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2. �à¥®¡à §®¢ ­¨ï ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨
2.1. �®ç¥ç­ë¥ ¯à¥®¡à §®¢ ­¨ï
�ãáâì x, y | ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   w = w(x, y) | äã­ªæ¨ï íâ¨å
¯¥à¥¬¥­­ëå. � ®¡é¥¬ á«ãç ¥ â®ç¥ç­®¥ ¯à¥®¡à §®¢ ­¨¥ § ¤ ¥âáï ä®à¬ã« ¬¨

x = X(ξ, η, u), y = Y (ξ, η, u), w = W (ξ, η, u), (1)

£¤¥ ξ, η | ­®¢ë¥ ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥, u = u(ξ, η) | ­®¢ ï § ¢¨á¨¬ ï
¯¥à¥¬¥­­ ï, X , Y , W |­¥ª®â®àë¥ (§ ¤ ­­ë¥ ¨«¨ ¨áª®¬ë¥) äã­ªæ¨¨.

�®ç¥ç­ë¥ ¯à¥®¡à §®¢ ­¨ï ­¥ â®«ìª® á®åà ­ïîâ ¯®àï¤®ª ãà ¢­¥­¨ï, ª ª®-
â®à®¬ã ®­¨ ¯à¨¬¥­ïîâáï, ­® ¨ ­¥ ¨§¬¥­ïîâ à ¤¨ª «ì­® áâàãªâãàã ãà ¢­¥­¨ï,
â ª ª ª áâ àè¨¥ ¯à®¨§¢®¤­ë¥ ­®¢ëå ¯¥à¥¬¥­­ëå «¨­¥©­® § ¢¨áïâ ®â áâ àè¨å
¯à®¨§¢®¤­ëå ¨áå®¤­ëå ¯¥à¥¬¥­­ëå.

�à¥®¡à §®¢ ­¨¥ (1) ®¡à â¨¬®, ¥á«¨
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� ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥-
¬¥­­ë¬¨
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á ¯®¬®éìî ®¡à â¨¬®£® â®ç¥ç­®£® ¯à¥®¡à §®¢ ­¨ï (1) ¯à¨¢®¤¨âáï ª ¢¨¤ã
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�á«¨ u = u(ξ, η) |­¥ª®â®à®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3), â® ä®à¬ã«ë (1) ®¯à¥¤¥-
«ïîâ á®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (2) ¢ ¯ à ¬¥âà¨ç¥áª®¬ ¢¨¤¥.

�à®áâ¥©è¨¥ ¯à¥®¡à §®¢ ­¨ï ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå ¨¬¥îâ ¢¨¤:

ξ = x− x0, η = y − y0 (¯à¥®¡à §®¢ ­¨¥ á¤¢¨£ ),
ξ = k1x, η = k2y (¯à¥®¡à §®¢ ­¨¥ ¬ áèâ ¡¨à®¢ ­¨ï).

�¥à¢®¥ ¯à¥®¡à §®¢ ­¨¥ á®®â¢¥âáâ¢ã¥â ¯¥à¥­®áã ­ ç «  ª®®à¤¨­ â ¢ â®çªã
(x0, y0),   ¢â®à®¥ | ¨§¬¥­¥­¨î ¬ áèâ ¡®¢ (á¦ â¨î ¨«¨ à áâï¦¥­¨î) ¢¤®«ì
®á¥© x ¨ y.

�®ç¥ç­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨á¯®«ì§ãîâáï ¤«ï ã¯à®é¥­¨ï ãà ¢­¥­¨© ¨ ¯à¨-
¢¥¤¥­¨ï ¨å ª ¨§¢¥áâ­ë¬. �­®£¤  ®­¨ ¯®§¢®«ïîâ á¢¥áâ¨ ­¥«¨­¥©­ë¥ ãà ¢­¥­¨ï
ª «¨­¥©­ë¬.
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�à¨¬¥à 1. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥
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á ¯®¬®éìî â®ç¥ç­®£® ¯à¥®¡à §®¢ ­¨ï

w(x, t) = u(z, τ)H(t), z = xF (t) +
∫

g(t)F (t) dt, τ =
∫

F 2(t)Hm(t) dt,

£¤¥ äã­ªæ¨¨ F ¨ H ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

F (t) = exp
[∫

f(t) dt

]
, H(t) = exp

[∫
h(t) dt

]
,

¯à¨¢®¤¨âáï ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
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.

�à¨¬¥à 2. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥
∂w

∂t
= ∂2w

∂x2 + a
(

∂w

∂x

)2
+ f(x, t)

§ ¬¥­®© u = exp(aw) ¯à¨¢®¤¨âáï ª «¨­¥©­®¬ã ãà ¢­¥­¨î ¤«ï äã­ªæ¨¨ u = u(x, t):
∂u

∂t
= ∂2u

∂x2 + af(x, t)u.

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 2.1
1. � ©â¨ ¯à¥®¡à §®¢ ­¨¥, ¯à¨¢®¤ïé¥¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á ­¥«¨­¥©­ë¬ ¨áâ®ç­¨ª®¬
wt = awxx + bwn ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã uτ = uxx + un.
2. � ©â¨ ¯à¥®¡à §®¢ ­¨¥, ¯à¨¢®¤ïé¥¥ ãà ¢­¥­¨¥ �îà£¥àá  wt+awwx = bwxx ª ª ­®­¨ç¥áª®¬ã
¢¨¤ã uτ + uuz = uzz .
3. � ©â¨ ¯à¥®¡à §®¢ ­¨¥, ¯à¨¢®¤ïé¥¥ ãà ¢­¥­¨¥ �ãáá¨­¥áª  wtt + a(wwx)x + bwxxxx = 0 ª
ª ­®­¨ç¥áª®¬ã ¢¨¤ã uττ + (uz)z + uzzzz = 0.
4. � ©â¨ â®ç¥ç­ë¥ ¯à¥®¡à §®¢ ­¨ï, ¯à¨¢®¤ïé¥¥ ­¥«¨­¥©­ë¥ ãà ¢­¥­¨ï

a) wt = wxx + aw2
x,

b) wt = wxx + aww2
x,

c) wt = wxx + f(w)w2
x

ª «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨ ut = uxx.
�ª § ­¨¥. �à¥®¡à §®¢ ­¨ï ¨éãâáï ¢ ¢¨¤¥ u = F (w).

5. � ©â¨ â®ç¥ç­®¥ ¯à¥®¡à §®¢ ­¨¥, ¯à¨¢®¤ïé¥¥ ãà ¢­¥­¨¥ wt = wxx + aw ln w + f(t) ª ¡®«¥¥
¯à®áâ®¬ã ãà ¢­¥­¨î ut = uxx + au ln u.

�ª § ­¨¥. �à¥®¡à §®¢ ­¨¥ ¨é¥âáï ¢ ¢¨¤¥ w = ϕ(t)u, £¤¥ u = u(x, t).
6. � ©â¨ â®ç¥ç­®¥ ¯à¥®¡à §®¢ ­¨¥, ¯à¨¢®¤ïé¥¥ ãà ¢­¥­¨¥ wt = wxx + a(wx)2 + f(t) ª ¡®«¥¥
¯à®áâ®¬ã ãà ¢­¥­¨î ut = uxx + a(ux)2.

�ª § ­¨¥. �à¥®¡à §®¢ ­¨¥ ¨é¥âáï ¢ ¢¨¤¥ w = ϕ(t) + u, £¤¥ u = u(x, t).
7. � ©â¨ â®ç¥ç­®¥ ¯à¥®¡à §®¢ ­¨¥, ¯à¨¢®¤ïé¥¥ ãà ¢­¥­¨¥ wt = wxx + a(wx)n + bw + f(t) ª
¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ut = uxx + a(ux)n + bu.

�ª § ­¨¥. �à¥®¡à §®¢ ­¨¥ ¨é¥âáï ¢ ¢¨¤¥ w = ϕ(t) + u, £¤¥ u = u(x, t).
8. �®ª § âì, çâ® ãà ¢­¥­¨¥ �®­¦  | �¬¯¥à  w2

xy = wxxwyy ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­®
¯à¥®¡à §®¢ ­¨ï

�x = a1x + b1y + c1, �y = a2x + b2y + c2, �w = kw + a3x + b3y + c3
(â. ¥. ¯à¨¢®¤¨âáï ª ãà ¢­¥­¨î â ª®£® ¦¥ ¢¨¤ ).
9. � ©â¨ ¯à¥®¡à §®¢ ­¨¥ ¢¨¤ 

~t = f(t), ~x = g(t)x, ~w = h(t)w + p(t)x,

á¢ï§ë¢ îé¥¥ æ¨«¨­¤à¨ç¥áª®¥ ãà ¢­¥­¨¥ �®àâ¥¢¥£ |¤¥ �à¨§ 
~w~t = ~w~x~x~x + 6~w~w~x − ~w

2~t
¨ ®¡ëç­®¥ ãà ¢­¥­¨¥ �®àâ¥¢¥£ |¤¥ �à¨§ 

wt = wxxx + 6wwx.

N �¨â¥à âãà  ª à §¤. 2.1: �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002), A. D. Polyanin, V. F. Zaitsev
(2004).
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2.2. �à¥®¡à §®¢ ­¨¥ £®¤®£à ä 
�«ï ã¯à®é¥­¨ï ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¨ á¨áâ¥¬ ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®-
¨§¢®¤­ë¬¨ ¨­®£¤  ¨á¯®«ì§ã¥âáï ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä .

2.2.1. �«ãç ©, ª®£¤  ®¤­  ¨§ ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå ¯à¨­¨¬ ¥âáï §  ¨áª®¬ãî
¢¥«¨ç¨­ã

�«ï ãà ¢­¥­¨ï á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ x, t ¨ ¨áª®¬®© äã­ªæ¨¥©
w = w(x, t) ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä  § ª«îç ¥âáï ¢ â®¬, çâ® à¥è¥­¨¥ ¨é¥âáï
¢ ­¥ï¢­®¬ ¢¨¤¥ (x ¨ t ¬®¦­® ¯®¬¥­ïâì ¬¥áâ ¬¨):

x = x(t, w), (4)

â. ¥. t ¨ w ¯à¨­¨¬ îâáï §  ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   x | §  § ¢¨á¨¬ãî
¯¥à¥¬¥­­ãî. �à¥®¡à §®¢ ­¨¥ £®¤®£à ä  (4) ­¥ ¬¥­ï¥â ¯®àï¤®ª ãà ¢­¥­¨ï ¨
ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ â®ç¥ç­®£® ¯à¥®¡à §®¢ ­¨ï (¥£® ¬®¦­® § ¯¨á âì ¢
íª¢¨¢ «¥­â­®¬ ¢¨¤¥: x = w̃, t = t̃, w = x̃).

�à¨¬¥à 3. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª 
∂w

∂t

(
∂w

∂x

)2
= a

∂2w

∂x2 . (5)

�é¥¬ à¥è¥­¨¥ ¢ ­¥ï¢­®¬ ¢¨¤¥. �¨ää¥à¥­æ¨àãï ¢ëà ¦¥­¨¥ (4) ¯® ®¡¥¨¬ ¯¥à¥¬¥­­ë¬ ª ª
­¥ï¢­ãî äã­ªæ¨î á ãç¥â®¬ § ¢¨á¨¬®áâ¨ w = w(x, t), ¯®«ãç¨¬:

1 = xwwx (¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® x),
0 = xwwt + xt (¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® t),
0 = xwww2

x + xwwxx (¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® x ¤¢ ¦¤ë),
£¤¥ ¨­¤¥ªáë á­¨§ã ®¡®§­ ç îâ á®®â¢¥âáâ¢ãîé¨¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥. �§ íâ¨å á®®â­®è¥­¨©
¢ëà §¨¬ óáâ àë¥ô ¯à®¨§¢®¤­ë¥ ç¥à¥§ ó­®¢ë¥ô:

wx = 1
xw

, wt = − xt

xw

, wxx = − w2
xxww

xw

= − xww

x3
w

.

�®¤áâ ¢¨¢ íâ¨ ¢ëà ¦¥­¨ï ¢ (5), ¯à¨å®¤¨¬ ª «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂x

∂t
= a

∂2x

∂w2 .

2.2.2. �á¯®«ì§®¢ ­¨¥ íª¢¨¢ «¥­â­®© á¨áâ¥¬ë ãà ¢­¥­¨©

�«ï á¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨© á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ x, y ¨
§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ w = w(x, y), v = v(x, y) ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä 
§ ª«îç ¥âáï ¢ â®¬, çâ® w ¨ v ¯à¨­¨¬ îâáï §  ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   x
¨ y |§  § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥, â. ¥. ¨éãâáï äã­ªæ¨¨

x = x(w, v), y = y(w, v). (6)

�à¥®¡à §®¢ ­¨¥ £®¤®£à ä  ¯à¨¬¥­ï¥âáï ¢ £ §®¢®© ¤¨­ ¬¨ª¥ ¨ ¢ â¥®à¨¨
áâàã© ¤«ï «¨­¥ à¨§ æ¨¨ á®®â¢¥âáâ¢ãîé¨å ãà ¢­¥­¨© ¨ à¥è¥­¨ï ­¥ª®â®àëå
ªà ¥¢ëå § ¤ ç.

�«ï ¨áá«¥¤®¢ ­¨ï ®â¤¥«ì­ëå ãà ¢­¥­¨© ¨­®£¤  ¡ë¢ ¥â ¯®«¥§­® ¯¥à¥©â¨ ª
íª¢¨¢ «¥­â­®© á¨áâ¥¬¥ ãà ¢­¥­¨©,   § â¥¬ á¤¥« âì ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä .
�à®¨««îáâà¨àã¥¬ áª § ­­®¥ ­  ¯à¨¬¥à å ª®­ªà¥â­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨©.
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�à¨¬¥à 4. �â æ¨®­ à­®¥ ãà ¢­¥­¨¥ �®å«®¢  | � ¡®«®æª®© (¢áâà¥ç ¥âáï ¢  ªãáâ¨ª¥ ¨ ¢
­¥«¨­¥©­®© ¬¥å ­¨ª¥)

∂2w

∂x2 + a
∂

∂y

(
w

∂w

∂y

)
= 0 (7)

¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ á¨áâ¥¬ë ãà ¢­¥­¨©
∂w

∂x
= ∂v

∂y
, −aw

∂w

∂y
= ∂v

∂x
. (8)

�á¯®«ì§ã¥¬ ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä  (6): ¯à¨¬¥¬ w, v §  ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   x ¨ y |
§  § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥. �¨ää¥à¥­æ¨àãï ª ¦¤®¥ ¢ëà ¦¥­¨¥ (6) ¯® x ¨ ¯® y (ª ª á«®¦­ë¥
äã­ªæ¨¨) ¨ ¨áª«îç ï ¨§ ¯®«ãç¥­­ëå á®®â­®è¥­¨© ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ xw, xv , yw, yv , ¨¬¥¥¬:
∂x

∂w
= 1

J

∂v

∂y
,

∂x

∂v
=− 1

J

∂w

∂y
,

∂y

∂w
=− 1

J

∂v

∂x
,

∂y

∂v
= 1

J

∂w

∂x
, £¤¥ J = ∂w

∂x

∂v

∂y
− ∂w

∂y

∂v

∂x
.

(9)
�áª«îç ï ¨§ (8) á ¯®¬®éìî (9) ¯à®¨§¢®¤­ë¥ wx, wy , vx, vy , ¯à¨å®¤¨¬ ª á¨áâ¥¬¥

∂y

∂v
= ∂x

∂w
, −aw

∂x

∂v
= ∂y

∂w
. (10)

�®ç«¥­­® ¯à®¤¨ää¥à¥­æ¨àã¥¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ ¯® w,   ¢â®à®¥|¯® v, ¨ ¨áª«îç¨¬ á¬¥è ­­ãî
¯à®¨§¢®¤­ãî ywv . � à¥§ã«ìâ â¥ ¤«ï äã­ªæ¨¨ x = x(w, v) ¯®«ãç¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥

∂2x

∂w2 + aw
∂2x

∂v2 = 0. (11)

�­ «®£¨ç­ë¬ ®¡à §®¬ ¨§ á¨áâ¥¬ë (10) ¤«ï äã­ªæ¨¨ y = y(w, v) ¨¬¥¥¬ ¤àã£®¥ «¨­¥©­®¥
ãà ¢­¥­¨¥

∂2y

∂v2 + ∂

∂w

( 1
aw

∂y

∂w

)
= 0. (12)

�§ï¢ ­¥ª®â®à®¥ ç áâ­®¥ à¥è¥­¨¥ x = x(w, v) ãà ¢­¥­¨ï (11) ¨ ¯®¤áâ ¢¨¢ ¥£® ¢ á¨áâ¥¬ã (10),
¯à®áâë¬ ¨­â¥£à¨à®¢ ­¨¥¬ ¬®¦­® ­ ©â¨ y = y(w, v). �áª«îç¨¢ ¨§ à ¢¥­áâ¢ (8) ¯¥à¥¬¥­­ãî v,
¯®«ãç¨¬ â®ç­®¥ à¥è¥­¨¥ w = w(x, y) ­¥«¨­¥©­®£® ãà ¢­¥­¨ï (7).

� ¬¥ç ­¨¥. �à ¢­¥­¨¥ (11) ¯à¨ ¯à®¨§¢®«ì­®¬ a ¨¬¥¥â ¯à®áâ®¥ ç áâ­®¥ à¥è¥­¨¥
x = C1wv + C2w + C3v + C4, (13)

£¤¥ C1, C2, C3, C4 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®¤áâ ¢¨¢ ¥£® ¢ á¨áâ¥¬ã (10), ¯®«ãç¨¬
∂y

∂v
= C1v + C2,

∂y

∂w
= −a(C1w + C3)w. (14)

�­â¥£à¨àãï ¯¥à¢®¥ ãà ¢­¥­¨¥ (14), ­ å®¤¨¬ y = 1
2 C1v

2 + C2v + ϕ(w). �®¤áâ ¢¨¢ íâ® à¥è¥­¨¥
¢® ¢â®à®¥ ãà ¢­¥­¨¥ (14), ®¯à¥¤¥«ï¥¬ äã­ªæ¨î ϕ(w). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

y = 1
2 C1v

2 + C2v − 1
3 aC1w

3 − 1
2 aC3w

2 + C5. (15)
�®à¬ã«ë (13) ¨ (15) ®¯à¥¤¥«ïîâ â®ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (7) ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥ (v |
¯ à ¬¥âà).

