an arbitrary function of spatial variables; ¥, (%) and ®,(t,Z) are solutions of
the following equations

éﬁ/u(@ = ngu(@a (% _2A)(i)u(f) = pudu(7),
A=gatpzt +g2

We notice that non-linearities present in Items 1 and 11 are defined for all

11



values of v including the case v = 0 when the dilatation symmetries are reduced
to scaling of dependent components only.

7 Algebras of main symmetries for equation ([2)

Let us start with group classification of systems of coupled reaction-diffusion
equations (B) and consider all types of the corresponding matrices A . In accor-
dance with the plane outlined in Section 4 we first describe the main symmetries
generated by operators (23) and then indicate extensions of these symmetries.

Like in Sections 5, 6 the first step of our analysis consists in description of
realizations of Lie algebras A generating basic symmetries. The general form of
basis elements of A is given by relation (23).

Following [I] we first specify all non-equivalent terms

N = Cu0,, + B0, (43)

where summation from 1 to 2 is imposed over the repeated indices and we again
use the notations u; = u, uy = v.

Let ([3) is a basis element of a one-dimensional invariance algebra A then
commutators of N with Fy and P, should be equal to a linear combination of N
and operators (24). This condition presents three the following possibilities [II:

1. Oab — Mab, B® = Iua7
2. Cab — ektﬂabj B¢ = ektﬂa, (44)
3. Cab — 07 B¢ = 6)\t+w~:clua

where ©%, 1%, X, and w are constants.
Like in [I] to classify all non-equivalent symmetries (B4]) we use their isomor-
phism with 3 x 3 matrices of the following form

0 0 0
g=1| #' 't . (45)
,LL2 Iu21 ,LL12

Equations (B) admit equivalence transformations ([Il). The corresponding trans-
formation for matrix ({H) are

g — gl — UgU—l (46)

where U is a 3 x 3 matrix of the following special form

1 0 0
U= b K" K2 |. (47)
b2 K21 K22

12



were K% are the same parameters as in (), (TTI).

Let us consider equation () with a diagonal matrix A (versions 1, 2 of (I2))
and find the related low-dimension algebras A. In this case matrix ([fH) and the
equivalence transformation matrix (@) reduce to the forms

0 0 0 1 0 0
g=\ pt Lt 0 |, U= K' 0 |. (48)
M2 0 M22 b2 0 K2

Up to equivalence transformations (@) there exist three non-equivalent matrices

[#Y), namely
000 000 0 00
a=lo10], @=[100], s=|xr00]. (49)
00 A 0 01 1 00

In accordance with #3)-(?7?) the related symmetry operator can be repre-
sented in one of the following forms

Xl - /LD - 2(ga>bcacaub7 X2 - eAt(ga)bcﬂcaub (50)
or
X5 = N (9, + pdy,) . (51)

Here (gq)pe are elements of matrices @), b, ¢ =0, 1, 2, & = column (ug, uy, us), ug =
1.

Formulae (BE) and (B]l) give the principal description of one-dimension alge-
bras A for equation (@) with a # 1.

To describe two-dimension algebras A we classify matrices g () forming two-
dimension Lie algebras. Choosing a basis element in one of the forms given in
(#3J) and the other element in the general form (E8) we find that up to equivalence
transformations ([FH) there exist six algebras < eq, e5 >:

Ao ={01, 94}, Aso=A{01,03}, Aoz =1{95,05}, (52)

A2,4 = {91795}7 A2,5 = {91793}7 A2,6 = {92753} (53)

where g1 = g1]x=0, 91 = 91]x=1, G5 = g3|r=0, and

000 000
g=100201], g=|1 00 (54)
0 01 0 00



Algebras (B2) are Abelian while algebras (B3)) are characterized by the follow-

ing commutation relations:
[61, 62] = €9 (55)

where e; is the first element given in the brackets (B3), i.e., for As4 €1 = g1, ete.

