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4. �¥â®¤ ®¡®¡é¥­­®£® à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå
4.1. �¢¥¤¥­¨¥
4.1.1. �¥è¥­¨ï c ¬ã«ìâ¨¯«¨ª â¨¢­ë¬ ¨  ¤¤¨â¨¢­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå
�¥â®¤ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå ï¢«ï¥âáï á ¬ë¬ à á¯à®áâà ­¥­­ë¬ ¬¥â®¤®¬
à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �«ï ãà ¢­¥­¨© á ¤¢ã-
¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ x ¨ t ¨ ¨áª®¬®© äã­ªæ¨¥© w íâ®â ¬¥â®¤
¡ §¨àã¥âáï ­  ¯®¨áª¥ â®ç­ëå à¥è¥­¨© ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå
 à£ã¬¥­â®¢:

w(x, t) = ϕ(x)ψ(t). (1)
�­â¥£à¨à®¢ ­¨¥ ®â¤¥«ì­ëå ª« áá®¢ ­¥«¨­¥©­ëå ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§-
¢®¤­ë¬¨ ¯¥à¢®£® ¯®àï¤ª  ®á­®¢ ­® ­  ¯®¨áª¥ â®ç­ëå à¥è¥­¨© ¢ ¢¨¤¥ áã¬¬ë
äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = ϕ(x) + ψ(t). (2)
�¥ª®â®àë¥ ­¥«¨­¥©­ë¥ ãà ¢­¥­¨ï ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¢â®à®£® ¨ ¡®«¥¥

¢ëá®ª¨å ¯®àï¤ª®¢ â ª¦¥ ¨¬¥îâ â®ç­ë¥ à¥è¥­¨ï ¢¨¤  (1) ¨«¨ (2). �®¤®¡­ë¥
à¥è¥­¨ï ¡ã¤¥¬ ­ §ë¢ âì á®®â¢¥âáâ¢¥­­® à¥è¥­¨ï¬¨ á ¬ã«ìâ¨¯«¨ª â¨¢­ë¬ ¨
 ¤¤¨â¨¢­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå.
N �¨â¥à âãà  ª à §¤. 4.1.1: �. � ¬ª¥ (1966), �. �. �¨å®­®¢, �. �. � ¬ àáª¨© (1972),
�. �. � àª¥¥¢ (1990), �. �. �®«ï­¨­ (2001 a), �. �. � ©æ¥¢, �. �. �®«ï­¨­ (2003).

4.1.2. �à®áâ¥©è¨¥ á«ãç ¨ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå ¢ ­¥«¨­¥©­ëå ãà ¢­¥­¨ïå
� ®â¤¥«ì­ëå á«ãç ïå à §¤¥«¥­¨¥ ¯¥à¥¬¥­­ëå ¢ ­¥«¨­¥©­ëå ãà ¢­¥­¨ïå ¯à®¢®-
¤¨âáï ¯® â®© ¦¥ áå¥¬¥, çâ® ¨ ¢ «¨­¥©­ëå ãà ¢­¥­¨ïå. �®ç­®¥ à¥è¥­¨¥ ¨é¥âáï
¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ¨«¨ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢. �®¤áâ ¢¨¢ (1)
¨«¨ (2) ¢ à áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥ ¨ ¤¥« ï í«¥¬¥­â à­ë¥  «£¥¡à ¨ç¥áª¨¥
®¯¥à æ¨¨, ¯à¨å®¤ïâ ª à ¢¥­áâ¢ã ¤¢ãå ¢ëà ¦¥­¨© (¤«ï ãà ¢­¥­¨© á ¤¢ã¬ï
¯¥à¥¬¥­­ë¬¨), § ¢¨áïé¨å ®â à §­ëå  à£ã¬¥­â®¢. � ª ï á¨âã æ¨ï ¢®§¬®¦­ 
â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ª ¦¤®¥ ¨§ ãª § ­­ëå ¢ëà ¦¥­¨© à ¢­® ®¤­®© ¨ â®©
¦¥ ¯®áâ®ï­­®© ¢¥«¨ç¨­¥. � à¥§ã«ìâ â¥ ¯®«ãç îâ ®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨-
 «ì­ë¥ ãà ¢­¥­¨ï ¤«ï ¨áª®¬ëå ¢¥«¨ç¨­.

�à®¨««îáâà¨àã¥¬ áª § ­­®¥ ­  ª®­ªà¥â­ëå ¯à¨¬¥à å.
�à¨¬¥à 1. �à ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á® áâ¥¯¥­­�®© ­¥«¨­¥©­®áâìî

∂w

∂t
= a

∂

∂x

(
wk ∂w

∂x

)
(3)

¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢. �®¤áâ ¢¨¢ (1) ¢
ãà ¢­¥­¨¥ (3), ¯à¨å®¤¨¬ ª ¢ëà ¦¥­¨î

ϕψ′t = aψk+1(ϕkϕ′x)′x.

� §¤¥«ïï ¯¥à¥¬¥­­ë¥ ¯ãâ¥¬ ¤¥«¥­¨ï ®¡¥¨å ç áâ¥© ­  ϕψk+1, ¯®«ãç¨¬
ψ′t

ψk+1 = a(ϕkϕ′x)′x
ϕ

.
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�¥¢ ï ç áâì íâ®£® à ¢¥­áâ¢  § ¢¨á¨â â®«ìª® ®â ¯¥à¥¬¥­­®© t,   ¯à ¢ ï | â®«ìª® ®â x. �â®
¢®§¬®¦­® «¨èì ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨©

ψ′t
ψk+1 = C,

a(ϕkϕ′x)′x
ϕ

= C, (4)

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �¥è¨¢ ®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï (4),
¯®«ãç¨¬ à¥è¥­¨¥ ¢¨¤  (1) ãà ¢­¥­¨ï (3).

�à®æ¥¤ãà  ¯®áâà®¥­¨ï à¥è¥­¨ï á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ ¢¨¤  (1) ­¥«¨­¥©­®£®
ãà ¢­¥­¨ï (3) ¯®«­®áâìî  ­ «®£¨ç­  ¯à®æ¥¤ãà¥, ¨á¯®«ì§ã¥¬®© ¤«ï à¥è¥­¨ï «¨­¥©­ëå ãà ¢-
­¥­¨©, ¢ ç áâ­®áâ¨, ¤«ï ãà ¢­¥­¨ï (3) ¯à¨ k = 0. �«ãç ¨ à¥è¥­¨© á ¯®¤®¡­ë¬ à §¤¥«¥­¨¥¬
¯¥à¥¬¥­­ëå ¡ã¤¥¬ ­ §ë¢ âì ¯à®áâ¥©è¨¬¨.

�à¨¬¥à 2. �®«­®¢®¥ ãà ¢­¥­¨¥ á íªá¯®­¥­æ¨ «ì­®© ­¥«¨­¥©­®áâìî
∂2w

∂t2
= a

∂

∂x

(
eλw ∂w

∂x

)
(5)

¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢. �®¤áâ ¢¨¬ ¢ëà ¦¥­¨¥ (2) ¢
ãà ¢­¥­¨¥ (5). �®á«¥ ¤¥«¥­¨ï ®¡¥¨å ç áâ¥© ­  eλψ ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã

e−λψψ′′tt = a(eλϕϕ′x)′x,

«¥¢ ï ç áâì ª®â®à®£® § ¢¨á¨â â®«ìª® ®â ¯¥à¥¬¥­­®© t,   ¯à ¢ ï | â®«ìª® ®â x. �â® ¢®§¬®¦­®
«¨èì ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨©

e−λψψ′′tt = C, a(eλϕϕ′x)′x = C, (6)
£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �¥è¨¢ ®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï (6),
¯®«ãç¨¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (5) ¢¨¤  (2).

�à¨¬¥à 3. �à ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ ¢  ­¨§®âà®¯­®© áà¥¤¥ á ¨áâ®ç­¨ª®¬ «®£ à¨ä¬¨-
ç¥áª®£® â¨¯ 

∂

∂x

[
f(x) ∂w

∂x

]
+ ∂

∂y

[
g(y) ∂w

∂y

]
= aw ln w (7)

¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢
w = ϕ(x)ψ(y). (8)

�®¤áâ ¢¨¬ ¢ëà ¦¥­¨¥ (8) ¢ ãà ¢­¥­¨¥ (7). �®á«¥ ¤¥«¥­¨ï ­  ϕψ ¨ ¯¥à¥­®á  ®â¤¥«ì­ëå
á« £ ¥¬ëå ¢ à §­ë¥ ç áâ¨ ¯®«ãç¥­­®£® à ¢¥­áâ¢ , ¯®«ãç¨¬

1
ϕ

[f(x)ϕ′x]′x − a ln ϕ = − 1
ψ

[g(y)ψ′y]′y + a ln ψ.

�¥¢ ï ç áâì íâ®£® ¢ëà ¦¥­¨ï § ¢¨á¨â â®«ìª® ®â ¯¥à¥¬¥­­®© x,   ¯à ¢ ï | â®«ìª® ®â y.
�à¨à ¢­¨¢ ï ¨å ¯®áâ®ï­­®© ¢¥«¨ç¨­¥, ¬®¦­® ¯®«ãç¨âì ®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥
ãà ¢­¥­¨ï ¤«ï äã­ªæ¨© ϕ(x) ¨ ψ(y).

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 4.1.2
1. � ©â¨ à¥è¥­¨ï á  ¤¤¨â¨¢­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå á«¥¤ãîé¨å ãà ¢­¥­¨©:

a) f(x)w2
x + g(y)w2

y = h1(x) + h2(y),
b) f(x)wn

x + g(y)wm
y = aw,

c) [f(x)wx]x + [g(y)wy]y = 0,
d) [f(x)wx]x + [g(y)wy]y = aw,
e) wt = awxx + b(wx)2 + c,
f ) wt = [f(x)wx]x + a(wx)2 + bw,
g) wt = a(eλwwx)x + beλw,
h) wt = a(wxx)k,
i) wtt = a(eλwwx)x + b,
j) wtt + awt = b(eλwwx)x,
k) wxt = a(eλwwx)x + beλw,
l) wtt = wxxx + f(wx) + aw.
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2. � ©â¨ à¥è¥­¨ï á ¬ã«ìâ¨¯«¨ª â¨¢­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå á«¥¤ãîé¨å ãà ¢­¥­¨©:
a) wt = a(wwx)x + bw,
b) wt = a(wwx)x + bw2,
c) wt = a(wnwx)x + bw,
d) wt = a(wnwx)x + bwn+1 + cw,
e) wtt = a(wnwx)x,
f ) wtt = a(wwx)x + bw,
g) wtt = a(wnwx)x + bwn+1,
h) wtt = a(wnwx)x + bwn+1 + cw.
i) wxt = a(wnwx)x + bwn+1.

N �¨â¥à âãà  ª à §¤. 4.1.2: �. �. �¢áï­­¨ª®¢ (1959), D. Zwillinger (1989), �. �. � ©æ¥¢,
�. �. �®«ï­¨­ (1996), �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002).

4.1.3. �à¨¬¥àë ­¥âà¨¢¨ «ì­®£® à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå ¢ ­¥«¨­¥©­ëå
ãà ¢­¥­¨ïå

�® ¬­®£¨å á«ãç ïå à §¤¥«¥­¨¥ ¯¥à¥¬¥­­ëå ¢ ­¥«¨­¥©­ëå ãà ¢­¥­¨ïå ¯à®-
¨áå®¤¨â ¨­ ç¥, ç¥¬ ¢ «¨­¥©­ëå ãà ¢­¥­¨ïå. �à®¨««îáâà¨àã¥¬ áª § ­­®¥ ­ 
ª®­ªà¥â­ëå ¯à¨¬¥à å.

�à¨¬¥à 4. � áá¬®âà¨¬ ãà ¢­¥­¨¥ á ªã¡¨ç¥áª®© ­¥«¨­¥©­®áâìî
∂w

∂t
= f(t) ∂2w

∂x2 + w
(

∂w

∂x

)2
− aw3, (9)

£¤¥ f(t)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï.
�é¥¬ â®ç­ë¥ à¥è¥­¨ï ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢. �®¤áâ ¢¨¬ (1) ¢

(9) ¨ ¯®¤¥«¨¬ ®¡¥ ç áâ¨ ¯®«ãç¥­­®£® à ¢¥­áâ¢  ­  f(t)ϕ(x)ψ(t). � à¥§ã«ìâ â¥ ¨¬¥¥¬
ψ′t
fψ

= ϕ′′xx

ϕ
+ ψ2

f
[(ϕ′x)2 − aϕ2]. (10)

� ®¡é¥¬ á«ãç ¥ ¤ ­­®¥ ¢ëà ¦¥­¨¥ ­¥«ì§ï ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­-
â®¢. �â®, ®¤­ ª®, ­¥ ®§­ ç ¥â, çâ® ãà ¢­¥­¨¥ (9) ­¥ ¨¬¥¥â à¥è¥­¨© ¢¨¤  (1).
1◦. �àï¬®© ¯à®¢¥àª®© ¬®¦­® ã¡¥¤¨âìáï, çâ® äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥
(10) ¯à¨ a > 0 ¨¬¥¥â à¥è¥­¨¥

ϕ(x) = C exp
(±x

√
a

)
, ψ(t) = exp

[
a

∫
f(t) dt

]
, (11)

£¤¥ C |¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �¥è¥­¨¥ (11) ¤«ï ϕ ®¡à é ¥â ¢ ­ã«ì ¢ëà ¦¥­¨¥ ¢ ª¢ ¤à â­ëå
áª®¡ª å ¢ (10), çâ® ¯®§¢®«ï¥â à §¤¥«¨âì ¯¥à¥¬¥­­ë¥.
2◦. �¬¥¥âáï ¡®«¥¥ ®¡é¥¥ à¥è¥­¨¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (10) ¯à¨
a > 0:

ϕ(x) = C1 exp
(
x
√

a
)

+ C2 exp
(−x

√
a

)
,

ψ(t) = eF
(
C3 + 8aC1C2

∫
e2F dt

)−1/2
, F = a

∫
f(t) dt,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �ã­ªæ¨ï ϕ = ϕ(x) â ª®¢ , çâ® ®¡¥ ª®¬¡¨­ æ¨¨
¢¥«¨ç¨­ ¢ ãà ¢­¥­¨¨ (10), ª®â®àë¥ § ¢¨áïâ ®â x, ®¤­®¢à¥¬¥­­® ¡ã¤ãâ à ¢­ë ­¥ª®â®àë¬
¯®áâ®ï­­ë¬:

ϕ′′xx/ϕ = const, (ϕ′x)2 − aϕ2 = const .

