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IpeaucioBue

B mnocnenHee BpeMsi B apXMTEKType CTajJO0 MOJHBIM HAalpaBICHHUE, HCIOJIb3YIOLIEE
KpUBOJIMHEHHBIE (opMBL. MBI BUAMM Ha YepTe)KaxX W B HATYpe 3acCTBIBIIUE BOAOMAIbI,
NPUYY/UIMBbIE TIOTOKH XHUIKOCTH, 00OJOYKH, KOMHPYIOIIUE KUBBIE OPraHU3MbI: MOJLTIOC-
KM, PaKOBUHBI, MapsIIyI0 NTHUIY, BUIUM U OCSI3a€M CTAIBbHYIO CTEP)KHEBYIO CTPYKTYpPY
NOKpHITUS cTaguoHa B [lekune, nMeroniyio ¢opMy NTHYBETO THE3/a.

C. Kanarpasa. ['opon uckyccTB 1 Hayk. My3elt Hayk nmpuHia Oununmna

Jly4mme apXUTEKTOPBl COBPEMEHHOCTH TOJIb30BAJIHMCh B CBOEH paboTe mueell KpuBOJIU-
HEIHOCTH. B CBSI3M € 3TUM HENPEMEHHO HaJl0 YHNOMSHYTh UMs 3HAMEHUTOI'O MCIIaHCKOTO
apxutekTopa Cantbsaro KamaTpaBsl, cO31aBIIEro Ha CBOEW poanHe B ropoje Banencus
KOMIUIEKC COOPY>XEHUM, Ha3BaHHBIM ['OpOJIOM HCKYCCTB M HAayK, HAlIOMHUHAIOUIUX TO
JETSILYI0 NTHUILY, TO PAKOBHHY, TO IJla3 yesnoBeka. [1o ero nmpoekram BO MHOTMX CTpaHax
MUpa IOCTPOEHbBI KPUBOJIMHENHBIE MOCTBI U MHbIE HEOOBIYHBIE COOPYKEHHUS.
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C. KanarpaBa. Moct mupa. Kanrapn

DToMy K€ HampaBlIeHHUIO NmpuHamnexar padotsl 3axu Xamupg (1950-2016) — skeHITUHBI-
apXUTEKTOpa apabCKOTO MPOMCXOXKICHUS, CTABIICH OHIM M3 TJIABHBIX T€POEB COBPEMEH-
HOW apxuTekTypbl. OHa cyMmena TpeBpaTUTh HAIPABJICHHUE «JIEKOHCTPYKTUBU3MA» B
OOIIEeTTPU3HAHHOE aKTyaJbHOE TCUCHHE MHPOBON apXUTEKTYypbl. 3axa Xaaua oTpHIana
IpsIMbIE JIMHUU U TIPEIOYnTaIa KpUBOJIUWHEHBIe MOTUBEL. OHA mpeycrnena B CO3AaHUHA U
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OOJBIINX CTATMOHOB, U IICHTPOB COBPEMEHHOTO UCKYCCTBA, M JKUJIBIX TOPOJACKUX PAiOHOB.
Cpenu ee mocinenHux pabor omepa B I'yanwkoy, nentp [elimapa AnmeBa B r. baky,
JIoHIOHCKUI IEHTP BOJHBIX BUIOB CIIOPTA.

3axa XILI/II[. Hentp I' éﬁaapa Anuesa

OTnenbHBIA KIIacC AJIEMEHTOB CTPOUTENIBHBIX KOHCTPYKIIUH COCTaBIISIFOT KPUBOJIMHEWHBIC
crepxHu. MHorma Bce coopyKeHHEe HMeeT BHJ KpHUBOJIMHEHHOro crepxHs. Takosa
CKYJIBIITYpa CTOJNETUS AyIH, TOCTPOCHHAs MO TpOeKTy apxurekropa Jxeppu FOma B
3amamnom Cyccekce, TakoB MPOeKT 0030pHoi Oamuu B T. Muyeon (FOxnas Kopes),
IIpeAIOKEHHBIN apxuTekTopoM Ppancya binandyakom.

Hoxeppu I01. CkynbnTypa croneTus @pancya bnanuak. O630pHas 6ammns. [Ipoekr.
Aynu, 3anagnsii Cycceke WNnyeon. I0xnas Kopes
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Bonpmoit apounsrit MocT B [ly0ae (TmpoekT)

Unest co3nanus B [ly6ae G0NbIIOro apoOYHOro MOCTa HallllIa BOIUIOIICHHE B KOHCTPYKIIHH,
I'JIe OCHOBHBIM HECYIIIUM JIEMEHTOM SIBIISICTCS 3aMKHYTHIH KPHBOJIIMHEHHBIN CTEP)KEHb.

OnuMmnuiicknii ctaguoH B Ileknne

WnxeHepaM-CTPOUTENSAM, K YUCITY KOTOPBIX s NMPUHAMIEKY, NPUXOAUTCSA BOIUIOIIATH B
MmaTepuane uaeu apxutekropon. B 2006 rogy MHe ynanoch npodeccuoHanbHO MO3HAKO-
MUTBCSI CO cTpouTenbcTBOM Onummnuiickoro craguona B T. [lekune. Hecymue koHCTpyK-
MU 3TOTO CTaJMOHA MPEACTABIAIOT IPOCTPAHCTBEHHYIO CHUCTEMY KPHUBOJIMHEHHBIX
METAJUIMYECKUX CTEP)KHEH KOpOOYaTOro IMOMEPEeYyHOro CEYEHHUs. OTH CTepKHH ObUIH
M3TOTOBJIEHBI 110 KyCKaM Ha 3aBOJIE, a IOTOM IIPUBE3EHBI HA CTPOMKY M COCTBIKOBaHBI. Bce
COIIIOCh ¢ MMJUIMMETPOBOH TOYHOCTBIO. SI OBUI MOpaXkeH TeM, 4TO YyJIaloCh CAeNIaTh
KWATalllaM, M JOJITO pa3MBIIUIAT, KaK MOJAOHTH K PEIICHUIO IOJA0OHOM TeXHUYECKOM
331a4M ¥ KaKOW MaTEMaTUYECKHM arrapaTr HyKHO IIPUMEHHUTb. MHe MOoKa3alock, 4To I
3TOM LenM NOJOWIEeT MaTeMaTHYeCKUil ammapaT KBaTePHHMOHOB M OMKBAaTEpPHHOHOB.
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N3BecTHO, 4TO OCHOBHOE MPUIIOKEHUE KBATEPHUOHOB HAXOJIUTCS B 00JIACTH KUHEMATUKH
U JUHAMUKH TBEPAOTO Tejla, OPUEHTAllMM KOCMHUYECKUX OOBEKTOB W KOMIIBIOTEPHOMN
anumaryn. TeM Oojiee MHTEPECHBIM TIOKA3aJICs MMy Th UCIOJIb30BAHUS KBATEPHHOHOB HE TIO
MPsIMOMY Ha3HAUYECHHUIO.

B TexHuyeckux By3ax KBaT€pHHOHBI U OMKBATEpHHOHBI He M3y4aroT. CTousio 6OIBIIOTO
Tpyaa pa3o0paTbCsi B ATUX YETHIPEX- M BOCHBMHKOMIIOHEHTHBIX OOBEKTaX, KOTOpPbHIC B
JUTEepaType MOBCEMECTHO NPEJCTABICHbI KaK THIEPKOMILJIEKCHBIE U TyallbHBIE YHUCHA C
OJTHOW NEWCTBUTENBHON U TpeMs crnenupuueckuMu MHUMBIMH enuHunamu. [lo cBoemy
OMBITY 3HAI0, YTO WHXKEHEpY Oonee OMM3KKM OOBEKTHl JMHEHHOW anreOpbl, U MOITOMY
Oyzaer Ooyiee MOHATHBIM MPEACTABIATH KBaTEPHUOH M OMKBAaTEPHHOH HE KaK THUIIEPKOM-
IUIEKCHOE YHUCIIO, a KaK YeThIPEXMEPHBIA BEKTOP C ACHCTBUTEIbHBIMU WJIM JyalbHBIMU
KOMITOHEHTaMHU, OTPEIIUBIINCH OT KBATEPHUOHHBIX MHUMOCTEH. S pemmia coCTaBUTh st
ce0sl CpaBOYHOE MOCOOME MO MaTeMaTHKe, T/ie KBaTEPHHUOHBI M OMKBATEPHUOHBI — 3TO
UCKITIOYUTEIILHO YETHIPEXMEPHBIE BEKTOPHl M B KOTOPOM HET Jaxe YMOMUHAHUS O
TUIMEPKOMIUIEKCHBIX 4YHCJaXx. Tak TMOJy4YyWJIOCh, YTO COCTaBJI€HHE HEOOJIbIIOro (1o
3aMbIciTy) nocoOusi morpeboBano Oosbiioro Tpyaa. OHO cTano oOpacTaTh JOMOJIHUTENb-
HBIM MaTEpUaJOM U JOCTUIJIO pa3MepoB KHHUTHU. S moaymal, 4To MOcOoOMEe MOXKET ObITh
MOJIE3HO HE TOJILKO MHE M €ro HaJo OMyOJuKoBaTh. DTy KHUTY BbI nepxure B pykax. B
HEl HEeT CTPOTUX J0Ka3aTeNbCTB, MOCKOJIbKY HET MPUHIUIHAIBHO HOBBIX pPE3yJbTAaTOB.
OpHako, B 9TOW KHATE KBATEPHUOHBI 1 OMKBATEPHUOHBI MTPEICTABICHBI COBCEM HE TaK, KaK
OHU OIKCaHBbl B KJIACCUYECKOM JIHUTEepaType, a TakK, KaKk s UX IEePEeOCMBICIHI, MbITAsICh
MPUMEHHUTDH JJIsI pelieHus] ONM3KUX MHE 3a7ad. boroch, YTO KBAaTEPHHOHIIVKU MPUAYT B
y’ac, 03HAaKOMUBIIIKCH C TOCOOMEM, U TIOJBEPTHYT MEHS KECTOKON KPUTHKE.

B kuure OosbplIoe BHMMaHHUE YJENEHO AHAIUTHMYECKUM (PYHKLHUSAM KBAaTEPHUOHOB MU
OMKBATEPHUOHOB. DTH (PYHKLUH MO3BOJSAIOT B KOMIIAKTHOM BHJIE 3aIMCAaTh MHOTHE MPAK-
TUYECKU BakHbIE (popMyJibl. IMEHHO Gsaroaapst 3KCIOHEHIMANBHOM U JIorapu(MU4ecKoi
(GYHKIMAM YyJOalIoOCh MPHUHATH 32 OCHOBY M IPOBECTH Yepe3 BCIO KHHUTY €CTECTBEHHOE
MOHATUE UCTHUHHOTO 3MJIepOBa MOBOPOTA, U30€raeMoe MHOIMMH aBTOPAMHU U3-3a CIIOXKHO-
cTu nonyvaromuxcs Gopmyi. Jlaxe ciokeHHe UCTUHHBIX SIJIEPOBBIX MOBOPOTOB BEChbMa
KOMIIAKTHO 3alMChIBAETCS C UCIOIb30BAHNEM AHATUTUYECKUX (DYHKIMIT KBaTEpHUOHA.

Ho He Tonmbko KBaTepHUOHBI U OMKBATEPHUOHBI OMUCAHBI 3/1€Ch. BUKBAaTEpHUOH HENb3s
omucath, He 0a3UPysCh HA TIOHATUU BUHTA. BUHT HENb3s onucaTh, He 0a3upPysCh HA MOHS-
THU CKOJb3AIIEro BekTopa. [1o3TomMy cKomb3siiiue BEKTOPbl UM BUHTBHL, — HECKOJIBKO
HEOOBIYHbIE 0OBEKTHI, — TAK)XKE MPECTABICHBI B 3TOM CIIPAaBOYHOM rocobun. HecMoTps Ha
TO, 9TO CBOOOJIHBIN BEKTOP — O0OBEKT OOIIEU3BECTHBIN, OH TOXE Tonai B mocooue. Tak xe,
KaKk OMKBATEPHUOH €CTh PACIIUPEHHOE IMPEICTaBICHHE BUHTA, KBATCPHUOH €CTh PACIIU-
pEHHOE TpeJCTaBlIeHHEe CBOOOAHOrO BeKTOpa. OTKa3aBIIMCh OT OMHMCAHUSA CBOOOIHOIO
BEKTOpa, HeNb3s OblT0 Obl chopMynIUpoBaTh MpUHLHUI NepeHeceHus: Korenpaukona-1lITy-
I, SIBIISTFOIITUICS MOCTOM MEXTy CBOOOJIHBIMH BEKTOPAMH W BUHTAMH, MEXKITy KBATCPHU-
OHaMH U OukBaTepHHOHaMu. I, HakoHel, B CHpPaBOYHUKE MPHUCYTCTBYET e€lle OIUH
CTpaHHBII, HO OYCHb BaXKHBIN 00BEKT — AyanbHbIe uyncia Kimddopaa. iMeHHO 3TH uncna
MO3BOJIUJIN MPEBPATUTh CBOOOHBIN BEKTOP B BUHT, @ KBATEPHUOH — B OMKBATEPHHUOH.

Pazbupasice ¢ pemaemoii mpo0OaeMoii o KHUram, st 3aMEeTUII, YTO UX aBTOPbI MOTPYKAKOTCS
B MaTeMaTUKy, a (PU3NYECKHUIA CMBICT MAaTEMaTHYECKHX OOBEKTOB OCTABIISIFOT OTKPBITHIM,
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HAACACh, YTO YMUTATCJIb CaM J0TraJlacTCsd, KaK €r0 YCTAHOBUTD. 310 CACJIaTb HC TaK MMPOCTO.
OCo0CHHO s U3MYUMIICS, KOTJIa TIEPEXOIUII OT KBaTCPHHOHOB K OMKBaTepHHOHaM. [loaTo-
MYy CUCJI MOJIC3HBIM B CIIPABOYHOM HOCOGI/II/I nNpeaACTaBUTL HC TOJIBKO MAaTCMATUKY, HO U
Hanboliee XapakTtepHble ee npritokeHus. Cepudeckas reoMEeTpHsl SBISICTCS OJHUM H3
TaKuXx HpHJIO)KGHHfI. I[JISI €C OMMMCaHud OUCHb MOAXOAAT KBATCPHUOHLI. CaMBIM ecTeCTBEH-
HBIM TIPUKJIQJHBIM OOBEKTOM M3 00JIACTH MEXaHUKH SIBISIETCS a0COIIOTHO TBEPIOE TEIO,
nepeMeniaronieecs B TpEXMEpHOM MpocTpaHcTBe. it 3TOro oO0beKkTa KBAaTCPHUOHBI U
OMKBAaTEpHUOHBI MPHUCIIOCOOEeHbI Oosiee Bcero. Ecnmu aOCOMOTHO TBEpPAOE TEIO HWMEET
HETMOJIBIKHYIO TOYKY, TO 3TO KBaTEPHHUOHBI, a €CIIA 3TO TEJI0 MOXKET CBOOOJTHO mepeme-
IaTHCS B IPOCTPAHCTBE, TO OMKBATEPHHOHBHI.

Eme ogHuM MHTEPECHBIM T€OMETPUICCKUM MPHUKIATHBIM OOBEKTOM SIBJISIETCSI CTEPIKEHB C
KPUBOJIMHENHOW OCBhIO. [lomepeyHble CeUeHUs] TaKOro CTEPKHS MOKHO OTOXIECTBUTH C
MOJIOKEHUSMH a0COIOTHO TBEPJOTO IJIOCKOTO Teja, JMBIKYIIETOCS B MPOCTPAHCTBE IO
KPUBOJMHEHHON TPAEKTOPUH, OCTABAACh MEPIEHAUKYISIPHBIM HANIPABICHUIO ABUKEHUS, U
Ha 3TOM OCHOBE MPHBJIEYh K AHAIM3y TAKOTO CTEP)KHS KBAaTEpHHOHBI. [Ipw pemeHun
3amaun 0 (hopmMooOpa3oBaHUM KPUBOJIMHEWHOTO CTEPXKHS MPEICTaBUIACH HATIISTHOW U
MOJIC3HOM CcaMoJIETHAs aHAJIOTHs. MOJEIUpyIOmui caMOJeT JOHKeH OBITh HE PEaKTHB-
HBIM, & BUHTOBBIM C OJIHMM IIPOIEIJIEPOM, BPAILAIOIIMMCS BOKPYT OCH, COBIAJAOLIEN C
oceio camonerta. I[lpomemnep nomwkeH WMeTh (OpMY MOMEPEYHOTO CEUEHUS CTEPIKHS.
[IpencraBbre cebe, YTO ATOT cCaMmoJeT JIETUT IO KPUBOJIMHEHHOW TPAaeKTOPUH, a €ro
CTpPaHHBIA TIPOTIEIJIEP BpallaeTcss HE OYEeHb OBICTPO. AHAJIOTHS COCTOMT B TOM, YTO
TPAaEeKTOPHUS CaMoOJIETa — 3TO OCh KPHUBOJHMHEHMHOIO CTEPXkHSA, a MPOIEIUiep B MpoLecce
MOJIETa OMETAET B MPOCTPAHCTBE TPEXMEPHOE TEJIO CTEPKHSI, SIBISASICH B KaXIbII MOMEHT
BPEMEHU €r0 MOINEPEUHbIM ceyeHueM. JlyroBas KOOpJMHATa IIONEPEYHOIO0 CEYEHHUS
KPUBOJIMHEMHOTO CTEP>KHS aHAJIOTMYHA BPEMEHHU.

B sToli npukiaaHoi 3a7aue CONEPKUTCS OJTHO HOBOE KauecTBO. [[eo B TOM, 4TO KBaTep-
HHUOH COCTOUT U3 quHpex YuCCJll, a OIIUCHhIBACT 06’I>CKTI>I C TpeMSI CTCIICHSIMHA CBO6OI[I:I.
UYetBepToe umnciao Kak Obl sBIseTCS JUITHUM. Hemapom KBaTepHUOH, MPEICTaBIISIOIIHI
TPEXMEpHBIN BEKTOp, JHO0 MMEET HYyJECBOW KOMIIOHEHT, JIMOO CyMMa KBaJpaToB KOMIIO-
HEHTOB 3TOTr0 KBaTepHHMOHA paBHa enuHuUIle. CaMOJIET BMECTE C IMOIEUIepoM (B CMBICIE
OpHUEHTAIINH) SIBISIETCS OOBEKTOM C YETHIPbMsI CTETICHSIMH CBOOOJBI: TPH YIiia TIOBOPOTA
caMoJieTa M yroj IoBOpoOTa mpornesuiepa. B caMoneTHol aHanoruu yaaioch Tak COMOCTa-
BUTH 3THU YIIbl U KOMIIOHCHTHI KBaTepHI/IOHa, qTOo OpI/IeHTaHI/ISI caMoJieta " HOBOpOT
MIporeIiepa OMUCHIBAETCS OAHUM KBaTepHUOHOM. [Ipu 3TOM m30BITOYHAs MHGOPMAITHOH-
Hasda SEMKOCTb KBaTepHI/IOHa HO.Hy‘-II/IJ'IaCI: HqupHaHHOﬁ ITOJTHOCTBIHO.

VHTEepeCHbIM MPUIIOKEHUEM SIBISETCS MEXaHWKa YCTPOMCTB, NpeAHAa3HAYCHHBIX JUIS
nepeayn Ha pa3Hble PacCTOSHUS MOJ] Pa3sHBIMH YIJIaMH IPOJOIBHON CHIIBI M KPYTSIIETO
MOMEHTA, KOTOPBIE COCTOSIT M3 CepACYHNKA U 000iMBbI (TnOKue Bajbl). [Ipumepamu Takux
YCTPOWCTB SIBJIAIOTCS THOKHWE TSATW JUIA PHIYaroB YIPABJICHUS aBTOMOOWIIEM, Bal JUIS
rinyOuHHOrOo BHOparopa 0eToHa, OypHiIbHOE YCTpOicTBO ¢ oOcanHoi TpyOoil. Okazanocs,
9T0 1e(OPMHUPOBAHHOE COCTOSIHUE TMOKOTO Bajla MOXKET OBITH OMUCAHO OJHOW OMKBaTep-
HUOHHOM (YHKIMEH, KaXkJJ0e 3HaYeHHe KOTOPOil COAEPKUT MH(OPMALIUIO O €To Iomepey-
HOM CEYCHHH — OOBEKTE C BOCEMBIO CTEMEHSIMH CBOOObI, KOMMH SBIISIOTCS TPU IPO-
CTPaHCTBEHHBIC KOOPAMHATHI IEHTPA CEUYEHUsI, TPU YIJa OpPUCHTAIMU CEYCHUS, TPOIO0IIb-
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HOE TEepPEMEIICHNE U yTOJI TOBOPOTA CEPACUYHUKA OTHOCUTEIIEHO 000MMBI. bUKBaTepHUOHBI
Kak OBl CO3/IaHbl JIs ONMHMCAaHMUs THOKUX BaioB. MH(opMalmoHHas eMKOCTh OMKBAaTEPHUO-
HOB B 3TOM NPUIIOKCHUUN HUCIIOJIb3YyCTCA TOJIHOCTBIO.

B kHure paccMoTpeHa 3amada O paBHOBECHBIX (popMax TOHKOHM MpoBosiokH. OcoOeHHO-
CTBIO ITOCTAHOBKH 3TOW 3aJaddl SIBISETCSA TO, YTO B MCXOJHOM COCTOSHHMHM IIPOBOJIOKA HE
o0s13aHa OBITH pAMONIMHEIHOH. TakuM 00pa3om, IPOIEMOHCTPUPOBAH MOIXO K pacueTy
W3/CTHH, TTOJy4aeMbIX U3 OTPe3Ka TOHKOW IMPOBOJIOKH IyTeM €€ M3rMOaHus M CKpyduBa-
HUSL.

Kak gacTHbIl ciydail paccMaTpuBaeTcsl 3ajja4a O PaBHOBECHBIX (hOpMax MEepBOHAYAIBHO
MIPSIMOJTMHEHHOM MPOBOJIOKH. MIHTEpECHBIM SIBIISIETCS TOT (DaKT, YTO ATa 3ajada dKBHUBA-
JICHTHA XOPOILIO HMCCJIEJOBAHHOW KJIACCMYECKOM 3aJaye O BpallleHUuW Boduka. [loatomy
pe3yabpTaThl, NOJYy4YEHHBIE JJI BIIOJIHE MHTEIPUPYEMBIX BOJYKOB Oilepa, Jlarpanxka u
KoBaneBckoii, MOTYT OBITh TIEPEHECEHBI Ha 33a/1a4y O PAaBHOBECHBIX (hOpMax MEepBOHAYAIb-
HO MIPSMOJIMHEMHOM POBOJIOKH.

HecmoTps Ha TO, 4TO B KHUI€ HE IpPHUBEICHBI NPUIOKEHHUS B OOJIACTH TPEXMEPHOIl
rpaduKy, KOMIBIOTEPHBIX UTP M KOMIIBIOTEPHON aHMMAIMH, MPEACTABIACTCS, YTO KHUTA
OyZer mojie3Ha W 3]1eCh, IOCKOJBbKY HOBBIM B3IVIAJ Ha NPUBBIYHBIA B 3TOW 00JacTH
MaTEMaTUYECKUM MHCTPYMEHTapUi MOXKET MOPOAMTH HOBBIE KJIACCHI 3a7ad U IMPHUBIIEYD
BHHUMAaHHUE HOBBIX CIIEIUAINCTOB.

