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3. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ¨  ¢â®¬®¤¥«ì­ë¥
à¥è¥­¨ï. �¥â®¤ ¯®¤®¡¨ï

3.1. �à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï
�«ï ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥áª®© ä¨-
§¨ª¨ à §à ¡®â ­ àï¤ ¬¥â®¤®¢, ®á­®¢ ­­ëå ­  ¯¥à¥å®¤¥ ª ­®¢ë¬ ¯¥à¥¬¥­­ë¬
(§ ¢¨á¨¬ë¬ ¨ ­¥§ ¢¨á¨¬ë¬). �à¨ íâ®¬ ®¡ëç­® áâ ¢¨âáï æ¥«ì: ­ ©â¨ ­®¢ë¥
¯¥à¥¬¥­­ë¥, ç¨á«® ª®â®àëå ¬¥­ìè¥, ç¥¬ ç¨á«® ¨áå®¤­ëå ¯¥à¥¬¥­­ëå. �¥-
à¥å®¤ ª â ª¨¬ ¯¥à¥¬¥­­ë¬ ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâë¬ ãà ¢­¥­¨ï¬. � ç áâ-
­®áâ¨, ¯®¨áª â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ á ¤¢ã¬ï
­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ á¢®¤¨âáï ª ¨áá«¥¤®¢ ­¨î ®¡ëª­®¢¥­­ëå ¤¨ä-
ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (¨«¨ á¨áâ¥¬ â ª¨å ãà ¢­¥­¨©). �áâ¥áâ¢¥­­®, ¯à¨
ãª § ­­®© à¥¤ãªæ¨¨ à¥è¥­¨ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¤ îâ ­¥ ¢á¥ à¥è¥­¨ï ¨áå®¤­®£® ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨,   «¨èì
ª« áá à¥è¥­¨©, ®¡« ¤ îé¨å ­¥ª®â®àë¬¨ á¯¥æ¨ «ì­ë¬¨ á¢®©áâ¢ ¬¨.

� ¨¡®«¥¥ ¯à®áâë¬¨ ª« áá ¬¨ â®ç­ëå à¥è¥­¨©, ª®â®àë¥ ®¯¨áë¢ îâáï
®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨, ï¢«ïîâáï à¥è¥­¨ï â¨¯ 
¡¥£ãé¥© ¢®«­ë ¨  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï. �ãé¥áâ¢®¢ ­¨¥ íâ¨å à¥è¥­¨©
®¡ëç­® (­® ­¥ ¢á¥£¤ ) ®¡ãá«®¢«¥­® ¨­¢ à¨ ­â­®áâìî à áá¬ âà¨¢ ¥¬ëå ãà ¢-
­¥­¨© ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© á¤¢¨£  ¨ à áâï¦¥­¨ï-á¦ â¨ï.

�¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ¨  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ç áâ® ¢áâà¥ç îâáï
¢ à §«¨ç­ëå ¯à¨«®¦¥­¨ïå. �¨¦¥ à áá¬®âà¥­ë å à ªâ¥à­ë¥ ®á®¡¥­­®áâ¨ íâ¨å
à¥è¥­¨©. �ç¨â ¥âáï, çâ® ¨áª®¬ ï ¢¥«¨ç¨­  w § ¢¨á¨â ®â ¤¢ãå ¯¥à¥¬¥­­ëå:
x ¨ t, £¤¥ t ¨£à ¥â à®«ì ¢à¥¬¥­¨,   x|à®«ì ¯à®áâà ­áâ¢¥­­®© ª®®à¤¨­ âë.

3.2. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë

3.2.1. �¡é¨© ¢¨¤ à¥è¥­¨© â¨¯  ¡¥£ãé¥© ¢®«­ë
�¥è¥­¨ï¬¨ â¨¯  ¡¥£ãé¥© ¢®«­ë ­ §ë¢ îâáï à¥è¥­¨ï ¢¨¤ 

w(x, t) = W (z), z = kx− λt, (1)

£¤¥ ¢¥«¨ç¨­  λ/k ¨£à ¥â à®«ì áª®à®áâ¨ à á¯à®áâà ­¥­¨ï ¢®«­ë (λ ¬®¦¥â ¡ëâì
«î¡®£® §­ ª , §­ ç¥­¨¥ λ = 0 ®â¢¥ç ¥â áâ æ¨®­ à­®¬ã à¥è¥­¨î,   §­ ç¥­¨¥
k = 0 | ¯à®áâà ­áâ¢¥­­®-®¤­®à®¤­®¬ã à¥è¥­¨î). �¥è¥­¨ï â¨¯  ¡¥£ãé¥©
¢®«­ë å à ªâ¥à¨§ãîâáï â¥¬, çâ® ¯à®ä¨«¨ íâ¨å à¥è¥­¨© ¢ à §­ë¥ ¬®¬¥­âë
¢à¥¬¥­¨* ¯®«ãç îâáï ¤àã£ ¨§ ¤àã£  ¯à¥®¡à §®¢ ­¨¥¬ á¤¢¨£  ¨ ¬®¦­® ¢¢¥áâ¨
¤¢¨¦ãéãîáï á ¯®áâ®ï­­®© áª®à®áâìî ¤¥ª àâ®¢ã á¨áâ¥¬ã ª®®à¤¨­ â, ¢ ª®â®à®©
¯à®ä¨«ì ¨áª®¬®© ¢¥«¨ç¨­ë ¡ã¤¥â áâ æ¨®­ à­ë¬. �à¨ k > 0, λ > 0 ¢®«­  (1)
¤¢¨¦¥âáï ¢¤®«ì ®á¨ x ¢¯à ¢® (¢ áâ®à®­ã ã¢¥«¨ç¥­¨ï §­ ç¥­¨© x).

* �¥à¬¨­ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¨á¯®«ì§ã¥âáï â ª¦¥ ¢ á«ãç ïå, ª®£¤  ¯¥à¥¬¥­­ ï t
¨£à ¥â à®«ì ¯à®áâà ­áâ¢¥­­®© ª®®à¤¨­ âë.
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�®¨áª à¥è¥­¨© â¨¯  ¡¥£ãé¥© ¢®«­ë ¯à®¢®¤¨âáï ¯àï¬®© ¯®¤áâ ­®¢ª®©
¢ëà ¦¥­¨ï (1) ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ á ãç¥â®¬ à ¢¥­áâ¢ wx = kW ′, wt =−λW ′
¨ â. ¤. (èâà¨å ®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® z).

�¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ¤®¯ãáª îâ ãà ¢­¥­¨ï, ª®â®àë¥ ­¥ § ¢¨áïâ
ï¢­® ®â ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå:

F
(
w,

∂w

∂x
,

∂w

∂t
,

∂2w

∂x2 ,
∂2w

∂x∂t
,

∂2w

∂t2
, . . .

)
= 0. (2)

�®¤áâ ¢«ïï (1) ¢ (2), ¯®«ãç¨¬  ¢â®­®¬­®¥ ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥
ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® äã­ªæ¨¨ W (z):

F (W, kW ′, −λW ′, k2W ′′, −kλW ′′, λ2W ′′, . . . ) = 0,

£¤¥ k ¨ λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�à¨¬¥à 1. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨

∂w

∂t
= ∂

∂x

[
f(w) ∂w

∂x

]
(3)

¤®¯ãáª ¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë. �®¤áâ ¢¨¢ (1) ¢ (3), ¯à¨å®¤¨¬ ª ®¡ëª­®¢¥­­®¬ã
¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î

k2[f(W )W ′]′ + λW ′ = 0.

�­â¥£à¨àãï ¤¢ ¦¤ë, ¯®«ãç¨¬ ¥£® à¥è¥­¨¥ ¢ ­¥ï¢­®¬ ¢¨¤¥

k2
∫

f(W ) dW

λW + C1
= −z + C2,

£¤¥ C1 ¨ C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�à¨¬¥à 2. � áá¬®âà¨¬ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ �®­¦ |�¬¯¥à 

(
∂2w

∂x∂t

)2
− ∂2w

∂x2
∂2w

∂t2
= 0. (4)

�®¤áâ ¢¨¢ ¢ ­¥£® ¢ëà ¦¥­¨¥ (1), ¯®«ãç¨¬ â®¦¤¥áâ¢®. �®íâ®¬ã ãà ¢­¥­¨¥ (4) ¨¬¥¥â à¥è¥­¨¥
w = W (kx− λt),

£¤¥ W (z)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï, k, λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�à¨¬¥à 3. �¨áâ¥¬  ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¬ áá®- ¨ â¥¯«®¯¥à¥­®á  ¯à¨ ­ «¨ç¨¨ ®¡ê¥¬­ëå

å¨¬¨ç¥áª¨å à¥ ªæ¨©
∂u

∂t
= a

∂2u

∂x2 + f(u, w),
∂w

∂t
= b

∂2w

∂x2 + g(u, w)
¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë

u = u(z), w = w(z), z = kx− λt,

£¤¥ äã­ªæ¨¨ u(z) ¨ w(z) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ak2u′′zz + λu′z + f(u, w) = 0,

bk2w′′zz + λw′z + g(u, w) = 0.

