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5. �¥â®¤ äã­ªæ¨®­ «ì­®£® à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå
5.1. �âàãªâãà  à¥è¥­¨© á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬

¯¥à¥¬¥­­ëå
�¥«¨­¥©­ë¥ ãà ¢­¥­¨ï, ¯®«ãç¥­­ë¥ § ¬¥­®© w = F (z) ¨§ «¨­¥©­ëå ãà ¢-

­¥­¨© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ ¤«ï äã­ªæ¨¨
z = z(x, y), ¡ã¤ãâ ¨¬¥âì â®ç­ë¥ à¥è¥­¨ï ¢¨¤ 

w(x, y) = F (z), £¤¥ z =
n∑

m=1
ϕm(x)ψm(y). (1)

�­®£¨¥ ­¥«¨­¥©­ë¥ ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨, ª®â®àë¥ ­¥
á¢®¤ïâáï ª «¨­¥©­ë¬, â ª¦¥ ¨¬¥îâ â®ç­ë¥ à¥è¥­¨ï ¢¨¤  (1). � ª¨¥ à¥è¥­¨ï
¡ã¤¥¬ ­ §ë¢ âì à¥è¥­¨ï¬¨ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå. � ®¡-
é¥¬ á«ãç ¥ äã­ªæ¨¨ ϕm(x), ψm(y), F (z) ¢ (1) § à ­¥¥ ­¥ ¨§¢¥áâ­ë ¨ ¯®¤«¥¦ â
®¯à¥¤¥«¥­¨î.

�á­®¢­ ï ¨¤¥ï: ¤¨ää¥à¥­æ¨ «ì­®-äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥, ¯®«ãç¥­-
­®¥ ¢ à¥§ã«ìâ â¥ ¯®¤áâ ­®¢ª¨ ¢ëà ¦¥­¨ï (1) ¢ à áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥
á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨, ­ ¤® ¯à¨¢¥áâ¨ ª áâ ­¤ àâ­®¬ã ¡¨«¨­¥©­®¬ã
äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î (21) ¨§ à §¤. 4.2.2 [¨«¨ ª ¤¨ää¥à¥­æ¨ «ì­®-
äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î ¢¨¤  (21){(22) ¨§ à §¤. 4.2.2].

� ¬¥ç ­¨¥ 1. �à¨ äã­ªæ¨®­ «ì­®¬ à §¤¥«¥­¨¨ ¯¥à¥¬¥­­ëå ¯®¨áª à¥è¥-
­¨© ¯à®áâ¥©è¥£® ¢¨¤  w = F (ϕ(x) + ψ(y)) ¨ w = F (ϕ(x)ψ(y)) ¯à¨-
¢®¤¨â ª ®¤¨­ ª®¢ë¬ à¥§ã«ìâ â ¬, ¯®áª®«ìªã á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥
F (ϕ(x)ψ(y)) = F1(ϕ1(x) + ψ1(y)), £¤¥ F1(z) = F (ez), ϕ1(x) = ln ϕ(x),
ψ1(y) = ln ψ(y).

� ¬¥ç ­¨¥ 2. �à¨ ¯®áâà®¥­¨¨ à¥è¥­¨© á äã­ªæ¨®­ «ì­®¬ à §¤¥«¥­¨¥¬
¯¥à¥¬¥­­ëå ¢¨¤  w = F (ϕ(x) + ψ(y)) áç¨â ¥âáï, çâ® ϕ 6= const ¨ ψ 6= const.

� ¬¥ç ­¨¥ 3. �ã­ªæ¨ï F (z) ¬®¦¥â ®¯¨áë¢ âìáï ª ª ®¤­¨¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬, â ª ¨ ¯¥à¥®¯à¥¤¥«¥­­®© á¨áâ¥¬®© ãà ¢­¥­¨©
(¯à¨  ­ «¨§¥ ­ ¤® ãç¨âë¢ âì ®¡¥ íâ¨ ¢®§¬®¦­®áâ¨).

5.2. �¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå
á¯¥æ¨ «ì­®£® ¢¨¤ 

5.2.1. �¥è¥­¨ï â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë. �à¨¬¥àë

�«ï ã¯à®é¥­¨ï  ­ «¨§  ­¥ª®â®àë¥ äã­ªæ¨¨ ¢ (1) ¬®¦­® § ¤ ¢ âì  ¯à¨®à­®,
  ¤àã£¨¥ ®¯à¥¤¥«ïâì ¢ ¯à®æ¥áá¥ à¥è¥­¨ï. � ª¨¥ à¥è¥­¨ï ¡ã¤¥¬ ­ §ë¢ âì
à¥è¥­¨ï¬¨ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå á¯¥æ¨ «ì­®£® ¢¨¤ .
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2 �¥â®¤ äã­ªæ¨®­ «ì­®£® à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå

�¨¦¥ ãª § ­ë ­ ¨¡®«¥¥ ¯à®áâë¥ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬
¯¥à¥¬¥­­ëå á¯¥æ¨ «ì­®£® ¢¨¤  (x ¨ y ¬®¦­® ¯®¬¥­ïâì ¬¥áâ ¬¨):

w = F (z), z = ψ1(y)x+ψ2(y) ( à£ã¬¥­â z «¨­¥¥­ ¯® x);
w = F (z), z = ψ1(y)x2+ψ2(y) ( à£ã¬¥­â z ª¢ ¤à â¨ç¥­ ¯® x);
w = F (z), z = ψ1(y)eλx+ψ2(y) ( à£ã¬¥­â z á®¤¥à¦¨â íªá¯®­¥­æ¨ «ì­ãî äã­ªæ¨î x).

�¥à¢®¥ à¥è¥­¨¥ ¡ã¤¥¬ ­ §ë¢ âì à¥è¥­¨¥¬ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë.
� ¯®á«¥¤­¥© ä®à¬ã«¥ ¢¬¥áâ® eλx ¬®£ãâ áâ®ïâì â ª¦¥ äã­ªæ¨¨ ch(ax + b),
sh(ax + b), sin(ax + b).

�®á«¥ ¯®¤áâ ­®¢ª¨ «î¡®£® ¨§ ãª § ­­ëå ¢ëà ¦¥­¨© ¢ à áá¬ âà¨¢ ¥¬®¥
ãà ¢­¥­¨¥ ­ ¤® ¨áª«îç¨âì x á ¯®¬®éìî ¢ëà ¦¥­¨ï ¤«ï z. � à¥§ã«ìâ â¥
¯®«ãç¨¬ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á ¤¢ã¬ï  à£ã¬¥­â ¬¨
y ¨ z. �£® à¥è¥­¨¥ ¢ àï¤¥ á«ãç ¥¢ ¬®¦­® ¯®«ãç¨âì ¯à¨ ¯®¬®é¨ ¬¥â®¤®¢,
®¯¨á ­­ëå ¢ £« ¢¥ 4.

�«ï ­ £«ï¤­®áâ¨ ®¡é ï áå¥¬  ¯®áâà®¥­¨ï à¥è¥­¨© â¨¯  ®¡®¡é¥­­®©
¡¥£ãé¥© ¢®«­ë ¤«ï í¢®«îæ¨®­­ëå ãà ¢­¥­¨© ¨§®¡à ¦¥­  ­  à¨á. 3.

Èñõîäíîå óðàâíåíèå: w H t w w w wt x xx x= ( , , , , ..., )
( )n

Èùåì ðåøåíèå â âèäå îáîáùåííîé
áåãóùåé âîëíû

Ïîäñòàâëÿåì â óðàâíåíèå ãäå= ( ),F zw z t x t= ( ) + ( )' Ã

Çàìåíÿåì íà ( )x z /{ Ã '

Èñïîëüçóåì ïðîöåäóðó ðàñùåïëåíèÿ

Ðàññìàòðèâàåì óðàâíåíèå ( )i

Ôóíêöèè

ïîäñòàâëÿåì â ñèñòåìó

,

(ii)

© ªm m ( )1 m k6 6

Íàõîäèì ôóíêöèè , , F' Ã

Ïîëó÷àåì ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå ñ äâóìÿ àðãóìåíòàìè

Ïîëó÷àåì: ôóíêöèîíàëüíîå óðàâíåíèå è îïðåäåëÿþùóþ ñèñòåìó ÎÄÓ(i) (ii)

Ðåøàåì ôóíêöèîíàëüíîå óðàâíåíèå: 1 1( ) ( ) + ... + ( ) ( )z t z tk k© ª © ª = 0

Ðåøàåì îïðåäåëÿþùóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ïîëó÷àåì ðåøåíèå èñõîäíîãî óðàâíåíèÿ â âèäå îáîáùåííîé áåãóùåé âîëíû

�¨á. 3. �«£®à¨â¬ ¯®áâà®¥­¨ï à¥è¥­¨© â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë ¤«ï í¢®«îæ¨®­­ëå
ãà ¢­¥­¨©. �á¯®«ì§®¢ ­® á®ªà é¥­¨¥: ���|®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï.



5.2. �¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå á¯¥æ¨ «ì­®£® ¢¨¤  3

� ¬¥ç ­¨¥ 1. �«£®à¨â¬, ¨§®¡à ¦¥­­ë© ­  à¨á. 3, ¬®¦¥â ¨á¯®«ì§®¢ âìáï
â ª¦¥ ¤«ï ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ¡®«¥¥ ®¡é¥£® ¢¨¤ * w = σ(t)F (z) +
+ϕ1(t)x+ψ2(t), £¤¥ z =ϕ1(t)x+ψ2(t). �à¨¬¥à ¯®¤®¡­®£® à¥è¥­¨ï à áá¬®âà¥­
¤ «¥¥ ¢ à §¤. 6.3 (¯à¨¬¥à 6).

� ¬¥ç ­¨¥ 2. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå (á¬. £« -
¢ã 4) ï¢«ï¥âáï à¥è¥­¨¥¬ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ç áâ­®-
£® ¢¨¤ , á®®â¢¥âáâ¢ãîé¨¬ á«ãç î F (z) = z.

� áá¬®âà¨¬ ¯à¨¬¥àë ­¥«¨­¥©­ëå ãà ¢­¥­¨©, ¤®¯ãáª îé¨å â®ç­ë¥ à¥è¥-
­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ç áâ­®£® ¢¨¤ , ª®£¤  á«®¦-
­ë©  à£ã¬¥­â z «¨­¥¥­ ¨«¨ ª¢ ¤à â¨ç¥­ ¯® ®¤­®© ¨§ ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå.

�à¨¬¥à 1. � áá¬®âà¨¬ ­¥áâ æ¨®­ à­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á ­¥«¨­¥©­ë¬ ¨áâ®ç-
­¨ª®¬

∂w

∂t
= ∂2w

∂x2 + F(w). (2)
�é¥¬ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (2) á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå á¯¥æ¨-

 «ì­®£® ¢¨¤ 
w = w(z), z = ϕ(t)x + ψ(t). (3)

�à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨¨ w(z), ϕ(t), ψ(t) ¨ ¯à ¢ãî ç áâì ãà ¢­¥­¨ï F(w).
�®¤áâ ¢¨¢ ¢ëà ¦¥­¨¥ (3) ¢ (2) ¨ ¯®¤¥«¨¢ ­  w′z , ¨¬¥¥¬

ϕ′tx + ψ′t = ϕ2 w′′zz

w′z
+ F(w)

w′z
. (4)

�ëà §¨¬ ¢ (3) x ç¥à¥§ z ¨ ¯®¤áâ ¢¨¬ ¥£® ¢ (4). � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª äã­ªæ¨®­ «ì­®-
¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î á ¤¢ã¬ï ¯¥à¥¬¥­­ë¬¨ t ¨ z:

−ψ′t + ψ

ϕ
ϕ′t − ϕ′t

ϕ
z + ϕ2 w′′zz

w′z
+ F(w)

w′z
= 0,

ª®â®à®¥ ¬®¦­® à áá¬ âà¨¢ âì ª ª äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (60) ¨§ à §¤. 4.5, £¤¥

�1 = −ψ′t + ψ

ϕ
ϕ′t, �2 = − ϕ′t

ϕ
, �3 = ϕ2, �4 = 1,

	1 = 1, 	2 = z, 	3 = w′′zz

w′z
, 	4 = F(w)

w′z
.

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥­¨ï ¢ ä®à¬ã«ë (61) ¨§ à §¤. 4.5, ¯®«ãç¨¬ á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

−ψ′t + ψ

ϕ
ϕ′t = A1ϕ

2 + A2, − ϕ′t
ϕ

= A3ϕ
2 + A4,

w′′zz

w′z
= −A1 −A3z,

F(w)
w′z

= −A2 −A4z,
(5)

£¤¥ A1, A2, A3, A4 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�«ãç © 1. �à¨ A4 6= 0 à¥è¥­¨¥ á¨áâ¥¬ë (5) ¨¬¥¥â ¢¨¤

ϕ(t) = ±
(

C1e
2A4t − A3

A4

)−1/2
,

ψ(t) = −ϕ(t)
[
A1

∫
ϕ(t) dt + A2

∫
dt

ϕ(t)
+ C2

]
,

w(z) = C3

∫
exp

(− 1
2 A3z

2 −A1z
)
dz + C4,

F(w) = −C3(A4z + A2) exp
(− 1

2 A3z
2 −A1z

)
,

(6)

* �ª § ­­®¥ à¥è¥­¨¥ á®¤¥à¦¨â ¢ á¥¡¥, ª ª ç áâ­ë¥ á«ãç ¨, ¢á¥ ­ ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¥
à¥è¥­¨ï: à¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë,  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï, ®¡®¡é¥­­ë¥  ¢â®¬®¤¥«ì­ë¥
à¥è¥­¨ï, à¥è¥­¨ï á  ¤¤¨â¨¢­ë¬ ¨ ¬ã«ìâ¨¯«¨ª â¨¢­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå (  â ª¦¥
¬­®£¨¥ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï).