Jlo cux mop HEOOBSACHUMBIM SIBISETCA TOT (DaKT, YTO MPUMEHEHHE KATePHHUOHOB U
OMKBAaTEPHUOHOB TIPU PEIICHUH TEOPETUYECKHX M TMPUKIAJAHBIX 337ad HE MPHUHECIO
3aMETHBIX HOBBIX pe3yibTaToB. Benp KBaTEpHHOHBI M OWMKBATEPHUOHBI IO3BOJISIOT
OTIEpUPOBATH IEJON TPYNIOW 4YHUCENl, KaK EJAMHBIM OOBEKTOM, a TECOMETPHUYECKHHA H
MEXaHUYECKUH CMBICII KOMIIOHEHTOB KBaTE€pPHUOHA M OWKBAaTEpPHHOHA HACTOJIKO yAaueH,
910 (POPMYJIBI MONMYYAOTCS KOMIAKTHBIMH ¥ pPAalMOHAIBHBIMHU. YeTBepThI (HyIEBOM)
KOMITOHEHT KBaTEpPHUOHA, BO MHOTUX CIy4asX KaKyLIUICs JUIIHUM, UMeeT GU3NYECKU
CMBICT, JOTOJMHSET WH(POPMAIUIO, COMEPKAIIYIOCS B TPEX OCHOBHBIX KOMIIOHEHTaxX M
MPUTOJIEH K palMOHAIbHOMY MpuMeHeHHto. OOIIeU3BECTHO, YTO BBIYUCIUTEIbHBIN
MPOLIECC C WCIOJIH30BAaHHEM KBATEPHHUOHOB HCKIIIOUAET BBIPOXKICHUE, HAOIOMAOIIeecs
TIPU TI0JIb30BAaHUM yTriiamMu Dijepa (Tak Ha3zblBaeMbIi "mapHupHBIA 3amMok"). KomudecTBo
apu(MeTHYeCKUX Omepanuil MpU BBIYHCICHUSX C HCIOJIB30BAHUEM KBAaTEPHHOHOB, KaK
MIPaBWJIO, MEHBIIIE, YeM B APYTUX METOJAAX, IPUYEM IPeoOagaroT ONepalnu CI0XKEHUS U
YMHO>KEHHUS, a HE OTepaIlii BBIYUCIICHUS TPAHCIEHACHTHBIX (DYHKIIUH.

HpI/ILII/IHa OTCYTCTBUSA HOBBIX PE3YJIbTATOB, IMMO-BHAUMOMY, 3aKJIOYACTCSA B TOM, YTO
JIIOJIeH, pa30MPAIOIINXCS B KBATEPHUOHAX W OMKBAaTEPHUOHAX, OYCHb MAJIO. DTH OOBEKTHI
IJI0XO0 BOCIIPUHUMAIOTCA MHTYUTUBHO, 1 HCIOATOTOBJICHHOMY YCJIOBCKY TPYAHO MBICIIUTH
TaKUMHU KaTeropusiMu. MoKeT OBbITh, 3Ta KHHTra IT03BOJIUT OOJBIIEMY YHCIY JIFOJCH
NPOHUKHYTh B CYIIHOCTh KBaTEPHUOHOB W OWKBATEPHUOHOB M PEIIUTh C UX MOMOIIBIO
HOBBIC 33JIa4H.

B cBs3u ¢ 3TUM yMECTHO BCIIOMHUTH HU3peueHHe AnbOepra DHUHINTEIHA, BHICEYEHHOE Ha
KaMuHe B MIHCTUTYyTe MaTeMaTUKU U TeopeThuueckoi ¢u3uku [IpMHCTOHCKOTO yHUBEpPCH-
teta : "['ocnogs bor usomipen, HO He 37M0HaMepeH", BEHIOpaHHOE B KayecTBe anurpada K
JTOM KHUTE.
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[ToHsiTHE BEKTOpa M3BECTHO BCEM, MOCKOJIBKY BEKTOPHI U3y4alOTCS B 00Ie00pa3oBaTelb-
HOM IIKOJ€E. 3a4aTKM BEKTOPHOTO HMCUHUCIEHHUS MOSBUINCh BMECTE C T€OMETPHUYECKOU
MOJIETIbI0 KOMIUIEKCHBIX uuces. OMHUM U3 MEePBOOTKPHIBATENICH BEKTOPOB OBLI IIBEHIIap-
ckuii Marematuk-imooutens Kan-Pobep Apran (Jean-Robert Argand), maBmmit B 1806
roJly T€OMETPUYECKOE OMHCAHUE KOMIUIEKCHBIX uncesl. OQHUM W3 OCHOBATeNed Teopuu
BEKTOPOB CYHMTAIOT HeMelnkoro maremartuka ABrycta ®depaunanga Mebumyca (August
Ferdinand M&bius), KOTOpBII HCIIONB30BaNI IBYXMEpPHBIE BEKTOPBL. BEKTOpHI TpeXMepHOTo
nmpocTpaHcTBa paccmarpuBai ['aycc (1831).

Pa3Buthie onepanuu ¢ BekTopamu onyosukoBas ['amunbsToH B 1845 o1y Kak 4acTh CBOETo
KBaTEPHUOHHOTO HCYHCIIECHUS (BEKTOP 00pa30BBIBAIM MHUMBIE KOMIIOHEHTBHI KBATEPHHO-
Ha). ['aMubTOH Tpemmoxkui caM TepmuH "Bektop" (mar. "vector", Hecymmii). OH ke
OTIpeIeNINI CKAISIPHOE M BEKTOpPHOE Mpou3BeAcHHUs BeKTOpoB (1853). DroT dopmanmzm
MCIONIb30Bal MakcBel B CBOMX TpyJAax IO 3JIEKTPOMAarHeTu3My, TeM caMmbiM OOpaTHB
BHUMaHHE Yy4Y€HBIX Ha HOBoe wucuucieHue. Bckope ['mb66c omyOnmkoBanm cBOW Tpyn
«9nemeHThl BeKkTOpHOro aHanmm3a» (1880-e romer), a 3atem Xesucaiin (1903) mpuman
BEKTOPHOMY aHAJIU3y COBPEMEHHBIN BU.

1.1. OcHOBHBIC NOHATHSA

BekTtop — 310 MaTemaruueckas Mojenb 00bEKTa, UMEIOIIEro BEJIMYUHY U HallpaBJICHHUE.
BaxuHelmuM CBONCTBOM 3TOW MOJAEIHM SBJISETCS TO, YTO BEKTOPHI CYMMHUPYIOTCS IO
MPUHLINITY TapaieIorpaMma.

OrpaHn4uMcsi pacCMOTPEHHEM OOBIYHOTO TPEXMEPHOI'O MpoCTpaHCTBa. byaem HazbIBaTh
BEKTOPAMM OTPE3KH NPSMBIX JIMHANA B 3TOM IPOCTPAHCTBE, IJIs KOTOPBIX 3a/laHO HaIlpaB-
neHue. byneM paccmaTpuBath TOJIBKO CBOOO/IHBIE BEKTOPHI, KOTOPbIE MOXKHO MEPEMEIATh
B IIPOCTPAHCTBE, COOJII0as napaiebHOCTh. [lapasienbHble U COHanpaBIeHHbIE CBOOO-
HBIE BEKTOPHI OyJIeM CUUTATh paBHBIMH. [J11 0003HaUEHHS BEKTOPOB Oy/IeM, KaK MpaBHUIIO,
UCTIOJIb30BAaTh JKUPHBIE CTPOUHBIE OYKBBI JATUHCKOTO MJIM IPEeYecKoro angpaBuTa.

[Ipy HamucaHUU BBIYUCIUTENBHBIX (OpMyN OyaeM MNPUMEHSATh KOOPAMHATHYIO (opmy
MIPEACTABJICHUSI BEKTOPOB, HCIIOJIB3Ysl TMPaBylO JIEKAPTOBY MPSIMOYTOJIBHYIO CHCTEMY
KoopauHat. /{7 BeKkTopa a KoopauHaTHas opma MpeacTaBiseT yHOPSAOYCHHYIO TPOHKY
JEWCTBUTENbHBIX YUCEN a1, A, a3 (KOOPAMHATHI STOTO BEKTOpA), 3allMCAaHHYIO B KBaJpaT-
HBIX CKOOKax B BHJE CTOJIOIA WJIM B BHJI€ CTPOKHU C BEPXHUM HUHIEKCOM 7 (TpaHCIOHUPO-
BaHHBIN):
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a
- - ! 1.1
a=|a, —[al,az,a3] . (1.1)
a,
Jlst BeKTOpa OMpEAeNiCHbl JBE CKAISPHBIC XapaKTEPUCTHUKH: HOpMa BEKTOpa U MOJYJIb

BekTopa. Hopma BekTOpa 0003Ha4yaeTcsi ABOWHBIMU MPSIMBIMH CKOOKaMH M BBIYHCISETCS
o ¢popmysie:

||a|| =al +a; +a;. (1.2)

Mopynps BekTOpa 0003HaYaeTCss MPSIMBIMH CKOOKaMU U PaBeH KOPHIO KBAJApPAaTHOMY W3

HOPMBI:
o= +a2+a . (13)

1.2. Onepanuu Ha/X BEKTOPaMHU
1. CnokeHue U BRIYUTAaHUE BEKTOPOB

CyMmMoO# ABYyX BEKTOPOB a U b ecThb BEKTOp, MOCTPOEHHBIM Ha BEKTOPaX-ClaraéMbIX IO
NpaBWiy napajuienorpamma. B xoopauHatHol Gopme clIokKeHHEe BEKTOPOB BBITOIHACTCS
MO3JIEMEHTHO:

a, b, a, +b,
at+tb=|a, [+|b, |=|a,+b, |. (1.4)
a, b, a, +b,

CrnoxxeHue BEKTOPOB KOMMYTaTuBHO. CrokeHue o0o3HauyaeTcst 3HakoM "+". Omepamms
BBIUUTAHUS BEKTOPOB OINPEACISICTCS IMOJ00OHO OIEpaluu CIOKEHUS W 0003HavaeTCs
3HaKoMm "—".

2. YMHOXEHHE BEKTOpa Ha YUCIIO

[IpousBeneHneM BeKTOpa a Ha JEHUCTBUTENBHOE YMCIO C €CTh BEKTOpP, KOOpPIMHATHI
KOTOPOT'0 BBIYMCIISIOTCS 10 hopmyiie:

a, a,-c
a-c=|a, |-c=|a,c|. (1.5)
a, a,-c

YMHOXEHHE BEKTOpa Ha YHCIIO KOMMYTaTUBHO. OHO 0003HAYaeTCsl TOUKOU, TOCTABICHHOM
MCXKAY CKAJIPHBIM U BEKTOPHBIM COMHOXUTCIIAMU.

3. CkayiipHOE YMHOXEHHE BEKTOPOB

CkansipHbIM MPOU3BEACHUEM JBYX BEKTOPOB a U b ecThb ckamusip, paBHbIA MPOU3BEACHUIO
MOI[y.]'IGfI 9THUX BCKTOPOB, YMHOKCHHOMY Ha KOCHUHYC yIJia O MCXKY HAIIPABJICHHUAMU 3TUX
BEKTOpOB. CKaJsipHOE MPOU3BEJICHHUE JBYX BEKTOPOB B NPSAMOYTOJbHOW JEKAPTOBOM
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CUCTEME KOOpPJIMHAT PABHO CyMME€ IMOMapHBIX MNPOU3BEIACHUN KOOPJIMHAT BEKTOPOB-
COMHOXUTEIIEN:

(a-b)=|a||b|-cosa=a,-b,+a, b,+a;-b,. (1.6)
CkansipHOE TIPOU3BE/IEHHUE BEKTOPOB KOMMYTAaTUBHO. OHO 0003HAa4YaeTCsl TOUKOU, MTOCTaB-
JICHHOM MCXKAY ABYMsS BECKTOPHBIMU COMHOXUTCIAMU.
4. BekTOpHOE YMHOKEHUE BEKTOPOB

BeKTOpHOE NPOH3BEICHHE IBYX BEKTOPOB axb ecTh BEKTOP, MOLYIh KOTOPOTO PAaBEH:
laxb|=la|-|b|-sina; (1.7)

ero HaIpaBJICHHE MEPIEHAUKYISIPHO K 000MM BEKTOpaM M COBIIAJAET C HaIpaBICHHEM
MIOCTYIIATEJIBHOTO IBWKEHUS IIPABOTO BUHTA IIPH €r0 IIOBOPOTE OT a K b Ha yron MeHbIIUN
7. Moayiib BEKTOPHOTO IPOU3BEICHUS IBYX BEKTOPOB PaBEH ILIOLIAN MapajuiesiorpaMma,
IIOCTPOEHHOTO Ha 3THUX BEKTOpax. B MpsAMOYrosbHOW IEKapTOBOM CHCTEME KOOPAMHAT
BEKTOPHOE MPOU3BEICHUE JIBYX BEKTOPOB MOYKHO BBIUYUCIUTH 110 ciexyromeit popmyie:

a b a, b, —a, 'bz
axb=|a, x| b, |=|ay-b—a, b, |. (1.8)
a, | | b a, -b,—a,-b

BektopHoe npousBeneHne aHTUKOMMYTaTUBHO. [Ipu mepemeHe mopsaka COMHOXKUTEIEH
€ro 3HaK MEHseTCsl Ha 0OpaTHBIA. /[Ba BeKTOpa JIMHEHHO 3aBUCHUMBI TOT/Ia U TOJIBKO TOT/I,
KOI'Jla UX BEKTOPHOE NMPOU3BEACHHUE PaBHO HYII0. BekTopHOE nmpousBeeHre 0003HavaeTcs
3HaKoM "x", IOCTaBIEHHBIM MEX/y IByMsI BEKTOPHBIMU COMHOKUTEISIMHU.

5. CmemanHoe (BEKTOPHO-CKAIIPHOE) MMPOU3BEICHNE

CwmemanHoe mpomsBeneHue Tpex BekTopoB a-(bxc) = [a, b, ¢] ecTb ckamsap, paBHBIN
o0BpeMy mapasuienenunea, moCTpOSHHOro Ha BEKTopax a, b u ¢, u B34ThIil co 3HakoM "+
i "-". 3Hak "+" Oepercs, ecnu BEKTOPHI a, b, ¢ 00pa3yroT npaByro TpoukKy, 3HaK "—" — B
MPOTUBHOM ciydae. B mpsMoOyronpHOW JeKapTOBOM cHcTeMe KOOpAMHAT CMEIIaHHOE
IIPOMU3BEJICHNE TPEX BEKTOPOB a, b, ¢ paBHO IETEPMUHAHTY MAaTpHUIbI, COCTABICHHOW W3

TpeX BEKTOPOB-CTOJIOIOB a, b, ¢:

a b ¢
[a,b.c]=|a, b, ¢, (1.9)
a, by ¢

[Tpu MUKIMYECKON TIEPECTAHOBKE COMHOXKHTENCH CMEIIAaHHOE TMPOU3BEICHHE HE MEHSCTCS.
CwmetianHOE TTPOU3BEIEHUE TPEX BEKTOPOB a,-b 1 ¢ o6o3Hauaercs a-(bxc) unm [a, b, c].

6. JIBOliHOE BEKTOPHOE MTPOU3BEACHUE

JIBoifHOE BEKTOpPHOE MPOW3BEACHHE TpeX BEKTOpoB ax(bxe) ecTh BEKTOp, paBHBIN
BEKTOPHOMY IIPOM3BE/ICHUIO BEKTOPa a Ha BEKTOPHOE IIpOou3BeieHne BeKkTopoB b u c. Jlns
JIBOITHOT'O BEKTOPHOT'O MIPOU3BEICHHUS CIIpaBeInBa popmya:
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ax(bxc)=b-(a-c)—c-(a-b). (1.10)

Jlnst 0603HaYeHHsl ABOMHOT'O BEKTOPHOT'O POM3BEICHUS Oy1eM HCII0Ib30BaTh 3HaK "x".

Ecnu paccmarpuBarts a, b, ¢ Kak BEKTOPBI-CTONOIBI, TO PE3YIbTUPYIOIINNA BEKTOP-CTOJIOEI]
I MO>KHO BBIYHCIIUTH TIPU TIOMOIIA MaTPUYHBIX ONepanuii mo Gpopmyie:

r=b-a’ -¢c—c-a’-b. (1.11)

1.3. Ucnoan3oBanue 00bekTa JleBu-UnBUTHI

[Tpu mosnemeHTHOM HamucaHuM (POpPMYJT BeCbMa IMOJIE3HBIM MPEACTABISETCS UCTIOIb30Ba-
HUEe a0CONIIOTHO KOCOCHMMETPUYHOTO MaTeMaTH4eCKOro OOBEKTa, BBEACHHOTO HTANIbsH-
ckuM marematukoMm Tymnmo JleBu-Yusutoit (1873—-1941). [Ins TpexmepHOro mpocTpaH-
CTBa B CJy4yae INPUMEHEHHs] MPSIMOYTOJIbHOW JI€KapTOBOM CHUCTEMBI KOOPAMHAT 3TOT
OOBEKT SBIIACTCS (PYHKIMECH TPEX WHIACKCOB, KB W3 KOTOPHIX NMPHHUMACT IO TPH
3HaueHus (Bcero 27 3HaueHuit). OOBEKT, KOTOPBIA HOCUT UM JIeBu-UnBHUTHI, 0003HAYAET-
csl CUMBOJIOM &k (1, 7, k=1, 2, 3) n onpenenseTcs cleayomuM 00pa3oM:

€13 = €53 = &3y = L3 €5, = &3 =&, =—1; €, =0 — s apyrux couerannit nupexcos.  (1.12)
[{uximgeckast mepecTaHOBKA MHIEKCOB HE MEHSET 3HaueHHus o0bekTa. [lepecraHoBKa 1BYX

COCCAHUX MHACKCOB IIPUBOAUT K IEPECMCHEC 3HAKA 00BeKTa.

C ucnonb3oBanueM cuMBoia JleBu-UuBUTHI MOKHO Ha 0a3e BEKTOPOB CO3[aBaTh MaTpH-
LbI, BEKTOPBI, CKAJISPBI.

Crnenyromas ¢popmysia IpeBpaiiaeT BEKTOp yIiI0BOM CKOPOCTH B MaTpHIly criivHa [21]:

o, X 0 -0 o,
0=|0,; Sik:z(sijk-coj: o, 0 -o|. (1.13)
J=1 _ 0
0% ®, o

OOpaTHy10 omepanu — MPEICTaBICHHEe KOCOCUMMETPUYHON COCTABJISIIOIICH MAaTPHUIII B
BU/JIE BEKTOPA — BBIMIOJHAET popMyJia:

T

l'iig“k'a'k: a32_az3; a13_a31; 9y~ | (1.14)
253= " 2 2 2

Vj:

BektopHoe mpou3BeAeHHE TaKXe JIETKO 3alKChIBACTCA IMPU MOMOIIM CUMBOJIa JleBu-
YUBUTEL:

a, b;—a,-b,
3 3
v=axb; vizzzteiik-aj-bk: a,-b—a, b |. (1.15)

Jj=1 k=1
a, 'bz —4a, 'bl

Jlanee B 3TOM psify ciieayeT (popMylia CMEIIaHHOTO MTPOU3BEJICHUS TPEX BEKTOPOB:
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3 3 3 al bl cl
d=a-(bxe); d=) % > e, -a,-b-c =la, b, ¢ (1.16)
i=l j=1 k=1 a b3 ¢

JIBoiiHO€ BEKTOPHOE IIPOM3BEAECHHE NPECTABISAETCS CIIELYIOIUM 00pa3oM:
3.3 3 3
w=ax(bxe); wl.:ZZaijk-a.i-ZZSk,m-b,-cm. (1.17)
Jj=1 k=1 =1 m=1

[Tone3Ho 3HATh, YTO MPOU3BEICHUE IBYX CUMBOJIOB JIeBU-UMBHTHI paBHO JETEPMUHAHTY,
COCTaBJICHHOMY U3 CUMBOJIOB KpoHekepa:

S5, O, 9,
€ En =107 O, O, (G j.klmn=123). (1.18)
6kl 8km 8kn
Hamomuum, uro cumBos1 KpoHekepa orpesensieTcs Ciaeayoum oopa3om:
o, =1 (=), 6,=0 (i#)). (1.19)

[Tocne cymmupoBanwst BeipaskeHus (1.18) o ofHOMY M3 MHICKCOB MPUIEM K popMmyJie:
3
D ey €y =0,-8,,-8,,-8, (i,j,l,m=12,3). (1.20)
k=1
®opmyna (1.20) naet Bo3MOxkHOCTH 3anucath Beipaxenue (1.17) B Buge (1.10):

3 3
wl,zbi-Zaj-cj—ci-Zaj-bj. (1.21)
Jj=1 J=l

1.4. BekTopHoe npeacTaBjieHHe OPHEHTAUH TBEPAOIo TeJia

1.4.1. Cucmemwt Koopounam

Haunbonee Ba)kHOW MPUKIaTHON 3a7a4eid, CBI3aHHONH C MAaTEMaTHYECKUMHU ITOCTPOCHUSIMH
3TOH paboThI, ABISETCS 3aJaua KHHEMAaTHUKU a0COIIOTHO TBEPOro Teia. B Hell peub uaer
00 omnpeAencHUN MOJIOKEHHS Tella B TPEXMEPHOM IPOCTPAHCTBE U yCTaHOBICHUH 3aKOHO-
MEpPHOCTEH HM3MEHEHHs 3TOTO IMOJIOKEHHUsI BO BPEMEHHU. 3ajlaya 3Ta HENpocTas, XOTs Obl
MOTOMY, YTO JaX€ MJesd ONHCAHMS OPHEHTALUU Tela B TPEXMEPHOM MPOCTPAHCTBE
TpeOyeT xopoiei dhaHTa3zuu.

AOCOIOTHO TBEPOE TEJIO — MOHATHE MEXaHHWKH, 0003HAUYAIOIIee COBOKYITHOCTh MaTepH-
AJIBHBIX TOYCK, pAaCCTOAHHA MCKAY KOTOPBIMU COXPAHAIOTCS B IIPOLECCC J'IIO6LIX JBHXKC-
HUI 3TOoro Tena. [TOCTOSHCTBO PAacCTOSHUN TO3BOJISIET NMPUBS3AaTh K TEIy HEKOTOPYIO
CHUCTEMY KOOpJHMHAT. JTa CUCTeMa KOOPIWHAT HA3bIBACTCS IOJBYIKHOMN (MM CBSI3aHHOW).
[TonoxxeHreM UMEHHO 3TOM CUCTEMBI KOOPIUHAT MO OTHOIICHHUIO K IPYTOil, HEMOIBUKHOM
(w1 6a30BOI) cucTEME KOOPJIUHAT, OyJIeM ONpeAeIsITh MOJI0XKEHNE aOCOTIOTHO TBEPIOTO
TeJa B IPOCTPAHCTRBE.