3.2.2. �­¢ à¨ ­â­®áâì ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© á¤¢¨£ 
� ¦­® ®â¬¥â¨âì, çâ® ãà ¢­¥­¨ï ¢¨¤  (2) ¨­¢ à¨ ­â­ë (â. ¥. á®åà ­ïîâ ¢¨¤)
®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© á¤¢¨£  ¯® ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬:

x = �x + C1, t = �t + C2, (5)
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£¤¥ C1 ¨ C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �¢®©áâ¢® ¨­¢ à¨ ­â­®áâ¨ ª®­ªà¥â-
­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© á¤¢¨£  (5) ­¥à §àë¢­® á¢ï§ ­® á
áãé¥áâ¢®¢ ­¨¥¬ ã íâ¨å ãà ¢­¥­¨© à¥è¥­¨© â¨¯  ¡¥£ãé¥© ¢®«­ë (¨§ ¯¥à¢®£®
á«¥¤ã¥â ¢â®à®¥).

�¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ï¢«ïîâáï ¯à®áâ¥©è¨¬¨ ¨­¢ à¨ ­â­ë¬¨
à¥è¥­¨ï¬¨, â. ¥. à¥è¥­¨ï¬¨, ª®â®àë¥ ®¡ãá«®¢«¥­ë á¯®á®¡­®áâìî ãà ¢­¥­¨©
¡ëâì ¨­¢ à¨ ­â­ë¬¨ ®â­®á¨â¥«ì­® ­¥ª®â®àëå ¯à¥®¡à §®¢ ­¨© (á®¤¥à¦ é¨å
¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥).

� ¬¥ç ­¨¥. �á«®¢¨¥ ¨­¢ à¨ ­â­®áâ¨ ãà ¢­¥­¨ï ®â­®á¨â¥«ì­® ¯à¥®¡à §®-
¢ ­¨© (5) ­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ¤«ï áãé¥áâ¢®¢ ­¨ï à¥è¥­¨©
â¨¯  ¡¥£ãé¨© ¢®«­ë. �àï¬®© ¯à®¢¥àª®© ¬®¦­® ã¡¥¤¨âìáï, çâ® ãà ¢­¥­¨¥
¢â®à®£® ¯®àï¤ª 

F
(
w, wx, wt, xwx + twt, wxx, wxt, wtt, xwxx + twxt,

xwxt + twtt, x
2wxx + 2xtwxt + t2wtt, xwtwxx + twxwtt

)
= 0

­¥ ¤®¯ãáª ¥â ¯à¥®¡à §®¢ ­¨© ¢¨¤  (5), ­® ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥©
¢®«­ë (1), ª®â®à®¥ ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨-
¥¬

F (W, kW ′,−λW ′, zW ′, k2W ′′,−kλW ′′, λ2W ′′, kzW ′′,−λzW ′′, z2W ′′,−kλzW ′′) = 0.

3.2.3. �ã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥, § ¤ îé¥¥ à¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë

�®ª ¦¥¬, çâ® à¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ¬®¦­® ®¯à¥¤¥«¨âì ª ª à¥è¥­¨ï
äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï

w(x, t) = w(x + Cλ, t + Ck), (6)

£¤¥ k ¨ λ | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥, C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �à ¢­¥-
­¨¥ (6) ®§­ ç ¥â, çâ® ¨áª®¬ ï äã­ªæ¨ï ­¥ ¬¥­ï¥âáï ¯à¨ ®¤­®¢à¥¬¥­­®¬ ã¢¥«¨-
ç¥­¨¨ ®¡®¨å  à£ã¬¥­â®¢ ­  ¯à®¯®àæ¨®­ «ì­ë¥ ¢¥«¨ç¨­ë (C | ª®íää¨æ¨¥­â
¯à®¯®àæ¨®­ «ì­®áâ¨).

�¥©áâ¢¨â¥«ì­®, ¤¨ää¥à¥­æ¨àãï ãà ¢­¥­¨¥ (6) ¯® C,   § â¥¬ ¯®« £ ï C = 0,
¯à¨å®¤¨¬ ª ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¯¥à-
¢®£® ¯®àï¤ª 

λ
∂w

∂x
+ k

∂w

∂t
= 0.

�¡é¥¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï áâà®¨âáï ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª ¨ ¨¬¥¥â
¢¨¤ (1), çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 3.2
1. � ©â¨ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ãà ¢­¥­¨ï �îà£¥àá : wt + wwx = awxx.
2. � ©â¨ à¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨:

a) wt = (wwx)x,
b) wt + awx = (wwx)x,
c) wt = (wwx)x + a.

3. � ©â¨ ®¡é¥¥ à¥è¥­¨¥ «¨­¥©­®£® ãà ¢­¥­¨ï wtt = wxx ¯ãâ¥¬ ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨©
â¨¯  ¡¥£ãé¥© ¢®«­ë.

�ª § ­¨¥. �á¯®«ì§®¢ âì ¯à¨­æ¨¯ áã¯¥à¯®§¨æ¨¨ à¥è¥­¨© ¤«ï «¨­¥©­ëå ãà ¢­¥­¨©.
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4. � ©â¨ à¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ­¥«¨­¥©­ëå ¢®«­®¢ëå ãà ¢­¥­¨©:
a) wtt = (wwx)x,
b) wtt = [f(w)wx]x.

5. � ©â¨ à¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ­¥«¨­¥©­ëå ãà ¢­¥­¨©:
a) wt = [f(wx)]x,
b) wtt = [f(wx)]x.

6. �®ª § âì, çâ® á«¥¤ãîé¨¥ ãà ¢­¥­¨ï ­¥ ¨¬¥îâ à¥è¥­¨© â¨¯  ¡¥£ãé¥© ¢®«­ë:
a) wt = (wwx)x + x,
b) wtt = (wwx)x + t2.

7. � ©â¨ à¥è¥­¨¥ § ¤ ç¨ ¤«ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ wt = a(wnwx)x á
­ ç «ì­ë¬ ¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬¨

w = 0 ¯à¨ t = 0 (x > 0), w = kt1/n ¯à¨ x = 0 (t > 0).
�ª § ­¨¥. �¥è¥­¨¥ ¨é¥âáï ¢ ¢¨¤¥

w(x, t) =
{

b(λt− x)m ¯à¨ 0 6 x 6 λt,
0 ¯à¨ x > λt.

8. � ©â¨ â®ç­ë¥ à¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ãà ¢­¥­¨ï �®à­ |�­ä¥«ì¤ 
(
1− w2

t

)
wxx + 2wxwtwxt −

(
1 + w2

x

)
wtt = 0.

� ¬¥ç ­¨¥. �â® ãà ¢­¥­¨¥ ¨á¯®«ì§ã¥âáï ¢ ­¥«¨­¥©­®© í«¥ªâà®¤¨­ ¬¨ª¥ (¢ â¥®à¨¨ ¯®«ï).
9. �®ª § âì, çâ® ãà ¢­¥­¨¥ �®àâ¥¢¥£  | ¤¥ �à¨§  wt + wxxx − 6wwx = 0 ¨¬¥¥â á«¥¤ãîé¥¥
à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:

w = − λ

2 ch2[ 1
2
√

λ(z − z0)
] , z = x− λt,

£¤¥ z0 ¨ λ > 0|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
10. � ©â¨ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ãà ¢­¥­¨ï �ãáá¨­¥áª : wtt + a(wwx)x + bwxxxx = 0.

3.3. �¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï. �¥â®¤ ¯®¤®¡¨ï

3.3.1. �¡é¨© ¢¨¤  ¢â®¬®¤¥«ì­ëå à¥è¥­¨©. �¥â®¤ ¯®¤®¡¨ï
�¢â®¬®¤¥«ì­ë¬¨ ­ §ë¢ îâáï à¥è¥­¨ï ¢¨¤ 

w(x, t) = tαU(ζ), ζ = xtβ. (7)

�à®ä¨«¨ íâ¨å à¥è¥­¨© ¢ à §­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ ¯®«ãç îâáï ¤àã£ ¨§ ¤àã£ 
¯à¥®¡à §®¢ ­¨ï¬¨ ¯®¤®¡¨ï (¯à¥®¡à §®¢ ­¨ï¬¨ â¨¯  à áâï¦¥­¨ï ¨«¨ á¦ â¨ï).

�¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï áãé¥áâ¢ãîâ, ¥á«¨ à áâï¦¥­¨¥ ­¥§ ¢¨á¨¬ëå ¨
§ ¢¨á¨¬®© ¯¥à¥¬¥­­ëå ¯® ¯à ¢¨«ã

t = C�t, x = Ck �x, w = Cm �w,

C > 0|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, (8)

¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ k ¨ m íª¢¨¢ «¥­â­® â®¦¤¥áâ¢¥­­®¬ã ¯à¥®¡à -
§®¢ ­¨î, â. ¥. ¨áå®¤­®¥ ãà ¢­¥­¨¥

F (x, t, w,wx, wt, wxx, wxt, wtt, . . .) = 0 (9)

¢ à¥§ã«ìâ â¥ ¯à¥®¡à §®¢ ­¨ï (8) ¯¥à¥å®¤¨â ¢ â®ç­® â ª®¥ ¦¥ ãà ¢­¥­¨¥

F (�x, �t, �w, �w�x, �w�t, �w�x�x, �w�x�t, �w�t�t, . . .) = 0. (10)
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�¤¥áì äã­ªæ¨ï F â  ¦¥ á ¬ ï, çâ® ¨ ¢ ãà ¢­¥­¨¨ (9); ¯à¨ íâ®¬ ãà ¢­¥­¨¥ (9)
­¥ § ¢¨á¨â ®â ¯ à ¬¥âà  C.

� ©¤¥¬ á¢ï§ì ¬¥¦¤ã ¯ à ¬¥âà ¬¨ α, β ¢ à¥è¥­¨¨ (7) ¨ ¯ à ¬¥âà ¬¨ k, m
¢ ¯à¥®¡à §®¢ ­¨¨ à áâï¦¥­¨ï-á¦ â¨ï (8). �ãáâì

w = �(x, t) (11)

|à¥è¥­¨¥ ãà ¢­¥­¨ï (9). �®£¤  äã­ªæ¨ï

�w = �(�x,�t) (12)

¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï (10).
�ç¨âë¢ ï ï¢­ë© ¢¨¤ à¥è¥­¨ï (7), ¨§ (12) ¯®«ãç¨¬

�w = �tαU(�x�tβ). (13)

�®§¢à é ïáì ¢ (13) ª ¨áå®¤­ë¬ ¯¥à¥¬¥­­ë¬ á ¯®¬®éìî (8), ¨¬¥¥¬

w = Cm−αtαU
(
C−k−βxtβ

)
. (14)

�â  äã­ªæ¨ï, ¯® ¯®áâà®¥­¨î, ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (9), â. ¥. ï¢«ï¥âáï ¥£®
à¥è¥­¨¥¬. �®âà¥¡ã¥¬, çâ®¡ë à¥è¥­¨¥ (14) á®¢¯ «® á (7) (áç¨â ¥âáï ¢ë¯®«­¥­-
­ë¬ ãá«®¢¨¥ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¤«ï «î¡ëå §­ ç¥­¨© ¯ à ¬¥âà  C 6= 0).
�«ï íâ®£® ­ ¤® ¯®«®¦¨âì

α = m, β = −k. (15)
�  ¯à ªâ¨ª¥ ¯®¨áª  ¢â®¬®¤¥«ì­ëå à¥è¥­¨© ¯à®¢®¤¨âáï ¯® ¯®«ãç¥­­®¬ã

¢ëè¥ ªà¨â¥à¨î áãé¥áâ¢®¢ ­¨ï: ¥á«¨ k ¨ m ¢ (8) ­ ©¤¥­ë, â®  ¢â®¬®¤¥«ì­ë¥
¯¥à¥¬¥­­ë¥ ¨¬¥îâ ¢¨¤ (7) c ¯ à ¬¥âà ¬¨ (15).

�¥â®¤ ¯®áâà®¥­¨ï  ¢â®¬®¤¥«ì­ëå à¥è¥­¨©, ®á­®¢ ­­ë© ­  ¨á¯®«ì§®¢ ­¨¨
¯à¥®¡à §®¢ ­¨© à áâï¦¥­¨ï-á¦ â¨ï â¨¯  (8), ­®á¨â ­ §¢ ­¨¥ ¬¥â®¤  ¯®¤®¡¨ï.
� ¦­® ®â¬¥â¨âì, çâ® íâ¨ ¯à¥®¡à §®¢ ­¨ï á®¤¥à¦ â á¢®¡®¤­ë© (¯à®¨§¢®«ì­ë©)
¯ à ¬¥âà C.

�«ï ­ £«ï¤­®áâ¨ ­  à¨á. 1 ¨§®¡à ¦¥­ë ®á­®¢­ë¥ íâ ¯ë ¯®áâà®¥­¨ï  ¢â®-
¬®¤¥«ì­ëå à¥è¥­¨©.

3.3.2. �à¨¬¥àë  ¢â®¬®¤¥«ì­ëå à¥è¥­¨© ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¨
¬¥å ­¨ª¨

�à¨¬¥à 4. � áá¬®âà¨¬ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á ­¥«¨­¥©­ë¬ ¨áâ®ç­¨ª®¬ áâ¥¯¥­­�®£®
â¨¯ 

∂w

∂t
= a

∂2w

∂x2 + bwn. (16)

� áâï¦¥­¨¥ ¯¥à¥¬¥­­ëå ¯® ä®à¬ã« ¬ (8) ¯à¥®¡à §ã¥â ãà ¢­¥­¨¥ (16) ª á«¥¤ãîé¥¬ã ¢¨¤ã:

Cm−1 ∂ �w
∂�t

= aCm−2k ∂2 �w
∂�x2 + bCmn �wn.

�à¨à ¢­¨¢ ­¨¥ áâ¥¯¥­¥© C ¤ ¥â á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ï
¯®áâ®ï­­ëå k ¨ m:

m− 1 = m− 2k = mn,

ª®â®à ï ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥: k = 1
2 , m = 1

1−n
. �ç¨âë¢ ï íâ¨ à ¢¥­áâ¢  ¨ ¨á¯®«ì§ãï

ä®à¬ã«ë (7) ¨ (15), ­ å®¤¨¬  ¢â®¬®¤¥«ì­ë¥ ¯¥à¥¬¥­­ë¥

w = t1/(1−n)U(ζ), ζ = xt−1/2.
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Èñõîäíîå óðàâíåíèå: F x t w w( , , , x , , , , , ...) = 0w w w wt xx xt tt

Äåëàåì ïðåîáðàçîâàíèå
ðàñòÿæåíèÿ/ñæàòèÿ

Çäåñü ñâîáîäíûé ïàðàìåòð,

è íåêîòîðûå ÷èñëà

C

k m

—

—

Ïîäñòàâëÿåì
â èñõîäíîå óðàâíåíèå

Ïîäáèðàåì è , òàê ÷òîáû óðàâíåíèå ñîõðàíèëî âèäk m

Àâòîìîäåëüíîå ðåøåíèå èìååò âèä: w x t t U ³ ³ xt( , ) = ( ), =
m k–

Äëÿ ïîëó÷èì îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèåU ³( )

Ïîäñòàâëÿåì â óðàâíåíèå t Ct x C x w C w= , = , =
k m

ò. å. ïîëó÷èì óðàâíåíèå
F x t w w( , , , , , , , , ...) = 0x w w w wt xx xt tt

�¨á. 1. �à®áâ¥©è ï áå¥¬  ¯®áâà®¥­¨ï  ¢â®¬®¤¥«ì­ëå à¥è¥­¨©, ª®â®à ï ç áâ® ¨á¯®«ì§ã¥âáï ­ 
¯à ªâ¨ª¥.

�®¤áâ ¢«ïï ¨å ¢ (16), ¯à¨å®¤¨¬ ª ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¤«ï ®¯à¥¤¥-
«¥­¨ï äã­ªæ¨¨ U(ζ):

aU ′′ζζ + 1
2

ζU ′ζ + 1
n− 1

U + bUn = 0.

�à¨¬¥à 5. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥
∂2w

∂t2
= a

∂

∂x

(
wn ∂w

∂x

)
, (17)

ª®â®à®¥ ¢áâà¥ç ¥âáï ¢ § ¤ ç å ¢®«­®¢®© ¨ £ §®¢®© ¤¨­ ¬¨ª¨.
�®¤áâ ¢¨¢ (8) ¢ (17), ¯®«ãç¨¬

Cm−2 ∂2 �w
∂�t2

= aCmn+m−2k ∂

∂�x

(
�wn ∂ �w

∂�x

)
.

�à¨à ¢­¨¢ ­¨¥ áâ¥¯¥­¥© C ¤ ¥â ®¤­® «¨­¥©­®¥ ãà ¢­¥­¨¥: m − 2 = mn + m − 2k. �âáî¤ 
¨¬¥¥¬: k = 1

2 mn + 1, £¤¥ m ¬®¦¥â ¡ëâì ¢ë¡à ­® ¯à®¨§¢®«ì­®. �á¯®«ì§ãï ¤ «¥¥ ä®à¬ã«ë (7)
¨ (15), ­ å®¤¨¬  ¢â®¬®¤¥«ì­ë¥ ¯¥à¥¬¥­­ë¥:

w = tmU(ζ), ζ = xt−
1
2 mn−1, m|«î¡®¥.

�®¤áâ ¢¨¢ ¨å ¢ (17), ¬®¦­® ¯®«ãç¨âì ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¤«ï äã­ª-
æ¨¨ U(ζ).

� â ¡«. 1 ¯à¨¢¥¤¥­ë ¤àã£¨¥ ¯à¨¬¥àë  ¢â®¬®¤¥«ì­ëå à¥è¥­¨© ­¥«¨­¥©­ëå
ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨.