Using (B2), (B3) and applying arguments analogous to those which follow
equations (BIl) we easily find pairs of operators (2H) forming Lie algebras. De-
noting

0
ou,’

~

€a = (ea)abab

a=1,2

we represent them as follows:

<puD —é1,vD —éy >, < Fié1 + G1éa, Fyé1 + Goég > (56)
for ey, e5 belonging to algebras (B2);

< puD —é1,é9 > (57)
for ey, e5 belonging to algebras (B2) and (B3);

< uD + é; + vtéy, é9 > (58)

for ey, e5 belonging to algebras (B3).
Here {F}, G} and {F,, G2} are fundamental solutions of the following system

F, = AF +1vG, G,=0F++G (59)

with arbitrary parameters A\, v, o, .

The list ([B8)-(ES) does not includes algebras of the type < e"!Twee erttree >
which are incompatible with determining equations (IX). All the other two-
dimension algebras A can be reduced to one the form given in (Bf) -(BE8) using
equivalence transformations (), [B4).

Up to equivalence there exist three realizations of three-dimension algebras in

terms of matrices ([@J), ([B4):

A3,1 D e1 =41, €2 = g4, 3, (60)
Asg: €1 =gs, €2 = gs, €3 = G3,

Ass: e1=gi, e2=gs, €3 = Gs. (61)
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Non-zero commutators for matrices ([B) and (&) are [es, e3] = e and [eq, 4] =
eq(a = 2,3) respectively. The algebras of operators (ZH) corresponding to real-
izations (B0) and (BI) are of the following general forms:

< uD —éy, vD — éy,63 >, < é1, D+ ég+ utés, é3 > (62)
and
< uD _Aél’ égl é3A>, A< D + é} + utég, és, éf’ >, ) ) (63)
< D +é +utes, é3, 63>, < é1, Fiés+ Giés, Frés + Goés >
respectively.
In addition, we have the only four-dimension algebra
/1471 © e =(y, €2 =G5, €3 = (4, €4 (64)
which generates the following algebras of operators (23):
<puD —éy, vD —é3, ég, €4 >, < éy, D+ é3+ vtéy, ég, €4 >, (65)

<D+é1+Vté2, éQ, ég, €4 > .

Thus we have specified all low dimension algebras A which can be admitted
by equations (B) with a diagonal (but not unit) matrix A.

The case a # 1 appears to be much more complicated. The related matrices
g are of the most general form () and defined up to the general equivalence
transformation ([#d), (7). In other words there are seven non-equivalent matrices
#3), including g1, go D) g5 (BA) and also the following matrices

00 O 000

g6 = 0 p —1 , g7 = 010 ,
01 pu 011

(66)

000 000

gg=1000 1], gg={( 1 00
010 010

In addition, we have fifteen two-dimension algebras of matrices (fH),
A2,1 - {91794}7 A2,2 - {.&17.&3}7 A2,3 = {.&3795}7 A2,7 = {97798}7 (67)

Ags = {33, 98}, A2 = {73, 90}, A210 = {91, 96}

A2,4 = {91795}7 Az,s = {93,93}7 A2,6 = {92,573}, A2,11 = {91‘)\7&1798}7 (68)
A2,12 = {911, _98}7 A2,13 = {99;9”1}7 A2,14 = {94798}7 A2,15 = {977573}

where

"
gio = , g1 = 91|A=2 =

_= o O
O = O
o O O
o O O
O = O
N O O
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Algebras (B7) are Abelian while algebras (G8) are characterized by relations
(BEH). The related algebras A are given by relations (Bf) for e;, es belonging to
algebras (&1); by relations (B7) for ey, es belonging to algebras (87) and (E8) and
by relations (B8) for ey, e belonging to algebras (GS)).

Three-dimension algebras are Az; — A3 3 given by relations (€0), (&1l) (where
tildes should be omitted) and also A3 4 — Az 11 given below:

Ay e =gs, €2 = gs, €3 = J3,
Azs: e =gg, €2 =g, 3= 3,
A3,6 D €1 =(3, €2 =gg, €3 = gy,
A3,7 . e1=(3, €2 =G5, €3 = gr,
Aszg: el = g1, e2 = gs, €3 = Js,
Azg: el = g4, €2 = gs, €3 = 3,
A3,10 D €1 =gz, €2 =0g, €3 = —03,
A3,11 D e1 =31, €2 = —(gg, €3 = 4.

Algebras (Asg, As11) and Asg are isomorphic to As; and Ajs s respectively.
The related algebras A are given by relations (2) and (E3) correspondingly.