B kauecTBe M HEMOABMKHOM, U MOJBUKHOM OyJIeM MOJIb30BaTHCS MPABBIMU MPSMOYTOJIb-
HBIMU JIEKapTOBBIMU CUCTEMaMH KoopauHat. [lycTh HemoBMKHAS cucTeMa KoopAuHaAT X
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UMeeT KOOpAUHATHBIE OPTHI X|, X2, X3, & CBA3aHHASA C TEJIOM IOABMKHAS CUCTEMAa KOOPIH-
HaT Y MMeeT KOOpJAUHATHBIE OPTHI Yi, Y2, ¥3. IIOCKONBKY OpPTBI 3TUX CUCTEM KOOPAMHAT
€IMHUYHBl ¥ B3aMMHO MNEPIEHAUKYISIPHBI, COOMIONAIOTCS CIEIYIOIUE 3aBUCUMOCTH IS
UX CKaJIIPHBIX POU3BEICHUI:

XX, =8, ¥y, =8, (/=123 (1.22)

rae 0;— cumBoia KpoHekepa.
[Tpon3BoIBHBIN BEKTOP b TpeXMEpPHOTo MPOCTPAHCTBA MOXKET OBITH MPEACTABICH CBOMMH
KOOPJAMHATAMM KaK B OJJTHOM, TaK U B APYrOHM CUCTEME KOOPAUHAT:

b= b X+ b, X, + by -Xy5 b=yb-y, +yb -y, +ybsy;. (1.23)
JleBbIM HMXKHUM HMHAEKCOM OyJieM 0003HAa4aTh HCIOIB3yEMYIO CUCTEMY KOOPAUHAT.

Hanee OyIyT pacCMOTPEHBI pa3IMyHbIe METOABI MPEACTaBICHUS HHPOPMALIUU O MepeMe-
LICHUU TeJa B IPOCTPAHCTBE.

1.4.2. Hanpaenawuiue KoCuHycol
CraHzapTHBIM METOJOM OLM(POBKU TOBEPHYTOTO IMOJOXKEHHS (OpPUEHTALMU) TBEPIOTO
Tesa B IPOCTPAHCTBE ABJIACTCSA UCIOJIb30BaHNE MATPULbl HAIIPABIIAIOIINAX KOCHHYCOB:
ay G 4
A=|ay ay ay|. (1.24)
a3 Gy Gy
Kaxxoii opueHTanum Teina COOTBETCTBYET CBOSI MAaTpULla KOCHMHYCOB. I'eomerprueckmii

CMBICII 3JIEMEHTOB A3TOM MAaTpULbl — CKaJIApPHBIE IPOU3BEIEHUS OPTOB HEIOJABHKHOM
CUCTEMBI KOOpAUHAT X ¥ OPTOB MOJBUKHON CUCTEMBI KOOPJAUHAT Y

a,=x;-y, (J,k=1273). (1.25)

ITockonbKy OpPTHI X M Y UMEIOT €JMHUYHBIE JAJIMHBI, TO 3JEMEHT MaTPULIbI @j; €CTh KOCHHYC
yriia MeXJy OPTOM C HOMEPOM j HEMOJABUKHOM CHCTEMBI KOOPJIMHAT U OPTOM C HOMEPOM k
MOABUKHOM CUCTEMBbI KOOPJAUHAT. DTO CBOMCTBO U ONPEIEINIO HA3BaHUE MATPHUIIbI.

Marpunia A uMeeT AEBSATh 3JEMEHTOB, HO HMX HENb3s Ha3HayaTh MNPOU3BOJbHO. OHHU
CBSI3aHBI MKy COOOH IIECThI0 HE3aBUCUMBIMU YPaBHEHUSIMHU:

3
Da,-a, =8, (kI1=12312k), (1.26)
Jj=1

rae §;— cumBoia Kponekepa.

Martpunpl ¢ TaKUMH CBOWCTBAMH Ha3bIBAIOTCS OPTOrOHAJIBHBIMU. J[ETEpMHUHAHT TaKOU
MaTpUIlbl PaBEH €IMHMIIE, OOpaTHasi MaTpUlla paBHA TPAHCIIOHUPOBAHHOM:

Al=L; AT=A". (1.27)
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Ilepexoo om o00HOU cucmembl Koopounam Kk Opyeou. Ilpu TOMOIIM HaNpPaBJISIOMIUX
KOCUHYCOB MOXXHO BBIPa3HTh OPTHl HEMOJBMXXHOW CHUCTEMBI KOOPJIMHAT 4Yepe3 OpPThHI
MOJIBMYKHOM CUCTEMBI U HA000POT:

3 3
x,=>a,y, (j=L23); y, =Y a,x, (k=12,3). (1.28)
k=1 Jj=1

Hanpassironiue KOCHHYCBI CBSI3bIBAIOT KOOPJIMHATHI JHOOOT0 BEKTOpa B HEMOJBM)KHOM
CUCTEME KOOpPJUHAT C €ro kK€ KOOpAMHATaMU B MOABMXKHOM cucTteMe. Tak A KOOpAUHAT
BekTopa b nosyuum cienyromue GopMyIibl:

3 3
b, =Dla,yb (j=123) (b =Y yb,-a, (k=123). (1.29)
k=1 Jj=1
3neck xb; — KOOpAMHATa C HOMEPOM j BeKTOpa b B HEmoABMKHON crcTeMe KoopAuHAT X,
ybi — KoopauHaTa ¢ HoMepoM k BekTopa b B mOABMKHON cucTeMe KoopauHaT Y.

B matpuunoii 3anucu gpopmyiisl (1.29) umerot cienyromuit BU:
b=A-,b; ,b=A"- b, (1.30)

rae xb — BekTop b, nmpeacTaBIeHHbII CBOUMHU KOOPJMHATAMU B HEMOJABUKHOW cUCTEME X,
yb — BekTop b, npencraBieHHbI CBOUMU KOOPAMHATAMU B ITOJBUKHOU cucTteMe Y.

Hszmenenue xoopounam eexmopa npu nogopome mena. JJo cux mop Mbl TOJKOBAIUA O
MIOBEPHYTOM TMOJOXEHUH (OPUEHTALMK) TBEPAOrO TejJa B TPEXMEPHOM IPOCTPAHCTBE.
Tenepb BBeeM B PACCMOTPEHHE TMOHATHE IMEpeMelleHus (MoBOpOTa) Tela W3 OJHOTO
NOJIOkKEHUsT B Jpyroe. IlyCTp B HMCXOAHOM COCTOSSHUM TE€JIO PAaCIOJIOKEHO TakK, 4YTO
MOJIBUKHASL CUCTEMA KOOpAMHAT Y COBNAAAET C HENMOABMKHOM cucTeMoil X. 3aTeM Teso
nepemeInaeTcs (MoBOPauYMUBACTCs) B IOJ0XKEHUE, ONpPENEeIsIeMOe MaTpHLIEl HaIpaBisio-
IIUX KOCUHYCOB A. AOGcCTparupysicb OT IyTH, POWJIEHHOTO TeJIOM, OyJeM Ha3bIBaTh 3TO
IepeMenIeHUE TIOBOPOTOM, ONIPENEIIIEMBIM MAaTPULIEN A.

HerpynHo mnpencraButh ceOe CHUTyaluio, KOT/Ia B HCXOJHOM COCTOSIHUM TEJO OBLIO
OPUEHTUPOBAHO IO-MHOMY, TaK YTO MOJBM)KHAs CHUCTEMa KOOpAMHAT Y HE COBNajana C
HETMOJIBM>KHOM cucTeMOoi KoopauHat X. TeM He MeHee, TE0 MEPEMEIIAIOCH TaK Ke, KaK U
B MpEABbIIYyIIEM ciIydae. DTO NepeMelleHue Takxke Oy1eM CUUTaTh TOBOPOTOM, OIperens-
€MbIM MaTpHLIEH A.

ITycts BekTOp b 3adukcupoBaH B TBepaOM Teje. B MCXOIHOM COCTOSHUU NEpe] MOBOPO-
TOM, KOTJla cucTeMbl KoopAMHAT X U Y COBNAJAIOT, TOT BEKTOP B CUCTEME KOoOpAuHAT X
(u B cucreMe Y) umeeT KoopauHaThl xb, a mociie NoBOpoTa OH MEPEXOAUT B MOJIOKEHHUE
JIPyroro BeKTopa, KOTOphli OyneM ob6o3Hayath b’. Ha ocHoBanuu dhopmynsl (1.30) moxxem
3aInCaTh:

3
B=A b (B=Da, b (j=1,2,3). (1.31)
k=1

Taxum 00pa3zom, eciii KOOPAWHATH HEKOTOPOTo BekTopa b, 3agIKCHpOBaHHOTO B TBEPIOM
TeJe, B UCXOJHOM COCTOSIHMHM (/10 TIOBOPOTA) B HEMOABM)KHOW CHUCTEME KOOPAMHAT ObLIH
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paBHbl xby (kK =1, 2, 3), TO mocye MoBOpOTa Teja, OMPEALIIEMOTO MAaTPUIIEH A, OHU CTau
xb'; (=1, 2,3), 1 3TU KOOPAUHATHI MOKHO BBIYUCIUTH 1O popmyite (1.31).
Cymmuposanue nogopomos. Tenepb npeicraBuM ceOe, 4TO TEJO BBINOJIHWUIO BHayaie
IIOBOPOT, ompeAaenseMblii MaTpulieil Al, a 3aTeM MOBOPOT, onpenensieMblii MmaTpuiei A2.
Bo3Hukaer Bornpoc: Kakoil MaTpuuen onpenesieTcs CyMMapHbIid IOBOPOT?

[Tyt k pemienuto 31oi 3amaun naetcs dopmyinoit (1.31). Bo3pMeM 3adukcupoBaHHBIN B
TBEPAOM Tesle BEKTop b 1 noBepHeM Teno ¢ npuMmeHeHueM Matpuubl Al. Bextop b 3aiimer
HOBOE noJsioxkeHue b’, a UMeHHoO:

b'=Al-b. (1.32)

3adukcupyeM Tenepb BeKTOp b’ B TBepAOM Tene W MOBEPHEM TEIO C MPUMEHEHUEM
Matpuiiel A2. Torna Bektop b’ 3aiimeT nonoxxenue b"”. DTOT BEKTOp MOXKHO BBIYUCIIHUTH B
coOoTBETCTBUH C hopmyioit (1.31):

b"=A2-b’". (1.33)
[MoxcraBnss (1.32) B (1.33), momyuum:
b"=A2-Al-b=A"b. (1.34)

Taxum 006pa3zoM, BMECTO ABYX IOCIIE0BATEIbHBIX IOBOPOTOB, ONPEAEISIEMbIX MaTpULIAMH
HaIpaBIIAIOIUX KOCUHYCOB BHauane Al, a 3areM A2, MOYHO BBIIIOJIHUTh OJIUH CymMMap-
HBII TIOBOPOT, OIIPEENIAEMBbIN IPOU3BEAECHUEM 3TUX MATPHIL:

A=A2-Al, (1.35)

IpUYEM COMHOXKUTENIU B 3TOM IIPOU3BECHUN UAYT B 0OPATHOM MOPSIKE 110 OTHOLICHHUIO K
[10CJIEI0BATEIbHOCTH BBINOJIHEHUS [IOBOPOTOB. DTa 3aKOHOMEPHOCTb 110 MHIYKIIUU MOXKET
OBITH PacIpOCTpaHEHA HAa HECKOJIBKO (71) CIEAYIOIUX APYT 3a IPYroM IIOBOPOTOB:

A=An-..-A2-Al. (1.36)

1.4.3. Bexkmop ucmunnozo 3ii1eposa nosopoma

OyHIAMEHTAIBHON TE€OPEMON KNHEMATHUKU TBEPAOTO
Tena sBIseTcs Teopema Oilnepa-amambepa [10],
KOTOpasi YTBEp)KIaeT: TBEpAOE TeJIO C OJHOH
3aKpEIUIEHHON TOYKON MOXKET OBbITh NMEPEeBEICHO U3
J000r0 HA4aJIbHOTO MOJIOXKEHUS B JIt000e KOHEYHOE
II0JIO)KEHHUE C IIOMOIIBI0 OJHOTO IOBOPOTA BOKPYT
HEKOTOpPOW OCH, Ha3blBa€MOW OCBIO  JWJepa.
IIoBOpOT 3TOT MOXHO ONKMCATh BEKTOPOM VY,
HaIPaBJIEHHBIM BJOJb OCH DWjepa U Ha3blBA€MbIM
BEKTOPOM MCTHHHOTO 3iiiepoBa moBopora (puc. 1.1):

v=[v.vou,] =ve=y[e.ene], (137

Puc. 1.1. UctunHsbI 3itnepoB
MOBOPOT BekTOpa b r7ie € — eIUHUYHBIN BEKTOpP 2MIEPOBOIl OCH; \Jy — YToll
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MOBOPOTA. 3HAK yTja NOBOPOTa COOTBETCTBYET MpaBUiIy OypaBUMKa, TO €CTh MOJOKHUTEIb-
HBIM CYHMTAETCsl HAlpaBJICHUE BpAIleHUsS MpaBoro OypaBUMKa NpPU BBUHYMBAHUU €r0O B
HaIlpaBJIEHUHU BEKTOpA e.

VYron moBopoTa Y ¥ KOMIIOHEHTHl €IMHUYHOTO BEKTOpa € MOTYT OBbITh HaWJeHBI IO
KOMITOHEHTaM BEKTOPa UCTUHHOTO SIIepOoBa MOBOPOTA CIAEAYIOLUIUM 00pa3oM:

v,
D wl=wl v =y =123). (1.38)

Kak BuaHO, yroa moBOpoTa MOXET ObITh MPUHAT JHOO MOJOXKHUTEIBHBIM, JIMOO OTpHUIIa-
TenbHBIM. B 0060ux citydasx OyJeT peann3oBaThbCsi OJUH U TOT e IOBOPOT TBEPIOTO Tea,
COOTBETCTBYIOILLIHI BEKTOPY .

v =]y

Pasznooicenue eexmopa b no nanpaénenuio eOunuuno2o 6eKmopa € u no HOpMaiu K Hemy.
Ha puc. 1.1 noka3an npou3BOJIbHBIN CBOOOJIHO MEpEeMEIIaeMblil B TBEPIOM Telie BEKTOp b.
[TepemecTM 3TOT BEKTOp MapajlieIbHO caMOMy cebe Tak, 4TOOBI €ro Hayauo HaXOJUIOCh
Ha ocu Dilniepa, onpeaensieMoll eAMHUYHBIM BEKTOPOM €. Pa3nokuM 3TOT BEKTOp Ha JiBa
cnaraemsbix. [lepBoe u3 HUX be HampaBiIeHO BIOJb BEKTOpA €, a BTOpoe bn — nepneHauky-
nspHo emy. BektopHas anredpa naer cienyroliee peeHue 3Tol 3a1auu:

b=bc+bn; bc=e-(b-e); bn=ex(bxe). (1.39)

Jlnst HopMambHOM COCTAaBJISIFOIIEH 3TOT0 BEKTOpA CIIpaBeyInBa U Apyras ¢hopmyJa:
bn=b-e-(b-e). (1.40)

PasnokeHre BeKTOpa Ha JiBa claraeMbIX yI00HO /ISl BEIBOJIA TIOCTIEAYIONTNX (DOPMYII.

Hszmenenue xoopounam eekmopa npu nosopome meina. IlycTs TBepAoe TENO C 3aKperieH-
HBIM Ha HEM BEKTOPOM b COBEPIMIIO UCTUHHBIN 3iJIepOB MOBOPOT Y. Ilocie 3Toro Bexkrop
b 3anHs1 HOBOE TONTOKEHKE, 0003HaUYeHHOE Ha puc. 1.1 cumBosioM b’. OH sABIsSIETCS CyMMOM
JIBYX BEKTOPOB:

b'=bc+bn’. (1.41)

[lepBbiif U3 3TUX BEKTOPOB M3BECTEH, TaK KaK OH HE U3MEHSETCS MPHU MOBOPOTaX BOKPYT
ocu Y. Jlig ompezneneHuss BTOPOro IMOCTPOMM BCIIOMOTaTENbHBIM BekTOp € x b. OTtoT
BEKTOp TMEPIICHANKYIISIPEH 2MJIepOBOi OcH U BEeKTOpy bn n nmeet anuny |b|-sin o, Tae o —
YIroJl MeX1y HalpaBJiI€HUAMHU BEKTOPOB € U b. Takyro xe JnHy umeet BeKTop bn.

W3 pucynka BUaHO, 4TO BeKTOp bn’ MoxeT ObITh onpeesieH no Gopmyiie:
bn' =cosy-bn+siny-(exb). (1.42)
Takum oOpa3om, MOBEPHYTHINA BEKTOP b’ MOKHO BBIpa3uTh GOpMYIIOil:
b'=cosy-b+(1—-cosy)-(e-b)-e+siny-(exb). (1.43)
Ora ¢opmyna noiydena b. O. Pogpurom B 1840 r.
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s Toro, 4roObl NEpedTH K NPSMOYTOJbHBIM JAEKapTOOBBIM KOOPAMHATAM, JOCTATOYHO
CKaJIIPHO YMHOXXHUTh BEKTOpHOE paBeHCTBO (1.43) mocienoBarenbHO Ha OPThI KOOPAMHAT-
HOM CHCTEMBI X|, X2, X3, M€ B BUJy, UTO

e;=x,-¢ b,=x,-b; b=x,-b" (j=12,3), (1.44)

rae ey, ez, es; by, by, bs; b'y, b'», b's — xoOpAMHATHI BEKTOPOB €, b u b’ (cooTBeTCTBEHHO) B
9TOU KOOPAUHATHOU CUCTEME.

Torna nomyuum:
b, =cosy-b; +(1—cosy)-e;-(e-b)+siny-x,-(exb) (j=1,2,3). (1.45)

PacrinceiBasi B KOOpAMHATAX CKASIPHOE M CMEIIAHHOE MTPOM3BEICHHS, IPUCYTCTBYIOIIHE B
dopmyie (1.45), npuaem K BbIpaXKEHUIO:

b/ b, e e,-b,—e;-b,
by |=cosy-| b, |[+(1—cosy)-(e b +e,-b,+e,-b):| e, |+siny-| e, -b—e - b, |. (1.46)
b; b, e, e -b,—e, b

Ecnn Ham yno6GHO mpezacTaBuTh pesyabTaT B Buae dopmynsl (1.31), rae ucmomnbsyercs
MaTpHIa HAIPaBIIONIMX KOCHHYCOB A, HaJIO MOJIOXKHTh:
1 00 e-e e-e e-e 0 -e e
A=cosy:|0 1 0|+(l-cosy)-|e,-e e-e, e-e |+siny:| e 0 —¢ |.(1.47)
0 0 1 ee ee e-e -e ¢ 0

[Tone3no 3HaTh U Apyroe npeacraBieHue Gopmysl (1.47), mo3auMcTBOBaHHOE U3 PaOOTHI
[21]. OHo 6a3upyeTcs Ha pa3IoKEHUH MAaTPUIIBI A TIO CTETICHIM MaTpHIlb S(e):

0 —e e -1 e-e e¢-e
Se)=| ¢ 0 —¢|; S*(e)=|e,-e -1 e -e|. (1.48)
-, ¢ 0 e,re, ere, € -1

DTO Mpe/ICTaBICHHE HMEET BU/L:
A=TI+siny-S(e)+(1-cosy)-S*(e), (1.49)

rae I — equanyHas maTpuia (HyJeBas CTETICHb MaTPUIIBI S(e)).
JI1000MBITHO, YTO

S°(e)=I; S’(e)=-S(e); S*(e)=-S’(e); S°(e)=S(e). (1.50)

Ilepexoo om 00Holl cucmemwvl koopouram k opyeou. KoopauHATH TPOU3BOIBHOTO BEKTOPA
b npeobpasyrorcs no popmynam (1.29)—(1.30), a marpunia A gaercs dopmymoit (1.47).
OOpaTtum nHIls BHUMAaHKUE HA TO, YTO TPAHCIIOHHUPOBAHHAS MATpPHUIIA MOXKET OBITh MOTyYe-
Ha 1o opmyie:
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1 00 ee ere, ere 0 -—e e
A" =cosy-|0 1 O[+(I-cosy):| e e ere, ere |—siny:l e 0 —¢ |.(1.5])
0 0 1

ere ere, e-e -e, ¢ 0
W [PEe/ICTaBIE€Ha B TAKOM BUJIE:
A=I-siny-S(e)+(1-cosy)-S*(e) (1.52)

B nokxoMIioHeHTHOM BH/IE (I)OpMy.TILI Hp606pa3OBaHI/I$I KOOPAUHAT BBITJIAAAT TaK:

xh vh S e, yby—es-yb,
b, |=cosy-| b, |+(1—cosy)-(e-yb +e,yb, +eyyby)-| e, |+siny-| e - b —e by [5(1.53)

_Xb3_ _Yb3_ & e yb,—e,-yb

vh xb € e, xby—e;- yb,

by |=cosy-| (b, [+(1—cosy) (e b +e, b, +esb) | e, |—siny-|e b —e- b, |.(1.54)

vbs xDs & e xb,—e, - b

Ilepexoo om mampuyvl HANPAGIANOWUX KOCUHYCO8 K 6EKMOPY UCHMUHHO20 IUNEpO6a
nosopoma. 1lo >1eMeHTaM MaTpHIBl HANPABIAIONIMX KOCHMHYCOB MOXHO OIPEACIUTHh
BEKTOp MCTUHHOTIO 3MIepoBa oBopora. M3BecTHO, 4TO

cosy = a, +0222+ a3y —1; siny = \/(a32 ~a,)’ +(a132—a31)2 +(a, —a,)’ . (1.55)

OTcro1a MOXHO HAWTH YroJI \J:

+a,, +a;—1 .
W = arccos A a222 ek =arg(cosy +i-siny), (1.56)

e [ — MHUMasl CAUHULA.
[Tpu aTOM yromn 6yaet HaxoauThes B nipeaenax [0, wt].

@®opmyna (1.56) naer nBa meroma ompezaeneHus yria Y. OOuUH K3 HUX HUCHOJIb3YET
byHknuo arccos. MeTon o0iazaeT TeM HEIOCTaTKOM, YTO (YHKIHS arccos IUI0OXO
oOycioBieHa y kpaeB untTepsana [0, ] 1 MOKET MPUBOANTH K 3aMETHBIM MOTPEIIHOCTIM
P BBIYUCIICHUAX Y, OJIM3KUX K HYJIO WK 7. [pyroii MeToJ UCHob3yeT (QYHKIHIO arg
KOMIUIEKCHOT'O YHCJIa U JIMIIEH 3TOTr0 HEJIOCTATKA.

3Hasg 3HA4YEHUE yrIja Y, MOKHO 3allucaTh BBIPAXKEHUS ISl KOMIIOHEHTOB €IMHUYHOIO
BEKTOpa 3HJIEpOBOM OCH:

_ G5 0y _ G304y, _ 4y —4ap
e = ; ;= ; s g =/ (1.57)
2-siny 2-siny 2-siny

" IJI1 BEKTOpa B LCJIOM:
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v=[ve; vees vl . (1.58)

3necy yMecTHO OyJeT ciaenaTh HeKoTopble 3ameudaHus. Teopema Ditnepa-IlanamOepa He
JaeT OTBETa Ha BOMPOC O BEIIMYMHE yTJIa, Ha KOTOPBIA HAZ0 IMOBEPHYTH TEJIO BOKPYT
9ilIepoBoi OcH, 4TOOBI MPUBECTU €0 B KOHEUHOE I0JIOKEHHE, ONMChIBAEMOE MaTpUlleH
HANPaBJISIOIIUX KOCHHYCOB A. DTOT yrojl HE ONpEAesieTcss OJHO3HAYHO, IMOCKOJIBKY
MOBOPOT Teja Ha L€J0€ YUCIO MOJHBIX IOBOPOTOB HE M3MEHSAET €ro OpPHEHTAlM B
npoctpancte. @opmyina (1.56) npuBOIUT HAC K HEKOTOPOMY IOJIOKHUTEIBHOMY YLy ,
Haxonsgmemycs B uHtepBaie [0, w]. DTOT yroa obyamaer OnpeaesieHHBIMU MpEeuMyIe-
CTBAMU I10 OTHOLICHUIO K JIpyruM yriaMm. Bo-mepBsix, untepBan [0, m] COOTBETCTBYET
TJIABHOMY 3HAa4€HUIO (DYHKIIMH arccos, YTO MO3BOJISIET MOJIb30BATHCS 3TOU (yHKLUEH; BO-
BTOPBIX, BHYTPH ATOr0 MHTEepBajia (YHKIMS SIN HE MMEET HyJIeH U IOJIOKUTENbHA, 4TO
y1o0HO, KOTJ]a OHAa OKa3bIBaeTcs B 3HaMmeHaTene. [loaTomy, ecnu UcTOpusi epeMeneHHs
TeNa JUlsl Hac He CYILECTBEHHA, OyleM OT/IaBaTh NPEANOYTEHHE UMEHHO 3TOMY MHTEpBAIY
M3MEHEHHMS yTJia IOBOPOTa Tela.