4 �¥â®¤ äã­ªæ¨®­ «ì­®£® à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå

£¤¥ C1, C2, C3, C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. � ¢¨á¨¬®áâì F = F(w) § ¤ ¥âáï ¤¢ã¬ï
¯®á«¥¤­¨¬¨ ¢ëà ¦¥­¨ï¬¨ ¢ ¯ à ¬¥âà¨ç¥áª®¬ ¢¨¤¥ (z ¨£à ¥â à®«ì ¯ à ¬¥âà ). �à¨ A3 6= 0
äã­ªæ¨î ¨áâ®ç­¨ª  F(w) ¢ (6) ¬®¦­® ¢ëà §¨âì ç¥à¥§ í«¥¬¥­â à­ë¥ äã­ªæ¨¨ ¨ äã­ªæ¨î,
®¡à â­ãî ¨­â¥£à «ã ¢¥à®ïâ­®áâ¥©.

� ç áâ­®¬ á«ãç ¥ A3 = C4 = 0, A1 = −1, C3 = 1 äã­ªæ¨î ¨áâ®ç­¨ª  ¬®¦­® ¯à¥¤áâ ¢¨âì
¢ ï¢­®¬ ¢¨¤¥:

F(w) = −w(A4 ln w + A2). (7)
�¥è¥­¨¥ ãà ¢­¥­¨ï (2) ¢ íâ®¬ á«ãç ¥ ¬®¦­® ¯®«ãç¨âì â ª¦¥ á ¯®¬®éìî £àã¯¯®¢®£®  ­ «¨§ 
(�. �. �®à®¤­¨æë­, 1982).

�«ãç © 2. �à¨ A4 = 0 à¥è¥­¨ï ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© (5) ¨¬¥îâ ¢¨¤

ϕ(t) = ± 1√
2A3t + C1

, ψ(t) = C2√
2A3t + C1

− A1
A3

− A2
3A3

(2A3t + C1),

  à¥è¥­¨ï ®áâ «ì­ëå ãà ¢­¥­¨© ®¯¨áë¢ îâáï ¤¢ã¬ï ¯®á«¥¤­¨¬¨ ä®à¬ã« ¬¨ (6) ¯à¨ A4 = 0.
�à¨¬¥à 2. � áá¬®âà¨¬ ¡®«¥¥ ®¡é¥¥ ãà ¢­¥­¨¥

∂w

∂t
= a(t) ∂2w

∂x2 + b(t) ∂w

∂x
+ c(t)F(w).

á®¤¥à¦ é¥¥ ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ a(t), b(t), c(t).
�¥è¥­¨ï ¨é¥¬ ¢ ¢¨¤¥ (3). � íâ®¬ á«ãç ¥ ¢ á¨áâ¥¬¥ (5) ¨§¬¥­ïâáï â®«ìª® ¯¥à¢ë¥ ¤¢ 

ãà ¢­¥­¨ï,   äã­ªæ¨¨ w(z) ¨ F(w) ¡ã¤ãâ ®¯¨áë¢ âìáï ¤¢ã¬ï ¯®á«¥¤­¨¬¨ ä®à¬ã« ¬¨ (6).
�à¨¬¥à 3. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨

∂w

∂t
= ∂

∂x

[
G(w) ∂w

∂x

]
+ F(w)

â ª¦¥ ¨¬¥¥â à¥è¥­¨ï ¢¨¤  (3). �áª®¬ë¥ ¢¥«¨ç¨­ë ®¯¨áë¢ îâáï á¨áâ¥¬®© (5), ¢ ª®â®à®©
w′′zz ­ ¤® § ¬¥­¨âì ­  [G(w)w′z]′z . �ã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯à¥¤¥«ïîâáï ¤¢ã¬ï ¯¥à¢ë¬¨ ä®à-
¬ã« ¬¨ ¢ (6). �¤­  ¨§ ¤¢ãå äã­ªæ¨© G(w) ¨«¨ F(w) ¬®¦¥â ¡ëâì § ¤ ­  ¯à®¨§¢®«ì­®,  
¤àã£ ï ­ å®¤¨âáï ¢ ¯à®æ¥áá¥ à¥è¥­¨ï. � ç áâ­®¬ á«ãç ¥ F(w) = const ¬®¦­® ¯®«ãç¨âì
G(w) = C1e

2kw + (C2w + C3)ekw.
�à¨¬¥à 4. �­ «®£¨ç­ë¬ ®¡à §®¬ à áá¬ âà¨¢ ¥âáï ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ n-£® ¯®àï¤ª 

∂w

∂t
= ∂nw

∂xn
+ F(w).

� ª ¨ à ­¥¥, à¥è¥­¨ï ¨éãâáï ¢ ¢¨¤¥ (3). � íâ®¬ á«ãç ¥ ¢ á¨áâ¥¬¥ (5) ¢¥«¨ç¨­ë ϕ2 ¨ w′′zz

­ ¤® § ¬¥­¨âì á®®â¢¥âáâ¢¥­­® ­  ϕn ¨ w
(n)
z . � ç áâ­®áâ¨, ¯à¨ A3 = 0 ¯®¬¨¬® ãà ¢­¥­¨ï á

«®£ à¨ä¬¨ç¥áª®© ­¥«¨­¥©­®áâìî ¢¨¤  (7) ¯®«ãç¨¬ ¨ ¤àã£¨¥ ãà ¢­¥­¨ï.
�à¨¬¥à 5. �«ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï n-£® ¯®àï¤ª 

∂w

∂t
= ∂nw

∂xn
+ F(w) ∂w

∂x
,

¯®¨áª â®ç­®£® à¥è¥­¨ï ¢¨¤  (3) ¯à¨¢®¤¨â ª á«¥¤ãîé¥© á¨áâ¥¬¥ ãà ¢­¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ï
äã­ªæ¨© ϕ(t), ψ(t), w(z), F(w):

−ψ′t + ψ

ϕ
ϕ′t = A1ϕ

n + A2ϕ, − ϕ′t
ϕ

= A3ϕ
n + A4ϕ,

w
(n)
z

w′z
= −A1 −A3z, F(w) = −A2 −A4z,

£¤¥ A1, A2, A3, A4 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�à¨ n = 3, ¯®«®¦¨¢ A3 = 0 ¨ A1 > 0, ¢ ç áâ­®áâ¨ ¯®«ãç¨¬ F(w) = −A2−A4 arcsin(kw).
�à¨¬¥à 6. �®¦­® ¨áª âì à¥è¥­¨ï ãà ¢­¥­¨ï (2) á ª¢ ¤à â¨ç­®© § ¢¨á¨¬®áâìî á«®¦­®£®

 à£ã¬¥­â  ¯® x:
w = w(z), z = ϕ(t)x2 + ψ(t). (8)

�®¤áâ ¢¨¬ íâ® ¢ëà ¦¥­¨¥ ¢ (2). � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î, ª®â®à®¥ á®¤¥à¦¨â ç«¥­ë
c x2 (¨ ­¥ á®¤¥à¦¨â ç«¥­®¢, «¨­¥©­ëå ¯® x). �áª«îç¨¢ ¨§ ¯®«ãç¥­­®£® ãà ¢­¥­¨ï x2 á
¯®¬®éìî (8), ¨¬¥¥¬

−ψ′t + ψ

ϕ
ϕ′t + 2ϕ− ϕ′t

ϕ
z + 4ϕz

w′′zz

w′z
− 4ϕψ

w′′zz

w′z
+ F(w)

w′z
= 0.
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�«ï à¥è¥­¨ï íâ®£® äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á ¤¢ã¬ï  à£ã¬¥­â ¬¨ ¯à¨-
¬¥­¨¬ ¬¥â®¤ à áé¥¯«¥­¨ï, ®¯¨á ­­ë© ¢ à §¤. 4.5. �®¦­® ¯®ª § âì, çâ® ãà ¢­¥­¨¥ (2) á
«®£ à¨ä¬¨ç¥áª®© ­¥«¨­¥©­®áâìî (7) ¨¬¥¥â à¥è¥­¨¥ ¢¨¤  (8).

�à¨¬¥à 7. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ m-£® ¯®àï¤ª 
∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 = f(x)
(

∂2w

∂y2

)n−1 ∂mw

∂ym
,

ª®â®à®¥ ¢ ç áâ­®¬ á«ãç ¥ f(x)=const, m=3 ®¯¨áë¢ ¥â ¯®£à ­¨ç­ë© á«®© áâ¥¯¥­­�®© ¦¨¤ª®áâ¨
­  ¯«®áª®© ¯« áâ¨­¥ (w | äã­ªæ¨ï â®ª , x ¨ y | ¯à®¤®«ì­ ï ¨ ¯®¯¥à¥ç­ ï ª®®à¤¨­ âë, n |
à¥®«®£¨ç¥áª¨© ¯ à ¬¥âà; §­ ç¥­¨¥ n = 1 á®®â¢¥âáâ¢ã¥â ­ìîâ®­®¢áª®© ¦¨¤ª®áâ¨).

�®¨áª â®ç­®£® à¥è¥­¨ï ¢¨¤ 
w = w(z), z = ϕ(x)y + ψ(x)

¯à¨¢®¤¨â ª à ¢¥­áâ¢ã ϕ′x(w′z)2 =f(x)ϕ2n+m−3(w′′zz)n−1w
(m)
z , ª®â®à®¥ ­¥ § ¢¨á¨â ®â äã­ªæ¨¨ ψ.

� §¤¥«ïï ¯¥à¥¬¥­­ë¥ ¨ ¨­â¥£à¨àãï, ¯®«ãç¨¬

ϕ(x) =
[∫

f(x) dx + C
] 1

4−2n−m
, ψ(x)|¯à®¨§¢®«ì­ ,

  äã­ªæ¨ï w = w(z) ®¯à¥¤¥«ï¥âáï ¯ãâ¥¬ à¥è¥­¨ï ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥-
­¨ï (w′z)2 = (4− 2n−m)(w′′zz)n−1w

(m)
z .

�à¨¬¥à 8. � áá¬®âà¨¬ ãà ¢­¥­¨¥
∂n+1w

∂xn∂y
= f(w). (9)

�é¥¬ à¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå á¯¥æ¨ «ì­®£® ¢¨¤ 
w = w(z), z = ϕ(y)x + ψ(y). (10)

�®¤áâ ¢¨¬ (10) ¢ (9),   § â¥¬ ¨áª«îç¨¬ x á ¯®¬®éìî ¢ëà ¦¥­¨ï ¤«ï z. � à¥§ã«ìâ â¥ ¯®á«¥
¤¥«¥­¨ï ­  w

(n+1)
z ¨ ¯¥à¥£àã¯¯¨à®¢ª¨ ç«¥­®¢ ¯®«ãç¨¬ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥

ãà ¢­¥­¨¥ á ¤¢ã¬ï  à£ã¬¥­â ¬¨:

ϕnψ′y − ϕn−1ψϕ′y + ϕn−1ϕ′y

(
z + n

w
(n)
z

w
(n+1)
z

)
− f(w)

w
(n+1)
z

= 0. (11)

�­® á¢®¤¨âáï ª âà¥åç«¥­­®¬ã ¡¨«¨­¥©­®¬ã äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î, ª®â®à®¥ ¨¬¥¥â ¤¢ 
à¥è¥­¨ï (á¬. à §¤. 4.5). � á®®â¢¥âáâ¢¨¨ á íâ¨¬ à áá¬®âà¨¬ ¤¢  á«ãç ï.
1◦. � ¯¥à¢®¬ á«ãç ¥ ¢ëà ¦¥­¨¥ ¢ ªàã£«ëå áª®¡ª å ¨ ¯®á«¥¤­îî ¤à®¡ì ¢ (11) ¯à¨à ¢­¨¢ ¥¬ ª
ª®­áâ ­â ¬. � à¥§ã«ìâ â¥ ¯®á«¥ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç¨¬

(z − C1)w(n+1)
z + nw(n)

z = 0,

C2w
(n+1)
z − f(w) = 0,

ϕnψ′y − ϕn−1ψϕ′y + C1ϕ
n−1ϕ′y − C2 = 0,

£¤¥ C1 ¨ C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®« £ ï C1 = 0 (íâ® á®®â¢¥âáâ¢ã¥â á¤¢¨£ã ¯® z ¨
¯¥à¥®¡®§­ ç¥­¨î äã­ªæ¨¨ ψ) ¨ ¨­â¥£à¨àãï, ¨¬¥¥¬

w = A ln |z|+ Bn−1z
n−1 + · · ·+ B1z + B0,

f(w) = AC2n!(−1)nz−n−1,

ψ(y) = C2ϕ(y)
∫

dy

[ϕ(y)]n+1 + C3ϕ(y),
(12)

£¤¥ A, Bm, C3 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, ϕ(y)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï.
�¥à¢ë¥ ¤¢¥ ä®à¬ã«ë ¢ (12) ¤ îâ ¯ à ¬¥âà¨ç¥áª®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï äã­ªæ¨¨ f(w). �

ç áâ­®¬ á«ãç ¥ ¯à¨ Bn−1 = · · · = B0 = 0 ¯®á«¥ ¨áª«îç¥­¨ï z ¯à¨å®¤¨¬ ª íªá¯®­¥­æ¨ «ì­®©
§ ¢¨á¨¬®áâ¨

f(w) = αeβw, α = AC2n! (−1)n, β = −(n + 1)/A.