�¯¨á ­­ë© ¬¥â®¤ ¯®áâà®¥­¨ï  ¢â®¬®¤¥«ì­ëå à¥è¥­¨© ¯à¨¬¥­¨¬ â ª¦¥ ª
á¨áâ¥¬ ¬ ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨. �à®¨««îáâà¨àã¥¬ áª § ­­®¥
­  ª®­ªà¥â­®¬ ¯à¨¬¥à¥.

�à¨¬¥à 6. � áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨© áâ æ¨®­ à­®£® « ¬¨­ à­®£® £¨¤à®¤¨­ ¬¨ç¥-
áª®£® ¯®£à ­¨ç­®£® á«®ï ­  ¯«®áª®© ¯« áâ¨­¥:

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2 ,

∂u

∂x
+ ∂v

∂y
= 0.

(18)
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������� 1
�¥ª®â®àë¥ ­¥«¨­¥©­ë¥ ãà ¢­¥­¨ï ¬ â¥¬ â¨ç¥áª®©

ä¨§¨ª¨, ¤®¯ãáª îé¨¥  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï

�à ¢­¥­¨¥ � §¢ ­¨¥ ãà ¢­¥­¨ï �¨¤ à¥è¥­¨ï �¯à¥¤¥«ïîé¥¥ ãà ¢­¥­¨¥

∂w

∂t
= ∂

∂x

[
f(w) ∂w

∂x

] �¥áâ æ¨®­ à­®¥
ãà ¢­¥­¨¥

â¥¯«®¯à®¢®¤­®áâ¨
w=w(z), z =xt−1/2 [f(w)w′]′+ 1

2 zw′=0

∂w

∂t
=a

∂

∂x

(
wn ∂w

∂x

)
+bwk

�à ¢­¥­¨¥
â¥¯«®¯à®¢®¤­®áâ¨

á ¨áâ®ç­¨ª®¬

w= tpu(z), z =xtq,
p= 1

1−k
, q= k−n−1

2(1−k)

a(unu′)′−qzu′+
+buk−pu=0

∂w

∂t
=a

∂2w

∂x2 +bw
∂w

∂x

�à ¢­¥­¨¥
�îà£¥àá 

w= t−1/2u(z),
z =xt−1/2 au′′+buu′+ 1

2 zu′+ 1
2 u=0

∂w

∂t
=a

∂2w

∂x2 +b
( ∂w

∂x

)2 �®â¥­æ¨ «ì­®¥
ãà ¢­¥­¨¥
�îà£¥àá 

w=w(z), z =xt−1/2 aw′′+b(w′)2+ 1
2 zw′=0

∂w

∂t
=a

( ∂w

∂x

)k ∂2w

∂x2

�à ¢­¥­¨¥
­¥«¨­¥©­®©
ä¨«ìâà æ¨¨

w= tpu(z), z =xtq,
p=− (k+2)q+1

k
,

q |«î¡®¥
a(u′)ku′′=qzu′+pu

∂w

∂t
=f

( ∂w

∂x

) ∂2w

∂x2

�à ¢­¥­¨¥
­¥«¨­¥©­®©
ä¨«ìâà æ¨¨

w= t1/2u(z),
z =xt−1/2 2f(u′)u′′+zu′−u=0

∂2w

∂t2
= ∂

∂x

[
f(w) ∂w

∂x

] �®«­®¢®¥
ãà ¢­¥­¨¥ w=w(z), z =x/t (z2w′)′=[f(w)w′]′

∂2w

∂x2 + ∂2w

∂y2 =awn
�à ¢­¥­¨¥

â¥¯«®¯à®¢®¤­®áâ¨
á ¨áâ®ç­¨ª®¬

w=x
2

1−n u(z),
z =y/x

(1+z2)u′′− 2(1+n)
1−n

zu′+

+ 2(1+n)
(1−n)2 u−aun=0

∂2w

∂x2 +a
∂w

∂y

∂2w

∂y2 =0
�à ¢­¥­¨¥

âà ­á§¢ãª®¢®£®
â¥ç¥­¨ï £ § 

w=x−3k−2u(z),
z =xky, k |«î¡®¥

a
k+1 u′u′′+ k2

k+1 z2u′′−
−5kzu′+3(3k+2)u=0

∂w

∂t
=a

∂3w

∂x3 +bw
∂w

∂x

�à ¢­¥­¨¥
�®àâ¥¢¥£ |

¤¥ �à¨§ 
w= t−2/3u(z),

z =xt−1/3 au′′′+buu′+ 1
3 zu′+ 2

3 u=0

∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 =a
∂3w

∂y3

�à ¢­¥­¨¥
¯®£à ­¨ç­®£®

á«®ï

w=xλ+1u(z),
z =xλy,

λ|«î¡®¥

(2λ+1)(u′)2−(λ+1)uu′′

=au′′′

�¤¥« ¥¬ ¢ (18) à áâï¦¥­¨¥ ­¥§ ¢¨á¨¬ëå ¨ § ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå ¯® ¯à ¢¨«ã

x = C �x, y = Ck �y, u = Cm �u, v = Cn�v. (19)
�¬­®¦¨¢ ¯®«ãç¥­­ë¥ ãà ¢­¥­¨ï ­  ¯®¤å®¤ïé¨¥ ¯®áâ®ï­­ë¥ ¬­®¦¨â¥«¨, ¨¬¥¥¬

�u ∂ �u
∂�x

+ Cn−m−k+1�v ∂ �u
∂�y

= C−m−2k+1ν
∂2 �u
∂�y2 ,

∂ �u
∂�x

+ Cn−m−k+1 ∂�v
∂�y

= 0.
(20)

�®âà¥¡ã¥¬, çâ®¡ë ¢¨¤ ãà ¢­¥­¨© ¯à¥®¡à §®¢ ­­®© á¨áâ¥¬ë (20) á®¢¯ « á ¢¨¤®¬ ãà ¢­¥-
­¨© ¨áå®¤­®© á¨áâ¥¬ë (18). �â® ãá«®¢¨¥ ¤ ¥â ¤¢  «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨ï:
n−m− k + 1 = 0, −2k −m + 1 = 0. � §à¥è¨¢ ¨å ®â­®á¨â¥«ì­® m ¨ n, ¯®«ãç¨¬

m = 1− 2k, n = −k, (21)
£¤¥ ¯®ª § â¥«ì k ¬®¦¥â ¡ëâì ¢ë¡à ­ ¯à®¨§¢®«ì­®. �«ï ¯®áâà®¥­¨ï  ¢â®¬®¤¥«ì­®£® à¥è¥­¨ï
¨á¯®«ì§ã¥¬ áå¥¬ã ­  à¨á. 1, ¢ ª®â®à®© ¤«ï ®¯à¥¤¥«¥­¨ï ¢¨¤  äã­ªæ¨© u ¨ v ­ ¤® á®®â¢¥âáâ¢¥­­®
¯¥à¥®¡®§­ ç¨âì x → y, t → x, w → u (¤«ï ª®¬¯®­¥­âë u) ¨ x → y, t → x, w → v, m → n (¤«ï
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ª®¬¯®­¥­âë v). � à¥§ã«ìâ â¥ ¨¬¥¥¬
u(x, y) = x1−2kU(ζ), v(x, y) = x−kV (ζ), ζ = yx−k, (22)

£¤¥ k | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �®¤áâ ¢¨¢ (22) ¢ ¨áå®¤­ãî á¨áâ¥¬ã (18), ¯®«ãç¨¬ á¨áâ¥¬ã
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤«ï äã­ªæ¨© U = U(ζ), V = V (ζ):

U
[
(1− 2k)U − kζU ′ζ

]
+ V U ′ζ = νU ′′ζζ ,

(1− 2k)U − kζU ′ζ + V ′
ζ = 0.

3.3.3. �®«¥¥ ®¡é¨© ¯®¤å®¤, ®á­®¢ ­­ë© ­  à¥è¥­¨¨ äã­ªæ¨®­ «ì­®£®
ãà ¢­¥­¨ï

�«£®à¨â¬ ¯®áâà®¥­¨ï  ¢â®¬®¤¥«ì­®£® à¥è¥­¨ï, ®¯¨á ­­ë© ¢ à §¤. 3.3.1, ¡ë«
®á­®¢ ­ ­  ï¢­®¬ ¯à¥¤áâ ¢«¥­¨¨ íâ®£® à¥è¥­¨ï ¢ ¢¨¤¥ (7). �¤­ ª® áãé¥áâ¢ã¥â
¡®«¥¥ ®¡é¨© ¯®¤å®¤, ¯®§¢®«ïîé¨© ¢ë¢¥áâ¨ § ¢¨á¨¬®áâì (7) ­¥¯®áà¥¤áâ¢¥­­®
¨§ ãá«®¢¨ï ¨­¢ à¨ ­â­®áâ¨ ãà ¢­¥­¨ï (9) ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ï (8).