Cymmuposanue nosopomos. llycTb TBepaoe€ TeENIO BBINOJIHUIIO IIOCIEJOBATEIBHO [1BA
IIOBOPOTA: BHAJajlie MOBOPOT, omnpenensemeiii Bektopom Yyl = yl-el, a 3arem noBopor,
onpenensieMblil BeKTopoM Y2 = y2-e2. rae el, e2, — eIMHUYHbIE BEKTOPBI OCEH MOBOPOTA,
y1, y2 — yrasl noBopota. Tpebyercs onpenenuTs BEKTOP UCTHHHOTO iIepoBa MOBOPOTA
V (MM eIMHUYHBIA BEKTOP OCH € M YroJI MOBOPOTA ), KOTOPBIA MPHBOAUT K TOMY XK€
MOJIOXKEHUIO TBEPAOIO TEJa, YTO U JIBa NOCIIEA0BATEIbHBIX OTOBOPEHHBIX BhIIIE TOBOPOTA.
Jlig cimydas, Korja 3aJaHbl BEKTOPhl MCTHHHBIX 3WUJIEPOBBIX IMOBOPOTOB, MOITYYarOTCs
CJIO’KHBIE TPYAHO0003puMbIe popMyIbl. TeM He MeHee, MPUBEIEM UX 3/1eCh HA OCHOBAaHUH
pab6otsl [21]. Kocunyc yriia moBopoTa MOKET ObITh BEIYUCIIEH TTO (opMyJIe:

1+ coswyl-cosy2—cosyl —cosy?2 5
2

EI[I/IHI/I‘-IHLII\/'I BEKTOP € MOXKET OBITh BEIYMCIICH U3 COOTHOIICHUS

cosy = cosyl-cosy2 —sinyl-siny2-coso— in“o. (1.59)

2-siny-e= el-[sinyl-(1+cosy2)—(1—cosyl)-siny2-cosa]+
+e2-[(1+cosyl)-siny2 —sinyl-(1-cosy2)-cosa |+ (1.60)
+(e1><e2)-[sin\|/1~sin\|/2—(l—coswl)-(l—cos y2)-cos a],

r€ 0L — YIroJI MEXAY €IMHUYHBIMU BeKTOpamu elu e2.

1.4.4. Bexkmop Koneunozo nogopoma

NmenHo 1o TOM HpUYMHE, YTO KIACCUYECKH BEKTOP MCTHHHOIO 3iliepoBa MOBOPOTA
MPUBOIUT K TPOMO3AKUM (popMyIiam, OH HE Halllesl MPAKTUYECKOro MPUMEHEHHUS B 3ajjauax
KMHEMAaTUKHU TBepJoro tena. bosee yao0HBIM OKa3alcsi BEKTOP, OMpenesieMblid ClIeayIo-
et popmymoii:

O:Z-e-tg%, (1.61)
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r7ie € — eAMHUYHBIN BEKTOP OCH IIOBOPOTA, Y — YTOJI MIOBOPOTA BOKPYT ATOM OCH.

OH ObUT BBEJCH B paccMOTpeHHe emie Poapurom u HasbIBaeTCs BEKTOPOM KOHEYHOTO
MIOBOPOTA.

Cymmuposanue nosopomog. llpu NMOMOIIM BEKTOpa KOHEYHOTO IOBOPOTAa KOMIAKTHO
3aIMMCBIBAIOTCS] BEKTOPHBIE (POPMYIIBI IS CyMMHUPOBaHUs MMOBOPOTOB. [IpuBenem ux Hike,
BOCTIOJIb30BaBUINCH pe3ynbTataMu MoHorpaduu A. U. JIypse [37].

[TycTte TBepAoe TeIO BBINOJHMIO IOCIEAOBATEILHO JBa MOBOPOTA: BHAydajie IMOBOPOT,
orpenensieMblid BekTopoM 01, a 3aTeM TOBOPOT, ompenensieMbiii BekTopoMm 02. Tpedyetcs
HAWTH BEKTOp 0, KOTOPBIM NMPUBOAUT K TOMY K€ IOJIOKEHUIO TBEPAOTO TENa, YTO WU JBA
[I0CJIeI0BATENbHBIX OTOBOPEHHBIX BhIIIE TOBOpPOTa. MickoMas popmyiia UMeeT BUA:

-1
ez[l—g} ~[92+e1+@] (1.62)

H3zmenenue xoopounam eekmopa npu nosopome mena. IlycTs TBepaoe TENIO C 3aKperieH-
HBIM Ha HEM BEKTOPOM b COBEpIIMIO KOHEYHBIH MOBOPOT, OMpPEEISIeMbIii BEKTOpOM 0.
[Tocne aToro Bektop b 3aHs1 HOBoe monoxeHue b’. ITOT BEKTOP MOKHO ONPENEIUTH 110
dbopmyre:

2 \1
b=b+| 1+ | .ox|p+ 2P| (1.63)
4 2
OGpaTHas 3aBUCUMOCTb:
2\! '
b=b’—(l+%] .e{b'—ezb] (1.64)

Ilepexo0 om eexmopa KoHeuHO20 NO8OpOMA K Mampuye HAnpaiaioujux KOCUHYCOS.
[Tpex e Bcero, 3amuineM HECKOJIBKO MOJIE3HBIX TPUTOHOMETPHUECKHUX (POPMYIL:

1-tg? ¥ 2t ¥ 2-tg¥
cosy=——2; l-cosy=—2 siny=——2- (-n<y<m). (1.65)
1+tg2% 1+tg2% 1+tg2%

Bocrmonb30BaBIIMCh MPEACTaBICHHEM MAaTPHUIBl HAMPABJISIONUX KOCHHYCOB (hopMyitoi
(1.49), ¢ yuerom popmya (1.65) momyanm:

-1
A :I+(1+tg2 Ej -{2-th-S(e)+2-tg2E-sz(e)}. (1.66)

2 2 2
[Tepexons K BEKTOPY KOHEYHOTO MOBOpoTa 0, onpeaensemomy dopmyinoii (1.61) (0o603Ha-

YCHUA CIMHHUYHOI'O BCKTOpa € M yIJjla IMOBOpPOTa Y TC )KC), npuaceM K OKOHYATEILHOU
dbopmyire:
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2 -1
A=I+(1+%J -[S(G)+%~S2(B)} (1.67)
rac
0 -0, 0, ;-0 6,-60, 0,6,
S@={ 6, 0 -6 S*®=|6,-0, 02-0° 0,0, |. (1.68)
-6, 6, 0 0,-6, 0,-0, 0-0°

Ilepexoo om mampuysbl HANPABIAIOUWUX KOCUHYCOB K 8EKMOPY KOHEUHO20 N08Opoma. 3Has
QJICMCHTBI MAaTpHUILIbl HAIIPABJIAOIINUX KOCHUHYCOB A, MOKHO IIOJIYYUTb KOMIIOHCHTBI
BEKTOpa KOHEYHOTrO MOBOpoTa O, mosb3ysick paBeHCTBOM (1.67). B neBoit wactu 3Toro
pPaBEHCTBA HAXOJATCS AJIEMEHTBI MAaTPUIbI A, B TIPaBOi 4acTH — KOMITOHEHTHI BeKTopa 0.
[IpupaBHuBasi cienbl (CyMMBI JUArOHAIBHBIX 3JEMEHTOB) MATPHI], CTOSAIIUX CJIEBa U
CIpaBa OT 3HaKa PaBEHCTBA, IPUXOJUM K YPaBHEHUIO:

) -1
a11+a22+a33=3—02~£1+%j , (1.69)

M3 KOTOPOro onpeacisicM CKaJIﬂprIf/'I KBaaApaT BEKTOpa KOHCYHOTI'O ITOBOPOTA:
_g.3-a, —ay —ay

0’ =4 , (1.70)
1+a, +ay, +a;,

a TAK)XK€C MHOXUTCJIb

5\
1+0_ :1+a11+a22+a33. 1.71)
4 4

Jlanee npupaBHUBAEM IONAPHBIE PA3HOCTH JIEMEHTOB MaTPUILIbI A, HAXOAAIIUXCS B JIEBON
Y TIpaBoii yacTsx paBeHctsa (1.67):

02 - 02 -1 92 -1
a32_a23:(1+?J -2.91;6113—6131:[1—1-?} -2-92;a21—a12=[1+?J .2.93, (1'72)

H3 KOTOPBIX C YYCTOM (1 71) HaxXO0JAUM KOMIIOHCHTBI BEKTOPa KOHEYHOT'O ITIOBOPOTA:

0 = 2-(ay, —ay) | 0. = 2-(a;—a,) . 0. = 2-(a, —ay,)

1= p 0y=1 P 0 =s : (1.73)
+a11 +a22+a33 +a11 +6122-|-CZ33 +a” +6122+Cl33

Ilepexoo om 00Holl cucmemwvl koopouram k opyzou. KoopauHaThl IPONU3BOIBHOTO BEKTOPA
b npeobpazyrorcs o dpopmynam (1.29)—(1.30), a maTpuma A maercs popmyinoit (1.67). B
MOKOMITOHEHTHOM BH/I€ (OPMYJIBI TPeoOpa30BaHMsl KOOPAMHAT BHITIIISAT TaK:

b b 0 b 0,-,b,—0,-,b

N IR N P L RESNE USSP A B TR PP | PR
x 'ap) 4410 5 2 5 'a) 3'vyY 1'vyYs > UL
xb3 Yb3 63 Yb3 e1 'sz _62 'Ybl
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b b 0 b 0,-b,—0,-.b

Ybl ) xbl . 4 ' 91 ‘xb1 +92 ‘sz +93 'xb3 ' e1 _i. xbl ) e2 xbs_ea‘xbz (1 75)
vy x> 4+0° D 2 2 xY 3°xY 1'xY3 > .
Yb3 Xb3 93 xbz e1 'xbz_ez 'xbl

rae 0° =07 +0; +0:.

CpaBHHBass METOJBI MpPEACTaBICHUS HH(GOpMAIMM 00 OpUEHTALMW TBEPIOro Tela B
IIPOCTPAHCTBE, INpUBEIEHHBIE B pasznene 1.4, ormerum cienymomee. M3BecTHO, 4TO
TBEPJOE TEJIO C OJHOM 3aKPEIUICHHOM TOYKOM MMEET B TPEXMEPHOM IIPOCTPAHCTBE TPHU
CTENEHU CBOOOABI. DTO 03HAYAeT, YTO JUISl YMCICHHOTO ONMCAHUS €ro OpUEHTALUU B
TPEXMEPHOM MPOCTPAHCTBE JOCTATOYHO TPEX NEHCTBHUTEIBHBIX YHCEN. MBI paccMOTpenu
TPU METOAA MPECTaBICHU HHPOPMALIUH.

[lepBBlii U3 HUX MpEAINoJiaraeT HCIOJb30BAHHUE JJIS ATOW LENH JIEBATH HAIPABISIFOIIMX
KOCHHYCOB, KOTOpBIE YJIOOHO CUMTATh JIEMEHTAaMHU MaTpPHIIbl TPEThero nopsiaka. Kaxmoe
MOJIOKEHHE Tella B TPEXMEPHOM IPOCTPAHCTBE OJHO3HAYHO OMpEJeNsieT Bce ICBSTh
HaIPaBJISIOMUX KOCUHYCOB. OJIHAKO HE BCSIKHE JIEBSITh YUCEN OMPEICISIOT OPUEHTAIUIO
TBEPJOro Tejla B TPEXMEPHOM IMPOCTPAHCTBE. DTH YKCIIA JIOJKHBI YIOBIETBOPSTH LIECTH
ypaBuenusm (1.26). Ho u storo Hemoctato4yHo. JleTepMHHAHT MaTpPHIIbl, IJIEMEHTaAMHU
KOTOPOM SIBIISIOTCS HAIIPABJISIONINE KOCUHYCHI, TOJIKEH OBITh MOJIOKUTEIbHBIM.

Bropoil MeToa Hcnoib3yeT KOOpJIAMHAThI BEKTOpPAa UCTUHHOIO 3HJIEpOBa MOBOPOTA. DTUX
KOOPJMHAT TPU — MO OJHOM Ha KXY CTENEeHb CBOOOBI. JIt0ObIe TpU JEeHCTBUTEIBHBIX
YyHuCla, SBIAACH KOOPJAMHATAMM BEKTOpAa HCTMHHOIO 3WJIEpOBa IMOBOPOTA, OJHO3HAYHO
ONpEENAI0T OPUEHTALMI0 TBEpAoro tena. OQHAKO OAHONW OpPUEHTALMM TBEPAOIo Teja
COOTBETCTBYET OECKOHEYHOE (a MMEHHO, CUYETHOE) MHOXKECTBO TPOEK ICHCTBUTEIHHBIX
yucen. KoopauHaTel KOJITHHEAPHBIX BEKTOPOB, JUTMHBI KOTOPBIX OTJIMYAIOTCS HA 2-T0-1, T/IE
1 — IIPOU3BOJIBHOE LIEJIOE YNCIIO, ONIPEAEISIOT OJHY U Ty K€ OPUEHTALUIO Tea.

Tpetuidi MeTOJ MCIOIB3YET TPOMKY KOOPAMHAT BEKTOpAa KOHEYHOTO MOBOPOTa. B 3TOM
CJy4yae B3aUMHO OJIHO3HAYHOE COOTBETCTBHE MEX/y TPOMKAMU KOOPJMHAT U OpUEHTALIUEH
TBEPJOTO Tejla HaOMomaeTcss MOYTH BClOAy. VICKIIOYEHHE COCTaBIAIOT OpHUEHTAIUH,
MOJTyYaIOIIMECs] U3 UCXOHOM MOBOPOTOM TBEPAOIO TEJa BOKPYT JHO00H OCH, MPOXOAsIIei
Yepe3 HEMOABMKHYIO TOYKY, HA yroia * 7. DT OpPHEHTAIlMHM COOTBETCTBYIOT BEKTOpPaM
O0eckoHeyHOW anuHbL. Elle oJHa HENPUSATHOCTh, CBSI3aHHAS C ATUMH OpPHUEHTALUSIMU,
3aKJIIO9aCTCA B TOM, UTO HapyHIacTCd HCIPCPBIBHOCTL MCK/Y ITOBOPOTAMH TBEPAOIr'0O TCJia
U KOOpJMHATaMM BEKTOpa MCTHHHOIO 3ijiepoBa MOBOpOTa. beckoHeyHO OIM3KUM OpHeH-
TalusaAM TBEPAOro TCJIa COOTBCTCTBYIOT KOOPAMWHATBLI, PA3HOCTb MCKAY KOTOPBIMU CTPC-
MUTCS] K OECKOHEYHOCTH.

OO0 3TX 0COOEHHOCTSIX HAJ0 MOMHHUTD MPU BBIOOPE METO/Ia MPECTaBICHUS HHPOPMAIUH
00 opueHTaIK TBEPAOTO TeNa B IPOCTPAHCTBE.

1.5. KunemaTnuyeckune ypaBHeHHs

B stoMm pasnmene paccMoTpuM 3ajady O BpalleHHH aOCOJIIOTHO TBEPAOTO Tejla ¢ OHOM
HEMOJBM>KHOM TOYKOW. bylieM monararb, 4TO TEJIO HAXOAWUTCS B JBHIKCHUU U B KaXKIbIU
MOMEHT BPEMEHM 3aHMMAaET HOBOE IOJIOKEHUE. DTO O3HAYAeT, YTO KHHEMAaTHYECKUE
napaMeTpbl, KOTOPbIC OMPEICNSIOT MOJOXKEHHE Tela, SIBISIOTCS (PYHKIUSIMH BPEMEHU.
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W3BecTHO, 4TO JBMXKYILEECS TBEPIOE TEJIO B KaXKIbIii MOMEHT BpEMEHHU BeJeT cedsl Tak,
OyATO OHO BpAIAETCs] BOKPYT MIHOBEHHO-HEIIOJIBUKHON OCH, OIpENesIieMO BEKTOPOM
YIJIOBOM CKOpPOCTH . 3ajaya 3TOro pasjiena 3akKJIo4yaeTcsl B BBIBOAE KHHEMATHUYECKHX
muddepeHIaTbHbIX YpaBHEHHUH, KOTOpBIE CBSA3BIBAIOT BEKTOP YIVIOBOM CKOPOCTH
BpallleHUs Tejla (O C MPOM3BOAHBIMU 10 BPEMEHU OT KMHEMAaTHYEeCKUX MapameTpoB. B
KauyecTBE KHHEMAaTHUYECKHX I[apaMeTpoB OyIyT pacCMOTPEHBbI 3JIEMEHTbl MaTPHIIbI
HaIpaBJIAIOIUX KOCHUHYCOB, KOOPAMHAThl BEKTOpAa HCTHMHHOIO JijlepoBa MOBOPOTa M
KOOpJMHATHI BEKTOpa KOHEYHOI'O TIOBOPOTA.

1.5.1. Hanpaenawuiue Kocunycol

Wrak, paccMOTpUM cCilydaid, KOTrJa MOJOXKEHUE IBHXKYILIErocs TBEPIOrO Tejla C OJHOMN
HETIOABUKHOW TOUKOM OTpEEISICTCS] MaTPUIICH HAMPABIISIONINX KOCUHYCOB A(f), KOTOpas
ABIseTCS (PYHKLIMEH BpeMeHH f. B KaXIplii MOMEHT BPEMEHU M3BECTE€H BEKTOp YIJIOBOM
ckopoct (7). Tpebyercst ompenenuTs CKOPOCTh M3MEHEHHUS MaTPHIbl HAIPABIISIOMINX

dA(?)
dt

KOCHHYCOB

B paznene 1.4.2 npeacrasnena popmyina (1.35), kotopas onpeaenser MaTpUILy Harpasiis-
IOLUX KOCHHYCOB A I0CJI€ ABYX I0CJIE€10BaTENbHbBIX T0OBOPOTOB Al 1 A2. Byem cuurars,
YTO MEPBBIM MOBOPOT MPOMU3OLIET B COOTBETCTBUU C MATPHUIIEH KOCMHYCOB A, a BTOPOU
IIOBOPOT — B COOTBETCTBHHM C IIOKa HE U3BECTHOM MaTpuliell KOCUHYCOB A2. DTOT OBOPOT
ObLT BBIMOJIHEH BOKPYT MTHOBEHHO-HEIOIBUYKHOM OCH, ONPEEsIsIEeMON BEKTOPOM YIJIOBOM
cKopocTH ®(f) ¢ KoopauHatamu M;(?), w(z), w3(7) 3a Bpems dt. Marpuia A2(f) UMeeT BU:

1 00 0 -0, 0,0
A2)=|0 1 O|+dt-| o) 0 -—o()|=E+dt-S[a@)]. (1.76)
0 0 1 —0,(t) o) 0

Torga ckopocTh U3MEHEHHUSI MAaTPULIBI HATIPABJISIONINX KOCUHYCOB BbIpa3UTCs (hOpMYIION:

dA(t) _ A20)-A()-A() _{E+dt-S[o@)]}- A0 -A®) o

[o()]-A®). (1.77)

d d di
[ToKOMIIOHEHTHO (hOPMYJIa BBHITJISAAUT TaK:
0 —x0;()  x0,(0) | | a, () a,@) a;()
d‘zy):s[xm(z)]-A(z): O 0 =00 | ay) ap®) ax@®|. (1.78)
—x®, (1) xo,(?) 0 a, (1) ay, () a;(0)

B »s10it hopmynie moauepkHYTO, YTO KOMIIOHEHTBI BEKTOpa YIJIOBOM CKOPOCTH HY>KHO
OpaTh B HETIOABIKHOW CHCTEME KOOPIMHAT.
1.5.2. Bexkmop ucmunnozo 3inepoga nosopoma

PaccmoTtpuM ciywaif, Koraa HoJjoXeHHe JIBHXKYLIErocs TBEPAOIro Tela C OJHOW Hemo-
JBUKHOM TOUKOW ONpENEIIseTcss BEKTOPOM MCTUHHOTO 3illiepoBa MOBOPOTA Y, SIBJISIOLLE-
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rocsi yHKIMEH BpeMEHHU f. DTOT BEKTOP MOXKET ObITh MPEICTABICH B BUIE MPOU3BEICHUS
CKaJIIPHOT'O yIJia MIOBOPOTA Y Ha €IMHUYHBIN BEKTOP OCH IIOBOPOTA €:

() =wy(r)-e(r). (1.79)

B kaxzaplii MOMEHT BpeMEHM M3BECTEH BEKTOp YIJIOBOW ckopoctu (f). Tpebyercs
OIpENIeIUTh CKOPOCTh U3MEHEHUS BEKTOpa Y(1).

Bocnonsizyemcst dopmynamu crnoxenust moBopotoB (1.59) u (1.60). bynem nonarats, 4to
NEPBBII MOBOPOT, onpeaessiemMbiii B popmynax (1.59) u (1.60) Bekropom W1, COOTBETCTBY-
€T BEKTOpY Y, a BTOPOH MOBOPOT, omnpezaenseMblit B popmynax (1.59) u (1.60) BexTopom
Y2, COOTBETCTBYET BEKTOPY ®-df. OH BBINOIHSACTCS BOKPYT OCH C CIUHUYHBIM BEKTOPOM
€2, 6ECKOHEYHO MaJl U paBeH -dt:

Y2(t)=e2(t)-o(t)-dt . (1.80)
C yuerom 3toro ¢popmyisl (1.59) u (1.60) nprobpeTyT BHL:
cosy(t)+dcosy(t) =cosy(t)—siny(t)-coso(t)-o(t)-dt; (1.81)

2-sinyl(¢)-el(t)+d [2 -sinyl(z)- el(t)] = 2-sinyl(z)-el(t) -
—e(t)-[1—cos y ()] cos a(r) - w(t) - dt +€2(r) - [1+cos y(1)]- o(t) - dt + (1.82)
+[e(r)xe2(r)]-siny(r)- o(t)-dt.

[Tocne sneMeHTapHBIX TPEOOPa30BAHUIA MTOTYUNM:

Wz—sinw(t)'w(f)'cow(t); (1.82)
d[2-siny(t)-e(t)] — M1 : :
v = —e(r) [1-cosy(1)]- o) cos au(r) + (1.84)

+e2(1)-[1+ cos y(1)]- o(r) +[e(r) x €2(r) ] sin y(7) - o(?).
PacKpbIBasi IIPOU3BOJIHYIO B JIEBOi yacTH paBeHcTBa (1.83) M ynpomias ero, momydum:

dy(t)
dt

= a(t)-cosa(r) =[e(r)- ()] . (1.85)

HanomunaeM, 4To o — yrojl MeX]ly HallpaBJICHUSIMH € U e2.