�â® ®¡áâ®ïâ¥«ìáâ¢® ¨ ¯®§¢®«ï¥â à §¤¥«¨âì ¯¥à¥¬¥­­ë¥. �â¬¥â¨¬, çâ® äã­ªæ¨ï ψ = ψ(t)
ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î �¥à­ã««¨ ψ′t = af(t)ψ − 4aC1C2ψ

3.
3◦. �¬¥¥âáï ¤àã£®¥ à¥è¥­¨¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (10) ¯à¨ a < 0:

ϕ(x) = C1 sin
(
x
√−a

)
+ C2 cos

(
x
√−a

)
,

ψ(t) = eF
[
C3 + 2a(C2

1 + C2
2 )

∫
e2F dt

]−1/2
, F = a

∫
f(t) dt,
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£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �ã­ªæ¨ï ϕ = ϕ(x) â ª®¢ , çâ® ®¡¥ ª®¬¡¨­ æ¨¨
¢¥«¨ç¨­ ¢ ãà ¢­¥­¨¨ (10), § ¢¨áïé¨¥ ®â x, ¡ã¤ãâ à ¢­ë ª®­áâ ­â ¬. �â¬¥â¨¬, çâ® äã­ªæ¨ï
ψ = ψ(t) ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬ �¥à­ã««¨ ψ′t = af(t)ψ − a(C2

1 + C2
2 )ψ3.

�à¨¬¥à 5. � áá¬®âà¨¬ ãà ¢­¥­¨¥ âà¥âì¥£® ¯®àï¤ª  á ª¢ ¤à â¨ç­®© ­¥«¨­¥©­®áâìî
∂w

∂y

∂2w

∂x2 + a
∂w

∂x

∂2w

∂y2 = b
∂3w

∂x3 + c
∂3w

∂y3 . (12)

�ã¤¥¬ ¨áª âì â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (12) á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ ¢ ¢¨¤¥
áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢

w = f(x) + g(y). (13)
�®¤áâ ¢¨¢ (13) ¢ (12), ¨¬¥¥¬

g′yf ′′xx + af ′xg′′yy = bf ′′′xxx + cg′′′yyy. (14)
� ­­®¥ ¢ëà ¦¥­¨¥ ­¥«ì§ï ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢.

�¥âàã¤­® ¤®£ ¤ âìáï, çâ® äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î (14) ¬®¦­® ã¤®-
¢«¥â¢®à¨âì:
¥á«¨ g′y = C1 =⇒ g(y) = C1y + C2, f(x) = C3 exp(C1x/b) + C4x (¯¥à¢ë© á«ãç ©),
¥á«¨ f ′x = C1 =⇒ f(x) = C1x + C2, g(y) = C3 exp(aC1y/c) + C4y (¢â®à®© á«ãç ©),

£¤¥ C1, C2, C3, C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. � ãª § ­­ëå á«ãç ïå ¤¢  ç«¥­  ¨§ ç¥âëà¥å
¢ (14) ®¡à é îâáï ¢ ­ã«ì, çâ® ¯®§¢®«ï¥â à §¤¥«¨âì ¯¥à¥¬¥­­ë¥.

�à ¢­¥­¨¥ (12) ¨¬¥¥â â ª¦¥ ¡®«¥¥ á«®¦­®¥ â®ç­®¥ à¥è¥­¨¥ ¢¨¤  (13):

w = C1e
−aλx + cλ

a
x + C2e

λy − abλy + C3,

£¤¥ C1, C2, C3, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �¥å ­¨§¬ à §¤¥«¥­¨ï §¤¥áì ¨­®©: ®¡  ­¥«¨-
­¥©­ëå ç«¥­  ¢ «¥¢®© ç áâ¨ (14) á®¤¥à¦ â ®¤¨­ ª®¢ë¥ ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥, ­® à §­ë¥ ¯®
§­ ªã á« £ ¥¬ë¥, ª®â®àë¥ ­¥«ì§ï ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢. �à¨
á«®¦¥­¨¨ ­¥«¨­¥©­ëå ç«¥­®¢ ãª § ­­ë¥ á« £ ¥¬ë¥ á®ªà é îâáï, çâ® ¢ ¨â®£¥ ¨ ¯à¨¢®¤¨â ª
à §¤¥«¥­¨î ¯¥à¥¬¥­­ëå:

g′yf ′′xx = C1C2a
2λ3eλy−aλx − C1b(aλ)3e−aλx

+
af ′xg′′yy = −C1C2a

2λ3eλy−aλx + C2cλ
3eλy

g′yf ′′xx + af ′xg′′yy = −C1b(aλ)3e−aλx + C2cλ
3eλy = bf ′′′xxx + cg′′′yyy

�à¨¬¥à 6. � áá¬®âà¨¬ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  á ªã¡¨ç¥áª®© ­¥«¨­¥©­®áâìî

(1 + w2)
(

∂2w

∂x2 + ∂2w

∂y2

)
− 2w

(
∂w

∂x

)2
− 2w

(
∂w

∂y

)2
= aw(1− w2). (15)

�é¥¬ â®ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (15) á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï
äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢

w = f(x)g(y). (16)
�®¤áâ ¢¨¢ (16) ¢ (15), ¯®«ãç¨¬ á®®â­®è¥­¨¥

(1 + f2g2)(gf ′′xx + fg′′yy)− 2fg[g2(f ′x)2 + f2(g′y)2] = afg(1− f2g2), (17)
ª®â®à®¥ ­¥«ì§ï ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢. �¥¬ ­¥ ¬¥­¥¥
ãà ¢­¥­¨¥ (15) ¨¬¥¥â à¥è¥­¨ï ¢¨¤  (16). �àï¬®© ¯à®¢¥àª®© ¬®¦­® ã¡¥¤¨âìáï, çâ® äã­ªæ¨¨
f = f(x) ¨ g = g(y), ã¤®¢«¥â¢®àïîé¨¥ ­¥«¨­¥©­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬
ãà ¢­¥­¨ï¬

(f ′x)2 = Af4 + Bf2 + C,

(g′y)2 = Cg4 + (a−B)g2 + A,
(18)

£¤¥ A, B, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, ®¡à é îâ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-
­¥­¨¥ (17) ¢ â®¦¤¥áâ¢® [­ ¤® ¨á¯®«ì§®¢ âì á«¥¤áâ¢¨ï ãà ¢­¥­¨© (18): f ′′xx = 2Af3 + Bf ,
g′′yy = 2Cg3 + (a−B)g].
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� ¬¥ç ­¨¥. �à ¢­¥­¨¥ (15) § ¬¥­®© u = 4 arctg w á¢®¤¨âáï ª ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î
â¥¯«®¯à®¢®¤­®áâ¨ á ¨áâ®ç­¨ª®¬ á¨­ãá®¨¤ «ì­®£® ¢¨¤  �u = a sin u.

� áá¬®âà¥­­ë¥ ¯à¨¬¥àë ¨««îáâà¨àãîâ ­¥ª®â®àë¥ ®á®¡¥­­®áâ¨ à¥è¥­¨©
á à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå. � à §¤. 4.2{4.4 ¡ã¤ãâ ®¯¨á ­ë ¤®áâ â®ç­® ®¡é¨¥
¬¥â®¤ë ¯®áâà®¥­¨ï â ª¨å ¨ ¡®«¥¥ á«®¦­ëå à¥è¥­¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© á
ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨.
N �¨â¥à âãà  ª à §¤. 4.1.3: R. Steuerwald (1936), �. �. � ©æ¥¢, �. �. �®«ï­¨­ (1996),
�. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002).

4.2. �âàãªâãà  à¥è¥­¨© á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå
4.2.1. �¡é¨© ¢¨¤ à¥è¥­¨©. � áá¬ âà¨¢ ¥¬ë¥ ª« ááë ­¥«¨­¥©­ëå ãà ¢­¥­¨©
�«ï ¯à®áâ®âë ¨§«®¦¥­¨ï ®£à ­¨ç¨¬áï §¤¥áì ®¯¨á ­¨¥¬ á«ãç ï ãà ¢­¥­¨©
¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ x, y ¨ § ¢¨á¨¬®©
¯¥à¥¬¥­­®© w (®¤­  ¨§ ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå ¬®¦¥â ¨£à âì à®«ì ¢à¥¬¥­¨).

�¨­¥©­ë¥ ãà ¢­¥­¨ï ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­-
­ë¬¨ ¤®¯ãáª îâ â®ç­ë¥ à¥è¥­¨ï ¢ ¢¨¤¥ áã¬¬ë

w(x, y) = ϕ1(x)ψ1(y) + ϕ2(x)ψ2(y) + · · ·+ ϕn(x)ψn(y), (19)
£¤¥ wi = ϕi(x)ψi(y)|á®®â¢¥âáâ¢ãîé¨¥ ç áâ­ë¥ à¥è¥­¨ï. �à¨ íâ®¬ äã­ªæ¨¨
ϕi(x), ª ª ¨ äã­ªæ¨¨ ψi(y), ¯à¨ à §­ëå §­ ç¥­¨ïå i ­¥ á¢ï§ ­ë ¤àã£ á ¤àã£®¬.

�­®£¨¥ ­¥«¨­¥©­ë¥ ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ á ª¢ ¤à â¨ç­ë-
¬¨ ¨ áâ¥¯¥­­�ë¬¨ ­¥«¨­¥©­®áâï¬¨ ¢¨¤ 

f1(x)g1(y)�1[w] + f2(x)g2(y)�2[w] + · · ·+ fm(x)gm(y)�m[w] = 0, (20)
£¤¥ �i[w]|¤¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë, ¯à¥¤áâ ¢«ïîé¨¥ á®¡®© ¯à®¨§¢¥¤¥­¨ï
æ¥«ëå ­¥®âà¨æ â¥«ì­ëå áâ¥¯¥­¥© äã­ªæ¨¨ w ¨ ¥¥ ç áâ­ëå ¯à®¨§¢®¤­ëå
∂xw, ∂yw, ∂xxw, ∂xyw, ∂yyw, ∂xxxw, . . . , â ª¦¥ ¨¬¥îâ â®ç­ë¥ à¥è¥­¨ï ¢¨-
¤  (19). � ª¨¥ à¥è¥­¨ï ¡ã¤¥¬ ­ §ë¢ âì à¥è¥­¨ï¬¨ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬
¯¥à¥¬¥­­ëå. �«ï ­¥«¨­¥©­ëå ãà ¢­¥­¨©, ¢ ®â«¨ç¨¥ ®â «¨­¥©­ëå, äã­ªæ¨¨
ϕi(x) ¯à¨ à §«¨ç­ëå §­ ç¥­¨ïå i ®¡ëç­® á¢ï§ ­ë ¤àã£ á ¤àã£®¬ [¨ á äã­ª-
æ¨ï¬¨ ψj(y)]. � ®¡é¥¬ á«ãç ¥ äã­ªæ¨¨ ϕi(x) ¨ ψj(y) § à ­¥¥ ­¥ ¨§¢¥áâ­ë
¨ ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î ¢ å®¤¥ ¨áá«¥¤®¢ ­¨ï. �à¨¬¥àë â®ç­ëå à¥è¥­¨©
­¥«¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  (19) ¤«ï ­ ¨¡®«¥¥ ¯à®áâëå á«ãç ¥¢ n = 1 ¨ n = 2
(¯à¨ ψ1 = ϕ2 = 1) à áá¬®âà¥­ë ¢ à §¤. 4.1.2 ¨ 4.1.3.

�â¬¥â¨¬, çâ® ­ ¨¡®«¥¥ ç áâ® ¢áâà¥ç ¥âáï à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥-
­¨¥¬ ¯¥à¥¬¥­­ëå á¯¥æ¨ «ì­®£® ¢¨¤ 

w(x, y) = ϕ(x)ψ(y) + χ(x)
(¢ ¯à ¢®© ç áâ¨ ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥ ¬®¦­® ¯®¬¥­ïâì ¬¥áâ ¬¨). � ç áâ-
­®¬ á«ãç ¥ χ(x) = 0 íâ® à¥è¥­¨¥ ¯¥à¥å®¤¨â ¢ à¥è¥­¨¥ á ¬ã«ìâ¨¯«¨ª â¨¢­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå,   ¢ á«ãç ¥ ϕ(x) = 1 | ¢ à¥è¥­¨¥ á  ¤¤¨â¨¢­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå.

� ¬¥ç ­¨¥ 1. �ëà ¦¥­¨ï ¢¨¤  (19) ç áâ® ¨á¯®«ì§ãîâáï ¢ ¯à¨ª« ¤­®© ¨ ¢ë-
ç¨á«¨â¥«ì­®© ¬ â¥¬ â¨ª¥ ¤«ï ¯®áâà®¥­¨ï ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© ¬¥â®¤®¬ � «¥àª¨­  (¨ ¥£® à §«¨ç­ë¬¨ ¬®¤¨ä¨ª æ¨ï¬¨).

� ¬¥ç ­¨¥ 2. �¥è¥­¨ï ¢¨¤  (19) ¬®£ãâ ¤®¯ãáª âì â ª¦¥ ãà ¢­¥­¨ï, ¨¬¥î-
é¨¥ ®â«¨ç­ë¥ ®â (20) ­¥«¨­¥©­®áâ¨ (á¬. ¯à¨¬¥à 15 ¨§ à §¤. 4.5).
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4.2.2. �¡é¨© ¢¨¤ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
� ®¡é¥¬ á«ãç ¥ ¯®á«¥ ¯®¤áâ ­®¢ª¨ ¢ëà ¦¥­¨ï (19) ¢ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-
­¥­¨¥ (20) ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨© ϕi(x) ¨ ψi(y) ¯®«ãç¨¬ äã­ªæ¨®­ «ì­®-
¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

�1(X)	1(Y ) + �2(X)	2(Y ) + · · ·+ �k(X)	k(Y ) = 0, (21)
£¤¥ äã­ªæ¨®­ «ë �j(X) ¨ 	j(Y ) § ¢¨áïâ á®®â¢¥âáâ¢¥­­® ®â ¯¥à¥¬¥­­ëå x ¨ y:

�j(X) ≡ �j

(
x, ϕ1, ϕ

′
1, ϕ

′′
1, . . . , ϕn, ϕ′n, ϕ′′n

)
,

	j(Y ) ≡ 	j

(
y, ψ1, ψ

′
1, ψ

′′
1 , . . . , ψn, ψ′n, ψ′′n

)
.