�­ «®£¨ç­ë¬ ®¡à §®¬ ¬®¦­® ¯®áâà®¨âì ¨ ¤àã£¨¥ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (7).

�à¨¬¥à 5. � áá¬®âà¨¬ ãà ¢­¥­¨¥ �®à­ |�­ä¥«ì¤ 
[
1−

(
∂w

∂t

)2] ∂2w

∂x2 + 2 ∂w

∂x

∂w

∂t

∂2w

∂x∂t
−

[
1 +

(
∂w

∂x

)2] ∂2w

∂t2
= 0, (16)

ª®â®à®¥ ¨á¯®«ì§ã¥âáï ¢ ­¥«¨­¥©­®© í«¥ªâà®¤¨­ ¬¨ª¥ (¢ â¥®à¨¨ ¯®«ï).
�ãâ¥¬ ¢¢¥¤¥­¨ï ­®¢ëå ¯¥à¥¬¥­­ëå

ξ = x− t, η = x + t, u = ∂w

∂ξ
, v = ∂w

∂η

ãà ¢­¥­¨¥ (16) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ íª¢¨¢ «¥­â­®© á¨áâ¥¬ë ãà ¢­¥­¨©
∂u

∂η
− ∂v

∂ξ
= 0,

v2 ∂u

∂ξ
− (1 + 2uv) ∂u

∂η
+ u2 ∂v

∂η
= 0.



2.2. �à¥®¡à §®¢ ­¨¥ £®¤®£à ä  5

�à¥®¡à §®¢ ­¨¥ £®¤®£à ä  (u, v ¯à¨­¨¬ îâáï §  ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   ξ, η |§  § ¢¨á¨-
¬ë¥ ¯¥à¥¬¥­­ë¥) ¯à¨¢®¤¨â ª «¨­¥©­®© á¨áâ¥¬¥

∂ξ

∂v
− ∂η

∂u
= 0,

v2 ∂η

∂v
+ (1 + 2uv) ∂ξ

∂v
+ u2 ∂ξ

∂u
= 0,

(17)

  ¯®á«¥ ¨áª«îç¥­¨ï η |ª «¨­¥©­®¬ã ãà ¢­¥­¨î ¢â®à®£® ¯®àï¤ª 

u2 ∂2ξ

∂u2 + (1 + 2uv) ∂2ξ

∂u∂v
+ v2 ∂2ξ

∂v2 + 2u
∂ξ

∂u
+ 2v

∂ξ

∂v
= 0.

�ç¨â ï, çâ® ¨áª®¬ë¥ à¥è¥­¨ï ­ å®¤ïâáï ¢ £¨¯¥à¡®«¨ç¥áª®© ®¡« áâ¨, § ¯¨è¥¬ ãà ¢­¥­¨¥
å à ªâ¥à¨áâ¨ª (á¬. £« ¢ã 1):

u2 dv2 − (1 + 2uv) du dv + v2 du2 = 0.

�­â¥£à «ë íâ®£® ãà ¢­¥­¨ï ¨¬¥îâ ¢¨¤ r = C1, s = C2, £¤¥

r =
√

1 + 4uv − 1
2v

, s =
√

1 + 4uv − 1
2u

. (18)

�¥à¥å®¤ï ¢ (17) ª ­®¢ë¬ ¯¥à¥¬¥­­ë¬ (18), ¯®«ãç¨¬

r2 ∂ξ

∂r
+ ∂η

∂r
= 0,

∂ξ

∂s
+ s2 ∂η

∂s
= 0.

(19)

�áª«îç¨¢ ¯¥à¥¬¥­­ãî η, ¯à¨å®¤¨¬ ª ¯à®áâ¥©è¥¬ã ãà ¢­¥­¨î
∂2ξ

∂r∂s
= 0,

®¡é¨¬ à¥è¥­¨¥¬ ª®â®à®£® ï¢«ï¥âáï áã¬¬  ¤¢ãå ¯à®¨§¢®«ì­ëå äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢.
�ã­ªæ¨ï η ®¯à¥¤¥«ï¥âáï ¨§ á¨áâ¥¬ë (19).

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 2.2
1. �á¯®«ì§ãï ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä , ­ ©â¨ ®¡é¨¥ à¥è¥­¨ï ¬®¤¥«ì­ëå ãà ¢­¥­¨© £ §®¢®©
¤¨­ ¬¨ª¨:

a) wt + awwx = 0,
b) wt + f(w)wx = 0.
�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä , ®¯¨á ­­®¥ ¢ ¯à¨¬¥à¥ 3.

2. �à¥®¡à §®¢ âì ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª 
∂w

∂t

(
∂w

∂x

)2
= f(t, w) ∂2w

∂x2

¢ «¨­¥©­®¥ ãà ¢­¥­¨¥.
�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä , ®¯¨á ­­®¥ ¢ ¯à¨¬¥à¥ 3.

3. � ©â¨ ¢¨¤ äã­ªæ¨¨ f(u), ¤«ï ª®â®à®© ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä  ®áâ ¢«ï¥â ¨­¢ à¨ ­â­ë¬
ãà ¢­¥­¨¥

∂w

∂t
= f

(
∂w

∂x

)
∂2w

∂x2 .

4. �à¥®¡à §®¢ âì ­¥«¨­¥©­®¥ ¢®«­®¢®¥ ãà ¢­¥­¨¥
∂2w

∂t2
= ∂

∂x

[
f(w) ∂w

∂x

]

ª «¨­¥©­®¬ã ãà ¢­¥­¨î.
�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä  ¨§ ¯à¨¬¥à  4, ¢ ª®â®à®¬ ­ ¤® á¤¥« âì

¯¥à¥®¡®§­ ç¥­¨ï x → t, y → x.
5. �à¥®¡à §®¢ âì ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ ¢  ­¨§®âà®¯­®© áà¥¤¥

∂

∂x

[
f(w) ∂w

∂x

]
+ ∂

∂y

[
g(w) ∂w

∂y

]
= 0

ª «¨­¥©­®¬ã ãà ¢­¥­¨î.
�ª § ­¨¥. �¥à¥©â¨ ª á¨áâ¥¬¥ ãà ¢­¥­¨©,   § â¥¬ ¨á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä ,

ª ª ¢ ¯à¨¬¥à¥ 4.
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6. �à¥®¡à §®¢ âì ­¥«¨­¥©­ãî á¨áâ¥¬ã ãà ¢­¥­¨©
∂ρ

∂t
+ ∂(ρv)

∂x
= 0,

∂(ρv)
∂t

+ ∂(ρv2 + p(ρ))
∂x

= 0,

®¯¨áë¢ îéãî ®¤­®¬¥à­ë¥  ¤¨ ¡ â¨ç¥áª¨¥ â¥ç¥­¨ï ¨¤¥ «ì­®£® £ § , ª «¨­¥©­®© á¨áâ¥¬¥.
�¤¥áì v ¨ ρ | ­¥¨§¢¥áâ­ë¥ ¢¥«¨ç¨­ë,   p = p(ρ) | § ¤ ­­ ï äã­ªæ¨ï (¤«ï ¨¤¥ «ì­®£®
¯®«¨âà®¯¨ç¥áª®£® £ §  p = Aργ).

�ª § ­¨¥. �à¨­ïâì v ¨ ρ §  ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   x ¨ t|§  § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥.
7. �à¥®¡à §®¢ âì ­¥«¨­¥©­ãî á¨áâ¥¬ã £ §®¤¨­ ¬¨ç¥áª®£® â¨¯ 

f1(w, v) ∂w

∂x
+ f2(w, v) ∂w

∂y
+ f3(w, v) ∂v

∂x
+ f4(w, v) ∂v

∂y
= 0,

g1(w, v) ∂w

∂x
+ g2(w, v) ∂w

∂y
+ g3(w, v) ∂v

∂x
+ g4(w, v) ∂v

∂y
= 0

¢ «¨­¥©­ãî á¨áâ¥¬ã.
�ª § ­¨¥. �à¨­ï¢ w ¨ v §  ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   x ¨ y |§  § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,

¨á¯®«ì§®¢ âì ä®à¬ã«ë (9).
8. �á¯®«ì§ãï ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä  (á¬. ¯à¨¬¥à 3), ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ­¥«¨­¥©­®£®
ãà ¢­¥­¨ï wxwxt − wtwxx = 0.

N �¨â¥à âãà  ª à §¤. 2.2: �. �. �®ç¨­, �. �. �¨¡¥«ì, �. �. �®§¥ (1963), �¦. �¨§¥¬ (1977,
áâà. 588{590), �. �. �®¦¤¥áâ¢¥­áª¨©, �. �. �­¥­ª® (1978, áâà. 33{34), �. �. �¥à­ë© (1988,
áâà. 253{269), �. �ãà ­â (1964, áâà. 426), D. Zwillinger (1989), P. A. Clarkson, A. S. Fokas,
M. J. Ablowitz (1989), �. �. � ©æ¥¢, �. �. �®«ï­¨­ (2001 b), �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002),
A. D. Polyanin, V. F. Zaitsev (2004).

