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7. �« áá¨ç¥áª¨© ¬¥â®¤ ¨áá«¥¤®¢ ­¨ï á¨¬¬¥âà¨©
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �« áá¨ç¥áª¨© ¬¥â®¤ ¨áá«¥¤®¢ ­¨ï á¨¬¬¥âà¨©
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©* á ¯®¬®éìî à¥£ã«ïà­®© ¯à®æ¥¤ãàë ¯®§¢®«ï¥â
­ ©â¨:

(i) ¯à¥®¡à §®¢ ­¨ï, ®â­®á¨â¥«ì­® ª®â®àëå ãà ¢­¥­¨¥ ¨­¢ à¨ ­â­® (¯à¨
â ª¨å ¯à¥®¡à §®¢ ­¨ïå ¤ ­­®¥ ãà ¢­¥­¨¥ ¯¥à¥å®¤¨â ¢ â®ç­® â ª®¥ ¦¥ ãà ¢­¥-
­¨¥),

(ii) ­®¢ë¥ ¯¥à¥¬¥­­ë¥ (ª ª ­¥§ ¢¨á¨¬ë¥, â ª ¨ § ¢¨á¨¬ë¥), ¯à¨ ¯¥à¥å®¤¥
ª ª®â®àë¬ ãà ¢­¥­¨¥ áãé¥áâ¢¥­­® ã¯à®é ¥âáï.

�ª § ­­ë¥ ¢ ¯ã­ªâ¥ (i) ¯à¥®¡à §®¢ ­¨ï ¯¥à¥¢®¤ïâ à¥è¥­¨¥ ãà ¢­¥­¨ï ¢ â®
¦¥ á ¬®¥ ¨«¨ ¤àã£®¥ à¥è¥­¨¥ íâ®£® ¦¥ ãà ¢­¥­¨ï. � ¯¥à¢®¬ á«ãç ¥ ¬ë ¨¬¥¥¬
¨­¢ à¨ ­â­®¥ à¥è¥­¨¥, ª®â®à®¥ ¬®¦­® ­ ©â¨, à¥¤ãæ¨àãï ¨áå®¤­®¥ ãà ¢­¥­¨¥
ª ­®¢ë¬ ¯¥à¥¬¥­­ë¬, ç¨á«® ª®â®àëå ¬¥­ìè¥, ç¥¬ ¨áå®¤­ëå. �® ¢â®à®¬ |
­¥¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ¬®£ãâ ¡ëâì óà §¬­®¦¥­ëô ¤® á¥¬¥©áâ¢  à¥è¥­¨©.

� ¬¥ç ­¨¥ 1. � ®¯à¥¤¥«¥­­®¬ á¬ëá«¥ ª« áá¨ç¥áª¨© ¬¥â®¤ ¨áá«¥¤®¢ ­¨ï
á¨¬¬¥âà¨© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¬®¦­® à áá¬ âà¨¢ âì ª ª áãé¥-
áâ¢¥­­®¥ ®¡®¡é¥­¨¥ ¬¥â®¤  ¯®¤®¡¨ï, ®¯¨á ­­®£® ¢ £« ¢¥ 3.

� ¬¥ç ­¨¥ 2. � à §¤. 7.1{7.3 ¤ ­® ®¯¨á ­¨¥ ª« áá¨ç¥áª®£® ¬¥â®¤  ¢ ­¥âà -
¤¨æ¨®­­®¬ ¨§«®¦¥­¨¨ á ¬¨­¨¬ «ì­ë¬ ¨á¯®«ì§®¢ ­¨¥¬ á¯¥æ¨ «ì­®© (ó£àã¯-
¯®¢®©ô) â¥à¬¨­®«®£¨¨. � ª®© ¯®¤å®¤ ®¡«¥£ç ¥â à ¡®âã á ¬ â¥à¨ «®¬ ¨ ¯®íâ®-
¬ã ¯à¥¤¯®çâ¨â¥«ì­¥¥ ¯à¨ ­ ç «ì­®¬ ®§­ ª®¬«¥­¨¨ á ¯à¥¤¬¥â®¬. � à §¤. 7.4
¡ã¤¥â ¤ ­® ®¡êïá­¥­¨¥ ¯à®¨áå®¦¤¥­¨ï à á¯à®áâà ­¥­­®£® â¥à¬¨­  ó£àã¯¯®-
¢®©  ­ «¨§ô.

7.1. �¤­®¯ à ¬¥âà¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ¨ ¨å «®ª «ì­ë¥
á¢®©áâ¢ 

7.1.1. �¤­®¯ à ¬¥âà¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï. �­ä¨­¨â¥§¨¬ «ì­ë© ®¯¥à â®à
�ã¤¥¬ à áá¬ âà¨¢ âì ®¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï ¢¨¤ 

�x = ϕ1(x, y, w, ε), �x|ε=0 = x,

�y = ϕ2(x, y, w, ε), �y|ε=0 = y,

�w = ψ(x, y, w, ε), �w|ε=0 = w,

(1)

£¤¥ ϕ1, ϕ2, ψ | ¤®áâ â®ç­® £« ¤ª¨¥ äã­ªæ¨¨ á¢®¨å  à£ã¬¥­â®¢, ε | ¢¥é¥-
áâ¢¥­­ë© ¯ à ¬¥âà. �ç¨â ¥âáï, çâ® ¯à¥®¡à §®¢ ­¨ï (1) ®¡« ¤ îâ £àã¯¯®¢ë¬
á¢®©áâ¢®¬:

��x = ϕ1(�x, �y, �w,�ε) = ϕ1(x, y, w, ε + �ε),
��y = ϕ2(�x, �y, �w,�ε) = ϕ2(x, y, w, ε + �ε),
��w = ψ(�x, �y, �w,�ε) = ψ(x, y, w, ε + �ε),

* �àã£®¥ ­ §¢ ­¨¥ íâ®£® ¬¥â®¤  | ª« áá¨ç¥áª¨© ¬¥â®¤ £àã¯¯®¢®£®  ­ «¨§  ¤¨ää¥à¥­æ¨ «ì-
­ëå ãà ¢­¥­¨©.
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â. ¥. ¯®á«¥¤®¢ â¥«ì­®¥ ¯à¨¬¥­¥­¨¥ ¤¢ãå ¯à¥®¡à §®¢ ­¨© ¢¨¤  (1) á ¯ à ¬¥âà -
¬¨ ε ¨ �ε íª¢¨¢ «¥­â­® ®¤­®¬ã ¯à¥®¡à §®¢ ­¨î â®£® ¦¥ ¢¨¤  á ¯ à ¬¥âà®¬ ε+�ε.

� ç áâ­®¬ á«ãç ¥ ¯à¥®¡à §®¢ ­¨© ­  ¯«®áª®áâ¨ äã­ªæ¨¨ ϕ1 ¨ ϕ2 ¢ (1) ­¥
§ ¢¨áïâ ®â w ¨ ψ = w (â. ¥. �w = w).

� §«®¦¥­¨¥ á®®â­®è¥­¨© (1) ¤«ï �x ¨ �w ¢ àï¤ �¥©«®à  ¯® ¯ à ¬¥âàã ε ¢
®ªà¥áâ­®áâ¨ â®çª¨ ε = 0 ¤ ¥â

�x ' x + εξ(x, y, w), �y ' y + εη(x, y, w), �w ' w + εζ(x, y, w), (2)

£¤¥

ξ(x, y, w) = ∂ϕ1
∂ε

∣∣∣
ε=0

, η(x, y, w) = ∂ϕ2
∂ε

∣∣∣
ε=0

, ζ(x, y, w) = ∂ψ

∂ε

∣∣∣
ε=0

.

�¥ªâ®à (ξ, η, ζ) ï¢«ï¥âáï ª á â¥«ì­ë¬ ¢¥ªâ®à®¬ ¢ â®çª¥ (x, y, w) ª ªà¨¢®©,
®¯¨áë¢ ¥¬®© á®®â­®è¥­¨ï¬¨ (1).

�¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯¥à¢®£® ¯®àï¤ª 

X = ξ(x, y, w) ∂

∂x
+ η(x, y, w) ∂

∂y
+ ζ(x, y, w) ∂

∂w
, (3)

á®®â¢¥âáâ¢ãîé¨© ¡¥áª®­¥ç­® ¬ «®¬ã ¯à¥®¡à §®¢ ­¨î (2), ­ §ë¢ ¥âáï ¨­ä¨-
­¨â¥§¨¬ «ì­ë¬ ®¯¥à â®à®¬.

�¥®à¥¬  �¨. �ãáâì ¨§¢¥áâ­ë ª®®à¤¨­ âë ξ(x, y, w), η(x, y, w), ζ(x, y, z)
¨­ä¨­¨â¥§¨¬ «ì­®£® ®¯¥à â®à  (3). �®£¤  ¯à¥®¡à §®¢ ­¨¥ (1) ¬®¦­® ¯®«­®-
áâìî ¢®ááâ ­®¢¨âì ¯ãâ¥¬ à¥è¥­¨ï ãà ¢­¥­¨© �¨

dϕ1
dε

= ξ(ϕ1, ϕ2, ψ), dϕ2
dε

= η(ϕ1, ϕ2, ψ), dψ

dε
= ζ(ϕ1, ϕ2, ψ)

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

ϕ1|ε=0 = x, ϕ2|ε=0 = y, ψ|ε=0 = w.

7.1.2. �­¢ à¨ ­â ®¯¥à â®à . �à¥®¡à §®¢ ­¨ï ­  ¯«®áª®áâ¨

�­¢ à¨ ­â®¬ ¯à¥®¡à §®¢ ­¨ï (1) ­ §ë¢ ¥âáï äã­ªæ¨ï I(x, y, w), ã¤®¢«¥â¢®àï-
îé ï ãá«®¢¨î

I(�x, �y, �w) = I(x, y, w).
� §«®¦¨¢ ¯® ¬ «®¬ã ¯ à ¬¥âàã ε, à §¤¥«¨¬ ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ­  ε,  
§ â¥¬ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ ε→ 0. � à¥§ã«ìâ â¥ ¨¬¥¥¬ «¨­¥©­®¥ ãà ¢­¥­¨¥
á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¤«ï I:

XI = ξ(x, y, w) ∂I

∂x
+ η(x, y, w) ∂I

∂y
+ ζ(x, y, w) ∂I

∂w
= 0. (4)

�­¢ à¨ ­â®¬ ®¯¥à â®à  (3) ­ §ë¢ ¥âáï äã­ªæ¨ï I(x, y, w), ã¤®¢«¥â¢®àï-
îé ï ãà ¢­¥­¨î (4).

� ¯¨è¥¬ á®®â¢¥âáâ¢ãîéãî ãà ¢­¥­¨î á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ (4) å -
à ªâ¥à¨áâ¨ç¥áªãî á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (á¬.
à §¤. 14.1.3):

dx

ξ(x, y, w) = dy

η(x, y, w) = dw

ζ(x, y, w) . (5)
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������� 6
�¤­®¯ à ¬¥âà¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ­  ¯«®áª®áâ¨

� §¢ ­¨¥ �à¥®¡à §®¢ ­¨¥ �¯¥à â®à �­¢ à¨ ­â

�¥à¥­®á ¯® ®á¨ x �x = x+ε, �y = y X = ∂

∂x
I1 = y

�¥à¥­®á ¢¤®«ì ¯àï¬®©
ax+by = 0 �x = x+bε, �y = y−aε X = b

∂

∂x
−a

∂

∂y
I1 = ax+by

�à é¥­¨¥ �x = x cos ε+y sin ε,
�y = y cos ε−x sin ε

X = y
∂

∂x
−x

∂

∂y
I1 = x2+y2

�à¥®¡à §®¢ ­¨¥ �®à¥­æ  �x = x ch ε+y sh ε,
�y = y ch ε+x sh ε

X = y
∂

∂x
+x

∂

∂y
I1 = y2−x2

�à¥®¡à §®¢ ­¨¥ � «¨«¥ï �x = x+εy, �y = y X = y
∂

∂x
I1 = y

�¤­®à®¤­®¥ à áâï¦¥­¨¥ �x = xeε, �y = yeε X = x
∂

∂x
+y

∂

∂y
I1 = y/x

�¥®¤­®à®¤­®¥ à áâï¦¥­¨¥ �x = xeaε, �y = yebε X = ax
∂

∂x
+by

∂

∂y
I1 = |y|a|x|−b

�ãáâì äã­ªæ¨®­ «ì­® ­¥§ ¢¨á¨¬ë¥ ¨­â¥£à «ë íâ®© á¨áâ¥¬ë ¨¬¥îâ ¢¨¤

I1(x, y, w) = C1, I2(x, y, w) = C2, (6)

£¤¥ C1 ¨ C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®£¤  ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4)
®¯¨áë¢ ¥âáï ä®à¬ã«®©

I = 	(I1, I2), (7)
£¤¥ 	(I1, I2) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¤¢ãå  à£ã¬¥­â®¢, I1 = I1(x, y, w) ¨
I2 = I2(x, y, w).

�ª § ­­®¥ ®§­ ç ¥â, çâ® ®¯¥à â®à (3) ¨¬¥¥â ¤¢  äã­ªæ¨®­ «ì­® ­¥§ ¢¨á¨-
¬ëå ¨­¢ à¨ ­â  I1 ¨ I2 ¨ «î¡ ï äã­ªæ¨ï �(x, y, w), ¨­¢ à¨ ­â­ ï ®â­®á¨â¥«ì-
­® ®¯¥à â®à  (3), ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥ äã­ªæ¨¨ íâ¨å ¨­¢ à¨ ­â®¢.

� â ¡«. 6 ãª § ­ë ­ ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï ­  ¯«®áª®-
áâ¨ ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ®¯¥à â®àë (3) ¨ ¨­¢ à¨ ­âë (ãª §ë¢ ¥âáï â®«ìª®
®¤¨­ ¨­¢ à¨ ­â, â ª ª ª ¢â®à®© ¨­¢ à¨ ­â ¢¥§¤¥ ®¤¨­ ¨ â®â ¦¥: I2 = w).

7.1.3. �®à¬ã«ë ¤«ï ¢ëç¨á«¥­¨ï ¯à®¨§¢®¤­ëå. �®®à¤¨­ âë ¯¥à¢®£® ¨ ¢â®à®£®
¯à®¤®«¦¥­¨©

�¥à¢ë¥ ¯à®¨§¢®¤­ë¥ ¯à¨ ¯¥à¥å®¤¥ ª ­®¢ë¬ ¯¥à¥¬¥­­ë¬ (1) ¯à¥®¡à §ãîâáï
á«¥¤ãîé¨¬ ®¡à §®¬:

∂ �w
∂�x ' ∂w

∂x
+ εζ1,

∂ �w
∂�y ' ∂w

∂y
+ εζ2. (8)

�¤¥áì ª®®à¤¨­ âë ¯¥à¢®£® ¯à®¤®«¦¥­¨ï ζ1 ¨ ζ2 ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬

ζ1 = Dx(ζ)−wxDx(ξ)−wyDx(η) = ζx+(ζw−ξx)wx−ηxwy−ξww2
x−ηwwxwy,

ζ2 = Dy(ζ)−wxDy(ξ)−wyDy(η) = ζy−ξywx+(ζw−ηy)wy−ξwwxwy−ηww2
y,
(9)
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£¤¥ Dx ¨ Dy |®¯¥à â®àë ¯®«­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® ¯¥à¥¬¥­­ë¬ x ¨ y:

Dx = ∂

∂x
+ wx

∂

∂w
+ wxx

∂

∂wx
+ wxy

∂

∂wy
+ · · · ,

Dy = ∂

∂y
+ wy

∂

∂w
+ wxy

∂

∂wy
+ wyy

∂

∂wy
+ · · · .

(10)

�®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ¯¥à¢®© ä®à¬ã«ë (8). �ç¥¢¨¤­®, çâ®

�wx = �w�x �xx + �w�y �yx, �wy = �w�x �xy + �w�y �yy. (11)

�¨ää¥à¥­æ¨àãï ¢ëà ¦¥­¨ï (2) ¯® x ¨ y ¨ ®â¡à áë¢ ï ç«¥­ë ¢â®à®£® ¨ ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢
¯® ε, ¨¬¥¥¬

�xx = 1 + εDxξ, �xy = εDyξ,

�yx = εDxη, �yy = 1 + εDyη,

�wx = wx + εDxζ, �wy = wy + εDyζ.

(12)

�«ï ¢ëç¨á«¥­¨ï �w�x ¨áª«îç¨¬ �w�y ¨§ à ¢¥­áâ¢ (11),   § â¥¬ § ¬¥­¨¬ ¯à®¨§¢®¤­ë¥ �xx, �xy , �yx,
�yy , �wx, �wy á®®â¢¥âáâ¢ãîé¨¬¨ ¢ëà ¦¥­¨ï¬¨ ¨§ (12). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

�w�x = wx + ε(Dxζ + wxDyη − wyDxη) + ε2(DxζDyη −DxηDyζ)
1 + ε(Dxξ + Dyη) + ε2(DxξDyη −DxηDyξ)

.

� §« £ ï ¢ àï¤ ¯® ε, ¨¬¥¥¬

�w�x ' wx + εζ1, ζ1 = Dxζ − wxDxξ − wyDxη,

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì. �­ «®£¨ç­ë¬ ®¡à §®¬ ¢ëç¨á«ï¥âáï ζ2.