(22)

�¤¥áì ¤«ï ­ £«ï¤­®áâ¨ ä®à¬ã«ë ¢ë¯¨á ­ë ¤«ï á«ãç ï ãà ¢­¥­¨ï ¢â®à®£®
¯®àï¤ª  (20); ¤«ï ãà ¢­¥­¨© áâ àè¨å ¯®àï¤ª®¢ ¢ ¯à ¢ë¥ ç áâ¨ ä®à¬ã« (22)
¢®©¤ãâ á®®â¢¥âáâ¢ãîé¨¥ áâ àè¨¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨© ϕi ¨ ψj .

� «¥¥ ¢ à §¤. 4.4, 4.5 ¡ã¤ãâ ®¯¨á ­ë ¤¢  ®¡é¨å ¬¥â®¤  à¥è¥­¨ï äã­ªæ¨®-
­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤  (21), (22). �à®¬¥ â®£®, ¢ à §¤. 4.3,
4.6 ¡ã¤ãâ à áá¬®âà¥­ë ¤¢  á¯¥æ¨ «ì­ëå ¬¥â®¤ , ­¥ ®¡« ¤ îé¨å ®¡é­®áâìî
(¯à¨ ¨á¯®«ì§®¢ ­¨¨ íâ¨å ¬¥â®¤®¢ ¬¥­ìè¥ ®¡ê¥¬ ¢ëç¨á«¥­¨©).

� ¬¥ç ­¨¥. � ®â«¨ç¨¥ ®â ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¢
ãà ¢­¥­¨¥ (21){(22) ¢å®¤ïâ ­¥áª®«ìª® äã­ªæ¨© (¨ ¨å ¯à®¨§¢®¤­ëå), § ¢¨áïé¨å
®â à §­ëå  à£ã¬¥­â®¢.
N �¨â¥à âãà  ª à §¤. 4.2: �. �. �¨â®¢ (1988), �. �. � « ªâ¨®­®¢, �. �. �®á èª®¢ (1989,
1994), V. A. Galaktionov (1995), �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002).

4.3. �¯à®é¥­­ ï áå¥¬  ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨©, ®á­®¢ ­­ ï
­   ¯à¨®à­®¬ § ¤ ­¨¨ ®¤­®© á¨áâ¥¬ë ª®®à¤¨­ â­ëå äã­ªæ¨©

4.3.1. �¯¨á ­¨¥ ã¯à®é¥­­®© áå¥¬ë ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨©
�«ï ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨© ¢¨¤  (20) á ª¢ ¤à â¨ç­®© ¨«¨
áâ¥¯¥­­�®© ­¥«¨­¥©­®áâìî, ª®â®àë¥ ­¥ § ¢¨áïâ ï¢­® ®â x (â. ¥. ¢á¥ fi = const),
¬®¦­® ¨á¯®«ì§®¢ âì á«¥¤ãîé¨© ã¯à®é¥­­ë© ¯®¤å®¤. �¥è¥­¨ï ¨é¥¬ ¢ ¢¨¤¥
ª®­¥ç­ëå áã¬¬ (19). �à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  ª®®à¤¨­ â­ëå äã­ªæ¨© ϕi(x)
®¯¨áë¢ ¥âáï «¨­¥©­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ á ¯®áâ®ï­­ë¬¨
ª®íää¨æ¨¥­â ¬¨. � ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¥ à¥è¥­¨ï â ª¨å ãà ¢­¥­¨© ¨¬¥-
îâ ¢¨¤

ϕi(x) = xi, ϕi(x) = eλix, ϕi(x) = sin(αix), ϕi(x) = cos(βix). (23)
�®­¥ç­ë¥ ­ ¡®àë íâ¨å äã­ªæ¨© (¢ à §«¨ç­ëå ª®¬¡¨­ æ¨ïå) ¬®¦­® ¨á¯®«ì-
§®¢ âì ¤«ï ¯®¨áª  â®ç­ëå à¥è¥­¨© á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå
¢¨¤  (19), £¤¥ λi, αi, βi à áá¬ âà¨¢ îâáï ª ª á¢®¡®¤­ë¥ ¯ à ¬¥âàë. �â®à ï á¨-
áâ¥¬  äã­ªæ¨© gi(y) ®¯à¥¤¥«ï¥âáï ¯ãâ¥¬ à¥è¥­¨ï á®®â¢¥âáâ¢ãîé¨å ­¥«¨­¥©-
­ëå ãà ¢­¥­¨©, ¯®«ãç ¥¬ëå ¯®¤áâ ­®¢ª®© ¢ëà ¦¥­¨ï (19) ¢ à áá¬ âà¨¢ ¥¬®¥
ãà ¢­¥­¨¥.

�ª § ­­ë© ¯®¤å®¤ ­¥ ¨¬¥¥â â®© ®¡é­®áâ¨, ª®â®à®© ®¡« ¤ îâ ¬¥â®¤ë,
®¯¨á ­­ë¥ ¤ «¥¥ ¢ à §¤. 4.4 ¨ 4.5. �¤­ ª® ï¢­®¥ § ¤ ­¨¥ ®¤­®© á¨áâ¥¬ë
ª®®à¤¨­ â­ëå äã­ªæ¨© ϕi(x) à¥§ª® ã¯à®é ¥â ¯à®æ¥¤ãàã ¯®áâà®¥­¨ï â®ç­ëå
à¥è¥­¨© [¯à¨ íâ®¬ ®â¤¥«ì­ë¥ à¥è¥­¨ï ¢¨¤  (19) ¬®£ãâ ¡ëâì ¯®â¥àï­ë].
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� ¦­® ®â¬¥â¨âì, çâ® ¨§¢¥áâ­ë¥ ª ­ áâ®ïé¥¬ã ¢à¥¬¥­¨ â®ç­ë¥ à¥è¥­¨ï (á
®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå) ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨
á ª¢ ¤à â¨ç­®© ­¥«¨­¥©­®áâìî ¢ ¯®¤ ¢«ïîé¥¬ ¡®«ìè¨­áâ¢¥ § ¤ îâáï ª®®à-
¤¨­ â­ë¬¨ äã­ªæ¨ï¬¨ ¢¨¤  (23) (®¡ëç­® ¯à¨ n = 2).

4.3.2. �à¨¬¥àë ¯®áâà®¥­¨ï à¥è¥­¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© áâ àè¨å ¯®àï¤ª®¢
� áá¬®âà¨¬ ª®­ªà¥â­ë¥ ¯à¨¬¥àë ¨á¯®«ì§®¢ ­¨ï ã¯à®é¥­­®© áå¥¬ë ¯®áâà®-
¥­¨ï â®ç­ëå à¥è¥­¨© á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå
ãà ¢­¥­¨© áâ àè¨å ¯®àï¤ª®¢.

�à¨¬¥à 7. �à ¢­¥­¨ï « ¬¨­ à­®£® ¯®£à ­¨ç­®£® á«®ï ­  ¯«®áª®© ¯« áâ¨­¥ á¢®¤ïâáï ª
®¤­®¬ã ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î âà¥âì¥£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ â®ª  (�. �. �®©æï­áª¨© 1973,
�. �«¨åâ¨­£ 1974):

∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 = ν
∂3w

∂y3 . (24)

�é¥¬ â®ç­®¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 
w(x, y) = xψ(y) + θ(y), (25)

ª®â®à®¥ ®â¢¥ç ¥â ¯à®áâ¥©è¨¬ äã­ªæ¨ï¬ ϕ1(x) = x, ϕ2(x) = 1 ¯à¨ n = 2 ¢ ä®à¬ã«¥ (19).
�®¤áâ ¢¨¢ (25) ¢ (24), ¯®á«¥ ¯¥à¥£àã¯¯¨à®¢ª¨ ç«¥­®¢ ¨¬¥¥¬

x[(ψ′y)2 − ψψ′′yy − νψ′′′yyy] + [ψ′yθ′y − ψθ′′yy − νθ′′′yyy] = 0.

�â®¡ë ã¤®¢«¥â¢®à¨âì íâ®¬ã à ¢¥­áâ¢ã ¯à¨ «î¡ëå §­ ç¥­¨ïå x, ­ ¤® ¯à¨à ¢­ïâì ­ã«î ®¡  ¢ëà -
¦¥­¨ï ¢ ª¢ ¤à â­ëå áª®¡ª å. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨© ψ = ψ(y) ¨ θ = θ(y):

(ψ′y)2 − ψψ′′yy − νψ′′′yyy = 0,

ψ′yθ′y − ψθ′′yy − νθ′′′yyy = 0.

�â  á¨áâ¥¬  ¨¬¥¥â, ­ ¯à¨¬¥à, â®ç­®¥ à¥è¥­¨¥

ψ = 6ν

y + C1
, θ = C2

y + C1
+ C3

(y + C1)2 + C4,

£¤¥ C1, C2, C3, C4 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�à¨¬¥à 8. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ n-£® ¯®àï¤ª 

∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 = f(x) ∂nw

∂yn
, (26)

£¤¥ f(x)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï. � ç áâ­®¬ á«ãç ¥ n = 3, f(x) = ν = const ®­® á®¢¯ ¤ ¥â á
ãà ¢­¥­¨¥¬ ¯®£à ­¨ç­®£® á«®ï (24).

�é¥¬ â®ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (26) á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 
w(x, y) = ϕ(x)eλy + θ(x), (27)

ª®â®à®¥ ®â¢¥ç ¥â äã­ªæ¨ï¬ ψ1(y) = eλy , ψ2(y) = 1 ¢ ä®à¬ã«¥ (19). �®¤áâ ¢¨¢ (27) ¢ (26), ¯®á«¥
í«¥¬¥­â à­ëå  «£¥¡à ¨ç¥áª¨å ¤¥©áâ¢¨© ¯®«ãç¨¬

λ2eλyϕ[θ′x + λn−2f(x)] = 0.

�â®¬ã à ¢¥­áâ¢ã ¬®¦­® ã¤®¢«¥â¢®à¨âì ¯à¨

θ(x) = −λn−2
∫

f(x) dx + C, ϕ(x)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï, (28)

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. (�àã£®© á«ãç ©, ª®£¤  ϕ = 0, ψ | «î¡®¥, ¬ «®¨­â¥à¥á¥­.)
�®à¬ã«ë (27){(28) ®¯¨áë¢ îâ â®ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (26):

w(x, y) = ϕ(x)eλy − λn−2
∫

f(x) dx + C, (29)

á®¤¥à¦ é¥¥ ¯à®¨§¢®«ì­ãî äã­ªæ¨î ϕ(x) ¨ ¤¢¥ ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ C ¨ λ.
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�à¨¬¥à 9. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ n-£® ¯®àï¤ª 
∂2w

∂x∂t
+

(
∂w

∂x

)2
− w

∂2w

∂x2 = f(t) ∂nw

∂xn
, (30)

£¤¥ f(t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. � ç áâ­®¬ á«ãç ¥ n = 3 ¨ f(t) = const ®­® ¢áâà¥ç ¥âáï ¢
£¨¤à®¤¨­ ¬¨ª¥ (á¬., ­ ¯à¨¬¥à, �. �. �®«ï­¨­, �. �. � ©æ¥¢, 2002).

�é¥¬ â®ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (30) ¢¨¤ 
w = ϕ(t)eλx + ψ(t). (31)

�®¤áâ ¢¨¢ (31) ¢ (30), ¨¬¥¥¬
ϕ′t − λϕψ = λn−1f(t)ϕ.

�ëà §¨¬ ®âáî¤  ψ ¨ ¯®¤áâ ¢¨¬ ¢ (31). � à¥§ã«ìâ â¥ ¯®«ãç¨¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (30):

w = ϕ(t)eλx + 1
λ

ϕ′t(t)
ϕ(t)

− λn−2f(t),

£¤¥ ϕ(t)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï, λ|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 4.3
1. � ©â¨ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­®£® ãà ¢­¥­¨ï ¯¥à¢®£®
¯®àï¤ª :

wx = yF (x, wy) + G(x, wy).
�ª § ­¨¥. �¥è¥­¨¥ ¨áª âì ¢ ¢¨¤¥ w = ϕ(x)y + ψ(x).

2. � ©â¨ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­®£® ãà ¢­¥­¨ï ¯¥à¢®£®
¯®àï¤ª :

wx = w2
y − aw2 + f(x)w.

�ª § ­¨¥. �¥è¥­¨¥ ¨áª âì ¢ ¢¨¤¥ w = ϕ(x) + ψ(x)eλy .
3. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®¯à®-
¢®¤­®áâ¨:

a) wt = a(wwx)x,
b) wt = a(wwx)x + b,
c) wt = a(wwx)x + bw.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = f(t)x + g(t) ¨ w = f(t)x2 + g(t)x + h(t).

4. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© ª®­¢¥ªâ¨¢-
­®© â¥¯«®¯à®¢®¤­®áâ¨:

a) wt = a(wwx)x + bwx,
b) wt = a(wwx)x + bwx + cw + k.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = f(t)x + g(t) ¨ w = f(t)x2 + g(t)x + h(t).

5. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®¯à®-
¢®¤­®áâ¨ (§­ ç¥­¨¥ n = 1 á®®â¢¥âáâ¢ã¥â à¥è¥­¨î á ®á¥¢®© á¨¬¬¥âà¨¥©,   n = 2 |à¥è¥­¨î á
æ¥­âà «ì­®© á¨¬¬¥âà¨¥©):

a) wt = ax−n(xnwwx)x,
b) wt = ax−n(xnwwx)x + b,
c) wt = ax−n(xnwwx)x + bw.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = f(t)x2 + g(t).

6. � ©â¨ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­®£® ãà ¢­¥­¨ï
wt = awxx + bw2

x + cw + s.
�ª § ­¨¥. �¥è¥­¨¥ ¨áª âì ¢ ¢¨¤¥ w = f(t)x2 + g(t)x + h(t).

7. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå «¨­¥©­®£® ãà ¢­¥­¨ï
wt + f(t)x−1wx = awxx.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥
a) w = x2 + ϕ(t),
b) w = x4 + ϕ(t)x2 + ψ(t),
á) w = x2n + ϕ2n−2(t)x2n−2 + · · ·+ ϕ2(t)x2 + ϕ0(t).