[TpousBonHas yeBoil yactu paBeHcTBa (1.84) ¢ yderom ¢opmynsl (1.85) packpbiBaeTcs
TaK:

d[2-siny(t)-e(r)] de(t)

& =2-cosy(t)-w(t)-e(t)-coso(t)+2-siny(t)- & (1.86)
[IpupaBHuBast 3T0 BbIpakeHHE MpaBoi yacTu Gpopmysl (1.84), momydum:
de(t) _ A ‘ 1+cosy(t) [e()xa(r)]
7 {o()—e(t)-[o()-e0)]} 2 sEw ) + : . (1.87)
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C yuetom popmyi (1.39) u (1.40) moxeM 3anucaTh:

de)_ 1y [exo)
o~ eOx[o@)xe®)]-J-ctg = i —. (1.88)

311ech TakKe yuTeHa 3aBUCUMOCTB!
1+coswy(?) zl-ctgm. (189)

2-siny(t) 2 2

Takum 00pa3om, MOydeHbI CKOPOCTH M3MeHeHus yria  (1.85) u eqMHUYHOrO BEKTOpa €
(1.88). Ham »xe TpeOyeTcst HalWTH CKOPOCTh M3MEHEHUS BEKTOpa W/, BhIpaskaeMoro (Gopmy-
noii (1.79). Iuddepenmupys 3ty popmyiry, MOITyIUM:

dy(t) _ dy(t). de(t)
o e(t)+wy(?) o (1.90)
[ToncraBnss croga Beipaskenus u3 popmy (1.85) u (1.88), okoHUATETHHO TOTYUUM:
ay(©) v 00 v0] vOx[o0xv0] 1 vo) [vOxo0] o

dt v (t) v(t) 2 2 2

D10 — BeKTOpHast popmyma, KOTOpas SKBUBAJICHTHA TpeM CKalsipHbIM (hopmynam. Kpome
Toro, ¢opMyna crpaBeUluBa Ajsi JHOOOW cCHCTEMbl KOOPAMHAT, B TOM YHWCIE, W AJIs
HEMOJIBIKHOW, W JJIs TMOABMXHOW. BakHO TOIBKO, YTOOBI BCE BEKTOPHBIC BEIWYHHBI,
BXO/sIIKe B (pOpMyIly, BBIpaKaJIUCh B OJHOM M TOW e cucreme koopauHaT. Cremyer
TaKXe 3aMETUTh, YTO Mpasas 4acTh ¢popmydsl (1.91) cocTout U3 Tpex B3auMHO HEpHECH/U-
KYJSIDHBIX BEKTOPHBIX ciaraemsbiX. IlepBoe W3 HUX KOJUIMHEApHO BEKTOPY W, BTOPOE
MEePHEHIUKYISIPHO BEKTOPY W, HO KOMIUIAHAPHO BEKTOPY ®, TPEThE — MNEPIICHIUKYJIIIPHO U
BEKTOPY W, U BEKTOPY ®.

1.5.3. Bekmop Koneunozo nosopoma

PaccmoTrpuMm Teneps cityuail, Korjaa IOJ0XKEHHE ABHKYILIETocs TBEPAOrO Tela C OJHOU
HETIO/IBM)KHOW TOYKOW ONpenenseTcs BEKTOPOM KOHEYHOro HOBOpoTa O, siBistomerocs
¢dbyHKIMel BpeMeHH f. DTOT BeKTOp BbIpaxkaercs (opmynoii (1.61) u B Hamem ciydae
MOJKET OBITh MPE/ICTABIIEH TAK:

e(t)=2~tg$-e(r), (1.92)

rze y(f) — CKaJsIpHBINA yroj MoBOpoTa, e(f) — eTMHUYHBINA BEKTOP OCH [TOBOPOTA.

B kaxnaplii MOMEHT BpEMEHHM M3BECTEH BEKTOp YyIJIoBo ckopoctu o(f). Tpebyercs
OIPEJIEJIUTh CKOPOCTh U3MEHEHHSI BeKTopa 0 (7).

Bocnonszyemest popmysoii croskerus: moBopoToB (1.62). Kak u B mpenbiaymux cirydasx
OyzaeM mojaraTh, 4TO MEPBBIH MOBOPOT, onpexaeiseMbliii B popmyie (1.62) Bektopom 01,
BBITIOJIHSICTCSI BOKPYT OCH C €IMHUYHBIM BEKTOPOM € Ha yroi (), a BTOPOH MOBOPOT,
ornpenenseMbiid B popmyse (1.62) Bekropom 02, BHIIOIHAETCS BOKPYT OCH C €IMHUYHBIM
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BEKTOPOM €2, sIBJIsIeTCSI OECKOHEYHO MajlbIM U COCTaBJISIET BEIMUUHY ®-df. BekTop Broporo
KOHEYHOT'0 TIOBOPOTA ompeaensercs GopMyIioil:

o(t)-dt
2

02()=2-tg -€2(1) = o(t)-dt -e2(t) . (1.93)

[Toacrasmnsist ucxoauelie nanupie B hopmyiy (1.62), momydnm:

co(t) dt

0(t)+d0(t):[ “’(t) dt [e2(t)- e(z)]} {w(z‘) dt -e2(1) +0(t) + ———— 2(t)><9(t)]](1.94)

[Tocne HEKOTOPBIX MpeoOpa3oBaHmii mpuaeM K Gopmyre:

0(t)+do(t) = {1 +%-[m(t) : B(t)]} : [dt (1) +0(¢) +%-[m(t) X O(t)]}, (1.95)
13 KOTOPOU CIIEIyET:
d(zl(t) o)+ [m(t)xe(t)]+— 0(¢)-[w(r)-0(r)]. (1.96)

OTO U ecTb KMHEMaTH4eckoe BeKTOpHoe nuddepeHIraibHOoe ypaBHEHUE, TO3BOJISIONIEE
OTIPE/ICIITh CKOPOCTh M3MEHEHHUS BEKTOpa KOHEYHOTO MoBopoTa O(f) depe3 M3BECTHBIN
BEKTOP CKOpPOCTU ®(f). TO — BeKTOpHas (hopmyra, KOTOpasi IKBUBAJIEHTHA TPEM CKaJIsp-
HeIM (popmyrnam. Dopmyna cripaBeaauBa A 000N cuctembl KoopauHat. [IpaBast yacTh
dbopmynel (1.96) cocTouT U3 TpexX BEKTOPHBIX ciaraembix. [lepBoe M3 HUX KOJUTMHEApHO
BEKTOpY O, BTOpOE KOJUTMHEAPHO BEKTOPY ® (OHO M €CTh TOT CaMblii BEKTOp), TPEThE —
NEPICHIUKYIISIPHO 000UM 3TUM BekTopaM. [IpaBast yacTh (OpMyIBI HE COACPKUT TPUTO-
HOMETPHUYECKUX (PYHKITHH.

CpaBHuBasi KWUHEMaTHYECKHE ypaBHEHUS, IJie B KaUeCTBE KMHEMATHYECKUX [1apaMeTpoB,
KOTOpbIE OMPENETSAIOT MOJ0KEHUE TeJa, BBICTYMAIOT HAIPABIISIOUME KOCUHYChI, KOOPAH-
HaThl BEKTOpa HMCTHMHHOIO 3WjepoBa MOBOPOTAa WM KOOPIWHATHI BEKTOpa KOHEUHOTO
II0OBOPOTa, OTMETUM CJIEYIOIIIEE.

Haubonee mpoctas ¢opma auddepeHHaIbHbIX YpaBHEHUH IOJydaeTcss B cliydae
MCIIOJIb30BAaHUsI MaTPUIbl HAMPABJISIONIMX KOCUHYCOB. TakuMU ypaBHEHHUSIMH Yallle BCEro
MOJIL3YIOTCA Ha TpakTrke. OHAKO B 3TOM CIIy4ae MOJIy4aeTcsi CUCTeMa He U3 TpeX, a 3
neBaTH nudPepeHIMabHBIX YpaBHEHUH, pellieHne KOTOpOM TpeOyeT 3aMeTHBIX 3aTpaT
KOMITBIOTEPHOT'O BpEMEHHU. ITO ObIBAaCT BaXKHO, €CIIM MHTETPUPOBAHUE YPABHEHUH JOIKHO
MIPOU3BOJUTHCS, HANPUMEP, B KOCMUYECKOM IIOJIETE B PEXKHUME PEAIbHOTO BPEMEHHU.
BTropast HenpHusATHOCTH 3aKJII0YAE€TCS B TOM, YTO MEXKIY DJIEMEHTAMHU MATPHIIbl HApaBIIs-
IOIUX KOCHHYCOB JOJDKHBI COOJIOJATHCA alNreOpandecKue CBS3HM, OOECIEeYMBAIOIINE
OpPTOTOHAILHOCTH 3TOM MaTpuilsl. Eciu 0 coOmroaeHnn 3TuX cBsizel He 3a00THTHCS, TO U3-
3a OMMOOK OKPYIJIEHUS NPU BBHIYMCICHUSIX OPTOTOHAIBHOCTH MATPHUIbl HAIPABIISIOMINX
KOCHHYCOB TOCTENICHHO HAPYIIAeTCs, YTO MPUBOIAUT K HETOYHBIM, a MHOT/IA U K HEJIEeThIM
pesynbratam. [loaToMy HM3HAYaNbHO MPOCTOM ANTOPUTM PELIEHUS cUCTeMbI U depeHIIn-
QJIBHBIX YPaBHEHUH MPUXOAUTCS YTSKEIATh IIaraMu OPTOTOHAU3AIMN MATPHUIIBl HAMIPaB-
JSIOUINX KOCUHYCOB.
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Bropoii Bua kuHEMaTH4YeCKUX YpaBHEHUH MOTyYaeTcs, €Clid Hy»KHO ONpEeAeSIUTh KOOPIU-
HaThl BEKTOPa UCTUHHOTO 3iiJiepoBa MOBOPOTa. B 3TOM citydae uncio MCKOMBIX (QyHKIHIA
paBHO 4YHUCIy CTerneHed cBOOOAbI M HHUKAKUX CBSI3€H MEXIy HMCKOMBIMH IapaMeTpaMu
cobmonath He HyXHO. OnHaKo mosydaeTcst cuctema JUuQQepeHIHaIbHbIX YpaBHEHHH
JIOCTaTOYHO CJIO’KHOTO BHJIA, TIPUYEM, OTpeseieHue K03 hUIMeHTOB ypaBHEHH TpeOyeT
BBIUMCIICHUS] TPUTOHOMETPHUECKUX (YHKITHHA.

Tperuii BUI KUHEMAaTUYECKUX YPABHEHUM I10IY4YaeTCs, €CIIU HY)KHO OIPEACIIUTh KOOPIH-
HaThl BEKTOpa KOHEYHOI'O MOBOpPOTa. B 3TOM ciyyae 4yMCIIO UCKOMBIX (DYHKUUH Takxke
pPaBHO 4YHCITy CTereHel cBoOOAbl M 3TH (YHKIHMM Jpyr OT Apyra He 3aBucAT. Cucrema
g depeHInaIbHbIX YPAaBHEHUN MO CPAaBHEHUIO C IMPEAbLAYIIMM CIydyaeM YMpoIlaercs,
OJIHAKO €CJIM yroj IOBOpOTa TBEPIOrO TeJia MO OTHOLIEHUIO K MCXOJHOMY COCTOSIHHIO
npuoOmmKaeTcs K 1, Ko3QOUIMEHTHI 3TOW CUCTEMBI CTPEMATCS K OECKOHEYHOCTH, U OHA
BBIpOXK/IaeTCsl. BEKTOp KOHEYHOro MOBOpPOTa yAO0OCH ISl aHATUTHYECKUX Mpeodpa3zoBa-
HUH.



2. KBaTepHUOHBI

KBaTepHuoHbI ObLIIM BBEJIEHBI B MaTeMAaTHKy Y WibsiMOM Poysnom ['amunsroHom (William
Rowan Hamilton). OHu SBISIOTCS XOPOIIUM WHCTPYMEHTOM JUIS PEIISHUs] MHOTUX 3a/1a4,
CBA3AHHBIX C TPEXMEPHBIM MPOCTPAHCTBOM, U
YUUTBIBAIOT €0 OCOOCHHOCTH, HE HAOII0JAt0IIUeECs
B TPOM3BOJIBHBIX  N-MEPHBIX  IPOCTPAHCTBAX.
Hctopust o Tom, kak ['aMunbToH M300pen KBaTep-
HUOHBI, IPHUBEJEHA 3/1eCh 0 MaTepuajaM KHHUTHU
[32].

B 1835 roamy, B Bo3pactre 30 ner, ['amuibToH
Hayuyuics paboTaTh ¢ KOMIUIEKCHBIMU YHCIaMH KaK
C IapamMu JCUCTBUTEIbHBIX. BIOXHOBIIEHHBIN
CBA3BI0 MEXAY KOMIUIEKCHBIMM 4YHCIAMH U
JIBYMEpPHOU r€OMETPUEH, OH B TEYEHUE MHOTHUX JIET
MBITAICS HM300pECTH TOXOXKYIO alredpy, KoTopas
urpaia Obl AHAJIOTMYHYIO pOJIb B TPEXMEPHOMH
reoMeTpun. To, 4TO OH HMCKaj, Ha COBPEMEHHOM
Yunbsam Poyss I'amuibToR A3bIKE HA3bIBAJIOCH OBl TPEXMEPHOM HOPMUPOBAH-
(1805-1865) HOM anrebpoil ¢ genenueM. IlpuunHa ero 3arpya-
HEHUIl COCTOsATIa B TOM, YTO TPEXMEPHOW HOPMUPO-

BaHHOH anreOphl ¢ ACTICHUEM HE CYIIECTBYET.

Ho ero mHoroneTHue MydeHHsI BCe XK€ ObUIM BO3HarpaxxaeHel. 16 okTsOpst 1843 rona,
MPOryJIMBasCh ¢ *keHoil Boyib KoponeBckoro kanana no gopore Ha 3acenanue Koposnes-
CKOH MpiaHICcKol akanemuu B JlyOnmHEe, OH COBEPIIMI dMOXanbHOE OTKphITHE. [103kKe OH
BCIIOMUHAI: «MOKHO CKa3aTh, 51 3[IeCh U Ceiluac MOYyBCTBOBAJI, KaK 3JEKTPUUYECKAs LETb
MBICITH 3aMKHYJIACh, & 3aCBEPKABIINE MCKPHI OKa3aduCh (hyHIaMEHTAIBHBIMU COOTHOIIIC-
HUSIMH

[IPEJICTABJICHHBIMU HMEHHO B TOM BUJE, B KAKOM s MX C TE€X IOp HUCIIOJIb30Ba». Torna xe
["aMuIbTOH COBEPILINII 3HAMEHUTBIN aKT MaTeMaTUYEeCKOr0 BaHJallu3Ma — OH BbIpE3all 3TH
COOTHOILIEHUS Ha KaMEHHBIX NEepuiiax MocTa bpyM, 4TO WLIIOCTpUpYETCS CIEAYIOLUM
PUCYHKOM.
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3pecb BO Bpemsi nporynku 16-
ro oktabpsa 1843 roga, Cap
Yunesam PoyaH aMunbToH B

Here as he walked by on
the 16-th of October 1843
Sir William Rowan Hamil-

ton in a flash of genius dis- @ & TROY reHmansHoOM o3apeHnn
covered the fundamental &1 i':fr‘f."'h OF [enits ciSCoVgres OTKpbIN  PyHAAMEHTanbHyo
formula for quaternion S fEndamentil forhatla (o™ chopmyny NepPeMHOXEHMS
multiplication B ci-ternion multipication ) KBaTEPHVIOHOB
el T i e T T e 4
iZ=jl=k’=ijk=-1 R = (S L SR ', i iZ=jl=k’=ijk=-1

FTon; e
& cut it on a stone of this M s -'ﬂﬂ—'a-'bm]ﬁ_{r A

bridge.

N BbICEK €e Ha KaMHe 3TOoro
MOCTa.

[NamsThas Tabnuuka Ha MocTy bpym Bpumx B yonune

OpHa U3 NpUYrH, 10 KOTOPOM 3Ta UCTOPUSI CTOJIb XOPOIIO U3BECTHA, COCTOUT B TOM, UTO C
ATOTO MOMEHTA M JI0 KOHITAa CBOEH KU3HU ['aMUIIBbTOH OB OJCP)KUM HJIEEH MCCIICIOBaHMS
KBAaTEPHUOHOB U MPUMEHEHHUS UX B T€OMETpPUHU. B TeueHue HEeKOTOpOro BpEMEHU KBaTep-
HUOHBI JCHCTBUTEIRHO ObUH B Mojie. B JlyOimHe oHM B 00s13aTEILHOM TOPSIAKE BXOUITH
B MPOrpaMMy 3K3aMEHOB, & B HEKOTOPBIX aMEPUKAHCKUX YHUBEPCUTETAX KBATEPHUOHBI
OBLTM €TMHCTBEHHBIM HM3y4YaBIIMMCS pa3/ie]iOM BBICIICH MaTeMaTHKH. MHOroe u3 TOro,
YTO MbI C€HYac JieJlaeM CO CKaJIsipaMy U BEKTOPAMU TPEXMEPHOIO MPOCTPAHCTBA, J1€TATI0Ch
TOT/1a C TIOMOIIBIO BEIIECTBEHHBIX U MHUMBIX KBAaTCPHUOHOB.

Bo3nukia nenast 1IKOJIa
«KBAaTEPHUOHIIUKOBY», KOTOPYIO
nociae  cmeptd  ['amuiibTOHA
BosrmaBisim  Ilurep Todt u3
Omuubypra u benmxamun [upc
n3 ['apBapnma. THUT Hamucan o
KBAaTEPHUOHAX BOCEMb KHUT, B
KOTOPBIX ~ 0cO00€  BHHMaHHE
YAEISAIOCh  NIPUIOKEHUSAM K
¢usuke. Korma ['m66¢c m3obpen
COBpEMEHHbIe 0003HAYCHMST IS
CKaJIIPHOTO M BEKTOPHOI'O IPO-
n3BeaeHuii, ToHT o0003Bam HX
Jleonapn Oiinep «ypoauamu-repmadgponutamny.  berxamdH Omuap Poapur
(1707-1783) (1795-1851)

PazBepnyniace ropsiuas mojieMMkKa, B X0JIe KOTOPOH TaKue 3HAMEHHUTOCTH, Kak KenbBUH U
XeBucaiin, papakaiuch YOUHCTBEHHBIMU BBICKA3bIBAHMSMH B aJpec KBAaTEPHHOHOB. B
KOHIIE KOHIIOB, KBaTE€PHUOHBI ObUIM MOOEKAECHBI U MPHOOPETH HECKOJIbKO IypHYIO
pemnyTaluio, OT KOTOPO OHH B MOJIHON Mepe TaK U He N30aBUITUCH.

Jlo6aBum, uTo X0Ts 'aMUIIBTOH AEWCTBUTEIHHO ObUT IEPBBIM, KTO MOCTPOMII KBATEPHUOHBI
Kak anreOpy, y KBaTepHHOHOB €CTh U OoJiee paHHAS UCTOPUS, HAUWHAIOMIASICS C OTKPBITHS
DOitnepom B 1748 rogy ToxaecTBa yeThlpex kBajapaTtoB. Kpome Toro, BuaHBIN (paHIry3-
ckuii MateMatuk b. O. Poapur B cBOMX HCCIIEIOBAaHUAX IMapaMeTPU30Bal OOITUI TOBOPOT
C TIOMOIIBIO YETHIPEX YHCEJ, SIBIAIOUIMXCS (PAKTHUECKU KOMIIOHEHTaMHU COOTBETCTBYIOIIE-
ro KBaTepHHUOHA. JTO MO3BOJISIET PacCMaTPUBATh €Tro Kak IMpPEeIBECTHUKA uaei I amuibro-
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Ha, MOCKOJIbKY NMPUBOJIMMOE UM IMPaBUIIO YMHOKEHHS CoBIaAaeT ¢ popMysioi ['aMmuibToHa
JUIS1 IPOU3BEACHUS ABYX KBATEPHUOHOB.

2.1. OcHOBHBIE MOHATHSA
KBaTepHHOH — 3TO yropsioueHHas YeTBEPKa JCHCTBUTEIBHBIX YHCET:

q=[4- %9 4] 2.1)

cojepkamas B cebe MHPOpMALMIO O CKalsipe U TpexMepHOM BekTope. KBaTrepHHOH
yCIOBUMCS 0003HA4aTh KUPHBIMU MPSIMBIMU CUMBOJIAMM, & €r0 KOMIIOHEHTHI (YuClia U3
YEeTBEPKH) TEMH e, HO TOLIMMH HAKIIOHHBIMUA CHMBOJIAMH C HIDKHUM HHIEKcoM. KBatep-
HUOH B KOMITIOHEHTax OyJieM n300pakaTb B BUJ€ CTPOKH WJIM CTOJIOLA (B 3aBUCUMOCTH OT
y100CTBa HAITMCAHKSA) B KBAIPATHBIX CKOOKaX.

B kBaTepHHOHE pa3InyaroT CKaIspPHYIO 9acTh (scalar-part):
scalq=gq,, (2.2)

IPECTaBIIAIONLYI0 COO0M cKallsip, U BEKTOPHYIO 4acTh (vector-part):

VethZ[ql’ q, %]T’ (2.3)

NPEJICTABIIAIONIYI0 COO0M TPeXMEPHBINA BEKTOP.
KBaTtepHUOH, UMEIOLINI TOJIBKO CKAJSIPHYIO YacTb

q=[g,,0,0,0], (2.4)

HA3bIBAETCS YMCTO CKAJISIPHBIM (scalar quaternion).
KBaTepHHOH, IMEIOMINI TOJIBKO BEKTOPHYIO 4acTh

q:[oa 99>, %]v (2-5)

HA3bIBAETCS YMCTO BEKTOPHBIM (right quaternion).
Jnst KBaTepHUOHA OTIPEIENIEHO HECKOJIBKO CKANISIPHBIX XapaKTEPUCTHK.
1. Hopma (norm):

lal =g; + 47 + 45 +4. (2.6)
2. Monaynb (modulus):

lal=a +ai +ai +qi . @.7)

3. Moayinb BEKTOPHOM 4acTH:

@) =+q; +4;+4q; , (2.8)

Ui 0003HAYeHHUs KOTOpOro OyJieM HCMHONb30BaTh HUACHTU(PUKATOP KBAaTEpPHUOHA B
YTJIOBBIX CKOOKaX.

4. Apryment (argument, phase) — yrioBas BeIW4YWHA, paBHAsE apTyMEHTY KOMIUIEKCHOTO
qucaa ¢ JeHCTBUTENBHOM 4acThio gp 1 MHUMOM uacThio (q) (puc. 2.1). BBuay Toro, 4ro
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MOJ1yJib BEKTOPHOM YacTH KBaTEpPHHOHA — BEJIMYMHA HEOTpULATENIbHAs, apTYMEHT HPUHU-
MaeT 3Ha4Y€HUsI U3 3aMKHyTOro uHrepaia [0, «t].

A
W (6o (@)

arg q 90

6<T >

Puc. 2.1. K Bonpocy omnpeneneHus apryMeHTa

ApPryMeHT KBaTepHHOHA OOBIYHO OMPEEISIOT (HOPMYIION:

argq = arccos|%°| . (2.9)

Onnako 3ta opmyna miaoxo oOycioBiIeHa BOMU3M KpaeB MHTepBaia. [l BBIYMCICHUN
Jyd4Ille HMCIOJIb30BaTh BCTPOCHHBIE (YHKIHMM arg(x + i-y) (KOMIUIEKCHOTO YHWCIIa) WU
atan2(x, y), IMEIOIIHECs BO MHOTHX MaTeMaTHYECKUX mporpammax. [loatomy uare Oynem
MOJIb30BaThCs (POPMYJIION:

argq =arg[q, +i-(q)], (2.10)

CIPaBeIMBON U IPU HEKOTOPBIX OOOOIIEHUSIX XapaKTEPUCTUK KBATEPHUOHOB.

Kaxk cnenyer u3 dopmyn (2.6) u (2.7), Hopma ¥ MOy Ih KBAaTEPHUOHA PABHBI HYJIFO TOJIBKO
JUISL HYJIEBOTO KBaTepPHUOHA, 0003HAYAEMOTO:

0=[0,0,0,0]. 2.11)

ApPryMeHT HyJIEBOT'O KBaTE€pHHOHA HE OIPEJIENIEH.

5. KBarepHUOH sIBIsieTCS HOPMHUPOBaHHBIM (normed), €ciii ero HOpMa paBHA EIMHUIIC.
Bepzopom (versor) wim 3HaKoM (sign) KBaTepHHOHA OyJeM Ha3bIBaTh HOPMHPOBAHHBIN
KBAaTEPHUOH, TIOJYYCHHBIN Ha €0 OCHOBE:

Versq:sgnq=ﬁ~ (2.12)

2.2. Onepanum HaJl KBATEPHUOHAMM

1. KBarepanonnoe conpspkeHue (conjugating), o00o3HagaeMoe 4epToi Haj uaeHTH()UKaTo-
POM, OTIpeaeNsieTcs CIAeIYIOUMM 00pa3oM:

q:[qO:_%:_QZ:_%]' (2-13)

B PE3YJIbTATC KBATCPHUOHHOI'O COIPSAKCHUSA IMOJTYyHaCTCs KBATCPHUOH.
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2. Ksarepuunonnoe cnoxenue (addition), o6o3Hawaemoe 3HakoM "+, ompeaenseTcs
bopmyoit:

q,t+ D

q+p= , (2.14)

Kak BUJHO U3 HEC, KBATCPHUOHBI CKJIAABIBAOTCA ITOKOMIIOHCHTHO. B PE3YJIbTATC KBATCP-
HUOHHOT'O CJIOKCHHSA IMOJTYy4YacTCs KBATCPHUOH. Cnoxenue KBAaTCPHUOHOB KOMMYTAaTHUBHO.

AHAJIIOTUYHO onpeieNisieTcss U KBaTepHUOHHOE BeIYUTaHuE (subtraction):

90— Do
q-p=| "7, 2.15)
q9,— P,
q; — Ds
CrpaBe/IMBEI CIEAYIOLINE PABEHCTBA:
P+q=p+q; p-q=p—q. (2.16)

3. YMHOXEHHE YMCIIa Ha KBAaTCPHUOH WJIM KBATCPHHOHA HAa YKCIIO, 0003HAYaeMOe 3HAKOM
"." ompenensercs: GopMyIIOi:

a-q

a-q

a-q=q-a= . (217)

a-q,

a-q,
B pesynbraTe yMHOKEHHSI YHCIa HAa KBATEPHUOH WM KBATEPHHOHA HA YHCJIO MOJTyYaeTCsI
kBarepHHOH. Oniepaliyst KOMMYTaTHBHA.

4. KBarepHuoHHoe yMHOeHHe (quaternion multiplication, Grassmann multiplication),
obo3Ha"gaemoe 3HaKoM "o ", ompeaensercs GopMyIIoun:

9o Po—4 "Dy =49, P> 493" Ps
qop = gy P14, Py +4q, Py =45 D, . 2.18)

90" P, =49 Pst49, Pyt 45 P,

90" Ps 14" P, =49, P t4q;° D
B pesynbrare KBaTEPHHOHHOIO YMHOYKEHHUs IIOJydaeTcss KBaTepHHMOH. KBaTepHHOHHOE
YMHOKEHHE HEKOMMYTaTUBHO (noncommutative), T. €. ero pe3yjibTaT B OOLIEM CIIydae
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3aBUCHUT OT MOPSAJIKAa COMHOXKHUTEIEH. PaccMOTprM HEKOTOpBIE CBOMCTBA KBATEPHUOHHOIO
YMHOXKEHHS.

YMHOXKEHUE KBATCPHUOHOB aCCOINUATHUBHO:
goper=(gep)er=qo(por). (2.19)
VYMHOXKEHUE KBAaTCPHHOHOB ,Z[I/ICTpI/I6YTI/IBHO 110 OTHOIICHUIO K CYMMHUPOBAHUIO:
qo(p+r)=qop+qer; (p+r)oq=peoq+req. (2.20)

CKaJ'DIpHa}I JaCTb HPOU3BCACHHUA KBATCPHUOHOB HC HU3MCHACTCA IIpHU LHUKINYECKOM
INEPECTAaHOBKE COMHOKUTEJICH:

scal(poqor)=scal(ropoq)=scal(qorop). (2.21)

B uvactHOCTH, CKansipHast 4acTh NPOU3BEACHUS ABYX KBATEPHUOHOB HE 3aBUCHUT OT MOpPSAJIKA
COMHOYKUTEJIEN:

scal(poq)=scal(qop). (2.22)

CornpsikeHHOE 3HAYEHUE OT MPOU3BEJICHUS JIBYX KBATEPHUOHOB PAaBHO MPOU3BEICHUIO MX
COTIPSIKEHHBIX 3HAUEHUH, B3AThIX B 00paTHOM MOpPSIKE:

Peq=qeop. (2.23)
ITo MHIYKIMK 5TO MPABUIIO PACIIPOCTPAHAETCS HA JIFOO0E YMCIIO COMHOKHUTEIEH:
W:EOFOQOﬁ_ (224)
HOpMa MMPOU3BCACHUA IBYX KBATCPHUOHOB paBHA TPONU3BCACHHUIO HOPM COMHOKHUTEIEH:

[p=al =pl-|al - (2.25)

DTO0 yTBEpKIIEHUE AaJIEKO HE TPUBHAIBHO U MPEACTABISET COOOM OHO M3 3aMeYaTeIbHBIX
cBOMCTB KBarepHUOHOB. Eme B 1750 romy, 3a10iro 10 MOSIBICHUS KBATEPHUOHOB, €O
nokazain JI. Ditiep. OHO M3BECTHO KaK TOXKIECTBO O YETHIPEX KBaAparax: MPOU3BEICHHE
CYMM YeTBIpEeX KBaJIpaToOB SIBISETCS CYMMOI YeThIpeX KBaIpaToB.

[To MHAYKIUK 3TO PABUIIO PACIPOCTPAHSIETCS HA JIF000E YHCIO COMHOKHUTEIICH:
Ipoaoros|=[p|-af-lrl-lsl- (2.26)

EnvHUYHBIM 1TO0 YMHOKEHUIO SBIISIETCS TOXKACCTBEHHBIH (identical) kBaTepHHUOH:
i=[10,0,0]. icq=qei=gq. (2.27)

VYMHOXKEHHIE IMPON3BOJIBHOI'O KBATCPHHUOHA Ha TO)KILGCTBGHHBIﬁ XOThb CIipaBa, XOTb CJICBa
HE U3MCHIACT HCXOHHLIﬁ KBAaTCPHUOH.

[TpousBenenue (product) KBaTepHHOHA HA COMPSHKEHHBIA €My BBIpa)kaeTcsi (pOPMYIION:

q°G=qoq=[]q|.0.0,0]=q]i. (2.28)
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5. IlpencrtaBisitoT MHTEpEC €lle JBE Oomepanuyd Haj KBarepHuoHamu. [lepBasg w3 HuX
HA3BIBAETCS CKAISPHBIM Mpou3BeeHueM (scalar product) u Beipakaercs GopMyIIoit:

Poqot P q+Dq, TPy q;

po +_o 0
s:B_ﬂEﬂ_B: . : (2.29)
0

B pesynbrare 3TOH oOmepanuu IOJY4YaeTCsl YUCTO CKAJISPHBIM KBAaTEPHUOH, CKaJlpHas
4acTb KOTOPOTO PaBHA CKAJISPHOMY IPOM3BENIEHUIO KBATEPHHUOHOB-COMHOMKUTENIEH, €ciu
UX paccMaTpUBaTh KaK YETHIPEXMEPHBIE BEKTOPHI, & BEKTOPHAsI YaCTh paBHA HYIIIO.

Bropas omeparus Ha3pIBacTCS BEKTOPHBIM Tpom3BeieHUEM (vector cross product). Ona
BEIpaXKaeTcsi POpPMYIIOi:

0
oq—qo Py 4 — D54

y=P2474°P _| 7% T (2.30)
2 P9 — D4
P9 — P4

B pesynbrare 3TO# omepanuM MOTydaeTcss YUCTO BEKTOPHBIN KBAaTEPHHOH, CKaJIsIpHAS
4acThb KOTOPOrO paBHA HYJIO, a BEKTOpHAs 4YacTh PaBHA BEKTOPHOMY IMPOU3BEICHHIO
BEKTOPHBIX 4YacTel KBaTEpHHOHOB-cOMHOXHTeNeH. Dopmyny (2.30) MOXKHO MO-UHOMY
3anucaTh Tak:
(e} — (e}

Vecthvectvaectq. (2.31)
JIBa KBaTepHUOHA P U ( HA3BIBAIOTCS KOJUIMHEAPHBIMU, €CJIU KOJUIMHEAPHBI UX BEKTOPHBIE
YacTH, TO €CTh KOTJa BEKTOPHOE MPOW3BEICHUE 3TUX KBATEPHHOHOB PAaBHO HYJIEBOMY
KBaTEPHHUOHY:

_P°q-q°p _
2

W3 s10il (opMynbl ClieAyeT, 4TO KOJUIMHEApHbIE KBATEPHUOHBI KOMMYTHPYIOT IpH
YMHOKEHUHU.

v 0. (2.32)

6. ntepeceH pe3ybTaT YMHOKEHHUS! YUCTO BEKTOPHBIX KBATEPHUOHOB:

0 0 —Pq9 P9 P34

P . h|_ Py 95— P39, . (2.33)
P, q, Py 41— P4

Py L9 P49, — Py 4,

B pesynbrate 3TOW Onepanuu MONTy4aeTcsl KBaTEPHHOH OOIIETO BHJA, CKaJspHAs 4acTb
KOTOPOTO paBHA CKAISIPHOMY MPOM3BECHUIO BEKTOPHBIX YacTe COMHOMKHUTENEH, B3ITOMY
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C OoOpaTHBIM 3HAKOM, a BEKTOpPHAs YacTh paBHA BEKTOPHOMY MPOW3BEIACHUIO BEKTOPHBIX
qJacTel COMHOKUTENIEH.

Ha mpumepe »T1oit hopmyssl MOKHO C APYTOi TOYKU 3pEHUS OIICHUTh BaKHOCTH PE3yJIbTa-
Ta MHOTOJICTHUX Pa3MbIIIICHHN ['aMUIIbTOHA O MTpaBwiIe TIEPEMHOKEHHUST TPOCK YUCEI WITH,
0 CYIIECTBY, TPEXMEPHBIX BEKTOPOB. B BEeKTOpHOII anreOpe M3BECTHHI /1B BUIa YMHOXKe-
HUS BEKTOPOB: CKaJsIpHOE W BeKTOpHOe. CKalsipHOE YMHOXXCHHE NaeT B pe3yJbTaTe
CKaJsp, a BEKTOPHOE YMHOXXEHHE — BeKkTop. Hu Ta, HU Apyras BEKTOpHas OIeparius
'aMubTOHA HE yCTpauBalia, TIOCKOJBKY 110 TIPOM3BEICHUIO M OJHOMY M3 COMHOXHTEJICH
HeNb3s OBbLIO BOCCTAHOBUTH BTOPOM COMHOXHTENh. | aMMIBTOH TpUIyMall €Ie OJHO
(KBaTEpHHOHHOE) TPAaBUJIO YMHOXCHHS BEKTOPOB, OOBEAMHSIONICE JBa YIOMSHYTHIX
BbIIIIe MpaBwia. HeoOBIUHBIM B 3TOM MpaBUJIE YMHOXXEHUS OBLIO TO, YTO B PE3yJIbTaTe
rmoJTy4anach He TpoiKa, a YeTBepka uncesn — kBarepHuoH. Kak BugHO u3 hopmynsr (2.33),
MEepPBOE YHUCIIO M3 ATOW YETBEPKH — CKaJsIpHOE MpOU3BeleHUE (C 0OpaTHBIM 3HAKOM), a
OCTaBIIIMECS TPU — BEKTOPHOE mpou3BeeHne. [1o 3Toif mHbOpMaIyu, KOHEYHO, BOCCTAHO-
BUTh BTOPOIl COMHOKHTENh MOKHO. [IpaBrI0 KBATEpHUOHHOTO YMHOXKEHHUS, COepKaIlee-
cs B ¢opmyie (2.18), umeer Gosnee mMUPOKoe MPUMEHEHHE, MOCKOIbKY COMHOKUTEIISIMU
MOTYT OBITh HE TOJBKO TPOWKHU YKCEN — BEKTOPHI, HO M YETBEPKH YUCEN — KBATEPHUOHBI.
Hcnonp3oBaHne YETBEPOK YHCENT BMECTO TPOCK OKA3aJoCh HACTOJIBKO YAa4HBIM, YTO
WCIOJIb30BaHNE KBAaTEPHHOHOB B alNTOPUTMAX JJs aBTOMATHYECKUX BBIUHCIUTEIBHBIX
MAaIlliH YKOHOMHT KOJMYECTBO OIEPallii M BpeMsl BBIYUCICHHA, YTO BaXKHO TPH BBIITOI-
HEHUU PACUETOB B PEKUME pPEAbHOTO BpeMeHH. UeTBepThid 3JEMEHT KBaTEPHHOHA
SIBIISICTCS XPAHIIIUIIIEM TIPOMEXYTOUHBIX PE3YJIbTATOB BHIYHCICHUN.

7. VInTepeceH Takke pe3ysbTaT YMHOXKEHUS KBaTEPHUOHOB C JByMSI HYJIEBBIMU BEKTOP-
HBIMH KOMITOHCHTAMH:

2 9 Do 9y — P4, o
J2! q po'q1+pl-q0 n

of 1= = 2.34
0 0 0 0 ( )
0 0 0 0

N3 srToit popmynbl BBITEKAET, YTO KBAaTEPHUOHBI TAaKOrO BHIA MEPEMHOMKAIOTCA Kak
KOMIUIEKCHBbIE uuciia. B ckamapHONl 4acTM KBaTEPHUOHA HAXOJUTCS JIEUCTBUTENIbHAS
4acTb, @ B BEKTOPHOI 4acTH — MHUMas 4acThb KOMIUIEKCHOTO 4ucia. Tak, ecnu 0003Ha-
YUTh:

P=DPytips q=4qytig; r=r+ir, (2.35)
TO OyJIeT cipaBeyIuBa clieaytomnias hopmyJa:
p-q=r. (2.36)

8. OOpamenue (inversion) KBaTEpPHHOHA, O0O3HAYAEMOE CTEIECHBIO MHUHYC CIWHUIIA,
omnpeaensercs GopMyIoi:

- q
qQ' =—. 2.37
Jal (237
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B pesynprare ymHOXEHHS KBaTE€pHHMOHAa Ha oOpaTHbIM (reciprocal) m cmpaBa, U clieBa,
MOJTy4aeM TOXKICCTBCHHBIN KBATEPHHUOH:

qoq ' =q'oq=i . (2.38)

Hopw™mbl 1 Moy B3auMHO-00paTHBIX KBATEPHUOHOB B3aMHO-00PaTHBI:

la|=lal"; |a|=la" (2.39)

KBarepHuoH, oOpaTHbIN CONPs’KEHHOMY, PaBEH COIPSKEHHOMY OT 00OpaTHOIO KBaT€pPHHO-
Ha.

q'=q"', (2.40)

TO CCTh OIICpalnun 06paH_[€HI/ISI H COIIPAKCHUA IICPECTAHOBOYHHBI.

OOpatHoe 3HAYEHHE OT MPOU3BENCHHUS JBYX KBATEPHUOHOB PAaBHO MPOU3BEICHUIO HX
00paTHBIX 3HAYCHHH, B3ATHIX B OOPaTHOM TMOPSIKE:

(poq) =q'op™. (2.41)
[To MHAYKITMHU 3TO IPABUIIO PACTIPOCTPAHACTCS HA JTI000E YUCIIO COMHOXKHUTENCH:
(poqoros)_1 =s'or'oqop™. (2.42)
NuTepecHb! Takxke GOPMYIIBI 11 CYMMBI WJIH Pa3HOCTH JIBYX OOPaTHBIX KBATEPHUOHOB:
P tq =q o(qEp)op =p e(qEtp)eq . (2.43)
Jpyrue unrepecHsie GOpMyIIbl:

p’+q’ +r’=poqor+qorop+ropoq, rme p+q+r=o. (2.44)

2.3. IlpeacraBjieHne KBATEPHHOHOB MaTPUIIaMHU

M3BecTHO, YTO CyllecTBYyeT M30MOp(U3M MeXIy KBAaTEPHUOHAMHU q = [qo, q1, g2, @3] U
KBaJIpaTHBIMU MaTpULIaMU YETBEPTOTO MOPAJIKA CIIEHUAIBHOIO BUAA

9 49 —49 4
9 9% 49 9

Q= . (2.45)
q9, q; 9 —-q,

q;, —4, q, q,

B OTHOLICHUM KBAaTEPHMOHHBIX M MAaTPUYHBIX omepanuil. Tak KBaTepHUOHY  COOTBET-
ctByeT marpuua Q Buga (2.45), enMHUYHOMY KBaTEepHHUOHY — €JUHMYHAs MaTpula,
HYJIEBOMY KBAaT€PHHOHY — HyJIEBasi MaTpHIIA, CONPSHKEHHOMY KBaTEpHUOHY — TPAHCIOHU-
pOBaHHasi MaTpHIa, 0OpaTHOMY KBaTEPHUOHY — 0OpaTHas MaTPHULA; CI0KEHUIO KBaTEPHU-
OHOB COOTBETCTBYET CJIOKE€HHE MATPHUL], YMHOKEHUIO KBATEPHUOHOB — YMHOXKEHUE
MaTpul], YMHOXXEHHIO KBATEPHUOHA HA YUCIIO — YMHOKE€HHE MaTPULIbl HAa YKCII0; (PyHKIIUH



2.3. [Ipeocmasnenue k6amepHUOHO8 MAMPUYAMU 43

KBaTepHUOHA — OJHOMMEHHAs! (PYHKIMSI MAaTPHUIbl. DTOT U30MOpP(hU3M MO3BOJISIET NIEpEeHe-
CTH 3aKOHOMEPHOCTH, MMEIOIIINE MECTO JJII MaTpPHIl, Ha KBATEPHUOHBI, U HA00OPOT.

PaccmoTpuM HekoTOpbIe CBOMCTBA MaTpull Buja (2.45).
JleTepMHUHAHT 3TOM MaTpHILIbI BhIpaxkaeTcs: GopMyIIoit:

* (2.46)

detQ= (gl +q* +q +q2)* =|q

rae |Q| = \/ qo +q; +q; +q; — MOJIyJb KBaTEPHHOHA.
OOGpatHas MaTpula BelpaxkaeTcsi GopMyJIoit:
r T
Q'= 2 2Q 2, 2 Q_z (2.47)
q0+q1 +q2+Q3 |q|

CoOcTBeHHBIE YHCIa 3TOW MaTPHUIIBI KOMIUIEKCHO-COTIPSKEHHBIC, IByKpAaTHBIE:
g +i-{q); gq,-i-(q), (2.48)

rae (q) =+/g; +¢; +¢; —MOIYIb BEKTOPHOH 9aCTH KBATCPHHOHA.

CoOCTBEHHBIM BEKTOPOM MATPHIBI Q, COOTBETCTBYIOIIMM COOCTBEHHOMY 3HAYCHHIO
q, +i- <q> , ABIIIETCS JTFOOOM U3 CTOJIOIIOB CIEIYIOIIEeH MAaTPUIIBL:

-i-(q) ¢, A g,

| e —ide) g -4,

V= . 2.49
-q, —q; -—i-(q) q 249
—q, q, -4, _i'<Q>

B stoM MokHO y6e,I[I/ITBC}I, BBIUUCIIAA TPOU3BCACHUC MATPHUILL U TIPOBEPSIAA paBCHCTBO!
Q-V' =[gq,+i-{q)]-V". (2.50)

CoOCTBEHHBIM BEKTOPOM MATPHUIBI Q, COOTBETCTBYIOIIUM COOCTBEHHOMY 3HAYCHHIO
g, —1- <q>, SIBJISICTCS JTFOOOW M3 CTOJIOIOB CIIEAYIOIICH MaTPHIIHL:

i(¢) @& @ 4
| -a ie) 4 -4,
V- = . 2.51
-4, —4qs i'<Q> q, ( )

—4; 9, -q, 1- <6] >
B sTOM MOXXHO yOeIUTHCsI, BBIYUCISISE TPOU3BEICHUE MAaTPHI] U TIPOBEPSIS PABEHCTBO:
Q -V =[q,-i(q)] V. (2.52)

+ (3
Cronbupl Matpull V' 1 V-~ He SBISAIOTCS JIMHEHHO HE3aBUCHUMBIMU, ITOCKOJIBKY PaHT 3TUX
MaTpHll paBeH 2.
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2.4. KpaTtepHHOHHBbIe (PYHKIIUH

2.4.1. Ilpeocmasnenue KeamepHUuoHa ¢ AGHLIM YKA3AHUEM HANPABIEHUSA

6EKMOPHOU yacmu

B kBaTepHMOHHOM aHaIM3€ PACIPOCTPAHCHHBIMU SIBIISIOTCA ONEPAlUH C KOJUTMHEAPHBIMU
kBarepHuoHamu. [Ipm paboTre ¢ MHOXKECTBOM KOJUIMHEAPHBIX KBATEPHHOHOB YJIOOHO
3a(UKCHpPOBATh HAIMpaBJICHWE BEKTOPHOW YacCTH ITOTO MHOKECTBA, 3a7aB COHAIPABIICH-
HBIN €l eTMHUYHBIN BEKTOpP € C KOMIIOHEHTaMH €|, €;, €3, KOTOPhI OyeT KOHCTAaHTOW MpHU
BCEX MPeoOpa3oBaHUSAX, a MEPEMEHHBIMH OCTaBUThH J[BA YHCJIA — CKAJSPHYIO YacTh ¢y H
BEJIMYMHY BEKTOPHOW YacTH KBATEpPHUOHA ¢.. KOMIOHEHTHI E€AMHUYHOTO BEKTOPA,
€CTECTBCHHO, 00J1aJTal0T CBOMCTBOM:

el +e+e=1. (2.53)

C y4eToM 3TOro KBaTepHUOH ( = [qo, ¢1, §2, ¢3] MOXKHO TIPEICTABUTH MATHIO YUCIAMHU: €,
€2, €3, o, s, IPUTOM JIBYMS PA3IUYHBIMU CIIOCOOAMMU:
q . 9. 9 .
g ="";e,=">;e;=—; q,=%q). (2.54)
q. q. q.
3HaK s ¢ B opmyie (2.54) MOKHO BBIOPATh MPOU3BOILHO. BaskHO, YTOOBI KOMITOHEHTHI
BEKTOPHOW YaCTH KBAaTEPHHOHA BBIPAXKAIUCH (DOPMYITIaMH:

9h1=¢9: 9,=¢°4.; 4;=6-4.. (2.55)

Hcnonp30BaHre TPUBS3KA K HAMpPABICHUIO BEKTOPHOM YacTH KBAaTEPHHOHA B psIe
CJIyYaeB TIO3BOJISIET TIOJIYYHTh Oosiee TpocThie (OPMYIBI B W30€KaTh TOTOJHUTEIHHBIX
OTOBOPOK B YAaCTH 3HAKOB KOMIIOHEHTOB. DTO OOBSCHSETCA TeM, 4TO B (opMysax C
NPUBS3KOW K HANpPaBJICHUIO BEKTOPHOW YacTH BMECTO HEOTPHUIATEIHHON BETUYMHBI {()
UCIIOJIb3YETCs BeIMYMHA BEKTOPHOM YacTH ¢., KOTOPasi MOXKET OBITh KaK MOJOXKHUTEIbHOM,
TakK ¥ oTpunatensHoi. [Ipu 3ToM GopMyIbl OKa3bIBAIOTCS BEPHBIMU MPU JTFOOOM 3HAKE (.

Bapeupys go 1 g OT —00 10 + 00 Tpu (HUKCUPOBAHHBIX €], €3, €3, MOJYIUM HUCUYEPIILIBAIO-
[e€ MHOKECTBO KBAaTEPHUOHOB, KOJUIMHEAPHBIX HAMPABICHUIO € M, €CTECTBEHHO, KOJUIU-
HEapHBIX MEXIy cOO0H. DTO MHOXECTBO KBATEPHHUOHOB COJICPKHUT B ce0e COHAIpaBiIcH-

HbIe (q. > 0), mpoTuBOHaNpaBieHHbIE (¢. < 0) U YUCTO CKANSPHBINA KBaTepHUOH (q.= 0),
KOTOPBI MOKHO CUHUTATh KOJUTMHEAPHBIM JTFOOOMY HaIpaBICHHIO.

2.4.2. Ananumuueckue (hynkyuu KeamepHuoHa

PaccmoTpuM  (yHKIMIO, apryMEHTOM KOTOpPOW SIBISIeTCS KBaTePHHMOH M 3HAuYCHHEM
KOTOPOH SBIISIETCSI TOXKE KBaTepHHOH. byneM momarath, 4To 3Ta (YHKIMS 3ajaHa, €CIH
3ajjaHbl (DYHKLMOHAJIbHBIE 3aBUCUMOCTH, BBIPAXAIOIIUE KOMIIOHEHTbl KBaTEpHHOHA-
GyHKIMM Yepe3 KOMIIOHEHTHI KBaTepHHOHa-aprymenta. Ecmm F(q) — KkBaTrepHHOH-
GyHKIHMSA, a  — KBATEPHUOH-apTyMEHT, TO (DyHKIIMOHAJIbHAS 3aBUCUMOCTb MEXIY STUMHU
KBAaTEPHUOHAMHU MOXKET OBITh 33J]aHa YeThIPbMS (PYHKIUSMHU OT YETHIPEX MMEPEMEHHBIX:

Fy = 10(40:9,9:-9:)s By = /(4059192 9:)s > = 1,(405 915925 93)s F5 = [3(40591,92-95)- (2.56)

AprymeHnTamu 1 QyHKIHSIMHU B 3aBUCUMOCTSIX (2.56) SBISIOTCS ACMCTBUTEIbHBIC YHCTA.
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AHaTUTHYECKON HA3BIBAOT (DYHKIIMIO, KOTOPYIO MOYKHO TIPEICTaBUTh CYMMOM CTETICHHOTO
psana (psaa Teitnopa) B OKpEeCTHOCTH JII00OW TOUKH ee ompeaeneHus. [Ipu BbIUMCIEHUH
CYMMBI CTENEHHOIO psfa HUCHOJIb3YIOTCS TOJBKO ONEpallid CIOXKEHUS W yMHOXKEHUS.
Takue oneparu onpeaeaeHsl U 17151 KBATEPHUOHOB. JTO J1aeT NPUHIMITHAIBHYIO BO3MOXK-
HOCTb [MOCTPOCHMSI AaHAJTUTUYECKUX KBATEPHUOHHBIX (PYHKITHH.

3amMeTuM, YTO CyMMa KOJUIMHEApHbIX KBATEPHUOHOB KOJUTMHEApHA CJIaraeMbIM; MpPOHU3BE-
JICHWE KOJUIMHEApHBIX KBATEPHUOHOB — KOJUIMHEAPHO COMHOXXUTENIsM. B 3TOM MOXHO
yOeInuThCsl HEMOCPeICTBEHHOM MpoBepKkoil. OTcloa BBITEKAET, YTO CyMMa CTEHEHHOIO
psla OT OJHOrO KBAaTepHMOHA KOJUIMHEapHa JTOMY KBaTepHHOHY. ClenoBaTenbHO,
aHaniTU4eckas QyHKIUS KBaTEPHHOHA, €CJIM OHA CYIIECTBYET, KOJUIMHEapHa KBAaTEPHUO-
HYy-apTyMEHTY.

[Iycth MBI MMeeM J[1Ba KOJUTMHEAPHBIX KBAaTEPHHOHA, 33a/IaHHBIE C SIBHBIM YyKa3aHUEM
OJTHOTO M TOTO K€ HampaByieHUs BekTopHOU dacT: 1 = [glo, e1-ql., ex-gl., e3-gls] m1 q2 =
[920, €1:G2., €2:q2., e3-q2.]. PaccMOTpuM cymMMy QS = [¢So, €1°GSe, €2:¢Se, €3:¢Se]| U IPOU3BE-
IeHue qp = [qpo, e1°qpe, €2:qPe, €3:qp.] STUX KBAaTEPHUOHOB. BBINOIHSISA omepayu Haj
KBaTEpPHUOHAMU TI0 ()OPMATIbHBIM TPAaBUIIAM, TTOJTyYaEM:

gs, =qlo+ 924595, =91, + 92,5 9p, =41, 92y —q1, 92,5 9p, = ql,-v2, +q2,-vl,. (2.57)

Hepr,Z[HO 3aMCTUTh, YTO BCJIIMYHHBI CKAJISIPHBIX gacTei KBAaTCPHUOHOB BEAYT cebs Kak
Z[GflCTBI/ITGJII:HBIC JaCTH KOMIUICKCHOI'O YMCJia, @ BEJIMYHUHBI BCKTOPHBIX yacTeu KBaTCPHU-
OHOB BEAYT ce0s1 Kak MHHAMBIE YaCTH KOMILJIEKCHOI'O YHUCJIA. HeﬁCTBHTeHBHO,

(q10+i-ql.)+(q20 +i-q2.):(q10+q20)+i-(ql. +q2.)=qs0 +i-gs,;

. . _ _ (2.58)
(qly+i-q1,)-(q20+i-92,)=(q1y g2, —ql.-q2.)+i-(qly 2.+ 42, ql.) = qp,+i-qp..

W3 sTOor0 MOXHO chenarth BBIBOA O TOM, YTO aHAIUTHYECKUE (YHKIIMM KBaTEPHHOHA
MOXXHO CTPOUTH KaK KOMIUIEKCHBIC aHanuTHIeckue GyHknuu. [To M3BECTHOH KOMILIEKC-
HOW aHaMUTUYECKON (YHKIMH f MOXKHO TMOCTPOHUTH AHATUTHYECKYIO KBAaTEPHHOHHYIO
¢bynkuuto f(q). Ecnu nonoxuts q = [qo, €1°qe, €2:qe, €3-q. |; (q) = [fo, e1-fe, €2°fs, €3:/s], TO
UL TIOCTPOCHHS aHAIUTHYCCKOW KBAaTCPHHOHHON (DYHKIIMU MOXHO BOCIIOJIB30BATHCS
3aBUCUMOCTSIMH:

foti-fo=1(q,+i-q.) (2.59)

NIIIn
fo=Ref(q,+i-q.); f.=Imf(q,+i-q,). (2.60)

B dopmynax (2.58)—(2.60) i — muumas eqununa; Re — neiictBuTensHas 4acTh KOMILIEKC-
HOTO yucia; Im — MHMMas 4acTh KOMIUIEKCHOTO YHCIIA.

Kaxk cnemyer u3 popmyinsl (2.54), KBaTepHUOH ( MOKHO MPEACTaBUTH MPU TTOMOIIH TISTH
qucell AByMsl crioco0aMu — U Kak qo, €1, €2, €3, §e, U KaK qo, —€1, —€2, —€3, —¢o. ECTECTBEHHO
notTpedoBaTh, YTOOBI HE3aBUCUMO OT (POPMBI MPECTABICHHS, OAHOMY M TOMY K€ apry-
MEHTY COOTBETCTBOBaJia Obl OoqHA W Ta ke (yHKIus. [ 3Toro HeoOXOAMMO, YTOOBI
BBIITOJIHAJIOCH PaABCHCTBO!
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fo—i-fo=1(q,-i-q.). (2.61)

Kak crnemyet u3 pabotsl [52], mis cobmonenus ycnoBuit (2.61) dyHkuus F kak QyHKIHS
KOMIUIEKCHOM MEPEMEHHOM JTOJKHA MPUHUMATh Ha IEMCTBUTEIBHOM OCU JIEUCTBUTEIbHBIC
3HAYEHUS WM, YTO TO ke caMoe, ObITh aHATUTUYECKUM MPOJIOJDKEHUEM HA KOMILJICKCHYO
MJIOCKOCTh AHATUTUYCCKON (PYHKIIMK NEUCTBUTEIBHOW TEPEeMEHHOW, 3aJaHHON Ha Jei-
cTBUTENBbHOU ocu. [Ipu aToM hopmysl (2.60) MOKHO IPECTABUTH B CIEAYIONIEM BUJIC:

:f(qo"'i'Q.)""f(QO_i"I.). _f(QO+i'Q.)_f(QO_i"I.) )

’ *« .
2 2.1
Takum oOpazom, aHanmuTHdeckas (GYHKIUS IEHCTBUTENHLHOM MEpEMEHHOW MOpOXKaaeT
AQHATUTUYECKYI0 KBaTCPHUOHHYIO (YHKIMIO. ECTECTBEHHO KBATEPHUOHHYIO (YHKIIHIO,
MOJTyYEHHYI0 TaKUM 00pa30M, Ha3BaTh UMEHEM MOPOJIMBIIEH e aHATUTUYECKON QYyHKIIUU
JIEUCTBUTEIILHON MEPEMEHHOM.

fo (2.62)

Beipaxkenust mns fo u fo Ui HauOoJiee YMOTPEOUTENBHBIX AHATUTUYECKUX (DYyHKITHIA
KBAaTEPHUOHHOTO apryMEHTa IIPUBEICHBI B IPHIOKEHNN 9. 1.

2.5. InddepenniupoBanne KBATEPHUOHHBIX PYHKIIUI

2.5.1. /Jugpgpepenyuposanue ananumuyeckux yuKyuii KeamepHuoHa
[TycTs MeeM KBaTEepHUOH q  AuddepeHIrat 3Toro kBarepanona dq ¢ KOMIOHEHTAMHU:

a=[49,.49.9,4]; dq=[dq,,dq,, dq,,dq,]. (2.63)

[Tycts 3amana ¢yHkmms storo kBarepHuona f(q), To ectb, 3agaHbl (YHKIHMOHAIbHbIC
3aBUCUMOCTH, BBIp@)XaIOLIMEe KOMIIOHEHThl KBAaTE€PHUOHA-(YHKLIHUU Yepe3 KOMIIOHEHTHI
KBaTE€pHUOHA-apryMeHTa. Takum 00pa3oM, peyub HIET O YEThIPEX CKAIAPHBIX (PYHKIUSIX OT
YeThIpeX CKaISPHBIX apTyMEHTOB:

f;(qu 49>, Q3) (#=0,1,2,3). (2.64)

Tpebyetcst Bolpazuth nudpdepennman kBarepHuona-¢pynkuun df yepes muddepenunan
KBaTepHHOHA-aprymMeHTa dq. B mOKOMIIOHEHTHOM 3anucy pe3yIbTaT BBITIIAIUT TaK:

3 of ,
df = Zi.dqj (i=0,1,2,3). (2.65)
Jj=0 aq j

PaccmoTpuM aHanmuTHYECKYI0 (PYHKIIMIO KBaTEpPHHUOHA, KOTOpAs, KaK M3BECTHO, KOJUIMHE-

apHa CBOeMY apryMeHTy. Eciii KBaTepHUOH-apryMEHT NPEACTaBUTh B BUJIE:
q4=[9,.¢9..¢4..¢-4.], (2.66)

TO KBaTepPHUOH-(QYHKIIMIO MOKHO OyJIeT IIPEACTaBUTh B BHJIC

f:[f;)ael'f;aez'f;ae3'f;]a (267)

a KBaTePHHOH-TIPOM3BOIHYIO OT 3TOH (DYHKIMH — B BUJIE:

d:[do,el~d.,ez~d.,e3-d.], (2.68)
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rae:
_ f(7»)+f(7_v);f. =f(7»)—‘f(7_v);d0
2 20
A=q,+iq; A=q,—iq.;

o

3

_SOHSB) [0SR,
2 2:i (2.69)
i — MHHMAas eOUHHUIIA.

Oynkius d(q) sBISETCS aHAIUTHYECKOW (DYyHKIMEH-TIPOU3BOJHON OT M3y4aeMou (yHK-
uuu f(q). Hanpumep, ecnu f(q) = q2, To d(q) = 2-q, ecnu f(q) = sin(q), To d(q) = cos(q).
B stom ciyuae cootHomeHus (2.65) B MaTpuIHO-BEKTOpHOM (hopme OyyT UMETh BUI:

df, d, —e, -d, —e,-d, —e;-d, dq,
df, _ e -d, T—elz-(T—dO) —el-ez-(T—dO) —e, -e3-(T—d0) . dq, (2.70)
df, | |e,-d, —e-¢-(T—-d)) T-e-(T-d,) —e,-e,-(T—d,)||dq,| '
df, | |e-d, —e-¢-(T—d)) —e-e,-(T—d,) T—e; -(T—d,)||dg,
rae
T=f/q.. (2.71)
3aBucuMOCTh (2.70) MOKET OBITH IPEACTABIICHA U B IPYyTOM BHJIE:
df, dg, | | K -e-g -eg  -erg ||dg
df, _7. dg, lag e-e-K e-e-K ¢-¢-K ' dg, ’ 2.72)
df, dq, e,-g e-¢-K e-e,-K e-e-K||dg,
df dq, e-g e-e-K e-e,-K e-e-K]|dg,
rae
T=f/q; K=/[[q.-d; g=d.. (2.73)
3aBucumocty, oopartusie (2.70) v (2.72), UMEIOT BUI:
dq, df, Ko - g0  —e,-go —e, - go df,
dq, 0. df, |a-go e-¢-Ko e-e-Ko e¢-e-Ko| df, , 2.74)
dq, df, e,"go e,-e-Ko e -e,-Ko e, e -Ko||df,
dq, df, e,-go e-e-Ko e-e,-Ko e-e-Ko||df,
rae
1 1 d
To=—; Ko=———7"—; go=—-—"—.
T T dird> 50T ai+d @75)

2.5.2. Keamepnuonnoe npeocmasnenue 3agucumocmeil 01sa oughgpepenyuanos

[Ipu BbIBOAE (hOpPMYJ U BBHINOJHEHHH PacueToOB BCerja ObIBACT IMOJIE3HBIM MPEJICTaBUTh
WCXOJIHbIE JIaHHBIE U PE3YJbTaThl B BUJE KBATEPHUOHOB, & MATEMAaTUYECKUE 3aBUCUMOCTH
MEX/1y HUMH NPEACTaBUTh B BUJIE KBATEPHUOHHBIX OTEpaIlHii.
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C ucronp30BaHUEM KBaTEPHUOHHBIX OTIEpaIMii 3aBUCUMOCTS (2.70) MOXHO 3amucaTth Tak:

1 1
af = (d=V) dq;dq (d—V)+Vzodqu2’ (2.76)

rac

V=|dye TP =dlse, T —dse,- T =dZ |. 2.77)

Oty xe HopMysly MOKHO MPEJCTaBUTh B BHUJE NMPOU3BEICHHUS MOJJIsl HA BEP30p KBaTep-
HUOHA!

V =T[cos6; e, -sin6;e, -sin6; e, -sin 6], (2.78)
rie
JT*-d;
0= arg{%ﬂ'-TO}. (2.79)

KBagpatHblii KOpeHBb U3 3TOTO KBAaTEPHUOHA MOXKET OBITh BhIUKCIIEH 110 popmysie (9.10):

1 _ _ -
Vz{ /Tde;el.\/T 2d°;e2.\/T 2d°;e3-,/T2d°] (2.80)

Jpyras ¢popmyna i KBaApaTHOIO KOPHS BBITJISANT TaK:

1
V2= |T| -{cosg;e1 -sing;e2 -sing;e3 -sing] (2.81)
2 2 2 2

Crnenyer oTMeTuTh, 4TO (popMyia cnpaBeMBa Npu — < ¢. <m. 3a Ipeae’IaMu 3TOro
JMara3oHa MCIoJib30BaHue (GpopmMylibl TpeOyeT qomnoaHuTeabHoro ananusa. Ilpu g. = 0 Bce
(GYHKIMU HETIPEPHIBHEI.

Pemenre MoxeT ObITh IPENICTABIICHO TaKkXke B (hopme:

AodqoB+BodgoA
dr =29 9°4 (2.82)
2
rac
T+d, d.—d-1" d-|d-1* d —|d] -1
A= 2 T+d > T+d, T+d, |
2-\/ : 2-\/ : 2-\/ :
2 2 2
(2.83)

d+ddl-10  a+faf-1"  d+faf-1"
. /T+d°;e1- L +/|d] o L ++//d| o L+4/|d]
2 2.\/T+d0 2'\/T+d0 2.\/T+d0
2 2 2

T=1/q.. (2.84)

“ .
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Ksatepauons! A 1 B MOXHO MpeCTaBUThH CIEAYIOIIIM 00pa3oM:

(o wt LRI (O ) O T i N P
Bzﬁ[‘iﬁﬂel'(‘iﬁm);%'(d,+\/|d|27);e3-(d.+ |d|2—T2)}.

2.5.3. Paznoocenue keamepHuona no 3a0aHHOMY HANPABIEHUIO

PaccmoTpuM nIpOM3BOJIBHBINA KBATEPHUOH A U IIPOU3BOJIBHOE HAIIPABJICHUE B TPEXMEPHOM
IIPOCTPAHCTBE, 3aJaHHOE HANPABIIAIOIMMHU KOCUHYCaMH €], 3, e3. Pazymeercs,

el +e+e=1. (2.86)

KBaTepHI/IOH a MOXXHO IIPEACTAaBUTH B BUAC CYMMBI JIBYX KBATCPHHUOHOB!

a=ac+an, (2.87)
NEPBBIM U3 KOTOPBIX KOJJIMHEAPEH 3aJJaHHOMY HAaIlpaBJICHUIO U BbIpakaeTcsi (pOpMyIIoif:
ac=[a0,el-a®,ez-a®,e3-a®], (2.88)
rie
ap =e -a,+e,-a,+e,-a,, (2.89)

a BTOPOM (UMCTO BEKTOPHBIN) HOPMAJIEH eMY:

an=a-—ac. (2.90)
MO>HO HCTIOJIb30BaTh TAKXKE JIETKO MPOBEPSAEMbIE KBATCPHUOHHBIC (POPMYIIBI:
a—eocaoce ateocaoce
aa=————; an=———, (2.91)
2 2

/i€ € — YMCTO BEKTOPHBIN KBAaTEPHUOH ¢ KoMIoHeHTamHu [0, ej, ez, e3].
2.5.4. IIpouszeoonasn I'amo

ITponsBonHas I'aTo KBaTepHUOHHON (DYHKIIMU OTIPENENIIETCs COrIacHo Gopmyiie:

.. f(q+Ar-a)-1(q)
of (a)(a)=lim v »

(2.92)

riae q — KBaTepHHOH-apryMmeHt, f(q) — kBatepHmoH-(QyHKIusA, Of(q)(a) — KBaTepHUOH-
MIPOM3BOIHAS, 4 — 3a/IaHHBINA MOCTOSHHBIN KBAaTEPHUOH, Af — IeiCTBUTEIbHAS TIepeMEHHasl.
Ecnu B cooTBeTCTBUM C MpaBuiaMu pazfena 2.5.3 KBaTEpHUOH a MPEACTaBUTh B BHJIE
CYMMBI IByX KBaTEPHUOHOB:

a=ac+an, (2.93)

NEepBBI M3 KOTOPHIX KOJUIMHEAPEH KBaTEPHHOHY-apTYMEHTY (|, @ BTOPOW HOpPMaJeH eMy,
TO ¢ MX IOMOIIBI0 popmyda (2.92) MokeT OBITh 3aIMCaHa CIEAYIONIMM 00pa3oM:
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of(q)(a)=d(q)cac+T -an, (2.94)
rae d(q) — anmanmutudeckas GyHKums-npousBonHas oT ¢yHkuuu f(q); 7 ompenemsercs
dbopmyroit (2.71) 1 U1 pa3IUUHBIX aHATUTUYECKUX (PYHKLIMN NPUBOIUTCA B pasnene 9.2.
Ecnu npenctaBuTh KBAaTEpPHUOHBI U A B BUJIE:

q:[qu €°49.,6,°4,,6 Q.]: a:[aoacl a,, C,d,, G 'Cl.], (295)

rIe e;, ¢; (i =1, 2, 3) — HanpaBJIsArOIIME KOCHHYChI BEKTOPHBIX YacTell KBATEPHUOHOB ( U a
COOTBETCTBEHHO, TO KBAaTEPHHUOH MPOM3BOAHOW ['aTO MOXKHO MPEJCTABHUTH CIICTYHOIHUM
obpa3zom:

d,-a,—-C-d,-a,
e-(d, a,+C-d,-a)+(c,—C-¢)-T-a,
of(q)@a)=| (deaq o7a)* (4 ) : (2.96)
e,-d,-a,+C-d,-a,)+(c,-C-e,)-T-a,
e,-(d,-ay+C-d,-a,)+(c;—C-e)-T-a,
rne C — KOCHHYC yIila MEXIy BEeKTOpaMHU KBaTEPHUOHOB (| U A, BBIYUCIISIEMBIN 110 OpMYy-
e:

C=¢-c +e,-c,te -y, (2.97)

a Dy, Do u T 1711 OCHOBHBIX aHAJIMTUYECKUX (DYHKUIUN MPUBEICHBI B IPUIIOKEHUHU 9.2.