�â®àë¥ ¯à®¨§¢®¤­ë¥ ¯à¨ ¯¥à¥å®¤¥ ª ­®¢ë¬ ¯¥à¥¬¥­­ë¬ (1) ¯à¥®¡à §ãîâáï
á«¥¤ãîé¨¬ ®¡à §®¬:

∂2 �w
∂�x2 ' ∂2w

∂x2 + εζ11,
∂2 �w
∂�x∂�y ' ∂2w

∂x∂y
+ εζ12,

∂2 �w
∂�y2 ' ∂2w

∂y2 + εζ22. (13)

�¤¥áì ª®®à¤¨­ âë ¢â®àëå ¯à®¤®«¦¥­¨© ζij ­ å®¤ïâáï ¯® ä®à¬ã« ¬

ζ11 = Dx(ζ1)− wxxDx(ξ)− wxyDx(η),
ζ12 = Dy(ζ1)− wxxDy(ξ)− wxyDy(η),
ζ22 = Dy(ζ2)− wxyDy(ξ)− wyyDy(η).

ª®â®àë¥ ¢ à §¢¥à­ãâ®¬ ¢¨¤¥ § ¯¨áë¢ îâáï â ª:

ζ11 = ζxx+(2ζwx−ξxx)wx−ηxxwy +(ζww−2ξwx)w2
x−2ηwxwxwy−

−ξwww3
x−ηwww2

xwy +(ζw−2ξx−3ξwwx−ηwwy)wxx−2(ηx+ηwwx)wxy,

ζ12 = ζxy +(ζwy−ξxy)wx+(ζwx−ηxy)wy−ξwyw
2
x−

−(ζww−ξwx−ηwy)wxwy−ηwxw
2
y−ξwww2

xwy−ηwwwxw
2
y−

−(ξy +ξwwy)wxx+(ζw−ξx−ηy−2ξwwx−2ηwwy)wxy−(ηx+ηwwx)wyy,

ζ22 = ζyy−ξyywx+(2ζwy−ηyy)wy−2ξwywxwy +(ζww−2ηwy)w2
y−

−ξwwwxw
2
y−ηwww3

y−2(ξy +ξwwy)wxy +(ζw−2ηy−ξwwx−3ηwwy)wyy.
(14)

�®à¬ã«ë ¤«ï ª®®à¤¨­ â ¯¥à¢®£® ¨ ¢â®à®£® ¯à®¤®«¦¥­¨© (9) ¨ (14) ¯®­ -
¤®¡ïâáï ¤ «¥¥ ¤«ï  ­ «¨§  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.
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7.2. �¨¬¬¥âà¨¨ ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª . �á«®¢¨¥
¨­¢ à¨ ­â­®áâ¨

7.2.1. �á«®¢¨¥ ¨­¢ à¨ ­â­®áâ¨. �à®æ¥¤ãà  à áé¥¯«¥­¨ï ¯® ¯à®¨§¢®¤­ë¬
�ã¤¥¬ à áá¬ âà¨¢ âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå
¢â®à®£® ¯®àï¤ª  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨

F
(
x, y, w,

∂w

∂x
,

∂w

∂y
,

∂2w

∂x2 ,
∂2w

∂x∂y
,

∂2w

∂y2

)
= 0. (15)

�à®æ¥¤ãà  ¯®¨áª  á¨¬¬¥âà¨©* ãà ¢­¥­¨ï (15) ¯à®¢®¤¨âáï ¢ ­¥áª®«ìª®
íâ ¯®¢. �  ¯¥à¢®¬ íâ ¯¥ ¯®âà¥¡ã¥¬, çâ®¡ë ãà ¢­¥­¨¥ (15) ¡ë«® ¨­¢ à¨ ­â­ë¬
(â. ¥. á®åà ­ï«® ¢¨¤) ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© (1), â. ¥.

F
(

�x, �y, �w,
∂ �w
∂�x ,

∂ �w
∂�y ,

∂2 �w
∂�x2 ,

∂2 �w
∂�x∂�y ,

∂2 �w
∂�y2

)
= 0. (16)

� §«®¦¨¬ íâ® ¢ëà ¦¥­¨¥ ¢ àï¤ ¯à¨ ε → 0 á ãç¥â®¬ à ¢¥­áâ¢  ­ã«î £« ¢­®£®
ç«¥­  à §«®¦¥­¨ï (15). �á¯®«ì§ãï ä®à¬ã«ë (2), (8), (13) ¨ ã¤¥à¦¨¢ ï ç«¥­ë
¯¥à¢®£® ¯®àï¤ª  ¬ «®áâ¨ ¯® ε, ¯®«ãç¨¬

X
2
F

(
x, y, w,

∂w

∂x
,

∂w

∂y
,

∂2w

∂x2 ,
∂2w

∂x∂y
,

∂2w

∂y2

)∣∣∣∣
F=0

= 0. (17)

�¤¥áì ¢¢¥¤¥­® ªà âª®¥ ®¡®§­ ç¥­¨¥:

X
2
F = ξ

∂F

∂x
+ η

∂F

∂y
+ ζ

∂F

∂w
+ ζ1

∂F

∂wx
+ ζ2

∂F

∂wy
+

+ ζ11
∂F

∂wxx
+ ζ12

∂F

∂wxy
+ ζ22

∂F

∂wyy
, (18)

£¤¥ ª®®à¤¨­ âë ¯¥à¢®£® ¨ ¢â®à®£® ¯à®¤®«¦¥­¨© ζi ¨ ζij ®¯à¥¤¥«ïîâáï ¯®
ä®à¬ã« ¬ (9) ¨ (14). �®®â­®è¥­¨¥ (17) ­ §ë¢ ¥âáï ãá«®¢¨¥¬ ¨­¢ à¨ ­â­®áâ¨,
  ®¯¥à â®à X

2
|¢â®àë¬ ¯à®¤®«¦¥­¨¥¬ ®¯¥à â®à  (3).

�  ¢â®à®¬ íâ ¯¥ ¢ (17) ¨áª«îç ¥âáï ¯à®¨§¢®¤­ ï ∂2w
∂y2 (¨«¨ ∂2w

∂x2 ) á ¯®-
¬®éìî ãà ¢­¥­¨ï (15). �®á«¥ íâ®£® «¥¢ ï ç áâì ¯®«ãç¥­­®£® à ¢¥­áâ¢  § -
¯¨áë¢ ¥âáï ª ª ¯®«¨­®¬ ¯® ó­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬ô | ¢á¥¢®§¬®¦­ë¬
¯à®¨§¢¥¤¥­¨ï¬ ¯à®¨§¢®¤­ëå (¢ ¤ ­­®¬ á«ãç ¥ ¯à®¨§¢¥¤¥­¨ï á®¤¥à¦¨â à §­ë¥
áâ¥¯¥­¨ wx, wy, wxx, wxy):

∑
Ak1k2k3k4(wx)k1(wy)k2(wxx)k3(wxy)k4 = 0, (19)

£¤¥ äã­ªæ¨®­ «ì­ë¥ ª®íää¨æ¨¥­âë Ak1k2k3k4 § ¢¨áïâ â®«ìª® ®â x, y, w, ξ, η, ζ
¨ ¯à®¨§¢®¤­ëå äã­ªæ¨© ξ, η, ζ, ¨ ­¥ § ¢¨áïâ ®â ¯à®¨§¢®¤­ëå w. � ¢¥­áâ¢®
(19) ¡ã¤¥â ¢ë¯®«­ïâìáï, ¥á«¨ ¢á¥ Ak1k2k3k4 = 0. � ª¨¬ ®¡à §®¬, ãá«®¢¨¥
¨­¢ à¨ ­â­®áâ¨ à áé¥¯«ï¥âáï ¤® ¯¥à¥®¯à¥¤¥«¥­­®© ®¯à¥¤¥«ïîé¥© á¨áâ¥¬ë,
ª®â®à ï ¯®«ãç ¥âáï ¯à¨à ¢­¨¢ ­¨¥¬ ­ã«î äã­ªæ¨®­ «ì­ëå ª®íää¨æ¨¥­â®¢
¯à¨ à §«¨ç­ëå ¯à®¨§¢¥¤¥­¨ïå áâ¥¯¥­¥© ®áâ ¢è¨åáï ¯à®¨§¢®¤­ëå (­ ¯®¬­¨¬,
çâ® ¨áª®¬ë¥ äã­ªæ¨¨ ξ, η, ζ ­¥ § ¢¨áïâ ®â ¯à®¨§¢®¤­ëå wx, wy, wxx, wxy).

�  âà¥âì¥¬ íâ ¯¥ à¥è ¥âáï ®¯à¥¤¥«ïîé ï á¨áâ¥¬  ¨ ­ å®¤ïâáï ¤®¯ãáâ¨¬ë¥
ª®®à¤¨­ âë ξ, η, ζ ®¯¥à â®à  (3).

* �¨¬¬¥âà¨¨ ãà ¢­¥­¨ï|¯à¥®¡à §®¢ ­¨ï, á®åà ­ïîé¨¥ ¥£® ¢¨¤.
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� ¬¥ç ­¨¥ 1. � ¦­® ®â¬¥â¨âì, çâ® ¨ äã­ªæ¨®­ «ì­ë¥ ª®íää¨æ¨¥­âë
Ak1k2k3k4 , ¨ ®¯à¥¤¥«ïîé ï á¨áâ¥¬  «¨­¥©­ë ®â­®á¨â¥«ì­® ¨áª®¬ëå ¢¥«¨ç¨­
ξ, η, ζ.

� ¬¥ç ­¨¥ 2. �­¢ à¨ ­â I , ï¢«ïîé¨©áï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (4), ã¤®¢«¥-
â¢®àï¥â â ª¦¥ ãà ¢­¥­¨î X

2
I = 0.

�à®¨««îáâà¨àã¥¬ ¯à®æ¥¤ãàã ¯®¨áª  á¨¬¬¥âà¨© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨© ­  ª®­ªà¥â­ëå ¯à¨¬¥à å.

7.2.2. �à¨¬¥àë ¯®¨áª  á¨¬¬¥âà¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥áª®©
ä¨§¨ª¨

�à¨¬¥à 1. � áá¬®âà¨¬ ¤¢ã¬¥à­®¥ áâ æ¨®­ à­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á ­¥«¨­¥©-
­ë¬ ¨áâ®ç­¨ª®¬

∂2w

∂x2 + ∂2w

∂y2 = f(w), (20)

ª®â®à®¥ á®®â¢¥âáâ¢ã¥â «¥¢®© ç áâ¨ F = wxx + wyy − f(w) ãà ¢­¥­¨ï (15).
�®¯ãáª ¥¬ë© ¨­ä¨­¨â¥§¨¬ «ì­ë© ®¯¥à â®à X ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ (4), £¤¥ ª®®à¤¨­ -

âë ξ = ξ(x, y, w), η = η(x, y, w), ζ = ζ(x, y, w) ¯®ª  ­¥¨§¢¥áâ­ë ¨ ¯®¤«¥¦ â ®¯à¥¤¥«¥-
­¨î ¢ å®¤¥ ¯®á«¥¤ãîé¥£®  ­ «¨§ . �á«®¢¨¥ ¨­¢ à¨ ­â­®áâ¨ (17){(18) á ãç¥â®¬ § ¢¨á¨¬®áâ¨
F = wxx + wyy − f(w) § ¯¨áë¢ ¥âáï â ª:

ζ22 + ζ11 − ζf ′(w) = 0.

�®¤áâ ¢¨¢ áî¤  ¢ëà ¦¥­¨ï ¤«ï ª®®à¤¨­ â ¢â®à®£® ¯à®¤®«¦¥­¨ï (14) ¨ § ¬¥­¨¢ § â¥¬ wyy

­  f(w)− wxx [á«¥¤áâ¢¨¥ ãà ¢­¥­¨ï (20)], ¨¬¥¥¬
−2ξwwxwxx + 2ηwwywxx − 2ηwwxwxy − 2ξwwywxy − 2(ξx − ηy)wxx − 2(ξy + ηx)wxy −

− ξwww3
x − ηwww2

xwy − ξwwwxw2
y − ηwww3

y + (ζww − 2ξxw)w2
x − 2(ξyw + ηxw)wxwy +

+ (ζww − 2ηyw)w2
y + (2ζxw − ξxx − ξyy − fξw)wx + (2ζyw − ηxx − ηyy − 3fηw)wy +

+ ζxx + ζyy + f(ζw − 2ηy)− ζf ′ = 0,

£¤¥ f = f(w) ¨ f ′ = df/dw. �à¨à ¢­ï¥¬ ­ã«î ª®íää¨æ¨¥­âë ¯à¨ ¢á¥å ª®¬¡¨­ æ¨ïå ¯à®¨§¢®¤-
­ëå. �®«ãç¨¬ á«¥¤ãîéãî á¨áâ¥¬ã:

wxwxx: ξw = 0,

wywxx: ηw = 0,

wxx: ξx − ηy = 0,

wxy: ξy + ηx = 0,

w2
x: ζww − 2ξwx = 0,

wxwy: ηwx + ξwy = 0,

wx: 2ζwx − ξxx − ξyy − ξwf(w) = 0,

w2
y: ζww − 2ηwy = 0,

wy: 2ζwy − ηxx − ηyy − 3ηwf(w) = 0,

1: ζxx + ζyy − f ′(w)ζ + f(w)(ζw − 2ηy) = 0.

(21)

�¤¥áì ¢ ¯¥à¢®¬ áâ®«¡æ¥ ãª § ­ë ª®¬¡¨­ æ¨¨ ¯à®¨§¢®¤­ëå, ¢® ¢â®à®¬ | á®®â¢¥âáâ¢ãîé¨¥ ª®-
íää¨æ¨¥­âë; ¯à¨ wywxy, wxwxy, w3

x, w2
xwy, wxw2

y, w3
y íâ¨ ª®íää¨æ¨¥­âë ¤ã¡«¨àãîâ ¯à¨¢¥¤¥­-

­ë¥ ¢ á¨áâ¥¬¥ ãà ¢­¥­¨ï ¨«¨ ¨å ¤¨ää¥à¥­æ¨ «ì­ë¥ á«¥¤áâ¢¨ï, ¨ ¯®â®¬ã ®¯ãé¥­ë. �ç¨âë¢ ï
á«¥¤áâ¢¨ï ¯¥à¢®£®, ¢â®à®£® ¨ ¯ïâ®£® ãà ¢­¥­¨© (21), ¨¬¥¥¬

ξ = ξ(x, y), η = η(x, y), ζ = a(x, y)w + b(x, y). (22)
�§ ç¥â¢¥àâ®£® ¨ ¯ïâ®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (21) ¯®«ãç¨¬

ξxx + ξyy = 0, ηxx + ηyy = 0. (23)
�®¤áâ ¢¨¬ ¢ëà ¦¥­¨ï (22) ¢ á¥¤ì¬®¥ ¨ ¤¥¢ïâ®¥ ãà ¢­¥­¨ï (21),   § â¥¬ ¨á¯®«ì§ã¥¬ à ¢¥­áâ¢ 
(23). �¬¥¥¬ ax = ay = 0, ®âªã¤  á«¥¤ã¥â

a(x, y) = a = const . (24)
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�¨áâ¥¬  (21) á ãç¥â®¬ á®®â­®è¥­¨© (22), (24) ¯à¨­¨¬ ¥â ¢¨¤:
ξx − ηy = 0,

ξy + ηx = 0,

bxx + byy − awf ′(w)− bf ′(w) + f(w)(a− 2ηy) = 0.

(25)

�«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f , ®ç¥¢¨¤­®, a= b=ηy =0, â®£¤  ξ =C1y+C2, η =−C1x+C3, ζ =0.
�®« £ ï ¯®á«¥¤®¢ â¥«ì­® ®¤­ã ¨§ ª®­áâ ­â à ¢­®© ¥¤¨­¨æ¥,   ®áâ «ì­ë¥|­ã«î, ­ å®¤¨¬, çâ®
¨áå®¤­®¥ ãà ¢­¥­¨¥ ¤®¯ãáª ¥â âà¨ à §«¨ç­ëå ®¯¥à â®à :

X1 = ∂x (C2 = 1, C1 = C3 = 0);
X2 = ∂y (C3 = 1, C1 = C2 = 0);
X3 = y∂x − x∂y (C1 = 1, C2 = C3 = 0).

(26)

�¥à¢ë¥ ¤¢  ®¯¥à â®à  á®®â¢¥âáâ¢ãîâ ¯¥à¥­®á ¬ ¢¤®«ì ®á¥© x ¨ y, âà¥â¨©|¢à é¥­¨î.
� áá¬®âà¨¬ ¯®¤à®¡­¥¥ âà¥âì¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (25). �á«¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

(aw + b)f ′(w)− f(w)(a− 2ηy) = 0, (27)
â® ¬®£ãâ áãé¥áâ¢®¢ âì ¤àã£¨¥ à¥è¥­¨ï á¨áâ¥¬ë (25), ¯à¨¢®¤ïé¨¥ ª ®¯¥à â®à ¬, ®â«¨ç­ë¬
®â (26). � ¤® ¨áá«¥¤®¢ âì ¤¢  á«ãç ï: a 6= 0 ¨ a = 0.