Algebras As g and As ;¢ are characterized by the following commutation rela-
tions

lea, €3] = €1 (69)

(the remaining commutators are equal to zero); non-zero commutators for basis
elements of As 7 are given below:

le1,€2] = €a, [e1,e3] = ez + e3. (70)

Using (£9) and ([{d) we come to the following related three-dimension algebras .4
generated by As¢ and Ajs 10:

< D —2é9, vD — 2¢é3, €1 >, < ey, D+ 2e, + 2vtey, ey >,

< eyt—i—w-wel 6ut+w~rea 6/ > (71)
) Y (6%
and algebras ([[2) generated by Aj7:
< uD — 2eq, eg, e3>, < ey, €Ty, /T Tey > (72)

Finally, four-dimension algebras of matrices (@) are A4 given by equations
@) and also Ay2—Ass given below:

Ago: €1 =gy, €2 = gs, €3 = J3, €4 = g5;
Agz: e1=Gs, 2 =05, €3 =0, €14 = gs;
Aga: e1 = g1, €2 = gu, €3 = gs, €4 = G3;
A4,5 €61 = 4g4, €2 = gg, €3 = (g5, €4 = g3.

We do not present the related algebras A because all possible non-linearities
f! and f? will be fixed asking for invariance of equation () which respect to
transformations generated by three-dimensional algebras.
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8 Classification results

Using found algebras and solving the related classifying equations (26) we easily
complete the group classification of equations (). Namely, we solve the equations
8 ) with their known coefficient C** and B® which are defined comparing (23)
with the found realizations of algebras A.

We consider consequently all one- two- and three-dimensional algebras A and
find the related non-linearities. Then we control the cases when equation ()
admit extending symmetries G, @M and K ([7), i.e., when the found functions
f! and f? satisfy conditions (27), (28) and (29) respectively.

We will not reproduce here the related routine calculations but present the
results of group classification in Tables 2-8.

In the last columns of Tables 2-5 the additional equivalence transformations
are presented. In Tables 2-8 the symbols D, G, G, and K denote generators
@), K = K + = [t (pudy + (2 — N\)vd,) + ud,] , 1, is an arbitrary solution of
the linear heat equation 0y, — Ay, = i, QZJM satisfies 8t@EM — aA@EM = ,LL@ZM,
e = +1and ¥(z), ¥, (x) have the same meaning as in Table 1. The items marked
by asterisk are related to the unit diffusion matrix only.

Table 2
Non-linearities with arbitrary functions and extendible symmetries
Argu- .
No | Nonlinear terms me%lts Symmetries Addmon,a : AET
of F, symmetries
fl=u"tF ; vD — ud, G if Lif
1. 12 :UV—HLFQ’ - ) v =20, v =20,
° p=a#0 | p=pw
fM=u(R
5 +vinu), v#0 W e’ (ud, G, if
BRI w +pd,) p=a#0
+vplnu)
00,
3. ! =e’u Flu, u vD — ud, if v =0, 6
f?=evu (Fyv =0
+F2) 'QDO&M
D + v0,,
lf F1 - 0, 3’6
UV =
4| fr=u(F —v), u e’ ud, ?ﬁ”?” B 3_1f0
12— Pt B if 1 =v V=
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Table 3