� á¨«ã (12) á®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (9) ¡ã¤¥â ¨¬¥âì äã­ªæ¨®­ «ì­ë© ¯à®¨§¢®«.
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2◦. �® ¢â®à®¬ á«ãç ¥ (11) à á¯ ¤ ¥âáï ­  âà¨ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨ï:

ϕn−1ϕ′y = C1,

ϕnψ′y − ϕn−1ψϕ′y = C2,

(C1z + C2)w(n+1)
z + C1nw(n)

z − f(w) = 0,

(13)

£¤¥ C1 ¨ C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �¥è¥­¨ï ¤¢ãå ¯¥à¢ëå ãà ¢­¥­¨© ¨¬¥îâ ¢¨¤

ϕ = (C1nt + C3)1/n, ψ = C4(C1nt + C3)1/n − C2
C1

.

�â¨ ä®à¬ã«ë ¢¬¥áâ¥ á ¯®á«¥¤­¨¬ ãà ¢­¥­¨¥¬ (13) ¤ îâ  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ¢¨¤  (10).

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 5.2.1
�¨¦¥ äã­ªæ¨¨ f , g, h ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î.
1. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå á¯¥æ¨ «ì­®£® ¢¨¤  ­¥«¨­¥©­®£®
ãà ¢­¥­¨ï ¯¥à¢®£® ¯®àï¤ª :

wt = f(w)wx + g(w).
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥
a) w = w(z), z = ϕ(t)x + ψ(t),
b) w = w(z), z = ϕ(x)t + ψ(x).

2. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå á¯¥æ¨ «ì­®£® ¢¨¤  ­¥«¨­¥©­®£®
ãà ¢­¥­¨ï ¯¥à¢®£® ¯®àï¤ª :

wt = f(w)w2
x + g(w).

�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥
a) w = w(z), z = ϕ(t)x + ψ(t),
b) w = w(z), z = ϕ(t)x2 + ψ(t).

3. �®¤à®¡­® à áá¬®âà¥âì ¨ ¯à®¤¥« âì ¢á¥ ­¥®¡å®¤¨¬ë¥ ¢ëª« ¤ª¨ ¢ ¯à¨¬¥à å 2{5.
4. � ©â¨ à¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë ­¥«¨­¥©­ëå ãà ¢­¥­¨©:

a) wt = [f(w)wx]x + g(w)wx,
b) wt = [f(w)wx]x + g(w)wx + h(w).
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), £¤¥ z = ϕ(t)x + ψ(t).

5. � ©â¨ à¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨:
wt = [f(w)wn

x ]x + g(w).
�ª § ­¨¥. �¥è¥­¨¥ ¨áª âì ¢ ¢¨¤¥ w = w(z), £¤¥ z = ϕ(t)x + ψ(t).

6. � ©â¨ à¥è¥­¨ï â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë ­¥«¨­¥©­ëå ãà ¢­¥­¨© âà¥âì¥£® ¯®àï¤ª :
a) wt = f(w)wxxx + g(w),
b) wt = f(w)wxxx + g(w)wx,
c) wt = [f(w)wxx]x + g(w),
d) wt = [f(w)wxx]x + g(w)wx.

7. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå á¯¥æ¨ «ì­®£® ¢¨¤  ­¥«¨­¥©­ëå
ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨:

a) wt = [f(w)wx]x + g(w),
b) wt = x−n[xnf(w)wx]x + g(w),
c) wt = awxx + bxwx + f(w).
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), £¤¥ z = ϕ(t)x2 + ψ(t).

N �¨â¥à âãà  ª à §¤. 5.2.1: �. �. �®«ï­¨­, �. �. �ãà®¢ (1998, 2002), �. �. �®«ï­¨­,
�. �. � ©æ¥¢ (2002), A. D. Polyanin (2002), A. D. Polyanin, V. F. Zaitsev (2004).

5.2.2. �¥è¥­¨¥ ¯ãâ¥¬ á¢¥¤¥­¨ï ª ãà ¢­¥­¨ï¬ á ª¢ ¤à â¨ç­®© ­¥«¨­¥©­®áâìî
� àï¤¥ á«ãç ¥¢ ¯®¨áª à¥è¥­¨ï ¢ ¢¨¤¥ (1) ã¤ ¥âáï ¯à®¢¥áâ¨ ¢ ¤¢  íâ ¯ .
�­ ç «  ¨é¥âáï ¯à¥®¡à §®¢ ­¨¥, á¢®¤ïé¥¥ ¨áå®¤­®¥ ãà ¢­¥­¨¥ ª ãà ¢­¥­¨î á
ª¢ ¤à â¨ç­®© (¨­®£¤  áâ¥¯¥­­�®©) ­¥«¨­¥©­®áâìî. � â¥¬ à¥è¥­¨¥ ¯®«ãç¥­­®£®
ãà ¢­¥­¨ï ¨é¥âáï ¬¥â®¤ ¬¨, ®¯¨á ­­ë¬¨ ¢ à §¤. 4.3{4.6.
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�à ¢­¥­¨ï á ª¢ ¤à â¨ç­®© ­¥«¨­¥©­®áâìî ¨­®£¤  ã¤ ¥âáï ¯®«ãç¨âì á ¯®-
¬®éìî ¯®¤áâ ­®¢®ª ¢¨¤  w = F (z). � ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¥ ¯®¤áâ ­®¢ª¨
¨¬¥îâ ¢¨¤:

w = zλ (¤«ï ãà ¢­¥­¨© á® áâ¥¯¥­­®© ­¥«¨­¥©­®áâìî),
w = λ ln z (¤«ï ãà ¢­¥­¨© á íªá¯®­¥­æ¨ «ì­®© ­¥«¨­¥©­®áâìî),
w = eλz (¤«ï ãà ¢­¥­¨© á «®£ à¨ä¬¨ç¥áª®© ­¥«¨­¥©­®áâìî),

£¤¥ λ|¯®áâ®ï­­ ï, ¯®¤«¥¦ é ï ®¯à¥¤¥«¥­¨î. �ª § ­­ë© ¯®¤å®¤ íª¢¨¢ «¥­-
â¥­  ¯à¨®à­®¬ã § ¤ ­¨î ¢¨¤  äã­ªæ¨¨ F (z) ¢ ¢ëà ¦¥­¨¨ (1).

�à¨¬¥à 9. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á ¨áâ®ç­¨ª®¬ «®£ à¨ä¬¨ç¥áª®£® â¨¯ 
∂w

∂t
= a

∂2w

∂x2 + f(t)w ln w

§ ¬¥­®© w = ez á¢®¤¨âáï ª ãà ¢­¥­¨î á ª¢ ¤à â¨ç­®© ­¥«¨­¥©­®áâìî

∂z

∂t
= a

∂2z

∂x2 + a

(
∂z

∂x

)2
+ f(t)z,

ª®â®à®¥ ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 
z = ϕ1(x)ψ1(t) + ϕ2(x)ψ2(t) + ψ3(t),

£¤¥ ϕ1(x) = x2, ϕ2(x) = x,   äã­ªæ¨¨ ψk(t) ®¯¨áë¢ îâáï á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.

�­®£® ­¥«¨­¥©­ëå ãà ¢­¥­¨© à §«¨ç­®£® â¨¯ , á¢®¤ïé¨åáï á ¯®¬®éìî
¯®¤å®¤ïé¨å ¯à¥®¡à §®¢ ­¨© ª ãà ¢­¥­¨ï¬ á ª¢ ¤à â¨ç­®© ­¥«¨­¥©­®áâìî,
®¯¨á ­® ¢ æ¨â¨àã¥¬®© ­¨¦¥ «¨â¥à âãà¥.

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 5.2.2
1. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨
á® áâ¥¯¥­­�®© ­¥«¨­¥©­®áâìî:

a) wt = (wkwx)x + aw1−k,
b) wt = (wkwx)x + aw + bw1−k,
c) wt = (wkwx)x + aw1+k + b + cw1−k.
�ª § ­¨¥. � áá¬ âà¨¢ ¥¬ë¥ ãà ¢­¥­¨ï § ¬¥­®© u=wk á¢¥áâ¨ ª ãà ¢­¥­¨ï¬ á ª¢ ¤à â¨ç­®©

­¥«¨­¥©­®áâìî.
2. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨ á
«®£ à¨ä¬¨ç¥áª®© ­¥«¨­¥©­®áâìî:

a) wt = wxx + aw ln w + b,
b) wt = wxx + aw ln2 w,
c) wt = wxx + aw ln2 w + bw ln w + cw.
�ª § ­¨¥. � áá¬ âà¨¢ ¥¬ë¥ ãà ¢­¥­¨ï § ¬¥­®© w = eu á¢¥áâ¨ ª ãà ¢­¥­¨ï¬ á ª¢ ¤à â¨ç­®©

­¥«¨­¥©­®áâìî.
3. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨ á
íªá¯®­¥­æ¨ «ì­®© ­¥«¨­¥©­®áâìî:

a) wt = (eλwwx)x + a,
b) wt = (eλwwx)x + a + be−λw,
c) wt = (eλwwx)x + aeλw + b + ce−λw.
�ª § ­¨¥. � áá¬ âà¨¢ ¥¬ë¥ ãà ¢­¥­¨ï § ¬¥­®© u = eλw á¢¥áâ¨ ª ãà ¢­¥­¨ï¬ á ª¢ ¤à â¨ç-

­®© ­¥«¨­¥©­®áâìî.

N �¨â¥à âãà  ª à §¤. 5.2.2: �. �. � « ªâ¨®­®¢, �. �. �®á èª®¢ (1989, 1994), V. A. Galak-
tionov (1995), V. A. Galaktionov, S. A. Posashkov, S. R. Svirshchevskii (1995), A. D. Polyanin,
V. F. Zaitsev (2004).
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5.3. �¥â®¤ ¤¨ää¥à¥­æ¨à®¢ ­¨ï
5.3.1. �á­®¢­ë¥ ¨¤¥¨ ¬¥â®¤ . �¥¤ãªæ¨ï ª ãà ¢­¥­¨î áâ ­¤ àâ­®£® ¢¨¤ 
� ®¡é¥¬ á«ãç ¥ ¯®¤áâ ­®¢ª  ¢ëà ¦¥­¨ï (1) ¢ à áá¬ âà¨¢ ¥¬®¥ ­¥«¨-
­¥©­®¥ ãà ¢­¥­¨¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¯à¨¢®¤¨â ª äã­ªæ¨®­ «ì­®-
¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î á âà¥¬ï  à£ã¬¥­â ¬¨ (¯¥à¢ë¥ ¤¢   à£ã¬¥­-
â  | x ¨ y | ®¡ëç­ë¥,   âà¥â¨©  à£ã¬¥­â | z | á«®¦­ë©). �® ¬­®£¨å
á«ãç ïå ¯®«ãç¥­­®¥ ãà ¢­¥­¨¥ ¬¥â®¤®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ã¤ ¥âáï á¢¥áâ¨
ª äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î áâ ­¤ àâ­®£® ¢¨¤  á ¤¢ã¬ï
 à£ã¬¥­â ¬¨ (¨áª«îç ¥âáï ¯¥à¥¬¥­­ ï x ¨«¨ y). �«ï à¥è¥­¨ï ãà ¢­¥­¨ï á
¤¢ã¬ï  à£ã¬¥­â ¬¨ ¨á¯®«ì§ãîâáï ¬¥â®¤ë, ®¯¨á ­­ë¥ ¢ à §¤. 4.3{4.6.

5.3.2. �à¨¬¥àë ¯®áâà®¥­¨ï à¥è¥­¨© á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬
¯¥à¥¬¥­­ëå

� áá¬®âà¨¬ ª®­ªà¥â­ë¥ ¯à¨¬¥àë ¨á¯®«ì§®¢ ­¨ï ¬¥â®¤  ¤¨ää¥à¥­æ¨à®¢ ­¨ï
¤«ï ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© á äã­ªæ¨®­ «ì­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå.

�à¨¬¥à 10. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨
∂w

∂t
= ∂

∂x

[
F(w) ∂w

∂x

]
. (14)

�é¥¬ â®ç­ë¥ à¥è¥­¨ï ¢¨¤ 
w = w(z), z = ϕ(x) + ψ(t). (15)

�®¤áâ ¢¨¬ (15) ¢ (14). �®á«¥ ¤¥«¥­¨ï ­  w′z ¯®«ãç¨¬ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥
ãà ¢­¥­¨¥ á âà¥¬ï ¯¥à¥¬¥­­ë¬¨

ψ′t = ϕ′′xxF(w) + (ϕ′x)2H(z), (16)
£¤¥

H(z) = F(w) w′′zz

w′z
+ F ′z(w), w = w(z). (17)

�¨ää¥à¥­æ¨àãï (16) ¯® x, ¨¬¥¥¬
ϕ′′′xxxF(w) + ϕ′xϕ′′xx[F ′z(w) + 2H(z)] + (ϕ′x)3H ′

z = 0. (18)
�â® äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á ¤¢ã¬ï ¯¥à¥¬¥­­ë¬¨ ¬®¦­® à áá¬ âà¨¢ âì
ª ª äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (58) ¨§ à §¤. 4.5, ª®â®à®¥ ¨¬¥¥â ¤¢  à §«¨ç­ëå à¥è¥­¨ï. �®íâ®¬ã
­ ¤® à áá¬®âà¥âì ¤¢  á«ãç ï.

�«ãç © 1. �¥è¥­¨ï äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (18) ®¯à¥¤¥«ïîâáï ¨§
á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

F ′z + 2H = 2A1F , H ′
z = A2F ,

ϕ′′′xxx + 2A1ϕ
′
xϕ′′xx + A2(ϕ′x)3 = 0,

(19)

£¤¥ A1 ¨ A2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï (19) «¨­¥©­ë ¨ ­¥ § ¢¨áïâ ®â âà¥âì¥£® ãà ¢­¥­¨ï. �å ®¡é¥¥ à¥è¥­¨¥

¨¬¥¥â ¢¨¤

F=





eA1z(B1e
kz+B2e

−kz) ¯à¨ A2
1>2A2,

eA1z(B1+B2z) ¯à¨ A2
1=2A2,

eA1z[B1 sin(kz)+B2 cos(kz)] ¯à¨ A2
1<2A2,

H =A1F− 1
2F ′z, k=

√
|A2

1−2A2|.