�¥©áâ¢¨â¥«ì­®, ¡ã¤¥¬ áç¨â âì, çâ® ãà ¢­¥­¨¥ (9) ¢ à¥§ã«ìâ â¥ ¯à¥®¡à §®-
¢ ­¨ï (8) ¯¥à¥å®¤¨â ¢ â®ç­® â ª®¥ ¦¥ ãà ¢­¥­¨¥ (10). �ãáâì (11) | à¥è¥­¨¥
ãà ¢­¥­¨ï (9). �®£¤  äã­ªæ¨ï (12) ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï (10). �®§¢à é -
ïáì ¢ (12) ª ¨áå®¤­ë¬ ¯¥à¥¬¥­­ë¬ (8), ¨¬¥¥¬

w = Cm�
(
C−kx,C−1t

)
. (23)

�â  äã­ªæ¨ï, ¯® ¯®áâà®¥­¨î, ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (9), â. ¥. ï¢«ï¥âáï
¥£® à¥è¥­¨¥¬. �®âà¥¡ã¥¬, çâ®¡ë à¥è¥­¨¥ (23) á®¢¯ «® á (11) (áç¨â ¥âáï ¢ë-
¯®«­¥­­ë¬ ãá«®¢¨¥ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¤«ï «î¡ëå §­ ç¥­¨© ¯ à ¬¥âà 
C 6= 0). � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î

�(x, t) = Cm�
(
C−kx,C−1t

)
. (24)

�à¨ C = 1 ãà ¢­¥­¨¥ (24) ®¡à é ¥âáï ¢ â®¦¤¥áâ¢®. � §«®¦¨¬ (24) ¢ àï¤
¯® ¯ à ¬¥âàã C ¢ ®ªà¥áâ­®áâ¨ C = 1, § â¥¬ ¯®¤¥«¨¬ ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥
­  (C − 1) ¨ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ C → 1. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ «¨­¥©­®¥
ãà ¢­¥­¨¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¯¥à¢®£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ �:

kx
∂�
∂x

+ t
∂�
∂t

−m� = 0. (25)

� ¯¨è¥¬ á®®â¢¥âáâ¢ãîéãî å à ªâ¥à¨áâ¨ç¥áªãî á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå ¤¨ä-
ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (á¬. à §¤. 14.1.1):

dx

kx
= dt

t
= − d�

m� .

� å®¤¨¬ ¥¥ ¯¥à¢ë¥ ¨­â¥£à «ë:

xt−k = A1, tm� = A2,

£¤¥ A1, A2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï á ç áâ­ë-
¬¨ ¯à®¨§¢®¤­ë¬¨ (25) ¨é¥âáï ¢ ¢¨¤¥ A2 = U(A1), £¤¥ U(A) | ¯à®¨§¢®«ì­ ï
äã­ªæ¨ï (á¬. à §¤. 14.1.1). � à¥§ã«ìâ â¥ ¯®«ãç¨¬ à¥è¥­¨¥ äã­ªæ¨®­ «ì­®£®
ãà ¢­¥­¨ï (24):

�(x, t) = tmU(ζ), ζ = xt−k, (26)
�®¤áâ ¢¨¢ (26) ¢ (11), ¯à¨å®¤¨¬ ª  ¢â®¬®¤¥«ì­®¬ã à¥è¥­¨î (7) á ¯ à ¬¥â-

à ¬¨ (15).



3.3. �¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï. �¥â®¤ ¯®¤®¡¨ï 9

3.3.4. �¥ª®â®àë¥ § ¬¥ç ­¨ï

� ¬¥ç ­¨¥ 1. �à¨ α = 0  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï (7) ¢áâà¥ç îâáï ¢ § ¤ ç å
á ¯à®áâ¥©è¨¬¨ ­ ç «ì­ë¬¨ ¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨:

w = w1 ¯à¨ t = 0 (x > 0), w = w2 ¯à¨ x = 0 (t > 0),

£¤¥ w1 ¨ w2 |­¥ª®â®àë¥ ª®­áâ ­âë.
� ¬¥ç ­¨¥ 2. �á«®¢¨¥ áãé¥áâ¢®¢ ­¨ï ¯à¥®¡à §®¢ ­¨ï (8), á®åà ­ïîé¥£®

¢¨¤ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï, ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ¤«ï áãé¥áâ¢®¢ ­¨ï
 ¢â®¬®¤¥«ì­®£® à¥è¥­¨ï. �¤­ ª® íâ® ãá«®¢¨¥ ­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬:
áãé¥áâ¢ãîâ ãà ¢­¥­¨ï, ª®â®àë¥ ­¥ ¤®¯ãáª îâ ¯à¥®¡à §®¢ ­¨© ¢¨¤  (8), ­®
¨¬¥îâ  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï.

� ¯à¨¬¥à, ãà ¢­¥­¨¥

a
∂2w

∂x2 + b
∂2w

∂t2
= (bx2 + at2)f(w)

¨¬¥¥â  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥

w = w(z), z = xt =⇒ w′′ − f(w) = 0,

­® ­¥ ¤®¯ãáª ¥â ¯à¥®¡à §®¢ ­¨© ¢¨¤  (8). � ãª § ­­®¬ ãà ¢­¥­¨¨ a ¨ b ¬®£ãâ
¡ëâì ¯à®¨§¢®«ì­ë¬¨ äã­ªæ¨ï¬¨  à£ã¬¥­â®¢ x, t, w, wx, wt, wxx, . . .

�®«¥¥ è¨à®ª¨© ª« áá ãà ¢­¥­¨©

F
(
w,

a1w
n
x + b1w

m
t

a1tn + b1xm
,

a2w
p
xx + b2w

q
tt

a2t2p + b2x2q
,

a3wxx + b3wtt

a3w2
x + b3w2

t

)
= 0,

£¤¥ ak ¨ bk | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨  à£ã¬¥­â®¢ x, t, w, wx, . . . , â ª¦¥ ­¥
¤®¯ãáª ¥â ¯à¥®¡à §®¢ ­¨© ¢¨¤  (8), ­® ¨¬¥¥â  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ¢¨¤ 
w = w(z), z = xt.

� ¬¥ç ­¨¥ 3. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë â¥á­® á¢ï§ ­ë á  ¢â®¬®¤¥«ì-
­ë¬¨ à¥è¥­¨ï¬¨. �¥©áâ¢¨â¥«ì­®, ¯®«®¦¨¢ ¢ (1)

t = ln τ, x = ln y,

¯®«ãç¨¬ ¯à¥¤áâ ¢«¥­¨¥ ¡¥£ãé¥© ¢®«­ë ¢  ¢â®¬®¤¥«ì­®¬ ¢¨¤¥

w = W
(
k ln(yτ−λ/k)

)
= U(yτ−λ/k),

£¤¥ U(z) = W (k ln z).

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 3.3
1. � ©â¨  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨:

a) wt = a(wwx)x,
b) wt = a(wnwx)x,
c) wt = a(ewwx)x.

2. � ©â¨  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨ á ¨áâ®ç­¨ª®¬:
a) wt = ax−n(xnwwx)x + b,
b) wt = ax−n(xnwkwx)x + bwm,
c) wt = a(xnwx)x + bwk,
d) wt = a(wnwx)x + bxk.
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3. � ©â¨  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ ® ¤¨ääã§¨®­­®¬ ¯®£à ­¨ç­®¬ á«®¥ ­  ¯«®áª®© ¯« -
áâ¨­¥, ª®â®à ï ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬

4ayx−1/2wx + ay2x−3/2wy = wyy

¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨
w = w1 ¯à¨ x = 0, w = w2 ¯à¨ y = 0, w → w1 ¯à¨ y → +∞.

4. � ©â¨  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ®¡®¡é¥­­®£® ãà ¢­¥­¨ï â¥¯«®¢®£® ¯®£à ­¨ç­®£® á«®ï (¢
ç áâ­®áâ¨, ®­® ®¯¨áë¢ ¥â â¥¯«®®¡¬¥­ ¯«®áª®© ¯« áâ¨­ë á ®¡â¥ª îé¥© ¥¥ ¦¨¤ª®áâìî)

f
(

y√
x

)
∂w

∂x
+ 1√

x
g
(

y√
x

)
∂w

∂y
= ∂2w

∂y2 ,

ã¤®¢«¥â¢®àïîé¥¥ £à ­¨ç­ë¬ ãá«®¢¨ï¬ ¨§ ¯à¥¤ë¤ãé¥£® ¯à¨¬¥à .
5. � ©â¨ à¥è¥­¨¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨

wt = a(wnwx)x,
ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­ë¬ ¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬:

a) w = 2 ¯à¨ t = 0 (x > 0), w = 1 ¯à¨ x = 0 (t > 0);
b) w = 0 ¯à¨ t = 0 (x > 0), w = t ¯à¨ x = 0 (t > 0);
c) w = 0 ¯à¨ t = 0 (x > 0), w = btk ¯à¨ x = 0 (t > 0).