Non-linearities with arbitrary functions

and non-extendible

symmetries
Argu- Symmetries
No Nonlinear terms ments and AET (I3)
of Fy, Fy [in square brackets]
fl=ul +vv, vt
1. o vE(u+0) et e’ (ud, + udy + v0,) ,
+ukby + vk AET L, p =]
o fl=u*E v vD —u0, — u0, — v0,,
’ 2 =u"(Fv+ Fu), e [AET 1, p = w]
fl :UF1+UF2 Re #*
3+ +vz (pu —v), where 1 et (WROR + 0s)
' f2:vF1—uF2 R:(u2—|—v2)57 [AET 15 1f,u:0]
+vz(pv+u), v#£0 » — tan~—! (%)
1 _ v 2 _ v+l _ VD—Uav_au
4. fl—vFl,f—v Fy u—Inwv [AET 4if v = 0]
fr=F+vu, v+#0, _ ot
5. 2 = Fyo+ v u—Inw e’ (V0 + 0y)
. fl — €VuF1, o B B
6*. 2 — eru(Fy + Fyu) 2v—u vD — ud, — Oy
* fl =rvu+ F17 2 vt
T fy = vi® + Fru+ P 20— u e’ (udy, + 0y)
1 _ 2 _ Y00y, udy
8. F=0 f=F v [AET 2; 1,p = 0]
9. leFla f2:F2+VU U wyav
fl:F1+(V_M)u7 . vt
10. 2= Byt (v— ap)o v—u e, (x) (0, + 0y)
11. | fl=e"F, f?=¢e"F, 1o —u vD — puo, — 0,
1 _ vz
12*. ;2 _ Z”Z E?z j_L ];QZ; ’ Re™H* vD — u (ud, + v0,)
2 ! — (ud, —v0y)
13 | [=autp " V00,
' fo=vv+F, au= e (u — ut) 0,
. fl — 'LL2, e”tu&,,
- fo=(u+vyv+F, ¢ e’ (0, + tud,)
15" fl=@*-1), " eVt (ud, +0,) ,
' fo=w+v)v+ F eVt (ud, — 9,)
16+ ff=w+1)), " et (cos tud, — sin td,) ,
' fo=(u+v)v+ F evt (sin tud, + costd,)
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Table 4. Non-linearities with arbitrary parameters and extendible

symmetries
. Main Additional AET
No | Nonlinear terms . .
symmetries symmetries (3
1. = uvttom, uD — v0,, G, ifv=—ap#0, i,l/w— 0
2 = ourortt vD — ud, & Kif a#1, He =
_ 4 .
F = mizay
o0y if
c=0v=-1 '
Covn % L
p=yq, a0, o=
& K ifa= él—i-im;
¢oau,vau if 2; 1,Vw
c=0,v=-1, S p = 0
G, K if 1 vw
oc=1\#1, n T 0
uw=-v=a=1; Hp =
ud, if p =0,
A=o,a=1%& +1,1/fo
Oy +tud, ifv=1 He =
5 1=t vD — ud, (u — At) 0, if 3.6
. f2 — O’u”"'“ _Mvam —v=a=1 )
~ G, if
er V=0, 1= a0 3,6
e Muo, if
v=0,a=1, 31
& e (ud, + \0y) ’ c’u
if =2 & p=
2D —ud, if A=0
= e, e 3; 1,
3. 2 = el vD —v0, — 0, v0, ifoc=0 w0
~ (u—At)0, if
wOav I/:O,azl 3,4
fl=2xe, - udy + 0, if 0 =0
4 f?=oe’ D =, %00, &, ifa=1 2,5
v 1
* 1 _ v+l ps _ : — )
S0 fr= et | uD — udy, G, if v=0 p=w
f?=eru(dv _ _
" vD — ud, — v0,
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Table 4. Continued

1 _ puzpv
6*. Jr= e R (Au vD — u0, — v0,, G, if v=0 1,
—O'U), p=uw
f2=e”R"(\v _
o) wD — ud, + vo,
7 [P = et uD — ud, — 20,
f?=out(v e
" inw), p A0, U0y Op +tud, if p=1 6
g =\ D—i—u@uj—vav Fora #1: 5 7
' fP=chu +etdy,, o0, ud, + etd, if X = 0; ’
Fora=1":
(u— At) Oy; & 8,9
ud, +td, if A =0
ft=o, pud, — €0, o o 10,
9. 12— co+ Inu 0.0, e'ud, if a =1 o e
f!'=Xulnu, ~ e’ (ud, + t0,) 10,
10. fP=wvv+Inu V0, if v =M\ K=c¢
A (N = v)ud, + 0,) 10,
if v#A\ k=¢

Table 5. Non-linearities with arbitrary parameters and

non-extendible symmetries

Nonlinear terms Symmetries E)T
) fl=Xu+v)"", vD — ud, — v0,, 19
| PEptn) a# | B(2) (9, — )
fl — )\uV—H, _ _
25 | f2=u” (Aug + pu’), Zg udy = ovd, 6
v+o#1, p#0 "
3 fl = Ae(u—i_v)? D - a'l)? 12
' f?=0e®t) q#£1 Uo(z) (0, — Oy)
1= e, _ _ 13,
4. 2 gyrtien D —0,, v0, — v, V0
5.1 f1=Xe*, f%=oue" D — 0,—u0,, ¥y0, 3
6 fl=ce", e ==+1, D +ud, — 9, — \td,, 3
= Y0y
1_ A(Qv—uQ)
T sy | D=0 B+, 14
ff=utp)e
g fl= Xt f2=1Inu, v (D + 209,) — 2ud, 9

