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22. x(x – 1)y′′
xx + [(α + β + 1)x – γ]y′

x + αβy = 0.

Gaussian hypergeometric equation.For γ ≠ 0, −1, −2, −3, . . . , a solution can be expressed in
terms of the hypergeometric series:

F (α,β,γ; x) = 1 +
∞∑

k=1

(α)k(β)k
(γ)k

xk

k!
, (α)k = α(α + 1) . . . (α + k − 1),

which,a fortiori, is convergent for|x| < 1.
Forγ > β > 0, this solution can be expressed in terms of a definite integral:

F (α,β,γ; x) =
Γ(γ)

Γ(β) Γ(γ − β)

∫ 1

0
tβ−1(1 − t)γ−β−1(1 − tx)−α dt,

whereΓ(β) is the gamma function.

If γ is not an integer, the general solution of the hypergeometric equation has the form:

y = C1F (α,β,γ; x) + C2x
1−γF (α − γ + 1, β − γ + 1, 2 − γ; x).

Table gives the general solutions of the hypergeometric equation for some values of the deter-
mining parameters.

TABLE
General solutions of the hypergeometric equation for some values of the determining parameters

α β γ Solution: y = y(x)
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1 β γ |x|1−γ |x−1|γ−β−1
(
C1 +C2

∫
|x|γ−2|x−1|β−γ dx

)

α β α |x−1|−β
(
C1 +C2

∫
|x|−α|x−1|β−1 dx

)

α β α+1 |x|−α
(
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∫
|x|α−1|x−1|−β dx

)
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