(20)
�®¤áâ ¢¨¬ ¢ëà ¦¥­¨¥ ¤«ï H ¨§ (20) ¢ (17). �®«ãç¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¤«ï

®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ w = w(z). � à¥§ã«ìâ â¥ ¨­â¥£à¨à®¢ ­¨ï ¨¬¥¥¬

w = C1

∫
eA1z|F(z)|−3/2dz + C2, (21)
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£¤¥ C1 ¨ C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®à¬ã«  (20) ¤«ï F ¢¬¥áâ¥ á ¢ëà ¦¥­¨¥¬ (21) § ¤ îâ
§ ¢¨á¨¬®áâì F = F(w) ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥.

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ á«ãç © A2 = 0 ¨ A1 6= 0 (k = |A1|). �§ ä®à¬ã« (20) ¨ (21) ¯®«ãç¨¬

F(z) = B1e
2A1z + B2, H = A1B2,

w(z) = C3(B1 + B2e
−2A1z)−1/2 + C2 (C1 = A1B2C3).

(22)

�áª«îç ï z, ¨¬¥¥¬
F(w) = B2C2

3
C2

3 −B1w2 . (23)

�¥à¢ë© ¨­â¥£à « ¯®á«¥¤­¥£® ãà ¢­¥­¨ï (19) ¯à¨ A2 = 0 ¨¬¥¥â ¢¨¤ ϕ′′xx + A1(ϕ′x)2 = const,  
¥£® ®¡é¥¥ à¥è¥­¨¥ ®¯¨áë¢ ¥âáï ä®à¬ã« ¬¨

ϕ(x) = − 1
2A1

ln
[

D2
D1

1
sh2(

A1
√

D2 x + D3
)

]
¯à¨ D1 > 0, D2 > 0;

ϕ(x) = − 1
2A1

ln
[
− D2

D1

1
cos2(

A1
√−D2 x + D3

)
]

¯à¨ D1 > 0, D2 < 0;

ϕ(x) = − 1
2A1

ln
[
− D2

D1

1
ch2(

A1
√

D2 x + D3
)

]
¯à¨ D1 < 0, D2 > 0,

(24)

£¤¥ D1, D2, D3 |¯®áâ®ï­­ë¥ ¨­â¥£à¨à®¢ ­¨ï. �® ¢á¥å âà¥å á«ãç ïå ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

(ϕ′x) = D1e
−2A1ϕ + D2, ϕ′′xx = −A1D1e

−2A1ϕ. (25)
�®¤áâ ¢¨¬ ¢ëà ¦¥­¨ï (22) ¨ (25) ¢ ¨áå®¤­®¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥-

­¨¥ (16). �ç¨âë¢ ï ¢¨¤ ¯¥à¥¬¥­­®© z (15), ¯®«ãç¨¬ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ ψ = ψ(t):

ψ′t = −A1B1D1e
2A1ψ + A1B2D2.

�­â¥£à¨àãï, ­ å®¤¨¬ à¥è¥­¨¥

ψ(t) = 1
2A1

ln B2D2
D4 exp(−2A2

1B2D2t) + B1D1
, (26)

£¤¥ D4 |¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
�®à¬ã«ë (15), (22) (¤«ï w), (24), (26) ®¯à¥¤¥«ïîâ âà¨ à¥è¥­¨ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï (14)

á äã­ªæ¨¥© F(w) ¢¨¤  (23) [­ ¯®¬­¨¬, çâ® íâ¨ à¥è¥­¨ï á®®â¢¥âáâ¢ãîâ ç áâ­®¬ã á«ãç î A2 = 0
¢ (20) ¨ (21)].

�«ãç © 2. �¥è¥­¨ï äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (18) ®¯à¥¤¥«ïîâáï ¨§
á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′′xxx = A1(ϕ′x)3, ϕ′xϕ′′xx = A2(ϕ′x)3,

A1F + A2(F ′z + 2H) + H ′
z = 0.

(27)

�¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï (27) á®¢¬¥áâ­ë ¢ ¤¢ãå á«ãç ïå:
A1 = A2 = 0 =⇒ ϕ(x) = B1x + B2,

A1 = 2A2
2 =⇒ ϕ(x) = − 1

A2
ln |B1x + B2|. (28)

�¥à¢®¥ à¥è¥­¨¥ ¢ (28) ¢ ª®­¥ç­®¬ ¨â®£¥ ¯à¨¢®¤¨â ª à¥è¥­¨î ãà ¢­¥­¨ï (14) â¨¯  ¡¥£ãé¥©
¢®«­ë w = w(B1x + B2t),   ¢â®à®¥ à¥è¥­¨¥|ª  ¢â®¬®¤¥«ì­®¬ã à¥è¥­¨î ¢¨¤  w = w̃(x2/t).
� íâ¨å á«ãç ïå äã­ªæ¨ï F(w) ¢ ãà ¢­¥­¨¨ (14) ¯à®¨§¢®«ì­ .

� ¬¥ç ­¨¥. �®«¥¥ ®¡é¥¥ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨
∂w

∂t
= ∂

∂x

[
F(w) ∂w

∂x

]
+ G(w)

â ª¦¥ ¨¬¥¥â à¥è¥­¨¥ ¢¨¤  (15). �«ï ¨áª®¬ëå äã­ªæ¨© ϕ(x) ¨ ψ(t) ¯à¨å®¤¨¬ ª äã­ªæ¨®­ «ì­®-
¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î á âà¥¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨

ψ′t = ϕ′′xxF(w) + (ϕ′x)2H(z) + G(w)/w′z,
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£¤¥ äã­ªæ¨ï H(z) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (17). �¨ää¥à¥­æ¨àãï ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¯® x,
¯®«ãç¨¬

ϕ′′′xxxF(w) + ϕ′xϕ′′xx[F ′z(w) + 2H(z)] + (ϕ′x)3H ′
z + ϕ′x[G(w)/w′z]′z = 0.

�â® äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ ¬®¦-
­® âà ªâ®¢ âì ª ª ¡¨«¨­¥©­®¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (60) ¨§ à §¤. 4.5 á �1 = ϕ′′′xxx,
�2 = ϕ′xϕ′′xx, �3 = (ϕ′x)3, �4 = ϕ′x.

�à¨¬¥à 11. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ �«¥©­ |�®à¤®­ 
∂2w

∂t2
− ∂2w

∂x2 = F(w). (29)

�é¥¬ â®ç­ë¥ à¥è¥­¨ï ¢ ¢¨¤¥
w = w(z), z = ϕ(x) + ψ(t). (30)

�®¤áâ ¢¨¢ ¢ëà ¦¥­¨¥ (30) ¢ (29), ¯®«ãç¨¬
ψ′′tt − ϕ′′xx +

[
(ψ′t)2 − (ϕ′x)2] g(z) = h(z), (31)

£¤¥
g(z) = w′′zz/w′z, h(z) = F(

w(z)
)
/w′z. (32)

�à®¤¨ää¥à¥­æ¨à®¢ ¢ ãà ¢­¥­¨¥ (31) á­ ç «  ¯® t,   § â¥¬ ¯® x ¨ à §¤¥«¨¢ ­  ψ′tϕ
′
x, ¨¬¥¥¬

2(ψ′′tt − ϕ′′xx) g′z +
[
(ψ′t)2 − (ϕ′x)2] g′′zz = h′′zz.

�áª«îç ï ψ′′tt − ϕ′′xx ¨§ íâ®£® ãà ¢­¥­¨ï á ¯®¬®éìî (31), ¯®«ãç¨¬
[
(ψ′t)2 − (ϕ′x)2](g′′zz − 2gg′z) = h′′zz − 2g′zh. (33)

�â® à ¢¥­áâ¢® ¬®¦¥â ¢ë¯®«­ïâìáï â®«ìª® ¢ ¤¢ãå á«ãç ïå:
1) g′′zz−2gg′z = 0, h′′zz−2g′zh = 0;
2) (ψ′t)2 = Aψ+B, (ϕ′x)2 = −Aϕ+B−C, h′′zz−2g′zh = (Az +C)(g′′zz−2gg′z),

(34)

£¤¥ A, B, C |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. � áá¬®âà¨¬ íâ¨ á«ãç ¨ ¯® ¯®àï¤ªã.
�«ãç © 1. �¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï (34) ¯®§¢®«ïîâ ­ ©â¨ g(z) ¨ h(z). �­â¥£à¨àãï, ¨§ ¯¥à¢®£®

ãà ¢­¥­¨ï ¨¬¥¥¬ g′z = g2 + const. �­â¥£à¨àãï ¤ «¥¥, ¯®«ãç¨¬
g = k, (35a)
g = −1/(z + C1), (35b)
g = −k th(kz + C1), (35c)
g = −k cth(kz + C1), (35d)
g = k tg(kz + C1), (35e)

£¤¥ C1 ¨ k |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�â®à®¥ ãà ¢­¥­¨¥ (34) ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥ h = g(z). �®íâ®¬ã ¥£® ®¡é¥¥ à¥è¥­¨¥

®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (�. �. � ©æ¥¢, �. �. �®«ï­¨­, 2001a)

h = C2g(z) + C3g(z)
∫

dz

g2(z)
, (36)

£¤¥ C2 ¨ C3 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�§ á®®â­®è¥­¨© (32) ®¯à¥¤¥«ïîâáï äã­ªæ¨¨ w(z) ¨ F(w) ¢ ¢¨¤¥

w(z) = B1

∫
G(z) dz + B2, F(w) = B1h(z)G(z), £¤¥ G(z) = exp

[∫
g(z) dz

]
, (37)

B1 ¨ B2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (äã­ªæ¨ï F § ¤ ­  ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥).
�áá«¥¤ã¥¬ ¯®¤à®¡­¥¥ á«ãç © (35b). �®£« á­® (36) ­ å®¤¨¬

h = A1(z + C1)2 + A2
z + C1

, (38)

£¤¥ A1 = −C3/3, A2 = −C2 |«î¡ë¥. �®¤áâ ¢«ïï ¢ëà ¦¥­¨ï (35b) ¨ (38) ¢ (37), ¯®«ãç¨¬

w = B1 ln |z + C1|+ B2, F = A1B1(z + C1) + A2B1
(z + C1)2 .
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������� 3
�¥«¨­¥©­ë¥ ãà ¢­¥­¨ï wtt − wxx = F(w), ¤®¯ãáª îé¨¥ â®ç­ë¥ à¥è¥­¨ï á

äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤  w = w(z), £¤¥ z = ϕ(x) + ψ(t).
�¡®§­ ç¥­¨ï: A, C1, C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥; σ = 1 ¯à¨ z > 0, σ = −1 ¯à¨ z < 0

ò �à ¢ ï ç áâì ãà ¢­¥­¨ï F(w) �¥è¥­¨¥ w(z) �à ¢­¥­¨ï ¤«ï ψ(t) ¨ ϕ(x)

1 aw ln w+bw ez
(ψ′t)2 = C1e

−2ψ +aψ− 1
2 a+b+A,

(ϕ′x)2 = C2e
−2ϕ−aϕ+ 1

2 a+A

2 aew +be−2w ln |z| (ψ′t)2 = 2aψ3+Aψ2+C1ψ+C2,

(ϕ′x)2 =−2aϕ3+Aϕ2−C1ϕ+C2+b

3 a sin w+b
(

sin w ln tg w

4
+2 sin w

4
)

4 arctg ez (ψ′t)2 = C1e
2ψ +C2e

−2ψ +bψ+a+A,

(ϕ′x)2 =−C2e
2ϕ−C1e

−2ϕ−bϕ+A

4 a sh w+b
(

sh w ln th w

4
+2 sh w

2
)

2 ln
∣∣∣cth z

2

∣∣∣ (ψ′t)2 = C1e
2ψ +C2e

−2ψ−σbψ+a+A,

(ϕ′x)2 = C2e
2ϕ+C1e

−2ϕ+σbϕ+A

5 a sh w+2b
(

sh w arctg ew/2+ch w

2
)

2 ln
∣∣∣tg z

2

∣∣∣ (ψ′t)2 = C1 sin 2ψ+C2 cos 2ψ+σbψ+a+A,

(ϕ′x)2 =−C1 sin 2ϕ+C2 cos 2ϕ−σbϕ+A

�áª«îç ï ¨§ íâ¨å á®®â­®è¥­¨© z, ­ å®¤¨¬ ï¢­ë© ¢¨¤ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (29):

F(w) = A1B1e
u + A2B1e

−2u, £¤¥ u = w −B2
B1

. (39)

�«ï ­ £«ï¤­®áâ¨ ¤ «¥¥ ¯®« £ ¥¬ C1 = 0, B1 = 1, B2 = 0 ¨ ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï A1 = a, A2 = b.
� ª¨¬ ®¡à §®¬, ¨¬¥¥¬

w(z) = ln |z|, F(w) = aew + be−2w, g(z) = −1/z, h(z) = az2 + b/z. (40)
�áâ «®áì ®¯à¥¤¥«¨âì äã­ªæ¨¨ ψ(t) ¨ ϕ(x). �®¤áâ ¢¨¬ ¢ëà ¦¥­¨ï (40) ¢ äã­ªæ¨®­ «ì­®-

¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (31). �ç¨âë¢ ï § ¢¨á¨¬®áâì (30), ¯®á«¥ í«¥¬¥­â à­ëå ¯à¥®¡à -
§®¢ ­¨© ¯®«ãç¨¬
[ψ′′ttψ− (ψ′t)2 − aψ3 − b]− [ϕ′′xxϕ− (ϕ′x)2 + aϕ3] + (ψ′′tt − 3aψ2)ϕ−ψ(ϕ′′xx + 3aϕ2) = 0. (41)

�¨ää¥à¥­æ¨àãï (41) ¯® t ¨ x, ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨*
(ψ′′′ttt − 6aψψ′t)ϕ′x − (ϕ′′′xxx + 6aϕϕ′x)ψ′t = 0,

à¥è¥­¨¥ ª®â®à®£® ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬¨ ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨-
ï¬¨

ψ′′′ttt − 6aψψ′t = Aψ′t,

ϕ′′′xxx + 6aϕϕ′x = Aϕ′x,

£¤¥ A|ª®­áâ ­â  à §¤¥«¥­¨ï. � ¦¤®¥ ¨§ íâ¨å ãà ¢­¥­¨© ¬®¦­® ¤¢  à §  ¯à®¨­â¥£à¨à®¢ âì:
(ψ′t)2 = 2aψ3 + Aψ2 + C1ψ + C2,

(ϕ′x)2 = −2aϕ3 + Aϕ2 + C3ϕ + C4,
(42)

£¤¥ C1, C2, C3, C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �áª«îç ï á ¯®¬®éìî (42) ¯à®¨§¢®¤­ë¥ ¨§
ãà ¢­¥­¨ï (41), ­ å®¤¨¬ á¢ï§¨ ¬¥¦¤ã ª®­áâ ­â ¬¨: C3 = −C1, C4 = C2 + b. � ª¨¬ ®¡à §®¬,
äã­ªæ¨¨ ψ(t) ¨ ϕ(x) ®¯¨áë¢ îâáï  ¢â®­®¬­ë¬¨ ãà ¢­¥­¨ï¬¨ ¯¥à¢®£® ¯®àï¤ª  á ªã¡¨ç¥áª®©
­¥«¨­¥©­®áâìî

(ψ′t)2 = 2aψ3 + Aψ2 + C1ψ + C2,

(ϕ′x)2 = −2aϕ3 + Aϕ2 − C1ϕ + C2 + b.