�«ãç © 1. �¥è ï ãà ¢­¥­¨¥ (27) ¯à¨ a 6= 0, ¯®«ãç¨¬

f(w) = C(aw + b)1− 2γ
a ,

£¤¥ γ =ηy =const, b=const. �®íâ®¬ã ¯à¨ f(w)=wk ãà ¢­¥­¨¥ (20) ¤®¯ãáª ¥â ¤®¯®«­¨â¥«ì­ë©
®¯¥à â®à

X4 = x∂x + y∂y + 2
1− k

w∂w,

§ ¤ îé¨© ­¥à ¢­®¬¥à­®¥ à áâï¦¥­¨¥.
�«ãç © 2. �à¨ a = 0 à¥è¥­¨¥ ¨¬¥¥â ¢¨¤

f(w) = Ceλw,

£¤¥ λ = const. �®£¤  b = −2ηy/λ,   äã­ªæ¨¨ ξ ¨ η ã¤®¢«¥â¢®àïîâ ¤¢ã¬ ¯¥à¢ë¬ ãà ¢-
­¥­¨ï¬ (25), ª®â®àë¥ á®¢¯ ¤ îâ á ãá«®¢¨ï¬¨ �®è¨ | �¨¬ ­  ¤«ï  ­ «¨â¨ç¥áª¨å äã­ªæ¨©.
�â¨¬ ãá«®¢¨ï¬ ã¤®¢«¥â¢®àïîâ ¤¥©áâ¢¨â¥«ì­ ï ¨ ¬­¨¬ ï ç áâ¨ «î¡®©  ­ «¨â¨ç¥áª®© äã­ªæ¨¨
�(z) = ξ(x, y) + iη(x, y) ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z = x + iy. � ç áâ­®áâ¨, ¯à¨ b = const ¨
f(w) = ew ¤®¯ãáª ¥âáï ¤®¯®«­¨â¥«ì­ë© ®¯¥à â®à

X4 = x∂x + y∂y − 2∂w,

ª®â®àë© á®®â¢¥âáâ¢ã¥â à áâï¦¥­¨î ¯® x ¨ y á ®¤­®¢à¥¬¥­­ë¬ á¤¢¨£®¬ ¯® w.
�à¨¬¥à 2. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ ­¥áâ æ¨®­ à­®© â¥¯«®¯à®¢®¤­®áâ¨

∂w

∂t
= ∂

∂x

[
f(w) ∂w

∂x

]
. (28)

� ¤ ­­®¬ á«ãç ¥ ¢ ãá«®¢¨¨ ¨­¢ à¨ ­â­®áâ¨ (17){(18) ­ ¤® ¯®«®¦¨âì
y = t, F = wt − f(w)wxx − f ′(w)w2

x, ζ12 = ζ22 = 0
¨ ¨á¯®«ì§®¢ âì ¢ëà ¦¥­¨ï (9) ¨ (14) ¤«ï ª®®à¤¨­ â ¯¥à¢®£® ¨ ¢â®à®£® ¯à®¤®«¦¥­¨© ζ1, ζ2 ¨ ζ11
¯à¨ y = t. � ¬¥­¨¢ § â¥¬ ¢ ¯®«ãç¥­­®¬ ¢ëà ¦¥­¨¨ wt ­  ¯à ¢ãî ç áâì ãà ¢­¥­¨ï (28), ¯à¨-
à ¢­ï¥¬ ­ã«î ª®íää¨æ¨¥­âë ¯à¨ à §­ëå ª®¬¡¨­ æ¨ïå ®áâ ¢è¨åáï ¯à®¨§¢®¤­ëå. � à¥§ã«ìâ â¥
¯à¨å®¤¨¬ ª á¨áâ¥¬¥ ãà ¢­¥­¨©:

wxwxx: 2f(w)[ηwxf(w)+ξw]+f ′(w)ηx = 0,

wxx: ζf ′(w)−f2(w)ηxx−f(w)(2ξx−ηt) = 0,

wxwxt: f(w)ηw = 0,

wxt: f(w)ηx = 0,

w4
x: f ′(w)ηw +f(w)ηww = 0,

w3
x: 2[f ′(w)]2ηx+f(w)ξww +f ′(w)ξw +2f(w)f ′(w)ηwx = 0,

w2
x: f(w)ζww +f ′′(w)ζ−2f(w)ξwx−f ′(w)(2ξx−ηt)+f ′(w)ζw−f(w)f ′(w)ηww = 0,

wx: 2f(w)ζwx+2f ′(w)ζx−f(w)ξxx+ξt = 0,

1: ζt−f(w)ζxx = 0.
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�¤¥áì ¢ ¯¥à¢®¬ áâ®«¡æ¥ ãª § ­ë ª®¬¡¨­ æ¨¨ ¯à®¨§¢®¤­ëå, ¢® ¢â®à®¬ áâ®«¡æ¥|á®®â¢¥âáâ¢ãî-
é¨¥ ãà ¢­¥­¨ï (¯à¨¢®¤ïâáï á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® ¬­®¦¨â¥«ï); ®¯ãé¥­ë â®¦¤¥áâ¢¥­­ë¥
¢ëà ¦¥­¨ï ¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ á«¥¤áâ¢¨ï. � ª ª ª f(w) 6≡ 0, â® ¨§ âà¥âì¥£® ¨ ç¥â¢¥àâ®£®
ãà ¢­¥­¨© á¨áâ¥¬ë á«¥¤ã¥â, çâ® η = η(t). �®£¤  ¨§ ¯¥à¢®£® ¨ ¢â®à®£® ãà ¢­¥­¨ï ¨¬¥¥¬

ξ = ξ(x, t), ζ = f(w)(2ξx − ηt)
f ′(w)

.

� ãç¥â®¬ ­ ©¤¥­­ëå á®®â­®è¥­¨© á¨áâ¥¬ã ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

[ff ′f ′′′ − f(f ′′)2 + (f ′)2f ′′](2ξx − ηt) = 0,

f [4ff ′′ − 7(f ′)2]ξxx − (f ′)2ξt = 0,

2fξxxx − 2ξxt + ηtt = 0
(ãà ¢­¥­¨ï á®ªà é¥­ë ­  ®¡é¨¥ ¬­®¦¨â¥«¨, § ¢¥¤®¬® ­¥ à ¢­ë¥ ­ã«î). � ®¡é¥¬ á«ãç ¥, ¯à¨
¯à®¨§¢®«ì­®© äã­ªæ¨¨ f , ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á«¥¤ã¥â 2ξx − ηt = 0, ¨§ ¢â®à®£®| ξt = 0. �§
âà¥âì¥£® ãà ¢­¥­¨ï ¯®«ãç¨¬ ξ = C1 + C2x, â®£¤  η = 2C2t + C3. �®íâ®¬ã ¯à¨ ¯à®¨§¢®«ì­®©
äã­ªæ¨¨ f ãà ¢­¥­¨¥ (28) ¤®¯ãáª ¥â âà¨ ®¯¥à â®à :

X1 = ∂x (C1 = 1, C2 = C3 = 0);
X2 = ∂t (C3 = 1, C1 = C2 = 0);
X3 = 2t∂t + x∂x (C2 = 1, C1 = C3 = 0).

�¥©áâ¢ãï  ­ «®£¨ç­®, ¬®¦­® ¯®ª § âì, çâ® ¤«ï á«¥¤ãîé¨å á¯¥æ¨ «ì­ëå ¢¨¤®¢ äã­ªæ¨© f
¯®ï¢«ïîâáï ¤®¯®«­¨â¥«ì­ë¥ ®¯¥à â®àë:

1. f = ew: X4 = x∂x + 2∂w.
2. f = wk, k 6= 0,−4/3: X4 = kx∂x + 2w∂w.
3. f = w−4/3: X4 = 2x∂x − 3w∂w, X5 = x2∂x − 3xw∂w.

�à¨¬¥à 3. � áá¬®âà¨¬ â¥¯¥àì ­¥«¨­¥©­®¥ ¢®«­®¢®¥ ãà ¢­¥­¨¥
∂2w

∂t2
= ∂

∂x

[
f(w) ∂w

∂x

]
. (29)

� ãá«®¢¨¨ ¨­¢ à¨ ­â­®áâ¨ (17){(18) ­ ¤® ¯®«®¦¨âì

y = t, F = wtt − f(w)wxx − f ′(w)w2
x, ζ2 = ζ12 = 0

¨ ¨á¯®«ì§®¢ âì ¢ëà ¦¥­¨ï (9) ¨ (14) ¤«ï ª®®à¤¨­ â ¯¥à¢®£® ¨ ¢â®à®£® ¯à®¤®«¦¥­¨© ζ1 ¨ ζ11, ζ22
¯à¨ y = t. � ¬¥­¨¢ ¢ ¯®«ãç¥­­®¬ ¢ëà ¦¥­¨¨ wtt ­  ¯à ¢ãî ç áâì ãà ¢­¥­¨ï (29), ¯à¨à ¢­ï¥¬
­ã«î ª®íää¨æ¨¥­âë ¯à¨ à §­ëå ª®¬¡¨­ æ¨ïå ®áâ ¢è¨åáï ¯à®¨§¢®¤­ëå. �à¨å®¤¨¬ ª á¨áâ¥¬¥
ãà ¢­¥­¨© (®¯ãé¥­ë â®¦¤¥áâ¢¥­­ë¥ ¢ëà ¦¥­¨ï ¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ á«¥¤áâ¢¨ï):

wxwxx: f(w)ξw = 0,

wtwxx: f(w)ηw = 0,

wxx: f ′(w)ζ + 2f(w)(ηt − ξx) = 0,

wxt: f(w)ηx − ξt = 0,

w3
x: f ′(w)ξw + f(w)ξww = 0,

w2
xwt: f(w)ηww − f ′(w)ηw = 0,

w2
x: f(w)ζww + f ′(w)ζw + f ′′(w)ζ − 2f(w)ξwx − 2f ′(w)(ξx − ηt) = 0,

wxwt: 2f ′(w)ηx + 2f(w)ηwx − 2ξwt = 0,

wx: 2f ′(w)ζx − f(w)ξxx + 2f(w)ζwx + ξtt = 0,

w2
t : ζww − 2ηwt = 0,

wt: f(w)ηxx + 2ζwt − ηtt = 0,

1: ζtt − f(w)ζxx = 0.

� ª ª ª f(w) 6= const, â® ¨§ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© ­ å®¤¨¬ ξ = ξ(x, t), η = η(x, t).
�®íâ®¬ã ¤¥áïâ®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ¯à¨­¨¬ ¥â ¢¨¤ ζww = 0 ¨ ¯à¨¢®¤¨â ª ¢ëà ¦¥­¨î
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ζ = a(x, t)w + b(x, t). � à¥§ã«ìâ â¥ ®â á¨áâ¥¬ë ®áâ îâáï ãà ¢­¥­¨ï
wf ′(w)a(x, y) + f ′(w)b(x, y) + 2f(w)(ηt − ξx) = 0,

f ′(w)a(x, y) + wf ′′(w)a(x, y) + f ′′(w)b(x, y)− 2f ′(w)(ξx − ηt) = 0,

2f ′(w)(axw + bx)− f(w)ξxx + 2f(w)ax = 0,

2at − ηtt = 0,

attw + btt − f(w)(axxw + bxx) = 0.

� á«ãç ¥ ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f(w) ¯®«ãç¨¬ a = b = 0, ηtt = 0, ξx− ηt = 0. �­â¥£à¨à®¢ ­¨¥
¤ ¥â âà¨ ®¯¥à â®à :

X1 = ∂x, X2 = ∂t, X3 = x∂x + t∂t.

�¥©áâ¢ãï  ­ «®£¨ç­®, ¬®¦­® ¯®ª § âì, çâ® ¤«ï á«¥¤ãîé¨å á¯¥æ¨ «ì­ëå ¢¨¤®¢ äã­ªæ¨© f
¯®ï¢«ïîâáï ¤®¯®«­¨â¥«ì­ë¥ ®¯¥à â®àë:

1. f = ew: X4 = x∂x + 2∂w.
2. f = wk, k 6= 0,−4/3,−4: X4 = kx∂x + 2w∂w.
3. f = w−4/3: X4 = 2x∂x − 3w∂w, X5 = x2∂x − 3xw∂w.
4. f = w−4: X4 = 2x∂x − w∂w, X5 = t2∂t + tw∂w.

� ©¤¥­­ë¥ á ¯®¬®éìî ãª § ­­®© ¯à®æ¥¤ãàë á¨¬¬¥âà¨¨ ¤¨ää¥à¥­æ¨ «ì-
­ëå ãà ¢­¥­¨© ¯®§¢®«ïîâ ¯®«ãç âì ¨å â®ç­ë¥ à¥è¥­¨ï (á¬. á«¥¤ãîé¨© à §-
¤¥«).

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 7.2
1. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ãà ¢­¥­¨ï �îà£¥àá  ¨
¯®â¥­æ¨ «ì­®£® ãà ¢­¥­¨ï �îà£¥àá :

a) wt + wwx = awxx,
b) wt + aw2

x = bwxx.
2. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ®¡®¡é¥­­®£® ãà ¢­¥­¨ï
�îà£¥àá :

wt + f(w)wx = awxx.
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(w).
3. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ­¥áâ æ¨®­ à­ëå ãà ¢­¥­¨©
â¥¯«®¯à®¢®¤­®áâ¨ á ­¥«¨­¥©­ë¬ ¨áâ®ç­¨ª®¬:

a) wt = a(wwx)x + bw,
b) wt = a(wwx)x + bw2,
c) wt = awxx + f(w).

�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¤«ï ¢á¥å f(w).
4. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ­¥«¨­¥©­ëå ãà ¢­¥­¨©:

a) wt = wxx + a(wx)2,
b) wt = wxx + aw(wx)2.

5. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ­¥«¨­¥©­®£® ¢®«­®¢®£®
ãà ¢­¥­¨ï:

wxt = f(w).
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(w).
6. �®ª § âì, çâ® ãà ¢­¥­¨¥ ®ª®«®§¢ãª®¢®£® â¥ç¥­¨ï £ § 

wxwxx + wyy = 0
¤®¯ãáª ¥â ®¯¥à â®àë

X1 = ∂x, X2 = ∂y, X3 = ∂w, X4 = y∂w, X5 = x∂x + 3w∂w, X6 = y∂y − 2w∂w,

¨ ­ ©â¨ á®®â¢¥âáâ¢ãîé¨¥ ¨­¢ à¨ ­âë.
7. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï ­¥«¨-
­¥©­®© ¢ï§ª®-¯« áâ¨ç¥áª®© áà¥¤ë:

wt = f(wx)wxx.
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(u).
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8. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ­¥«¨­¥©­®£® ãà ¢­¥­¨ï
â¥®à¨¨ ä¨«ìâà æ¨¨:

wt = [f(wx)wx]x.
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(u).
9. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ­¥«¨­¥©­®£® â¥«¥£à ä­®£®
ãà ¢­¥­¨ï:

wtt + f(w)wt = awxx.
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(w).
10. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ãà ¢­¥­¨ï ­¥«¨­¥©­®£®
ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ ¢  ­¨§®âà®¯­ëå áà¥¤ å:

[f(x)wx]x + [g(y)wy]y = h(w).
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(x) ¨ g(y) ¯à¨ ¯à®¨§¢®«ì­®© h(w).

�ª § ­¨¥. �®®à¤¨­ âë ¤®¯ãáâ¨¬®£® ®¯¥à â®à  ¨áª âì ¢ ¢¨¤¥ ξ = ξ(x, y), η = η(x, y), ζ = 0.
11. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ãà ¢­¥­¨ï � «®¤¦¥à®:

wxt = wwxx + f(wx).
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(u).
12. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ­¥«¨­¥©­®£® ãà ¢­¥­¨ï:

wtt = f(wxx).
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(u).
13. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ãà ¢­¥­¨ï ¬¨­¨¬ «ì­ëå
¯®¢¥àå­®áâ¥©:

(1 + w2
y)wxx − 2wxwywxy + (1 + w2

x)wyy = 0.
14. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ãà ¢­¥­¨ï �®à­  |
�­ä¥«ì¤ :

(1− w2
t )wxx + 2wxwtwxt − (1 + w2

x)wtt = 0.
15. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­âë ­¥®¤­®à®¤­ëå ãà ¢­¥­¨©
�®­¦ |�¬¯¥à :

a) w2
xy − wxxwyy = f(x),

b) w2
xy − wxxwyy = yf(x),

c) w2
xy − wxxwyy = y2f(x),

d) w2
xy − wxxwyy = eyf(x).

�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(x).

7.3. �á¯®«ì§®¢ ­¨¥ á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¯®¨áª  â®ç­ëå
à¥è¥­¨©. �­¢ à¨ ­â­ë¥ à¥è¥­¨ï

7.3.1. �á¯®«ì§®¢ ­¨¥ á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¯®áâà®¥­¨ï
®¤­®¯ à ¬¥âà¨ç¥áª¨å à¥è¥­¨©

�ãáâì ¨§¢¥áâ­® ç áâ­®¥ à¥è¥­¨¥

w = g(x, y) (30)
¨áá«¥¤ã¥¬®£® ãà ¢­¥­¨ï. �®ª ¦¥¬, çâ® «î¡ ï á¨¬¬¥âà¨ï ãà ¢­¥­¨ï, § ¤ ¢ -
¥¬ ï ¯à¥®¡à §®¢ ­¨¥¬ ¢¨¤  (1), ¯®à®¦¤ ¥â ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®
à¥è¥­¨© (§  ¨áª«îç¥­¨¥¬ á«ãç ¥¢, ª®£¤  à¥è¥­¨¥ ¯®¤ ¤¥©áâ¢¨¥¬ íâ®£® ¯à¥®¡-
à §®¢ ­¨ï ¯¥à¥å®¤¨â á ¬® ¢ á¥¡ï, á¬. à §¤. 7.3.2).

�¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã ãà ¢­¥­¨¥ (15) ¯®á«¥ ¯¥à¥å®¤  ª ­®¢ë¬ ¯¥à¥-
¬¥­­ë¬ (1) ¯à¨­¨¬ ¥â â ª®© ¦¥ ¢¨¤ (16), â® ¯à¥®¡à §®¢ ­­®¥ ãà ¢­¥­¨¥ (16)
¨¬¥¥â à¥è¥­¨¥

�w = g(�x, �y). (31)
�®§¢à é ïáì ¢ (31) ª áâ àë¬ ¯¥à¥¬¥­­ë¬ ¯® ä®à¬ã« ¬ (1), ¯®«ãç¨¬ ®¤­®¯ -
à ¬¥âà¨ç¥áª®¥ à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï (15).
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�à¨¬¥à 4. �¢ã¬¥à­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á íªá¯®­¥­æ¨ «ì­ë¬ ¨áâ®ç­¨ª®¬
∂2w

∂x2 + ∂2w

∂y2 = ew (32)

¤®¯ãáª ¥â ®¤­®¬¥à­®¥ à¥è¥­¨¥
w = ln 2

x2 . (33)

�à ¢­¥­¨¥ (32) ¤®¯ãáª ¥â ®¯¥à â®à X3 =y∂x−x∂y (á¬. ¯à¨¬¥à 1), ª®â®àë© § ¤ ¥â ¢à é¥­¨¥
­  ¯«®áª®áâ¨. �®®â¢¥âáâ¢ãîé¨¥ ¯à¥®¡à §®¢ ­¨¥ ¯à¨¢¥¤¥­® ¢ â ¡«. 6. � ¬¥­ïï x ¢ (33) ­  �x (¨§
â ¡«. 6), ¯®«ãç¨¬ ®¤­®¯ à ¬¥âà¨ç¥áª®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (32):

w = ln 2
(x cos ε + y sin ε)2 ,

£¤¥ ε|á¢®¡®¤­ë© ¯ à ¬¥âà.

7.3.2. �à®æ¥¤ãà  ¯®áâà®¥­¨ï ¨­¢ à¨ ­â­ëå à¥è¥­¨©
�¥è¥­¨¥ (30) ãà ¢­¥­¨ï (15) ­ §ë¢ ¥âáï ¨­¢ à¨ ­â­ë¬ ®â­®á¨â¥«ì­® ¯à¥®¡-
à §®¢ ­¨ï (1), ¥á«¨ ®­® á®¢¯ ¤ ¥â á à¥è¥­¨¥¬ (31), ¢ ª®â®à®¬ ­ ¤® ¢¥à­ãâìáï
ª áâ àë¬ ¯¥à¥¬¥­­ë¬ ¯® ä®à¬ã« ¬ (1). �ª § ­­®¥ ®§­ ç ¥â, çâ® ¨­¢ à¨ ­â-
­®¥ à¥è¥­¨¥ ¯®¤ ¤¥©áâ¢¨¥¬ ¤ ­­®£® ¯à¥®¡à §®¢ ­¨ï ¯¥à¥å®¤¨â á ¬® ¢ á¥¡ï.
�á­®¢­ë¥ íâ ¯ë ¯®áâà®¥­¨ï ¨­¢ à¨ ­â­ëå à¥è¥­¨© ®¯¨á ­ë ­¨¦¥.

�­¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (15) ¨é¥¬ ¢ ­¥ï¢­®¬ ¢¨¤¥

I(x, y, w) = 0,

¯®íâ®¬ã I(�x, �y, �w)=0. � å®¤¨¬ ®¤­®¯ à ¬¥âà¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ á ®¯¥à -
â®à®¬ (3), ª®®à¤¨­ âë ª®â®à®£® ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨ï ¨­¢ à¨ ­â­®áâ¨ (17)
á ¯®¬®éìî ¯à®æ¥¤ãàë, ®¯¨á ­­®© ¢ à §¤. 7.2. � å®¤¨¬ ¤¢  äã­ªæ¨®­ «ì­®-
­¥§ ¢¨á¨¬ëå ¨­â¥£à «  (6) å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ä-
ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (5). �¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§-
¢®¤­ë¬¨ (4) ®¯à¥¤¥«ï¥¬ ¯® ä®à¬ã«¥ (7). � â¥¬ ¯®« £ ¥¬ ¢ íâ®© ä®à¬ã«¥ I = 0
¨ à §à¥è ¥¬ ¯®«ãç¥­­®¥ à ¢¥­áâ¢® ®â­®á¨â¥«ì­® ¨­¢ à¨ ­â  I2. � à¥§ã«ìâ â¥
¨¬¥¥¬

I2 = �(I1), (34)
£¤¥ äã­ªæ¨¨ I1 = I1(x, y, w) ¨ I2 = I2(x, y, w) ¨§¢¥áâ­ë,*   äã­ªæ¨ï �
¯®¤«¥¦¨â ®¯à¥¤¥«¥­¨î. �®®â­®è¥­¨¥ (34) ï¢«ï¥âáï ®á­®¢®© ¤«ï ¯®áâà®¥­¨ï
¨­¢ à¨ ­â­®£® à¥è¥­¨ï: à §à¥è ï (34) ®â­®á¨â¥«ì­® w ¨ ¯®¤áâ ¢«ïï ¯®«ã-
ç¥­­ãî § ¢¨á¨¬®áâì ¢ (15), ¯à¨å®¤¨¬ ª ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã
ãà ¢­¥­¨î ¤«ï äã­ªæ¨¨ �.

�à¨¬¥à 5. �®à®è® ¨§¢¥áâ­ë¬ ¨ ®ç¥­ì ¢ ¦­ë¬ ç áâ­ë¬ á«ãç ¥¬ ¨­¢ à¨ ­â­ëå à¥è¥­¨©
ï¢«ïîâáï  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï (á¬. à §¤. 3.3), ª®â®àë¥ ®á­®¢ ­ë ­  ¯à¥®¡à §®¢ ­¨ïå à áâï-
¦¥­¨ï. �®®â¢¥âáâ¢ãîé¨© ¨­ä¨­¨â¥§¨¬ «ì­ë© ®¯¥à â®à ¨ ¥£® ¨­¢ à¨ ­âë ¨¬¥îâ ¢¨¤:

X = ax
∂

∂x
+ by

∂

∂y
+ cw

∂

∂w
; I1 = |y|a|x|−b, I2 = |w|a|x|−c.

�®¤áâ ¢«ïï ¨­¢ à¨ ­âë ¢ ä®à¬ã«ã (34), ¨¬¥¥¬ |w|a|x|−c = �
(|y|a|x|−b

)
. � §à¥è¨¢ íâ®

à ¢¥­áâ¢® ®â­®á¨â¥«ì­® w, ¯®«ãç¨¬ ¢¨¤ ¨áª®¬®£® à¥è¥­¨ï

w = |x|c/a	
(
y|x|−b/a)

,

£¤¥ 	(z)|¨áª®¬ ï äã­ªæ¨ï.

* �¡ëç­® ¢ ª ç¥áâ¢¥ I1 ¢ë¡¨à îâ ¨­¢ à¨ ­â, ª®â®àë© ­¥ § ¢¨á¨â ®â w.
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�«ï ­ £«ï¤­®áâ¨ ®¡é ï áå¥¬  ¯®áâà®¥­¨ï ¨­¢ à¨ ­â­ëå à¥è¥­¨© ¤«ï
í¢®«îæ¨®­­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  ¨§®¡à ¦¥­  ­  à¨á. 4. �  à¨áã­-
ª¥ ®¯ãé¥­® ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª  á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ (4) ¤«ï
®¯à¥¤¥«¥­¨ï ¨­¢ à¨ ­â®¢ ¨­ä¨­¨â¥§¨¬ «ì­®£® ®¯¥à â®à  (¯®áª®«ìªã ¬®¦­®
áà §ã ¯¥à¥©â¨ ª á®®â¢¥âáâ¢ãîé¥© å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬¥ ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©).

Èñõîäíîå óðàâíåíèå: w H x t w w wt x xx= ( , , , , )

Çàïèñûâàåì óñëîâèå èíâàðèàíòíîñòè

Ïîëó÷èì: 2 = + + + +H H H Hx t w wx1 11Hwxx
³ » ´ ³ ³ ³

Çàìåíÿåì íàw Ht

Ïîëó÷àåì îïðåäåëÿþùóþ ñèñòåìó

Íàõîäèì ôóíêöèè , ,» ´ ³

Ðåøàåì õàðàêòåðèñòè÷åñêóþ  ñèñòåìó

Èíâàðèàíòíîå ðåøåíèå

èùåì â âèäå I I2 1= F( )

Çàïèñûâàåì õàðàêòåðèñòè÷åñêóþ ñèñòåìó ÎÄÓ: dx dt dw/ = / = /» ´ ³

Ðàñùåïëÿåì ïî ðàçíûì êîìáèíàöèÿì ïðîèçâîäíûõ w w wx xx xt, ,

Ðåøàåì îïðåäåëÿþùóþ (ïåðåîïðåäåëåííóþ) ñèñòåìó Óð×Ï äëÿ , ,» ´ ³

Íàõîäèì ïåðâûå èíòåãðàëû: I x t w C1 1( , , ) = è I x t w C2 2( , , ) =

Èç èñõîäíîãî óðàâíåíèÿ ïîëó÷àåì ÎÄÓ äëÿ ôóíêöèè = ( )I1© ©

�¨á. 4. �«£®à¨â¬ ¯®áâà®¥­¨ï ¨­¢ à¨ ­â­ëå à¥è¥­¨© ¤«ï í¢®«îæ¨®­­ëå ãà ¢­¥­¨© ¢â®à®£®
¯®àï¤ª . �á¯®«ì§®¢ ­ë ªà âª¨¥ ®¡®§­ ç¥­¨ï: ��� | ®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢-
­¥­¨ï, �à��|ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨; ξ = ξ(x, t, w), η =η(x, t, w), ζ = ζ(x, t, w);
ζ1, ζ2, ζ11 | ª®®à¤¨­ âë ¯à®¤®«¦¥­­®£® ®¯¥à â®à , ª®â®àë¥ ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬ (9)
¨ (14) ¯à¨ y = t.

7.3.3. �à¨¬¥àë ¯®áâà®¥­¨ï ¨­¢ à¨ ­â­ëå à¥è¥­¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨©
�à¨¬¥à 6. � áá¬®âà¨¬ ®¯ïâì áâ æ¨®­ à­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á ­¥«¨­¥©­ë¬

¨áâ®ç­¨ª®¬:
∂2w

∂x2 + ∂2w

∂y2 = f(w).

1◦. �áá«¥¤ã¥¬ á«ãç © f = wk, ª®£¤  ãà ¢­¥­¨¥ ¤®¯ãáª ¥â ¤®¯®«­¨â¥«ì­ë© ®¯¥à â®à (á¬.
¯à¨¬¥à 1):

X4 = x∂x + y∂y + 2
1− k

w∂w.



7.3. �á¯®«ì§®¢ ­¨¥ á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¯®¨áª  â®ç­ëå à¥è¥­¨© 13

�â®¡ë ­ ©â¨ ¨­¢ à¨ ­âë íâ®£® ®¯¥à â®à , ­ ¤® à áá¬®âà¥âì «¨­¥©­®¥ ãà ¢­¥­¨¥ ¢ ç áâ­ëå
¯à®¨§¢®¤­ëå ¯¥à¢®£® ¯®àï¤ª  X4I = 0, ª®â®à®¥ ¢ à §¢¥à­ãâ®© ä®à¬¥ § ¯¨áë¢ ¥âáï â ª:

x
∂I

∂x
+ y

∂I

∂y
+ 2

1− k
w

∂I

∂w
= 0.

�®®â¢¥âáâ¢ãîé ï ¥¬ã å à ªâ¥à¨áâ¨ç¥áª ï á¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨©

dx

x
= dy

y
= 1− k

2
dw

w
¨¬¥¥â ¯¥à¢ë¥ ¨­â¥£à «ë

y/x = C1, x2/(k−1)w = C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®íâ®¬ã ¨­¢ à¨ ­â ¬¨ ®¯¥à â®à  X4 ï¢«ïîâáï
äã­ªæ¨¨ I1 = y/x ¨ I2 = x2/(k−1)w.

�®« £ ï I2 = �(I1) ¨ ¢ëà ¦ ï w, ­ å®¤¨¬ ¢¨¤ ¨­¢ à¨ ­â­®£® ( ¢â®¬®¤¥«ì­®£®) à¥è¥­¨ï
w = x−2/(k−1)�(y/x), (35)

£¤¥ äã­ªæ¨ï �(z) ¯®¤«¥¦¨â ®¯à¥¤¥«¥­¨î ¢ å®¤¥ ¤ «ì­¥©è¥£®  ­ «¨§ . �®¤áâ ¢«ïï (35) ¢ ¨á-
å®¤­®¥ ãà ¢­¥­¨¥ (20), ¯®«ãç¨¬ ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª ,
®¯à¥¤¥«ïîé¥¥ ¤¢ãå¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® à¥è¥­¨©

(k − 1)2(z2 + 1)�′′zz + 2(k2 − 1)z�′z + 2(k + 1)�− (k − 1)2�k = 0,

£¤¥ z = y/x. �£® ®¡é¥¥ à¥è¥­¨¥ ¬®¦¥â ¡ëâì ­ ©¤¥­® ¢ ª¢ ¤à âãà å (¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥):{
z = tg Q,
� = τ(tg2 Q + 1)1/(1−k),

£¤¥ Q = (k2 − 1)
∫

dτ√
2(k − 1)2τk+1 − 4(k + 1)τ2 + A1

+ A2,

A1, A2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, τ |¯ à ¬¥âà.
2◦. �­¢ à¨ ­â ¬¨ ®¯¥à â®à  X3 ¤«ï à áá¬ âà¨¢ ¥¬®£® ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤-
­®áâ¨ ï¢«ïîâáï u = x2 +y2 ¨ w. �®¤áâ ­®¢ª  w = w(u), u = x2 +y2 ¯à¨¢®¤¨â ª ®¡ëª­®¢¥­­®¬ã
¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î, ®¯¨áë¢ îé¥¬ã à¥è¥­¨ï ¨áå®¤­®£® ãà ¢­¥­¨ï, ¨­¢ à¨ ­â­ë¥
®â­®á¨â¥«ì­® ¢à é¥­¨ï

uw′′uu + w′u = 1
4 f(w).

� ¬¥ç ­¨¥. � ¯à¨«®¦¥­¨ïå ®¡ëç­® ¢ ª ç¥áâ¢¥ ¨­¢ à¨ ­â  ¢¬¥áâ® u = x2 + y2 ¨á¯®«ì§ãîâ
¯®«ïà­ë© à ¤¨ãá r =

√
x2 + y2.

�à¨¬¥à 7. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ ­¥áâ æ¨®­ à­®© â¥¯«®¯à®¢®¤­®áâ¨ (28).
1◦. �à¨ ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f(w) ãà ¢­¥­¨¥ ¤®¯ãáª ¥â ®¯¥à â®à (á¬. ¯à¨¬¥à 2)

X3 = 2t∂t + x∂x.

�­¢ à¨ ­âë ­ å®¤ïâáï ¨§ «¨­¥©­®£® ãà ¢­¥­¨ï ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå ¯¥à¢®£® ¯®àï¤ª 
X3I = 0, ª®â®à®¥ ¢ à §¢¥à­ãâ®© ä®à¬¥ § ¯¨áë¢ ¥âáï â ª:

2t
∂I

∂t
+ x

∂I

∂x
+ 0 ∂I

∂w
= 0.

�®®â¢¥âáâ¢ãîé ï ¥¬ã å à ªâ¥à¨áâ¨ç¥áª ï á¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨©

dx

x
= dt

2t
= dw

0
¨¬¥¥â ¯¥à¢ë¥ ¨­â¥£à «ë

xt−1/2 = C1, w = C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®íâ®¬ã ¨­¢ à¨ ­â ¬¨ ®¯¥à â®à  X3 ï¢«ïîâáï
äã­ªæ¨¨ I1 = xt−1/2 ¨ I2 = w.