Av+1)#0

- 2tav ) éoav
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Table 5. Continued

1= XIn(2v — u?), D + u0, + 2v0,
9. | fP=0(2v—u?) +2Mt (Oy+udy), 14
+AuIn(2v — u?) Oy+ud,
Ffl=In(u+v), Wo(x) (O — 0y),
10. | 2=vin(u+v), (a = 1) (D +udu 12
P +1f@ ) 2)(((@ — V)t)
+-2%) (0, — O
11+ ft=0, 1{8 Ew) + u0,, 1
T fP=ce(v—ulnu) 1.0,
— (u0, + v0
fl )\uy-i-l ( U v
12+, +ud),) 3
2= M ’
@Doau
13+ fl= Tt N#£0, vD — ud, — tud, 6
o fP= v +ulnu —(1 = v)vd,, ud,
= — V+2
. fl=A@u—u), 2D — ud, — 200,, 14; 1,
A% £2 = (20 — u?)"2
o 2)V+1 Oy + u0, p = 2w
+u(2v—u
1 _ _
ff=(w—rvulnu+ uv, X = et (udy + v0)) 10, w
2 - _ 2 ) — _
15. f v¥lnu X 4 et W—v
+(p+v)v v if u=0
fl=(u—viulnu+uv, | e (ud, +1_0,), 10, &
16. | f2=(01-v¥)Inu Mt (udy, — A\.0,), =u—v
i+ v Ae=p£1 if = +1
et [cos tud
fl=(p—v)ulnu+ uv, o
17| 2= (o) +tV (.COSt sint) 9,],
_ (1431 et [sin tud,
v +v(sint + cost)d,]
fl=2ev —u?, o ]
185 | 2= 2y, Xy = et (20, + 2%87, 14, if
—|—(,u + U2) (251) — u2) _'_:uav) , 2Xy et Dy K= 0
1 _ 2 2
19* ;2 _ 1fz2u o X = et (20, 14, if
' o2 2 +1 2=1
+(p+ u) (2ev — u?) +2eud, + (p £ 1)0) a
HE(2cost (O + cud,)
fl=2v—eu? ¢ . v
20, | 2o 12, +t(2,u gost —sint)0,),
2 9 2) et (2sint (O + eud,)
e+ eu) Qv —eu +(2usint + cost)d,)

In the following tables 6 = $(u

v cos wt + u sin wt.
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Table 6. Symmetries of equations () with non-linearities
fl=(uu—ov)In R+ z(Au — vv), 2= (pv+ou)ln R+ 2(A\v + vu)

No | Conditions Main symmetries Additional sym-
for coefficients metries for a # 0
* | A=0, u=v |e"d,, e (ROr + otd,) Goifo=0,u#0
2 | AN=0, p#v e’o,, Goifu=0=0
e’ (00, + (1 — v) ROg) Goif u#0,0=0
. d=0, N£0, | X3=e""(2\ROr + (v Goif p=v+#0,
w4 v = 2wy —p)d.), 2e*0'0, +tX3 Goifu=v=0
4 | N#£0,6=1 et (AROR + (wy — ) 0s), Goifwy =p+#0
we =wy=E1 e“~"(AROR + (w_ — ) 9,) Goifw, =p=0
exp(wot) [2A cost ROg
5 1 d=-1 none

wot) [2A sint ROg
v —p)sint + cost) 0,]

+ 8+

(
((v — p)cost —sint) d,],
p(
((

Table 7. Symmetries of equations () with non-linearities
fl=X v+ pulnu, f?= )\”—; + (ou + pv) Inu + vv + au