2.3. �®­â ªâ­ë¥ ¯à¥®¡à §®¢ ­¨ï. �à¥®¡à §®¢ ­¨ï �¥¦ ­¤à  ¨
�©«¥à 

2.3.1. �¡é¨© ¢¨¤ ª®­â ªâ­ëå ¯à¥®¡à §®¢ ­¨©
�ã¤¥¬ à áá¬ âà¨¢ âì äã­ªæ¨¨ ¤¢ãå ¯¥à¥¬¥­­ëå w = w(x, y). �¡é¨¬ á¢®©-
áâ¢®¬ ª®­â ªâ­ëå ¯à¥®¡à §®¢ ­¨© ï¢«ï¥âáï § ¢¨á¨¬®áâì ¨áå®¤­ëå ¯¥à¥¬¥­-
­ëå ®â ­®¢ëå ¯¥à¥¬¥­­ëå ¨ ¨å ¯¥à¢ëå ¯à®¨§¢®¤­ëå:

x = X
(
ξ, η, u,

∂u

∂ξ
,

∂u

∂η

)
, y = Y

(
ξ, η, u,

∂u

∂ξ
,

∂u

∂η

)
, w = W

(
ξ, η, u,

∂u

∂ξ
,

∂u

∂η

)
.

(20)
�ã­ªæ¨¨ X , Y , W ­¥ ï¢«ïîâáï ¯à®¨§¢®«ì­ë¬¨: ®­¨ ¢ë¡¨à îâáï â ª, çâ®¡ë
¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ ¨áå®¤­ëå ¯¥à¥¬¥­­ëå â ª¦¥ § ¢¨á¥«¨ â®«ìª® ®â ¯à¥®¡-
à §®¢ ­­ëå ¯¥à¥¬¥­­ëå ¨ ¨å ¯à®¨§¢®¤­ëå ­¥ ¢ëè¥ ¯¥à¢®£® ¯®àï¤ª :

∂w

∂x
= U

(
ξ, η, u,

∂u

∂ξ
,

∂u

∂η

)
,

∂w

∂y
= V

(
ξ, η, u,

∂u

∂ξ
,

∂u

∂η

)
. (21)

�®­â ªâ­ë¥ ¯à¥®¡à §®¢ ­¨ï (20){(21) ­¥ ¯®¢ëè îâ ¯®àï¤ª  ãà ¢­¥­¨©, ª
ª®â®àë¬ ®­¨ ¯à¨¬¥­ïîâáï.

� ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥-
¬¥­­ë¬¨

F
(
x, y, w,

∂w

∂x
,

∂w

∂y
,

∂2w

∂x2 ,
∂2w

∂x∂y
,

∂2w

∂y2

)
= 0 (22)

á ¯®¬®éìî ª®­â ªâ­®£® ¯à¥®¡à §®¢ ­¨ï (20){(21) ¯à¨¢®¤¨âáï ª ¢¨¤ã

G
(
ξ, η, u,

∂u

∂ξ
,

∂u

∂η
,

∂2u

∂ξ2 ,
∂2u

∂ξ∂η
,

∂2u

∂η2

)
= 0. (23)
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�­®£¤  ãà ¢­¥­¨¥ (23) ¡ë¢ ¥â ¯à®é¥, ç¥¬ ãà ¢­¥­¨¥ (22). �á«¨ u = u(ξ, η)|
­¥ª®â®à®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (23), â® ä®à¬ã«ë (20) ®¯à¥¤¥«ïîâ á®®â¢¥âáâ¢ã-
îé¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (22) ¢ ¯ à ¬¥âà¨ç¥áª®¬ ¢¨¤¥.

�®ª ¦¥¬, ª ª ­ ©â¨ äã­ªæ¨¨ U ¨ V ¢ (21) ¨ á®®â­®è¥­¨ï, ª®â®àë¬ ¤®«¦­ë ã¤®¢«¥â¢®àïâì
äã­ªæ¨¨ X , Y , W ¢ (20). �à®¤¨ää¥à¥­æ¨àã¥¬ ¯® ¯à ¢¨«ã ¤¨ää¥à¥­æ¨à®¢ ­¨ï ­¥ï¢­ëå
äã­ªæ¨© ¯¥à¢®¥ ¨ ¢â®à®¥ ¢ëà ¦¥­¨ï (20) ¯® x ¨ y, ãç¨âë¢ ï, çâ® u = u(ξ, η). � à¥§ã«ìâ â¥
¯®«ãç¨¬ ç¥âëà¥ á®®â­®è¥­¨ï:

(
∂X

∂ξ
+ ∂X

∂u
p + ∂X

∂p
pξ + ∂X

∂q
pη

)
∂ξ

∂x
+

(
∂X

∂η
+ ∂X

∂u
q + ∂X

∂p
qξ + ∂X

∂q
qη

)
∂η

∂x
= 1,

(
∂Y

∂ξ
+ ∂Y

∂u
p + ∂Y

∂p
pξ + ∂Y

∂q
pη

)
∂ξ

∂x
+

(
∂Y

∂η
+ ∂Y

∂u
q + ∂Y

∂p
qξ + ∂Y

∂q
qη

)
∂η

∂x
= 0,

(
∂X

∂ξ
+ ∂X

∂u
p + ∂X

∂p
pξ + ∂X

∂q
pη

)
∂ξ

∂y
+

(
∂X

∂η
+ ∂X

∂u
q + ∂X

∂p
qξ + ∂X

∂q
qη

)
∂η

∂y
= 0,

(
∂Y

∂ξ
+ ∂Y

∂u
p + ∂Y

∂p
pξ + ∂Y

∂q
pη

)
∂ξ

∂y
+

(
∂Y

∂η
+ ∂Y

∂u
q + ∂Y

∂p
qξ + ∂Y

∂q
qη

)
∂η

∂y
= 1,

(24)

£¤¥ ¨á¯®«ì§®¢ ­ë ªà âª¨¥ ®¡®§­ ç¥­¨ï p = ∂u
∂ξ

, q = ∂u
∂η

(pη = qξ); ¨­¤¥ªáë ξ ¨ η á®®â¢¥âáâ¢ãîâ
ç áâ­ë¬ ¯à®¨§¢®¤­ë¬. �¥à¢ ï ¯ à  à ¢¥­áâ¢ (24) ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã «¨­¥©­ëå
 «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ∂ξ

∂x
, ∂η

∂x
, ¢â®à ï | ®â­®á¨â¥«ì­® ∂ξ

∂y
, ∂η

∂y
. �¥è¨¢

íâ¨ á¨áâ¥¬ë, ¬®¦­® ­ ©â¨ ¯à®¨§¢®¤­ë¥ ∂ξ
∂x

= A, ∂η
∂x

= B, ∂ξ
∂y

= C, ∂η
∂y

= D,   § â¥¬,
¯à®¤¨ää¥à¥­æ¨à®¢ ¢ âà¥âì¥ á®®â­®è¥­¨¥ (20) ¯® x ¨ y, ¬®¦­® ¢ëà §¨âì ¢¥«¨ç¨­ë U = ∂w

∂x
,

V = ∂w
∂y

ç¥à¥§ ­®¢ë¥ ¯¥à¥¬¥­­ë¥:

U = A

(
∂W

∂ξ
+ ∂W

∂u
p + ∂W

∂p
pξ + ∂W

∂q
pη

)
+ B

(
∂W

∂η
+ ∂W

∂u
q + ∂W

∂p
qξ + ∂W

∂q
qη

)
,

V = C

(
∂W

∂ξ
+ ∂W

∂u
p + ∂W

∂p
pξ + ∂W

∂q
pη

)
+ D

(
∂W

∂η
+ ∂W

∂u
q + ∂W

∂p
qξ + ∂W

∂q
qη

)
.

�à¨ íâ®¬ á«¥¤ãîé¨¥ ¨§ (21) ãá«®¢¨ï|®âáãâáâ¢¨¥ § ¢¨á¨¬®áâ¨ ®â ¢â®àëå ¯à®¨§¢®¤­ëå
∂U

∂pξ

= ∂V

∂pξ

= ∂U

∂pη

= ∂V

∂pη

= ∂U

∂qη

= ∂V

∂qη

= 0 (pη ≡ qξ)

|§ ¤ îâ ¤®¯®«­¨â¥«ì­ë¥ á®®â­®è¥­¨ï ¬¥¦¤ã äã­ªæ¨ï¬¨ X , Y , W .

� ¬¥ç ­¨¥. � ¦­® ®â¬¥â¨âì, çâ® ª®­â ªâ­ë¥ ¯à¥®¡à §®¢ ­¨ï ®¯à¥¤¥«ïîâ-
áï ­¥§ ¢¨á¨¬® ®â ¢¨¤  ª®­ªà¥â­ëå ãà ¢­¥­¨©.

2.3.2. �à¥®¡à §®¢ ­¨¥ �¥¦ ­¤à 

� ¦­ë¬ ç áâ­ë¬ á«ãç ¥¬ ª®­â ªâ­ëå ¯à¥®¡à §®¢ ­¨© ï¢«ï¥âáï ¯à¥®¡à §®¢ -
­¨¥ �¥¦ ­¤à , ª®â®à®¥ ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨ï¬¨

w(x, y) + u(ξ, η) = xξ + yη, x = ∂u

∂ξ
, y = ∂u

∂η
, (25)

£¤¥ u | ­®¢ ï § ¢¨á¨¬ ï ¯¥à¥¬¥­­ ï,   ξ ¨ η | ­®¢ë¥ ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­-
­ë¥.