�¥è¥­¨ï íâ¨å ãà ¢­¥­¨© ¢ëà ¦ îâáï ç¥à¥§ í««¨¯â¨ç¥áª¨¥ äã­ªæ¨¨.
�«ï ®áâ «ì­ëå á«ãç ¥¢ ¢ (35) ¨áá«¥¤®¢ ­¨¥ ¯à®¢®¤¨âáï  ­ «®£¨ç­ë¬ ®¡à §®¬. �¥§ã«ìâ âë

 ­ «¨§  ¤«ï á«ãç ¥¢ (35a){(35e) á¢¥¤¥­ë ¢ ¨â®£®¢®© â ¡«. 3.

* �«ï à¥è¥­¨ï ãà ¢­¥­¨ï (41) ¯à®é¥ ¢á¥£® ¨á¯®«ì§®¢ âì à¥§ã«ìâ âë à¥è¥­¨ï äã­ªæ¨®­ «ì-
­®£® ãà ¢­¥­¨ï (60) ¨§ à §¤. 4.5 [á¬. ä®à¬ã«ë (61){(62)].
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������� 4
�¥«¨­¥©­ë¥ ãà ¢­¥­¨ï wxx + wyy = F(w), ¤®¯ãáª îé¨¥ â®ç­ë¥ à¥è¥­¨ï

á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤  w = w(z), £¤¥ z = ϕ(x) + ψ(y).
�¡®§­ ç¥­¨ï: A, C1, C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥; σ = 1 ¯à¨ z > 0, σ = −1 ¯à¨ z < 0

ò �à ¢ ï ç áâì ãà ¢­¥­¨ï �(w) �¥è¥­¨¥ w(z) �à ¢­¥­¨ï ¤«ï ϕ(x) ¨ ψ(y)

1 aw ln w+bw ez
(ϕ′x)2 = C1e

−2ϕ+aϕ− 1
2 a+b+A,

(ψ′y)2 = C2e
−2ψ +aψ− 1

2 a−A

2 aew +be−2w ln |z| (ϕ′x)2 = 2aϕ3+Aϕ2+C1ϕ+C2,

(ψ′y)2 = 2aψ3−Aψ2+C1ψ−C2−b

3 a sin w+b
(

sin w ln tg w

4
+2 sin w

4
)

4 arctg ez
(ϕ′x)2 = C1e

2ϕ+C2e
−2ϕ+bϕ+a+A,

(ψ′y)2 = C2e
2ψ +C1e

−2ψ +bψ−A

4 a sh w+b
(

sh w ln th w

4
+2 sh w

2
)

2 ln
∣∣∣cth z

2

∣∣∣ (ϕ′x)2 = C1e
2ϕ+C2e

−2ϕ−σbϕ+a+A,

(ψ′y)2 =−C2e
2ψ−C1e

−2ψ−σbψ−A

5 a sh w+2b
(

sh w arctg ew/2+ch w

2
)

2 ln
∣∣∣tg z

2

∣∣∣ (ϕ′x)2 = C1 sin 2ϕ+C2 cos 2ϕ+σbϕ+a+A,

(ψ′y)2 = C1 sin 2ψ−C2 cos 2ψ+σbψ−A

�«ãç © 2. �­â¥£à¨àãï ¯¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï (34) (¤«ï ¢â®à®£® á«ãç ï), ¨¬¥¥¬ ¤¢  à¥è¥­¨ï:

ψ = ±
√

B t + D1, ϕ = ±√B − C t + D2 ¯à¨ A = 0;

ψ = 1
4A

(At + D1)2 − B

A
, ϕ = − 1

4A
(Ax + D2)2 + B − C

A
¯à¨ A 6= 0;

(43)

£¤¥ D1 ¨ D2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. � ®¡®¨å á«ãç ïå äã­ªæ¨ï F(w) ¢ ãà ¢­¥­¨¨ (29)
ï¢«ï¥âáï ¯à®¨§¢®«ì­®©. �¥à¢®¥ à¥è¥­¨¥ (43) á®®â¢¥âáâ¢ã¥â à¥è¥­¨î â¨¯  ¡¥£ãé¥© ¢®«­ë
w = w(kx + λt),   ¢â®à®¥ ¯à¨¢®¤¨â ª à¥è¥­¨î ¢¨¤  w = w(x2 − t2).

�à¨¬¥à 12. �¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ (¤¨ääã§¨¨)
∂2w

∂x2 + ∂2w

∂y2 = F(w)

¨áá«¥¤ã¥âáï â®ç­® â ª ¦¥, ª ª ¨ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ �«¥©­  | �®à¤®­  (á¬. ¯à¨¬¥à 11).
�á­®¢­ë¥ à¥§ã«ìâ âë ¯à¨¢¥¤¥­ë ¢ ¨â®£®¢®© â ¡«. 4 [®¯ãé¥­ë à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë
w = w(kx + λt) ¨ à¥è¥­¨¥ ¢¨¤  w = w(x2 + y2), ª®â®àë¥ ¨¬¥îâáï ¤«ï «î¡®© F(w)].

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 5.3
1. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¯¥à¢®£®
¯®àï¤ª :

a) wt = f(w)wx + g(w),
b) wt = f(w)w2

x + g(w),
c) w2

t = f(w)w2
x + g(w).

�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), z = ϕ(x) + ψ(t).
2. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®-
¯à®¢®¤­®áâ¨:

a) wt = [f(w)wx]x + g(w),
b) wt = [f(w)wx]x + g(w)wx.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), z = ϕ(x) + ψ(t) (¤«ï ¯¥à¢®£® ãà ¢­¥­¨ï á¬.

â ª¦¥ § ¬¥ç ­¨¥ ¢ ª®­æ¥ ¯à¨¬¥à  10).
3. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®-
¯à®¢®¤­®áâ¨:

a) wt = x−n[xnf(w)wx]x,
b) wt = x−n[xnf(w)wx]x + g(w).
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), z = ϕ(x) + ψ(t).
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4. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¯ à -
¡®«¨ç¥áª®£® â¨¯ :

a) wt = [f(w)wn
x ]x,

b) wt = [f(w)wn
x ]x + g(w).

�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), z = ϕ(x) + ψ(t).
5. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© £¨¯¥à-
¡®«¨ç¥áª®£® â¨¯ :

a) wxy = f(w),
b) wxy = wxwyf(w),
c) wxy = wn

xf(w),
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), z = ϕ(x) + ψ(y).

N �¨â¥à âãà  ª à §¤. 5.3: A. M. Grundland, E. Infeld (1992), J. Miller (Jr.), L. A. Rubel
(1993), R. Z. Zhdanov (1994), �. �. �­¤à¥¥¢, �. �. � ¯æ®¢, �. �. �ãå­ ç¥¢, �. �. �®¤¨®­®¢
(1994), P. W. Doyle, P. J. Vassiliou (1998), P. G. Est�evez, C. Qu, S. Zhang (2002), �. �. �®«ï­¨­,
�. �. � ©æ¥¢ (2002), A. D. Polyanin, V. F. Zaitsev (2004).

5.4. �¥â®¤ à áé¥¯«¥­¨ï. �¥¤ãªæ¨ï ª äã­ªæ¨®­ «ì­®¬ã
ãà ¢­¥­¨î á ¤¢ã¬ï ¯¥à¥¬¥­­ë¬¨

5.4.1. �¥â®¤ à áé¥¯«¥­¨ï. �¥¤ãªæ¨ï ª äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î
áâ ­¤ àâ­®£® ¢¨¤ 

�¡é ï ¯à®æ¥¤ãà  ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨-
¥¬ ¯¥à¥¬¥­­ëå, ®á­®¢ ­­ ï ­  ¬¥â®¤¥ à áé¥¯«¥­¨ï, á®áâ®¨â ¨§ ­¥áª®«ìª¨å
íâ ¯®¢, ªà âª® ®¯¨á ­­ëå ­¨¦¥.
1◦. �ëà ¦¥­¨¥ (1) ¯®¤áâ ¢«ï¥âáï ¢ à áá¬ âà¨¢ ¥¬®¥ ­¥«¨­¥©­®¥ ãà ¢­¥-
­¨¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨. � à¥§ã«ìâ â¥ ¯®«ãç ¥âáï äã­ªæ¨®­ «ì­®-
¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á âà¥¬ï  à£ã¬¥­â ¬¨ (¯¥à¢ë¥ ¤¢   à£ã¬¥­â  |
x ¨ y |®¡ëç­ë¥,   âà¥â¨©  à£ã¬¥­â| z |á«®¦­ë©).
2◦. �ã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á ¯®¬®éìî í«¥¬¥­â à­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ¯®¤áâ ­®¢®ª (®á­®¢ ­­ëå ­  ¢ë¤¥«¥­¨¨ ¢¥«¨ç¨­, á®¤¥à-
¦ é¨å ¨áª®¬ë¥ äã­ªæ¨¨ ¨ ¨å ¯à®¨§¢®¤­ë¥ ®¤­®£®  à£ã¬¥­â ) á¢®¤¨âáï ª
ç¨áâ® äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î á âà¥¬ï  à£ã¬¥­â ¬¨ x, y, z.
3◦. �ã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ á âà¥¬ï  à£ã¬¥­â ¬¨ ¬¥â®¤®¬ ¤¨ää¥à¥­æ¨-
à®¢ ­¨ï á¢®¤¨âáï ª äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î áâ ­¤ àâ­®£® ¢¨¤  á ¤¢ã¬ï
 à£ã¬¥­â ¬¨ (¨áª«îç ¥âáï ¯¥à¥¬¥­­ ï x ¨«¨ y), ª®â®à®¥ à áá¬ âà¨¢ «®áì ¢
à §¤. 4.2.
4◦. �âà®¨âáï à¥è¥­¨¥ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï á ¤¢ã¬ï  à£ã¬¥­â ¬¨ ¨§
¯. 3◦ (¨á¯®«ì§ãîâáï ä®à¬ã«ë, ¯à¨¢¥¤¥­­ë¥ ¢ à §¤. 4.5).
5◦. �®«ãç¥­­®¥ ¢ ¯. 4◦ à¥è¥­¨¥ ¢¬¥áâ¥ á ¨á¯®«ì§®¢ ­­ë¬¨ ¢ ¯. 2◦ ¤¨ää¥-
à¥­æ¨ «ì­ë¬¨ ¯®¤áâ ­®¢ª ¬¨ ®¡à §ã¥â á¨áâ¥¬ã (®¡ëç­® ¯¥à¥®¯à¥¤¥«¥­­ãî)
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �âà®¨âáï à¥è¥­¨¥ íâ®© á¨áâ¥-
¬ë.
6◦. �¥è¥­¨¥ á¨áâ¥¬ë ¨§ ¯. 5◦ ¯®¤áâ ¢«ï¥âáï ¢ ¨áå®¤­®¥ äã­ªæ¨®­ «ì­®-
¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¨§ ¯. 1◦. � à¥§ã«ìâ â¥ ®¯à¥¤¥«ïîâáï á¢ï§¨ ¬¥¦¤ã
¯®áâ®ï­­ë¬¨ ¨­â¥£à¨à®¢ ­¨ï ¨ ­ å®¤ïâáï ¢á¥ ¨áª®¬ë¥ ¢¥«¨ç¨­ë.
7◦. �â¤¥«ì­® à áá¬ âà¨¢ îâáï ¢®§¬®¦­ë¥ ¢ëà®¦¤¥­­ë¥ á«ãç ¨ (¢®§­¨ª î-
é¨¥ ¯à¨ ­ àãè¥­¨¨ ¨á¯®«ì§®¢ ­­ëå ¯à¨ à¥è¥­¨¨ ¯à¥¤¯®«®¦¥­¨©).
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� ¬¥ç ­¨¥. � ¨¡®«¥¥ á«®¦­®© ï¢«ï¥âáï âà¥âìï áâ ¤¨ï, ª®â®àãî ­¥ ¢á¥£¤ 
ã¤ ¥âáï à¥ «¨§®¢ âì.