6. � ©â¨ à¥è¥­¨¥ § ¤ ç¨ ® â¥¯«®¢®¬ ¢§àë¢¥, ª®â®à ï ®¯¨áë¢ ¥âáï ­¥«¨­¥©­ë¬ ãà ¢­¥­¨¥¬
â¥¯«®¯à®¢®¤­®áâ¨ wt = a(wnwx)x, ­ ç «ì­ë¬ ¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬¨

w = 0 ¯à¨ t = 0 (x > 0), w → 0 ¯à¨ x →∞ (t > 0),
  â ª¦¥ ãá«®¢¨¥¬ á®åà ­¥­¨ï í­¥à£¨¨

∫ ∞

−∞
w(x, t) dx = E0 > 0.

7. � ©â¨  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ®¡®¡é¥­­®£® ãà ¢­¥­¨ï �îà£¥àá :
wt + awnwx = bwxx.

8. � ©â¨  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ­¥«¨­¥©­ëå ¢®«­®¢ëå ãà ¢­¥­¨©:
a) wtt = a(wwx)x + b,
b) wtt = a(wnwx)x + bwk,
c) wtt = a(eλwwx)x.

9. � ©â¨  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ­¥«¨­¥©­ëå ãà ¢­¥­¨©:
a) wt = f(wxx),
b) wtt = [f(wx)]x,
c) wtt = f(wxx).

10. � ©â¨  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ®¤­®à®¤­®£® ¨ ­¥®¤­®à®¤­ëå ãà ¢­¥­¨© �®­¦ |�¬¯¥à :
a) w2

xy = wxxwyy ,
b) w2

xy = wxxwyy + axn,
c) w2

xy = wxxwyy + ayxn.
11. � ©â¨  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ãà ¢­¥­¨© â¨¯  �®àâ¥¢¥£ |¤¥ �à¨§ :

a) wt + wxxx + awwx + bt−1w = 0,
b) wt + wxxx + awnwx = 0,
c) wt + wxxx + a(wx)n = 0.

12. � ©â¨  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï �ãáá¨­¥áª :
wtt + a(wwx)x + bwxxxx = 0.

13. �¢¥áâ¨ á¨áâ¥¬ã ãà ¢­¥­¨© £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£® á«®ï (18) ª ®¤­®¬ã ãà ¢­¥-
­¨î ¯ãâ¥¬ ¢¢¥¤¥­¨ï äã­ªæ¨¨ â®ª  w ¯® ä®à¬ã« ¬ u = ∂w

∂y
, v = − ∂w

∂x
,   § â¥¬ ¯®áâà®¨âì

 ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ¯®«ãç¥­­®£® ãà ¢­¥­¨ï.
14. � ©â¨  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨© £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£® á«®ï (18) á
£à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

u = v = 0 ¯à¨ y = 0, u = U0 ¯à¨ x = 0, u → U0 ¯à¨ y →∞.

�ª § ­¨¥. �®áâ â®ç­® á¢¥áâ¨ § ¤ çã ª á¨áâ¥¬¥ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨© á á®®â¢¥âáâ¢ãîé¨¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨.
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15. � ©â¨  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ ® « ¬¨­ à­®¬ â¥ç¥­¨¨ áâàã¨, ª®â®à ï ®¯¨áë¢ ¥âáï
ãà ¢­¥­¨ï¬¨ £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£® á«®ï (18), £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

uy = 0 ¯à¨ y = 0, v = 0 ¯à¨ y = 0, u → 0 ¯à¨ y →∞,

¨ ¨­â¥£à «ì­ë¬ ãá«®¢¨¥¬ ∫ ∞

0
u2 dy = A, A = const .

16. �¯à¥¤¥«¨âì, ¯à¨ ª ª¨å §­ ç¥­¨ïå ¯ à ¬¥âà®¢ n, m, k, p à¥ ªæ¨®­­®-¤¨ääã§¨®­­ ï á¨áâ¥¬ 
ãà ¢­¥­¨©

ut − a1uxx = b1u
nwm,

wt − a2wxx = b2u
kwp

¤®¯ãáª ¥â  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥.
17. � ©â¨ ®¡é¨© ¢¨¤ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨©

a) wt − wxx = F (x, t, w),
b) wt − wxx = F (w, wx),
c) wt − (wwx)x = F (x, t, w),
d) wtt − wxx = F (x, t, w),
e) wtt − wxx = F (w, wx),

ª®â®àë¥ ¤®¯ãáª îâ  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï.
�ª § ­¨¥. �á¯®«ì§ãï ¯à¥®¡à §®¢ ­¨ï ¢¨¤  (8), ¯®«ãç¨âì äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ ¤«ï

®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ F . �¥è¨âì íâ® ãà ¢­¥­¨¥ á ¯®¬®éìî ¬¥â®¤  ¤¨ää¥à¥­æ¨à®¢ ­¨ï  ­ «®-
£¨ç­® â®¬ã, ª ª íâ® ¤¥« «®áì ¢ à §¤. 3.3.3.
18. � ©â¨ ®¡é¨© ¢¨¤ ¯à ¢ëå ç áâ¥© à¥ ªæ¨®­­®-¤¨ääã§¨®­­®© á¨áâ¥¬ë ãà ¢­¥­¨©

ut − auxx = f(u, w),
wt − bwxx = g(u, w),

ª®â®à ï ¤®¯ãáª ¥â  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï.

3.4. �à ¢­¥­¨ï, ¨­¢ à¨ ­â­ë¥ ®â­®á¨â¥«ì­® ª®¬¡¨­ æ¨©
¯à¥®¡à §®¢ ­¨© á¤¢¨£  ¨ à áâï¦¥­¨ï, ¨ ¨å à¥è¥­¨ï

3.4.1. �ªá¯®­¥­æ¨ «ì­®- ¢â®¬®¤¥«ì­ë¥ (¯à¥¤¥«ì­ë¥) à¥è¥­¨ï
�ªá¯®­¥­æ¨ «ì­®- ¢â®¬®¤¥«ì­ë¬¨ à¥è¥­¨ï¬¨ ­ §ë¢ îâáï à¥è¥­¨ï ¢¨¤ 

w(x, t) = eαtV (ξ), ξ = xeβt. (27)

�ªá¯®­¥­æ¨ «ì­®- ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï áãé¥áâ¢ãîâ, ¥á«¨ à áá¬ âà¨¢ -
¥¬®¥ ãà ¢­¥­¨¥ (9) ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ï

t = �t + ln C, x = Ck �x, w = Cm �w, (28)

£¤¥ C > 0 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, ¯à¨ ­¥ª®â®àëå k ¨ m. �à¥®¡à §®-
¢ ­¨¥ (28) ¯à¥¤áâ ¢«ï¥â á®¡®© ª®¬¡¨­ æ¨î ¯à¥®¡à §®¢ ­¨ï á¤¢¨£  ¯® t á
¯à¥®¡à §®¢ ­¨ï¬¨ â¨¯  à áâï¦¥­¨ï-á¦ â¨ï ¯® x ¨ w. � ¦­® ¯®¤ç¥àª­ãâì, çâ®
íâ¨ ¯à¥®¡à §®¢ ­¨ï á®¤¥à¦ â ¯à®¨§¢®«ì­ë© ¯ à ¬¥âà C,   à áá¬ âà¨¢ ¥¬®¥
ãà ¢­¥­¨¥ ­¥ § ¢¨á¨â ®â ¯ à ¬¥âà  C.

� ©¤¥¬ á¢ï§ì ¬¥¦¤ã ¯ à ¬¥âà ¬¨ α, β ¢ à¥è¥­¨¨ (27) ¨ ¯ à ¬¥âà ¬¨
k, m ¢ ¯à¥®¡à §®¢ ­¨¨ á¤¢¨£ -à áâï¦¥­¨ï (28). �ãáâì w = �(x, t) |à¥è¥­¨¥
ãà ¢­¥­¨ï (9). �®£¤  äã­ªæ¨ï �w = �(�x,�t) ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï (10).
�ç¨âë¢ ï ï¢­ë© ¢¨¤ à¥è¥­¨ï (27), ¯®«ãç¨¬

�w = eα�tV (�xeβ�t).
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������� 2
�­¢ à¨ ­â­ë¥ à¥è¥­¨ï, ¯®¨áª ª®â®àëå ®á­®¢ ­ ­  ¨á¯®«ì§®¢ ­¨¨ ª®¬¡¨­ æ¨©
¯à¥®¡à §®¢ ­¨© á¤¢¨£  ¨ à áâï¦¥­¨ï (C, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥)

ò �¨¤ à¥è¥­¨© �­¢ à¨ ­â­ë¥ ¯à¥®¡à §®¢ ­¨ï �¢ï§ì ¬¥¦¤ã ª®íää¨æ¨¥­â ¬¨

1 w=U(z), z =αx+βy t=�t+C1, x= �x+C2
α ¨ β |¯à®¨§¢®«ì­ë¥

¯®áâ®ï­­ë¥

2 w= tαU(z), z =xtβ t=C�t, x=Ck�x, w=Cm �w α=m, β =−k

3 w=eαtU(z), z =xeβt t=�t+ln C, x=Ck�x, w=Cm �w α=m, β =−k

4 w= tαU(z), z =x+β ln t t=C�t, x= �x+k ln C, w=Cm �w α=m, β =−k

�®§¢à é ïáì ª ¨áå®¤­ë¬ ¯¥à¥¬¥­­ë¬ á ¯®¬®éìî (28), ¨¬¥¥¬

w = Cm−αeαtV
(
C−k−βxeβt

)
.