�§ ä®à¬ã« (25) ¯®«ãç¨¬ ¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ (¨á¯®«ì§ãîâáï ¤¢  á«¥¤áâ¢¨ï
¯¥à¢®£® à ¢¥­áâ¢ , ¯®«ãç¥­­ë¥ ¯ãâ¥¬ ¥£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® x ¨ y, á
ãç¥â®¬ ¤¢ãå ¤àã£¨å á®®â­®è¥­¨©):

∂w

∂x
= ξ,

∂w

∂y
= η. (26)
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� ¯®¬®éìî ä®à¬ã« (25){(26) ­ å®¤¨¬ ¢â®àë¥ ¯à®¨§¢®¤­ë¥:
∂2w

∂x2 = J
∂2u

∂η2 ,
∂2w

∂x∂y
= ∂2w

∂y∂x
= −J

∂2u

∂ξ∂η
,

∂2w

∂y2 = J
∂2u

∂ξ2 ,

£¤¥
J = ∂2w

∂x2
∂2w

∂y2 −
(

∂2w

∂x∂y

)2
,

1
J

= ∂2u

∂ξ2
∂2u

∂η2 −
(

∂2u

∂ξ∂η

)2
.

� ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥-
¬¥­­ë¬¨

F
(
x, y, w,

∂w

∂x
,

∂w

∂y
,

∂2w

∂x2 ,
∂2w

∂x∂y
,

∂2w

∂y2

)
= 0 (27)

á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �¥¦ ­¤à  (25) (¯à¨ J 6= 0) ¯à¨¢®¤¨âáï ª ¢¨¤ã

F
(

∂u

∂ξ
,

∂u

∂η
, ξ

∂u

∂ξ
+ η

∂u

∂η
− u, ξ, η, J

∂2u

∂η2 ,−J
∂2u

∂ξ∂η
, J

∂2u

∂ξ2

)
= 0. (28)

�­®£¤  ãà ¢­¥­¨¥ (28) ¡ë¢ ¥â ¯à®é¥, ç¥¬ ãà ¢­¥­¨¥ (27).
�ãáâì u = u(ξ, η)|­¥ª®â®à®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (28). �®£¤  ä®à¬ã«ë

w = ξ
∂u

∂ξ
+ η

∂u

∂η
− u(ξ, η), x = ∂u

∂ξ
, y = ∂u

∂η

®¯à¥¤¥«ïîâ á®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (27) ¢ ¯ à ¬¥âà¨ç¥áª®¬
¢¨¤¥.

� ¬¥ç ­¨¥. �á¯®«ì§®¢ ­¨¥ ¯à¥®¡à §®¢ ­¨ï �¥¦ ­¤à  ¬®¦¥â ¯à¨¢¥áâ¨ ª
¯®â¥à¥ à¥è¥­¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î J = 0.

�à¨¬¥à 6. �à ¢­¥­¨¥ áâ æ¨®­ à­®£® âà ­á§¢ãª®¢®£® £ §®¢®£® ¯®â®ª 

a
∂w

∂x

∂2w

∂x2 + ∂2w

∂y2 = 0

¯à¥®¡à §®¢ ­¨¥¬ �¥¦ ­¤à  (25) á¢®¤¨âáï ª «¨­¥©­®¬ã ãà ¢­¥­¨î á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨-
¥­â ¬¨

aξ
∂2u

∂η2 + ∂2u

∂ξ2 = 0.

2.3.3. �à¥®¡à §®¢ ­¨¥ �©«¥à 
�à¥®¡à §®¢ ­¨¥ �©«¥à  ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ª®­â ªâ­ëå ¯à¥®¡à §®¢ -
­¨©. �­® ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨ï¬¨

w(x, y) + u(ξ, η) = xξ, x = ∂u

∂ξ
, y = η. (29)

�§ ä®à¬ã« (29) (¨á¯®«ì§ãîâáï ¤¢  á«¥¤áâ¢¨ï ¯¥à¢®£® à ¢¥­áâ¢ , ¯®«ãç¥­­ë¥
¯ãâ¥¬ ¥£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® x ¨ y, á ãç¥â®¬ ¤àã£¨å á®®â­®è¥­¨©) ¬®¦­®
¯®«ãç¨âì:

∂w

∂x
= ξ,

∂w

∂y
= − ∂u

∂η
. (30)

�¨ää¥à¥­æ¨àãï íâ¨ ¢ëà ¦¥­¨ï ¯® x ¨ y, ­ å®¤¨¬ ¢â®àë¥ ¯à®¨§¢®¤­ë¥

wxx = 1
uξξ

, wxy = − uξη

uξξ
, wyy = u2

ξη − uξξuηη

uξξ
. (31)

�¨¦­¨¥ ¨­¤¥ªáë ®¡®§­ ç îâ á®®â¢¥âáâ¢ãîé¨¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥.
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�à¥®¡à §®¢ ­¨¥ �©«¥à  (29){(31) ¨á¯®«ì§ã¥âáï ¤«ï à¥è¥­¨ï («¨­¥ à¨§ -
æ¨¨) ­¥ª®â®àëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨.

� ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥-
¬¥­­ë¬¨

F
(
x, y, w,

∂w

∂x
,

∂w

∂y
,

∂2w

∂x2 ,
∂2w

∂x∂y
,

∂2w

∂y2

)
= 0 (32)

á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �©«¥à  (29) ¯à¨¢®¤¨âáï ª ¢¨¤ã

F
(
uξ, η, ξuξ − u, ξ,−uη,

1
uξξ

,− uξη

uξξ
,

u2
ξη − uξξuηη

uξξ

)
= 0. (33)

�­®£¤  ãà ¢­¥­¨¥ (33) ¡ë¢ ¥â ¯à®é¥, ç¥¬ ãà ¢­¥­¨¥ (32).
�ãáâì u = u(ξ, η) | ­¥ª®â®à®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (33). �®£¤  ä®à¬ã«ë

(29) ®¯à¥¤¥«ïîâ á®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (32) ¢ ¯ à ¬¥âà¨ç¥áª®¬
¢¨¤¥.

�à¨¬¥à 7. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥
∂w

∂y

∂2w

∂x2 + a = 0

¯à¥®¡à §®¢ ­¨¥¬ �©«¥à  (29){(31) ¯à¨¢®¤¨âáï ª «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨:
∂u

∂η
= a

∂2u

∂ξ2 .

�à¨¬¥à 8. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥
∂2w

∂x∂y
= a

∂w

∂y

∂2w

∂x2 (34)

â ª¦¥ «¨­¥ à¨§ã¥âáï ¯à¥®¡à §®¢ ­¨¥¬ �©«¥à  (29){(31):
∂2u

∂ξ∂η
= a

∂u

∂η
.

�­â¥£à¨àãï, ­ å®¤¨¬ ®¡é¥¥ à¥è¥­¨¥ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï

u = f(ξ) + g(η)eaξ, (35)
£¤¥ f(ξ) ¨ g(η)|¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨.

�á¯®«ì§ãï ä®à¬ã«ë (29) ¨ (35), ¯®«ãç¨¬ ®¡é¥¥ à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï (34) ¢
¯ à ¬¥âà¨ç¥áª®¬ ¢¨¤¥:

w = xξ − f(ξ)− g(y)eaξ,

x = f ′ξ(ξ) + ag(y)eaξ.

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 2.3
1. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥

∂2w

∂x2 + a
∂w

∂x

∂2w

∂y2 = 0.

á¢¥áâ¨ ª «¨­¥©­®¬ã ãà ¢­¥­¨î.
�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ �¥¦ ­¤à .

2. �à ¢­¥­¨¥ ¬¨­¨¬ «ì­ëå ¯®¢¥àå­®áâ¥© (®¯¨áë¢ îé¥¥, ­ ¯à¨¬¥à, ä®à¬ã ¬ë«ì­®© ¯«¥­ª¨,
®£à ­¨ç¥­­®© § ¤ ­­ë¬ ª®­âãà®¬)

[
1 +

(
∂w

∂y

)2] ∂2w

∂x2 − 2 ∂w

∂x

∂w

∂y

∂2w

∂x∂y
+

[
1 +

(
∂w

∂x

)2] ∂2w

∂y2 = 0

á¢¥áâ¨ ª «¨­¥©­®¬ã ãà ¢­¥­¨î.
�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ �¥¦ ­¤à .
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3. �à ¢­¥­¨¥ �®à­ |�­ä¥«ì¤ 
[
1−

(
∂w

∂t

)2] ∂2w

∂x2 + 2 ∂w

∂x

∂w

∂t

∂2w

∂x∂t
−

[
1 +

(
∂w

∂x

)2] ∂2w

∂t2
= 0

á¢¥áâ¨ ª «¨­¥©­®¬ã ãà ¢­¥­¨î.
�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ �¥¦ ­¤à .

4. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥

f
(

∂w

∂x
,

∂w

∂y

)
∂2w

∂x2 + g
(

∂w

∂x
,

∂w

∂y

)
∂2w

∂x∂y
+ h

(
∂w

∂x
,

∂w

∂y

)
∂2w

∂y2 = 0

á¢¥áâ¨ ª «¨­¥©­®¬ã ãà ¢­¥­¨î.
�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ �¥¦ ­¤à .

5. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥
∂w

∂y

∂2w

∂x2 = f
(
y,

∂w

∂x

)

á¢¥áâ¨ ª «¨­¥©­®¬ã ãà ¢­¥­¨î.
�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ �©«¥à .

6. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥
∂2w

∂x∂y
= f

(
y,

∂w

∂x

)
∂w

∂y

∂2w

∂x2

á¢¥áâ¨ ª «¨­¥©­®¬ã ãà ¢­¥­¨î.
�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ �©«¥à .

7. �«ï äã­ªæ¨© ¬­®£¨å ¯¥à¥¬¥­­ëå w = w(x1, . . . , xn) ¯à¥®¡à §®¢ ­¨¥ �¥¦ ­¤à  § ¤ ¥âáï
á®®â­®è¥­¨ï¬¨:

x1 = X1, . . . , xk−1 = Xk−1,

xk = ∂W

∂Xk

, . . . , xn = ∂W

∂Xn

,

w(x) =
n∑

i=k

Xi
∂W

∂Xi

−W (X),

£¤¥ x = {x1, . . . , xn} ¨ X = {X1, . . . , Xn}. � ©â¨ ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ ¨ ç áâ­ë¥
¯à®¨§¢®¤­ë¥ äã­ªæ¨¨ w ¯® xm ¯à¨ m = 1, . . . , k − 1.

N �¨â¥à âãà  ª à §¤. 2.3: �. �. �ãà¥­áª¨© (1934), �. � ¬ª¥ (1966), �. �. �¡à £¨¬®¢ (1983),
N. H. Ibragimov (1994), �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002), A. D. Polyanin, V. F. Zaitsev (2004).

2.4. �à¥®¡à §®¢ ­¨ï �¥ª«ã­¤ 
2.4.1. �à¥®¡à §®¢ ­¨ï �¥ª«ã­¤  ¤«ï ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª 
�ãáâì w = w(x, y)|à¥è¥­¨¥ ãà ¢­¥­¨ï

F1
(
x, y, w,

∂w

∂x
,

∂w

∂y
,

∂2w

∂x2 ,
∂2w

∂x∂y
,

∂2w

∂y2

)
= 0, (36)

  u = u(ξ, η)|à¥è¥­¨¥ ãà ¢­¥­¨ï

F2
(
x, y, u,

∂u

∂x
,

∂u

∂y
,

∂2u

∂x2 ,
∂2u

∂x∂y
,

∂2u

∂y2

)
= 0. (37)

�®¢®àïâ, çâ® ãà ¢­¥­¨ï (36) ¨ (37) á¢ï§ ­ë ¯à¥®¡à §®¢ ­¨¥¬ �¥ª«ã­¤ 

�1
(
x, y, w,

∂w

∂x
,

∂w

∂y
, u,

∂u

∂x
,

∂u

∂y

)
= 0,

�2
(
x, y, w,

∂w

∂x
,

∂w

∂y
, u,

∂u

∂x
,

∂u

∂y

)
= 0,

(38)
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¥á«¨ ¨§ á®¢¬¥áâ­®áâ¨ ¯ àë (36) ¨ (38) á«¥¤ã¥â ãà ¢­¥­¨¥ (37),   ¨§ á®¢¬¥áâ­®-
áâ¨ ¯ àë (37) ¨ (38) á«¥¤ã¥â (36). �á«¨ ¤«ï ­¥ª®â®à®£® ª®­ªà¥â­®£® à¥è¥­¨ï
u = u(ξ, η) ãà ¢­¥­¨ï (37) ã¤ ¥âáï à §à¥è¨âì ãà ¢­¥­¨ï (38) ®â­®á¨â¥«ì­®
w = w(x, y), â® äã­ªæ¨ï w = w(x, y) ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï (36). �®®â­®-
è¥­¨ï (38) ­ §ë¢ îâ â ª¦¥ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ á¢ï§ï¬¨.

�à¥®¡à §®¢ ­¨ï �¥ª«ã­¤  ¬®£ãâ á®åà ­ïâì ¨­¢ à¨ ­â­ë¬ ¢¨¤ ãà ¢­¥­¨ï*
(íâ® ¤ ¥â ¢®§¬®¦­®áâì óà §¬­®¦ âìô à¥è¥­¨ï) ¨«¨ á¢ï§ë¢ âì à¥è¥­¨ï à §­ëå
ãà ¢­¥­¨© (íâ® ¯®§¢®«ï¥â ¨§ à¥è¥­¨© ®¤­®£® ãà ¢­¥­¨ï ¯®«ãç âì à¥è¥­¨ï
¤àã£®£®).

�à¨¬¥à 9. �®ª ¦¥¬, çâ® ãà ¢­¥­¨¥ �îà£¥àá 
∂w

∂t
= w

∂w

∂x
+ ∂2w

∂x2 (39)

á¢ï§ ­® á «¨­¥©­ë¬ ãà ¢­¥­¨¥¬ â¥¯«®¯à®¢®¤­®áâ¨
∂u

∂t
= ∂2u

∂x2 (40)

¯à¥®¡à §®¢ ­¨¥¬ �¥ª«ã­¤ 
∂u

∂x
− 1

2
uw = 0,

∂u

∂t
− 1

2
∂(uw)

∂x
= 0.

(41)

�¥©áâ¢¨â¥«ì­®, ¨áª«îç ï ¨§ (41) w, ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î (40).
�¡à â­®: ¯ãáâì u(x, t) | ­¥­ã«¥¢®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ (40). � §¤¥«¨¢

(40) ­  u ¨ ¢ëç¨á«¨¢ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯® x ®â ®¡¥¨å ç áâ¥© ¯®«ãç¥­­®£® ¢ëà ¦¥­¨ï, á
ãç¥â®¬ à ¢¥­áâ¢  (ut/u)x = (ux/u)t ¨¬¥¥¬(

ux

u

)
t

=
(

uxx

u

)
x
.

�®¤áâ ¢¨¬ áî¤  á«¥¤áâ¢¨ï ¯¥à¢®£® á®®â­®è¥­¨ï (41) (á¬. ¯¥à¢ãî ¨ ¯®á«¥¤­îî ä®à¬ã«ë ¢
æ¥¯®çª¥ à ¢¥­áâ¢):

ux

u
= w

2
=⇒ uxx

u
−

(
ux

u

)2
= wx

2
=⇒ uxx

u
= wx

2
+ 1

4
w2.

� à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î �îà£¥àá  (39).
�à¨¬¥à 10. �®ª ¦¥¬, çâ® ãà ¢­¥­¨¥ �¨ã¢¨««ï

∂2w

∂x∂y
= eλw (42)

á¢ï§ ­® á «¨­¥©­ë¬ ¢®«­®¢ë¬ ãà ¢­¥­¨¥¬
∂2u

∂x∂y
= 0 (43)

¯à¥®¡à §®¢ ­¨¥¬ �¥ª«ã­¤ 
∂u

∂x
− ∂w

∂x
= 2k

λ
exp

[ 1
2

λ(w + u)
]
,

∂u

∂y
+ ∂w

∂y
= − 1

k
exp

[ 1
2

λ(w − u)
]
,

(44)

£¤¥ k 6= 0|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
�à®¤¨ää¥à¥­æ¨àã¥¬ ¯¥à¢®¥ á®®â­®è¥­¨¥ (44) ¯® y,   ¢â®à®¥| ¯® x. �ç¨âë¢ ï à ¢¥­áâ¢ 

uyx = uxy ¨ wyx = wxy ¨ ¨áª«îç ï ª®¬¡¨­ æ¨¨ ¯¥à¢ëå ¯à®¨§¢®¤­ëå á ¯®¬®éìî (44), ¨¬¥¥¬
∂2u

∂x∂y
− ∂2w

∂x∂y
= k exp

[ 1
2

λ(w + u)
](

∂u

∂y
+ ∂w

∂y

)
= − exp(λw),

∂2u

∂x∂y
+ ∂2w

∂x∂y
= λ

2k
exp

[ 1
2

λ(w − u)
](

∂u

∂x
− ∂w

∂x

)
= exp(λw).

(45)

* � â ª¨å á«ãç ïå ¨å ­ §ë¢ îâ  ¢â®¯à¥®¡à §®¢ ­¨ï¬¨ �¥ª«ã­¤ .
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�ª« ¤ë¢ ï à ¢¥­áâ¢  (45), ¯®«ãç¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥ (43). �ëç¨â ï ¨§ ¯¥à¢®£® à ¢¥­áâ¢ 
¢â®à®¥, ¯à¨å®¤¨¬ ª ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î (42).

� ¬¥ç ­¨¥ 1. � ¦­® ®â¬¥â¨âì, çâ®, ¢ ®â«¨ç¨¥ ®â ª®­â ªâ­ëå ¯à¥®¡à §®-
¢ ­¨© ¯à¥®¡à §®¢ ­¨ï �¥ª«ã­¤  ®¯à¥¤¥«ïîâáï ¢¨¤®¬ ª®­ªà¥â­ëå ãà ¢­¥­¨©
(¯à¥®¡à §®¢ ­¨¥ �¥ª«ã­¤  áãé¥áâ¢ã¥â ­¥ ¢á¥£¤ ).