8. �à¨ ª ª®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  a ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥
wt = wwxx + aw2

x + b
¨¬¥¥â à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤  w =f(t)x3+g(t)x2+h(t)x+p(t)?
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9. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­®£® ãà ¢­¥­¨ï
wt = wxx + w2

x + aw2.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥
a) w = f(t) + g(t)eλx,
b) w = f(t) + g(t) sh(λx),
c) w = f(t) + g(t) ch(λx),
d) w = f(t) + g(t) sin(λx + C).

10. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï �®­-
¦ |�¬¯¥à :

w2
xy = wxxwyy + f(x).

�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = ϕ(x)y + ψ(x) ¨ w = ϕ(x)y2 + ψ(x)y + χ(x).
11. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï �®­-
¦ |�¬¯¥à :

w2
xy = wxxwyy + f(x)yk.

�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = ϕ(x)ym + ψ(x).
12. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ãà ¢­¥­¨ï áâ æ¨®­ à­®£® âà ­á-
§¢ãª®¢®£® £ §®¢®£® ¯®â®ª :

awxwxx + wyy = 0.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥
a) w = f(y)xm + g(y),
b) w = f(y) + g(y)x3/2 + h(y)x3,
á) w = f(y) + g(y)x + h(y)x2 + p(y)x3.

13. � ©â¨ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ãà ¢­¥­¨ï áâ æ¨®­ à­®£® ¯®£à -
­¨ç­®£® á«®ï á £à ¤¨¥­â®¬ ¤ ¢«¥­¨ï:

wywxy − wxwyy = νwyyy + aeβx.
�ª § ­¨¥. �¥è¥­¨¥ ¨áª âì ¢ ¢¨¤¥ w = f(x)eλy + g(x)e−λy + Ax + By + C.

14. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï ¢ï§ª®© ¦¨¤-
ª®áâ¨ (á«¥¤áâ¢¨¥ ãà ¢­¥­¨© � ¢ì¥|�â®ªá , w |äã­ªæ¨ï â®ª ):

wy(�w)x − wx(�w)y = ν��w, £¤¥ �w = wxx + wyy .
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥
a) w = f(x)y + g(x),
b) w = f(x)eλy + g(x)

(¢ íâ¨å ä®à¬ã« å ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥ x ¨ y ¬®¦­® ¯®¬¥­ïâì ¬¥áâ ¬¨).

N �¨â¥à âãà  ª à §¤. 4.3: �. �. � « ªâ¨®­®¢, �. �. �®á èª®¢ (1989), �. �. �®«ï­¨­
(2001 b, c), �. �. �®«ï­¨­, �. �. �ãà®¢ (2002), �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002), A. D. Polyanin
(2002), �. �. � ©æ¥¢, �. �. �®«ï­¨­ (2003), A. D. Polyanin, V. F. Zaitsev (2004).

4.4. �¥è¥­¨¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¬¥â®¤®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï

4.4.1. �¯¨á ­¨¥ ¬¥â®¤  ¤¨ää¥à¥­æ¨à®¢ ­¨ï

�à®æ¥¤ãà  à¥è¥­¨ï äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤  (21){
(22) á®áâ®¨â ¨§ âà¥å ¯®á«¥¤®¢ â¥«ì­ëå íâ ¯®¢.
1◦. �à¥¤¯®«®¦¨¬, çâ® 	k 6≡ 0. �®¤¥«¨¬ ãà ¢­¥­¨¥ (21) ­  	k ¨ ¯à®¤¨ää¥à¥­-
æ¨àã¥¬ ¯® y. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ãà ¢­¥­¨¥ â ª®£® ¦¥ ¢¨¤ , ­® á ¬¥­ìè¨¬
ç¨á«®¬ ç«¥­®¢:

�̃1(X)	̃1(Y ) + �̃2(X)	̃2(Y ) + · · ·+ �̃k−1(X)	̃k−1(Y ) = 0,

�̃j(X) = �j(X), 	̃j(Y ) = [	j(Y )/	k(Y )]′y.



10 �¥â®¤ ®¡®¡é¥­­®£® à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå

�®¢â®à¨¬  ­ «®£¨ç­ãî ¯à®æ¥¤ãàã ¥é¥ (k − 3) à § . � ¨â®£¥ ¯à¨å®¤¨¬ ª
¤¢ãç«¥­­®¬ã ãà ¢­¥­¨î á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

�̂1(X)	̂1(Y ) + �̂2(X)	̂2(Y ) = 0. (32)

�¥¯¥àì ­ ¤® à áá¬®âà¥âì ¤¢¥ á¨âã æ¨¨.
�¥¢ëà®¦¤¥­­ë© á«ãç ©: |�̂1(X)| + |�̂2(X)| 6≡ 0, | 	̂1(Y )| + |	̂2(Y )| 6≡ 0.

�®£¤  à¥è¥­¨ï ãà ¢­¥­¨ï (32) ®¯à¥¤¥«ïîâáï ¨§ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨©:

�̂1(X) + C�̂2(X) = 0, C	̂1(Y )− 	̂2(Y ) = 0,

£¤¥ C |¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �à¥¤¥«ì­®¬ã á«ãç î C =∞ á®®â¢¥âáâ¢ãîâ
ãà ¢­¥­¨ï �̂2 = 0, 	̂1 = 0.

�¢  ¢ëà®¦¤¥­­ëå á«ãç ï:

�̂1(X) ≡ 0, �̂2(X) ≡ 0 =⇒ 	̂1,2(Y )|«î¡ë¥;
	̂1(Y ) ≡ 0, 	̂2(Y ) ≡ 0 =⇒ �̂1,2(X)|«î¡ë¥.

2◦. �®«ãç¥­­ë¥ à¥è¥­¨ï ¤¢ãç«¥­­®£® ãà ¢­¥­¨ï (32) ­ ¤® ¯®¤áâ ¢¨âì ¢ ¨á-
å®¤­®¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (21){(22), çâ®¡ë ã¡à âì
ó«¨è­¨¥ô ¯®áâ®ï­­ë¥ ¨­â¥£à¨à®¢ ­¨ï [®­¨ ¯®ï¢«ïîâáï ¨§-§  â®£®, çâ® ãà ¢-
­¥­¨¥ (32) ¯®«ãç¥­® ¨§ (21) ¯ãâ¥¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï].
3◦. �«ãç © 	k ≡ 0 ­ ¤® à áá¬®âà¥âì ®â¤¥«ì­® (¯®áª®«ìªã ãà ¢­¥­¨¥ ­ 
¯¥à¢®¬ íâ ¯¥ ¤¥«¨«®áì ­  	k). �­ «®£¨ç­® á«¥¤ã¥â ¨áá«¥¤®¢ âì ¢á¥ ¤àã£¨¥
á«ãç ¨ â®¦¤¥áâ¢¥­­®£® ®¡à é¥­¨ï ¢ ­ã«ì äã­ªæ¨®­ «®¢, ­  ª®â®àë¥ ¤¥«¨«¨áì
¯à®¬¥¦ãâ®ç­ë¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï.

� ¬¥ç ­¨¥ 1. �ã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (21){(22) ¬®-
¦¥â ­¥ ¨¬¥âì à¥è¥­¨©.

� ¬¥ç ­¨¥ 2. �  ª ¦¤®¬ íâ ¯¥ ç¨á«® ç«¥­®¢ à áá¬ âà¨¢ ¥¬®£® äã­ªæ¨®-
­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¬®¦­® ¯®­¨¦ âì ¯ãâ¥¬ ¤¨ää¥à¥­æ¨-
à®¢ ­¨ï ª ª ¯® ¯¥à¥¬¥­­®© y, â ª ¨ ¯® ¯¥à¥¬¥­­®© x. �  ¯¥à¢®¬ íâ ¯¥,
­ ¯à¨¬¥à, ¬®¦­® ¯à¥¤¯®«®¦¨âì, çâ® �k 6≡ 0. �®¤¥«¨¢ ãà ¢­¥­¨¥ (21) ­  �k ¨
¯à®¤¨ää¥à¥­æ¨à®¢ ¢ ¯® x, ¯®«ãç¨¬ ãà ¢­¥­¨¥ â ª®£® ¦¥ ¢¨¤ , ­® á ¬¥­ìè¨¬
ç¨á«®¬ ç«¥­®¢.

4.4.2. �à¨¬¥àë ¯®áâà®¥­¨ï à¥è¥­¨© á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå
�¨¦¥ ¤ ­ë ª®­ªà¥â­ë¥ ¯à¨¬¥àë ¨á¯®«ì§®¢ ­¨ï ®¯¨á ­­®£® ¬¥â®¤  ¤«ï ¯®-
áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬
¯¥à¥¬¥­­ëå.

�à¨¬¥à 10. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ n-£® ¯®àï¤ª 
∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 = f(x) ∂nw

∂yn
, (33)

£¤¥ f(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. � ç áâ­®¬ á«ãç ¥ n = 3, f(x) = const ®­® á®¢¯ ¤ ¥â á
ãà ¢­¥­¨¥¬ áâ æ¨®­ à­®£® ¯®£à ­¨ç­®£® á«®ï ­  ¯«®áª®© ¯« áâ¨­¥ ¤«ï äã­ªæ¨¨ â®ª .

�é¥¬ â®ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (33) á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 
w(x, y) = ϕ(x)ψ(y) + χ(x). (34)
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�®¤áâ ¢¨¢ (34) ¢ (33) ¨ á®ªà â¨¢ ­  ϕ, ¯®«ãç¨¬ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

ϕ′x[(ψ′y)2 − ψψ′′yy]− χ′xψ′′yy = f(x)ψ(n)
y . (35)

�®¤¥«¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (35) ­  f = f(x), § â¥¬ ¯à®¤¨ää¥à¥­æ¨àã¥¬ ¯® x. � à¥§ã«ìâ â¥
¨¬¥¥¬

(ϕ′x/f)′x[(ψ′y)2 − ψψ′′yy]− (χ′x/f)′xψ′′yy = 0. (36)
�¥¢ëà®¦¤¥­­ë© á«ãç ©. � §¤¥«ïï ¢ (36) ¯¥à¥¬¥­­ë¥, ¯®«ãç¨¬

(χ′x/f)′x = C1(ϕ′x/f)′x,

(ψ′y)2 − ψψ′′yy − C1ψ
′′
yy = 0.

�­â¥£à¨àãï, ¯à¨å®¤¨¬ ª á«¥¤ãîé¨¬ ¢ëà ¦¥­¨ï¬:

ψ(y) = C4e
λy − C1, ϕ(x)|«î¡ ï, χ(x) = C1ϕ(x) + C2

∫
f(x) dx + C3, (37)

£¤¥ C1, C2, C3, C4, λ|¯®áâ®ï­­ë¥ ¨­â¥£à¨à®¢ ­¨ï. �®¤áâ ¢¨¢ (37) ¢ (35), ­ å®¤¨¬ á¢ï§ì ¬¥¦¤ã
ª®­áâ ­â ¬¨: C2 = −λn−2. �ç¨âë¢ ï áª § ­­®¥,   â ª¦¥ ä®à¬ã«ë (34) ¨ (37), ¢ ¨â®£¥ ¨¬¥¥¬
à¥è¥­¨¥ ãà ¢­¥­¨ï (33) ¢¨¤  (34):

w(x, y) = ϕ(x)eλy − λn−2
∫

f(x) dx + C,

£¤¥ ϕ(x)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï, C, λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (C = C3, C4 = 1).
�ëà®¦¤¥­­ë© á«ãç ©. �§ ãà ¢­¥­¨ï (36) ¨¬¥¥¬

(ϕ′x/f)′x = 0, (χ′x/f)′x = 0, ψ(y)|«î¡ ï. (38)
�­â¥£à¨àãï ¤¢ ¦¤ë ¯¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï (38), ¯®«ãç¨¬

ϕ(x) = C1

∫
f(x) dx + C2, χ(x) = C3

∫
f(x) dx + C4, (39)

£¤¥ C1, C2, C3, C4 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�®¤áâ ¢¨¢ ¢ëà ¦¥­¨ï (39) ¢ (35), ¯à¨å®¤¨¬ ª ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥-

­¨î ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ ψ = ψ(y):

C1(ψ′y)2 − (C1ψ + C3)ψ′′yy = ψ(n)
y . (40)

�®à¬ã«ë (34), (39) ¨ ãà ¢­¥­¨¥ (40) ®¯¨áë¢ îâ â®ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (33).
�à¨¬¥à 11. �¢ã¬¥à­ë¥ áâ æ¨®­ à­ë¥ ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï ¢ï§ª®© ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨

á¢®¤ïâáï ª ®¤­®¬ã ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î ç¥â¢¥àâ®£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ â®ª  (�. �. �®©-
æï­áª¨©, 1973):

∂w

∂y

∂

∂x
(�w)− ∂w

∂x

∂

∂y
(�w) = ν��w, �w = ∂2w

∂x2 + ∂2w

∂y2 . (41)

�ã¤¥¬ ¨áª âì â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (41) á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ ¢¨¤ 
w = ϕ(x) + ψ(y). (42)

�®¤áâ ¢¨¢ (42) ¢ (41), ¨¬¥¥¬
ψ′yϕ′′′xxx − ϕ′xψ′′′yyy = νϕ′′′′xxxx + νψ′′′′yyyy. (43)

�à®¤¨ää¥à¥­æ¨àã¥¬ ®¡¥ ç áâ¨ (43) ¯® x ¨ y. � à¥§ã«ìâ â¥ ¯®«ãç¨¬
ψ′′yyϕ′′′′xxxx − ϕ′′xxψ′′′′yyyy = 0. (44)

�¥¢ëà®¦¤¥­­ë© á«ãç ©. �à¨ ϕ′′xx 6≡ 0 ¨ ψ′′yy 6≡ 0, à §¤¥«ïï ¢ (44) ¯¥à¥¬¥­­ë¥, ¯à¨å®¤¨¬ ª
«¨­¥©­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

ϕ′′′′xxxx = Cϕ′′xx, (45)
ψ′′′′yyyy = Cψ′′yy, (46)

ª®â®àë¥ ¨¬¥îâ à¥è¥­¨ï à §«¨ç­®£® ¢¨¤  ¢ § ¢¨á¨¬®áâ¨ ®â ¢¥«¨ç¨­ë ª®­áâ ­âë ¨­â¥£à¨à®¢ -
­¨ï C.
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1◦. �¥è¥­¨¥ ãà ¢­¥­¨© (45), (46) ¯à¨ C = 0:
ϕ(x) = A1 + A2x + A3x

2 + A4x
3,

ψ(y) = B1 + B2y + B3y
2 + B4y

3,
(47)

£¤¥ Ak, Bk |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (k = 1, 2, 3, 4). �®¤áâ ¢¨¢ (47) ¢ (43), ­ å®¤¨¬ §­ ç¥­¨ï
¯®áâ®ï­­ëå:

A4 = B4 = 0, An, Bn |«î¡ë¥ (n = 1, 2, 3);
Ak = 0, Bk |«î¡ë¥ (k = 1, 2, 3, 4);
Bk = 0, Ak |«î¡ë¥ (k = 1, 2, 3, 4).