�¥â®¤ à áé¥¯«¥­¨ï á¢®¤¨â à¥è¥­¨¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£®
ãà ¢­¥­¨ï á âà¥¬ï  à£ã¬¥­â ¬¨ ª à¥è¥­¨î ç¨áâ® äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï
á âà¥¬ï  à£ã¬¥­â ¬¨ (¯ãâ¥¬ ¥£® á¢¥¤¥­¨ï ª áâ ­¤ àâ­®¬ã äã­ªæ¨®­ «ì­®¬ã
ãà ¢­¥­¨î á ¤¢ã¬ï  à£ã¬¥­â ¬¨) ¨ à¥è¥­¨î á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, â. ¥. ¨áå®¤­ ï § ¤ ç  à á¯ ¤ ¥âáï ­  ­¥áª®«ìª® ¡®«¥¥
¯à®áâëå § ¤ ç. �à¨¬¥àë ¯®áâà®¥­¨ï à¥è¥­¨© á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬
¯¥à¥¬¥­­ëå ¬¥â®¤®¬ à áé¥¯«¥­¨ï à áá¬®âà¥­ë ¢ à §¤. 5.5.

5.4.2. �ã­ªæ¨®­ «ì­ë¥ ãà ¢­¥­¨ï á âà¥¬ï  à£ã¬¥­â ¬¨ á¯¥æ¨ «ì­®£® ¢¨¤ 

�®¤áâ ­®¢ª  ¢ëà ¦¥­¨ï

w = F (z), z = ϕ(x) + ψ(y)

¢ ­¥«¨­¥©­ë¥ ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¢® ¬­®£¨å á«ãç ïå ¯à¨¢®-
¤¨â ª äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ¢¨¤ 

�1(x)	1(y, z) + �2(x)	2(y, z) + · · ·+ �k(x)	k(y, z) +
+ 	k+1(y, z) + 	k+2(y, z) + · · ·+ 	n(y, z) = 0, (44)

£¤¥ äã­ªæ¨®­ «ë �j(x) ¨ 	j(y, z) § ¢¨áïâ á®®â¢¥âáâ¢¥­­® ®â ¯¥à¥¬¥­­ëå x ¨
y, z:

�j(x) ≡ �j

(
x, ϕ, ϕ′x, ϕ′′xx), 	j(y, z) ≡ 	j

(
y, ψ, ψ′y, ψ

′′
yy, F, F ′

z, F
′′
zz

)
. (45)

(� ­­ë¥ ¢ëà ¦¥­¨ï á®®â¢¥âáâ¢ãîâ ãà ¢­¥­¨î ¢â®à®£® ¯®àï¤ª .).
�¥è¥­¨¥ ãà ¢­¥­¨ï (44) æ¥«¥á®®¡à §­® ¨áª âì ¬¥â®¤®¬ à áé¥¯«¥­¨ï. � 

¯¥à¢®¬ íâ ¯¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì (44) ª ª ç¨áâ® äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥,
¡¥§ ãç¥â  § ¢¨á¨¬®áâ¥© (45). �à¥¤¯®«®¦¨¬, çâ® 	1 6≡ 0. �®¤¥«¨¬ ãà ¢­¥­¨¥
(44) ­  	1 ¨ ¯à®¤¨ää¥à¥­æ¨àã¥¬ ¯® y. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ãà ¢­¥­¨¥ â ª®£®
¦¥ ¢¨¤ , ­® á ¬¥­ìè¨¬ ç¨á«®¬ ç«¥­®¢, á®¤¥à¦ é¨å äã­ªæ¨¨ �m:

�2(x)	(2)
2 (y, z)+ · · ·+�k(x)	(2)

k (y, z)+	(2)
k+1(y, z)+ · · ·+	(2)

n (y, z) = 0, (46)

£¤¥ 	(2)
m = ∂

∂y

( 	m

	1

)
+ ψ′y

∂

∂z

( 	m

	1

)
. �à®¤®«¦ ï  ­ «®£¨ç­ãî ¯à®æ¥¤ãàã, ¢

¨â®£¥ ¬®¦­® ¯®«ãç¨âì ãà ¢­¥­¨¥, ­¥ § ¢¨áïé¥¥ ï¢­® ®â x:

	(k+1)
k+1 (y, z) + · · ·+ 	(k+1)

n (y, z) = 0, (47)

£¤¥ 	(k+1)
m = ∂

∂y

(
	(k)

m

	(k)
k

)
+ ψ′y

∂

∂z

(
	(k)

m

	(k)
k

)
.

�à ¢­¥­¨¥ (47) ¬®¦­® à áá¬ âà¨¢ âì ª ª ãà ¢­¥­¨¥ á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨
¯¥à¥¬¥­­ë¬¨ y ¨ z. �á«¨ 	(k+1)

m (y, z) = Qm(y)Rm(z) ¤«ï ¢á¥å m = k+1, . . . , n,
â® ¤«ï à¥è¥­¨ï ãà ¢­¥­¨ï (47) ¬®¦­® ¨á¯®«ì§®¢ âì à¥§ã«ìâ âë à §¤. 4.2{4.5.

N �¨â¥à âãà  ª à §¤. 5.4: �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002), A. D. Polyanin (2002),
A. D. Polyanin, V. F. Zaitsev (2004).



5.5. �¥è¥­¨ï ­¥ª®â®àëå ­¥«¨­¥©­ëå äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨© ¨ ¨å ¯à¨«®¦¥­¨ï 15

5.5. �¥è¥­¨ï ­¥ª®â®àëå ­¥«¨­¥©­ëå äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨© ¨
¨å ¯à¨«®¦¥­¨ï ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥

� íâ®¬ à §¤¥«¥ ¨áá«¥¤ãîâáï ­¥ª®â®àë¥ äã­ªæ¨®­ «ì­ë¥ ãà ¢­¥­¨ï á âà¥¬ï
 à£ã¬¥­â ¬¨, ª®â®àë¥ ç é¥ ¢á¥£® ¢áâà¥ç îâáï ¯à¨ äã­ªæ¨®­ «ì­®¬ à §¤¥-
«¥­¨¨ ¯¥à¥¬¥­­ëå ¢ ­¥«¨­¥©­ëå ãà ¢­¥­¨ïå ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �â¨
à¥§ã«ìâ âë ¨á¯®«ì§®¢ ­ë ¤«ï ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ­¥ª®â®àëå ª« áá®¢
­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨ ¨ â¥®à¨¨ ¢®«­.

5.5.1. �ã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ f(x)+g(y) = Q(z), £¤¥ z = ϕ(x)+ψ(y)
�¤¥áì ®¤­  ¨§ ¤¢ãå äã­ªæ¨© f(x) ¨ ϕ(x) § ¤ ¥âáï,   ¤àã£ ï ¨é¥âáï; ®¤­  ¨§
¤¢ãå äã­ªæ¨© g(y) ¨ ψ(y) § ¤ ¥âáï,   ¤àã£ ï ¨é¥âáï; äã­ªæ¨ï Q(z) ¨é¥âáï*.

�¨ää¥à¥­æ¨àãï ãà ¢­¥­¨¥ ¯® x ¨ ¯® y, ¯®«ãç¨¬ Q′′
zz = 0. �®íâ®¬ã ¥£®

à¥è¥­¨¥ ¨¬¥¥â ¢¨¤

f(x) = Aϕ(x) + B, g(y) = Aψ(y)−B + C, Q(z) = Az + C, (48)
£¤¥ A, B, C |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

5.5.2. �ã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ f(t)+g(x)+h(x)Q(z)+R(z) = 0, £¤¥
z = ϕ(x)+ψ(t)

�¨ää¥à¥­æ¨àãï ãà ¢­¥­¨¥ ¯® x, ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë-
¬¨  à£ã¬¥­â ¬¨

g′x + h′xQ + hϕ′xQ′
z + ϕ′xR′

z = 0. (49)
� ª¨¥ ãà ¢­¥­¨ï à áá¬ âà¨¢ «¨áì ¢ à §¤. 4.3{4.6. �®íâ®¬ã ¨¬¥îâ ¬¥áâ®
á®®â­®è¥­¨ï [¨å ¬®¦­® ¯®«ãç¨âì ¯®á«¥ ¯¥à¥®¡®§­ ç¥­¨© ¨§ ä®à¬ã« (60)
¨ (61), ¯à¨¢¥¤¥­­ëå ¢ à §¤. 4.5]:

g′x = A1hϕ′x + A2ϕ
′
x,

h′x = A3hϕ′x + A4ϕ
′
x,

Q′
z = −A1 −A3Q,

R′
z = −A2 −A4Q,

(50)

£¤¥ A1, A2, A3, A4 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �­â¥£à¨à®¢ ­¨¥ á¨áâ¥¬ë (50)
¨ ¯®¤áâ ­®¢ª  ¯®«ãç¥­­ëå à¥è¥­¨© ¢ ¨áå®¤­®¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥
¤ ¥â ¯à¨¢¥¤¥­­ë¥ ­¨¦¥ à¥§ã«ìâ âë.

�«ãç © 1. �¥è¥­¨¥ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï, á®®â¢¥âáâ¢ãîé¥¥ §­ ç¥-
­¨î A3 = 0 ¢ (50):

f = − 1
2 A1A4ψ

2 + (A1B1 + A2 + A4B3)ψ −B2 −B1B3 −B4,

g = 1
2 A1A4ϕ

2 + (A1B1 + A2)ϕ + B2,

h = A4ϕ + B1,
Q = −A1z + B3,

R = 1
2 A1A4z

2 − (A2 + A4B3)z + B4,

(51)

£¤¥ ϕ = ϕ(x) ¨ ψ = ψ(t) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, Ak, Bk | ¯à®¨§¢®«ì­ë¥
¯®áâ®ï­­ë¥.

* � ¯®¤®¡­ëå ãà ¢­¥­¨ïå á® á«®¦­ë¬  à£ã¬¥­â®¬ áç¨â ¥âáï, çâ® ϕ(x) 6=const ¨ ψ(y) 6=const.
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�«ãç © 2. �¥è¥­¨¥ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï, á®®â¢¥âáâ¢ãîé¥¥ §­ ç¥-
­¨î A3 6= 0 ¢ (50):

f = −B1B3e
−A3ψ +

(
A2 − A1A4

A3

)
ψ −B2 −B4 − A1A4

A2
3

,

g = A1B1
A3

eA3ϕ +
(
A2 − A1A4

A3

)
ϕ + B2,

h = B1e
A3ϕ − A4

A3
,

Q = B3e
−A3z − A1

A3
,

R = A4B3
A3

e−A3z +
(

A1A4
A3

−A2
)
z + B4,

(52)

£¤¥ ϕ = ϕ(x) ¨ ψ = ψ(t) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, Ak, Bk | ¯à®¨§¢®«ì­ë¥
¯®áâ®ï­­ë¥.

�«ãç © 3. �ã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â â ª¦¥ ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥

f = A1ψ +B1, g = A1ϕ+B2, h = A2, R =−A1z−A2Q−B1−B2, (53a)
£¤¥ ϕ = ϕ(x), ψ = ψ(t), Q = Q(z)|¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, A1, A2, B1, B2 |
¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, ¨ ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥

f = A1ψ+B1, g = A1ϕ+A2h+B2, Q =−A2, R =−A1z−B1−B2, (53b)
£¤¥ ϕ = ϕ(x), ψ = ψ(t), h = h(x) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, A1, A2, B1,
B2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �ëà®¦¤¥­­ë¥ à¥è¥­¨ï (53a) ¨ (53b) ¬®¦­®
¯®«ãç¨âì ¨§ ¨áå®¤­®£® ãà ¢­¥­¨ï ¨ ¥£® á«¥¤áâ¢¨ï (49) á ¯®¬®éìî ä®à¬ã« (62)
¨§ à §¤. 4.5.

�à¨¬¥à 13. � áá¬®âà¨¬ ­¥áâ æ¨®­ à­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á ­¥«¨­¥©­ë¬ ¨á-
â®ç­¨ª®¬

∂w

∂t
= ∂2w

∂x2 + F(w). (54)
�é¥¬ â®ç­ë¥ à¥è¥­¨ï ¢¨¤ 

w = w(z), z = ϕ(x) + ψ(t). (55)
�®¤áâ ¢¨¬ (55) ¢ (54). �®á«¥ ¤¥«¥­¨ï ­  w′z ¯®«ãç¨¬ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥
ãà ¢­¥­¨¥

ψ′t = ϕ′′xx + (ϕ′x)2 w′′zz

w′z
+ F(w(z))

w′z
.