�®âà¥¡ã¥¬, çâ®¡ë ¤ ­­®¥ à¥è¥­¨¥ á®¢¯ «® á (27) (áç¨â ¥âáï ¢ë¯®«­¥­­ë¬
ãá«®¢¨¥ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¤«ï «î¡ëå §­ ç¥­¨© ¯ à ¬¥âà  C 6= 0). �«ï
íâ®£® ­ ¤® ¯®«®¦¨âì

α = m, β = −k. (29)
�  ¯à ªâ¨ª¥ ¯®¨áª íªá¯®­¥­æ¨ «ì­®- ¢â®¬®¤¥«ì­ëå à¥è¥­¨© ¯à®¢®¤¨âáï

¯® ¯®«ãç¥­­®¬ã ¢ëè¥ ªà¨â¥à¨î áãé¥áâ¢®¢ ­¨ï: ¥á«¨ k ¨ m ¢ (28) ­ ©¤¥­ë,
â® ­®¢ë¥ ¯¥à¥¬¥­­ë¥ ¨¬¥îâ ¢¨¤ (27) c ¯ à ¬¥âà ¬¨ (29).

� ¬¥ç ­¨¥. �¥è¥­¨ï ¢¨¤  (27) ¨­®£¤  ­ §ë¢ îâ â ª¦¥ ¯à¥¤¥«ì­ë¬¨  ¢â®-
¬®¤¥«ì­ë¬¨ à¥è¥­¨ï¬¨.

�à¨¬¥à 7. �®ª ¦¥¬, çâ® ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨
∂w

∂t
= a

∂

∂x

(
wn ∂w

∂x

)
(30)

¤®¯ãáª ¥â íªá¯®­¥­æ¨ «ì­®- ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥. �®¤áâ ¢¨¢ (28) ¢ (30), ¯®«ãç ¥¬

Cm ∂ �w
∂�t

= aCmn+m−2k ∂

∂�x

(
�wn ∂ �w

∂�x

)
.

�à¨à ¢­¨¢ ­¨¥ áâ¥¯¥­¥© C ¤ ¥â ®¤­® «¨­¥©­®¥ ãà ¢­¥­¨¥: m = mn + m− 2k. �âáî¤  ¨¬¥¥¬:
k= 1

2 mn, £¤¥ m|«î¡®¥ ç¨á«®. �á¯®«ì§ãï ¤ «¥¥ ä®à¬ã«ë (27) ¨ (29) ¨ ¯®« £ ï ¡¥§ ®£à ­¨ç¥­¨ï
®¡é­®áâ¨ m = 2 (íâ® íª¢¨¢ «¥­â­® ®¯¥à æ¨¨ ¬ áèâ ¡¨à®¢ ­¨ï ¯® ¢à¥¬¥­¨ t), ­ å®¤¨¬ ­®¢ë¥
¯¥à¥¬¥­­ë¥

w = e2tV (ξ), ζ = xe−nt. (31)
�®¤áâ ¢«ïï ¨å ¢ (30), ¯®«ãç¨¬ ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ V (ξ):

a(V nV ′
ξ )′ξ + nξV ′

ξ − 2V = 0.

�à¨¬¥à 8. �á¯®«ì§ãï ®¯¨á ­­ë© ¬¥â®¤, ¬®¦­® ¯®ª § âì, çâ® ãà ¢­¥­¨¥ (17) â ª¦¥ ¨¬¥¥â
íªá¯®­¥­æ¨ «ì­®- ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ¢¨¤  (31).

3.4.2. �­¢ à¨ ­â­ë¥ à¥è¥­¨ï
�«ï ­ £«ï¤­®áâ¨ ¢ â ¡«. 2 á®¡à ­ë ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï, ¯®¨áª ª®â®àëå
®á­®¢ ­ ­  ¨á¯®«ì§®¢ ­¨¨ ª®¬¡¨­ æ¨© ¯à¥®¡à §®¢ ­¨© á¤¢¨£  ¨ à áâï¦¥­¨ï
¯® ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬ ¨ ¯à¥®¡à §®¢ ­¨© à áâï¦¥­¨ï ¯® § ¢¨á¨¬®©
¯¥à¥¬¥­­®©. �®¬¨¬® à¥è¥­¨© â¨¯  ¡¥£ãé¥© ¢®«­ë,  ¢â®¬®¤¥«ì­ëå à¥è¥­¨© ¨
íªá¯®­¥­æ¨ «ì­®- ¢â®¬®¤¥«ì­ëå à¥è¥­¨©, à áá¬®âà¥­­ëå à ­¥¥, ¢ ¯®á«¥¤­¥©
áâà®ª¥ ®¯¨á ­® ¥é¥ ®¤­® ¨­¢ à¨ ­â­®¥ à¥è¥­¨¥. �à®¨««îáâà¨àã¥¬ á¯®á®¡
¥£® ¯®áâà®¥­¨ï ­  ª®­ªà¥â­®¬ ¯à¨¬¥à¥.
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�à¨¬¥à 9. �®ª ¦¥¬, çâ® ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ (30) ¤®¯ãáª ¥â à¥è¥­¨¥,
ãª § ­­®¥ ¢ ç¥â¢¥àâ®© áâà®ª¥ ¢ â ¡«. 2. �«ï íâ®£® á¤¥« ¥¬ ¯à¥®¡à §®¢ ­¨¥

t = C�t, x = �x + k ln C, w = Cm �w.

� à¥§ã«ìâ â¥ ¯®«ãç¨¬
Cm−1 ∂ �w

∂�t
= aCmn+m ∂

∂�x

(
�wn ∂ �w

∂�x

)
.

�à¨à ¢­¨¢ ­¨¥ áâ¥¯¥­¥© C ¤ ¥â ®¤­® «¨­¥©­®¥ ãà ¢­¥­¨¥: m−1 = mn+m. �âáî¤  ­ å®¤¨¬:
m = −1/n,   k |«î¡®¥ ç¨á«®. �®íâ®¬ã (á¬. ç¥â¢¥àâãî áâà®ªã ¢ â ¡«. 2) ãà ¢­¥­¨¥ (30) ¨¬¥¥â
¨­¢ à¨ ­â­®¥ à¥è¥­¨¥ ¢¨¤ 

w = t−1/nU(z), z = x + β ln t, £¤¥ β |«î¡®¥. (32)
�®¤áâ ¢«ïï (32) ¢ (30), ¯à¨å®¤¨¬ ª  ¢â®­®¬­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥-
­¨î

a(UnU ′z)′z − βU ′z + 1
n

U = 0.

� áâ­®¬ã §­ ç¥­¨î β =0 á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ ¢ ¢¨¤¥ áã¬¬ë
äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢.

� áá¬®âà¥­­ë¥ ¢ à §¤. 3.2{3.4 ª®­ªà¥â­ë¥ ¯à¨¬¥àë ­ £«ï¤­® ¯®ª §ë¢ îâ,
çâ® ¯®áâà®¥­¨¥ â®ç­ëå à¥è¥­¨© ¯ãâ¥¬ ¯®­¨¦¥­¨ï à §¬¥à­®áâ¨ ãà ¢­¥­¨©
á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¤®áâ¨£ ¥âáï, ª®£¤  à áá¬ âà¨¢ ¥¬ë¥ ãà ¢­¥­¨ï
¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­® ­¥ª®â®àëå ¯à¥®¡à §®¢ ­¨© (á®¤¥à¦ é¨å ®¤¨­ ¨«¨
­¥áª®«ìª® ¯à®¨§¢®«ì­ëå ¯ à ¬¥âà®¢) ¨«¨, ¤àã£¨¬¨ á«®¢ ¬¨, ®¡« ¤ îâ ®¯à¥-
¤¥«¥­­®© á¨¬¬¥âà¨¥©. � «¥¥ ¢ £« ¢¥ 7 ¡ã¤¥â ®¯¨á ­ ®¡é¨© ¬¥â®¤ ¨áá«¥¤®-
¢ ­¨ï á¨¬¬¥âà¨© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (¬¥â®¤ £àã¯¯®¢®£®  ­ «¨§ ),
ª®â®àë© ¯®§¢®«ï¥â à¥£ã«ïà­ë¬ ®¡à §®¬ ¯®«ãç âì ¯®¤®¡­ë¥ ¨ ¡®«¥¥ á«®¦­ë¥
¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï.