�¥à¢ë¥ ¤¢  ­ ¡®à  ¯®áâ®ï­­ëå ®¯à¥¤¥«ïîâ ¤¢  ¨§¢¥áâ­ëå ¯®«¨­®¬¨ «ì­ëå à¥è¥­¨ï ãà ¢­¥­¨ï
(41) ¢â®à®© ¨ âà¥âì¥© áâ¥¯¥­¨ ®â­®á¨â¥«ì­® ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå (�. �. �®©æï­áª¨©, 1973):

w = C1x
2 + C2x + C3y

2 + C4y + C5,

w = C1y
3 + C2y

2 + C3y + C4,

£¤¥ C1, . . . , C5 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �¥è¥­¨¥ ãà ¢­¥­¨© (45), (46) ¯à¨ C = λ2 > 0:

ϕ(x) = A1 + A2x + A3e
λx + A4e

−λx,

ψ(y) = B1 + B2y + B3e
λy + B4e

−λy.
(48)

�®¤áâ ¢¨¬ (48) ¢ (43). �®á«¥ á®ªà é¥­¨ï ­  λ3 ¨ ¯à¨¢¥¤¥­¨ï ¯®¤®¡­ëå ç«¥­®¢ ¯®«ãç¨¬
A3(νλ−B2)eλx + A4(νλ + B2)e−λx + B3(νλ + A2)eλy + B4(νλ−A2)e−λy = 0.

�à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ íªá¯®­¥­â å ­ã«î, ­ å®¤¨¬ §­ ç¥­¨ï ¯®áâ®ï­­ëå:
A3 = A4 = B3 = 0, A2 = νλ (á«ãç © 1),
A3 = B3 = 0, A2 = νλ, B2 = −νλ (á«ãç © 2),
A3 = B4 = 0, A2 = −νλ, B2 = −νλ (á«ãç © 3).

(�áâ «ì­ë¥ ¯®áâ®ï­­ë¥ ¬®£ãâ ¯à¨­¨¬ âì ¯à®¨§¢®«ì­ë¥ §­ ç¥­¨ï.) �ª § ­­ë¥ ­ ¡®àë ¯®áâ®-
ï­­ëå ®¯à¥¤¥«ïîâ âà¨ à¥è¥­¨ï ãà ¢­¥­¨ï (41) ¢¨¤  (42):

w = C1e
−λy + C2y + C3 + νλx,

w = C1e
−λx + νλx + C2e

−λy − νλy + C3,

w = C1e
−λx − νλx + C2e

λy − νλy + C3,

£¤¥ C1, C2, C3, λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¥è¥­¨¥ ãà ¢­¥­¨© (45), (46) ¯à¨ C = −λ2 < 0:

ϕ(x) = A1 + A2x + A3 cos(λx) + A4 sin(λx),
ψ(y) = B1 + B2y + B3 cos(λy) + B4 sin(λy). (49)

�®¤áâ ­®¢ª  ¢ëà ¦¥­¨© (49) ¢ (43) ­¥ ¤ ¥â ­®¢ëå ¤¥©áâ¢¨â¥«ì­ëå à¥è¥­¨©.
�ëà®¦¤¥­­ë¥ á«ãç ¨. � á«ãç ïå ϕ′′xx ≡ 0 ¨ ψ′′yy ≡ 0 ãà ¢­¥­¨¥ (44) ®¡à é ¥âáï ¢ â®¦¤¥áâ¢®

á®®â¢¥âáâ¢¥­­® ¤«ï «î¡®© äã­ªæ¨¨ ψ = ψ(y) ¨ «î¡®© äã­ªæ¨¨ ϕ = ϕ(x). �â¨ á«ãç ¨ ­ ¤®
à áá¬ âà¨¢ âì ®â¤¥«ì­®. � ¯à¨¬¥à, ¯à¨ ϕ′′xx ≡ 0 ¨¬¥¥¬ ϕ(x) = Ax + B, £¤¥ A, B | «î¡ë¥.
�®¤áâ ¢¨¢ íâã äã­ªæ¨î ¢ (43), ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î −Aψ′′′yyy = νψ′′′′yyyy . �£® ®¡é¥¥ à¥è¥­¨¥
®¯¨áë¢ ¥âáï ä®à¬ã«®© ψ(y) = C1 exp(−Ay/ν) + C2y

2 + C3y + C4. � ¨â®£¥ ¨¬¥¥¬ ¥é¥ ®¤­®
à¥è¥­¨¥ ãà ¢­¥­¨ï (41) ¢¨¤  (42):

w = C1e
−λy + C2y

2 + C3y + C4 + νλx (A = νλ, B = 0),
ª®â®à®¥ á ¯®¬®éìî £àã¯¯®¢®£®  ­ «¨§  ¡ë«® ¯®«ãç¥­® �. �. �ãå­ ç¥¢ë¬ (1960).

�à¨¬¥à 12. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  ¯ à ¡®«¨ç¥áª®£® â¨¯ 
∂w

∂t
= aw

∂2w

∂x2 + b
(

∂w

∂x

)2
+ c. (50)

�é¥¬ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (50) á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ ¢¨¤ 
w = ϕ(t) + ψ(t)θ(x). (51)
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�®¤áâ ¢¨¢ (51) ¢ (50), ¯®á«¥ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© ¨¬¥¥¬
ϕ′t − c + ψ′tθ = aϕψθ′′xx + ψ2[aθθ′′xx + b(θ′x)2]. (52)

�®¤¥«¨¬ ®¡¥ ç áâ¨ íâ®£® ¢ëà ¦¥­¨ï ­  ψ2,   § â¥¬ ¯à®¤¨ää¥à¥­æ¨àã¥¬ ¯® t ¨ x. � à¥§ã«ìâ â¥
¯®«ãç¨¬

(ψ′t/ψ2)′tθ′x = a(ϕ/ψ)′tθ′′′xxx.

� §¤¥«ïï ¯¥à¥¬¥­­ë¥, ¯à¨å®¤¨¬ ª ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ (K | ¯à®-
¨§¢®«ì­ ï ¯®áâ®ï­­ ï)

θ′′′xxx = Kθ′x, (53)
(ψ′t/ψ2)′t = aK(ϕ/ψ)′t. (54)

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (53) ¤ ¥âáï ä®à¬ã« ¬¨

θ =
{

A1x
2 + A2x + A3 ¯à¨ K = 0,

A1e
λx + A2e

−λx + A3 ¯à¨ K = λ2 > 0,
A1 sin(λx) + A2 cos(λx) + A3 ¯à¨ K = −λ2 < 0,

(55)

£¤¥ A1, A2, A3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �­â¥£à¨àãï ãà ¢­¥­¨¥ (54), ­ å®¤¨¬ (B |
¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï):

ϕ(t)|«î¡ ï, ψ = B

t + C1
¯à¨ K = 0,

ψ(t)|«î¡ ï, ϕ = Bψ + 1
aK

ψ′t
ψ

¯à¨ K 6= 0.
(56)

�®¤áâ ¢¨¢ à¥è¥­¨ï (55) ¨ (56) ¢ (52), ¬®¦­® óã¡à âìô «¨è­¨¥ ª®­áâ ­âë ¨ ®¯à¥¤¥«¨âì äã­ªæ¨¨
ϕ ¨ ψ. � ¨â®£¥ ¯®«ãç¨¬:
1◦. �¥è¥­¨¥ ¯à¨ a 6= −b, a 6= −2b:

w = c(a + 2b)
2(a + b)

(t + C1) + C2(t + C1)
a

a+2b − (x + C3)2

2(a + 2b)(t + C1)
(¤«ï K = 0),

£¤¥ C1, C2, C3 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �¥è¥­¨¥ ¯à¨ b = −a:

w = 1
aλ2

ψ′t
ψ

+ ψ(A1e
λx + A2e

−λx) (¤«ï K = λ2 > 0),

£¤¥ äã­ªæ¨ï ψ = ψ(t) ®¯à¥¤¥«ï¥âáï ¨§  ¢â®­®¬­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£®
ãà ¢­¥­¨ï

Z′′tt = acλ2 + 4a2λ4A1A2e
2Z , ψ = eZ ,

à¥è¥­¨¥ ª®â®à®£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ­¥ï¢­®© ä®à¬¥. � ç áâ­ëå á«ãç ïå A1 = 0 ¨«¨ A2 = 0
¨¬¥¥¬ ψ = C1 exp

( 1
2 acλ2t2 + C2t

)
.

3◦. �¥è¥­¨¥ ¯à¨ b = −a:

w = − 1
aλ2

ψ′t
ψ

+ ψ[A1 sin(λx) + A2 cos(λx)] (¤«ï K = −λ2 < 0).

£¤¥ äã­ªæ¨ï ψ = ψ(t) ®¯à¥¤¥«ï¥âáï ¨§  ¢â®­®¬­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£®
ãà ¢­¥­¨ï

Z′′tt = −acλ2 + a2λ4(A2
1 + A2

2)e2Z , ψ = eZ ,

à¥è¥­¨¥ ª®â®à®£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ­¥ï¢­®© ä®à¬¥.
� ¬¥ç ­¨¥. �âàãªâãàã à¥è¥­¨© ãà ¢­¥­¨ï (50) ¤àã£¨¬ ¬¥â®¤®¬ ®¯¨á « V. A. Galaktionov

(1995).

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 4.4
1. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¯¥à¢®£®
¯®àï¤ª :

a) wx = aw2
y + bwwy + f(x),

b) wx = awn
y + f(x)w.

�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = ϕ(x) + ψ(x)θ(y).
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2. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®¯à®-
¢®¤­®áâ¨:

a) wt = a(wwx)x,
b) wt = a(wwx)x + b.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = f(t)θ(x) + g(t).

3. � ©â¨ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­®£® ãà ¢­¥­¨ï ª®­¢¥ªâ¨¢-
­®© â¥¯«®¯à®¢®¤­®áâ¨:

wt = a(wwx)x + bwx.
�ª § ­¨¥. �¥è¥­¨¥ ¨áª âì ¢ ¢¨¤¥ w = f(t)θ(x) + g(t).

4. � ©â¨ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­®£® ¢®«­®¢®£® ãà ¢­¥­¨ï:
wtt = a(wwx)x.
�ª § ­¨¥. �¥è¥­¨¥ ¨áª âì ¢ ¢¨¤¥ w = f(t)θ(x) + g(t).

5. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ãà ¢­¥­¨ï ¯®£à ­¨ç­®£® á«®ï á
£à ¤¨¥­â®¬ ¤ ¢«¥­¨ï:

wywxy − wxwyy = νwyyy + f(x).
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = ϕ(x)ψ(y) + χ(x).

6. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© âà¥âì¥£®
¯®àï¤ª :

a) wxt + w2
x − wwxx = f(t)wxxx,

b) wt + awwx + bwxtt = 0.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = ϕ(t)θ(x) + ψ(t).

7. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨©:
a) wt = a exp(λwxx),
b) wtt = a exp(λwxx).
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = f(x)θ(t) + g(x) (®¡¥ ç áâ¨ ãà ¢­¥­¨© ­ ¤®

¯à®«®£ à¨ä¬¨à®¢ âì).

N �¨â¥à âãà  ª à §¤. 4.4: �. �. �®«ï­¨­, �. �. �ãà®¢ (2002), �. �. �®«ï­¨­, �. �. � ©æ¥¢
(2002), �. �. � ©æ¥¢, �. �. �®«ï­¨­ (2003), A. D. Polyanin, V. F. Zaitsev (2004).

4.5. �¥è¥­¨¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¬¥â®¤®¬ à áé¥¯«¥­¨ï

4.5.1. �à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �¯¨á ­¨¥ ¬¥â®¤  à áé¥¯«¥­¨ï
�à¨ ã¬¥­ìè¥­¨¨ ç¨á«  ç«¥­®¢ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï
(21){(22) á ¯®¬®éìî ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢®§­¨ª îâ ó«¨è­¨¥ô ¯®áâ®ï­­ë¥
¨­â¥£à¨à®¢ ­¨ï, ª®â®àë¥ ­ ¤® ã¡¨à âì ­  § ª«îç¨â¥«ì­®¬ íâ ¯¥. �à®¬¥ â®£®,
¯®àï¤®ª ¯®«ãç¥­­®£® ãà ¢­¥­¨ï ¬®¦¥â ¡ëâì ¢ëè¥ ¯®àï¤ª  ¨áå®¤­®£®. �â®-
¡ë ¨§¡¥¦ âì íâ¨å âàã¤­®áâ¥©, à¥è¥­¨¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£®
ãà ¢­¥­¨ï ã¤®¡­® á¢¥áâ¨ ª ¯®á«¥¤®¢ â¥«ì­®¬ã à¥è¥­¨î ¡¨«¨­¥©­®£® äã­ª-
æ¨®­ «ì­®£® ãà ¢­¥­¨ï áâ ­¤ àâ­®£® ¢¨¤  ¨ à¥è¥­¨î á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (â. ¥. ¨áå®¤­ ï § ¤ ç  à áé¥¯«ï¥âáï ­  ¤¢¥
¡®«¥¥ ¯à®áâë¥ § ¤ ç¨). �¨¦¥ ¤ ­® ªà âª®¥ ®¯¨á ­¨¥ ®á­®¢­ëå íâ ¯®¢ íâ®£®
¬¥â®¤ .
1◦. �  ¯¥à¢®¬ íâ ¯¥ à áá¬®âà¨¬ ãà ¢­¥­¨¥ (21) ª ª ¡¨«¨­¥©­®¥ äã­ªæ¨®­ «ì-
­®¥ ãà ¢­¥­¨¥, § ¢¨áïé¥¥ ®â ¤¢ãå ¯¥à¥¬¥­­ëå X ¨ Y , £¤¥ �n = �n(X) ¨
	n = 	n(Y )|¨áª®¬ë¥ ¢¥«¨ç¨­ë (n = 1, . . . , k).

