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Solution:
u(x, t) = ϕ(t)ψ(t)θ(x, t), w(x, t) = ψ(t)θ(x, t),

where the functionsϕ = ϕ(t) and ψ = ψ(t) are determined by solving the first-order ordinary
differential equations

ϕ′t = ϕ[g(ϕ) − h(ϕ) + f (ϕ) ln ϕ], (1)

ψ′t = ψ[h(ϕ) + f (ϕ) ln ψ], (2)

and the functionθ = θ(x, t) is determined by the differential equation

∂θ

∂t
= a

∂2θ

∂x2 + f (ϕ)θ ln θ. (3)

The solution to the separable equation (1) can be represented in implicit form. Equation (2)
is easy to integrate, since it is reduced, with the change of variableψ = eζ , to a linear equation.
Equation (3) admits exact solutions of the form

θ = exp
[
σ2(t)x2 + σ1(t)x + σ0(t)

]
,

where the functionsσn(t) are determined by the equations

σ′2 = f (ϕ)σ2 + 4aσ2
2 ,

σ′1 = f (ϕ)σ1 + 4aσ1σ2,

σ′0 = f (ϕ)σ0 + aσ2
1 + 2aσ2.

(4)

This system can be integrated successively, since the first equation is a Bernoulli equation, and the
second and the third ones are linear in the sought function. Note that the first equation has the
particular solutionσ2 = 0.

Remark. Equation (1) admits a singular solutionϕ = k = const, wherek is a root of the algebraic
(transcendental) equationg(k) − h(k) + f (k) ln k = 0.
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