�à¥¤áâ ¢¨¬ ¥£® ¢ ¢¨¤¥ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï 5.5.2, £¤¥
f(t) = −ψ′t, g(x) = ϕ′′xx, h(x) = (ϕ′x)2, Q(z) = w′′zz/w′z, R(z) = f(w(z))/w′z. (56)
�á¯®«ì§ã¥¬ à¥è¥­¨ï ãà ¢­¥­¨ï 5.5.2. �®¤áâ ¢¨¢ ¢ëà ¦¥­¨ï (56) ¤«ï g ¨ h ¢ (51){(53),

¯®«ãç¨¬ ¯¥à¥®¯à¥¤¥«¥­­ë¥ á¨áâ¥¬ë ãà ¢­¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ ϕ = ϕ(x).
�«ãç © 1. �¨áâ¥¬ 

ϕ′′xx = 1
2 A1A4ϕ

2 + (A1B1 + A2)ϕ + B2,

(ϕ′x)2 = A4ϕ + B1,

¯®«ãç¥­­ ï ¨§ (51) ¨ á®®â¢¥âáâ¢ãîé ï §­ ç¥­¨î A3 = 0 ¢ (50), ¨¬¥¥â á®¢¬¥áâ­®¥ à¥è¥­¨¥ ¢
á«¥¤ãîé¨å á«ãç ïå:

ϕ = C1x + C2 ¯à¨ A2 = −A1C
2
1 , A4 = B2 = 0, B1 = C2

1 ,

ϕ = 1
4 A4x

2 + C1x + C2 ¯à¨ A1 = A2 = 0, B1 = C2
1 −A4C2, B2 = 1

2 A4,
(57)

£¤¥ C1 ¨ C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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�¥à¢®¥ à¥è¥­¨¥ (57) ¯à¨ A1 6= 0 á®®â¢¥âáâ¢ã¥â ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (54), ª®â®à ï
á®¤¥à¦¨â äã­ªæ¨î, ®¡à â­ãî ª ¨­â¥£à «ã ¢¥à®ïâ­®áâ¥© [¢¨¤ ¯à ¢®© ç áâ¨ ®¯à¥¤¥«ï¥âáï ¨§ ¤¢ãå
¯®á«¥¤­¨å á®®â­®è¥­¨© (51) ¨ (56) ¤«ï Q ¨ R]. �â®à®¥ à¥è¥­¨¥ (57) á®®â¢¥âáâ¢ã¥â ¯à ¢®© ç áâ¨
ãà ¢­¥­¨ï (54) ¢¨¤  F(w) = k1w ln w+k2w. � ®¡®¨å á«ãç ïå ¯¥à¢®¥ á®®â­®è¥­¨¥ (51) á ãç¥â®¬
à ¢¥­áâ¢  f = −ψ′t ¯à¥¤áâ ¢«ï¥â á®¡®© «¨­¥©­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨
ª®íää¨æ¨¥­â ¬¨, à¥è¥­¨¥¬ ª®â®à®£® ï¢«ï¥âáï áã¬¬  íªá¯®­¥­æ¨ «ì­®© äã­ªæ¨¨ ¨ ª®­áâ ­âë.

�«ãç © 2. �¨áâ¥¬ 

ϕ′′xx = A1B1
A3

eA3ϕ +
(
A2 − A1A4

A3

)
ϕ + B2,

(ϕ′x)2 = B1e
A3ϕ − A4

A3
,

¯®«ãç¥­­ ï ¨§ (52) ¨ á®®â¢¥âáâ¢ãîé ï A3 6= 0 ¢ (50), ¨¬¥¥â á®¢¬¥áâ­®¥ à¥è¥­¨¥ ¢ á«¥¤ãîé¨å
á«ãç ïå:
ϕ=±

√
−A4/A3 x+C1 ¯à¨ A2=A1A4/A3, B1=B2=0,

ϕ=− 2
A3

ln |x|+C1 ¯à¨ A1= 1
2 A2

3, A2=A4=B2=0, B1=4A−2
3 e−A3C1,

ϕ=− 2
A3

ln
∣∣cos

( 1
2
√

A3A4 x+C1
)∣∣+C2 ¯à¨ A1= 1

2 A2
3, A2= 1

2 A3A4, B2=0, A3A4>0,

ϕ=− 2
A3

ln
∣∣sh( 1

2
√−A3A4 x+C1

)∣∣+C2 ¯à¨ A1= 1
2 A2

3, A2= 1
2 A3A4, B2=0, A3A4<0,

ϕ=− 2
A3

ln
∣∣ch( 1

2
√−A3A4 x+C1

)∣∣+C2 ¯à¨ A1= 1
2 A2

3, A2= 1
2 A3A4, B2=0, A3A4<0,

£¤¥ C1 ¨ C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �â¨ à¥è¥­¨ï á®®â¢¥âáâ¢ãîâ ¯à ¢®© ç áâ¨ ãà ¢­¥-
­¨ï (54), § ¤ ¢ ¥¬®© ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥.

�«ãç © 3. �ëà®¦¤¥­­ë¬ à¥è¥­¨ï¬ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï (53a) ¨ (53b) á®®â¢¥â-
áâ¢ãîâ à¥è¥­¨ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ (54) â¨¯  ¡¥£ãé¥© ¢®«­ë [äã­ªæ¨ï
F(w)|¯à®¨§¢®«ì­ ] ¨ à¥è¥­¨ï «¨­¥©­®£® ãà ¢­¥­¨ï (54) á ¨áâ®ç­¨ª®¬ ¢¨¤  F(w) = k1w+k2.

� ¬¥ç ­¨¥. �®¦­® ¨áª âì ¡®«¥¥ á«®¦­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (54) á äã­ªæ¨®­ «ì­ë¬
à §¤¥«¥­¨¥¬ ¢¨¤ 

w = w(z), z = ϕ(ξ) + ψ(t), ξ = x + at.

�®¤áâ ­®¢ª  íâ¨å ¢ëà ¦¥­¨© ¢ ãà ¢­¥­¨¥ (54) â ª¦¥ ¯à¨¢®¤¨â ª äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î
5.5.2, ¢ ª®â®à®¬ x ­ ¤® ¯¥à¥®¡®§­ ç¨âì ­  ξ ¨ ¯®«®¦¨âì

f(t) = −ψ′t, g(ξ) = ϕ′′ξξ − aϕ′ξ, h(ξ) = (ϕ′ξ)2, Q(z) = w′′zz/w′z, R(z) = f(w(z))/w′z.

� «ì­¥©è ï ¯à®æ¥¤ãà  ¯®áâà®¥­¨ï à¥è¥­¨ï ¯à®¢®¤¨âáï â ª ¦¥, ª ª ¢ ¯à¨¬¥à¥ 13.
�à¨¬¥à 14. �­ «®£¨ç­ë¬ ®¡à §®¬ à áá¬ âà¨¢ ¥âáï ¡®«¥¥ ®¡é¥¥ ãà ¢­¥­¨¥

∂w

∂t
= a(x) ∂2w

∂x2 + b(x) ∂w

∂x
+ F(w), (58)

ª®â®à®¥ ¢áâà¥ç ¥âáï ¢ § ¤ ç å ª®­¢¥ªâ¨¢­®£® â¥¯«®- ¨ ¬ áá®®¡¬¥­  (a = const, b = const), ¢
§ ¤ ç å â¥¯«®¯¥à¥­®á  ¢  ­¨§®âà®¯­ëå áà¥¤ å (b = a′x), ¢ ¯à®áâà ­áâ¢¥­­ëå § ¤ ç å â¥¯«®¯à®-
¢®¤­®áâ¨ á ®á¥¢®© ¨ æ¥­âà «ì­®© á¨¬¬¥âà¨¥© (a = const, b = const /x).

�®¨áª â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨ï (58) ¢¨¤  (55) ¯à¨¢®¤¨â ª äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î
5.5.2, £¤¥

f(t) = −ψ′t, g(x) = a(x)ϕ′′xx + b(x)ϕ′x(x),
h(x) = a(x)(ϕ′x)2, Q(z) = w′′zz/w′z, R(z) = f(w(z))/w′z.

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥­¨ï ¢ (51){(53), ¯®«ãç¨¬ á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ï ¨áª®¬ëå ¢¥«¨ç¨­.

� ¬¥ç ­¨¥. � ¯à¨¬¥à å 13{14 ¯®áâà®¥­¨¥ â®ç­ëå à¥è¥­¨© à §«¨ç­ëå
ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ á¢®¤¨«®áì ª ®¤­®¬ã ¨ â®¬ã ¦¥ äã­ªæ¨-
®­ «ì­®¬ã ãà ¢­¥­¨î. �â® ­ £«ï¤­® ¤¥¬®­áâà¨àã¥â ¯®«¥§­®áâì ¢ë¤¥«¥­¨ï
¨ ­¥§ ¢¨á¨¬®£® à áá¬®âà¥­¨ï ®â¤¥«ì­ëå äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨© (¨ æ¥-
«¥á®®¡à §­®áâì à §à ¡®âª¨ ¬¥â®¤®¢ à¥è¥­¨ï äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨© á®
á«®¦­ë¬  à£ã¬¥­â®¬).

2 �. �. �®«ï­¨­, �. �. � ©æ¥¢, �. �. �ãà®¢
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5.5.3. �ã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ f(t)+g(x)Q(z)+h(x)R(z) = 0, £¤¥
z = ϕ(x)+ψ(t)

�¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ ¯® x. �®«ãç¨¬ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì-
­®¥ ãà ¢­¥­¨¥ á ¤¢ã¬ï ¯¥à¥¬¥­­ë¬¨ x ¨ z:

g′xQ + gϕ′xQ′
z + h′xR + hϕ′xR′

z = 0, (59)

ª®â®à®¥ á â®ç­®áâìî ¤® ®ç¥¢¨¤­ëå ¯¥à¥®¡®§­ ç¥­¨© á®¢¯ ¤ ¥â á ãà ¢­¥­¨-
¥¬ (60) ¨§ à §¤. 4.5.

�¥¢ëà®¦¤¥­­ë© á«ãç ©. �¥è¥­¨¥ ãà ¢­¥­¨ï (59) ¬®¦­® ¯®«ãç¨âì á ¯®¬®-
éìî ä®à¬ã« (61) ¨§ à §¤. 4.5. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

g′x = (A1g + A2h)ϕ′x,

h′x = (A3g + A4h)ϕ′x,

Q′
z = −A1Q−A3R,

R′
z = −A2Q−A4R,

(60)

£¤¥ A1, A2, A3, A4 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�¥è¥­¨¥ á¨áâ¥¬ë (60) ¨¬¥¥â ¢¨¤

g(x) = A2B1e
k1ϕ + A2B2e

k2ϕ,

h(x) = (k1 −A1)B1e
k1ϕ + (k2 −A1)B2e

k2ϕ,

Q(z) = A3B3e
−k1z + A3B4e

−k2z,

R(z) = (k1 −A1)B3e
−k1z + (k2 −A1)B4e

−k2z,

(61)

£¤¥ B1, B2, B3, B4 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   k1 ¨ k2 |ª®à­¨ ª¢ ¤à â­®£®
ãà ¢­¥­¨ï

(k −A1)(k −A4)−A2A3 = 0. (62)
� ¢ëà®¦¤¥­­®¬ á«ãç ¥ ¯à¨ k1 = k2 ç«¥­ë ek2ϕ ¨ e−k2z ¢ (61) ­ ¤® § ¬¥­¨âì
á®®â¢¥âáâ¢¥­­® ­  ϕek1ϕ ¨ ze−k1z . � á«ãç ¥ ç¨áâ® ¬­¨¬ëå ¨«¨ ª®¬¯«¥ªá­ëå
ª®à­¥© ãà ¢­¥­¨ï (62) ¢ à¥è¥­¨¨ (61) ­ ¤® ¢ë¤¥«¨âì ¤¥©áâ¢¨â¥«ì­ãî (¨«¨
¬­¨¬ãî) ç áâì.

�®¤áâ ¢¨¢ (61) ¢ ¨áå®¤­®¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ 5.5.3, ¯®«ãç¨¬
ãá«®¢¨ï, ª®â®àë¬ ¤®«¦­ë ã¤®¢«¥â¢®àïâì á¢®¡®¤­ë¥ ª®íää¨æ¨¥­âë, ¨ ­ ©¤¥¬
äã­ªæ¨î f(t):

B2=B4=0 =⇒ f(t)=[A2A3+(k1−A1)2]B1B3e
−k1ψ,

B1=B3=0 =⇒ f(t)=[A2A3+(k2−A1)2]B2B4e
−k2ψ,

A1=0 =⇒ f(t)=(A2A3+k2
1)B1B3e

−k1ψ +(A2A3+k2
2)B2B4e

−k2ψ.
(63)

� à¥è¥­¨ï (61), (63) ¢å®¤ïâ ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ϕ = ϕ(x) ¨ ψ = ψ(t).
�ëà®¦¤¥­­ë© á«ãç ©. �ã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ 5.5.3 ¨¬¥¥â â ª¦¥ ¢ë-

à®¦¤¥­­®¥ à¥è¥­¨¥

f = B1B2e
A1ψ, g = A2B1e

−A1ϕ, h = B1e
−A1ϕ, R = −B2e

A1z −A2Q,
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£¤¥ ϕ = ϕ(x), ψ = ψ(t), Q = Q(z)|¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, A1, A2, B1, B2 |
¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, ¨ ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥

f = B1B2e
A1ψ, h = −B1e

−A1ϕ −A2g, Q = A2B2e
A1z, R = B2e

A1z,

£¤¥ ϕ = ϕ(x), ψ = ψ(t), g = g(x) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, A1, A2, B1,
B2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �ëà®¦¤¥­­ë¥ à¥è¥­¨ï ¬®¦­® ¯®«ãç¨âì ¨§
¨áå®¤­®£® ãà ¢­¥­¨ï ¨ ¥£® á«¥¤áâ¢¨ï (59) á ¯®¬®éìî ä®à¬ã« (62) ¨§ à §¤. 4.5.

�à¨¬¥à 15. �«ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï ¯¥à¢®£® ¯®àï¤ª 
∂w

∂t
= F(w)

(
∂w

∂x

)2
+ G(x)

¯®¨áª â®ç­ëå à¥è¥­¨© ¢¨¤  (55) ¯à¨¢®¤¨â ª äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î 5.5.3, £¤¥

f(t) = −ψ′t, g(x) = (ϕ′x)2, h(x) = G(x), Q(z) = F(w)w′z, R(z) = 1/w′z, w = w(z).