�®¦­® ¤®ª § âì (­ ¯à¨¬¥à, ¯ãâ¥¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® áå¥¬¥, ®¯¨á ­-
­®© ¢ à §¤. 4.4, á®¢¬¥áâ­® á ¨­¤ãªæ¨¥©), çâ® ¡¨«¨­¥©­®¬ã äã­ªæ¨®­ «ì­®-
¬ã ãà ¢­¥­¨î (21) ¬®¦­® ã¤®¢«¥â¢®à¨âì â®«ìª® ¢ á«ãç ¥, ª®£¤  ¢¥«¨ç¨­ë
�n = �n(X) (n = 1, . . . , k) á¢ï§ ­ë «¨­¥©­ë¬¨ § ¢¨á¨¬®áâï¬¨. �ç¨âë¢ ï íâ®
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®¡áâ®ïâ¥«ìáâ¢®, ­¥âàã¤­® ¯®ª § âì, çâ® ¡¨«¨­¥©­®¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥-
­¨¥ (21) ¨¬¥¥â (k − 1) à §«¨ç­ëå à¥è¥­¨©:

�i(X) = Ci,1�m+1(X) + Ci,2�m+2(X) + · · ·+ Ci,k−m�k(X),
	m+j(Y ) = −C1,j	1(Y )− C2,j	2(Y )− · · · − Cm,j	m(Y ),
i = 1, . . . , m; j = 1, . . . , k −m; m = 1, 2, . . . , k − 1;

(57)

£¤¥ Ci,j |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �ã­ªæ¨¨ �m+1(X), . . . , �k(X), 	1(Y ),
. . . , 	m(Y ), áâ®ïé¨¥ ¢ ¯à ¢ëå ç áâïå à ¢¥­áâ¢ (57), § ¤ îâáï ¯à®¨§¢®«ì­®.
�¨¤­®, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ m à¥è¥­¨¥ (57) á®¤¥à¦¨â m(k − m) ¯à®¨§-
¢®«ì­ëå ¯®áâ®ï­­ëå.
2◦. �  ¢â®à®¬ íâ ¯¥ ¯®á«¥¤®¢ â¥«ì­® ¯®¤áâ ¢«ï¥¬ äã­ªæ¨®­ «ë �i(X) ¨
	j(Y ) ¨§ (22) ¢® ¢á¥ à¥è¥­¨ï (57). � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ á¨áâ¥¬ë ®¡ëª­®¢¥­-
­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©* ¤«ï ®¯à¥¤¥«¥­¨ï ¨áª®¬ëå äã­ªæ¨© ϕp(x)
¨ ψq(y). �¥è ï íâ¨ á¨áâ¥¬ë, ­ å®¤¨¬ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬
¯¥à¥¬¥­­ëå ¢¨¤  (19).

� ¬¥ç ­¨¥ 1. � ¦­® ¯®¤ç¥àª­ãâì, çâ® ¨á¯®«ì§ã¥¬®¥ ¢ ¬¥â®¤¥ à áé¥¯«¥-
­¨ï ¡¨«¨­¥©­®¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (21) ¯à¨ ä¨ªá¨à®¢ ­­®¬ k ï¢«ï-
¥âáï ®¤­¨¬ ¨ â¥¬ ¦¥ ¤«ï à §­ëå ª« áá®¢ ¨áå®¤­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨©
¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨.

� ¬¥ç ­¨¥ 2. �à¨ ä¨ªá¨à®¢ ­­®¬ m à¥è¥­¨¥ (57) á®¤¥à¦¨â m(k−m) ¯à®-
¨§¢®«ì­ëå ¯®áâ®ï­­ëå Ci,j . �à¨ § ¤ ­­®¬ k ­ ¨¡®«ìè¥¥ ç¨á«® ¯à®¨§¢®«ì­ëå
¯®áâ®ï­­ëå ¨¬¥îâ á«¥¤ãîé¨¥ à¥è¥­¨ï:

�®¬¥à à¥è¥­¨ï �¨á«® ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå �á«®¢¨ï ­  k

m = 1
2 k 1

4 k2 k |ç¥â­®¥ ç¨á«®,
m = 1

2 (k ± 1) 1
4 (k2 − 1) k |­¥ç¥â­®¥ ç¨á«®.

�¬¥­­® íâ¨ à¥è¥­¨ï ¡¨«¨­¥©­®£® äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï ç é¥ ¢á¥£®
¯à¨¢®¤ïâ ª ­¥âà¨¢¨ «ì­ë¬ à¥è¥­¨ï¬ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå
¢ ­¥«¨­¥©­ëå ãà ¢­¥­¨ïå á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨.

� ¬¥ç ­¨¥ 3. �¨«¨­¥©­®¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (21) ¨ ¥£® à¥è¥­¨ï
(57) ¨£à îâ ¢ ¦­ãî à®«ì ¢ ¬¥â®¤¥ äã­ªæ¨®­ «ì­®£® à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå
(á¬. £« ¢ã 5).

�«ï ­ £«ï¤­®áâ¨ ­  à¨á. 2 ¨§®¡à ¦¥­ë ®á­®¢­ë¥ íâ ¯ë ¯®áâà®¥­¨ï à¥è¥-
­¨© á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¬¥â®¤®¬ à áé¥¯«¥­¨ï.

4.5.2. �¥è¥­¨ï ¯à®áâ¥©è¨å äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨© ¨ ¨å ¯à¨¬¥­¥­¨¥
�à¨¢¥¤¥¬ à¥è¥­¨ï ­¥áª®«ìª¨å ¯à®áâ¥©è¨å äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨© ¢¨¤ 
(21), ª®â®àë¥ ¯®­ ¤®¡ïâáï ¤ «¥¥ ¤«ï à¥è¥­¨ï ª®­ªà¥â­ëå ­¥«¨­¥©­ëå ãà ¢-
­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨.
1◦. �ã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥

�1	1 + �2	2 + �3	3 = 0 (58)

* �¡ëç­® íâ¨ á¨áâ¥¬ë ï¢«ïîâáï ¯¥à¥®¯à¥¤¥«¥­­ë¬¨.
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Èñõîäíîå óðàâíåíèå: F x y w w( , , , x , , , , , ...) = 0w w w wy xx xy yy

Èùåì ðåøåíèå ñ îáîáùåííûì
ðàçäåëåíèåì ïåðåìåííûõ

Çàäàåì âèä ðåøåíèÿ: = ( ) ( ) + ... +1 x yw x y1 n n( ) ( )' Ã ' Ã

Ïîäñòàâëÿåì â óðàâíåíèå

Èñïîëüçóåì ïðîöåäóðó ðàñùåïëåíèÿ

Ðàññìàòðèâàåì óðàâíåíèå ( )i

Ôóíêöèè ( )

ïîäñòàâëÿåì â ñèñòåìó

, 1

(ii)

m k© ªm m 6 6

Íàõîäèì ôóíêöèè ( ), ( )x y' Ãm m

Ïðèõîäèì ê ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîìó óðàâíåíèþ

Ïîëó÷àåì: ôóíêöèîíàëüíîå óðàâíåíèå è îïðåäåëÿþùóþ ñèñòåìó ÎÄÓ(i) (ii)

Ðåøàåì ôóíêöèîíàëüíîå óðàâíåíèå: 1 1( ) ( ) + ... + ( ) ( )x y x yk k© ª © ª = 0

Ðåøàåì îïðåäåëÿþùóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ïîëó÷àåì ðåøåíèå èñõîäíîãî óðàâíåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ

�¨á. 2. �¡é ï áå¥¬  ¯®áâà®¥­¨ï à¥è¥­¨© á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¬¥â®¤®¬
à áé¥¯«¥­¨ï. �á¯®«ì§®¢ ­® á®ªà é¥­¨¥: ���|®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï.

£¤¥ ¢á¥ �i |äã­ªæ¨¨ ®¤­®£® ¨ â®£® ¦¥  à£ã¬¥­â ,   ¢á¥ 	i |äã­ªæ¨¨ ¤àã£®£®
 à£ã¬¥­â , ¨¬¥¥â ¤¢  à¥è¥­¨ï:

�1 = A1�3, �2 = A2�3, 	3 = −A1	1 −A2	2;
	1 = A1	3, 	2 = A2	3, �3 = −A1�1 −A2�2,

(59)

£¤¥ A1, A2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �ã­ªæ¨¨ ¢ ¯à ¢ëå ç áâïå à ¢¥­áâ¢
(59) áç¨â îâáï ¯à®¨§¢®«ì­ë¬¨. � ¯¥à¢®¬ à¥è¥­¨¨ á¤¥« ­ë ¯¥à¥®¡®§­ ç¥­¨ï:
A1 = C1,1, A2 = C2,1,   ¢® ¢â®à®¬ à¥è¥­¨¨|¯¥à¥®¡®§­ ç¥­¨ï: A1 =−1/C1,2,
A2 = C1,1/C1,2 [áà ¢­¨ á à¥è¥­¨ï¬¨ (57) ¯à¨ k = 3].
2◦. �ã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥

�1	1 + �2	2 + �3	3 + �4	4 = 0, (60)
£¤¥ ¢á¥ �i |äã­ªæ¨¨ ®¤­®£® ¨ â®£® ¦¥  à£ã¬¥­â ,   ¢á¥ 	i |äã­ªæ¨¨ ¤àã£®£®
 à£ã¬¥­â , ¨¬¥¥â à¥è¥­¨¥

�1 = A1�3 + A2�4, �2 = A3�3 + A4�4,
	3 = −A1	1 −A3	2, 	4 = −A2	1 −A4	2,

(61)
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§ ¢¨áïé¥¥ ®â ç¥âëà¥å ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå Am [á¬. à¥è¥­¨¥ (57) ¯à¨
k = 4, m = 2, C1,1 = A1, C1,2 = A2, C2,1 = A3, C2,2 = A4]. �ã­ªæ¨¨ ¢ ¯à ¢ëå
ç áâïå à ¢¥­áâ¢ (61) áç¨â îâáï ¯à®¨§¢®«ì­ë¬¨.

�à ¢­¥­¨¥ (60) ¨¬¥¥â â ª¦¥ ¤¢  ¤àã£¨å à¥è¥­¨ï, § ¢¨áïé¨å ®â âà¥å
¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå:

�1 = A1�4, �2 = A2�4, �3 = A3�4, 	4 =−A1	1−A2	2−A3	3;
	1 = A1	4, 	2 = A2	4, 	3 = A3	4, �4 =−A1�1−A2�2−A3�3.

(62)

� ¯¥à¢®¬ à¥è¥­¨¨ á¤¥« ­ë ¯¥à¥®¡®§­ ç¥­¨ï: A1 = C1,1, A2 = C2,1, A3 = C3,1,
  ¢® ¢â®à®¬ à¥è¥­¨¨ | ¯¥à¥®¡®§­ ç¥­¨ï: A1 = −1/C1,3, A2 = C1,1/C1,3,
A3 = C1,2/C1,3.
3◦. �¥è¥­¨ï äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï

�1	1 + �2	2 + �3	3 + �4	4 + �5	5 = 0, (63)
¬®¦­® ­ ©â¨ ¯® ä®à¬ã« ¬ (57) ¯à¨ k = 5. �®ª ¦¥¬ ¯à®áâ®© á¯®á®¡ ¯®«ãç¥­¨ï
à¥è¥­¨©, ª®â®àë© ã¤®¡­® ¨á¯®«ì§®¢ âì ­  ¯à ªâ¨ª¥, ¨áå®¤ï ­¥¯®áà¥¤áâ¢¥­­®
¨§ ãà ¢­¥­¨ï (63). �ã¤¥¬ áç¨â âì, çâ® äã­ªæ¨®­ «ì­ë¥ ª®íää¨æ¨¥­âë �1, �2,
�3 ï¢«ïîâáï «¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ ª®íää¨æ¨¥­â®¢ �4 ¨ �5:

�1 = A1�4 + B1�5, �2 = A2�4 + B2�5, �3 = A3�4 + B3�5, (64)
£¤¥ An, Bn | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®¤áâ ¢¨¬ ¢ëà ¦¥­¨ï (64) ¢ (63) ¨
á®¡¥à¥¬ ç«¥­ë, ¯à®¯®àæ¨®­ «ì­ë¥ �4 ¨ �5:

(A1	1 + A2	2 + A3	3 + 	4)�4 + (B1	1 + B2	2 + B3	3 + 	5)�5 = 0.

�à¨à ¢­¨¢ ï ¢ëà ¦¥­¨ï ¢ áª®¡ª å ­ã«î, ¯®«ãç¨¬

	4 = −A1	1 −A2	2 −A3	3,
	5 = −B1	1 −B2	2 −B3	3.

(65)

�®à¬ã«ë (64), (65) ¤ îâ ®¤­® ¨§ à¥è¥­¨© ãà ¢­¥­¨ï (63). �­ «®£¨ç­ë¬
®¡à §®¬ ­ å®¤ïâáï ¨ ¤àã£¨¥ à¥è¥­¨ï.

�à¨¬¥à 13. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ £¨¯¥à¡®«¨ç¥áª®£® â¨¯ 
∂2w

∂t2
= a

∂

∂x

(
w

∂w

∂x

)
+ f(t)w + g(t), (66)

£¤¥ f(t) ¨ g(t)|¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨.
�é¥¬ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 

w(x, t) = ϕ(x)ψ(t) + χ(t). (67)
�®¤áâ ¢¨¢ (67) ¢ (66), ¯®á«¥ í«¥¬¥­â à­ëå ®¯¥à æ¨© ¯®«ãç¨¬

aψ2(ϕϕ′x)′x + aψχϕ′′xx + (fψ − ψ′′tt)ϕ + fχ + g − χ′′tt = 0.

�â® ãà ¢­¥­¨¥ ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï (60), £¤¥
�1 = (ϕϕ′x)′x, �2 = ϕ′′xx, �3 = ϕ, �4 = 1,

	1 = aψ2, 	2 = aψχ, 	3 = fψ − ψ′′tt, 	4 = fχ + g − χ′′tt.
(68)

�®¤áâ ¢¨¢ ¢ à¥è¥­¨¥ (61) ¢ëà ¦¥­¨ï (68), ¯®«ãç¨¬ ¯¥à¥®¯à¥¤¥«¥­­ãî á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨© ϕ = ϕ(x), ψ = ψ(t), χ = χ(t):

(ϕϕ′x)′x = A1ϕ + A2, ϕ′′xx = A3ϕ + A4,

fψ − ψ′′tt = −A1aψ2 −A3aψχ, fχ + g − χ′′tt = −A2aψ2 −A4aψχ.
(69)

2 �. �. �®«ï­¨­, �. �. � ©æ¥¢, �. �. �ãà®¢
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�¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï (69) á®¢¬¥áâ­ë â®«ìª® ¯à¨
A1 = 6B2, A2 = B2

1 − 4B0B2, A3 = 0, A4 = 2B2, (70)
£¤¥ B0, B1, B2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, ¨ ¨¬¥îâ ¢ íâ®¬ á«ãç ¥ à¥è¥­¨¥

ϕ(x) = B2x
2 + B1x + B0. (71)

�®¤áâ ¢¨¢ ¢ëà ¦¥­¨ï ¤«ï ª®íää¨æ¨¥­â®¢ (70) ¢ ¤¢  ¯®á«¥¤­¨å ãà ¢­¥­¨ï (69), ¯®«ãç¨¬
á¨áâ¥¬ã ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨© ψ(t) ¨ χ(t):

ψ′′tt = 6aB2ψ
2 + f(t)ψ,

χ′′tt = [2aB2ψ + f(t)]χ + a(B2
1 − 4B0B2)ψ2 + g(t).

(72)

�®à¬ã«ë (67), (71) ¨ á¨áâ¥¬  (72) ®¯à¥¤¥«ïîâ â®ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (66) á ®¡®¡é¥­-
­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå. �¥à¢®¥ ãà ¢­¥­¨¥ (72) à¥è ¥âáï ­¥§ ¢¨á¨¬®; ®­® «¨­¥©­® ¢
á«ãç ¥ B2 = 0 ¨ ¨­â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å ¯à¨ f(t) = const. �â®à®¥ ãà ¢­¥­¨¥ (72) «¨­¥©­®
®â­®á¨â¥«ì­® χ (¯à¨ ¨§¢¥áâ­®¬ ψ).

�à¨ ϕ 6≡ 0, ψ 6≡ 0, χ 6≡ 0 ¨ ¯à®¨§¢®«ì­ëå f ¨ g ãà ¢­¥­¨¥ (66) ­¥ ¨¬¥¥â ¤àã£¨å à¥è¥­¨©
¢¨¤  (67).

� ¬¥ç ­¨¥. �®¦­® ¯®ª § âì (V. A. Galaktionov, 1995), çâ® ãà ¢­¥­¨¥ (66) ¨¬¥¥â ¡®«¥¥
®¡é¥¥ à¥è¥­¨¥ ¢¨¤ 

w(x, y) = ϕ1(x)ψ1(t) + ϕ2(x)ψ2(t) + ψ3(t), ϕ1(x) = x2, ϕ2(x) = x, (73)
£¤¥ äã­ªæ¨¨ ψi = ψi(t) ®¯à¥¤¥«ïîâáï ¨§ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (èâà¨å¨
®¡®§­ ç îâ ¯à®¨§¢®¤­ë¥ ¯® t)

ψ′′1 = 6aψ2
1 + f(t)ψ1,

ψ′′2 = [6aψ1 + f(t)]ψ2,

ψ′′3 = [2aψ1 + f(t)]ψ3 + aψ2
2 + g(t).

(74)

�â®à®¥ ãà ¢­¥­¨¥ (74) ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥ ψ2 = ψ1. �®íâ®¬ã ¥£® ®¡é¥¥ à¥è¥­¨¥ ¬®¦­®
§ ¯¨á âì ¢ ¢¨¤¥ (�. �. � ©æ¥¢, �. �. �®«ï­¨­, 2001 a)

ψ2 = C1ψ1 + C2ψ1

∫
dt

ψ2
1

.

� áâ­®¬ã á«ãç î C2 = 0 ®â¢¥ç ¥â à¥è¥­¨¥, ¯®«ãç¥­­®¥ ¢ ¯à¨¬¥à¥ 4.

�à¨¬¥à 14. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ âà¥âì¥£® ¯®àï¤ª 
∂2w

∂x∂t
+

(
∂w

∂x

)2
− w

∂2w

∂x2 = ν
∂3w

∂x3 , (75)
ª®â®à®¥ ¢áâà¥ç ¥âáï ¢ £¨¤à®¤¨­ ¬¨ª¥.

�é¥¬ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (75) ¢¨¤ 
w = ϕ(t)θ(x) + ψ(t). (76)

�®¤áâ ¢¨¢ (76) ¢ (75), ¨¬¥¥¬
ϕ′tθ

′
x − ϕψθ′′xx + ϕ2[(θ′x)2 − θθ′′xx

]− νϕθ′′′xxx = 0.

�â® äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¬®¦­® á¢¥áâ¨ ª äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥-
­¨î (60), ¯®«®¦¨¢

�1 = ϕ′t, �2 = ϕψ, �3 = ϕ2, �4 = νϕ,

	1 = θ′x, 	2 = −θ′′xx, 	3 = (θ′x)2 − θθ′′xx, 	4 = −θ′′′xxx.
(77)

�®¤áâ ¢¨¢ íâ¨ ¢ëà ¦¥­¨ï ¢ (61), ¯®«ãç¨¬ á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨©

ϕ′t = A1ϕ
2 + A2νϕ, ϕψ = A3ϕ

2 + A4νϕ,

(θ′x)2 − θθ′′xx = −A1θ
′
x + A3θ

′′
xx, θ′′′xxx = A2θ

′
x −A4θ

′′
xx.

(78)

�®¦­® ¯®ª § âì, çâ® ¤¢  ¯®á«¥¤­¨å ãà ¢­¥­¨ï (78) ¨¬¥îâ á®¢¬¥áâ­ë¥ à¥è¥­¨ï â®«ìª® ¯à¨
«¨­¥©­®© á¢ï§¨ ¬¥¦¤ã äã­ªæ¨¥© θ ¨ ¥¥ ¯à®¨§¢®¤­®©:

θ′x = B1θ + B2. (79)
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�¥áâì ¯®áâ®ï­­ëå B1, B2, A1, A2, A3, A4 ¤®«¦­ë ã¤®¢«¥â¢®àïâì âà¥¬ ãá«®¢¨ï¬:

B1(A1 + B2 −A3B1) = 0,

B2(A1 + B2 −A3B1) = 0,

B2
1 + A4B1 −A2 = 0.

(80)

�­â¥£à¨àãï ãà ¢­¥­¨¥ (79), ¯®«ãç¨¬

θ =
{

B3 exp(B1x)− B2
B1

¯à¨ B1 6= 0,
B2x + B3 ¯à¨ B1 = 0,

(81)

£¤¥ B3 |¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
�§ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© (78) ­ å®¤¨¬ äã­ªæ¨¨ ϕ ¨ ψ:

ϕ =





A2ν

C exp(−A2νt)−A1
¯à¨ A2 6= 0,

− 1
A1t + C

¯à¨ A2 = 0,
ψ = A3ϕ + A4ν, (82)

£¤¥ C |¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
�®à¬ã«ë (81), (82) ¨ á®®â­®è¥­¨ï (80) ¯®§¢®«ïîâ ­ ©â¨ á«¥¤ãîé¨¥ à¥è¥­¨ï ãà ¢­¥­¨ï

(75) ¢¨¤  (76):

w = x + C1
t + C2

+ C3 ¯à¨ A2 = B1 = 0, B2 = −A1;

w = C1e−λx + 1
λt + C2

+ νλ ¯à¨ A2 = 0, B1 = −A4, B2 = −A1 −A3A4;

w = C1e
−λ(x+βνt) + ν(λ + β) ¯à¨ A1 = A3 = B2 = 0, A2 = B2

1 + A4B1;

w = νβ + C1e−λx

1 + C2e−νλβt
+ ν(λ− β) ¯à¨ A1 = A3B1 −B2, A2 = B2

1 + A4B1,

£¤¥ C1, C2, C3, β, λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (¨å ¬®¦­® ¢ëà §¨âì ç¥à¥§ Ak, Bk).
�áá«¥¤®¢ ­¨¥ ¢â®à®£® ¢ëà®¦¤¥­­®£® à¥è¥­¨ï (62) äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï (60) á

ãç¥â®¬ (77) ¯à¨¢®¤¨â ª ¤¢ã¬ à¥è¥­¨ï¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (75):

w = x

t + C
+ ψ(t),

w = ϕ(t)e−λx − ϕ′t(t)
λϕ(t)

+ νλ,

£¤¥ ϕ(t) ¨ ψ(t)|¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, C, λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

�à¨¬¥à 15. � áá¬®âà¨¬ ãà ¢­¥­¨¥ á íªá¯®­¥­æ¨ «ì­®© ­¥«¨­¥©­®áâìî ¯® áâ àè¥© ¯à®¨§-
¢®¤­®©:

wt = f(x) exp(awxx). (83)
�é¥¬ â®ç­ë¥ à¥è¥­¨ï ¢¨¤ 

w = ϕ(x) + ψ(x)θ(t). (84)
�®¤áâ ¢¨¬ (84) ¢ (83), ¯®¤¥«¨¬ ®¡¥ ç áâ¨ ¯®«ãç¥­­®£® ¢ëà ¦¥­¨ï ­  f(x),   § â¥¬ ¯à®«®£ à¨ä-
¬¨àã¥¬. �ç¨â ï ψ/f > 0, ¯®á«¥ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© ¨¬¥¥¬

aϕ′′xx − ln(ψ/f) + aθψ′′xx − ln θ′t = 0. (85)

�â® äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ (58), ¯®«®¦¨¢

�1 = aϕ′′xx − ln(ψ/f), �2 = ψ′′xx, �3 = 1, 	1 = 1, 	2 = aθ, 	3 = − ln θ′t.

�®¤áâ ¢¨¢ íâ¨ ¢ëà ¦¥­¨ï ¢ ¯¥à¢®¥ à¥è¥­¨¥ (59), ¯à¨å®¤¨¬ ª ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì-
­ë¬ ãà ¢­¥­¨ï¬

�1 = aϕ′′xx − ln(ψ/f) = A1, ψ′′xx = A2, ln θ′t = A1 + A2aθ.

2*
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�­â¥£à¨àãï, ¨¬¥¥¬

ϕ(x) = 1
2a

A1x
2 + C3x + C4 + 1

a

∫ x

x0

(x− ξ) ln ψ(ξ)
f(ξ)

dξ,

ψ(x) = 1
2

A2x
2 + C1x + C2,

θ(t) = − 1
A2a

ln
(
C5 −A2aeA1t

)
.

(86)

�®à¬ã«ë (84), (86) ®¯¨áë¢ îâ â®ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (83).

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 4.5

1. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®- ¨
¬ áá®¯¥à¥­®á :

a) wt = a(wwx)x,
b) wt = a(wwx)x + b,
c) wt = a(wwx)x + bw,
d) wt = a(wwx)x + bw2,
e) wt = a(wwx)x + bwx.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = f(t)θ(x) + g(t).

2. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ¢®«­®¢ëå ãà ¢­¥­¨©:
a) wtt = a(wwx)x,
b) wtt = a(wwx)x + b,
c) wtt = a(wwx)x + bw,
d) wtt = a(wwx)x + bw2,
e) wtt + awt = b(wwx)x.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = f(t)θ(x) + g(t).

3. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­®£® ãà ¢­¥­¨ï âà¥âì¥£®
¯®àï¤ª :

wxt + w2
x − wwxx = f(t)wxxx,

�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = ϕ(t)θ(x) + ψ(t).
4. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ãà ¢­¥­¨© ¯®£à ­¨ç­®£® á«®ï
áâ¥¯¥­­®© ¦¨¤ª®áâ¨:

a) wywxy − wxwyy = a(wyy)nwyyy ,
b) wywxy − wxwyy = a(wyy)nwyyy + f(x).
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = ϕ(x)ψ(y) + χ(x).

5. � ©â¨ à¥è¥­¨ï á  ¤¤¨â¨¢­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© ç¥â¢¥àâ®£®
¯®àï¤ª , ª®â®àë¥ ¢áâà¥ç îâáï ¢ £¨¤à®¤¨­ ¬¨ª¥ ¢ï§ª®© ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨:

a) wy(�w)x − wx(�w)y = ν��w,
b) wy(�w)x − wx(�w)y = ν��w + f(y),

£¤¥ �w = wxx + wyy .

6. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨©:
a) wt = a exp[f(x)wxx],
b) wt = a exp[f(t)wxx].
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = ϕ(x)θ(t) + ψ(x) (®¡¥ ç áâ¨ ãà ¢­¥­¨© ­ ¤®

¯à®«®£ à¨ä¬¨à®¢ âì).

N �¨â¥à âãà  ª à §¤. 4.5: �. �. �®§¥­¤®à­ (1984), �. �. �®«ï­¨­ (2001 c), �. �. �®«ï­¨­,
�. �. �ãà®¢ (2002), �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002), �. �. � ©æ¥¢, �. �. �®«ï­¨­ (2003),
A. D. Polyanin, V. F. Zaitsev (2004).
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4.6. �¥â®¤ �¨â®¢ |� « ªâ¨®­®¢ 
4.6.1. �¯¨á ­¨¥ ¬¥â®¤ . �®¤¯à®áâà ­áâ¢ , ¨­¢ à¨ ­â­ë¥ ®â­®á¨â¥«ì­®

­¥«¨­¥©­®£® ®¯¥à â®à 
� áá¬®âà¨¬ í¢®«îæ¨®­­®¥ ãà ¢­¥­¨¥

∂w

∂t
= F [w], (87)

£¤¥ F [w]|­¥«¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢¨¤ 

F [w] ≡ F
(
w,

∂w

∂x
, . . . ,

∂nw

∂xn

)
. (88)

�¯à¥¤¥«¥­¨¥. �®­¥ç­®¬¥à­®¥ «¨­¥©­®¥ ¯®¤¯à®áâà ­áâ¢®
L k =

{
ϕ1(x), . . . , ϕk(x)

}
, (89)

í«¥¬¥­â ¬¨ ª®â®à®£® ï¢«ïîâáï ¢á¥¢®§¬®¦­ë¥ «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ «¨­¥©­®-
­¥§ ¢¨á¨¬ëå äã­ªæ¨© ϕ1(x), . . . , ϕk(x), ­ §ë¢ ¥âáï ¨­¢ à¨ ­â­ë¬ ®â­®á¨-
â¥«ì­® ®¯¥à â®à  F , ¥á«¨ F [L k]⊆L k. �â® ®§­ ç ¥â, çâ® áãé¥áâ¢ãîâ äã­ªæ¨¨
f1, . . . , fk, â ª¨¥ çâ®

F

[ k∑

i=1
Ciϕi(x)

]
=

k∑

i=1
fi(C1, . . . , Ck)ϕi(x) (90)

¤«ï ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå C1, . . . , Ck.
�ãáâì «¨­¥©­®¥ ¯®¤¯à®áâà ­áâ¢® (89) ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ®¯¥à -

â®à  F . �®£¤  ãà ¢­¥­¨¥ (87) ¨¬¥¥â à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬
¯¥à¥¬¥­­ëå ¢¨¤ 

w(x, t) =
k∑

i=1
ψi(t)ϕi(x), (91)

£¤¥ äã­ªæ¨¨ ψ1(t), . . . , ψk(t) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­-
­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ψ′i = fi(ψ1, . . . , ψk), i = 1, . . . , k. (92)
�¤¥áì èâà¨å ®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® t.

�«¥¤ãîé¨© ¯à¨¬¥à ¨««îáâà¨àã¥â ®¯¨á ­­ë© ¬¥â®¤ ¯®áâà®¥­¨ï à¥è¥­¨©
á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå.

�à¨¬¥à 16. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥
∂w

∂t
= a

∂2w

∂x2 +
(

∂w

∂x

)2
+ kw2 + bw + c. (93)

�®ª ¦¥¬, çâ® ¯à¨ k > 0 ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à F [w] = awxx +(wx)2 +kw2 + bw + c
(®¯à¥¤¥«ïîé¨© ¯à ¢ãî ç áâì ãà ¢­¥­¨ï) ¨¬¥¥â ¤¢ã¬¥à­®¥ ¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­áâ¢®
L 2 =

{
1, cos(x

√
k )

}
. �¥©áâ¢¨â¥«ì­®, ¤«ï ¯à®¨§¢®«ì­ëå C1 ¨ C2 á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

F
[
C1 + C2 cos(x

√
k )

]
= k(C2

1 + C2
2 ) + bC1 + c + C2(2kC1 − ak + b) cos(x

√
k ).

�®íâ®¬ã ãà ¢­¥­¨¥ (93) ¤®¯ãáª ¥â à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 
w(x, t) = ψ1(t) + ψ2(t) cos(x

√
k ), (94)

£¤¥ äã­ªæ¨¨ ψ1(t) ¨ ψ2(t) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì-
­ëå ãà ¢­¥­¨©

ψ′1 = k(ψ2
1 + ψ2

2) + bψ1 + c,

ψ′2 = ψ2(2kψ1 − ak + b).
(95)
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� ¬¥ç ­¨¥ 1. �à¨ k >0 ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à F [w] ¨¬¥¥â âà¥å¬¥à­®¥ ¨­¢ à¨ ­â­®¥
¯®¤¯à®áâà ­áâ¢® L 3 =

{
1, sin(x

√
k ), cos(x

√
k )

}
.

� ¬¥ç ­¨¥ 2. �à¨ k <0 ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à F [w] ¨¬¥¥â âà¥å¬¥à­®¥ ¨­¢ à¨ ­â­®¥
¯®¤¯à®áâà ­áâ¢® L 3 =

{
1, sh(x

√
k ), ch(x

√
k )

}
.

� ¬¥ç ­¨¥ 3. �®«¥¥ ®¡é¥¥ ãà ¢­¥­¨¥ (93), £¤¥ a = a(t), b = b(t), c = c(t)|¯à®¨§¢®«ì­ë¥
äã­ªæ¨¨ ¨ k = const < 0, â ª¦¥ ¨¬¥¥â à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå
¢¨¤  (94), £¤¥ äã­ªæ¨¨ ψ1(t) ¨ ψ2(t) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (95).

4.6.2. �¥ª®â®àë¥ ®¡®¡é¥­¨ï
�­ «®£¨ç­ë¬ ®¡à §®¬ à áá¬ âà¨¢ ¥âáï ¡®«¥¥ ®¡é¥¥ ãà ¢­¥­¨¥ ¢¨¤ 

L1[w] = L2[U ], U = F [w], (96)
£¤¥ L1[w] ¨ L2[U ]|«¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë ¯® ¯¥à¥¬¥­­®© t
¢¨¤ 

L1[w] ≡
m1∑

i=0
ai(t) ∂iw

∂ti
, L2[U ] ≡

m2∑

j=0
bj(t) ∂jU

∂tj
, (97)

  F [w]|­¥«¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­®© x

F [w] ≡ F

(
t, w,

∂w

∂x
, . . . ,

∂nw

∂xn

)
, (98)

ª®â®àë© ¬®¦¥â § ¢¨á¥âì ¯ à ¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ®â t.
�ãáâì «¨­¥©­®¥ ¯®¤¯à®áâà ­áâ¢® (89) ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ®¯¥à -

â®à  F , â. ¥. ¤«ï ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå C1, . . . , Ck ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

F

[ k∑

i=1
Ciϕi(x)

]
=

k∑

i=1
fi(t, C1, . . . , Ck)ϕi(x). (99)

�®£¤  ãà ¢­¥­¨¥ (96) ¨¬¥¥â à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå
¢¨¤  (91), £¤¥ äã­ªæ¨¨ ψ1(t), . . . , ψk(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

L1
[
ψi(t)

]
= L2

[
fi(t, ψ1, . . . , ψk)

]
, i = 1, . . . , k. (100)

�à¨¬¥à 17. � áá¬®âà¨¬ ãà ¢­¥­¨¥

a2(t) ∂2w

∂t2
+ a1(t) ∂w

∂t
= ∂w

∂x

∂2w

∂x2 , (101)

ª®â®à®¥ ¯à¨ a2(t) = k2, a1(t) = k1/t ¨á¯®«ì§ã¥âáï ¤«ï ®¯¨á ­¨ï âà ­á§¢ãª®¢ëå £ §®¢ëå â¥ç¥­¨©
(t ¨£à ¥â à®«ì ¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®©).

�à ¢­¥­¨¥ (101) ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï (96), £¤¥ L1[w] = a2(t)wtt +a1(t)wt,
L2[U ]=U , F [w]=wxwxx. �®¦­® ¯®ª § âì, çâ® ­¥«¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à F [w]
¤®¯ãáª ¥â âà¥å¬¥à­®¥ ¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­áâ¢® L 3 = {1, x3/2, x3}. �®íâ®¬ã ãà ¢­¥­¨¥
(101) ¨¬¥¥â à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 

w(x, t) = ψ1(t) + ψ2(t)x3/2 + ψ3(t)x3,

£¤¥ äã­ªæ¨¨ ψ1(t), ψ2(t), ψ3(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

a2(t)ψ′′1 + a1(t)ψ′1 = 9
8 ψ2

2 ,

a2(t)ψ′′2 + a1(t)ψ′2 = 45
4 ψ2ψ3,

a2(t)ψ′′3 + a1(t)ψ′3 = 18ψ2
3 .
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� ¬¥ç ­¨¥. �¯¥à â®à F [w] ¤®¯ãáª ¥â â ª¦¥ ç¥âëà¥å¬¥à­®¥ ¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­áâ¢®
L 4 = {1, x, x2, x3}, ª®â®à®¬ã á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå
¢¨¤ 

w(x, t) = ψ1(t) + ψ2(t)x + ψ3(t)x2 + ψ4(t)x3.

�¬. â ª¦¥ ¯à¨¬¥à 18 ¯à¨ a0(t) = 0, k = 1, n = 2.

�à¨¬¥à 18. � áá¬®âà¨¬ ¡®«¥¥ ®¡é¥¥ ãà ¢­¥­¨¥ n-£® ¯®àï¤ª 

a2(t) ∂2w

∂t2
+ a1(t) ∂w

∂t
+ a0(t)w =

(
∂w

∂x

)k ∂nw

∂xn
. (102)

�¥«¨­¥©­ë© ®¯¥à â®à F [w] = (wx)kw
(n)
x ¤®¯ãáª ¥â ¤¢ã¬¥à­®¥ ¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­-

áâ¢® L 2 = {1, ϕ(x)}, £¤¥ äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢-
­¥­¨¥¬ (ϕ′x)kϕ

(n)
x = ϕ. �®íâ®¬ã ãà ¢­¥­¨¥ (102) ¨¬¥¥â à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬

¯¥à¥¬¥­­ëå ¢¨¤ 
w(x, t) = ψ1(t) + ψ2(t)ϕ(x),

£¤¥ äã­ªæ¨¨ ψ1(t) ¨ ψ2(t) ®¯¨áë¢ îâáï ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì-
­ë¬¨ ãà ¢­¥­¨ï¬¨

a2(t)ψ′′1 + a1(t)ψ′1 + a0(t)ψ1 = 0,

a2(t)ψ′′2 + a1(t)ψ′2 + a0(t)ψ2 = ψk+1
2 .

�­®£® ¤àã£¨å ¯à¨¬¥à®¢ ¯®¤®¡­®£® à®¤ ,   â ª¦¥ ­¥ª®â®àë¥ ¤¥â «¨§ æ¨¨ ¨
®¡®¡é¥­¨ï ®¯¨áë¢ ¥¬®£® ¬¥â®¤ , ¬®¦­® ­ ©â¨ ¢ æ¨â¨àã¥¬®© ­¨¦¥ «¨â¥à âã-
à¥. �á­®¢­ë¥ âàã¤­®áâ¨, ¢®§­¨ª îé¨¥ ¯à¨ ¨á¯®«ì§®¢ ­¨¨ ¬¥â®¤  �¨â®¢  |
� « ªâ¨®­®¢  ¤«ï ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ª®­ªà¥â­ëå ãà ¢­¥­¨©, á®áâ®ïâ
¢ ®âëáª ­¨¨ «¨­¥©­ëå ¯®¤¯à®áâà ­áâ¢, ¨­¢ à¨ ­â­ëå ®â­®á¨â¥«ì­® § ¤ ­­®-
£® ­¥«¨­¥©­®£® ®¯¥à â®à . �à®¬¥ â®£®, ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¬®¦¥â ®â«¨ç âìáï
®â ãà ¢­¥­¨© à áá¬ âà¨¢ ¥¬®£® â¨¯  (­¥ ¢á¥£¤  ¬®¦­® ¢ë¤¥«¨âì ¯®¤å®¤ïé¨©
­¥«¨­¥©­ë© ®¯¥à â®à F [w]).

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 4.6
1. �®ª § âì, çâ® ­¥«¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à

F [w] = (a1wx + a2w + a3)wxx + a4w
2
x + a5wx + a6w + a7

¤®¯ãáª ¥â âà¥å¬¥à­®¥ «¨­¥©­®¥ ¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­áâ¢® L 3 = {1, x, x2}. �á¯®«ì§ãï
íâ® ®¡áâ®ïâ¥«ìáâ¢®, ­ ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢-
­¥­¨©:

a) wt = awwxx,
b) wt = awwxx + b,
á) wt = awwxx + bw,
d) wt = awwxx + bwx,
e) wt = a(wwx)x,
f ) wt = a(wwx)x + b,
g) wt = a(wwx)x + bw,
h) wt = a(wwx)x + bwx,
i) wtt = awwxx,
j) wtt = a(wwx)x,
k) wtt = awwxx + b,
l) wtt = a(wwx)x + b.

2. �à¨ ª ª¨å ãá«®¢¨ïå ­¥«¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à
F [w] = (a1wx + a2w + a3)wxx + a4w

2
x + a5wx + a6w

2 + a7w + a8
¤®¯ãáª ¥â ¨­¢ à¨ ­â­ë¥ «¨­¥©­ë¥ ¯®¤¯à®áâà ­áâ¢ 

a) L 2 = {1, eλx},
b) L 3 = {1, sh(λx), ch(λx)},
c) L 3 = {1, sin(λx), cos(λx)}?
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3. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨©:
a) wt = wxx + aw2

x + bw2,
b) wt = wwxx + bw2 + c,
c) wt = wwxx + bw2

x + c,
d) wt = (wwx)x + aw2 + b.
�ª § ­¨¥. �®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨ à¥è¥­¨ï ¯à¥¤ë¤ãé¥© § ¤ ç¨.

4. �à¨ ª ª¨å ãá«®¢¨ïå ­¥«¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à
F [w] = a1w

2
xx + a2wxwxx + a3wwxx + a4w

2
x + a5wwx + a6w

2 + a7wx + a8w + a9
¤®¯ãáª ¥â ¨­¢ à¨ ­â­ë¥ «¨­¥©­ë¥ ¯®¤¯à®áâà ­áâ¢ 

a) L 3 = {1, x, x2},
b) L 4 = {1, x, x2, x3},
c) L 5 = {1, x, x2, x3, x4},
d) L 2 = {1, eλx},
e) L 3 = {1, sh(λx), ch(λx)},
f ) L 3 = {1, sin(λx), cos(λx)},
g) L 3 = {1, ch(λx), ch(2λx)},
h) L 3 = {1, cos(λx), cos(2λx)},
i) L 2 = {1, f(x)}?

5. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨©:
a) wt = aw2

xx,
b) wtt = aw2

xx + b,
c) wt = w2

xx + w2,
d) wt = wwxx − 3

4 w2
x + 4

3 w2.
�ª § ­¨¥. �®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨ à¥è¥­¨ï ¯à¥¤ë¤ãé¥© § ¤ ç¨ ¨§ ¯ã­ªâ®¢ c), d), f )

¨ h).
6. � ©â¨ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ãà ¢­¥­¨© á ªã¡¨ç¥áª®© ­¥«¨­¥©-
­®áâìî:

a) wt = 2w2wxx − ww2
x,

b) wtt = 2w2wxx − ww2
x + a.

�ª § ­¨¥. �®ª § âì, çâ® ­¥«¨­¥©­ë© ®¯¥à â®à F [w] = 2w2wxx−ww2
x ¤®¯ãáª ¥â âà¥å¬¥à­®¥

«¨­¥©­®¥ ¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­áâ¢® L 3 = {1, x, x2}.

N �¨â¥à âãà  ª à §¤. 4.6: �. �. �¨â®¢ (1988), �. �. � « ªâ¨®­®¢, �. �. �®á èª®¢ (1994),
V. A. Galaktionov (1995), V. A. Galaktionov, S. A. Posashkov, S. R. Svirshchevskii (1995),
S. R. Svirshchevskii (1995, 1996), �. D. Polyanin, V. F. Zaitsev (2004).