� ¬¥ç ­¨¥ 2. �«ï ¤¢ãå í¢®«îæ¨®­­ëå ãà ¢­¥­¨© n-£® ¯®àï¤ª  ¢¨¤ 
∂w

∂t
= F1

(
x,w,

∂w

∂x
, . . . ,

∂nw

∂xn

)
,

∂u

∂t
= F2

(
x, u,

∂u

∂x
, . . . ,

∂nu

∂xn

)

¯à¥®¡à §®¢ ­¨¥ �¥ª«ã­¤  ç áâ® ¨éãâ ¢ ä®à¬¥ ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨

�
(
x,w,

∂w

∂x
, . . . ,

∂mw

∂xm
, u,

∂u

∂x
, . . . ,

∂ku

∂xk

)
= 0,

á®¤¥à¦ é¥© ¯à®¨§¢®¤­ë¥ â®«ìª® ¯® ®¤­®© ¯¥à¥¬¥­­®© x (¢â®à ï ¯¥à¥¬¥­­ ï t
¢å®¤¨â ­¥ï¢­® ç¥à¥§ äã­ªæ¨¨ w, u). �â  á¢ï§ì ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª
®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® ®¤­®© ¨§ § ¢¨á¨-
¬ëå ¯¥à¥¬¥­­ëå.

2.4.2. �à¥®¡à §®¢ ­¨ï �¥ª«ã­¤ , ®á­®¢ ­­ë¥ ­  § ª®­ å á®åà ­¥­¨ï
�ã¤¥¬ áç¨â âì, çâ® ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¬®¦¥â ¡ëâì § ¯¨á ­® ¢
ä®à¬¥ § ª®­  á®åà ­¥­¨ï:

∂

∂x

[
F

(
w,

∂w

∂x
,

∂w

∂y
, . . .

)]
+ ∂

∂y

[
G(w,

∂w

∂x
,

∂w

∂y
, . . .

)]
= 0. (46)

�à¥®¡à §®¢ ­¨¥ �¥ª«ã­¤  (¯à¥®¡à §®¢ ­¨¥ ¯® à¥è¥­¨î)
dz = F (w, wx, wy, . . .) dy −G(w,wx, wy, . . .) dx, dη = dy (47)(

dz = ∂z

∂x
dx + ∂z

∂y
dy =⇒ ∂z

∂x
= −G,

∂z

∂y
= F

)

®¯à¥¤¥«ï¥â ¯¥à¥å®¤ ®â x ¨ y ª ­®¢ë¬ ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬ z ¨ η ¯®
¯à ¢¨«ã

∂

∂x
= −G

∂

∂z
,

∂

∂y
= ∂

∂η
+ F

∂

∂z
.

�¤¥áì ¨á¯®«ì§®¢ ­  ªà âª ï § ¯¨áì äã­ªæ¨© F ¨ G ¨§ (46). �à¥®¡à §®¢ ­¨¥
(47) á®åà ­ï¥â ¯®àï¤®ª à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï.

� ¬¥ç ­¨¥. �¥à¥¤ª® ¢áâà¥ç îâáï ¯à¥®¡à §®¢ ­¨ï ¯® à¥è¥­¨î (47), ¤®¯®«-
­¥­­ë¥ ¯à¥®¡à §®¢ ­¨¥¬ ¨áª®¬®© ¢¥«¨ç¨­ë ¢¨¤  u = ϕ(w).

�à¨¬¥à 11. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨
∂w

∂t
= ∂

∂x

[
f(w) ∂w

∂x

]
, (48)

ª®â®à®¥ ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï (46) ¯à¨ y = t, F = f(w)wx, G = −w.
�à¥®¡à §®¢ ­¨¥ ¯® à¥è¥­¨î (47) ¢ ¤ ­­®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

dz = w dx + [f(w)wx] dt, dη = dt. (49)
�­® ®¯à¥¤¥«ï¥â ¯¥à¥å®¤ ®â x, y ª ­®¢ë¬ ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬ z, η ¯® ¯à ¢¨«ã

∂

∂x
= w

∂

∂z
,

∂

∂t
= ∂

∂η
+ [f(w)wx] ∂

∂z
.
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�à¨¬¥­ïï ¯à¥®¡à §®¢ ­¨¥ (49) ª ãà ¢­¥­¨î (48), ¯®«ãç¨¬
∂w

∂η
= w2 ∂

∂z

[
f(w) ∂w

∂z

]
. (50)

�®¤áâ ­®¢ª  w = 1/u ¯à¨¢®¤¨â (50) ª ãà ¢­¥­¨î ¢¨¤  (48):
∂u

∂η
= ∂

∂z

[ 1
u2 f

( 1
u

)
∂u

∂z

]
.

� ç áâ­®¬ á«ãç ¥ f(w) = aw−2 ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ (48) ¯à¥®¡à §®¢ ­¨¥¬ (49) ¯¥à¥¢®-
¤¨âáï ¢ «¨­¥©­®¥ ãà ¢­¥­¨¥ uη = auzz .

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 2.4
1. �®ª § âì, çâ® ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á íªá¯®­¥­æ¨ «ì­ë¬ ¨áâ®ç­¨ª®¬

wxx + wyy = aeβw

á¢ï§ ­® á ãà ¢­¥­¨¥¬ � ¯« á 
uxx + uyy = 0

(«¨­¥©­®¥ ãà ¢­¥­¨¥) ¯à¥®¡à §®¢ ­¨¥¬ �¥ª«ã­¤ 
ux + 1

2 βwy =
( 1

2 aβ
)1/2 exp

( 1
2 βw

)
sin u,

uy − 1
2 βwx =

( 1
2 aβ

)1/2 exp
( 1

2 βw
)

cos u.

�ª § ­¨¥. �á¯®«ì§®¢ âì ãá«®¢¨ï uxy = uyx ¨ wxy = wyx.
2. �®ª § âì, çâ® ¤¢  ãà ¢­¥­¨ï á¨­ãá-�®à¤®­ :

wxy = sin w ¨ uxy = sin u

á¢ï§ ­ë  ¢â®¯à¥®¡à §®¢ ­¨¥¬ �¥ª«ã­¤ 
ux = wx + 2k sin

[ 1
2 (w + u)

]
,

uy = −wy − 2k−1 sin
[ 1

2 (w − u)
]
,

£¤¥ k 6= 0|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
�ª § ­¨¥. �á¯®«ì§®¢ âì ãá«®¢¨ï uxy = uyx ¨ wxy = wyx.

3. �®ª § âì, çâ® ãà ¢­¥­¨ï
wxx + wyy = sh w ch w,

uxx + uyy = sin u cos u

á¢ï§ ­ë ¯à¥®¡à §®¢ ­¨¥¬ �¥ª«ã­¤ 
ux + wy = sin u ch w,

uy − wx = cos u sh w.

�ª § ­¨¥. �á¯®«ì§®¢ âì ãá«®¢¨ï uxy = uyx ¨ wxy = wyx.
4. �®ª § âì, çâ® ãà ¢­¥­¨¥ �®àâ¥¢¥£ |¤¥ �à¨§ 

wt + 6wwx + wxxx = 0
¨ ¬®¤¨ä¨æ¨à®¢ ­­®¥ ãà ¢­¥­¨¥ �®àâ¥¢¥£ |¤¥ �à¨§ 

ut − 6u2ux + uxxx = 0
á¢ï§ ­ë ¯à¥®¡à §®¢ ­¨¥¬ �¥ª«ã­¤ 

ux = ε(w + u2), ε = ±1,

ut = εwxx − 2(uw)x.

5. �®ª § âì, çâ® ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ �à¥¤¨­£¥à 
iwt + wxx + |w|2w = 0,

£¤¥ w | ª®¬¯«¥ªá­ ï äã­ªæ¨ï ¤¥©áâ¢¨â¥«ì­ëå ¯¥à¥¬¥­­ëå x ¨ t (i2 = −1), ¨­¢ à¨ ­â­®
®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ï �¥ª«ã­¤ 

wx − w̃x = iaf1 − 1
2 if2g1,

wt − w̃t = 1
2 g1

(
wx + w̃x

)− ag2 + 1
4 if1

(|f1|2 + |f2|2
)
.

�¤¥áì ¯à¨­ïâë ®¡®§­ ç¥­¨ï
f1 = w − w̃, f2 = w + w̃, g1 = iε

(
b− 2|f1|2

)1/2
, g2 = i

(
af1 − 1

2 f2g1
)
,

£¤¥ a ¨ b|¯à®¨§¢®«ì­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ε = ±1.
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6. �¢¥áâ¨ ãà ¢­¥­¨¥ � «®¤¦¥à®
wxt = wwxx + f(wx)

ª ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î; ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï
¤«ï f(wx) = a.

�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ ¯® à¥è¥­¨î, ¨áå®¤ï ¨§ § ª®­  á®åà ­¥­¨ï

Dt[�(wx)] + Dx[−w�(wx)] = 0,

£¤¥ Dt = ∂

∂t
, Dx = ∂

∂x
, �(u) = exp

[ ∫
u du

f(u)

]
.

7. �¢¥áâ¨ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ âà¥âì¥£® ¯®àï¤ª 

wt = [f(w)wx]xx

ª ãà ¢­¥­¨î  ­ «®£¨ç­®£® ¢¨¤  ¨ ®¯à¥¤¥«¨âì, ¤«ï ª ª®© äã­ªæ¨¨ f(w) ¯®«ãç¥­­®¥ ãà ¢­¥­¨¥
¡ã¤¥â «¨­¥©­ë¬.

�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ ¯® à¥è¥­¨î

dz = w dx + [f(w)wx]x dt, dη = dt

á ¯®á«¥¤ãîé¥© § ¬¥­®© w = 1/u.
8. �®ª § âì, çâ® ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥

wtt + wt = a(w−2wx)x

¯à¥®¡à §®¢ ­¨¥¬ ¯® à¥è¥­¨î

τ = t + ln |w|, dz = aw−2wxdt + (w + wt)dx, u = 1/w (dz = zt dt + zx dx)
¯à¨¢®¤¨âáï ª «¨­¥©­®¬ã â¥«¥£à ä­®¬ã ãà ¢­¥­¨î

uττ + uτ = auzz.

N �¨â¥à âãà  ª à §¤. 2.4: G. L. Lamb (1974), R. M. Miura (1976), A. S. Fokas, R. L. Anderson
(1979), A. S. Fokas, B. Fuchssteiner (1981), C. Rogers, W. F. Shadwick (1982), �. �ã«« ä, �. �®¤à¨
(1983, áâà. 24{28), �. �. �¡à £¨¬®¢ (1983, áâà. 151{154), C. Rogers, T. Ruggeri (1985), J. Weiss
(1986), �. �¡«®¢¨æ, �. �¨£ãà (1987, áâà. 179{181), C. Rogers, W. F. Ames (1989), A. D. Polyanin,
V. F. Zaitsev (2004).

2.5. �¨ää¥à¥­æ¨ «ì­ë¥ ¯®¤áâ ­®¢ª¨
�®¬¨¬® ¯à¥®¡à §®¢ ­¨© �¥ª«ã­¤ , ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥ ¨á¯®«ì§ãîâáï
â ª¦¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ¯®¤áâ ­®¢ª¨. �«ï ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  ¤¨ä-
ä¥à¥­æ¨ «ì­ë¥ ¯®¤áâ ­®¢ª¨ ®¡ëç­® ¨¬¥îâ ¢¨¤

w = 	
(
x, y, u,

∂u

∂x
,

∂u

∂y

)
.

�¨ää¥à¥­æ¨ «ì­ ï ¯®¤áâ ­®¢ª  ¯®¢ëè ¥â ¯®àï¤®ª ãà ¢­¥­¨ï (¥á«¨ ®­ 
¯®¤áâ ¢«ï¥âáï ¢ ãà ¢­¥­¨¥ ¤«ï w) ¨ ¯®§¢®«ï¥â á ¯®¬®éìî à¥è¥­¨© ®¤­®£®
ãà ¢­¥­¨ï ¯®«ãç âì à¥è¥­¨ï ¤àã£®£®. �¢ï§ì ¬¥¦¤ã à¥è¥­¨ï¬¨ íâ¨å ãà ¢­¥-
­¨©, ¢®®¡é¥ £®¢®àï, ­¥®¡à â¨¬  ¨ ­®á¨â ®¤­®áâ®à®­­¨© å à ªâ¥à. �¨ää¥-
à¥­æ¨ «ì­ë¥ ¯®¤áâ ­®¢ª¨ ¬®£ãâ ¡ëâì á«¥¤áâ¢¨¥¬ ¯à¥®¡à §®¢ ­¨ï �¥ª«ã­¤ 
(å®âï íâ® ¨ ­¥®¡ï§ â¥«ì­®). �¨ää¥à¥­æ¨ «ì­ ï ¯®¤áâ ­®¢ª  ¬®¦¥â ¯®­¨¦ âì
¯®àï¤®ª ãà ¢­¥­¨ï (ª®£¤  ¢ ª ç¥áâ¢¥ ¨áå®¤­®£® ¯à¨­¨¬ ¥âáï ãà ¢­¥­¨¥ ¤«ï u).

� ®¡é¥¬ á«ãç ¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ¯®¤áâ ­®¢ª¨ ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨
(20), £¤¥ äã­ªæ¨¨ X , Y , W ¬®£ãâ § ¤ ¢ âìáï ¯à®¨§¢®«ì­®.



2.5. �¨ää¥à¥­æ¨ «ì­ë¥ ¯®¤áâ ­®¢ª¨ 15

�à¨¬¥à 12. � áá¬®âà¨¬ ãà ¢­¥­¨¥ �îà£¥àá 
∂w

∂t
= w

∂w

∂x
+ ∂2w

∂x2 . (51)

�¥à¢®¥ á®®â­®è¥­¨¥ (41) ¬®¦­® § ¯¨á âì ª ª ¤¨ää¥à¥­æ¨ «ì­ãî ¯®¤áâ ­®¢ªã (¯à¥®¡à §®-
¢ ­¨¥ �®¯ä |�®ã« )

w = 2ux

u
. (52)

�®¤áâ ¢«ïï (52) ¢ (51), ¯®«ãç¨¬ ãà ¢­¥­¨¥
2utx

u
− 2utux

u2 = 2uxxx

u
− 2uxuxx

u2 ,

ª®â®à®¥ ¬®¦­® ¯à¥®¡à §®¢ âì ª á«¥¤ãîé¥¬ã ¢¨¤ã:
∂

∂x

[ 1
u

(
∂u

∂t
− ∂2u

∂x2

)]
= 0.

� ª¨¬ ®¡à §®¬, ¢áïª®¥ à¥è¥­¨¥ «¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨
∂u

∂t
− ∂2u

∂x2 = 0

ä®à¬ã«®© (52) ¯¥à¥¢®¤¨âáï ¢ à¥è¥­¨¥ ãà ¢­¥­¨ï �îà£¥àá  (51). �¡à â­®¥ ­¥¢¥p­®: à¥è¥­¨¥
ãà ¢­¥­¨ï (51) ¯®à®¦¤ ¥â, ¢®®¡é¥ £®¢®àï, à¥è¥­¨¥ ¡®«¥¥ ®¡é¥£® ãà ¢­¥­¨ï

∂u

∂t
− ∂2u

∂x2 = f(t)u,

£¤¥ f(t)|­¥ª®â®à ï äã­ªæ¨ï t.
�à¨¬¥à 13. �à ¢­¥­¨¥ áâ æ¨®­ à­®£® « ¬¨­ à­®£® £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£®

á«®ï ­  ¯«®áª®© ¯« áâ¨­¥ ¨¬¥¥â ¢¨¤
∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 = ν
∂3w

∂y3 , (53)

£¤¥ w | äã­ªæ¨ï â®ª , x ¨ y | á®®â¢¥âáâ¢¥­­® ¯à®¤®«ì­ ï ¨ ¯®¯¥à¥ç­ ï ª®®à¤¨­ âë, ν |
ª¨­¥¬ â¨ç¥áª ï ¢ï§ª®áâì ¦¨¤ª®áâ¨.

�à¥®¡à §®¢ ­¨¥ �¨§¥á  (¤¨ää¥à¥­æ¨ «ì­ ï ¯®¤áâ ­®¢ª )

ξ = x, η = w, u(ξ, η) = ∂w

∂y
, £¤¥ w = w(x, y), (54)

¯®­¨¦ ¥â ¯®àï¤®ª ãà ¢­¥­¨ï (53) ¨ ¯à¨¢®¤¨â ¥£® ª ¡®«¥¥ ¯à®áâ®¬ã ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î
â¥¯«®¯à®¢®¤­®áâ¨

∂u

∂ξ
= ν

∂

∂η

(
u

∂u

∂η

)
. (55)

�à¨ ¢ë¢®¤¥ ãà ¢­¥­¨ï (55) ¨á¯®«ì§®¢ «¨áì ä®à¬ã«ë ¤«ï ¢ëç¨á«¥­¨ï ¯à®¨§¢®¤­ëå:
∂

∂y
= u

∂

∂η
,

∂

∂x
= ∂

∂ξ
+ ∂w

∂x

∂

∂η
,

∂w

∂y
= u,

∂2w

∂y2 = u
∂u

∂η
,

∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 = u
∂u

∂ξ
,

∂3w

∂y3 = u
∂

∂η

(
u

∂u

∂η

)
.

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 2.5
1. �®ª § âì, çâ® ¯à¥®¡à §®¢ ­¨¥ �¨ãàë (¤¨ää¥à¥­æ¨ «ì­ ï ¯®¤áâ ­®¢ª ) ¯¥à¥¢®¤¨â «î¡®¥
à¥è¥­¨¥ ¬®¤¨ä¨æ¨à®¢ ­­®£® ãà ¢­¥­¨ï �®àâ¥¢¥£ |¤¥ �à¨§ 

wt − 6w2wx + wxxx = 0
¢ à¥è¥­¨¥ ãà ¢­¥­¨ï �®àâ¥¢¥£ |¤¥ �à¨§ 

ut + 6uux + uxxx = 0.

�ª § ­¨¥. � ¤® ¤®ª § âì â®¦¤¥áâ¢® ut + 6uux + uxxx =
(
∂x + 2w

)(
wt − 6w2wx + wxxx

)
.
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2. � ©â¨ ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï
wywxy − wxwyy = f(x).

�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ­¨¥ �¨§¥á  (54).
3. �¯à¥¤¥«¨âì ¢¨¤ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª , ª ª®â®à®¬ã ¯à¨¢®¤¨âáï ãà ¢­¥­¨¥
£¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£® á«®ï (53) á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �à®ªª®:

ξ = x, ζ = wy, 	(ξ, ζ) = wyy, £¤¥ w = w(x, y).

N �¨â¥à âãà  ª à §¤. 2.5: R. M. Miura (1976), �. �. �®©æï­áª¨© (1973, áâà. 522{523),
A. D. Polyanin, V. F. Zaitsev (2004).