No | Conditions Main symmetries Additional
for coefficients symmetries
1+ A=0, u#v, e’ud,, v0, + atud,, Gy
av =0 e’ ((n — v)ROR + oud,) if u#0,0=0
> | 9 8 et (AR + (1t — v)ud,) Goif p=a=0
w#v e ROR Goif u#0
o | 0=0 X, = et (2\R0p f ifO“ o O’a
w4 v = 2wy +(v — p)ud,), if%oz;(] +uo
wot G, if M::l/7é07
2e“°t 0, + tX, N0
ROR + otud,, g0y,
D +vo, if 0 #0
A=p=v=a=0
* A§£O> wit :
4 51, et (AROg + (wy — p)ud,), | Goifwy=p=0

we =wot1

e“~" (AROR + (w— — p)ud,)

Goifwy=p+#0

5*

e“ot 2\ cos t ROp
+((v — p) cost — sint)ud,),
e“o! 2\ sin t ROg
+((v — p) sint + cos t)ud,]

none
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Table 8. Symmetries of equations () with non-linearities
ff=u(phu+Alnv), f2=v(wnv+olnu)

No | Conditions Main symmetries Additional
for coefficients symmetries
1 A=0, pu=v | evd,, o0y if 4 =0,0#0
et (udy, + otvd,) G, ifa#0, 0=0, u#0
5 A =0, et ((u— v) ud, Go if u # 0,
p# v +ov0d,), alp—v)=0, a#0
e’'vd, Goifo=—va,u=0,a#0
¢0&, ifO':l/:O;
u0,, Gy if a =1,
v=0, pu=0#0
5 5—0 Xy = 0! (2 ud, Go if v # —p,
’ + (v — p)vd,), 2Ma=v—pu, a#0
+ v = 2wy, w G, if 0,
’;O_%O 01208, + X, M:’V‘f_%a%o
4 Ao # 0, e?+t (\ud, Go if wy #0,
b=1, + (wy — p)vdy), a\=w, —
=t (\ud, Gy if = —al,
ETOF | v @) | e =0
e*o! (2 cos tud,
— (0 — wp) cost
+sint) vd,),
g 0=-1 ewol (2)? sin t)uau Hone
+ ((wo — p) sint
+ cost) v0y)

Equations () with the nonlinearities present in Table 8 admit equivalence
transformation 1 from the list ([3) provided po = Av. The related parameters p
and w should satisfy uw+Ap = 0. In addition, the equations corresponding to the
last version enumerated in Item 2 admit additional equivalence transformation

Number 6 which is given by formula ().

9 Discussion

Thus we carry out the group classification of systems of coupled reaction-diffusion
equations () with a diagonal diffusion matrix. The classification results are
present in Tables 2-8. In addition, symmetries of equation (@) with singular

diffusion matrix and additional first derivative terms are presented in Table 1.

Classification results given in Tables 2-5 and 8 (those ones which are not
marked by asterisk) are valid for both invertible and singular diffusion matrices.
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However, the Tables do not include all classification results for equations (B) with
a = 0. To complete the list of symmetries for the case of singular diffusion matrix
it is necessary to add "mirror” versions which can be obtained from Items 1,2 of
Table 2, Items 4, 5, 8, 9, 11 of Table 3, Items 1-4, 810 of Table 4, Items 4, 6, 8,
15-17 of Table 5 and Items 1-5 of Table 8 by the simultaneous change

u—v, v u, fLo R 0, = U, 1, =y, Wo(n) — 1

The list of non-equivalent systems (2l) appears to be very extended, especially
in the case of unit diffusion matrix. Equations () with invertible and non-unit
diffusion matrix A have relative short list of different symmetries. More exactly,
if matrix matrix A has type 1, equation ([Z), then there exist 15 non-equivalent
classes of equations () defined up to arbitrary functions and 46 classes of such
equations defined up to arbitrary parameters. The related extensions of the
basic symmetries (24]) have dimensions from 1 up to 3 and include neither Galilei
generators GG, nor conformal generators K.

For the case when matrix A is of type 2, equation ([[2), we indicate 10 classes
of equations depending on arbitrary functions and 41 class of equations defined
up to arbitrary or fixed parameters. Among them there are 7 Galilei invariant
systems and two equations invariant w.r.t. extended Galilei algebra spanned on
P,, J,, [24) dilatation operator and also generators G,, K (). These equations
are indicated in Table 4, Item 1 and have the following form

u — Au = \u (u“v_l)ﬁ ,

v — al\v = ov (u“v_l)ﬁ

and
4+4m
U — Au= "1 , vy —aldv = 0.

