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13. z%y! +zy! + (x® -1y = 0.
Bessel equation.
1°. Letr be an arbitrary noninteger. Then the general solution is given by:

Y= ClJu(x) + CZYI/(x)! (1)

whereC; and(C; are arbitrary constantd, (x) andY, (z) are the Bessel functions of the first and
second kind:

(=1)F(z/2)"* J,(x) cosmv — J_l,(:r)
Jola) = Z AT +k+D) 0= sinmv @

Solution (1) is denoted by = Z, (x) which is referred to as the cylindrical function.
The functionsJ, (x) andY, (z) can be expressed in terms of definite integrals (with0):

wJ(x) = /0 " cos@ sind - v0) do — sinmv /0 ~ explz sinht - v) dt,
— w 3 _ _ e vt -vt -z sinht
7Y, (x) —/0 sin(x sinf — v0) d /0 (e”" + e cosmr)e dt.

2°. In the caser = n + , Wheren =0, 1, 2,..., the Bessel functions are expressed in terms of
elementary functions:

Jn+l(l') = — 3;'7”% ( ) %’ J—n—i (.Z') = et $n+% (__) COoSsx ’
z V z dx z V z dx T

Y@ = ()", (@),

References

Bateman, H. and Erdelyi, A., Higher Transcendental Functionsol. 2, McGraw-Hill, New York, 1953.

Abramowitz, M. and Stegun, |. A. (Editors), Handbook of Mathematical Functions with Formulas, Graphs and
Mathematical TablesNational Bureau of Standards Applied Mathematics, Washington, 1964.

Kamke, E., Differentialgleichungen: bsungsmethoden unddsungen, |, Gedhnliche DifferentialgleichungenB. G.
Teubner, Leipzig, 1977.

Polyanin, A. D. and Zaitsev, V. F.,Handbook of Exact Solutions for Ordinary Differential Equations, 2nd Edit@hapman
& Hall/CRC, Boca Raton, 2003.

Bessel Equation

Copyright(©) 2004 Andrei D. Polyanin http://feqworld.ipmnet.ru/en/solutions/ode/ode0213.pdf


http://eqworld.ipmnet.ru�
http://www.crcpress.com/shopping_cart/products/product_detail.asp?sku=C2972�

