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9. �¥â®¤ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©
9.1. �¯¨á ­¨¥ ¬¥â®¤ 
9.1.1. �à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �à®áâ¥©è¨© ¯à¨¬¥à
� à §¤. 4.1.2 ¨ 4.4.2 à áá¬ âà¨¢ «¨áì ¯à¨¬¥àë â®ç­ëå à¥è¥­¨© ­¥«¨­¥©­ëå
ãà ¢­¥­¨© á  ¤¤¨â¨¢­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 

w(x, y) = ϕ(x) + ψ(y). (1)

�  ­ ç «ì­®© áâ ¤¨¨ äã­ªæ¨¨ ϕ(x) ¨ ψ(y) áç¨â îâáï ¯à®¨§¢®«ì­ë¬¨; ®­¨
¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î ¢ å®¤¥ ¤ «ì­¥©è¥£®  ­ «¨§ .

�¨ää¥à¥­æ¨àãï ¢ëà ¦¥­¨¥ (1) ¯® y, ¯®«ãç¨¬
∂w

∂y
= f(y) (f = ψ′y). (2)

�¡à â­®, ¨§ (2) á«¥¤ã¥â ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï ¢ ¢¨¤¥ (1).
�¨ää¥à¥­æ¨àãï ¤ «¥¥ (2) ¯® x, ¨¬¥¥¬

∂2w

∂x∂y
= 0. (3)

�¡à â­®, ¨§ (3) á«¥¤ã¥â ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï ¢ ¢¨¤¥ (1).
� ª¨¬ ®¡à §®¬ § ¤ çã ® ¯®¨áª¥ â®ç­ëå à¥è¥­¨© ¢¨¤  (1) ¤«ï ª®­ªà¥â­®£®

¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¬®¦­® § ¬¥­¨âì
íª¢¨¢ «¥­â­®© § ¤ ç¥© ® ¯®¨áª¥ â®ç­ëå à¥è¥­¨© ¤ ­­®£® ãà ¢­¥­¨ï, ã¤®¢«¥-
â¢®àïîé¨å ¤®¯®«­¨â¥«ì­®¬ã ãá«®¢¨î (2) ¨«¨ (3). �®¤®¡­ë¥ ¤®¯®«­¨â¥«ì­ë¥
ãá«®¢¨ï, § ¯¨á ­­ë¥ ¢ ¢¨¤¥ ®¤­®£® ¨«¨ ­¥áª®«ìª¨å ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨©, ¡ã¤¥¬ ­ §ë¢ âì ¤¨ää¥à¥­æ¨ «ì­ë¬¨ á¢ï§ï¬¨. �®àï¤®ª ¤¨ää¥à¥­æ¨-
 «ì­®© á¢ï§¨ ®¯à¥¤¥«ï¥âáï ¯®àï¤ª®¬ áâ àè¥© ¯à®¨§¢®¤­®©: ­ ¯à¨¬¥à, ¯®àï-
¤®ª ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨ (2) à ¢¥­ ¥¤¨­¨æ¥,   ¯®àï¤®ª ¤¨ää¥à¥­æ¨ «ì­®©
á¢ï§¨ (3)|¤¢ã¬.

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ª ®¡é¥¬ã ®¯¨á ­¨î ¬¥â®¤  ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï-
§¥©, ¯à®¤¥¬®­áâà¨àã¥¬ ¥£® å à ªâ¥à­ë¥ ®á®¡¥­­®áâ¨ ­  ¯à®áâ®¬ ¯à¨¬¥à¥.

�à¨¬¥à 1. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ âà¥âì¥£® ¯®àï¤ª 
∂w

∂y

∂2w

∂x∂y
+ a

∂w

∂x

∂2w

∂y2 = b
∂3w

∂y3 , (4)

ª®â®à®¥ ¯à¨ a = −1 ¢áâà¥ç ¥âáï ¢ â¥®à¨¨ £¨¤à®¤¨­ ¬¨ç¥áª®£® ¯®£à ­¨ç­®£® á«®ï.
�ã¤¥¬ ¨áª âì à¥è¥­¨ï ãà ¢­¥­¨ï (4), ã¤®¢«¥â¢®àïîé¨¥ «¨­¥©­®© ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨

¯¥à¢®£® ¯®àï¤ª :
∂w

∂x
= ϕ(y). (5)

�¤¥áì äã­ªæ¨ï ϕ(y), ¢®®¡é¥ £®¢®àï, ­¥ ¬®¦¥â ¡ëâì ¯à®¨§¢®«ì­®©, ®­  ¤®«¦­  ã¤®¢«¥â¢®àïâì
ãá«®¢¨î á®¢¬¥áâ­®áâ¨ ãà ¢­¥­¨© (4) ¨ (5). �á«®¢¨¥ á®¢¬¥áâ­®áâ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¨ää¥-
à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¤«ï ®¯à¥¤¥«¥­¨ï ϕ(y) ¨ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ãà ¢­¥­¨© (4) ¨ (5) ¨ ¨å
¤¨ää¥à¥­æ¨ «ì­ëå á«¥¤áâ¢¨©.
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�®á«¥¤®¢ â¥«ì­® ¤¨ää¥à¥­æ¨àãï (5) ¯® à §­ë¬ ¯¥à¥¬¥­­ë¬, ¢ëç¨á«¨¬ ¯à®¨§¢®¤­ë¥
wxx = 0, wxy = ϕ′y, wxxy = 0, wxyy = ϕ′′yy, wxyyy = ϕ′′′yyy. (6)

�¨ää¥à¥­æ¨àãï (4) ¯® x, ¨¬¥¥¬
w2

xy + wywxxy + awxxwyy + awxwxyy = bwxyyy. (7)
�®¤áâ ¢«ïï ¢ (7) ¯à®¨§¢®¤­ë¥ äã­ªæ¨¨ w ¨§ (5) ¨ (6), ¯®«ãç¨¬ ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì-
­®¥ ãà ¢­¥­¨¥ âà¥âì¥£® ¯®àï¤ª  ¤«ï ϕ:

(ϕ′y)2 + aϕϕ′′yy = bϕ′′′yyy, (8)
ª®â®à®¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ãá«®¢¨¥ á®¢¬¥áâ­®áâ¨ ãà ¢­¥­¨© (4) ¨ (5).

�«ï ¯®áâà®¥­¨ï â®ç­®£® à¥è¥­¨ï ¯à®¨­â¥£à¨àã¥¬ ãà ¢­¥­¨¥ (5). �¬¥¥¬
w = ϕ(y)x + ψ(y). (9)

�ã­ªæ¨î ψ(y) ­ ©¤¥¬, ¯®¤áâ ¢¨¢ (9) ¢ (4) á ãç¥â®¬ á®®â­®è¥­¨ï (8). � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª
®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î:

ϕ′yψ′y + aϕψ′′yy = bψ′′′yyy. (10)
� ¨â®£¥ ¨¬¥¥¬ â®ç­®¥ à¥è¥­¨¥ ¢¨¤  (9), £¤¥ äã­ªæ¨¨ ϕ ¨ ψ ®¯¨áë¢ îâáï ãà ¢­¥­¨ï¬¨ (8) ¨ (10).

� ¬¥ç ­¨¥ 1. � ­­®¥ à¥è¥­¨¥ ¯à®é¥ ¯®«ãç¨âì ¯àï¬®© ¯®¤áâ ­®¢ª®© ¢ëà ¦¥­¨ï (9) ¢
¨áå®¤­®¥ ãà ¢­¥­¨¥ (4).

� ¬¥ç ­¨¥ 2. �®«ãç¥­­ë¥ à¥§ã«ìâ âë à á¯à®áâà ­ïîâáï ­  ¡®«¥¥ ®¡é¨© á«ãç ©, ª®£¤  ¢
ãà ¢­¥­¨¥ (4) ¢å®¤ïâ ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ a = a(y) ¨ b = b(y).

9.1.2. �¡é¥¥ ®¯¨á ­¨¥ ¬¥â®¤  ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©
�à®æ¥¤ãà  ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥-
áª®© ä¨§¨ª¨ ¬¥â®¤®¬ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© á®áâ®¨â ¨§ ­¥áª®«ìª¨å ¯®á«¥-
¤®¢ â¥«ì­ëå íâ ¯®¢, ªà âª® ®¯¨á ­­ëå ­¨¦¥.
1◦. � ®¡é¥¬ á«ãç ¥ ¢ë¤¥«¥­¨¥ ç áâ­ëå à¥è¥­¨© ãà ¢­¥­¨ï

F
(
x, y, w,

∂w

∂x
,

∂w

∂y
,

∂2w

∂x2 ,
∂2w

∂x∂y
,

∂2w

∂y2 , . . .
)

= 0 (11)

®áãé¥áâ¢«ï¥âáï ¯ãâ¥¬ ¯à¨á®¥¤¨­¥­¨ï ª ­¥¬ã ¤®¯®«­¨â¥«ì­®© ¤¨ää¥à¥­æ¨-
 «ì­®© á¢ï§¨

G
(
x, y, w,

∂w

∂x
,

∂w

∂y
,

∂2w

∂x2 ,
∂2w

∂x∂y
,

∂2w

∂y2 , . . .
)

= 0. (12)

�¨¤ ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨ (12) ¬®¦¥â § ¤ ¢ âìáï:
• ¨§  ¯à¨®à­ëå á®®¡à ¦¥­¨© (®­ , ­ ¯à¨¬¥à, ¬®¦¥â ¯à¥¤áâ ¢«ïâì á®¡®©

à §à¥è¨¬®¥ ãà ¢­¥­¨¥);
• ¨áå®¤ï ¨§ ­¥ª®â®àëå á¢®©áâ¢ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï (­ ¯à¨¬¥à, ¥£®

á¨¬¬¥âà¨© ¨«¨ § ª®­®¢ á®åà ­¥­¨ï).
2◦. �®«ãç¥­­ ï â ª¨¬ ®¡à §®¬ ¯¥à¥®¯à¥¤¥«¥­­ ï á¨áâ¥¬  (11){(12) ¢ ®¡é¥¬
á«ãç ¥ ­ã¦¤ ¥âáï ¢ ¨áá«¥¤®¢ ­¨¨ ­  á®¢¬¥áâ­®áâì. �à¨ § ¤ ­¨¨ ¤¨ää¥à¥­æ¨-
 «ì­®© á¢ï§¨ (12) ¨§  ¯à¨®à­ëå á®®¡à ¦¥­¨© ®­  ¤®«¦­  ¨¬¥âì ¤®áâ â®ç­ë©
äã­ªæ¨®­ «ì­ë© ¯à®¨§¢®« (â. ¥. ¢ª«îç âì ¢ á¥¡ï ¯à®¨§¢®«ì­ë¥ ®¯à¥¤¥«ïîé¨¥
äã­ªæ¨¨). � à¥§ã«ìâ â¥  ­ «¨§  á¨áâ¥¬ë (11){(12) ­  á®¢¬¥áâ­®áâì ¤®«¦­ë
¡ëâì ¯®«ãç¥­ë ãá«®¢¨ï, ª®­ªà¥â¨§¨àãîé¨¥ ¢¨¤ ®¯à¥¤¥«ïîé¨å äã­ªæ¨©. �â¨
ãá«®¢¨ï (ãá«®¢¨ï á®¢¬¥áâ­®áâ¨) § ¯¨áë¢ îâáï ¢ ¢¨¤¥ á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (¨«¨ á¨áâ¥¬ë ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤-
­ë¬¨).



9.1. �¯¨á ­¨¥ ¬¥â®¤  3

� ¯à®áâ¥©è¨å á«ãç ïå* ¨áá«¥¤®¢ ­¨¥ ­  á®¢¬¥áâ­®áâì ¯à®¢®¤¨âáï ¯ãâ¥¬
¤¨ää¥à¥­æ¨à®¢ ­¨ï ãà ¢­¥­¨© (11) ¨ (12) ¯® x ¨ y (­ ¤«¥¦ é¥¥ ç¨á«® à §)
¨ ¨áª«îç¥­¨ï ¨§ ¯®«ãç¥­­ëå â ª¨¬ ®¡à §®¬ ¤¨ää¥à¥­æ¨ «ì­ëå á«¥¤áâ¢¨© ¨
ãà ¢­¥­¨© (11){(12) áâ àè¨å ¯à®¨§¢®¤­ëå (á¬. ¯à¨¬¥àë 1 ¨ 3). � à¥§ã«ìâ â¥
¯à¨å®¤ïâ ª ãà ¢­¥­¨î, ª®â®à®¥ á®¤¥à¦¨â áâ¥¯¥­¨ ¬« ¤è¨å ¯à®¨§¢®¤­ëå.
�à¨à ¢­¨¢ ­¨¥ ­ã«î ª®íää¨æ¨¥­â®¢ ¯à¨ ¢á¥å áâ¥¯¥­ïå ¯à®¨§¢®¤­ëå ¨ ¤ ¥â
ãá«®¢¨ï á®¢¬¥áâ­®áâ¨, ª®â®àë¥ á¢ï§ë¢ îâ äã­ªæ¨®­ «ì­ë¥ ª®íää¨æ¨¥­âë
ãà ¢­¥­¨© (11) ¨ (12).
3◦. �¥è ¥âáï ¯®«ãç¥­­ ï ¢ ¯. 2◦ á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤«ï
®¯à¥¤¥«ïîé¨å äã­ªæ¨©. � â¥¬ íâ¨ äã­ªæ¨¨ ¯®¤áâ ¢«ïîâáï ¢ ¤¨ää¥à¥­æ¨ «ì-
­ãî á¢ï§ì (12). � à¥§ã«ìâ â¥ ¯à¨å®¤ïâ ª ãà ¢­¥­¨î

g
(
x, y, w,

∂w

∂x
,

∂w

∂y
,

∂2w

∂x2 ,
∂2w

∂x∂y
,

∂2w

∂y2 , . . .
)

= 0. (13)

�¨ää¥à¥­æ¨ «ì­ãî á¢ï§ì (13), ª®â®à ï á®¢¬¥áâ­  á à áá¬ âà¨¢ ¥¬ë¬ ãà ¢­¥-
­¨¥¬ (11), ­ §ë¢ îâ ¨­¢ à¨ ­â­ë¬ ¬­®£®®¡à §¨¥¬ ¤«ï ãà ¢­¥­¨ï (11).
4◦. � ¤® ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥: (i) ãà ¢­¥­¨ï (13) ¨«¨ (ii) ª ª®£®-«¨¡® á«¥¤-
áâ¢¨ï ãà ¢­¥­¨© (11) ¨ (13). �®«ãç¥­­®¥ à¥è¥­¨¥ ¡ã¤¥â ¢ª«îç âì ¢ á¥¡ï
­¥ª®â®àë¥ ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ {ϕm} (íâ¨ äã­ªæ¨¨ ¬®£ãâ § ¢¨á¥âì ª ª ®â
x, y, â ª ¨ ®â w). �â¬¥â¨¬, çâ® ¢ àï¤¥ á«ãç ¥¢ ¢¬¥áâ® ®¡é¥£® à¥è¥­¨ï ¬®¦­®
¨á¯®«ì§®¢ âì ç áâ­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (13) ¨«¨ ¥£® á«¥¤áâ¢¨©.
5◦. �¥è¥­¨¥, ¯®«ãç¥­­®¥ ¢ ¯. 4◦, ­ ¤® ¯®¤áâ ¢¨âì ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ (11).
� à¥§ã«ìâ â¥ ¯à¨å®¤ïâ ª äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î, ¨§
ª®â®à®£® ­ ¤® ­ ©â¨ äã­ªæ¨¨ {ϕm}. �®á«¥ ®¯à¥¤¥«¥­¨ï {ϕm} ¨å ­ ¤® ¯®¤-
áâ ¢¨âì ¢ à¥è¥­¨¥ ¨§ ¯. 4◦. � ¨â®£¥ ¯®«ãç¨¬ â®ç­®¥ à¥è¥­¨¥ ¨áå®¤­®£®
ãà ¢­¥­¨ï (11).

� ¬¥ç ­¨¥ 1. �à¨ ­¥ã¤ ç­®¬ ¢ë¡®à¥ ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨ ãà ¢­¥­¨ï
(11) ¨ (12) ¬®£ãâ ®ª § âìáï ­¥á®¢¬¥áâ­ë¬¨ (­¥ ¨¬¥îé¨¬¨ ®¡é¨å à¥è¥­¨©).

� ¬¥ç ­¨¥ 2. �¬¥áâ® ®¤­®© ¬®£ãâ ¡ëâì ­¥áª®«ìª® ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï-
§¥© ¢¨¤  (12).

� ¬¥ç ­¨¥ 3. �  ¯®á«¥¤­¨å âà¥å íâ ¯ å ¬¥â®¤  ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©
¯à¨å®¤¨âáï à¥è âì à §«¨ç­ë¥ ãà ¢­¥­¨ï (á¨áâ¥¬ë ãà ¢­¥­¨©). �á«¨ å®âï ¡ë
­  ®¤­®¬ ¨§ íâ¨å íâ ¯®¢ à¥è¥­¨¥ ¯®«ãç¨âì ­¥ ã¤ ¥âáï, â® ­¥ ã¤ ¥âáï ¯®áâà®¨âì
¨ â®ç­®¥ à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï.

�«ï ¡®«ìè¥© ­ £«ï¤­®áâ¨ ®¡é ï áå¥¬  ¯à¨¬¥­¥­¨ï ¬¥â®¤  ¤¨ää¥à¥­æ¨-
 «ì­ëå á¢ï§¥© ¨§®¡à ¦¥­  ­  à¨á. 6.

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 9.1
1. � ©â¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢, íª¢¨¢ «¥­â­ë¥ § ¤ ­¨î à¥è¥-
­¨ï ¢ ï¢­®¬ ¢¨¤¥ (äã­ªæ¨¨ ϕ ¨ ψ áç¨â îâáï ¯à®¨§¢®«ì­ë¬¨):

a) w = ϕ(x)y + ψ(x),
b) w = ϕ(x)y + ψ(y),

* � ®¡é¥¬ á«ãç ¥ ­ ¤® ¨á¯®«ì§®¢ âì ¬¥â®¤ë ¨áá«¥¤®¢ ­¨ï ¯¥à¥®¯à¥¤¥«¥­­ëå á¨áâ¥¬, ®á­®-
¢ ­­ë¥: (i) ­   «£®à¨â¬¥ � àâ ­  ¨«¨ (ii) ­   «£®à¨â¬¥ � ­¥|�¯¥­á¥à |�ãà ­¨è¨ (Janet|
Spenser|Kuranishi). �¯¨á ­¨¥ íâ¨å  «£®à¨â¬®¢ ¨ ¤àã£¨¥ á¢¥¤¥­¨ï ¯® â¥®à¨¨ ¯¥à¥®¯à¥¤¥«¥­­ëå
á¨áâ¥¬ ¬®¦­® ­ ©â¨, ­ ¯à¨¬¥à, ¢ à ¡®â å M. Kuranishi (1967), J. F. Pommaret (1978), �. �. �¨-
¤®à®¢ , �. �. � ¯¥¥¢ , �. �. �­¥­ª® (1984).
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Èñõîäíîå óðàâíåíèå: F x y w w w w w w( , , , , , , , , ...) = 0x y xx xy yy

Äîáàâëÿåì äðóãîå óðàâíåíèå

Àíàëèç óðàâíåíèé íà ñîâìåñòíîñòü

Ïîëó÷àåì óðàâíåíèÿ
äëÿ îïðåäåëÿþùèõ ôóíêöèé

Ïîäñòàâëÿåì ýòè ôóíêöèè
â äèôôåðåíöèàëüíóþ ñâÿçü

Ðåøàåì óðàâíåíèå = 0g

Îïðåäåëÿåì íåèçâåñòíûå ôóíêöèè
è ïîñòîÿííûå

Íàõîäèì óñëîâèÿ ñîâìåñòíîñòè óðàâíåíèé = 0  èF G = 0

Ðåøàåì óðàâíåíèÿ äëÿ îïðåäåëÿþùèõ ôóíêöèé

Íàõîäèì òî÷íîå ðåøåíèå èñõîäíîãî óðàâíåíèÿ

Äèôôåðåíöèàëüíàÿ ñâÿçü: G x y w w w w w w( , , , , , , , , ...) = 0x y xx xy yy

Íàõîäèì èíâàðèàíòíîå ìíîãîîáðàçèå: g x y w w w w w w( , , , , , , , , ...) = 0x y xx xy yy

Ïîëó÷åííîå ðåøåíèå ïîäñòàâëÿåì â èñõîäíîå óðàâíåíèå*

�¨á. 6. �«£®à¨â¬ ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ¬¥â®¤®¬ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©.

c) w = ϕ(y)x2 + ψ(y),
d) w = ϕ(x)yn + ψ(x),
e) w = xϕ(y) + yψ(x),
f ) w = ϕ(x) + ψ(x + y),
g) w = ϕ(x + y) + ψ(x− y),
h) w = ϕ(x + y) + ψ(x + ay).
�ª § ­¨¥. � ¤® ¨áª«îç¨âì ®¤­ã ¨«¨ ¤¢¥ äã­ªæ¨¨ ϕ ¨ ψ ¨§ ¨áå®¤­®£® ¢ëà ¦¥­¨ï ¨ ¥£®

¤¨ää¥à¥­æ¨ «ì­ëå á«¥¤áâ¢¨©.
2. � ©â¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ ¢â®à®£® ¯®àï¤ª , íª¢¨¢ «¥­â­ë¥ § ¤ ­¨î à¥è¥­¨ï ¢ ­¥ï¢-
­®¬ ¢¨¤¥:

a)
∫

ϕ(w) dw = ψ(x) + ay,

b)
∫

f(w) dw = ϕ(x) + ψ(y).

N �¨â¥à âãà  ª à §¤. 9.1: �. �. �­¥­ª® (1964), �. �. �¨¤®à®¢, �. �. � ¯¥¥¢, �. �. �­¥­ª®
(1984), �. �. �­¤à¥¥¢, �. �. � ¯æ®¢, �. �. �ãå­ ç¥¢, �. �. �®¤¨®­®¢ (1994), A. D. Polyanin,
V. F. Zaitsev (2004).

* �â® à¥è¥­¨¥ ®¡ëç­® á®¤¥à¦¨â ­¥ª®â®àë¥ ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ¨ ¯®áâ®ï­­ë¥.
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9.2. �¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ ¯¥à¢®£® ¯®àï¤ª 

9.2.1. �¢®«îæ¨®­­ë¥ ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª 

� áá¬®âà¨¬ ®¡é¥¥ í¢®«îæ¨®­­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  ¢ à §à¥è¥­­®¬
®â­®á¨â¥«ì­® áâ àè¥© ¯à®¨§¢®¤­®© ¢¨¤¥

∂2w

∂x2 = F
(
x, t, w,

∂w

∂x
,

∂w

∂t

)
. (14)

�®¯®«­¨¬ ¥£® ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§ìî ¯¥à¢®£® ¯®àï¤ª 
∂w

∂t
= G

(
x, t, w,

∂w

∂x

)
. (15)

�á«®¢¨¥ á®¢¬¥áâ­®áâ¨ íâ¨å ãà ¢­¥­¨© ®¯à¥¤¥«ï¥âáï ¯ãâ¥¬ ®¤­®ªà â­®£®
¤¨ää¥à¥­æ¨à®¢ ­¨ï (14) ¯® t ¨ ¤¢ãªà â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï (15) ¯® x á
¯®á«¥¤ãîé¨¬ ¯à¨à ¢­¨¢ ­¨¥¬ ¯®«ãç¥­­ëå âà¥âì¨å ¯à®¨§¢®¤­ëå wxxt:

DtF = D2
xG. (16)

�¤¥áì Dt ¨ Dx |®¯¥à â®àë ¯®«­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® t ¨ x:

Dt = ∂

∂t
+ wt

∂

∂w
+ wxt

∂

∂wx
+ wtt

∂

∂wt
,

Dx = ∂

∂x
+ wx

∂

∂w
+ wxx

∂

∂wx
+ wxt

∂

∂wt
.

(17)

� áâ­ë¥ ¯à®¨§¢®¤­ë¥ wt, wxx, wxt, wtt ¢ (17) ¤®«¦­ë ¡ëâì ¢ëà ¦¥­ë ç¥à¥§
x, t, w, wx á ¯®¬®éìî (14) ¨ (15) ¨ ¨å ¤¨ää¥à¥­æ¨ «ì­ëå á«¥¤áâ¢¨©. �
à¥§ã«ìâ â¥ ¨¬¥¥¬

wt=G, wxx=F , wxt=DxG= ∂G
∂x

+wx
∂G
∂w

+F ∂G
∂wx

,

wtt=DtG= ∂G
∂t

+G ∂G
∂w

+wxt
∂G
∂wx

= ∂G
∂t

+G ∂G
∂w

+
(

∂G
∂x

+wx
∂G
∂w

+F ∂G
∂wx

)
∂G
∂wx

.
(18)

� ¢ëà ¦¥­¨¨ ¤«ï F ¢ á¨«ã (15) ¯à®¨§¢®¤­ãî wt ­ ¤® § ¬¥­¨âì ­  G.
�à¨¬¥à 2. �ë¤¥«¨¬ ¨§ ª« áá  ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨ á ¨áâ®ç­¨ª®¬

∂w

∂t
= ∂

∂x

[
f(w) ∂w

∂x

]
+ g(w) (19)

ãà ¢­¥­¨ï, ª®â®àë¥ ®¡« ¤ îâ ¨­¢ à¨ ­â­ë¬¨ ¬­®£®®¡à §¨ï¬¨ ¯à®áâ¥©è¥£® ¢¨¤ 
∂w

∂t
= ϕ(w). (20)

�à ¢­¥­¨ï (19) ¨ (20) ï¢«ïîâáï ç áâ­ë¬¨ á«ãç ï¬¨ (14) ¨ (15) ¯à¨

F = wt − f ′(w)w2
x − g(w)

f(w)
= ϕ(w)− g(w)− f ′(w)w2

x

f(w)
, G = ϕ(w).

�ã­ªæ¨¨ f(w), g(w), ϕ(w) § à ­¥¥ ­¥ ¨§¢¥áâ­ë ¨ ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î ¢ ¯à®æ¥áá¥  ­ «¨§ .
�® ä®à¬ã« ¬ (18) ¨ (17) ­ ©¤¥¬ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¨ ®¯¥à â®àë ¯®«­®£® ¤¨ää¥à¥­æ¨-

à®¢ ­¨ï:
wt = ϕ, wxx = F , wxt = ϕ′wx, wtt = ϕϕ′,

Dt = ∂

∂t
+ ϕ

∂

∂w
+ ϕ′wx

∂

∂wx

+ ϕϕ′
∂

∂wt

, Dx = ∂

∂x
+ wx

∂

∂w
+ F ∂

∂wx

+ ϕ′wx
∂

∂wt

.
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�®¤áâ ¢¨¬ ¢ëà ¦¥­¨ï ¤«ï Dx ¨ Dt ¢ ãá«®¢¨¥ á®¢¬¥áâ­®áâ¨ (16). �®á«¥ ­¥ª®â®àëå ¢ëç¨á«¥­¨©
¯®«ãç¨¬

f

[
(fϕ)′

f

]′
w2

x + ϕ− g

f
ϕ′ − ϕ

(
ϕ− g

f

)′
= 0.

�â®¡ë ã¤®¢«¥â¢®à¨âì íâ®¬ã à ¢¥­áâ¢ã ¤«ï «î¡ëå wx, ­ ¤® ¯®«®¦¨âì
[

(fϕ)′
f

]′
= 0,

ϕ− g

f
ϕ′ − ϕ

(
ϕ− g

f

)′
= 0. (21)

�¥¢ëà®¦¤¥­­ë© á«ãç ©. �ç¨â ï äã­ªæ¨î f = f(w) § ¤ ­­®©, ¯®«ãç¨¬ âà¥å¯ à ¬¥âà¨ç¥-
áª®¥ à¥è¥­¨¥ ãà ¢­¥­¨© (21) ®â­®á¨â¥«ì­® äã­ªæ¨© g = g(w) ¨ ϕ(w):

g(w) = a + cf

f

(∫
f dw + b

)
, ϕ(w) = a

f

(∫
f dw + b

)
, (22)

£¤¥ a, b, c|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�®¤áâ ¢¨¬ ϕ(w) ¨§ (22) ¢ ãà ¢­¥­¨¥ (20). �­â¥£à¨àãï, ¯®«ãç¨¬

∫
f dw = θ(x)eat − b. (23)

�¨ää¥à¥­æ¨àãï (23) ¯® x ¨ t, ¨¬¥¥¬ wt = aeatθ/f , wx = eatθ′x/f . �®¤áâ ¢¨¢ íâ¨ ¢ëà ¦¥­¨ï
¢ (19) á ãç¥â®¬ (22), ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î θ′′xx + cθ = 0, ®¡é¥¥ à¥è¥­¨¥ ª®â®à®£® ¨¬¥¥â ¢¨¤

θ =





C1 sin
(
x
√

c
)

+ C2 cos
(
x
√

c
)

¯à¨ c > 0,
C1 sh

(
x
√−c

)
+ C2 ch

(
x
√−c

)
¯à¨ c < 0,

C1x + C2 ¯à¨ c = 0,
(24)

£¤¥ C1 ¨ C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®à¬ã«ë (23){(24) ®¯¨áë¢ îâ â®ç­ë¥ à¥è¥­¨ï (¢
­¥ï¢­®© ä®à¬¥) ãà ¢­¥­¨ï (19) ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f(w) ¨ äã­ªæ¨¨ g(w), § ¤ ­­®©
ä®à¬ã«®© (22).

�ëà®¦¤¥­­ë© á«ãç ©. �¬¥¥âáï â ª¦¥ ¤¢ãå¯ à ¬¥âà¨ç¥áª®¥ à¥è¥­¨¥ ãà ¢­¥­¨© (21) ®â­®-
á¨â¥«ì­® äã­ªæ¨© g = g(w) ¨ ϕ(w) (ª ª ¨ à ­¥¥, f áç¨â ¥âáï ¯à®¨§¢®«ì­®©):

g(w) = b

f
+ c, ϕ(w) = b

f
,

£¤¥ b ¨ c | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �£® ¬®¦­® ¯®«ãç¨âì ¨§ (22), ¯¥à¥®¡®§­ ç¨¢ b → b/a,
c → ac/b ¨ ãáâà¥¬¨¢ a ª ­ã«î. �®á«¥ ­¥á«®¦­ëå ¢ëç¨á«¥­¨© ¯®«ãç¨¬ á®®â¢¥âáâ¢ãîé¥¥
à¥è¥­¨¥ ãà ¢­¥­¨ï (19) ¢ ­¥ï¢­®© ä®à¬¥

∫
f dw = bt− 1

2
cx2 + C1x + C2.

�à®¤¥¬®­áâà¨àã¥¬ ­  ª®­ªà¥â­ëå ¯à¨¬¥à å, ª ª ¬®¦­® ¯à®¢®¤¨âì ¢ëç¨á-
«¥­¨ï, ­¥ ¯à¨¡¥£ ï ª ®¡é¨¬ ä®à¬ã« ¬ (16){(18).

�à¨¬¥à 3. � áá¬®âà¨¬ § ¤ çã ®âëáª ­¨ï ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª 
∂w

∂t
= ∂2w

∂x2 + f1(w) ∂w

∂x
+ f0(w), (25)

®¡« ¤ îé¨å ¨­¢ à¨ ­â­ë¬¨ ¬­®£®®¡à §¨ï¬¨ ¯¥à¢®£® ¯®àï¤ª  ¢¨¤ 
∂w

∂t
= g1(w) ∂w

∂x
+ g0(w). (26)

�à ¢­¥­¨ï (25) ¨ (26) ï¢«ïîâáï ç áâ­ë¬¨ á«ãç ï¬¨ (14) ¨ (15) ¯à¨F=wt−f1(w)wx−f0(w)
¨ G = g1(w)wx + g0(w). �ã­ªæ¨¨ f1(w), f0(w), g1(w), g0(w) § à ­¥¥ ­¥ ¨§¢¥áâ­ë ¨ ¯®¤«¥¦ â
®¯à¥¤¥«¥­¨î ¢ ¯à®æ¥áá¥  ­ «¨§ .

�­ ç «  ¢ëç¨á«¨¬ ¯à®¨§¢®¤­ë¥. �à¨à ¢­¨¢ ï ¯à ¢ë¥ ç áâ¨ (25) ¨ (26), ¨¬¥¥¬
wxx = h1wx + h0, £¤¥ h1 = g1 − f1, h0 = g0 − f0. (27)



9.2. �¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ ¯¥à¢®£® ¯®àï¤ª  7

�¤¥áì ¨ ¤ «¥¥ ®¯ãáª ¥âáï  à£ã¬¥­â äã­ªæ¨© f1, f0, g1, g0, h1, h0. �¨ää¥à¥­æ¨àãï (26) ¤¢  à § 
¯® x ¨ ¨á¯®«ì§ãï ¢ëà ¦¥­¨¥ (27) ¤«ï wxx, ­ å®¤¨¬ á¬¥è ­­ë¥ ¯à®¨§¢®¤­ë¥

wxt = g1wxx + g′1w
2
x + g′0wx = g′1w

2
x + (g1h1 + g′0)wx + g1h0,

wxxt = g′′1 w3
x + (g1h

′
1 + 3g′1h1 + g′′0 )w2

x + (g1h
′
0 + 3g′1h0 + g1h

2
1 + g′0h1)wx + (g1h1 + g′0)h0,

(28)
£¤¥ èâà¨å ®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® w. �¨ää¥à¥­æ¨àãï (27) ¯® t ¨ ¨á¯®«ì§ãï ¢ëà ¦¥­¨ï (26)
¨ (28) ¤«ï wt ¨ wxt, ¨¬¥¥¬

wxxt = h1wxt + h′1wxwt + h′0wt =
= (g1h

′
1 + g′1h1)w2

x + (g1h
2
1 + g′0h1 + g0h

′
1 + g1h

′
0)wx + g1h0h1 + g0h

′
0. (29)

�à¨à ¢­ï¥¬ â¥¯¥àì âà¥âì¨ ¯à®¨§¢®¤­ë¥ wxxt ¨§ (28) ¨ (29) ¨ óá®¡¥à¥¬ô ç«¥­ë ¯à¨
®¤¨­ ª®¢ëå áâ¥¯¥­ïå wx. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ãá«®¢¨¥ ¨­¢ à¨ ­â­®áâ¨ ¢ ¢¨¤¥

g′′1 w3
x + (2g′1h1 + g′′0 )w2

x + (3g′1h0 − g0h
′
1)wx + g′0h0 − g0h

′
0 = 0. (30)

�á«®¢¨¥ (30) ¡ã¤¥â ¢ë¯®«­ïâìáï, ¥á«¨ ¯à¨à ¢­ïâì ­ã«î ª®íää¨æ¨¥­âë ¯à¨ ¢á¥å áâ¥¯¥­ïå wx:
g′′1 = 0, 2g′1h1 + g′′0 = 0, 3g′1h0 − g0h

′
1 = 0, g′0h0 − g0h

′
0 = 0.

�¥è¥­¨¥ íâ®© á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ®¯¨áë¢ ¥âáï ä®à¬ã« ¬¨:

g1 = C1w + C2, g0 = −C2
1C3w

3 − C1C4w
2 + C5w + C6,

h1 = 3C1C3w + C4, h0 = C3g0,
(31)

£¤¥ C1, . . . , C6 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �á¯®«ì§ãï à ¢¥­áâ¢  (27) ¤«ï h1, h0 ¨ (31),
®¯à¥¤¥«ï¥¬ ¨áª®¬ë¥ äã­ªæ¨¨, ¢å®¤ïé¨¥ ¢ ãà ¢­¥­¨ï (25) ¨ (26):

f1(w) = C1(1− 3C3)w + C2 − C4,

f0(w) = (−C2
1C3w

3 − C1C4w
2 + C5w + C6)(1− C3),

g1(w) = C1w + C2, g0(w) = −C2
1C3w

3 − C1C4w
2 + C5w + C6.

(32)

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ ®¤¨­ ç áâ­ë© á«ãç ©. �®«®¦¨¬ ¢ (32):
C1 = −k, C2 = C4 = 0, C3 = −1/k, C5 = ak, C6 = bk,

£¤¥ a, b, k|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (k 6=0). �®®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥­¨¥ (25) ¨ ¨­¢ à¨ ­â­®¥
¬­®£®®¡à §¨¥ (26) ¨¬¥îâ ¢¨¤

wt = wxx − (k + 3)wwx + (k + 1)(w3 + aw + b), (33)
wt = −kwwx + k(w3 + aw + b). (34)

�¡é¥¥ à¥è¥­¨¥ ª¢ §¨«¨­¥©­®£® ãà ¢­¥­¨ï ¯¥à¢®£® ¯®àï¤ª  (34) § ¯¨áë¢ ¥âáï ¢ ­¥ï¢­®© ä®à¬¥
¨ á®¤¥à¦¨â ¨­â¥£à « I(w) =

∫
w(w3 + aw + b)−1 dw ¨ ¥£® ®¡à é¥­¨¥. �â®«ì á«®¦­ë© ¢¨¤

¤¥« ¥â ¥£® ­¥ã¤®¡­ë¬ ¤«ï ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨ï (33).
� ¤ ­­®¬ á«ãç ¥ ¢¬¥áâ® (34) ¬®¦­® ¨á¯®«ì§®¢ âì á«¥¤áâ¢¨¥ ãà ¢­¥­¨© (33) ¨ (34), ¯®«ã-

ç¥­­®¥ ¯ãâ¥¬ ¨áª«îç¥­¨ï ¯à®¨§¢®¤­®© ¯® t:

wxx = 3wwx − w3 − aw − b. (35)
�â® ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á®®â¢¥âáâ¢ã¥â ¯®¤áâ ­®¢ª¥ ¢ëà ¦¥­¨© (31)
¤«ï h1 ¨ h0 ¢ (27). � ¬¥­  w = −Ux/U ¯à¥®¡à §ã¥â (35) ª «¨­¥©­®¬ã ãà ¢­¥­¨î âà¥âì¥£®
¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

Uxxx + aUx − bU = 0, (36)
à¥è¥­¨ï ª®â®à®£® ®¯à¥¤¥«ïîâáï ª®à­ï¬¨ ªã¡¨ç¥áª®£® ãà ¢­¥­¨ï λ3 + aλ− b = 0. � ç áâ­®áâ¨,
¥á«¨ ¢á¥ ª®à­¨ λn ¤¥©áâ¢¨â¥«ì­ë, â® ®¡é¨¥ à¥è¥­¨ï ãà ¢­¥­¨© (35) ¨ (36) ®¯à¥¤¥«ïîâáï ¯®
ä®à¬ã« ¬

w = −Ux/U, U = r1(t) exp(λ1x) + r2(t) exp(λ2x) + r3(t) exp(λ3x). (37)
�ã­ªæ¨¨ rn(t) ­ å®¤ïâáï ¯ãâ¥¬ ¯®¤áâ ­®¢ª¨ ¢ëà ¦¥­¨ï (37) ¢ ãà ¢­¥­¨¥ (33) [¨«¨ ¢ ãà ¢­¥-
­¨¥ (34)].
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�â¬¥â¨¬, çâ® ¡®«¥¥ ¯®¤à®¡­® ãà ¢­¥­¨¥ (33) ¨áá«¥¤®¢ ­® ¤àã£¨¬ ¬¥â®¤®¬ ¢ à §¤. 6.3 (á¬.
¯à¨¬¥à 7 ¯à¨ b0 = 0).

�à¨¬¥à 4. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨
∂w

∂t
= ∂2w

∂x2 +
(

∂w

∂x

)2
+ w2. (38)

� ¤ ¤¨¬ ¤¨ää¥à¥­æ¨ «ì­ãî á¢ï§ì ¯¥à¢®£® ¯®àï¤ª :
∂w

∂x
= ϕ(x, t), (39)

£¤¥ ϕ | ­¥ª®â®à ï (¯®ª  ¯à®¨§¢®«ì­ ï) äã­ªæ¨ï á¢®¨å  à£ã¬¥­â®¢. �®£¤  ¨áå®¤­®¥ ãà ¢­¥­¨¥
(38) ¬®¦­® § ¯¨á âì ¢ á«¥¤ãîé¥© ä®à¬¥:

∂w

∂t
= ∂ϕ

∂x
+ ϕ2 + w2. (40)

� ©¤¥¬ ãá«®¢¨¥ á®¢¬¥áâ­®áâ¨ á®®â­®è¥­¨© (39) ¨ (40). �«ï íâ®£® ¯à®¤¨ää¥à¥­æ¨àã¥¬ (39)
¯® t,   (40) | ¯® x,   § â¥¬ ¨áª«îç¨¬ ¨§ ¯®«ãç¥­­ëå ¢ëà ¦¥­¨© á¬¥è ­­ãî ¯à®¨§¢®¤­ãî á
ãç¥â®¬ à ¢¥­áâ¢  wxt = wtx. � ¬¥­¨¢ á®£« á­® (39) ¯à®¨§¢®¤­ãî wx ­  ϕ, ¨¬¥¥¬

ϕt = ϕxx + 2ϕϕx + 2wϕ.

�ëà §¨¬ ®âáî¤  w:
w = ϕt − ϕxx − 2ϕϕx

2ϕ
. (41)

�®¤áâ ¢¨¢ (41) ¢ (39) ¨ (40), ¯®«ãç¨¬ ¯¥à¥®¯à¥¤¥«¥­­ãî á¨áâ¥¬ã ãà ¢­¥­¨©
∂

∂x

(
ϕt − ϕxx − 2ϕϕx

2ϕ

)
= ϕ,

∂

∂t

(
ϕt − ϕxx − 2ϕϕx

2ϕ

)
= ϕx + ϕ2 +

(
ϕt − ϕxx − 2ϕϕx

2ϕ

)2
.

(42)

�¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï (42) ¨é¥¬ ¬¥â®¤®¬ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥-
­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢ ϕ(x, t) = ψ(t)θ(x). �«¥¬¥­â à­ë¥ ¢ëª« ¤ª¨ ¯®ª §ë¢ îâ, çâ®
¯¥à¢®¬ã ãà ¢­¥­¨î (42) ã¤®¢«¥â¢®àï¥â äã­ªæ¨ï

ϕ(x, t) = ψ(t) sin(x + C), (43)
£¤¥ ψ(t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �®¤áâ ¢«ïï ¢ëà ¦¥­¨¥ (43)
¢® ¢â®à®¥ ãà ¢­¥­¨¥ (42), ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ ψ(t):

d

dt

( _ψ + ψ

2ψ

)
=

( _ψ + ψ

2ψ

)2
+ ψ2 (44)

(â®çª  ®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® t). �á«¨ à¥è¥­¨¥  ¢â®­®¬­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨-
 «ì­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  (44) ¯®«ãç¥­®, â® à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï (38) ¬®¦¥â
¡ëâì ­ ©¤¥­® ¯® ä®à¬ã«¥

w(x, t) =
_ψ + ψ

2ψ
− ψ cos(x + C),

ª®â®à ï ¯®«ãç ¥âáï ¯ãâ¥¬ ¯®¤áâ ­®¢ª¨ ¢ëà ¦¥­¨ï (43) ¢ (41).
� ¬¥ç ­¨¥ 1. � ®¡é¥¬ á«ãç ¥ ¤«ï § ¤ ­­®© äã­ªæ¨¨F ãá«®¢¨¥ á®¢¬¥áâ­®-

áâ¨ (16) ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨
¤«ï äã­ªæ¨¨ G, ª®â®à®¥ ¨¬¥¥â ¡¥áª®­¥ç­®¥ ¬­®¦¥áâ¢® à¥è¥­¨© (â¥®à¥¬  ®
«®ª «ì­®¬ áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨©). �®íâ®¬ã ãà ¢­¥­¨¥ á ç áâ­ë¬¨ ¯à®¨§-
¢®¤­ë¬¨ ¢â®à®£® ¯®àï¤ª  (14) ¤®¯ãáª ¥â ¡¥áª®­¥ç­®¥ ¬­®¦¥áâ¢® á®¢¬¥áâ­ëå
¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© ¯¥à¢®£® ¯®àï¤ª  (15).

� ¬¥ç ­¨¥ 2. � ®¡é¥¬ á«ãç ¥ à¥è¥­¨¥ ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§¢®¤-
­ë¬¨ ¯¥à¢®£® ¯®àï¤ª  (15) á¢®¤¨âáï ª à¥è¥­¨î á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ä-
ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© [á¬. �. � ¬ª¥ (1965) ¨ �. �. � ©æ¥¢, �. �. �®«ï­¨­
(2003)].
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� ¬¥ç ­¨¥ 3. �¬¥áâ® ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨ ¯¥à¢®£® ¯®àï¤ª  (15) ¢ àï¤¥
á«ãç ¥¢ ã¤®¡­¥¥ ¨á¯®«ì§®¢ âì ¤¨ää¥à¥­æ¨ «ì­ãî á¢ï§ì ¢â®à®£® ¯®àï¤ª , ª®-
â®à ï ¢®§­¨ª ¥â ¢ à¥§ã«ìâ â¥ ¨áª«îç¥­¨ï ¯à®¨§¢®¤­®© ¯® ¢à¥¬¥­¨ ¨§ ãà ¢­¥-
­¨© (14) ¨ (15). �®«ãç¥­­ ï ¤¨ää¥à¥­æ¨ «ì­ ï á¢ï§ì ¬®¦¥â à áá¬ âà¨¢ âìáï
ª ª ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  ®â­®á¨â¥«ì-
­® ¯¥à¥¬¥­­®© x á ¯ à ¬¥âà®¬ t (á¬. à §¤. 9.3.1).

9.2.2. �¨¯¥à¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª 
�­ «®£¨ç­ë¬ ®¡à §®¬ à áá¬ âà¨¢ ¥âáï £¨¯¥à¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥ ¢â®à®£®
¯®àï¤ª  ¢¨¤ 

∂2w

∂x∂t
= F

(
x, t, w,

∂w

∂x
,

∂w

∂t

)
, (45)

¤®¯®«­¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§ìî ¯¥à¢®£® ¯®àï¤ª  (15). �ç¨â ¥¬, çâ®
Gwx

6= 0.
�á«®¢¨¥ á®¢¬¥áâ­®áâ¨ ãà ¢­¥­¨© ®¯à¥¤¥«ï¥âáï ¯ãâ¥¬ ®¤­®ªà â­®£® ¤¨ä-

ä¥à¥­æ¨à®¢ ­¨ï (45) ¯® t ¨ ¤¢ãªà â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï (15) ¯® t ¨ ¯® x
á ¯®á«¥¤ãîé¨¬ ¯à¨à ¢­¨¢ ­¨¥¬ ¯®«ãç¥­­ëå âà¥âì¨å ¯à®¨§¢®¤­ëå wxtt:

DtF = Dx[DtG]. (46)
�¤¥áì Dt ¨ Dx | ®¯¥à â®àë ¯®«­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï (17), ¢ ª®â®àëå
ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ wt, wxx, wxt, wtt ¤®«¦­ë ¡ëâì ¢ëà ¦¥­ë ç¥à¥§ x, t,
w, wx á ¯®¬®éìî (45) ¨ (15) ¨ ¨å ¤¨ää¥à¥­æ¨ «ì­ëå á«¥¤áâ¢¨©.

�®ª ¦¥¬, ª ª ¢ëç¨á«ïîâáï ¢â®àë¥ ¯à®¨§¢®¤­ë¥. �à®¤¨ää¥à¥­æ¨àã¥¬
(15) ¯® x ¨ § ¬¥­¨¬ á¬¥è ­­ãî ¯à®¨§¢®¤­ãî ¯à ¢®© ç áâìî (45). � å®¤¨¬
¢ëà ¦¥­¨¥ ¤«ï ¢â®à®© ¯à®¨§¢®¤­®© ¯® x:

∂G
∂x

+wx
∂G
∂w

+wxx
∂G
∂wx

=F
(
x, t, w,

∂w

∂x
,

∂w

∂t

)
=⇒ ∂2w

∂x2 =H1
(
x, t, w,

∂w

∂x

)
. (47)

�¤¥áì ¨ ¤ «¥¥ ãç¨âë¢ ¥âáï, çâ® á ¯®¬®éìî (15) ¯à®¨§¢®¤­ãî ¯® t ¬®¦­®
¢ëà §¨âì ç¥à¥§ ¯à®¨§¢®¤­ãî ¯® x. �¨ää¥à¥­æ¨àãï ¤ «¥¥ (15) ¯® t, ¨¬¥¥¬
∂2w

∂t2
= ∂G

∂t
+wt

∂G
∂w

+wxt
∂G
∂wx

= ∂G
∂t

+G ∂G
∂w

+F ∂G
∂wx

=⇒ ∂2w

∂t2
=H2

(
x, t, w,

∂w

∂x

)
.

(48)
� ¬¥­ïï ¢ (17) ¯à®¨§¢®¤­ë¥ wt, wxt, wxx, wtt ¨å ¢ëà ¦¥­¨ï¬¨ ¨§ (15), (45),

(47), (48), ­ å®¤¨¬ ®¯¥à â®àë ¯®«­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï Dt ¨ Dx, ª®â®àë¥
¤®«¦­ë ¨á¯®«ì§®¢ âìáï ¢ ãá«®¢¨¨ á®¢¬¥áâ­®áâ¨ (46).

�à¨¬¥à 5. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥
∂2w

∂x∂t
= f(w). (49)

�®¯®«­¨¬ (49) ª¢ §¨«¨­¥©­®© ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§ìî ¢¨¤ 
∂w

∂x
= ϕ(t)g(w). (50)

�¨ää¥à¥­æ¨àãï (49) ¯® x ¨ § ¬¥­ïï § â¥¬ ¯¥à¢ãî ¯à®¨§¢®¤­ãî ¯® x ¯à ¢®© ç áâìî
à ¢¥­áâ¢  (50), ¨¬¥¥¬

wxxt = ϕgf ′w. (51)
�¨ää¥à¥­æ¨àãï ¤ «¥¥ (50) ¯® x ¨ t, ¯®«ãç¨¬ ¤¢  á®®â­®è¥­¨ï:

wxx = ϕg′wwx = ϕ2gg′w, (52)
wxt = ϕ′tg + ϕg′wwt. (53)
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�áª«îç¨¢ ¢ (53) á¬¥è ­­ãî ¯à®¨§¢®¤­ãî á ¯®¬®éìî ãà ¢­¥­¨ï (49), ­ ©¤¥¬ ¯¥à¢ãî ¯à®¨§-
¢®¤­ãî ¯® t:

wt = f − ϕ′tg
ϕg′w

. (54)

�¨ää¥à¥­æ¨àãï (52) ¯® t ¨ § ¬¥­ïï wt ¯à ¢®© ç áâìî (54), ¨¬¥¥¬

wxxt = 2ϕϕ′tgg′w + ϕ2(gg′w)′wwt = 2ϕϕ′tgg′w + ϕ(gg′w)′w
f − ϕ′tg

g′w
. (55)

�à¨à ¢­¨¢ ï â¥¯¥àì âà¥âì¨ ¯à®¨§¢®¤­ë¥ (51) ¨ (55), ¯®á«¥ á®ªà é¥­¨ï ­  ϕ ¨ í«¥¬¥­â à­ëå
¯à¥®¡à §®¢ ­¨© ¯à¨å®¤¨¬ ª ®¯à¥¤¥«ïîé¥¬ã ãà ¢­¥­¨î

ϕ′tg[(g′w)2 − gg′′ww] = gg′wf ′w − f(gg′w)′w, (56)
ª®â®à®¥ ¨¬¥¥â ¤¢  à §«¨ç­ëå à¥è¥­¨ï.

�¥è¥­¨¥ 1. �à ¢­¥­¨¥ (56) ã¤®¢«¥â¢®àï¥âáï â®¦¤¥áâ¢¥­­® ¤«ï «î¡®© äã­ªæ¨¨ ϕ = ϕ(t),
¥á«¨ ¯®«®¦¨âì

(g′w)2 − gg′′ww = 0,

gg′wf ′w − f(gg′w)′w = 0.

�¡é¥¥ à¥è¥­¨¥ íâ®© á¨áâ¥¬ë ãà ¢­¥­¨© ¨¬¥¥â ¢¨¤
f(w) = aeλw, g(w) = beλw/2, (57)

£¤¥ a, b, λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �«ï ¯à®áâ®âë ¢ëª« ¤®ª ¤ «¥¥ ¡ã¤¥¬ ¯®« £ âì
a = b = 1, λ = −2. (58)

�®¤áâ ¢¨¬ äã­ªæ¨î g(w), § ¤ ­­ãî ä®à¬ã« ¬¨ (57){(58), ¢ ¤¨ää¥à¥­æ¨ «ì­ãî á¢ï§ì (50).
�­â¥£à¨àãï ¯®«ãç¥­­®¥ ãà ¢­¥­¨¥, ¨¬¥¥¬

w = ln[ϕ(t)x + ψ(t)], (59)
£¤¥ ψ(t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �®¤áâ ¢«ïï (59) ¢ ãà ¢­¥­¨¥ (49) á ¯à ¢®© ç áâìî (57){
(58), ¯à¨å®¤¨¬ ª «¨­¥©­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¤«ï ®¯à¥¤¥«¥­¨ï
äã­ªæ¨¨ ψ(t):

ψϕ′t − ϕψ′t = 1.

�¡é¥¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¤ ¥âáï ä®à¬ã«®©

ψ(t) = Cϕ(t)− ϕ(t)
∫

dt

ϕ2(t)
, (60)

£¤¥ C |¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
� ª¨¬ ®¡à §®¬, â®ç­®¥ à¥è¥­¨¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï wxt = e−2w ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥-

­¨ï¬¨ (59){(60), £¤¥ ϕ(t)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï.
�¥è¥­¨¥ 2. �â®à®¥ à¥è¥­¨¥ § ¤ ¥âáï «¨­¥©­®© § ¢¨á¨¬®áâìî

ϕ(t) = at + b, (61)
£¤¥ a ¨ b | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. � íâ®¬ á«ãç ¥ äã­ªæ¨¨ f(w) ¨ g(w) á¢ï§ ­ë ®¤­¨¬
á®®â­®è¥­¨¥¬ (56) ¯à¨ ϕ′t = a. �­â¥£à¨à®¢ ­¨¥ ãà ¢­¥­¨ï (50) ¯à¨ ãá«®¢¨¨ (61) ¯®§¢®«ï¥â
­ ©â¨ áâàãªâãàã à¥è¥­¨ï ¢ ¢¨¤¥

w = w(z), z = (at + b)x + ψ(t), (62)
£¤¥ ψ(t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �®¤áâ ¢¨¬ íâã § ¢¨á¨¬®áâì ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ (49),  
§ â¥¬ § ¬¥­¨¬ x ­  z á ¯®¬®éìî (62). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

[az + (at + b)ψ′t − aψ]w′′zz + aw′z = f(w). (63)
�«ï â®£® çâ®¡ë íâ® ¢ëà ¦¥­¨¥ ¡ë«® ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¤«ï
äã­ªæ¨¨ w = w(z), ­ ¤® ¯®«®¦¨âì

(at + b)ψ′t − aψ = const .

�­â¥£à¨àãï, ®¯à¥¤¥«ï¥¬ äã­ªæ¨î ψ(t):
ψ(t) = ct + d, (64)

£¤¥ c ¨ d|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�®à¬ã«ë (62) ¨ (64) ®¯à¥¤¥«ïîâ à¥è¥­¨¥ ãà ¢­¥­¨ï (49) ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f(w).

�à¨ íâ®¬ äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬ (63) ¯à¨ ãá«®¢¨¨ (64). � áâ­®¬ã á«ãç î
a = d = 0 á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë,   á«ãç î b = c = d = 0| ¢â®¬®¤¥«ì­®¥
à¥è¥­¨¥.
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9.2.3. �à ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  ®¡é¥£® ¢¨¤ 
� áá¬®âà¨¬ £¨¯¥à¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  ®¡é¥£® ¢¨¤ 

F(x, t, w, wx, wt, wxx, wxt, wtt) = 0 (65)
¢¬¥áâ¥ á ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§ìî ¯¥à¢®£® ¯®àï¤ª 

G(x, t, w,wx, wt) = 0. (66)
�®á«¥¤®¢ â¥«ì­® ¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨ï (45) ¨ (46) ¯® ®¡¥¨¬ ¯¥à¥-

¬¥­­ë¬ ¤«ï ¯®«ãç¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå á«¥¤áâ¢¨©, á®¤¥à¦ é¨å ¢â®àë¥ ¨
âà¥âì¨ ¯à®¨§¢®¤­ë¥. �¬¥¥¬

DxF = 0, DtF = 0, DxG = 0, DtG = 0,

Dx[DxG] = 0, Dx[DtG] = 0, Dt[DtG] = 0.
(67)

�á«®¢¨¥ á®¢¬¥áâ­®áâ¨ ¤«ï (65) ¨ (66) ¬®¦­® ­ ©â¨ ¯ãâ¥¬ ¨áª«îç¥­¨ï ¨§ ¤¥-
¢ïâ¨ ãà ¢­¥­¨© (65){(67) ¯à®¨§¢®¤­ëå wt, wxx, wxt, wtt, wxxx, wxxt, wxtt, wttt.
� à¥§ã«ìâ â¥ ¯®«ãç¨¬ ¢ëà ¦¥­¨¥ ¢¨¤ 

H(x, t, w, wx) = 0. (68)
�á«¨ «¥¢ ï ç áâì (68) ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«¨­®¬ ®â­®á¨â¥«ì­® wx, â® ¤«ï
¯®«ãç¥­¨ï ãá«®¢¨© á®¢¬¥áâ­®áâ¨ ­ ¤® ¯à¨à ¢­ïâì ­ã«î äã­ªæ¨®­ «ì­ë¥
ª®íää¨æ¨¥­âë íâ®£® ¯®«¨­®¬ .
S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 9.2
1. �®áâà®¨âì â®ç­ë¥ à¥è¥­¨ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ á ¨áâ®ç­¨ª®¬

wt = [f(w)wx]x + g(w),
¨á¯®«ì§ãï ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ ¯¥à¢®£® ¯®àï¤ª :

a) wx = ϕ(t)g(w),
b) wx = ϕ(x)g(w),
c) wt = ϕ(t)g(w).

2. � áá¬®âà¥âì § ¤ çã ®âëáª ­¨ï ­¥«¨­¥©­ëå ãà ¢­¥­¨©
wt = f(w)wxx + g(w)wx,

®¡« ¤ îé¨å ¨­¢ à¨ ­â­ë¬¨ ¬­®£®®¡à §¨ï¬¨ ¯¥à¢®£® ¯®àï¤ª :
a) wt = ϕ(w),
b) wx = ϕ(t)ψ(w),
c) wt = ϕ(w)wx + ψ(w).

� ©â¨ á®®â¢¥âáâ¢ãîé¨¥ â®ç­ë¥ à¥è¥­¨ï.
3. � ©â¨ â®ç­ë¥ à¥è¥­¨ï ­¥«¨­¥©­ëå ãà ¢­¥­¨©:

a) wt = wxx + (wx)2 + aw2 + bw + c,
b) wt = wwxx + aw2 + bw + c,
c) wt = (wwx)x + aw2 + bw + c

á ¯®¬®éìî ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨ ¯¥à¢®£® ¯®àï¤ª  wx = f(x)g(t).
�ª § ­¨¥. �«ï ¯à®¢¥àª¨ à¥§ã«ìâ â®¢ ¨áá«¥¤®¢ ­¨ï ãà ¢­¥­¨ï a) á¬. ¯à¨¬¥à 4 (¯à¨¢¥¤¥­­ë¥

â ¬ à ááã¦¤¥­¨ï ¨á¯®«ì§®¢ âì ¤«ï  ­ «¨§  ¤¢ãå ¤àã£¨å ãà ¢­¥­¨©).
4. � áá¬®âà¥âì § ¤ çã ®âëáª ­¨ï ­¥«¨­¥©­ëå ãà ¢­¥­¨© wxt = f(w), ®¡« ¤ îé¨å ¨­¢ à¨ ­â-
­ë¬¨ ¬­®£®®¡à §¨ï¬¨ ¯¥à¢®£® ¯®àï¤ª  wt =g(w)wx. � ©â¨ á®®â¢¥âáâ¢ãîé¨¥ â®ç­ë¥ à¥è¥­¨ï.
5. � áá¬®âà¥âì § ¤ çã ®âëáª ­¨ï ­¥«¨­¥©­ëå ãà ¢­¥­¨© wxt = f(w), ®¡« ¤ îé¨å ¨­¢ à¨ ­â-
­ë¬¨ ¬­®£®®¡à §¨ï¬¨ ¯¥à¢®£® ¯®àï¤ª  wtwx = g(w). �®ª § âì, çâ® ®¯à¥¤¥«ïîé¨¥ äã­ªæ¨¨
¤®«¦­ë ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î

gg′′ − (g′)2 − 2f ′g + 3fg′ − 2f2 = 0.

�®áâà®¨âì á®®â¢¥âáâ¢ãîé¨¥ â®ç­ë¥ à¥è¥­¨ï.
N �¨â¥à âãà  ª à §¤. 9.2: �. �. �¨¤®à®¢, �. �. � ¯¥¥¢, �. �. �­¥­ª® (1984), V. A. Galaktionov
(1994), P. J. Olver (1994), �. �. �­¤à¥¥¢, �. �. � ¯æ®¢, �. �. �ãå­ ç¥¢, �. �. �®¤¨®­®¢ (1994),
P. J. Olver, E. M. Vorob'ev (1996), E. M. Vorob'ev (1996), A. D. Polyanin, V. F. Zaitsev (2004).
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9.3. �¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ ¢â®à®£® ¨ áâ àè¨å ¯®àï¤ª®¢
9.3.1. �¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ ¢â®à®£® ¯®àï¤ª  ¤«ï í¢®«îæ¨®­­ëå ãà ¢­¥­¨©
1◦. �à¨ ¨á¯®«ì§®¢ ­¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© ¢â®à®£® ¨ ¡®«¥¥ ¢ëá®ª¨å
¯®àï¤ª®¢ ¤«ï ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© á ç áâ­ë¬¨
¯à®¨§¢®¤­ë¬¨ ­ ¤®, ¢®®¡é¥ £®¢®àï, ã¬¥âì áâà®¨âì â®ç­ë¥ à¥è¥­¨ï íâ¨å ¤¨ä-
ä¥à¥­æ¨ «ì­ëå á¢ï§¥©. � ®¡é¥¬ á«ãç ¥ íâ® ¢¥áì¬  ¯à®¡«¥¬ â¨ç­®. �®íâ®¬ã
¤«ï í¢®«îæ¨®­­ëå ãà ¢­¥­¨© ®¡ëç­® ¨á¯®«ì§ãîâ ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨
á¯¥æ¨ «ì­®£® ¢¨¤ , ¢ ª®â®àë¥ ¢å®¤ïâ ¯à®¨§¢®¤­ë¥ â®«ìª® ¯® ®¤­®© ¯¥à¥¬¥­-
­®© x (â. ¥. ä ªâ¨ç¥áª¨ à áá¬ âà¨¢ îâáï ®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥
ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  ®â­®á¨â¥«ì­® x, ¢ ª®â®àë¥ ¤àã£ ï ­¥§ ¢¨á¨¬ ï
¯¥à¥¬¥­­ ï t ¢å®¤¨â ­¥ï¢­® ¨«¨ ¯ à ¬¥âà¨ç¥áª¨¬ ®¡à §®¬; ®â t ¡ã¤ãâ § ¢¨á¥âì
¯®áâ®ï­­ë¥ ¨­â¥£à¨à®¢ ­¨ï).

� ¤ çã ® á®¢¬¥áâ­®áâ¨ í¢®«îæ¨®­­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª 
∂w

∂t
= F1

(
x, t, w,

∂w

∂x
,

∂2w

∂x2

)
(69)

á ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§ìî  ­ «®£¨ç­®£® ¢¨¤ 
∂w

∂t
= F2

(
x, t, w,

∂w

∂x
,

∂2w

∂x2

)
(70)

¬®¦­® á¢¥áâ¨ ª § ¤ ç¥ á ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§ìî ¯¥à¢®£® ¯®àï¤ª , ª®â®à ï
à áá¬ âà¨¢ ¥âáï ¢ à §¤. 9.2. �«ï íâ®£® ­ ¤® á­ ç «  ¨áª«îç¨âì ¨§ ãà ¢­¥­¨©
¢â®àãî ¯à®¨§¢®¤­ãî wxx. � â¥¬ ¯®«ãç¥­­®¥ â ª¨¬ ®¡à §®¬ ãà ¢­¥­¨¥ ¯¥à¢®£®
¯®àï¤ª 

�
(
x, t, w,

∂w

∂x
,

∂w

∂t

)
= 0

­ ¤® ¨áá«¥¤®¢ âì ¢¬¥áâ¥ á ¨áå®¤­ë¬ ãà ¢­¥­¨¥¬ (69) [¨«¨ ¨áå®¤­®© ¤¨ää¥-
à¥­æ¨ «ì­®© á¢ï§ìî (70)].
2◦. �¨ää¥à¥­æ¨ «ì­ãî á¢ï§ì (70) ¤«ï ãà ¢­¥­¨ï (69) ã¤®¡­® § ¬¥­¨âì íª¢¨¢ -
«¥­â­®© ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§ìî, ª®â®à ï ¯®«ãç ¥âáï ¯ãâ¥¬ ¨áª«îç¥­¨ï wt

¨§ (70) á ¯®¬®éìî (69). � à¥§ã«ìâ â¥ ¯®«ãç ¥âáï ¤¨ää¥à¥­æ¨ «ì­ ï á¢ï§ì ¢¨¤ 

	
(
x, t, w,

∂w

∂x
,

∂2w

∂x2

)
= 0,

ª®â®àãî ¬®¦­® à áá¬ âà¨¢ âì ª ª ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥-
­¨¥ ¯® ¯¥à¥¬¥­­®© x á ¯ à ¬¥âà®¬ t (¨¬¥­­® ® ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§ïå
â ª®£® ¢¨¤  £®¢®à¨âáï ¢ ¯. 1◦).

9.3.2. �à¨¬¥àë ¨á¯®«ì§®¢ ­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© ¤«ï ¯®áâà®¥­¨ï
â®ç­ëå à¥è¥­¨©

�à¨¬¥à 6. �ë¤¥«¨¬ ¨§ ª« áá  ­¥«¨­¥©­ëå ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨ á ¨áâ®ç­¨ª®¬
∂w

∂t
= ∂

∂x

[
f1(w) ∂w

∂x

]
+ f2(w) (71)

ãà ¢­¥­¨ï, ª®â®àë¥ ®¡« ¤ îâ ¨­¢ à¨ ­â­ë¬¨ ¬­®£®®¡à §¨ï¬¨ ¢¨¤ 
∂2w

∂x2 = g1(w)
(

∂w

∂x

)2
+ g2(w). (72)

�ã­ªæ¨¨ f2(w), f1(w), g2(w), g1(w) ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î ¢ ¯à®æ¥áá¥  ­ «¨§ .
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�áª«îç ï ¨§ (71) ¨ (72) ¢â®àãî ¯à®¨§¢®¤­ãî, ¨¬¥¥¬
∂w

∂t
= ϕ(w)

(
∂w

∂x

)2
+ ψ(w), (73)

£¤¥ ¨á¯®«ì§®¢ ­ë ®¡®§­ ç¥­¨ï
ϕ(w) = f1(w)g1(w) + f ′1(w), ψ(w) = f1(w)g2(w) + f2(w). (74)

�á«®¢¨¥ ¨­¢ à¨ ­â­®áâ¨ ¬­®£®®¡à §¨ï (72) ¯® ®â­®è¥­¨î ª ãà ¢­¥­¨î (71) ¯®«ãç¨¬ ¯ãâ¥¬
¤¨ää¥à¥­æ¨à®¢ ­¨ï (72) ¯® t:

wxxt = 2g1wxwxt + g′1w
2
xwt + g′2wt.

� íâ®¬ à ¢¥­áâ¢¥ ­ ¤® ¨áª«îç¨âì ¯à®¨§¢®¤­ë¥ wxxt, wxt, wt á ¯®¬®éìî ãà ¢­¥­¨© (72) ¨ (73)
¨ ¨å ¤¨ää¥à¥­æ¨ «ì­ëå á«¥¤áâ¢¨©. � à¥§ã«ìâ â¥ ¨¬¥¥¬

(2ϕg2
1+3ϕ′g1+ϕg′1+ϕ′′)w4

x+(4ϕg1g2+5ϕ′g2+ϕg′2−g1ψ
′−ψg′1+ψ′′)w2

x+2ϕg2
2+ψ′g2−ψg′2 =0.

(75)
� «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® g2 6≡ 0. �à¨à ¢­¨¢ ï ¢ (75) ª ­ã«î ª®íää¨æ¨¥­âë ¯à¨ à §«¨ç­ëå
áâ¥¯¥­ïå wx, ¯à¨å®¤¨¬ ª âà¥¬ ãà ¢­¥­¨ï¬, ª®â®àë¥ ã¤®¡­® § ¯¨á âì ¢ ä®à¬¥

(ϕ′ + ϕg1)′ + 2g1(ϕ′ + ϕg1) = 0,

4g2(ϕ′ + ϕg1) + (ϕg2 − ψg1)′ + ψ′′ = 0,

ϕ = − 1
2 (ψ/g2)′.

(76)

�¥à¢®¬ã ãà ¢­¥­¨î ¬®¦­® ã¤®¢«¥â¢®à¨âì, ¥á«¨ ¯®«®¦¨âì ϕ′ + ϕg1 = 0. �®®â¢¥âáâ¢ãîé¥¥
ç áâ­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (76) ¨¬¥¥â ¢¨¤:

ϕ = − 1
2

µ′, ψ = µg2, g1 = − µ′′

µ′
, g2 =

(
2C1 + C2√

|µ|

)
1
µ′

, (77)

£¤¥ µ = µ(w)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �ç¨âë¢ ï á®®â­®è¥­¨ï (74), ­ å®¤¨¬ äã­ªæ¨®­ «ì­ë¥
ª®íää¨æ¨¥­âë ¨áå®¤­®£® ãà ¢­¥­¨ï (71) ¨ ¨­¢ à¨ ­â­®£® ¬­®¦¥áâ¢  (72):

f1 =
(

C3 − 1
2

w

)
µ′, f2 = (µ− f1)g2, g1 = − µ′′

µ′
, g2 =

(
2C1 + C2√

|µ|

)
1
µ′

. (78)

�à ¢­¥­¨¥ (72) á ãç¥â®¬ (78) ¤®¯ãáª ¥â ¯¥à¢ë© ¨­â¥£à «:

w2
x =

[
4C1µ + 4C2

√
|µ|+ 2σ′t(t)

] 1
(µ′)2 , (79)

£¤¥ σ(t) |¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �áª«îç¨¬ w2
x ¢ (73) á ¯®¬®éìî (79) ¨ ¯®¤áâ ¢¨¬ äã­ªæ¨¨

ϕ ¨ ψ ¨§ (77). �à¨å®¤¨¬ ª ãà ¢­¥­¨î

µ′wt = −C2
√
|µ| − σ′t(t). (80)

� áá¬®âà¨¬ ¯®¤à®¡­® ç áâ­ë© á«ãç © C2 = C3 = 0. �­â¥£à¨àãï ãà ¢­¥­¨¥ (80) á ãç¥â®¬
à ¢¥­áâ¢  µt = µ′wt, ¯®«ãç¨¬

µ = −σ(t) + θ(x), (81)
£¤¥ θ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �®¤áâ ¢¨¬ (81) ¢ (79) ¨ ãçâ¥¬ à ¢¥­áâ¢® µx = µ′wx. �
à¥§ã«ìâ â¥ ¨¬¥¥¬

θ2
x − 4C1θ = 2σt − 4C1σ.

�à¨à ¢­¨¢ ï ®¡¥ ç áâ¨ íâ®£® à ¢¥­áâ¢  ­ã«î ¨ ¨­â¥£à¨àãï ¯®«ãç¥­­ë¥ ®¡ëª­®¢¥­­ë¥ ¤¨ää¥-
à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï, ­ å®¤¨¬ äã­ªæ¨¨ ¢ ¯à ¢®© ç áâ¨ ä®à¬ã«ë (81):

σ(t) = A exp(2C1t), θ(x) = C1(x + B)2, (82)
£¤¥ A ¨ B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. � ª¨¬ ®¡à §®¬, â®ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (71) á
äã­ªæ¨ï¬¨ f1 ¨ f2 ¨§ (78) ¯à¨ C2 = C3 = 0 § ¯¨áë¢ ¥âáï ¢ ­¥ï¢­®¬ ¢¨¤¥:

µ(w) = −A exp(2C1t) + C1(x + B)2.

� à¥è¥­¨¨ ¨ ®¯à¥¤¥«ïîé¨å ¢ëà ¦¥­¨ïå (78) äã­ªæ¨ï µ(w) § ¤ ¥âáï ¯à®¨§¢®«ì­®.
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�à¨¬¥à 7. � áá¬®âà¨¬ § ¤ çã ®¡ ®¯à¥¤¥«¥­¨¨ ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª 
∂w

∂t
= f2(w) ∂2w

∂x2 + f1(w) ∂w

∂x
+ f0(w), (83)

®¡« ¤ îé¨å ¨­¢ à¨ ­â­ë¬¨ ¬­®£®®¡à §¨ï¬¨ ¢¨¤ 
∂2w

∂x2 = g1(w) ∂w

∂x
+ g0(w). (84)

�­ «¨§ á®¢¬¥áâ­®áâ¨ íâ¨å ãà ¢­¥­¨© ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ § ¢¨á¨¬®áâï¬ ¤«ï ®¯à¥¤¥«ï-
îé¨å äã­ªæ¨©:

f2(w)|¯à®¨§¢®«ì­ ï äã­ªæ¨ï,
f1(w) = C1w + C2 − (3C1C3w + C4)f2(w),
f0(w) = (−C2

1C3w
3 − C1C4w

2 + C5w + C6)[1− C3f2(w)],
g1(w) = 3C1C3w + C4,

g0(w) = C3(−C2
1C3w

3 − C1C4w
2 + C5w + C6),

(85)

£¤¥ C1, . . . , C6 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�à ¢­¥­¨¥ (84) ¬®¦¥â ¡ëâì ¯à®¨­â¥£à¨à®¢ ­® ¯à¨ ­¥ª®â®àëå §­ ç¥­¨ïå ¯®áâ®ï­­ëå Cn,

§ ¤ îé¨å äã­ªæ¨¨ (85). �«ï íâ®£® ­ ¤® á®¯®áâ ¢¨âì ãà ¢­¥­¨ï (84) ¨ (35). �®áâà®¥­¨¥ á®®â-
¢¥âáâ¢ãîé¨å â®ç­ëå à¥è¥­¨©, ª ª ¨ ¢ë¢®¤ ®¯à¥¤¥«ïîé¨å á®®â­®è¥­¨© (85), ¯à¥¤®áâ ¢«ï¥¬
ç¨â â¥«î ¢ ª ç¥áâ¢¥ ã¯à ¦­¥­¨©.

� à §¤. 9.4 ¯à¨¢¥¤¥­ë ¯à¨¬¥àë ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© ¢â®à®£® ¨
âà¥âì¥£® ¯®àï¤ª®¢, ¨á¯®«ì§®¢ ­¨¥ ª®â®àëå íª¢¨¢ «¥­â­® ¯àï¬®¬ã § ¤ ­¨î
­ ¨¡®«¥¥ à á¯à®áâà ­¥­­ëå ä®à¬ â®ç­ëå à¥è¥­¨©.

�â¬¥â¨¬, çâ® ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ âà¥âì¥£® ¨ ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢
à¥¤ª® ¨á¯®«ì§ãîâáï, ¯®áª®«ìªã ¯à¨¢®¤ïâ ª ¡®«ìè¨¬ ¢ëª« ¤ª ¬ ¨ ¢¥áì¬ 
á«®¦­ë¬ ãà ¢­¥­¨ï¬ (ç áâ® ¡®«¥¥ á«®¦­ë¬, ç¥¬ ¨áå®¤­ë¥).

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 9.3
1. �®áâà®¨âì â®ç­ë¥ à¥è¥­¨ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ (71), ¨á¯®«ì§ãï ¤¨ä-
ä¥à¥­æ¨ «ì­ãî á¢ï§ì ¢â®à®£® ¯®àï¤ª  (72) ¯à¨ g2 ≡ 0.

�ª § ­¨¥. �®«®¦¨âì ¢ (75) g2 ≡ 0,   § â¥¬ ¯®ª § âì, çâ® ®¡é¥¥ à¥è¥­¨¥ ¯¥à¢ëå ¤¢ãå
ãà ¢­¥­¨© (76) ¨¬¥¥â ¢¨¤

ϕ = C1µ
′ + C2µµ′, ψ = C3

µ′
+ C4µ

µ′
, g1 = − µ′′

µ′
,

£¤¥ µ = µ(w) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, Cn | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. � «¥¥ ¨á¯®«ì§®¢ âì
â ª¨¥ ¦¥ à ááã¦¤¥­¨ï, ª ª ¢ ¯à¨¬¥à¥ 5.
2. �®áâà®¨âì â®ç­ë¥ à¥è¥­¨ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ (71), ¨á¯®«ì§ãï ¤¨ä-
ä¥à¥­æ¨ «ì­ãî á¢ï§ì ¢â®à®£® ¯®àï¤ª  (72) ¨ à¥è¥­¨¥ á¨áâ¥¬ë (76) ¯à¨ ϕ ≡ 0.

�ª § ­¨¥. �«ï ª®­âà®«ï à¥§ã«ìâ â®¢ ¨á¯®«ì§®¢ âì à¥è¥­¨¥, ¯®«ãç¥­­®¥ ¢ ¯à¨¬¥à¥ 2.
3. �®áâà®¨âì â®ç­ë¥ à¥è¥­¨ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ á ª¢ ¤à â¨ç­®© ­¥«¨-
­¥©­®áâìî

wt = [(a1w + a0)wx]x + b2w
2 + b1w + b0,

¨á¯®«ì§ãï ¤¨ää¥à¥­æ¨ «ì­ãî á¢ï§ì ¢â®à®£® ¯®àï¤ª  wxx = ϕ(x)wx.

N �¨â¥à âãà  ª à §¤. 9.3: �. �. �¨¤®à®¢, �. �. � ¯¥¥¢, �. �. �­¥­ª® (1984), V. A. Galaktionov
(1994), �. �. �­¤à¥¥¢, �. �. � ¯æ®¢, �. �. �ãå­ ç¥¢, �. �. �®¤¨®­®¢ (1994), A. D. Polyanin,
V. F. Zaitsev (2004).

9.4. �á¯®«ì§®¢ ­¨¥ ­¥áª®«ìª¨å ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©
� ª ãª §ë¢ «®áì ¢ § ¬¥ç ­¨¨ 2 ¨§ à §¤. 9.1 (á¬. â ª¦¥ à §¤. 9.5.3), ¢¬¥áâ®
®¤­®© ¬®£ãâ § ¤ ¢ âìáï áà §ã ­¥áª®«ìª® ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© ¢¨¤  (12).
� ®¡é¥¬ á«ãç ¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ ¤®«¦­ë ¨áá«¥¤®¢ âìáï ­  á®¢¬¥áâ-
­®áâì. �à®¨««îáâà¨àã¥¬ áª § ­­®¥ ­  ª®­ªà¥â­®¬ ¯à¨¬¥à¥.



9.4. �á¯®«ì§®¢ ­¨¥ ­¥áª®«ìª¨å ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© 15

�à¨¬¥à 8. � áá¬®âà¨¬ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á ¨áâ®ç­¨ª®¬
∂w

∂t
= ∂

∂x

[
f(w) ∂w

∂x

]
+ g(w). (86)

� ¤ ¤¨¬ ¤¢¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ ¯¥à¢®£® ¯®àï¤ª :
∂w

∂t
= ϕ(x, t, w),

∂w

∂x
= ψ(x, t, w),

(87)

£¤¥ ϕ ¨ ψ |­¥ª®â®àë¥ (¯®ª  ¯à®¨§¢®«ì­ë¥) äã­ªæ¨¨ á¢®¨å  à£ã¬¥­â®¢.
�­ ç «  ­ ©¤¥¬ ãá«®¢¨¥ á®¢¬¥áâ­®áâ¨ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© (87). �«ï íâ®£® ¯à®¤¨ä-

ä¥à¥­æ¨àã¥¬ ¯¥à¢®¥ á®®â­®è¥­¨¥ (87) ¯® x, ¢â®à®¥ | ¯® t,   § â¥¬ § ¬¥­¨¬ ¢ ¯®«ãç¥­­ëå
¢ëà ¦¥­¨ïå ¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ ¯à ¢ë¬¨ ç áâï¬¨ (87). �¬¥¥¬

wtx = ϕx + ϕwwx = ϕx + ψϕw,

wxt = ψt + ψwwt = ψt + ϕψw.

�à¨à ¢­¨¢ ï wtx = wxt, ­ å®¤¨¬ ãá«®¢¨¥ á®¢¬¥áâ­®áâ¨
ϕx + ψϕw − ψt − ϕψw = 0. (88)

�®¤áâ ¢¨¬ â¥¯¥àì (87) ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ (86). �®«ãç¨¬

ϕ = (ψx + ψψw)f + ψ2f ′ + g. (89)
�áª«îç¨¢ äã­ªæ¨î ϕ ¢ ãá«®¢¨¨ á®¢¬¥áâ­®áâ¨ (88) á ¯®¬®éìî (89), á ãç¥â®¬ (87) ¯à¨å®¤¨¬ ª
á«¥¤ãîé¥¬ã ãà ¢­¥­¨î ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ ψ:

ψt = (ψxx + 2ψψxw + ψ2ψww)f + (3ψψx + 2ψ2ψw)f ′ + ψ3f ′′ + ψg′ − gψw. (90)
�à ¢­¥­¨¥ (90) á®¤¥à¦¨â âà¨ ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥ x, t, w ¨ ¢ë£«ï¤¨â á«®¦­¥¥, ç¥¬

¨áå®¤­®¥ ãà ¢­¥­¨¥ (86), ª®â®à®¥ á®¤¥à¦¨â â®«ìª® ¤¢¥ ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥ x, t. �¤­ ª®
­ «¨ç¨¥ ó«¨è­¥©ô ¯¥à¥¬¥­­®© w ¤ ¥â ¡®«¥¥ è¨à®ª¨© ¢ë¡®à à¥è¥­¨©, ª®â®àë¥ ¬®¦­® ¨áª âì,
§ ¤ ¢ ï áâàãªâãàã äã­ªæ¨¨ ψ. �¨¦¥ ¡ã¤¥â ¯®ª § ­®, ª ª ¬®¦­® ­ ©â¨ ¤¢  ª« áá  à¥è¥­¨©
­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ á ¨áâ®ç­¨ª®¬ (86), ¨áå®¤ï ¨§ ãà ¢­¥­¨ï (90).

�«ãç © 1. �­ ç «  ¨é¥¬ ç áâ­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (90), ª®â®àë¥ ­¥ § ¢¨áïâ ®â x, ¢ ¢¨¤¥
¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢

ψ = α(t)h(w). (91)
�®à¬ã«  (91) § ¤ ¥â áâàãªâãàã à¥è¥­¨ï, £¤¥ äã­ªæ¨¨ α(t) ¨ h(w) ¯®ª  ­¥¨§¢¥áâ­ë ¨ ¯®¤«¥¦ â
®¯à¥¤¥«¥­¨î ¢ å®¤¥ ¤ «ì­¥©è¥£®  ­ «¨§ . �®¤áâ ¢«ïï (91) ¢ (90), ¯®«ãç¨¬ (â®çª  ®¡®§­ ç ¥â
¯à®¨§¢®¤­ãî ¯® t):

_α(t) = α3(t)h(w)
(
f(w)h(w)

)′′ + α(t)h(w)
(
g(w)/h(w)

)′
.

�â® ãà ¢­¥­¨¥ ¨¬¥¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥, ¥á«¨ ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

h(w)
(
f(w)h(w)

)′′ = A,

h(w)
(
g(w)/h(w)

)′ = B,
(92)

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �à ¢­¥­¨ï (92) á®¤¥à¦ â âà¨ ­¥¨§¢¥áâ­ëå äã­ªæ¨¨;
§ ¤ ¢ ï ®¤­ã ¨§ ­¨å («î¡ãî), ¬®¦­® ­ ©â¨ ¤¢¥ ¤àã£¨¥.

�ã­ªæ¨ï (91) ¯®à®¦¤ ¥â à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï (86). �®£« á­® ¢â®à®¬ã ãà ¢­¥­¨î
(87), íâ® à¥è¥­¨¥ ¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®¬ ¢¨¤¥

∫
dw

h(w)
= α(t)x + β(t), (93)

£¤¥ äã­ªæ¨ï α = α(t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î �¥à­ã««¨

_α = Aα3 + Bα,

ª®â®à®¥ «¥£ª® ¨­â¥£à¨àã¥âáï. �ã­ªæ¨ï β(t) ®¯à¥¤¥«ï¥âáï ¨§ ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®-
£® ãà ¢­¥­¨ï, ª®â®à®¥ ¬®¦­® ¯®«ãç¨âì ¯®¤áâ ­®¢ª®© à¥è¥­¨ï (93) ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ (86).



16 �¥â®¤ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©

�ç¨â ï äã­ªæ¨î h = h(w) § ¤ ­­®© (¥¥ ¬®¦­® § ¤ âì ¯à®¨§¢®«ì­®), ¯à®¨­â¥£à¨àã¥¬ ãà ¢-
­¥­¨ï (92). � à¥§ã«ìâ â¥ ­ å®¤¨¬ ¢¨¤ äã­ªæ¨©, ®¯à¥¤¥«ïîé¨å à áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥ (86):

f(w) = A

h(w)

∫
Q(w) dw + C1w + C2

h(w)
, g(w) = h(w)

[
BQ(w) + C3

]
, Q(w) =

∫
dw

h(w)
,

£¤¥ C1, C2, C3 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�«ãç © 2. �¥¯¥àì ¨é¥¬ ç áâ­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (90), ª®â®àë¥ ­¥ § ¢¨áïâ ®â t, ¢ ¢¨¤¥

¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢
ψ = θ(x)p(w). (94)

�®¤áâ ¢¨¢ (94) ¢ (90), ¯®á«¥ ¯¥à¥£àã¯¯¨à®¢ª¨ ç«¥­®¢ ¨¬¥¥¬

θ′′xxfp + θθ′xp(2fp′w + 3f ′wp) + θ3p2(fp)′′ww + θ(pg′w − p′wg) = 0. (95)
�®¤®¡­ë¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¯®¤à®¡­® à áá¬ âà¨¢ «¨áì ¢ £« ¢¥ 4.
�¥è¥­¨ï ãà ¢­¥­¨ï (95) (¨å ­¥áª®«ìª®) ¬®¦­® ¯®«ãç¨âì ¬¥â®¤®¬ à áé¥¯«¥­¨ï, ¨á¯®«ì§ãï
à¥§ã«ìâ âë à §¤. 4.5 [á¬. äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (60) ¨ ¥£® à¥è¥­¨ï (61){(62)].

�¥ ¯à®¢®¤ï ¯®«­®£®  ­ «¨§  ãà ¢­¥­¨ï (95), ãª ¦¥¬ §¤¥áì ®¤­® ¥£® â®ç­®¥ à¥è¥­¨¥:

θ(x) = x, f(w) = aw + b

p(w)
, g(w) = −3(aw + b)− 2p(w)

∫
(aw + b)p′w(w) dw

p2(w)
, (96)

£¤¥ p = p(w) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, a, b | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®¤áâ ¢¨¬ (94) ¢®
¢â®àãî ¤¨ää¥à¥­æ¨ «ì­ãî á¢ï§ì (87),   § â¥¬ ãçâ¥¬ § ¢¨á¨¬®áâì θ(x) = x [á¬. (96)]. �®«ãç¨¬
wx = xp(w). �­â¥£à¨àãï íâ® à ¢¥­áâ¢®, ¨¬¥¥¬

∫
dw

p(w)
= 1

2
x2 + ξ(t). (97)

�¨ää¥à¥­æ¨àãï (97) ¯® t ¨ ãç¨âë¢ ï ¢¨¤ ¯¥à¢®© ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨ (87), ­ å®¤¨¬
äã­ªæ¨î ϕ = ξ′tp(w). �®¤áâ ¢¨¢ ¢ëà ¦¥­¨ï ¤«ï ϕ ¨ ψ ¢ (89) ¨ ãç¨âë¢ ï § ¢¨á¨¬®áâ¨ (96){(97),
¯®«ãç¨¬ «¨­¥©­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ ξ(t). �£® à¥è¥­¨¥ ¯à¨¢®¤¨â ª
íªá¯®­¥­æ¨ «ì­®© § ¢¨á¨¬®áâ¨

ξ(t) = Ce−2at, (98)
£¤¥ C |¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

�®à¬ã«ë (97){(98) ¤ îâ à¥è¥­¨¥ ¢ ­¥ï¢­®© ä®à¬¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®-
áâ¨ (86), ®¯à¥¤¥«ïîé¨¥ äã­ªæ¨¨ ª®â®à®£® f(w) ¨ g(w) § ¤ îâáï ¢ëà ¦¥­¨ï¬¨ (96), £¤¥ p(w)|
¯à®¨§¢®«ì­ ï äã­ªæ¨ï.

� ¬¥ç ­¨¥. �¥ª« áá¨ç¥áª¨© ¬¥â®¤ ¨áá«¥¤®¢ ­¨ï á¨¬¬¥âà¨© ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨© á¢®¤¨âáï ª  ­ «¨§ã ãà ¢­¥­¨© á ¯®¬®éìî ¤¢ãå ¤¨ää¥-
à¥­æ¨ «ì­ëå á¢ï§¥©, ®¤­  ¨§ ª®â®àëå ¯¥à¢®£® ¯®àï¤ª ,   ¯®àï¤®ª ¢â®à®©
®¯à¥¤¥«ï¥âáï ¯®àï¤ª®¬ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï (á¬. à §¤. 9.5.3).

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 9.4
1. � ©â¨ ç áâ­®¥ à¥è¥­¨¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (95) ¯à¨ θ = 1/x.
�®áâà®¨âì á®®â¢¥âáâ¢ãîé¥¥ â®ç­®¥ à¥è¥­¨¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ (86).
2. �®áâà®¨âì ¢á¥ à¥è¥­¨ï äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (95) ¨ ­ ©â¨ á®®â¢¥â-
áâ¢ãîé¨¥ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (86).

�ª § ­¨¥. �«ï à¥è¥­¨ï ãà ¢­¥­¨ï (95) ¨á¯®«ì§®¢ âì ¬¥â®¤ à áé¥¯«¥­¨ï, ¨§«®¦¥­­ë© ¢
à §¤. 4.5.
3. � ©â¨ â®ç­ë¥ à¥è¥­¨ï ®¡®¡é¥­­®£® ãà ¢­¥­¨ï �îà£¥àá 

wt = f(w)wxx + g(w)wx

á ¯®¬®éìî ¤¢ãå ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© (87).

N �¨â¥à âãà  ª à §¤. 9.4: P. J. Olver, E. M. Vorob'ev (1996).
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������� 10
�¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ ¢â®à®£® ¯®àï¤ª , á®®â¢¥âáâ¢ãîé¨¥

­¥ª®â®àë¬ ª« áá ¬ â®ç­ëå à¥è¥­¨©, § ¤ ¢ ¥¬ëå ¢ ï¢­®¬ ¢¨¤¥

ò �¨¯ à¥è¥­¨© �âàãªâãà  à¥è¥­¨© �¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨

1 �¥è¥­¨¥ á  ¤¤¨â¨¢­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå w = ϕ(x)+ψ(y) wxy = 0

2 �¥è¥­¨¥ á ¬ã«ìâ¨¯«¨ª â¨¢­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå w = ϕ(x)ψ(y) wwxy−wxwy = 0

3 �¥è¥­¨¥ á ®¡®¡é¥­­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå w = ϕ(x)y2+ψ(x)y+χ(x) wyy−f(x) = 0

4 �¥è¥­¨¥ á ®¡®¡é¥­­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå w = ϕ(x)ψ(y)+χ(x) wyy−f(y)wy = 0

wxy−g(x)wy = 0

5 �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå w = f(z), z = ϕ(x)y+ψ(x) wyy−g(w)w2

y = 0

6 �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå w = f(z), z = ϕ(x)+ψ(y) wwxy−g(w)wxwy = 0

9.5. �¢ï§ì ¬¥¦¤ã ¬¥â®¤®¬ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© ¨ ¤àã£¨¬¨
¬¥â®¤ ¬¨

�¥â®¤ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© ï¢«ï¥âáï ®¤­¨¬ ¨§ ­ ¨¡®«¥¥ ®¡é¨å ¬¥â®¤®¢
¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë-
¬¨. �­®£¨¥ ¤àã£¨¥ ¬¥â®¤ë ¬®¦­® áç¨â âì ¥£® ç áâ­ë¬¨ á«ãç ï¬¨*.

9.5.1. �¡®¡é¥­­®¥ ¨ äã­ªæ¨®­ «ì­®¥ à §¤¥«¥­¨¥ ¯¥à¥¬¥­­ëå ¨
¤¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨

� â ¡«. 10 ¯à¨¢¥¤¥­ë ¯à¨¬¥àë ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© ¢â®à®£® ¯®àï¤ª ,
¨á¯®«ì§®¢ ­¨¥ ª®â®àëå íª¢¨¢ «¥­â­® ¯àï¬®¬ã § ¤ ­¨î ­ ¨¡®«¥¥ à á¯à®áâà -
­¥­­ëå ä®à¬ â®ç­ëå à¥è¥­¨©, ¨á¯®«ì§ã¥¬ëå ¯à¨ à §¤¥«¥­¨¨ ¯¥à¥¬¥­­ëå.
�«ï à¥è¥­¨© á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå (á¬. áâà®ª¨ 5 ¨ 6)
äã­ªæ¨î g ¬®¦­® ¢ëà §¨âì ç¥à¥§ f .

� â ¡«. 11 ¯à¨¢¥¤¥­ë ¯à¨¬¥àë ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥© âà¥âì¥£® ¯®àï¤-
ª , ¨á¯®«ì§®¢ ­¨¥ ª®â®àëå íª¢¨¢ «¥­â­® ¯àï¬®¬ã § ¤ ­¨î ­ ¨¡®«¥¥ à á¯à®-
áâà ­¥­­ëå ä®à¬ â®ç­ëå à¥è¥­¨© á ®¡®¡é¥­­ë¬ ¨ äã­ªæ¨®­ «ì­ë¬ à §¤¥-
«¥­¨¥¬ ¯¥à¥¬¥­­ëå.

� ®¡é¥¬ á«ãç ¥ ¯®¨áª à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå
¢¨¤  w(x, y) = ϕ1(x)ψ1(y) + ϕ2(x)ψ2(y) + · · · + ϕn(x)ψn(y) íª¢¨¢ «¥­â¥­
§ ¤ ­¨î ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨ ¯®àï¤ª  2n.

�«ï ãª § ­­ëå ¢ â ¡«. 10 ¨ 11 â¨¯®¢ à¥è¥­¨© ¯à¥¤¯®çâ¨â¥«ì­¥¥ ¨á¯®«ì-
§®¢ âì ¬¥â®¤ë ®¡®¡é¥­­®£® ¨ äã­ªæ¨®­ «ì­®£® à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå, ¯®-
áª®«ìªã ®­¨ á®¤¥à¦ â ¬¥­ìè¥ íâ ¯®¢, á¢ï§ ­­ëå á à¥è¥­¨¥¬ ¯à®¬¥¦ãâ®ç­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �à®¬¥ â®£®, ¬¥â®¤ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©

* �á­®¢­ ï âàã¤­®áâì ¤«ï ¯à ªâ¨ç¥áª®£® ¨á¯®«ì§®¢ ­¨ï ¬¥â®¤  ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©
á®áâ®¨â ¢ ¥£® ®ç¥­ì ®¡é¥© ä®à¬ã«¨à®¢ª¥ ¨ ­¥®¡å®¤¨¬®áâ¨ ¯à¨ à áá¬®âà¥­¨¨ ª®­ªà¥â­ëå
ª« áá®¢ ãà ¢­¥­¨© ¢ë¡¨à âì ¯®¤å®¤ïé¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨. �®íâ®¬ã ¤«ï ¯®áâà®¥­¨ï
â®ç­ëå à¥è¥­¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© ç áâ® ¯à¥¤¯®çâ¨â¥«ì­¥¥ ¨á¯®«ì§®¢ âì ¡®«¥¥ ¯à®áâë¥
(­® ¬¥­¥¥ ®¡é¨¥) ¬¥â®¤ë.

2 �. �. �®«ï­¨­, �. �. � ©æ¥¢, �. �. �ãà®¢
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������� 11
�¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ âà¥âì¥£® ¯®àï¤ª , á®®â¢¥âáâ¢ãîé¨¥
­¥ª®â®àë¬ ª« áá ¬ â®ç­ëå à¥è¥­¨©, § ¤ ¢ ¥¬ëå ¢ ï¢­®¬ ¢¨¤¥

�¨¯ à¥è¥­¨© �âàãªâãà  à¥è¥­¨© �¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå w = ϕ(x)y2+ψ(x)y+χ(x) wyyy = 0

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå w = ϕ(x)ψ(y)+χ(x) wywxyy−wxywyy = 0

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå w = f

(
ϕ(x)y+ψ(x)

) wy(wxwyyy−wywxyy) =
= 2wyy(wxwyy−wywxy)

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬
à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå w = f

(
ϕ(x)+ψ(y)

) wxwywxyy−wywxxy =
= wxy(w2

xwyy−w2
ywxx)

¬ «®¯à¨£®¤¥­ ¤«ï ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨© áâ àè¨å (¯à®¨§-
¢®«ì­ëå) ¯®àï¤ª®¢.

9.5.2. �àï¬®© ¬¥â®¤ �« àªá®­ |�àãáª «  ¨ ¬¥â®¤ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©
� áá¬®âà¨¬ ¯®¨áª â®ç­®£® à¥è¥­¨ï ¢ ¢¨¤¥

w(x, t) = F
(
x, t, u(z)

)
, z = z(x, t), (99)

£¤¥ F (x, t, u) ¨ z(x, t) ¤®«¦­ë ¢ë¡¨à âìáï â ª, çâ®¡ë ¤«ï äã­ªæ¨¨ u(z) ¢
ª®­¥ç­®¬ ¨â®£¥ ¯®«ãç¨âì ®¤­® ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥
(á¬. à §¤. 6.2).

�®ª ¦¥¬, çâ® ¨á¯®«ì§®¢ ­¨¥ áâàãªâãàë à¥è¥­¨ï (99) íª¢¨¢ «¥­â­® ¯®¨áªã
à¥è¥­¨ï á ¯®¬®éìî ª¢ §¨«¨­¥©­®© ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨ ¯¥à¢®£® ¯®àï¤ª 

ξ(x, t) ∂w

∂t
+ η(x, t) ∂w

∂x
= ζ(x, t, w). (100)

�¥©áâ¢¨â¥«ì­®, ¯¥à¢ë¥ ¨­â¥£à «ë å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë ®¡ëª­®-
¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

dt

ξ(x, t) = dx

η(x, t) = dw

ζ(x, t, w)
¨¬¥îâ ¢¨¤

z(x, t) = C1, ϕ(x, t, w) = C2, (101)
£¤¥ C1 ¨ C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®íâ®¬ã ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï
(100) § ¯¨áë¢ ¥âáï â ª:

ϕ(x, t, w) = u(z(x, t)), (102)
£¤¥ u(z) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. � §à¥è¨¢ (102) ®â­®á¨â¥«ì­® w, ¯®«ãç¨¬
¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï ¢ ¢¨¤¥ (99).

9.5.3. �¥â®¤ë £àã¯¯®¢®£®  ­ «¨§  ¨ ¬¥â®¤ ¤¨ää¥à¥­æ¨ «ì­ëå á¢ï§¥©
�« áá¨ç¥áª¨© ¨ ­¥ª« áá¨ç¥áª¨© ¬¥â®¤ë ¨áá«¥¤®¢ ­¨ï á¨¬¬¥âà¨© ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© (ª« áá¨ç¥áª¨© ¨ ­¥ª« áá¨ç¥áª¨© ¬¥â®¤ë £àã¯¯®¢®£®
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 ­ «¨§ ) ¬®¦­® ¯¥à¥ä®à¬ã«¨à®¢ âì ¢ â¥à¬¨­ å ¬¥â®¤  ¤¨ää¥à¥­æ¨ «ì­ëå
á¢ï§¥©. �®ª ¦¥¬ íâ® ­  ¯à¨¬¥à¥ ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  ®¡é¥£® ¢¨¤ 

F
(
x, y, w,

∂w

∂x
,

∂w

∂y
,

∂2w

∂x2 ,
∂2w

∂x∂y
,

∂2w

∂y2

)
= 0. (103)

�®¯®«­¨¬ ãà ¢­¥­¨¥ (103) ¤¢ã¬ï ¤¨ää¥à¥­æ¨ «ì­ë¬¨ á¢ï§ï¬¨:

ξ
∂w

∂x
+ η

∂w

∂y
= ζ, (104)

ξ
∂F

∂x
+ η

∂F

∂y
+ ζ

∂F

∂w
+ ζ1

∂F

∂wx
+ ζ2

∂F

∂wy
+ ζ11

∂F

∂wxx
+ ζ12

∂F

∂wxy
+ ζ22

∂F

∂wyy
= 0, (105)

£¤¥ ξ = ξ(x, y, w), η = η(x, y, w), ζ = ζ(x, y, w) | ¨áª®¬ë¥ äã­ªæ¨¨,   ª®®à-
¤¨­ âë ¯¥à¢®£® ¨ ¢â®à®£® ¯à®¤®«¦¥­¨© ζi ¨ ζij ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬
(9) ¨ (14) ¨§ à §¤. 7.1. �¨ää¥à¥­æ¨ «ì­ ï á¢ï§ì (105) á®¢¯ ¤ ¥â á ãá«®¢¨¥¬
¨­¢ à¨ ­â­®áâ¨ ãà ¢­¥­¨ï (103), á¬. (17) ¨§ à §¤. 7.2.

� ¬¥ç ­¨¥. �¥â®¤ ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨ï (103), ®á­®¢ ­-
­ë© ­  ãà ¢­¥­¨¨ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¯¥à¢®£® ¯®àï¤ª  (104) ¨ ãá«®¢¨¨
¨­¢ à¨ ­â­®áâ¨ (105), á®®â¢¥âáâ¢ã¥â ­¥ª« áá¨ç¥áª®¬ã ¬¥â®¤ã ¨áá«¥¤®¢ ­¨ï
á¨¬¬¥âà¨© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (á¬. à §¤. 8.1).

�à¨ ¨á¯®«ì§®¢ ­¨¨ ª« áá¨ç¥áª®© áå¥¬ë £àã¯¯®¢®£®  ­ «¨§  á­ ç «  à á-
á¬ âà¨¢ îâáï ¤¢  ãà ¢­¥­¨ï: (103) ¨ (105). �§ íâ¨å ãà ¢­¥­¨© ¨áª«îç ¥âáï ®¤-
­  ¨§ áâ àè¨å ¯à®¨§¢®¤­ëå, ­ ¯à¨¬¥à, wyy,   ®áâ «ì­ë¥ ¯à®¨§¢®¤­ë¥ (wx, wy,
wxx, wxy) áç¨â îâáï ó­¥§ ¢¨á¨¬ë¬¨ô. �®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ à áé¥¯«ï¥âáï
¯® áâ¥¯¥­ï¬ ó­¥§ ¢¨á¨¬ëåô ¯à®¨§¢®¤­ëå (á¬. à §¤. 7.2). � à¥§ã«ìâ â¥ ¯à¨å®-
¤ïâ ª ¯¥à¥®¯à¥¤¥«¥­­®© á¨áâ¥¬¥ ãà ¢­¥­¨© ¨ ­ å®¤ïâ ¨§ ­¥¥ äã­ªæ¨¨ ξ, η, ζ.
� â¥¬ íâ¨ äã­ªæ¨¨ ¯®¤áâ ¢«ïîâáï ¢ ª¢ §¨«¨­¥©­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª 
(104), à¥è¥­¨¥ ª®â®à®£® ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ®¡é¨© ¢¨¤ à¥è¥­¨ï (¢ íâ®¬
à¥è¥­¨¨ á®¤¥à¦¨âáï äã­ªæ¨®­ «ì­ë© ¯à®¨§¢®«). � «¥¥ á ¯®¬®éìî ãà ¢­¥­¨ï
(103) ãâ®ç­ï¥âáï ¢¨¤ à¥è¥­¨ï, ¯®«ãç¥­­®£® ­  ¯à¥¤ë¤ãé¥¬ íâ ¯¥.

�« áá¨ç¥áª ï áå¥¬  ¬®¦¥â ¯à¨¢¥áâ¨ ª ¯®â¥à¥ à¥è¥­¨©, ¯®áª®«ìªã ­ 
¯¥à¢®¬ íâ ¯¥ ¯à¨ à áé¥¯«¥­¨¨ ¯à¥¤¯®« £ ¥âáï, çâ® ¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ wx

¨ wy ï¢«ïîâáï ­¥§ ¢¨á¨¬ë¬¨, ¢ â® ¢à¥¬ï ª ª ¢ á¨«ã ãà ¢­¥­¨ï (104) íâ¨
¯à®¨§¢®¤­ë¥ á¢ï§ ­ë «¨­¥©­ë¬ á®®â­®è¥­¨¥¬.

S � ¤ ç¨ ¨ ã¯à ¦­¥­¨ï ª à §¤. 9.5
1. � ©â¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ ¢â®à®£® ¯®àï¤ª , íª¢¨¢ «¥­â­ë¥ § ¤ ­¨î áâàãªâãàë à¥è¥-
­¨ï ¢ á«¥¤ãîé¥¬ ¢¨¤¥ (f ¨ g |¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ á®®â¢¥âáâ¢ãîé¥£®  à£ã¬¥­â ):

a) w = f(x + t) + g(x− t);
b) w = f(x + at) + g(x + bt);
á) w = f(x + at)g(x + bt).
�ª § ­¨¥. �ãâ¥¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï à áá¬ âà¨¢ ¥¬®£® ¢ëà ¦¥­¨ï ¨ ¥£® á«¥¤áâ¢¨© ¨áª«î-

ç¨âì ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨.
2. � ©â¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢ï§¨ âà¥âì¥£® ¯®àï¤ª , íª¢¨¢ «¥­â­ë¥ § ¤ ­¨î áâàãªâãàë à¥è¥-
­¨ï ¢ á«¥¤ãîé¥¬ ¢¨¤¥ (f , g, h|¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ á®®â¢¥âáâ¢ãîé¥£®  à£ã¬¥­â ):

a) w = f(x + t) + g(x− t) + h(x);
b) w = f(x + at)g(x + bt) + h(t);
c) w = f(z) + h(t), z = x + g(t);
d) w = f(z) + h(t), z = xg(t);
e) w = f(z), z = x2g(t) + h(t);
f ) w = f(t)g(z), z = x + h(t);
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g) w = f(t)g(z), z = xh(t).
�ª § ­¨¥. �ãâ¥¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï à áá¬ âà¨¢ ¥¬®£® ¢ëà ¦¥­¨ï ¨ ¥£® á«¥¤áâ¢¨© ¨áª«î-

ç¨âì ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨.
3. � ©â¨ ¤¨ää¥à¥­æ¨ «ì­ãî á¢ï§ì ¯¥à¢®£® ¯®àï¤ª  ¢¨¤  (100), íª¢¨¢ «¥­â­ãî § ¤ ­¨î áâàãª-
âãàë à¥è¥­¨ï ¢ á«¥¤ãîé¥¬ ¢¨¤¥ (f , g, h|¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ á®®â¢¥âáâ¢ãîé¥£®  à£ã¬¥­-
â ):

a) w = f(t)g(z), z = x + h(t);
b) w = f(z), z = xg(t) + h(t);
c) w = f(z) + g(x), z = xg(t).
�ª § ­¨¥. � áá¬®âà¥âì á®®â¢¥âáâ¢ãîéãî å à ªâ¥à¨áâ¨ç¥áªãî á¨áâ¥¬ã ãà ¢­¥­¨© ¨ ¨áá«¥-

¤®¢ âì ¢¨¤ ¥¥ ¯¥à¢ëå ¨­â¥£à «®¢.

N �¨â¥à âãà  ª à §¤. 9.5: �. �. �¥«¥èª® (1983), P. J. Olver (1994), �. �. �­¤à¥¥¢, �. �. � ¯-
æ®¢, �. �. �ãå­ ç¥¢, �. �. �®¤¨®­®¢ (1994), A. D. Polyanin, V. F. Zaitsev (2004).