�®« £ ï I2 = �(I1), ¯®«ãç¨¬
w = �(z), z = xt−1/2, (36)

£¤¥ äã­ªæ¨ï �(z) ¯®¤«¥¦¨â ®¯à¥¤¥«¥­¨î ¢ å®¤¥ ¤ «ì­¥©è¥£®  ­ «¨§ . �®¤áâ ¢«ïï (36) ¢
¨áå®¤­®¥ ãà ¢­¥­¨¥ (28), ¯à¨å®¤¨¬ ª ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¢â®à®£®
¯®àï¤ª 

2a[f(�)�′z]′z + z�′z = 0,

ª®â®à®¥ ®¯¨áë¢ ¥â ¨­¢ à¨ ­â­®¥ ( ¢â®¬®¤¥«ì­®¥) à¥è¥­¨¥.
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������� 7
�®¯ãáâ¨¬ë¥ ®¯¥à â®àë, ¨­¢ à¨ ­âë ¨ áâàãªâãà  à¥è¥­¨©

­¥«¨­¥©­®£® ãà ¢­¥­¨ï ­¥áâ æ¨®­ à­®© â¥¯«®¯à®¢®¤­®áâ¨ (28)

�ã­ªæ¨ï f(w) �¯¥à â®àë �­¢ à¨ ­âë �¨¤ à¥è¥­¨ï

�à®¨§¢®«ì­ ï
X1 = ∂x,
X2 = ∂t,
X3 = 2t∂t+x∂x

I1 = t, I2 = w,
I1 = x, I2 = w,
I1 = x2/t, I2 = w

w = w(t) = const,
w = w(x),
w = w(z), z = x2/t

ew X4 = x∂x+2∂w I1 = t, I2 = w−2 ln |x| w = 2 ln |x|+θ(t)

wk (k 6= 0,− 4
3 ) X4 = kx∂x+2w∂w I1 = t, I2 = w|x|−k/2 w = |x|k/2θ(t)

w−4/3 X4 = 2x∂x−3w∂w,
X5 = x2∂x−3xw∂w

I1 = t, I2 = wx2/3,
I1 = t, I2 = wx3

w = x−2/3θ(t),
w = x−3θ(t)

2◦. �áá«¥¤ã¥¬ á«ãç © f(w) = wk, ª®£¤  ãà ¢­¥­¨¥ ¤®¯ãáª ¥â ®¯¥à â®à
X4 = kx∂x + 2w∂w.

�­¢ à¨ ­âë ®¯¨áë¢ îâáï «¨­¥©­ë¬ ãà ¢­¥­¨¥¬ ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå ¯¥à¢®£® ¯®àï¤ª 
X4I = 0, ª®â®à®¥ ¢ à §¢¥à­ãâ®© ä®à¬¥ § ¯¨áë¢ ¥âáï â ª:

0 ∂I

∂t
+ kx

∂I

∂x
+ 2w

∂I

∂w
= 0.

�®®â¢¥âáâ¢ãîé ï ¥¬ã å à ªâ¥à¨áâ¨ç¥áª ï á¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨©

dt

0
= dx

kx
= dw

2w
¨¬¥¥â ¯¥à¢ë¥ ¨­â¥£à «ë

t = C1, x−2/kw = C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®íâ®¬ã ¨­¢ à¨ ­â ¬¨ ®¯¥à â®à  X4 ï¢«ïîâáï
äã­ªæ¨¨ I1 = t ¨ I2 = x−2/kw.

�®« £ ï I2 = θ(I1) ¨ à §à¥è ï íâ® à ¢¥­áâ¢® ®â­®á¨â¥«ì­® w, ­ å®¤¨¬:

w = x2/kθ(t), (37)
£¤¥ äã­ªæ¨ï θ(t) ¯®¤«¥¦¨â ®¯à¥¤¥«¥­¨î ¢ å®¤¥ ¤ «ì­¥©è¥£®  ­ «¨§ . �®¤áâ ¢«ïï (37) ¢
¨áå®¤­®¥ ãà ¢­¥­¨¥ (28), ¯à¨å®¤¨¬ ª ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¯¥à¢®£®
¯®àï¤ª 

2kθ′t = 2a(k + 2)θk+1.

�­â¥£à¨àãï, ¯®«ãç¨¬
θ(t) =

[
A− 2a(k + 2)

k
t
]−1/k

,

£¤¥ A | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. � ª¨¬ ®¡à §®¬, ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® à áâï¦¥­¨ï
à¥è¥­¨¥ ãà ¢­¥­¨ï (28) ¯à¨ f(w) = wk ¨¬¥¥â ¢¨¤

w(x, t) = x2/k
[
A− 2a(k + 2)

k
t
]−1/k

.

� â ¡«. 7 ¯à¨¢¥¤¥­  ¨â®£®¢ ï ª« áá¨ä¨ª æ¨ï á¨¬¬¥âà¨© ãà ¢­¥­¨ï (28) (á¬. ¯à¨¬¥àë 2 ¨ 7).
�à¨¬¥à 8. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ¢®«­®¢®¥ ãà ¢­¥­¨¥ (29).
�â® ãà ¢­¥­¨¥ ¯à¨ ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f(w) ¤®¯ãáª ¥â ®¯¥à â®à (á¬. ¯à¨¬¥à 3):

X3 = t∂t + x∂x.

�­¢ à¨ ­âë ­ å®¤ïâáï ¨§ «¨­¥©­®£® ãà ¢­¥­¨ï ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå ¯¥à¢®£® ¯®àï¤ª 
X3I1 = 0, ª®â®à®¥ ¢ à §¢¥à­ãâ®© ä®à¬¥ § ¯¨áë¢ ¥âáï â ª:

t
∂I

∂t
+ x

∂I

∂x
+ 0 ∂I

∂w
= 0.
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������� 8
�®¯ãáâ¨¬ë¥ ®¯¥à â®àë, ¨­¢ à¨ ­âë ¨ áâàãªâãà 
à¥è¥­¨© ­¥«¨­¥©­®£® ¢®«­®¢®£® ãà ¢­¥­¨ï (29)

�ã­ªæ¨ï f(w) �¯¥à â®àë �­¢ à¨ ­âë �¨¤ à¥è¥­¨ï

�à®¨§¢®«ì­ ï
X1 = ∂x,
X2 = ∂t,
X3 = t∂t+x∂x

I1 = t, I2 = w,
I1 = x, I2 = w,
I1 = x/t, I2 = w

w = w(t),
w = w(x),
w = w(z), z = x/t

ew X4 = x∂x+2∂w I1 = t, I2 = w−2 ln |x| w = 2 ln |x|+θ(t)

wk (k 6= 0,− 4
3 ,−4) X4 = kx∂x+2w∂w I1 = t, I2 = w|x|−k/2 w = |x|k/2θ(t)

w−4/3 X4 = 2x∂x−3w∂w,
X5 = x2∂x−3xw∂w

I1 = t, I2 = wx2/3,
I1 = t, I2 = wx3

w = x−2/3θ(t),
w = x−3θ(t)

w−4 X4 = 2x∂x−w∂w,
X5 = t2∂t+ tw∂w

I1 = t, I2 = w|x|1/2,
I1 = x, I2 = w/t

w = |x|−1/2θ(t),
w = tθ(x)

�®®â¢¥âáâ¢ãîé ï ¥¬ã å à ªâ¥à¨áâ¨ç¥áª ï á¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨©

dx

x
= dt

t
= dw

0
¤®¯ãáª ¥â ¯¥à¢ë¥ ¨­â¥£à «ë

xt−1 = C1, w = C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®íâ®¬ã ¨­¢ à¨ ­â ¬¨ ®¯¥à â®à  X3 ï¢«ïîâáï
äã­ªæ¨¨ I1 = xt−1 ¨ I2 = w.

�®« £ ï I2 = �(I1), ¨¬¥¥¬
w = �(y), y = xt−1. (38)

�ã­ªæ¨î �(y) ­ ©¤¥¬, ¯®¤áâ ¢«ïï (38) ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ (29). � à¥§ã«ìâ â¥ ¯®«ãç¨¬
®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

[f(�)�′y]′y = (y�′y)′y,

®¯à¥¤¥«ïîé¥¥ ¨­¢ à¨ ­â­®¥ ( ¢â®¬®¤¥«ì­®¥) à¥è¥­¨¥. �®á«¥¤­¥¥ ãà ¢­¥­¨¥ ¨¬¥¥â ®ç¥¢¨¤­ë©
¯¥à¢ë© ¨­â¥£à «: f(�)�′y = y�′y + C.

� â ¡«. 8 ¯à¨¢¥¤¥­  ¨â®£®¢ ï ª« áá¨ä¨ª æ¨ï á¨¬¬¥âà¨© ãà ¢­¥­¨ï (29) (á¬. ¯à¨¬¥àë 3 ¨ 8).

7.3.4. �¥è¥­¨ï, ¯®à®¦¤ ¥¬ë¥ «¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ ¤®¯ãáª ¥¬ëå
®¯¥à â®à®¢

�á«¨ ¨áá«¥¤ã¥¬®¥ ãà ¢­¥­¨¥ ¤®¯ãáª ¥â N ®¯¥à â®à®¢, â® ¬ë ¯®«ãç ¥¬, á®-
®â¢¥âáâ¢¥­­®, N à §«¨ç­ëå ¨­¢ à¨ ­â­ëå à¥è¥­¨©. �¤­ ª®, à áá¬ âà¨¢ ï
®¯¥à â®àë ¢ ®â¤¥«ì­®áâ¨, ¬®¦­® ó¯®â¥àïâìô à¥è¥­¨ï, ¨­¢ à¨ ­â­ë¥ ®â­®á¨-
â¥«ì­® ¨å «¨­¥©­®© áã¯¥à¯®§¨æ¨¨, ª®â®àë¥ ¬®£ãâ ¨¬¥âì áãé¥áâ¢¥­­® ¨­®©
¢¨¤. �â®¡ë ­ ©â¨ ¢á¥ â¨¯ë ¨­¢ à¨ ­â­ëå à¥è¥­¨©, ­ ¤® ¨áá«¥¤®¢ âì ¢á¥
¢®§¬®¦­ë¥ «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ ¤®¯ãáª ¥¬ëå ®¯¥à â®à®¢.

�à¨¬¥à 9. � áá¬®âà¨¬ ®¯ïâì ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ ­¥áâ æ¨®­ à­®© â¥¯«®¯à®¢®¤­®-
áâ¨ (28).
1◦. �â® ãà ¢­¥­¨¥ ¤«ï ¯à®¨§¢®«ì­®© f(w) ¤®¯ãáª ¥â âà¨ ®¯¥à â®à  (á¬. â ¡«. 7):

X1 = ∂t, X2 = ∂x, X3 = 2t∂t + x∂x.

�®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ¨¬¥îâ ¢¨¤:

w = F (x), w = F (t), w = F (x2/t).
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�¤­ ª® ¯¥à¥¡®à ¢®§¬®¦­ëå «¨­¥©­ëå ª®¬¡¨­ æ¨© ¤ ¥â ¥é¥ ®¯¥à â®à
X1,2 = X1 + aX2 = ∂t + a∂x, (39)

£¤¥ a 6= 0 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® íâ®£® ®¯¥à â®à  à¥è¥­¨¥
§ ¯¨áë¢ ¥âáï â ª:

w = F (x− at). (40)
�¨¤­®, çâ® à¥è¥­¨¥ â ª®£® â¨¯  (¡¥£ãé ï ¢®«­ ) ­¥ á®¤¥à¦¨âáï ¢ ¨­¢ à¨ ­â­ëå à¥è¥­¨ïå,
á®®â¢¥âáâ¢ãîé¨å óç¨áâë¬ô ®¯¥à â®à ¬ X1, X2, X3.
2◦. �á«¨ f(w) = ew, â® ª ãª § ­­ë¬ ¢ëè¥ âà¥¬ ®¯¥à â®à ¬ ¤®¡ ¢«ï¥âáï ç¥â¢¥àâë© ®¯¥à â®à
X4 = x∂x + 2∂w (á¬. â ¡«. 7). � íâ®¬ á«ãç ¥ «¨­¥©­ ï ª®¬¡¨­ æ¨ï

X3,4 = X3 + aX4 = 2t∂t + (a + 1)x∂x + 2a∂w

¤ ¥â ¨­¢ à¨ ­â­®¥ à¥è¥­¨¥

w = F (ξ) + a ln t, ξ = xt−
a+1

2 ,

£¤¥ äã­ªæ¨ï F = F (ξ) ã¤®¢«¥â¢®àï¥â ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î
(eF F ′ξ)′ξ + 1

2 (a + 1)ξF ′ξ = a.

3◦. �á«¨ f(w) = wk (k 6= 0,−4/3), â® ª ãª § ­­ë¬ ¢ ¯. 1◦ âà¥¬ ®¯¥à â®à ¬ ¤®¡ ¢«ï¥âáï
ç¥â¢¥àâë© ®¯¥à â®à X4 = kx∂x + 2w∂w, ¨ «¨­¥©­ ï ª®¬¡¨­ æ¨ï

X3,4 = X3 + aX4 = 2t∂t + (ak + 1)x∂x + 2aw∂w

¯®à®¦¤ ¥â ¨­¢ à¨ ­â­®¥ ( ¢â®¬®¤¥«ì­®¥) à¥è¥­¨¥

w = taF (ζ), ζ = xt−
ak+1

2 ,

£¤¥ äã­ªæ¨ï F = F (ζ) ã¤®¢«¥â¢®àï¥â ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î
(F kF ′ζ)′ζ + 1

2 (ak + 1)ζF ′ζ = aF.

�à¨¢¥¤¥­­ë¥ ¢ ¯¯. 1◦{3◦ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ­¥ á®¤¥à¦ âáï ¢ â ¡«. 7. �â® ­ £«ï¤­®
¤¥¬®­áâà¨àã¥â ­¥®¡å®¤¨¬®áâì à áá¬®âà¥­¨ï à¥è¥­¨©, ¯®à®¦¤ ¥¬ëå «¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨
¤®¯ãáª ¥¬ëå ®¯¥à â®à®¢.

�à¨¬¥à 10. � áá¬®âà¨¬ â¥¯¥àì ­¥«¨­¥©­®¥ ¢®«­®¢®¥ ãà ¢­¥­¨¥ (29).
1◦. �â® ãà ¢­¥­¨¥ ¤«ï ¯à®¨§¢®«ì­®© f(w) ¤®¯ãáª ¥â âà¨ ®¯¥à â®à  (á¬. â ¡«. 8):

X1 = ∂t, X2 = ∂x, X3 = t∂t + x∂x,

  á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ¨¬¥îâ ¢¨¤
w = F (x), w = F (t), w = F (x/t).

�¥à¥¡®à ¢®§¬®¦­ëå «¨­¥©­ëå ª®¬¡¨­ æ¨© ¤ ¥â ¥é¥ ®¯¥à â®à (39). �­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­®
íâ®£® ®¯¥à â®à  à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¨¬¥¥â ¢¨¤ (40) ¨ ­¥ á®¤¥à¦¨âáï ¢ ¨­¢ à¨ ­â­ëå
à¥è¥­¨ïå, á®®â¢¥âáâ¢ãîé¨å óç¨áâë¬ô ®¯¥à â®à ¬ X1, X2, X3.
2◦. �á«¨ f(w) = ew, â® ª ãª § ­­ë¬ ¢ëè¥ âà¥¬ ®¯¥à â®à ¬ ¤®¡ ¢«ï¥âáï ç¥â¢¥àâë© ®¯¥à â®à
X4 = x∂x + 2∂w (á¬. â ¡«. 8). � íâ®¬ á«ãç ¥ «¨­¥©­ ï ª®¬¡¨­ æ¨ï

X3,4 = X3 + aX4 = t∂t + (a + 1)x∂x + 2a∂w

(a 6= 0|¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï) ¤ ¥â ¨­¢ à¨ ­â­®¥ à¥è¥­¨¥
w = F (ξ) + 2a ln t, ξ = xt−a−1,

£¤¥ äã­ªæ¨ï F = F (ξ) ã¤®¢«¥â¢®àï¥â ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î
(eF F ′ξ)′ξ = (a + 1)2ξ2F ′′ξξ + (a + 1)(a + 2)ξF ′ξ − 2a.

3◦. �á«¨ f(w) = wk (k 6= 0,−4/3,−4), â® ¯®ï¢«ï¥âáï ç¥â¢¥àâë© ®¯¥à â®à X4 = kx∂x + 2w∂w,
¨ «¨­¥©­ ï ª®¬¡¨­ æ¨ï

X3,4 = X3 + aX4 = t∂t + (ak + 1)x∂x + 2aw∂w

¤ ¥â ¨­¢ à¨ ­â­®¥ ( ¢â®¬®¤¥«ì­®¥) à¥è¥­¨¥
w = t2aF (ζ), ζ = xt−ak−1,

£¤¥ äã­ªæ¨ï F = F (ζ) ã¤®¢«¥â¢®àï¥â ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î
(F kF ′ζ)′ζ = (ak + 1)2ζ2F ′′ζζ + (ak + 1)(ak + 2− 4a)ζF ′ζ + 2a(2a− 1)F.
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S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 7.3
1. � ©â¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯  (í¢®«îæ¨®­­ëå ãà ¢­¥­¨©):

a) wt + wwx = awxx,
b) wt = wxx + a(wx)2,
c) wt = wxx + aw(wx)2,
d) wt = a(wwx)x + bw,
e) wt = a(wwx)x + bw2,
f ) wt + f(w)wx = awxx,
g) wt = awxx + f(w),
h) wt = f(wx)wxx,
i) wt = [f(wx)wx]x.
�ª § ­¨¥. �®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨ ¯à¥¤è¥áâ¢ãîé¥£®  ­ «¨§  á¨¬¬¥âà¨© ãª § ­­ëå

ãà ¢­¥­¨© (á¬. § ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 7.2).
2. � ©â¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨©:

a) xwx + ywy = awxx + f(w),
b) xwx + ywy = wxx + wyy + f(w).