�à¨¬¥à 16. �«ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ (14) [á¬. ¯à¨¬¥à 10 ¨§
à §¤. 5.3.2] ¯®¨áª â®ç­ëå à¥è¥­¨© ¢¨¤  w = w(z), z = ϕ(x)+ψ(t) ¯à¨¢®¤¨â ª äã­ªæ¨®­ «ì­®-
¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î (16), ª®â®à®¥ ¯à¨¢®¤¨âáï ª äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î 5.5.3,
¥á«¨ ¯®«®¦¨âì

f(t) = −ψ′t, g(x) = ϕ′′xx, h(x) = (ϕ′x)2, Q(z) = F(w), R(z) = [F(w)w′z ]′z
w′z

, w = w(z).

5.5.4. �ã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥
f(x)+g(y)+h(x)P (z)+s(y)Q(z)+R(z)=0, £¤¥ z=ϕ(x)+ψ(y)

�¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ ¯® y. �®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¤¥«¨¬ ­  ψ′yP ′
z ¨

¤¨ää¥à¥­æ¨àã¥¬ ¯® y. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î á ¤¢ã¬ï  à£ã-
¬¥­â ¬¨ y ¨ z, ª®â®à®¥ à áá¬ âà¨¢ «®áì ¢ £« ¢¥ 4 [á¬. ãà ¢­¥­¨¥ (21) ¨ ¥£®
à¥è¥­¨ï (57)].

�à¨¬¥à 17. � áá¬®âà¨¬ áâ æ¨®­ à­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ ¢ ­¥®¤­®à®¤­®©  ­¨-
§®âà®¯­®© áà¥¤¥ á ­¥«¨­¥©­ë¬ ¨áâ®ç­¨ª®¬

∂

∂x

[
a(x) ∂w

∂x

]
+ ∂

∂y

[
b(y) ∂w

∂y

]
= F(w). (64)

�®¨áª â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨ï (64) ¢¨¤  w = w(z), £¤¥ z = ϕ(x) + ψ(y), ¯à¨¢®¤¨â ª
äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î 5.5.4, £¤¥

f1(x) = a(x)ϕ′′xx + a′x(x)ϕ′x, f2(y) = b(y)ψ′′yy + b′y(y)ψ′y, g1(x) = a(x)(ϕ′x)2,

g2(y) = b(y)(ψ′y)2, P (z) = Q(z) = w′′zz/w′z, R(z) = −F(w)/w′z, w = w(z).
�¥ ¯à®¢®¤ï ¯®«­®£®  ­ «¨§  ãà ¢­¥­¨ï (64), ®£à ­¨ç¨¬áï §¤¥áì ¨§ãç¥­¨¥¬ à¥è¥­¨© á ®¡®¡é¥­-
­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, ª®â®àë¥ áãé¥áâ¢ãîâ ¯à¨ ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâ¨ F(w).

�¤¥« ¢ § ¬¥­ã z = ζ2, ¨é¥¬ à¥è¥­¨ï ãà ¢­¥­¨ï (64) ¢¨¤ 

w = w(ζ), ζ2 = ϕ(x) + ψ(y). (65)

�ç¨âë¢ ï á®®â­®è¥­¨ï ∂ζ

∂x
= ϕ′x

2ζ
¨ ∂ζ

∂y
= ψ′y

2ζ
, ¨§ (64) ¯®«ãç¨¬

[
(aϕ′x)′x + (bψ′y)′y

] w′ζ
2ζ

+
[
a(ϕ′x)2 + b(ψ′y)2] ζw′′ζζ − w′ζ

4ζ3 = F(w), F(w) = F(
w(ζ)

)
. (66)

�«ï à §à¥è¨¬®áâ¨ íâ®£® äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï ¯®âà¥¡ã¥¬, çâ®¡ë ¢ëà ¦¥­¨ï ¢ ª¢ ¤à â-
­ëå áª®¡ª å ¡ë«¨ äã­ªæ¨ï¬¨ ®â ζ:

(aϕ′x)′x + (bψ′y)′y = M(ζ), a(ϕ′x)2 + b(ψ′y)2 = N(ζ).

2*
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�à®¤¨ää¥à¥­æ¨à®¢ ¢ ¯¥à¢®¥ ¨§ íâ¨å à ¢¥­áâ¢ ¯® x ¨ ¯® y, ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î (M ′
ζ/ζ)′ζ = 0,

®¡é¥¥ à¥è¥­¨¥ ª®â®à®£® ¨¬¥¥â ¢¨¤ M(ζ) = C1ζ
2 +C2. �­ «®£¨ç­® ­ å®¤¨¬ N(ζ) = C3ζ

2 +C4.
�¤¥áì C1, C2, C3, C4 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. � ¨â®£¥ ¯®«ãç¨¬

(aϕ′x)′x + (bψ′y)′y = C1(ϕ + ψ) + C2, a(ϕ′x)2 + b(ψ′y)2 = C3(ϕ + ψ) + C4.

� §¤¥«¥­¨¥ ¯¥à¥¬¥­­ëå ¯à¨¢®¤¨â ª á¨áâ¥¬¥ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤«ï
­ å®¦¤¥­¨ï äã­ªæ¨© ϕ(x), a(x), ψ(y), b(y):

(aϕ′x)′x − C1ϕ− C2 = k1, (bψ′y)′y − C1ψ = −k1,

a(ϕ′x)2 − C3ϕ− C4 = k2, b(ψ′y)2 − C3ψ = −k2.

�â  á¨áâ¥¬  ¢á¥£¤  ¨­â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å ¨ ¬®¦¥â ¡ëâì ¯à¥®¡à §®¢ ­  ª ¢¨¤ã
(C3ϕ + C4 + k2)ϕ′′xx + (C1ϕ + C2 + k1 − C3)(ϕ′x)2 = 0,

(C3ψ − k2)ψ′′yy + (C1ψ − k1 − C3)(ψ′y)2 = 0;
a = (C3ϕ + C4 + k2)(ϕ′x)−2,

b = (C3ψ − k2)(ψ′y)−2,

(67)

£¤¥ ãà ¢­¥­¨ï ¤«ï äã­ªæ¨© ϕ ¨ ψ ­¥ § ¢¨áïâ ®â a ¨ b ¨ ¬®£ãâ à¥è âìáï ­¥§ ¢¨á¨¬®. �¥ ¯à®¢®¤ï
¯®«­®£® ¨áá«¥¤®¢ ­¨ï á¨áâ¥¬ë (67), ®â¬¥â¨¬ ¯à®áâ®© ç áâ­ë© á«ãç ©, ª®£¤  ®­  ¨­â¥£à¨àã¥âáï
¢ ï¢­®¬ ¢¨¤¥.

�à¨ C1 = C2 = C4 = k1 = k2 = 0, C3 = C 6= 0 ¨¬¥¥¬

a(x) = αeµx, b(y) = βeνy, ϕ(x) = Ce−µx

αµ2 , ψ(y) = Ce−νy

βν2 ,

£¤¥ α, β, µ, ν | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®¤áâ ¢¨¢ íâ¨ ¢ëà ¦¥­¨ï ¢ (66) ¨ ãç¨âë¢ ï ¢¨¤
¯¥à¥¬¥­­®© ζ (65), ¯®«ãç¨¬ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ w(ζ):

w′′ζζ − 1
ζ

w′ζ = 4
C
F(w).

�¨áâ¥¬  (67) ¨¬¥¥â â ª¦¥ ¤àã£¨¥ à¥è¥­¨ï, ¯à¨¢®¤ïé¨¥ ª à §«¨ç­ë¬ ¢ëà ¦¥­¨ï¬ ¤«ï
äã­ªæ¨© a(x) ¨ b(y). � â ¡«. 5 ãª § ­ë á«ãç ¨, ª®£¤  íâ¨ äã­ªæ¨¨ ¬®£ãâ ¡ëâì ¢ëà ¦¥­ë ¢
ï¢­®¬ ¢¨¤¥ (®¯ãé¥­® à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë, á®®â¢¥âáâ¢ãîé¥¥ a = const, b = const).
� ®¡é¥¬ á«ãç ¥ à¥è¥­¨¥ á¨áâ¥¬ë (66) ¯à¨¢®¤¨â ª äã­ªæ¨ï¬ a(x) ¨ b(y), ª®â®àë¥ § ¯¨áë¢ îâáï
¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥.

������� 5
�¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤  w = w(ζ), £¤¥ ζ2 = ϕ(x) + ψ(y), ¤«ï
ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨ ¢ ­¥®¤­®à®¤­®©  ­¨§®âà®¯­®© áà¥¤¥ á ­¥«¨­¥©­ë¬ ¨áâ®ç­¨ª®¬
¯à®¨§¢®«ì­®£® ¢¨¤ .

�à ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ �ã­ªæ¨¨ ϕ(x) ¨ ψ(y) �à ¢­¥­¨¥ ¤«ï w=w(ζ)

∂

∂x

(
αxn ∂w

∂x

)
+ ∂

∂y

(
βyk ∂w

∂y

)
=F(w) ϕ= Cx2−n

α(2−n)2 , ψ= Cy2−k

β(2−k)2 w′′ζζ+ 4−nk

(2−n)(2−k)
1
ζ

w′ζ= 4
C
F(w)

∂

∂x

(
αeµx ∂w

∂x

)
+ ∂

∂y

(
βeνy ∂w

∂y

)
=F(w) ϕ= C

αµ2 e−µx, ψ= C

βν2 e−νy w′′ζζ−
1
ζ

w′ζ= 4
C
F(w)

∂

∂x

(
αeµx ∂w

∂x

)
+ ∂

∂y

(
βyk ∂w

∂y

)
=F(w) ϕ= C

αµ2 e−µx, ψ= Cy2−k

β(2−k)2 w′′ζζ+ k

2−k

1
ζ

w′ζ= 4
C
F(w)

∂

∂x

(
αx2 ∂w

∂x

)
+ ∂

∂y

(
βy2 ∂w

∂y

)
=F(w) ϕ=µ ln |x|, ψ=ν ln |y| �à ¢­¥­¨¥ (66), ®¡  ¢ëà ¦¥­¨ï ¢

ª¢ ¤à â­ëå áª®¡ª å|ª®­áâ ­âë

α
∂2w

∂x2 + ∂

∂y

(
βy2 ∂w

∂y

)
=F(w) ϕ=µx, ψ=ν ln |y| �à ¢­¥­¨¥ (66), ®¡  ¢ëà ¦¥­¨ï ¢

ª¢ ¤à â­ëå áª®¡ª å|ª®­áâ ­âë

�¡®§­ ç¥­¨ï: C, α, β, µ, ν, n, k |á¢®¡®¤­ë¥ ¯ à ¬¥âàë (C 6=0, µ 6=0, ν 6=0, n 6=2, k 6=2)
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S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 5.5
1. �¥è¨âì äã­ªæ¨®­ «ì­ë¥ ãà ¢­¥­¨ï:

a) f(x + y) = f(x) + f(y)− af(x)f(y),
b) f(x)g(y) = h(x + y),
c) f(x)g(y) + h(y) = f(x + y),
d) f(x)g(y) = h

(
ϕ(x) + ψ(y)

)
,

e) f(x) + g(y) = h
(
ϕ(x)ψ(y)

)
,

£¤¥ f(x), g(y), h(z)|¨áª®¬ë¥ äã­ªæ¨¨.
�ª § ­¨¥. �á¯®«ì§®¢ âì ¬¥â®¤ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨ à¥§ã«ìâ âë à §¤¥«  5.5.

� ã¯à ¦­¥­¨ïå 2{8 äã­ªæ¨¨ f ¨ g ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î.
2. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¯¥à¢®£®
¯®àï¤ª :

a) wt = f(w)wx + g(w),
b) wt = f(w)wn

x + g(w),
c) w2

t = f(w)wn
x + g(w).

�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), z = ϕ(x) + ψ(t).
3. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®-
¯à®¢®¤­®áâ¨:

a) wt = [f(w)wx]x + g(w),
b) wt = [f(w)wx]x + g(w)wx.
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), z = ϕ(x) + ψ(t).

4. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®-
¯à®¢®¤­®áâ¨:

a) wt = [f(x)wx]x + g(w),
b) wt = awxx + bxnwx + f(w), n = 1, 0, −1.
�ª § ­¨¥. �â¨ ãà ¢­¥­¨ï ï¢«ïîâáï ç áâ­ë¬¨ á«ãç ï¬¨ ãà ¢­¥­¨ï (58).

5. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®-
¯à®¢®¤­®áâ¨:

a) wt = x−n[xnf(w)wx]x,
b) wt = x−n[xnf(w)wx]x + g(w).
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), z = ϕ(x) + ψ(t).

6. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨©:
a) wt = [f(w)wn

x ]x + g(w).
b) wt = x−n[xnf(w)wx]x + g(w).
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), z = ϕ(x) + ψ(t).

7. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­®£® ¢®«­®¢®£® ãà ¢-
­¥­¨ï wxt = f(w).

�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥:
w = w(z), z = ϕ(x) + ψ(t),

  § â¥¬ ¨á¯®«ì§®¢ âì à¥§ã«ìâ âë à¥è¥­¨ï äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï d) ¨§ ¯¥à¢®£® ã¯à ¦­¥-
­¨ï.
8. � ©â¨ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ­¥«¨­¥©­®£® ãà ¢­¥­¨ï âà¥âì¥-
£® ¯®àï¤ª :

wxxt = f(w).
�ª § ­¨¥. �¥è¥­¨ï ¨áª âì ¢ ¢¨¤¥ w = w(z), z = ϕ(x) + ψ(t). �®«ãç¥­­®¥ äã­ªæ¨®­ «ì­®-

¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á¢¥áâ¨ ª äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î 5.5.3.

N �¨â¥à âãà  ª à §¤. 5.5: �. �. � ©æ¥¢, �. �. �®«ï­¨­ (1996), �. �. �®«ï­¨­, �. �. �ãà®¢
(1998), �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002), A. D. Polyanin, V. F. Zaitsev (2004).