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 3.4
1. � ©â¨ ¯à¥¤¥«ì­®¥  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨

wt = (wnwx)x,
ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

w → 0 ¯à¨ t → −∞ (x > 0), w = aeβt ¯à¨ x = 0 (t > −∞).
2. � ©â¨ ¯à¥¤¥«ì­®¥  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï wt = awn

xwxx.
3. � ©â¨ ¯à¥¤¥«ì­ë¥  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ­¥«¨­¥©­ëå ¢®«­®¢ëå ãà ¢­¥­¨©:

a) wtt = (wwx)x,
b) wtt = a(wnwx)x.

4. � ©â¨ ¯à¥¤¥«ì­®¥  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï �®­¦ |�¬¯¥à : w2
xy = wxxwyy .

5. �¢¥áâ¨ á¨áâ¥¬ã ãà ¢­¥­¨© £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£® á«®ï (18) ª ®¤­®¬ã ãà ¢­¥­¨î
¯ãâ¥¬ ¢¢¥¤¥­¨ï äã­ªæ¨¨ â®ª  w ¯® ä®à¬ã« ¬ u= ∂w

∂y
, v =− ∂w

∂x
,   § â¥¬ ¯®áâà®¨âì ¯à¥¤¥«ì­®¥

 ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ¯®«ãç¥­­®£® ãà ¢­¥­¨ï.
6. � ©â¨ ¯à¥¤¥«ì­®¥  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨© £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£®
á«®ï (18).
7. �®ª § âì, çâ® íªá¯®­¥­æ¨ «ì­®- ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ¬®¦­® ®¯à¥¤¥«¨âì ª ª à¥è¥­¨ï,
ã¤®¢«¥â¢®àïîé¨¥ äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î:

w(x, t) = Cmw(C−kx, t− ln C),
£¤¥ ª®­áâ ­âë C, k, m â¥ ¦¥ á ¬ë¥, çâ® ¨ ¢ ¯à¥®¡à §®¢ ­¨¨ (28).
8. �¥è¨âì äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥, ¯à¨¢¥¤¥­­®¥ ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥.

�ª § ­¨¥. �à®¤¨ää¥à¥­æ¨à®¢ âì äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ ¯® C,   § â¥¬ ¯®«®¦¨âì C = 1.
�®«ãç¥­­®¥ ãà ¢­¥­¨¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ à¥è¨âì ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª.
9. �¯à¥¤¥«¨âì, ª ª®¬ã äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î ¤®«¦­® ã¤®¢«¥â¢®àïâì ¯®á«¥¤­¥¥ ¨­¢ à¨-
 ­â­®¥ à¥è¥­¨¥ ¨§ â ¡«. 2. �¥è¨âì íâ® äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥.
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10. � ©â¨ ®¡é¨© ¢¨¤ äã­ªæ¨© f(w, wx), ¤«ï ª®â®àëå ãà ¢­¥­¨ï
a) wt = f(w, wx)wxx,
b) wtt = f(w, wx)wxx,

¤®¯ãáª îâ ¯à¥¤¥«ì­ë¥  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï.

3.5. �¡®¡é¥­­®- ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï
�¡®¡é¥­­®- ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ¨¬¥îâ ¢¨¤

w(x, t) = ϕ(t)u(z), z = ψ(t)x. (33)

�®à¬ã«  (33) ¢ª«îç ¥â ¢ á¥¡ï, ª ª ç áâ­ë¥ á«ãç ¨, à áá¬®âà¥­­ë¥ à ­¥¥
 ¢â®¬®¤¥«ì­ë¥ ¨ íªá¯®­¥­æ¨ «ì­®- ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï (7) ¨ (27).

�à®æ¥¤ãà  ¯®¨áª  ®¡®¡é¥­­®- ¢â®¬®¤¥«ì­ëå à¥è¥­¨© á®áâ®¨â ¢ á«¥¤ãî-
é¥¬: ¯®á«¥ ¯®¤áâ ­®¢ª¨ ¢ëà ¦¥­¨ï (33) ¢ à áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥ äã­ª-
æ¨¨ ϕ(t) ¨ ψ(t) ¢ë¡¨à îâáï â ª¨¬ ®¡à §®¬, çâ®¡ë äã­ªæ¨ï u(z) ã¤®¢«¥â¢®àï« 
®¤­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î.

�à¨¬¥à 10. �é¥¬ à¥è¥­¨¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ (30) ¢ ¢¨¤¥ (33).
�á¯®«ì§ãï (33) ¨ ãç¨âë¢ ï á¢ï§ì x = z/ψ(t), ­ å®¤¨¬ ¯à®¨§¢®¤­ë¥:

wt = ϕ′tu + ϕψ′txu′z = ϕ′tu + ϕψ′t
ψ

zu′z, wx = ϕψu′z, (wnwx)x = ψ2ϕn+1(unu′z)′z.

�®¤áâ ¢¨¢ ¨å ¢ (30), ¯®á«¥ ¤¥«¥­¨ï ­  ϕ′t ¯®«ãç¨¬

u + ϕψ′t
ϕ′tψ

zu′z = ψ2ϕn+1

ϕ′t
(unu′z)′z. (34)

�â®¡ë íâ® á®®â­®è¥­¨¥ ¯à¥¤áâ ¢«ï«® á®¡®© ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥
¤«ï u(z), ­ ¤® ¯à¨à ¢­ïâì äã­ªæ¨®­ «ì­ë¥ ª®íää¨æ¨¥­âë ¯à¨ zu′z ¨ (unu′z)′z ¯®áâ®ï­­ë¬
¢¥«¨ç¨­ ¬:

ϕψ′t
ϕ′tψ

= a,
ψ2ϕn+1

ϕ′t
= b. (35)

�à¨ íâ®¬ äã­ªæ¨ï u(z) ¡ã¤¥â ®¯¨áë¢ âìáï ãà ¢­¥­¨¥¬

u + azu′z = b(unu′z)′z.

�§ ¯¥à¢®£® ãà ¢­¥­¨ï (35) ­ å®¤¨¬

ψ = C1ϕ
a, (36)

£¤¥ C1 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �®¤áâ ¢«ïï ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¢® ¢â®à®¥ ãà ¢­¥­¨¥
(35) ¨ ¨­â¥£à¨àãï, ¨¬¥¥¬

C2
1
b

t + C2 = − 1
2a + n

ϕ−2a−n ¯à¨ a 6= − n

2
,

C2
1
b

t + C2 = ln |ϕ|, ¯à¨ a = − n

2
,

(37)

£¤¥ C2 |¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �§ (36){(37), ¢ ç áâ­®áâ¨, ¨¬¥¥¬

ϕ(t) = t
1

2a+n , ψ(t) = t
a

2a+n ¯à¨ C1 = 1, C2 = 0, b = − 1
2a + n

;

ϕ(t) = e2t, ψ(t) = e−nt ¯à¨ C1 = 1, C2 = 0, b = 1
2

.

�¤¥áì ¯¥à¢ ï ¯ à  äã­ªæ¨© ϕ(t) ¨ ψ(t) á®®â¢¥âáâ¢ã¥â  ¢â®¬®¤¥«ì­®¬ã à¥è¥­¨î (a 6= −n/2 |
«î¡®¥),   ¢â®à ï ¯ à |íªá¯®­¥­æ¨ «ì­®- ¢â®¬®¤¥«ì­®¬ã à¥è¥­¨î.
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S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 3.5
1. � ©â¨ ®¡®¡é¥­­®- ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï ¤¨ääã§¨®­­®£® ¯®£à ­¨ç­®£® á«®ï
(®¯¨áë¢ ¥â ¬ áá®®¡¬¥­ ª ¯¥«ì ¨ ¯ã§ëà¥© á ¯®â®ª®¬):

f(x) ∂w

∂x
+ g(x)y ∂w

∂y
= ∂2w

∂y2 .

�ª § ­¨¥. �¥è¥­¨¥ ¨é¥âáï ¢ ¢¨¤¥ w = w(z), z = yϕ(x).
2. � ©â¨ ®¡®¡é¥­­®- ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï ¤¨ääã§¨®­­®£® ¯®£à ­¨ç­®£® á«®ï
(®¯¨áë¢ ¥â ¬ áá®®¡¬¥­ â¢¥à¤ëå ç áâ¨æ á ¯®â®ª®¬):

f(x)yn−1 ∂w

∂x
+ g(x)yn ∂w

∂y
= ∂2w

∂y2 .

�ª § ­¨¥. �¥è¥­¨¥ ¨é¥âáï ¢ ¢¨¤¥ w = w(z), z = yϕ(x).

N �¨â¥à âãà  ª £« ¢¥ 3: �. �. � à¥­¡« ââ (1952, 1978), �. �. �¥¤®¢ (1972), W. F. Ames (1972),
�. �. �®©æï­áª¨© (1973), �. �«¨åâ¨­£ (1974), G. W. Bluman, J. D. Cole (1974), L. Dresner (1983),
�. �. � á«®¢, �. �. � ­¨«®¢, �. �. �®«®á®¢ (1987), D. Zwillinger (1989), �. �. �®«ï­¨­, �. �.
� ©æ¥¢ (2002), �. �. �®«ï­¨­ (2004).