�®ª § âì, çâ® ãà ¢­¥­¨¥ b) ¨¬¥¥â ­¥¨­¢ à¨ ­â­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë w = w(z), £¤¥
z = k1x+k2y, k1 ¨ k2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (áãé¥áâ¢®¢ ­¨¥ â ª®£® à¥è¥­¨ï ¯à®¢¥àï¥âáï
­¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª®© ¥£® ¢ ãà ¢­¥­¨¥).
3. � ©â¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï á«¥¤ãîé¨å ãà ¢­¥­¨©:

a) wxwxx + wyy = 0,
b) wtt + f(w)wt = awxx,
c) wxt = f(w),
d) wxt = wwxx + f(wx),
e) wtt = f(wxx),
f ) (1 + w2

y)wxx − 2wxwywxy + (1 + w2
x)wyy = 0,

g) (1− w2
t )wxx + 2wxwtwxt − (1 + w2

x)wtt = 0,
h) w2

xy − wxxwyy = f(x).
�ª § ­¨¥. �®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨ ¯à¥¤è¥áâ¢ãîé¥£®  ­ «¨§  á¨¬¬¥âà¨© ãª § ­­ëå

ãà ¢­¥­¨© (á¬. § ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤¥«ã 7.2).

7.4. �¥ª®â®àë¥ ®¡®¡é¥­¨ï. �à ¢­¥­¨ï áâ àè¨å ¯®àï¤ª®¢

7.4.1. �¤­®¯ à ¬¥âà¨ç¥áª¨¥ £àã¯¯ë �¨ â®ç¥ç­ëå ¯à¥®¡à §®¢ ­¨©. �¥­¥à â®à
£àã¯¯ë

� íâ®¬ à §¤¥«¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì äã­ªæ¨¨, § ¢¨áïé¨¥ ®â n+1 ¯¥à¥¬¥­­ëå:
x1, . . . , xn, w. �¢¥¤¥¬ ªà âª®¥ ®¡®§­ ç¥­¨¥: x = (x1, . . . , xn).

�­®¦¥áâ¢® ®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨© ¢¨¤ 

Tε =
{

�xi = ϕi(x,w, ε), �xi|ε=0 = xi,
�w = ψ(x,w, ε), �w|ε=0 = w, (41)

£¤¥ ϕi, ψ | ¤®áâ â®ç­® £« ¤ª¨¥ äã­ªæ¨¨ á¢®¨å  à£ã¬¥­â®¢ (i = 1, . . . , n),  
ε | ¢¥é¥áâ¢¥­­ë© ¯ à ¬¥âà, ­ §ë¢ ¥âáï ®¤­®¯ à ¬¥âà¨ç¥áª®© ­¥¯à¥àë¢­®©
â®ç¥ç­®© £àã¯¯®© ¯à¥®¡à §®¢ ­¨© G, ¥á«¨ ¤«ï «î¡ëå ε1 ¨ ε2 ¢ë¯®«­ï¥âáï
á®®â­®è¥­¨¥ Tε1 ◦ Tε2 = Tε1+ε2 , â. ¥. ¯®á«¥¤®¢ â¥«ì­®¥ ¯à¨¬¥­¥­¨¥ ¤¢ãå
¯à¥®¡à §®¢ ­¨© ¢¨¤  (1) á ¯ à ¬¥âà ¬¨ ε1 ¨ ε2 íª¢¨¢ «¥­â­® ®¤­®¬ã ¯à¥®¡à -
§®¢ ­¨î â®£® ¦¥ ¢¨¤  á ¯ à ¬¥âà®¬ ε1 + ε2.

� «¥¥ ¡ã¤ãâ à áá¬ âà¨¢ âìáï «®ª «ì­ë¥ ®¤­®¯ à ¬¥âà¨ç¥áª¨¥ ­¥¯à¥àë¢-
­ë¥ £àã¯¯ë �¨ â®ç¥ç­ëå ¯à¥®¡à §®¢ ­¨© (ªà âª®|â®ç¥ç­ë¥ £àã¯¯ë), á®®â-
¢¥âáâ¢ãîé¨¥ ¡¥áª®­¥ç­® ¬ «®¬ã ¯à¥®¡à §®¢ ­¨î (41) ¯à¨ ε→ 0. � §«®¦¥­¨¥

2 �. �. �®«ï­¨­, �. �. � ©æ¥¢, �. �. �ãà®¢
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á®®â­®è¥­¨© (41) ¤«ï �xi ¨ �w ¢ àï¤ �¥©«®à  ¯® ¯ à ¬¥âàã ε ¢ ®ªà¥áâ­®áâ¨ â®çª¨
ε = 0 ¤ ¥â

�xi ' xi + εξi(x,w), �w ' w + εζ(x,w), (42)
£¤¥

ξi(x,w) = ∂ϕi(x, w, ε)
∂ε

∣∣∣
ε=0

, ζ(x,w) = ∂ψ(x, w, ε)
∂ε

∣∣∣
ε=0

.

�¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯¥à¢®£® ¯®àï¤ª 

X = ξi(x,w) ∂

∂xi
+ ζ(x,w) ∂

∂w
, (43)

á®®â¢¥âáâ¢ãîé¨© ¡¥áª®­¥ç­® ¬ «®¬ã ¯à¥®¡à §®¢ ­¨î (42), ­ §ë¢ ¥âáï £¥­¥-
à â®à®¬ £àã¯¯ë (¨«¨ ¨­ä¨­¨â¥§¨¬ «ì­ë¬ ®¯¥à â®à®¬, ¨«¨ ®¯¥à â®à®¬ £àã¯-
¯ë). � ä®à¬ã«¥ (43) ¯® ¨­¤¥ªáã i ¢¥¤¥âáï áã¬¬¨à®¢ ­¨¥.

�¥®à¥¬  �¨. �ãáâì ¨§¢¥áâ­ë ª®®à¤¨­ âë ξi(x,w), ζ(x,w) £¥­¥à â®à  £àã¯-
¯ë (43). �®£¤  ®¤­®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¯à¥®¡à §®¢ ­¨© (41) ¬®¦­® ¯®«-
­®áâìî ¢®ááâ ­®¢¨âì ¯ãâ¥¬ à¥è¥­¨ï ãà ¢­¥­¨© �¨

dϕi

dε
= ξi(ϕ,ψ), dψ

dε
= ζ(ϕ,ψ)

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

ϕi|ε=0 = xi, ψ|ε=0 = w.

�à¨ § ¯¨á¨ ãà ¢­¥­¨© �¨ ¨á¯®«ì§®¢ ­® ªà âª®¥ ®¡®§­ ç¥­¨¥: ϕ=(ϕ1, . . . , ϕn).
� ¬¥ç ­¨¥. �á¯®«ì§®¢ ­¨¥ ¯®­ïâ¨ï «®ª «ì­®© ®¤­®¯ à ¬¥âà¨ç¥áª®© £àã¯-

¯ë â®ç¥ç­ëå ¯à¥®¡à §®¢ ­¨© ¯®á«ã¦¨«® ®á­®¢®© ¤«ï ¢¢¥¤¥­¨ï ¨ è¨à®ª®-
£® à á¯à®áâà ­¥­¨ï â¥à¬¨­®¢ ó£àã¯¯®¢®©  ­ «¨§ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨©ô, ó£àã¯¯®¢ë¥ ¬¥â®¤ëô ¨ ¤à. (¢¬¥áâ® ¨á¯®«ì§ã¥¬®£® ¢ ¤ ­­®© ª­¨£¥
â¥à¬¨­  ó¬¥â®¤ ¨áá«¥¤®¢ ­¨ï á¨¬¬¥âà¨© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©ô).

7.4.2. �­¢ à¨ ­âë £àã¯¯ë. �®ª «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï ¯à®¨§¢®¤­ëå
�­¨¢¥àá «ì­ë¬ ¨­¢ à¨ ­â®¬ (ªà âª®|¨­¢ à¨ ­â®¬) £àã¯¯ë (41) ¨ ®¯¥à â®à 
(43) ­ §ë¢ ¥âáï äã­ªæ¨ï I(x,w), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î I(�x, �w)=I(x, w).
� §«®¦¥­¨¥ ¯® ¬ «®¬ã ¯ à ¬¥âàã ε ¯à¨¢®¤¨â ª «¨­¥©­®¬ã ãà ¢­¥­¨î á ç áâ-
­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¤«ï I:

XI = ξi(x, w) ∂I

∂xi
+ ζ(x, w) ∂I

∂w
= 0. (44)

�§ â¥®à¨¨ ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¯¥à¢®£® ¯®àï¤ª  á«¥¤ã¥â, çâ®
£àã¯¯  (41) ¨ ®¯¥à â®à (43) ¨¬¥îâ n äã­ªæ¨®­ «ì­® ­¥§ ¢¨á¨¬ëå ã­¨¢¥àá «ì-
­ëå ¨­¢ à¨ ­â®¢. �â®, ¢ á¢®î ®ç¥à¥¤ì, ®§­ ç ¥â, çâ® ¢áïª ï äã­ªæ¨ï F (x, w),
¨­¢ à¨ ­â­ ï ®â­®á¨â¥«ì­® £àã¯¯ë (41), ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥ äã­ªæ¨¨
n ¨­¢ à¨ ­â®¢.

�à®¨§¢®¤­ë¥ ¯à¨ ¯¥à¥å®¤¥ ª ­®¢ë¬ ¯¥à¥¬¥­­ë¬ (41) ¯à¥®¡à §ãîâáï á«¥-
¤ãîé¨¬ ®¡à §®¬:
∂ �w
∂�xi

' ∂w

∂xi
+εζi,

∂2 �w
∂�xi∂�xj

' ∂2w

∂xi∂xj
+εζij ,

∂3 �w
∂�xi∂�xj∂�xk

' ∂3w

∂xi∂xj∂xk
+εζijk, . . .

(45)
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�¤¥áì ª®®à¤¨­ âë ¯¥à¢ëå âà¥å ¯à®¤®«¦¥­¨© ζi, ζij , ζijk ®¯à¥¤¥«ïîâáï ¯®
ä®à¬ã« ¬

ζi = Di(ζ)− psDi(ξs),
ζij = Dj(ζi)− qisDj(ξs),

ζijk = Dk(ζij)− rijsDk(ξs),
(46)

£¤¥ ¯® ¨­¤¥ªáã s ¢¥¤¥âáï áã¬¬¨à®¢ ­¨¥ ¨ ¨á¯®«ì§®¢ ­ë ªà âª¨¥ ®¡®§­ ç¥­¨ï
¤«ï ç áâ­ëå ¯à®¨§¢®¤­ëå

pi = ∂w

∂xi
, qij = ∂2w

∂xi∂xj
, rijk = ∂3w

∂xi∂xj∂xk
,

Di = ∂

∂xi
+ pi

∂

∂w
+ qij

∂

∂pj
+ rijk

∂

∂qjk
+ . . . ,

Di |®¯¥à â®à ¯®«­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® ¯¥à¥¬¥­­®© xi.

7.4.3. �á«®¢¨¥ ¨­¢ à¨ ­â­®áâ¨. �à®æ¥¤ãà  à áé¥¯«¥­¨ï. �­¢ à¨ ­â­ë¥
à¥è¥­¨ï

�ã¤¥¬ à áá¬ âà¨¢ âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå
¯®àï¤ª  m á n ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨

F
(
x,w,

∂w

∂xi
,

∂2w

∂xi∂xj
,

∂3w

∂xi∂xj∂xk
, . . .

)
= 0, (47)

£¤¥ i, j, k = 1, . . . , n.
�àã¯¯®¢®©  ­ «¨§ ãà ¢­¥­¨ï (47) ¯à®¢®¤¨âáï ¢ ­¥áª®«ìª® íâ ¯®¢. � 

¯¥à¢®¬ íâ ¯¥ ¯®âà¥¡ã¥¬, çâ®¡ë ãà ¢­¥­¨¥ (47) ¡ë«® ¨­¢ à¨ ­â­ë¬ (á®åà ­ï«®
¢¨¤) ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© (41), â. ¥.

F
(

�x, �w,
∂ �w
∂�xi

,
∂2 �w

∂xi∂�xj
,

∂3 �w
∂xi∂�xj∂�xk

, . . .
)

= 0. (48)

� §«®¦¨¬ íâ® ¢ëà ¦¥­¨¥ ¢ àï¤ ¯à¨ ε → 0 á ãç¥â®¬ à ¢¥­áâ¢  ­ã«î £« ¢­®£®
ç«¥­  à §«®¦¥­¨ï (47). �á¯®«ì§ãï ä®à¬ã«ë (41), (45) ¨ ã¤¥à¦¨¢ ï ç«¥­ë
¯¥à¢®£® ¯®àï¤ª  ¬ «®áâ¨ ¯® ε, ¯®«ãç¨¬

X
m

F
(
x,w,

∂w

∂xi
,

∂2w

∂xi∂xj
,

∂3w

∂xi∂xj∂xk
, . . .

)∣∣∣
F=0

= 0. (49)

�¤¥áì ¢¢¥¤¥­® ªà âª®¥ ®¡®§­ ç¥­¨¥:

X
m

F = ξi
∂F

∂xi
+ ζ

∂F

∂w
+ ζi

∂F

∂wxi

+ ζij
∂F

∂wxixj

+ ζijk
∂F

∂wxixjxk

+ · · · , (50)

£¤¥ ª®®à¤¨­ âë ¯¥à¢ëå âà¥å ¯à®¤®«¦¥­¨© ζi, ζij , ζijk ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã-
« ¬ (45),   ¯® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬ ¢¥¤¥âáï áã¬¬¨à®¢ ­¨¥. �®®â­®è¥­¨¥
(49) ­ §ë¢ ¥âáï ãá«®¢¨¥¬ ¨­¢ à¨ ­â­®áâ¨,   ®¯¥à â®à X

m
| m à § ¯à®¤®«-

¦¥­­ë¬ £¥­¥à â®à®¬ £àã¯¯ë; ¢ ä®à¬ã«ã (50) ¯®á«¥¤­¨¬¨ ¢å®¤ïâ ç áâ­ë¥
¯à®¨§¢®¤­ë¥ ®â F ¯® ¢á¥¬ ¯à®¨§¢®¤­ë¬ ¯®àï¤ª  m ®â w.

�  ¢â®à®¬ íâ ¯¥ ¢ (49) ¨áª«îç ¥âáï ®¤­  ¨§ áâ àè¨å ¯à®¨§¢®¤­ëå ¯®àï¤-
ª  m á ¯®¬®éìî ãà ¢­¥­¨ï (47). �®á«¥ íâ®£® ¯®«ãç¥­­®¥ à ¢¥­áâ¢® § ¯¨áë¢ -
¥âáï ª ª ¯®«¨­®¬ ¯® ó­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬ô|¢á¥¢®§¬®¦­ë¬ ª®¬¡¨­ -
æ¨ï¬ ®áâ ¢è¨åáï ¯à®¨§¢®¤­ëå, ¯à¥¤áâ ¢«ïîé¨¬ á®¡®© ¯à®¨§¢¥¤¥­¨ï à §«¨ç-
­ëå áâ¥¯¥­¥© ¢¥«¨ç¨­ wx, wy, wxx, wxy, . . . �®á«¥ íâ®£® ¢á¥ ª®íää¨æ¨¥­âë

2*
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¯®«¨­®¬  (®­¨ § ¢¨áïâ â®«ìª® ®â x, w, ξi, ζ ¨ ­¥ § ¢¨áïâ ®â ¯à®¨§¢®¤­ëå w)
¯à¨à ¢­¨¢ îâ ­ã«î. � à¥§ã«ìâ â¥ ãá«®¢¨¥ ¨­¢ à¨ ­â­®áâ¨ à áé¥¯«ï¥âáï ¤®
¯¥à¥®¯à¥¤¥«¥­­®© «¨­¥©­®© ®¯à¥¤¥«ïîé¥© á¨áâ¥¬ë.

�  âà¥âì¥¬ íâ ¯¥ à¥è ¥âáï ®¯à¥¤¥«ïîé ï á¨áâ¥¬  ¨ ­ å®¤ïâáï ¤®¯ãáâ¨¬ë¥
ª®®à¤¨­ âë ξi, ζ £¥­¥à â®à  £àã¯¯ë (42).

�«ï ãà ¢­¥­¨© m-£® ¯®àï¤ª  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ ¨­¢ -
à¨ ­â­ë¥ à¥è¥­¨ï ¢¢®¤ïâáï â ª¨¬ ¦¥ ®¡à §®¬, çâ® ¨ ¤«ï ãà ¢­¥­¨© ¢â®à®£®
¯®àï¤ª . � íâ®¬ á«ãç ¥ ¯à®æ¥¤ãà  ¯®áâà®¥­¨ï ¨­¢ à¨ ­âëå à¥è¥­¨© (¯à¨ ¨§-
¢¥áâ­ëå ª®®à¤¨­ â å £¥­¥à â®à  £àã¯¯ë) ¯®«­®áâìî á®¢¯ ¤ ¥â á ¯à®æ¥¤ãà®©,
¯®¤à®¡­® ®¯¨á ­­®© ¢ à §¤. 7.3.

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 7.4
1. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï
�®àâ¥¢¥£ |¤¥ �à¨§ :

wt + wxxx − 6wwx = 0.
2. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ¬®¤¨ä¨æ¨à®-
¢ ­­®£® ãà ¢­¥­¨ï �®àâ¥¢¥£ |¤¥ �à¨§ :

wt + wxxx − 6w2wx = 0.
3. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨© â¨¯ 
�®àâ¥¢¥£ |¤¥ �à¨§ :

a) wt + wxxx + awwx + bt−1w = 0,
b) wt + wxxx + aw2

x = 0,
c) wt + wxxx + aw3

x = 0.
4. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ®¡®¡é¥­­®£®
ãà ¢­¥­¨ï �®àâ¥¢¥£ |¤¥ �à¨§ :

wt + wxxx + f(w)wx = 0.
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(w).
5. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï,
ª®â®à®¥ ¢áâà¥ç ¥âáï ¢ £¨¤à®¤¨­ ¬¨ª¥ ¢ï§ª®© ¦¨¤ª®áâ¨:

wxt + w2
x − wwxx = νwxxx.

6. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï,
ª®â®à®¥ ¢áâà¥ç ¥âáï ¢ £¨¤à®¤¨­ ¬¨ª¥ ¢ï§ª®© ¦¨¤ª®áâ¨:

wxt + w2
x − wwxx = νwxxx + f(t).

�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(t).
7. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï
áâ æ¨®­ à­®£® ¡¥§£à ¤¨¥­â­®£® £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£® á«®ï:

wywxy − wxwyy = wyyy .
8. � ©â¨ ¤®¯ãáâ¨¬ë¥ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï
áâ æ¨®­ à­®£® £à ¤¨¥­â­®£® £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£® á«®ï:

wywxy − wxwyy = wyyy + f(x).
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© ãà ¢­¥­¨ï ¤«ï ¢á¥å f(x).

7.5. �¨¬¬¥âà¨¨ á¨áâ¥¬ ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨
7.5.1. �á­®¢­ë¥ á®®â­®è¥­¨ï, ¨á¯®«ì§ã¥¬ë¥ ¯à¨  ­ «¨§¥ á¨¬¬¥âà¨© á¨áâ¥¬

ãà ¢­¥­¨©
�­ «¨§ á¨¬¬¥âà¨© (£àã¯¯®¢®©  ­ «¨§) á¨áâ¥¬ ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§-
¢®¤­ë¬¨ ®â«¨ç ¥âáï ®â  ­ «¨§  ®¤¨­®ç­ëå ãà ¢­¥­¨© â®«ìª® â¥¬, çâ® ¢ ®¯¥à -
â®à¥ (3) ¨ ¥£® ¯à®¤®«¦¥­¨ïå ­¥®¡å®¤¨¬® ãç¥áâì ¢á¥ § ¢¨á¨¬ë¥ ¨ ­¥§ ¢¨á¨¬ë¥
¯¥à¥¬¥­­ë¥. �¨¦¥ ¯à¨¢¥¤¥­ë ¯®«¥§­ë¥ ä®à¬ã«ë, ª®â®àë¥ ­ ¨¡®«¥¥ ç áâ®
¨á¯®«ì§ãîâáï ­  ¯à ªâ¨ª¥ ¯à¨  ­ «¨§¥ á¨¬¬¥âà¨© á¨áâ¥¬ ãà ¢­¥­¨©.
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�«ï á¨áâ¥¬, á®áâ®ïé¨å ¨§ ¤¢ãå ãà ¢­¥­¨© á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥-
¬¥­­ë¬¨ x, y ¨ ¨áª®¬ë¬¨ ¢¥«¨ç¨­ ¬¨ u = u(x, y), v = v(x, y), ¤®¯ãáâ¨¬ë©
®¯¥à â®à ¨é¥âáï ¢ ¢¨¤¥

X = ξ(x, y, u, v) ∂

∂x
+ η(x, y, u, v) ∂

∂y
+ ζ(x, y, u, v) ∂

∂u
+ χ(x, y, u, v) ∂

∂v
. (51)

� ®¡é¥¬ á«ãç ¥ ¢â®à®¥ ¯à®¤®«¦¥­¨¥ ®¯¥à â®à  (51) ­  ó­¥§ ¢¨á¨¬ë¥
¯¥à¥¬¥­­ë¥ô ux, uy, vx, vy ¨ uxx, uxy, uyy, vxx, vxy, vyy § ¯¨áë¢ ¥âáï â ª:

X
2

= ξ
∂

∂x
+ η

∂

∂y
+ ζ

∂

∂u
+ χ

∂

∂v
+ ζ1

∂

∂ux
+ ζ2

∂

∂uy
+ χ1

∂

∂vx
+ χ2

∂

∂vy
+

+ ζ11
∂

∂uxx
+ ζ12

∂

∂uxy
+ ζ22

∂

∂uyy
+ χ11

∂

∂vxx
+ χ12

∂

∂vxy
+ χ22

∂

∂vyy
. (52)

�®®à¤¨­ âë ¯¥à¢®£® ¯à®¤®«¦¥­¨ï ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬,  ­ «®£¨ç­ë¬
ä®à¬ã« ¬ (9) ¨§ à §¤. 7.1.2:

ζ1 = Dx(ζ)−uxDx(ξ)−uyDx(η), χ1 = Dx(χ)−vxDx(ξ)−vyDx(η),
ζ2 = Dy(ζ)−uxDy(ξ)−uyDy(η), χ2 = Dy(χ)−vxDy(ξ)−vyDy(η), (53)

  ª®®à¤¨­ âë ¢â®à®£® ¯à®¤®«¦¥­¨ï|¯® ä®à¬ã« ¬

ζ11 = Dx(ζ1)−uxxDx(ξ)−uxyDx(η), χ11 = Dx(χ1)−vxxDx(ξ)−vxyDx(η),
ζ12 = Dy(ζ1)−uxxDy(ξ)−uxyDy(η), χ12 = Dy(χ1)−vxxDy(ξ)−vxyDy(η),
ζ22 = Dy(ζ2)−uxyDy(ξ)−uyyDy(η), χ22 = Dy(χ2)−vxyDy(ξ)−vyyDy(η),

(54)
£¤¥ Dx ¨ Dy | ®¯¥à â®àë ¯®«­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® ­¥§ ¢¨á¨¬ë¬
¯¥à¥¬¥­­ë¬:

Dx = ∂

∂x
+ ux

∂

∂u
+ vx

∂

∂v
+ uxx

∂

∂ux
+ uxy

∂

∂uy
+ vxx

∂

∂vx
+ vxy

∂

∂vy
+ · · · ,

Dy = ∂

∂y
+ uy

∂

∂u
+ vy

∂

∂v
+ uxy

∂

∂ux
+ uyy

∂

∂uy
+ vxy

∂

∂vx
+ vyy

∂

∂vy
+ · · · .

�à¨  ­ «¨§¥ á¨¬¬¥âà¨© á¨áâ¥¬ ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨
âà¥¡ã¥âáï, çâ®¡ë ª ¦¤®¥ ãà ¢­¥­¨¥ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ã¤®¢«¥â¢®àï«®
ãá«®¢¨î ¨­¢ à¨ ­â­®áâ¨, ª®â®à®¥ § ¤ ¥âáï ¯à®¤®«¦¥­­ë¬ ®¯¥à â®à®¬ (52).

7.5.2. �¨¬¬¥âà¨¨ ãà ¢­¥­¨© áâ æ¨®­ à­®£® £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£®
á«®ï

�à®¨««îáâà¨àã¥¬ â¥å­¨ªã  ­ «¨§  á¨¬¬¥âà¨© ­¥«¨­¥©­ëå á¨áâ¥¬ ãà ¢­¥­¨©
á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ á ¯®¬®éìî ä®à¬ã« (51){(54) ­  ª®­ªà¥â­®¬ ¯à¨-
¬¥à¥.

�à¨¬¥à 11. � áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨© áâ æ¨®­ à­®£® £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç-
­®£® á«®ï

uux + vuy + f(x) = uyy,

ux + vy = 0.
(55)

�¯à¥¤¥«ïîé¨¥ á®®â­®è¥­¨ï ¤«ï ª®®à¤¨­ â ¤®¯ãáâ¨¬®£® ®¯¥à â®à . �ã¤¥¬ ¨áª âì ®¯¥à -
â®à, ¤®¯ãáª ¥¬ë© á¨áâ¥¬®© (55), ¢ ¢¨¤¥ (51). �â®à®¥ ¯à®¤®«¦¥­¨¥ ®¯¥à â®à  (51) ®¯¨áë¢ ¥âáï
ä®à¬ã«®© (52), ¢ ª®â®à®© á«¥¤ã¥â ¯®«®¦¨âì

χ1 = 0, ζ11 = ζ12 = 0, χ11 = χ12 = χ22 = 0. (56a)
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(�¤¥áì ãçâ¥­®, çâ® ¢ ¨áá«¥¤ã¥¬ãî á¨áâ¥¬ã ¢å®¤ïâ â®«ìª® ¯à®¨§¢®¤­ë¥ ux, uy , vy ¨ uyy .)
�¥­ã«¥¢ë¥ ª®®à¤¨­ âë ¯à®¤®«¦¥­­®£® ®¯¥à â®à  (52) ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬ (53) ¨ (54):

ζ1 = ζx+ζuux+ζvvx−ux(ξx+ξuux+ξvvx)−uy(ηx+ηuux+ηvvx),
ζ2 = ζy +ζuuy +ζvvy−ux(ξy +ξuuy +ξvvy)−uy(ηy +ηuuy +ηvvy),
χ2 = χy +χuuy +χvvy−vx(ξy +ξuuy +ξvvy)−vy(ηy +ηuuy +ηvvy),
ζ22 = ζyy +2ζvyvy +ζvv(vy)2+[2ζuy−ηyy +2(ζuv−ηvy)vy−ηvv(vy)2]uy−

− [ξyy +2(ξuy +ξuvvy)uy +2ξvyvy +ξuu(uy)2+ξvv(vy)2]ux+
−(ζuu−2ηuy−2ηuvvy)(uy)2−ηuu(uy)3−2(ξy +ξuuy +ξvvy)uxy−
− [2ηy−ζu−ζv +(ξu+ξv)ux+(3ηu+ηv)uy +2ηvvy]uyy.

(56b)

�®¤¥©áâ¢ã¥¬ ¯à®¤®«¦¥­­ë¬ ®¯¥à â®à®¬ (52) á ãç¥â®¬ (56a), (56b) ­  á¨áâ¥¬ã (55). �áª«î-
ç¥­¨¥ ¢ ¯®«ãç¥­­ëå ¢ëà ¦¥­¨ïå ¯à®¨§¢®¤­ëå uyy ¨ vy á ¯®¬®éìî á®®â¢¥âáâ¢¥­­® ¯¥à¢®£® ¨
¢â®à®£® ãà ¢­¥­¨© á¨áâ¥¬ë (55) ¤ ¥â ¤¢  ãá«®¢¨ï ¨­¢ à¨ ­â­®áâ¨. �®á«¥ ¯à¨¢¥¤¥­¨ï ¯®¤®¡­ëå
ç«¥­®¢ ¨ ¯¥à¥£àã¯¯¨à®¢ª¨ á« £ ¥¬ëå ¯à¨å®¤¨¬ ª ®¯à¥¤¥«ïîé¨¬ ãà ¢­¥­¨ï¬:

[−3ξvux + (2ξu − ηv)uy + 2ξy + ζv]uxy + ξvvu3
x − (2ξuv − ηvv)u2

xuy +
+ (ξuu − 2ηuv)uxu2

y + ηuuu3
y + (vξv − 2uηv − ζvv − 2ξyv)u2

x +
+ (2ζuv + 2uηu − 2ηyv − vηv + 2ξyu)uxuy + (2vηu + 2ηyu − ζuu)u2

y −
− uξvuxvx − uηvuyvx + (−vξy − vζv − uξx − 2fηv + 2uηy + fξu +
+ ζ + 2ζyv + ξyy)ux + (vηy − uηx + 3fηu − 2ζyu + χ + ηyy)uy +
+ uζvvx + f ′xξ − ζyy + uζx + vζy − fζu + 2fηy = 0 (¯¥à¢®¥ ãà ¢­¥­¨¥),

−(ξu + ηv)u2
x + (ζu − χv + ηy − ξx)ux − (ηv + ξu)uyvx + ζvvx +

+ (χu − ηx − ξy)uy + ζx + χy = 0 (¢â®à®¥ ãà ¢­¥­¨¥).
� áé¥¯«¥­¨¥ íâ¨å ãà ¢­¥­¨© ¯® ó­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬ô ¯à¨¢®¤¨â ª ¤¢ã¬ ¯¥à¥®¯à¥¤¥«¥­-
­ë¬ á¨áâ¥¬ ¬, ª®â®àë¥ ¯à¨¢¥¤¥­ë ­¨¦¥ ¨ ¤®«¦­ë ¢ë¯®«­ïâìáï ®¤­®¢à¥¬¥­­®.

�¥à¢ ï á¨áâ¥¬ :
uxuxy: 3ξv = 0,

uyuxy: 2ξu − ηv = 0,

uxy: 2ξy + ζv = 0,

u3
x: ξvv = 0,

u2
xuy: 2ξuv − ηvv = 0,

uxu2
y: ξuu − 2ηuv = 0,

u3
y: ηuu = 0,

u2
x: vξv − 2uηv − ζvv − 2ξyv = 0,

uxuy: 2ζuv + 2uηu − 2ηyv − vηv + 2ξyu = 0,

u2
y: 2vηu + 2ηyu − ζuu = 0,

uxvx: uξv = 0,

uyvx: uηv = 0,

ux: ξyy − vξy − vζv − uξx − 2fηv + 2uηy + fξu + ζ + 2ζyv = 0,

uy: ηyy + vηy − uηx + 3fηu − 2ζyu + χ = 0,

vx: uζv = 0,

1: f ′xξ − ζyy + uζx + vζy − fζu + 2fηy = 0.

�â®à ï á¨áâ¥¬ :
u2

x: ξu + ηv = 0,

uyvx: ηv + ξu = 0,

ux: ζu − χv + ηy − ξx = 0,

uy: χu − ηx − ξy = 0,
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vx: ζv = 0,

1: ζx + χy = 0.

� ¯¥à¢®© á¨áâ¥¬¥ ¨§ 11-£® ¨ 12-£® ãà ¢­¥­¨© á«¥¤ã¥â, çâ® ξ = ξ(x, y, u), η = η(x, y, u),
®âªã¤  á ãç¥â®¬ ¢â®à®£® ãà ¢­¥­¨ï ¨¬¥¥¬ ξ = ξ(x, y). � «¥¥, ¨§ 15-£® ãà ¢­¥­¨ï á«¥¤ã¥â, çâ®
ζ = ζ(x, y, u), çâ® á ãç¥â®¬ âà¥âì¥£® ãà ¢­¥­¨ï ¤ ¥â ξ = ξ(x). �à¨ íâ®¬ ãà ¢­¥­¨ï 1, 4{6
ã¤®¢«¥â¢®àïîâáï â®¦¤¥áâ¢¥­­®. � ª®­¥æ, ¨§ 9-£® ãà ¢­¥­¨ï á«¥¤ã¥â ηu = 0, ¯®íâ®¬ã η = η(x, y)
(7-¥ ãà ¢­¥­¨¥ ¯à¨ íâ®¬ ã¤®¢«¥â¢®àï¥âáï â®¦¤¥áâ¢¥­­®). � ª¨¬ ®¡à §®¬, ¨¬¥¥¬

ξ = ξ(x), η = η(x, y), ζ = ζ(x, y, u), (57)
¨ ®áâ ¢è¨¥áï ãà ¢­¥­¨ï ¯¥à¢®© á¨áâ¥¬ë § ¯¨áë¢ îâáï â ª:

u2
y: ζuu = 0,

ux: −uξ′x + 2uηy + ζ = 0,

uy: ηyy + vηy − uηx − 2ζyu + χ = 0,

1: f ′xξ − ζyy + uζx + vζy − fζu + 2fηy = 0.

(58)

�® ¢â®à®© á¨áâ¥¬¥ ¢ á¨«ã (57) â®¦¤¥áâ¢¥­­® ¢ë¯®«­ïîâáï ãà ¢­¥­¨ï 1, 2, 5,   ®áâ «ì­ë¥
¯à¨­¨¬ îâ ¢¨¤:

ux: ζu − χv + ηy − ξx = 0,

uy: χu − ηx = 0,

1: ζx + χy = 0.

(59)

�§ ¯¥à¢®£® ãà ¢­¥­¨ï (58) á«¥¤ã¥â, çâ® ζ = ζ1(x, y)u + ζ0(x, y). �®¤áâ ­®¢ª  íâ®£®
¢ëà ¦¥­¨ï ¢® ¢â®à®¥ ãà ¢­¥­¨¥ (58) ¨ à áé¥¯«¥­¨¥ ¯® ¯¥à¥¬¥­­®© u ¤ ¥â ζ0 ≡ 0. �­ «®£¨ç­ ï
¯à®æ¥¤ãà  á ç¥â¢¥àâë¬ ãà ¢­¥­¨¥¬ (58) ¯®§¢®«ï¥â ­ ©â¨ ζ1 = C1 = const, â. ¥.

ζ = C1u. (60)
�ç¨âë¢ ï íâã § ¢¨á¨¬®áâì, ¨§ ¢â®à®£® ãà ¢­¥­¨ï (58) ¨ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï (59) ¨¬¥¥¬

η = 1
2 (ξx − C1)y + h(x), χ = χ(x, u, v), (61)

£¤¥ h = h(x)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �®¤áâ ­®¢ª  ¢ëà ¦¥­¨© (60), (61) ¢ âà¥âì¥ ¨ ç¥â¢¥àâ®¥
ãà ¢­¥­¨ï á¨áâ¥¬ë (58) ¨ ¢â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (59) ¯à¨¢®¤¨â ª á«¥¤ãîé¥© á¨áâ¥¬¥ ¨§
âà¥å ãà ¢­¥­¨©:

χ = 1
2 ξ′′xxyu + h′xu− 1

2 (ξ′x − C1)v,

f ′xξ + f(ξ′x − 2C1) = 0,

χu − ηx = 0.