Finally, if the diffusion matrix is the unit one then we have 115 non-equivalent
classes of equations, among them 24 including arbitrary functions and 13 admit-
ting Galilei generators. There is the only equation admitting extended Galilei al-
gebra, the related non-linearities are given in Table 4, Item 1 foroc =y = —v = 1.

Let us compare our results with those of [2] and [5], [6].

Paper [2] was apparently the first work were the problem of group classification
of equations (B) with a diagonal diffusion matrix was formulated and partially
solved. Unfortunately, the classification results presented in [2] are incomplete
and in many points incorrect. Thus, all cases enumerated above in Table 8, Items
1, 2 of Table 2, Items 4, 5, 811, of Table 4, Items 1, 3, 10, 15-17 of Table 6, were
overlooked, symmetries of equations with non-linearities given in Items 1 and 2
of Table 4 were presented incompletely, etc.

In papers [B], [6] Lie symmetries of the same equations and also of systems
of diffusion equations with the unit diffusion matrix were classified. The results
present in those papers are much more advanced then the pioneer Davidov ones,
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nevertheless they are still incomplete. In particular, the cases indicated above in
Items 3 and 4 of Table 2; Items 15-17 of Table 3; Items 11 and 20 of Table 5,
Items 1, 2 of Table 6 were not indicated in [6]. Equivalence relations are neither
clearly specified nor systematically used, which results in appearance of great
many of unnecessary arbitrary parameters in classification results present in [B],
[6]. Moreover, many of equations presented in [6] as non-equivalent ones, in fact
are equivalent one to another. It is possible to indicate at least ten examples
of such cases, half of them in frames of equivalence relations (7) declared in the
mentioned paper. For instance, all versions 14, 15, 18 and 20 from Table 4 present
in [6] are equivalent one to another.

The other examples of equivalent equations treated in [6] as non-equivalent
will not be enumerated here in as much as we believe that all non-equivalent
equations (B) with different symmetries are present in Tables 2-8.

Consider examples of well known reaction diffusion equations which appear
to be particular subjects of our analysis.

The Jackiw-Teitelboim model of two-dimension gravity with the non-relativistic
gauge [7] admits the equivalence transformation 1 ([3J) for p = —w. Choosing
p = 2k we transform equation (B)) to the form () where a = —1, f! = —2u?v
and f? = 2v%u. The symmetries corresponding to these non-linearities are given
in the first line of Table 5. Symmetries of equations (B]) were investigated in
paper [8] whose results are in accordance with our analysis. We notice also that
generalized equation (B) with two spatial variables admits additional conformal
symmetry generated by operator K (7).

The primitive predator-prey system (H) is a particular case of equation ([I)
with the non-linearities given in the first line of Table 2 where however y = v =
1, Fy = —F; = ¢ . In addition to the basic symmetries < %, a% > this equation
admits the (main) symmetry:

0 0

The A — w reaction-diffusion system (@) and its symmetries was studied in
paper [I2]. Again we recognize that this system is a particular case of ([l) with
non-linearities given in Item 12* of Table 3 with ;4 = v = 0. Hence it admits the
five dimensional Lie algebra generated by basic symmetries (24 with p,v = 1,2

and:
X = (uﬁ _ vi) (73)

which is in accordance with results of paper [12] for arbitrary functions A and w.
Moreover, using Table 4, Item 6* we find that for the cases when

MR)=AR", w=o0R" (74)
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equation (H) admits additional symmetry with respect to scaling transformations
generated by the operator:

X = (u% - v—) +uD. (75)

The other extensions of the basic symmetries correspond to the case when A\(R) =
uln(R),w(R) = oIn(R), the related additional symmetries are given in Table 7
where v = A = 0.

Detailed analysis of symmetries of A — w reaction-diffusion systems is given
in paper [6].

Thus we present group classification of reaction-diffusion systems with diag-
onal diffusion matrix. Such systems with the square diffusion matrix has been
classified in [I] while the case of triangular diffusion matrix will be a subject of
the following paper.
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