(62)

(�¥à¢®¥ ãà ¢­¥­¨¥ (59) á®¢¯ ¤ ¥â á ¯¥à¢ë¬ ãà ¢­¥­¨¥¬ (62), ¯à®¤¨ää¥à¥­æ¨à®¢ ­­ë¬ ¯® v.)
� ª ª ª χ ­¥ § ¢¨á¨â ®â y, â® ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï (62) ¨¬¥¥¬ ξ′′xx = 0, â. ¥.

ξ = C2x + C3.

�®¤áâ ¢¨¬ íâ® ¢ëà ¦¥­¨¥ ¢ ¯¥à¢®¥ ¨ ¯®á«¥¤­¥¥ ãà ¢­¥­¨ï á¨áâ¥¬ë (62) ¨ ãçâ¥¬ § ¢¨á¨¬®áâ¨
(60) ¨ (61). �¥à¥®¡®§­ ç¨¢ ª®­áâ ­âë, ­ å®¤¨¬ ª®®à¤¨­ âë ®¯¥à â®à  (51):

ξ = C1 + (C2 + 2C3)x, η = C3y + h(x), ζ = C2u, χ = −C3v + h′(x)u. (63)
� íâ¨¬ ä®à¬ã« ¬ ­ ¤® ¤®¡ ¢¨âì ãá«®¢¨¥

[
C1 + (C2 + 2C3)x

]
f ′(x) = (C2 − 2C3)f(x), (64)

ª®â®à®¥ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¢â®à®£® ãà ¢­¥­¨ï (62) ¨ á®¤¥à¦¨â äã­ªæ¨î f(x) ¨ ¯®áâ®ï­­ë¥
¨­â¥£à¨à®¢ ­¨ï Cn.

�¨¬¬¥âà¨¨ ãà ¢­¥­¨© £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£® á«®ï. �á¯®«ì§ãï (64), ¯à®¢¥¤¥¬
ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© á¨áâ¥¬ë ãà ¢­¥­¨© ¯®£à ­¨ç­®£® á«®ï (55) ¤«ï ¢á¥å f(x).
1◦. �â®¡ë ã¤®¢«¥â¢®à¨âì ãá«®¢¨î (64) ¯à¨ ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f(x), ­ ¤® ¯®«®¦¨âì
C1 = C2 = C3 = 0. �®¤áâ ¢«ïï íâ¨ §­ ç¥­¨ï ¢ (63), ­ å®¤¨¬ ª®®à¤¨­ âë ξ = ζ = 0, η = h(x),
χ = h′(x)u, ª®â®àë¥ ®¯à¥¤¥«ïîâ ¤®¯ãáâ¨¬ë© ®¯¥à â®à:

X0 = h(x)∂y + h′(x)u∂v. (65)
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������� 9
�¨¬¬¥âà¨¨ á¨áâ¥¬ë ãà ¢­¥­¨© £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£® á«®ï (55), a = const

�ã­ªæ¨ï f(x) �¯¥à â®à �­¢ à¨ ­â 1 �­¢ à¨ ­â 2 �­¢ à¨ ­â 3

�à®¨§¢®«ì­ ï X0 = h(x)∂y +h′(x)u∂v x u v−(ln h)′xyu

0
X1 = ∂x

X2 = x∂x+u∂u

X3 = 2x∂x+y∂y−v∂v

y

y

yx−1/2

u

u/x

u

v

v

x1/2v

a
X1 = ∂x

X2 = 4x∂x+y∂y +2u∂u−v∂v

y

yx−1/4
u

ux−1/2
v

x1/4v

aex X1 = 2x∂x−y∂y +2u∂u−v∂v yx1/2 u/x x1/2v

axn, n 6= 0 X1 = 4x∂x−(n−1)y∂y +
+2(n+1)u∂u+(n−1)v∂v

yx
n−1

4 x−
n+1

2 u x
1−n

4 v

2◦. �à¨ f(x) = 0 ãá«®¢¨¥ (64) ¢ë¯®«­ï¥âáï â®¦¤¥áâ¢¥­­® ¯à¨ «î¡ëå Cn ¨ á ãç¥â®¬ (63) ¤ ¥â
âà¨ ®¯¥à â®à :

X1 = ∂x (C1 = 1, C2 = C3 = 0, h = 0);
X2 = x∂x + u∂u (C2 = 1, C1 = C3 = 0, h = 0);
X3 = 2x∂x + y∂y − v∂v (C3 = 1, C1 = C2 = 0, h = 0),

(66)

ª ª®â®àë¬ ­ ¤® ¤®¡ ¢¨âì ®¯¥à â®à (65) (íâ®â ®¯¥à â®à ¤®¡ ¢«ï¥âáï ¨ ¢® ¢á¥å ¤àã£¨å á«ãç ïå).
3◦. �à¨ f(x) ≡ 1 ¨§ ãá«®¢¨ï (64) ¯®«ãç¨¬ C2 = 2C3. � íâ®¬ á«ãç ¥, ¯®¬¨¬® ®¯¥à â®à  (65),
¤®¯ãáª îâáï ¤¢  ®¯¥à â®à : X1, 2X2 + X3, £¤¥ Xn ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (66).
4◦. �à¨ f(x) =±ex ¨§ ãá«®¢¨ï (64) ­ å®¤¨¬ C1 =−4C3, C2 =−2C3, çâ® á®®â¢¥âáâ¢ã¥â ®¤­®¬ã
®¯¥à â®àã 4X1 + 2X2 −X3.

5◦. �à¨ f(x) = ±xn (n 6= 0) ¨¬¥¥¬ C1 = 0, C2 = − 2(1 + n)
(1− n)

, çâ® ¤ ¥â ®¤¨­ ®¯¥à â®à
2(n + 1)X2 − (n− 1)X3.

�â®£®¢ë¥ à¥§ã«ìâ âë ª« áá¨ä¨ª æ¨¨ á¨¬¬¥âà¨© á¨áâ¥¬ë ãà ¢­¥­¨© ¯®£à ­¨ç­®£® á«®ï (55)
¨ á®®â¢¥âáâ¢ãîé¨¥ ¨­¢ à¨ ­âë ¯à¥¤áâ ¢«¥­ë ¢ â ¡«. 9. �­¢ à¨ ­âë In ®¯à¥¤¥«ïîâáï ¯¥à¢ë¬¨
¨­â¥£à « ¬¨ å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

dx

ξ
= dy

η
= du

ζ
= dv

χ
,

á®®â¢¥âáâ¢ãîé¥© «¨­¥©­®¬ã ãà ¢­¥­¨î á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¯¥à¢®£® ¯®àï¤ª  XI = 0.
� ¬¥ç ­¨¥ 1. �¥à¢ë© ¨­¢ à¨ ­â ¢ë¡¨à «áï «¨­¥©­ë¬ ¯® ¯¥à¥¬¥­­®© y (ª®£¤  íâ® ¬®¦­®

¡ë«® á¤¥« âì). �â® ã¯à®é ¥â ¢ëª« ¤ª¨, ¯®áª®«ìªã ¢ ãà ¢­¥­¨ï ¢å®¤¨â áâ àè ï ¯à®¨§¢®¤­ ï
¯® y,   ¯®àï¤®ª ¯à®¨§¢®¤­ëå ¯® x ¬¥­ìè¥. � ¯®¬­¨¬, çâ® ¢¬¥áâ® ¨­¢ à¨ ­â®¢ In ¬®¦­®
¨á¯®«ì§®¢ âì Fn(In), £¤¥ äã­ªæ¨¨ Fn ¢ë¡¨à îâáï ¨§ á®®¡à ¦¥­¨© ã¤®¡áâ¢ .

� ¬¥ç ­¨¥ 2. �¨¬¬¥âà¨ï X0 á®®â¢¥âáâ¢ã¥â ¨­¢ à¨ ­â­®áâ¨ á¨áâ¥¬ë ãà ¢­¥­¨© (55) ¯®
®â­®è¥­¨î ª ¯à¥®¡à §®¢ ­¨î

x = �x, y = �y + h(x), u = �u, v = �v − h′xu,

£¤¥ h = h(x)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï.
�®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨© £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£® á«®ï. �®ç­ë¥ à¥è¥­¨ï ¨éãâáï

¢ ¢¨¤¥
I2 = �(I1), I3 = 	(I1), (67)

£¤¥ In |¨­¢ à¨ ­âë,   äã­ªæ¨¨ � ¨ 	 ®¯à¥¤¥«ïîâáï ¨§ á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨©, ª®â®à ï ¯®«ãç ¥âáï ¢ à¥§ã«ìâ â¥ ¯®¤áâ ­®¢ª¨ ¢ëà ¦¥­¨© (67) ¢ ¨áå®¤­ãî
á¨áâ¥¬ã ãà ¢­¥­¨© (55).
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1◦. �«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f(x) â®ç­®¥ à¥è¥­¨¥ ¨é¥¬ ¢ ¢¨¤¥ (á¬. ¯¥à¢ãî áâà®ªã ¢ â ¡«. 9)
u = �(x), v = (ln h)′xyu + 	(x). (68)

�®¤áâ ¢¨¢ ¢ëà ¦¥­¨ï (68) ¢ (55), ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©, ª®â®à ï «¥£ª® ¨­â¥£à¨àã¥âáï. �¬¥¥¬

�(x) = ±
[
C1 − 2

∫
f(x) dx

]1/2
, h(x) = C1

�(x)
, 	(x)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï, (69)

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �¥è¥­¨¥ (68){(69) á®®â¢¥âáâ¢ã¥â ­¥¢ï§ª®¬ã â¥ç¥­¨î
¦¨¤ª®áâ¨, ¯®áª®«ìªã uyy = 0.
2◦. �à¨ f(x) = 0 ¨­¢ à¨ ­âë ¯¥à¢®£® ®¯¥à â®à  ¢ â ¡«. 9 ¤ îâ ®¤­®¬¥à­®¥ à¥è¥­¨¥, ª®â®à®¥
­¥ § ¢¨á¨â ®â ª®®à¤¨­ âë x. �®¤áâ ¢¨¢ u = u(y), v = v(y) ¢ á¨áâ¥¬ã (55) ¨ ¨­â¥£à¨àãï, ¯®«ãç¨¬

u = C2 exp(C1y) + C3, v = C1, ¥á«¨ C1 6= 0;
u = C2y + C3, v = 0, ¥á«¨ C1 = 0.

�à¨ f(x) = 0 ¨­¢ à¨ ­âë ¢â®à®£® ®¯¥à â®à  ¢ â ¡«. 9 á®®â¢¥âáâ¢ãîâ à¥è¥­¨î ¢¨¤ 
u = xϕ(y), v = ψ(y), (70)

£¤¥ äã­ªæ¨¨ ϕ(y) ¨ ψ(y) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
ϕ2 + ψϕ′y = ϕ′′yy,

ϕ + ψ′y = 0,

ª®â®à ï ¢®§­¨ª ¥â ¢ à¥§ã«ìâ â¥ ¯®¤áâ ­®¢ª¨ ¢ëà ¦¥­¨© (70) ¢ ¨áå®¤­ãî á¨áâ¥¬ã (55).
�à¨ f(x) = 0 ¨­¢ à¨ ­âë âà¥âì¥£® ®¯¥à â®à  (á¬. â ¡«. 9) ¯à¨¢®¤ïâ ª  ¢â®¬®¤¥«ì­®¬ã

à¥è¥­¨î
u = U(θ), v = x−1/2V (θ), θ = yx−1/2,

£¤¥ äã­ªæ¨¨ U(θ) ¨ V (θ) ®¯à¥¤¥«ïîâáï ¨§ á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨©

− 1
2 θUU ′θ + V U ′θ = U ′′θθ,

− 1
2 θU ′θ + V ′

θ = 0.

3◦. �­ «®£¨ç­ë¬ ®¡à §®¬ áâà®ïâáï â®ç­ë¥ à¥è¥­¨ï ¨ ¤«ï ¤àã£¨å äã­ªæ¨© f(x), ª®â®àë¥
¯à¨¢¥¤¥­ë ¢ â ¡«. 9.

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 7.5
1. � ©â¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© áâ æ¨®­ à­®£® £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®-
£à ­¨ç­®£® á«®ï (55) ¢ á«ãç ïå:

a) f(x) = a,
b) f(x) = aex,
c) f(x) = axn.
�ª § ­¨¥. �®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨ ª« áá¨ä¨ª æ¨¨ á¨¬¬¥âà¨© ¤ ­­®© á¨áâ¥¬ë, ª®â®-

àë¥ ¯à¨¢¥¤¥­ë ¢ â ¡«. 9.
2. � ©â¨ ¤®¯ãáâ¨¬ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© ãáâ ­®¢¨¢è¥£®áï
®ª®«®§¢ãª®¢®£® â¥ç¥­¨ï £ § 

uy = vx, vy = −uux.
3. � ©â¨ ¤®¯ãáâ¨¬ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ­¥«¨­¥©­®© á¨áâ¥¬ë ãà ¢­¥­¨©
®¤­®¬¥à­ëå ¤«¨­­®¢®«­®¢ëå ª®«¥¡ ­¨© ã¯àã£®£® áâ¥à¦­ï

ut − vx = 0, vt = −f(u)ux.
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© á¨áâ¥¬ë ãà ¢­¥­¨© ¤«ï ¢á¥å f(u).
4. � ©â¨ ¤®¯ãáâ¨¬ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© ®¤­®¬¥à­®£®
¨§í­âà®¯¨ç¥áª®£® ¤¢¨¦¥­¨ï ¨¤¥ «ì­®£® £ § 

ρt + (ρu)x = 0, ut + uux + f(ρ)ρx = 0.
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© á¨áâ¥¬ë ãà ¢­¥­¨© ¤«ï ¢á¥å f(ρ).
5. � ©â¨ ¤®¯ãáâ¨¬ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© ¤¢ã¬¥à­®£®
ãáâ ­®¢¨¢è¥£®áï â¥ç¥­¨ï ¨¤¥ «ì­®© ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨

uux + vuy = −px, uvx + vvy = −py , ux + vy = 0.
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� ¬¥ç ­¨¥. � áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ¬®¦¥â ¡ëâì á¢¥¤¥­  ª á¨áâ¥¬¥ ¨§ ¤¢ãå ãà ¢­¥­¨©
¯ãâ¥¬ ¨áª«îç¥­¨ï ¤ ¢«¥­¨ï p. �á«¨ § â¥¬ ¢¢¥áâ¨ äã­ªæ¨î â®ª  ψ ¯® ä®à¬ã« ¬ u=ψy , v =−ψx,
â® ¯®«ãç¥­­ ï á¨áâ¥¬  ¯à¨¢®¤¨âáï ª ®¤­®¬ã ãà ¢­¥­¨î.
6. � ©â¨ ¤®¯ãáâ¨¬ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï á¨áâ¥¬ ãà ¢­¥­¨©:

a) ut = uxx + ukf(u/w), wt = umg(u/w);
b) ut = uxx + ukf(u/w), wt + awx = umg(u/w).

�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© á¨áâ¥¬ ¤«ï ¢á¥å f(z), g(z).
7. � ©â¨ ¤®¯ãáâ¨¬ë¥ ®¯¥à â®àë ¨ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© ¬ áá®- ¨ â¥¯«®-
¯¥à¥­®á  á ®¡ê¥¬­ë¬¨ å¨¬¨ç¥áª¨¬¨ à¥ ªæ¨ï¬¨:

ut = auxx + ukf(unwm), wt = bwxx + upg(unwm)
�à®¢¥áâ¨ ª« áá¨ä¨ª æ¨î á¨¬¬¥âà¨© á¨áâ¥¬ë ãà ¢­¥­¨© ¤«ï ¢á¥å f(z), g(z).

N �¨â¥à âãà  ª £« ¢¥ 7: �. �. �¢áï­­¨ª®¢ (1959, 1962, 1978), �. �. � ¢«®¢áª¨© (1961),
G. W. Bluman, J. D. Cole (1974), J. M. Hill (1982, 1992), �. �. �¡à £¨¬®¢ (1983), �. �. �­­¨­,
�. �. �ëâ¥¥¢, �. �. �¥­ è®¢ (1985), D. H. Sattinger, O. L. Weaver (1986), �. �«¢¥à (1989),
�. �. �ãé¨ç, �. �. �â¥«¥­ì, �. �. �¥à®¢ (1989), G. W. Bluman, S. Kumei (1989), H. Stephani
(1989), N. H. Ibragimov (1994, 1995), �. �. �­¤à¥¥¢, �. �. � ¯æ®¢, �. �. �ãå­ ç¥¢, �. �. �®¤¨®­®¢
(1994), G. Gaeta (1994), �. �. �¨­®£à ¤®¢, �. �. �à á¨«ìé¨ª (1997), G. Baumann (2000),
�. �. �¨àïª®¢, �. �. �¥­ è®¢, �. �. �å­® (2001), D. M. Klimov, V. Ph. Zhuravlev (2002),
A. D. Polyanin, V. F. Zaitsev (2004), �. �. �®«ï­¨­ (2004), �. �. � £­®, �. �. �¯¨ç ª,
�. �. �â®£­¨© (2004).