2.5.5. Ceazv mesxcoy komnonenmamu oughghepenyuanos apzymenma u ynkyuu

@opmyna (2.70) BbIpakaeT 3aBUCHUMOCTh MEXKIy KOMIIOHEHTaMu AuddepeHinana
aprymenta dq u guddepennuana ananuruaecko Gynkmuu df. [IpencraBum st qudde-
pEHIMANBI Pa3NIOKEHHBIMH Ha J[Ba CJaraéMbIX B COOTBETCTBHU C HAIPABJICHUEM, CBS3aH-
HBIM C apTyMEHTOM (| ¥ IMEIOIIMM HATPaBIISIONINE KOCUHYCHI €], €2, €3:

dq =dqc+dqn; df =dfc+dfn, (2.98)
npugeM
dqc= [dqo, e dqy,e,-dqy, e, -dq®]; dfc = [dfo, e dfy,e -dfy, e -df®c] , (2.99)
rae
dqy, =e -dq +e,-dq,+e,-dq,; dfy=e -df +e,-df,+e, -df,. (2.100)

HenocpeacTBeHHOM MPOBEPKO MOKHO YOEAUTHCSA B TOM, YTO CIIPABEIJIMBBI 3aBUCUMOCTH:
dfc=dodqc; dfn=7-dqn, (2.101)
SKBHUBAJICHTHBIE 3aBUCUMOCT:M (2.70). O603HaueHus Takue ke, Kak B paznene 2.5.
CripaBeisTUBEI U 0OpaTHBIE 3aBUCUMOCTH:
dqc=d'odfc; dqn=7"-dfn, (2.102)

. -1
HKBUBAJICHTHBIE BEKTOPHO-MATpU4HOU (Gopmyie (2.74). 3aecb d = — KBaTepHHOH, 00paT-
HbII KBaTepHUony d, 7™ ' 4uco, oOpartHoe uuciy 7.
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Takum oOpazoM, BMecTO UCTONb30BaHusa Gopmyr (2.70), MOKHO pasznoxuTh nuddepen-
nuan aprymenTa dq Ha cocrapistomue dqe 1 dqn ¥ BOCIONIB30BaThCsl KBATEPHUOHHBIMU
dbopmynamu (2.101) mist momydenust 1Byx coctaBisironux nuddepennuana ¢yaknuu dfe
u dfn. Takoil MOAXOJ MOXET OKaszaThCs YAOOHBIM TMPHU BBHIMOJHEHUHM AHATUTHYECKHX
npeoOpa3oBaHMiA.

st HexkoTophIX (GyHKIMK 3aBUCUMOCTH auddepennmana Gynkmuu ot muddepeHmana
apryMeHTa BBIPaXaloTCsl MPOCThIMU (hopMynamu. Hinke mpuBeeHBI PUMEPBHI.

Jlnst kBagpatHoit byukiuu f(q) = q:

df =qodq+dqeoq. (2.103)
Jlnst ky6udeckoit pysxumn f(q) = q°:
df =q’cdq+qedqeoq+dqoq’. (2.104)
Jlnst o6parwoii pymximu f(q) = q
df =—q'odqoq'. (2.105)

2.5.6. IIpouszeoouwvie ckanapuvlx yHKYuili KeAmMepHUOHa
ByneMm paccmarpuBath cieyromye cKaasipHble GYHKIIMN KBATEPHUOHHOTO apryMEHTa (:

scal(q) — ckamsapHas 4YacTh KBaTECPHHOHA,

lg| — Hopma xBarepruona; |q| — momyib

KBaTEPHHUOHA; (() — MOJyJIb BEKTOPHOU YaCTH KBaTEpHUOHA; arg(() — apryMeHT KBaTEpHH-
OHa, OIpe/ieJIeHHbIE B pa3aene 2.1.

Bo MHorux 3amayax BO3HHMKAaeT HEOOXOIUMOCTb TU(GEpEeHIMpPOBaTh CKATSIPHYIO (DyHK-
[IUI0 KBATEPHUOHHOTO apryMEHTa 10 KBaTEPHUOHY (TOYHEe, IO KOMIOHEHTaM KBaTEpHHO-
Ha). Pe3ynbTar Takoro nuddepenupoBanus MoKeT ObITh MpeAcTaBiIeH B (popme KBaTep-
HHUOHA.

Ecmu f(q) = flqo, q1, q2, q3) — ckansipHast (QyHKIMA KBAaTEPHHOHHOTO apryMeHTa (, TO
NPOM3BOJHYIO OT 3TOM (YHKIMH 1O apryMeHTy ¢ OyaeM mojarath KBaTEpPHHOHOM CO
CJICAYIOIIMMU KOMITOHEHTAMU:

éf(q){af(qo;ql;qz;qa),af(qo;ql;qz;qa),af(qo;ql;qz;%),@f(%;ql;qz;%) _
oq 04, ’ oq, ’ oq, ’ oq,

(2.106)

[Ipu TakoM mpeacTaBiICHUHU MOJHBINA AuddepeHnnan cKaIIpHOH (QYHKIUN KBaTEpHUOHA
MO’KHO BBIUHUCIIATH 110 (popMyJIe:

df(q)=sca1[@;—(;‘)oﬁj, (2.107)

rae dq — nuddepennman kBaTepHUOHA, ONpeIeTeHHBINA B opMmyite (2.63).
[TpuBenem popMyIibl Uit IPOU3BOIHBIX CKATSIPHBIX (PYHKIUI KBAaTEPHHOHA.
1. IIpon3BoHas OT CKaJSIPHOM YacTU KBaTEPHUOHA

0
—scal(q) =1, )
oq (q) (2.108)
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rI€ | — eAMHUYHBINA KBaTEPHUOH.
2. [Tpou3Bo/iHasi OT HOPMbI KBATEPHUOHA

L Jq)=2-q. (2.109)
aq
3. IlpousBoiHASE OT MOYJIsl KBATEPHUOHA
0 q
—la| =7 2.110
2" o 10
4. IIponsBoaHast OT MOAYJISl BEKTOPHOM Y4acTH
0 49 .49 . 49 q-9q
—<q>={0;—;—;— =——". 2.111
oq (@ (@ (@] 24q) 1D

5. IIpon3BoaHast OT aprymMeHTa KBaTepHUOHA

@.q 9.9 9.4 qu|
—arg(q)=| —Tr T s e | 2.112
oq EW { [l @ Tl @ Tall' <@ Tal @112)
6. HpOI/BBOI[HaSI oT CKaHHpHOﬁ qacTHu HpOI/ISBe,I[eHI/I}I KBaTepHI/IOHOB
%scal(ﬁOQ):P; (2.113)
2 scal(@oq)=— opoq=—LLY, (2.114)
2 2 .
oq |
oy —podg lovo Yodonod '—qopod 'ov)o
9 scal(poqlovoq) =929 Vod°P=P°d vod) (Veqepeq —q°p°q V) 10115
oq Jal Jal
Voa '— oyo _lo o o _lo o oV—V o _10 o
iseal(ﬁoqovoq_l):(p qVoq —qoveq °p)°q _4g°(q °p°qV-voq °op°q) (2.116)
oq Jal q

CKa.HSIpHaH qacTb HpOI/I3B€IIeHI/I$I KBaTepHI/IOHOB HC HU3MCHIACTCA HpI/I 3aMCHC JOTOro
MIPOM3BECHUS COTPSHKCHHOW BEIIMYMHOMN U MPU IIUKINYECKON MEPECTAHOBKE COMHOKHTE-
JIEH.

2.6. KBatepHnoHHble ()yHKIMH BellleCTBEHHOI MmepeMeHHOi

2.6.1. Aooumuenvie npou3e00HaAA U UHMEZPATI K6AMEPHUOHHOU YHKUUU
6eueCmeeHnoll nepemMentol

PaccmoTpuM ciyuail, korja KBaTepHHOH ( sBIsieTcs (DyHKIMEH BEIECTBEHHOH MepeMeH-
HOM 7. EcTECTBEHHO OINpeAeauTh aJANTUBHYIO (MM OOBIYHYI0) MPOU3BOAHYIO KBATEPHHO-
Ha ((f) MO BELECTBEHHON NEPEMEHHOM # CIIEeIYIOLUM 00pa3oM:
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q'(#) = lim

AHO{q(HAt)—q(t)}:[a’%(f) dg,(t) dg,(t) dqg(t)] 2.117)

At dt ~ dt W dr ° dt
KaK BUJIHO U3 (bOpMy.TIBI, HpOI/I3BOI[Ha$I KBaTepHI/IOHa SABIJICTCA KBaTepHI/IOHOM.

ATpubyT "anauTuBHBIE" 10 OTHOIIEHUIO K MPOU3BOJAHON U MHTETpally B Ha3BaHUU ATOTO
paszzgena MOCTaBJIEH Ui TOTO, YTOOBI OTIMYUTH ATH TOHSATHS OT MYJIBTHUIUIMKATUBHBIX
IIPOM3BOIHON M MHTErpasla, KOTOPBIM MOCBSIIECH CIEAYIOUINNA pa3ien.

[MpaBuna muddepeHnInpoBaHUs KBAaTEPHUOHHBIX (YHKIMHA OYEHb TOXOKM Ha IpaBHIIa
muddepeHnrpoBanus 00bIYHBIX (yHKIMNA. OCHOBHOE NPABUIIO COACPKUTCS B (GopmyIie
(2.117), koTopast cBoAMT 3a1auy nuddepeHIpoBaHus KBATEPHUOHHON QYHKIINH K 3a/1a4e
mudQepeHIpOBaHus BEIIECTBEHHBIX (QyHKIMNA. Ecii kBaTepHHOHHAs (PYHKIHUS, KOTOPYIO
Haso npoan¢epeHnupoBaTh, MOIyYeHa M0 MPOCTOMY MPABWIY M3 JIPYTUX KBaTEPHHOH-
HBIX (YHKIMHA, MTPOU3BOJHBIE KOTOPHIX HM3BECTHBI, MOKHO TIOJB30BATHCS CIIETYIOIUMHU
dbopMynamu:

[o-v()]'=a-V' (), [aov(®)]'=acv'(t); [v(t)ea]'=V ()oa;
[u@)+v()]'=u'@)+V @); [u@)ov(®)]'=u'()ov(t)+u(r)ev (1),

r7ie oL — BEIIECTBEHHAs] KOHCTAHTA; 0L — IOCTOSIHHBINA KBAaTepHUOH; U(?), V() — KBATEpPHUOH-
Hble (PYHKIIMU BEUIECTBEHHOW MEpeMEeHHOU #; u'(f), v'(f) — UX TMPOU3BOJHBIE TI0 TIEPEMEH-
HOW ¢.

(2.118)

Paccmotpum cnoxHyro kBatepHuoHHYIO (yHKimio f{q(7)], mpuuem ¢ynkuus f sBusercs
aHaUTUYeCKON (PyHKIMeH KBaTEpHUOHHOIO aprymeHrta (. Ecin BHyTpeHHssI (yHKUMS
q(?) sBnseTcs pyHKUMEN BEIIECTBEHHOM nepeMeHHol ¢, To u ¢pyHkuus f{q(7)] Toxe Oynet
bynkuueit ¢. TpeOyeTcst HallTH Mpou3BoAHY!O 1o ¢ pynkuuu fq(7)].

Bemonuas auddepenurpoBanue 3aBucuMocteil (2.64) M comocTaBisis pPE3yNbTaThl C
dopmynamu (2.92)—~(2.94), npuxonum K BBIBOAY O TOM, YTO:

f'la@)]=of [a)][a'(®)]; (2.119)

TO ecTh, Ipon3BoHas 1o ¢ oT GpyHkuuu f{q(7)] paBHa ee mpousBoaHOU ['aTo (cM. pasgen
2.5.4), ecnn B KadyecTBe IOCTOSHHOIO KBaTepHHOHA a B (dopmyne (2.92) BeIcTymaer
MIPOM3BOJIHAS 110 ¢ OT BHyTpEHHEH (yHKIUU (7).

JIJIss IPaKTUYIECKOTO BBIYMCIICHHUS TIPOW3BOJIHON BHEITHEW (DYHKIIMHM Yepe3 MPOU3BOIHYIO
BHYTpeHHEH (YHKIIMH MOXXHO TMOJb30BaThcs (Gopmyinoit (2.70), koTtopas BBIpakaeT
KOMIIOHEHTBHI KBATEPHUOHA-IIPOM3BOIHON BHEIIHEH (DyHKIIMU dyepe3 KOMIOHEHTHI KBaTep-
HUOHA-TIPOU3BOIHON BHYTpeHHEH (QYHKIIMHA B MATPUYHO-BEKTOPHOU (hopme:

f'=B.q, (2.120)

I7Ie KBaTepHUOHBI-TIPON3BOAHbIC ' U ( 'paccMaTpuBarOTCSl KaK BEKTOPHI-CTOJNOIBI, a B —
KaK KBaJ[paTHasi MaTpHIla 4eTBEPTOro nopsaka. Marpuna B 6e3 Tpyaa npocMarpuBaeTcs B
coctase ¢popmydsl (2.70):
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d, —e, -d, —e,-d, —e;-d,
e -d T—ef-(T—do) —el-ez-(T—dO) —el-e3-(T—d0)
e,-d, —e,-e-(T—d,) T-e(T—d)) —e-e,-(T—d,)|
e,-d, —e-¢-(T—d)) —e-e,-(T—d,) T—e; (T—d,)

(2.121)

TJI€ o ¥ Go; fo U fo; do U de — KOMTIOHEHTHI KBATEPHUOHOB (|, f 1 d COOTBETCTBEHHO; €], €2, €3
— HANPAaBIAIONIME KOCUHYCHI BEKTOPHOI YacTH ATHX e KBaTEPHHOHOB, OOIIME ISl BCEX

tpex ¢yHkuwid. 7 = fi/q.. @ynkuus d sBisieTcs QyHKIMEH-TTPON3BOIHON OT M3y4aeMOil
bynkumu f.

B wactHOCTH, Mpon3BoIHAsE 00paTHOW (HYYHKIIMH BhIpakaeTcst (hopMyJIoi:

(@) =-q'q'oq". (2.122)

AnuTUBHBIN (UM OOBIYHBIN) OMPEEIICHHBIN UHTETpal OT KBaTepHUOHHOU QyHKimu f(7)
BEIIIECTBCHHON MEPEMEHHOM ¢ OTPEICTNM €CTECTBEHHBIM 00pa3oM:

JLt-di=| [ fo-di [ fo-dss [ f0-des [ A0-dt]. 2.123)

raica n b— BCIIECCTBCHHBIC ITPEACIIbI UHTCTPUPOBAHUS.
OCHOBHBIE NPUHOUIIBI MHTCTPUPOBAHUSA TC KE, UTO N 'Y OOBIYHBIX HUHTCIpajioB:

[Mt@y-d=["t@ -di+ [ 1@0)-di; [ ov@)-di=a- [ vo)-dr,
[(aov@y-di=ao| v@oy-di [ vyou-dr= U:’v(t).dr}a; (2.124)
["Ta@ +vo)]-di = [ u@o)-di+ [ v)-a.
OtnenbHo mpuBEeM GOPMYITY HHTETPHPOBAHIS IO HACTAM:
[Tuyov(e)-dr=u@yov), - [ w(e)ovie)-dr. (2.125)

O6o3HaueHus Te ke, uto U B popmynax (2.118) u (2.123).
HeormpeneneHHbIM HHTETPAIOM

[t@)-dt=F()+c (2.126)
Ha3biBaeTcs Qpynkuus F(f), mpon3BonHas KOTOpoil paBHA MOABIHTErpadbHON QyHKINH f(£):
F'(t)=1(2). (2.127)

Ota QyHKIMS HA3bIBAE€TCs MEPBOOOPA3HON M ONpEeAeNseTcs ¢ TOYHOCTBIO 0 HMPOHU3BOJIb-
HOTO aITUTUBHOTO NTOCTOSTHHOTO KBaTEPHHOHA C.

OmnpenesieHHbI MHTETPal MOXKET OBbITh BBIPAXKCH 4Yepe3 HEONpEICICHHBIH CICIyIONM
obpa3om:
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b
j f(¢)-dt =F(b)-F(a). (2.128)

a
PaccmoTpuM 371ech B3siITHE HEOMPENEICHHOTO WHTErpajia KBATEPHUOHHOW (DYHKIIUU OT
BEIIIECTBEHHOI'0 apryMeHTa, IOHUMaeMoe KaK BOCCTAHOBJICHHE NMEPBOOOPA3HON (pyHKITHH

1o ee npou3BoaHOM. Ilpeacrasiser uHTepec QyHKIMS OBOPOTA MOCTOSHHOIO KBAaTEPHU-
OHa V Ha yroil (®)-f BOKPYT OCH, OIpeesIIeMO BEKTOPHOM 4aCThIO MOCTOSIHHOTO KBaTep-

HHOHA M:
o-! o-?
exp( jovoexp(—T]. (2.129)

Ee neonpeneneHHblil MHTETpal

J(t)=J‘exp(mz't]oVoexp(—%j-dt+J0. (2.130)

BCTpEYaeTCsl IPU UHTEIPUPOBAHNN KMHEMATUYECKUX YPaBHEHUM IBUYKEHUS TBEPJIOTO Tela
B IipocTpaHcTBe. /1 Hero cripaBeunBa cieayromnias Gopmya:

_vco-t q
ve, b+ 2 ~sin<m>.t. (’)2"’3_(”3"’2,Sin<(0>'l+vnl'cos(0)>-t
() 2 (o) 2
1= : e : ) [+J0, (2.131
(1) ve, -1+ 2 gplot (o, v-ony o (0) z+vn2.cos<w> / ( )
<(D> 2 <(x)> 2
ve, -t + 2 -sin<m>'t. 0’1"’2_(’32“’1_Sin<(’)>'l‘+m3_cos<(o>-t
L (@) 2 (o) 2 |

rac JO — HpOHSBOJ’ILHHfI MOCTOSIHHBIHN KBaTE€PHUOH; VC U VNI — KOJUIMHEapHas1 U HOpMaJib-
HasA COCTABIAIOMMC KBATCPHUOHA V OTHOCUTCIIbHO KBATCpHUOHA M:

O, -V +O)2 'V2+O)3 V3

(@)°

2.6.2. MynvmuniaukamugeHsle RPOU3E00HAA U UHMEZPATl K6AMEPHUOHHOU (YHKUUU
6éeuiecmeeHHOll nepemMeHHol

ve=[v,, P-0,P-0, P-o,]; va=v-ve; P= (2.132)

Kpome onmcaHHBIX BBIIIE OOBIYHBIX TPOU3BOJIHON M MHTETpalia, pPACCMOTPUM TaK Ha3bIBa-
€Mble MYJbTHUIUIMKATUBHBIC MPOU3BOJIHYI0 M UHTErpall, UMEIOIIME Ba)KHOE 3HAYEHUE B
KBaTEPHUOHHOM aHajiu3e. OHU TPEICTABISAIOT COOONW OCHOBHBIC HMOHATHS MH()PUHUTE3U-
MaJIbHOTO aHajn3a — cBoeoOpa3Horo AuddepeHnaaIbHOTO U HHTETPATbHOTO UCYUCIICHHS
O0ECKOHEYHO MallbIX MAaTPUYHBIX (QYHKUMH. DTH TOHATUS OBUIM BIEPBbIC BBEICHHI B
MAaTeMaTUKy UTaIbIHCKUM yueHbIM Buto Bonbreppa B 1887 roay. B navane XX B. Teopus
MYJBTHILUIMKATUBHOTO WHTErpaja Moiyuywia pazButue B padorax JI. Illnesunrepa mpu
UCCIIEIOBAaHUM CHUCTEM JIMHEWHBIX AUQQEepeHlnaIbHbIX YpPaBHEHUH € aHAIUTUYECKUMU
KO3 PHUIHEHTaAMH.
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B coBpeMEHHOM  H3IIOKEHHUHM  MYJIbTUIUTMKATHBHAS
MIPOU3BOJIHAS M MYJBTUIUIMKATUBHBIA MHTErpajl OmHCa-
HBI B pabote [75]. KpaTkuii 0630p OCHOBHBIX MOHSATHHA
WHOUHUTE3UMAIBHOTO aHalu3a JaH TaKKe B IIMPOKO
pacrnipoctpanenHoi moHorpaduu ®. P. 'antmaxepa [13].
Kak yxazaHo B paszzmene 2.3, MEXIy KBaTEpHUOHAMH U
MaTpUIIAMH CHEIHaIbHOTO BHA HAOIIONACTCS U30MOP-
¢u3m. [TorToMy OCHOBHBIE 3aKOHOMEPHOCTH WH(UHHTE-
3MMaJbHOTO aHajM3a CIPABEIUBBI 10 OTHOIICHHIO K
KBAaTEPHUOHAM.

BBuny toro, 4to yMHOXXE€HHE KBAaTEPHUOHOB HEKOMMY-
TaTUBHO, Pa3jMyaloT JIEBbIE U IMpaBble MPOU3BOJHBIE U
WHTETpaNbl KBAaTCPHUOHHON (DYHKIMU BEIIECTBEHHOTO
apryMeHTa.

JleBy10 MyJIbTUIUIMKATHBHYIO MPOU3BOAHYIO ONPEIEIUM
Buro Bonbreppa (1860-1940)  cnemyromum oOpa3om:

(2.133)

In| q(t+Ar)oq ' (1) (+ADoq () —i
a0 —1im L J_ g+ aneq’@-i
At—0 At At—0 At
I.[J'IH ce 0603Ha‘IeHI/Iﬂ 6y,I[eM HUCITOJIB30BATh CUMBOJI B BUJIC 3HAKA YMHO)KGHI/IFI, TIIOCTaBJICH-
HLIfI Ha MECTC BerHeFO HNHIACKCA CJIEBA OT O603Ha‘{eHI/IH (bYHKHI/II/I
[IpaByto MyJIbTUILTMKATUBHYIO TIPOU3BOIHYIO ONPEICTHM TaK:

In| q7'()oq(t+At S .
q*(t) = lim [q () oq( )]:hmq (Doq(t+An-i
A0 Af At—0 At

(2.134)

[ns ee o0o3HaueHust Oy/leM HUCIHOJIb30BaTh TOT K€ CHUMBOJI, TIOCTaBJICHHBIH Ha MecTe
BEPXHEro MHJAEKCA CIpaBa OT 0003HaYeHUS (YHKIIHMH.

Ob6a ompeneneHuss MyJIbTUIUIMKAaTUBHOW Tpou3BogHON B (gopmynax (2.133) u (2.134) —
SKBHUBaJIEHTHBI. CHMBOJIOM i 0003HAaY€H TOKIECTBEHHBIN KBATEPHHUOH.

3ameTuM, €clid B Ka4eCTBE HE3aBUCUMOM IMEPEMEHHON BBICTYIIAET BPEMs, a MCCIICTyEMbIi
KBAaTEPHUOH MMEET pPa3MEpHOCTb JJIMHBI, TO aJIUTUBHAs MPOU3BOJIHAS HMEET pa3Mep-
HOCTh JIMHEHHOUN CKOpPOCTH (M/CE€K), a MYyJbTUILNTUKATHBHAS MPOU3BOIHAS — Pa3MEPHOCTh
yIJI0BOi ckopocTu 1/cek.

YCTaHOBUM 3aBHCHMOCTh MEXIY aJJUTUBHOM W MYJIBTUIUIMKATUBHOW TMPOH3BOIHBIMHU.
Hnst sToro paBenctBa (2.117) u (2.133) 3aMeHUM SKBUBAJCHTHBIMH, KOTOPBIE TOJKHBI
cobmonatses mpu Ar — 0.

q'(¢) A+ q(t) = q(t+A?); exp[xq(t) -At] oq(t) = q(t+A1); q(t) o exp [qx(t) -At] =q(+A1) . (2.135)

HOCKOHBKy IpaBbIC YaCTHU 3TUX PABCHCTB pAaBHbI MCKIY CO6OI>1, JOJIXKHBI OBITh paBHBI U
JICBBIC:

q'(1)- Ar+q(t) = exp[ “q(1)- At |oq(t) =q(t) oexp| q" (1) At |. (2.136)
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Jli1st cayuast JIEBOM IMPOM3BOAHON paccMOTpUM 6oJiee TOAPoOHO BeIpaxkenue exp[ q (¢)-Af]
npu Manbix At. Jlng aToro Bocnonszyemcs popmynoit (9.11):

cos[xq, (1) At]_
¢,(t)-sin| “q,(r) At |

exp| “q(t)- At |=exp| “q,(t)- At |- , (2.137
[ J=ex"an)-a] e,(t) sin[ *q,(1)-Ar] )
e;(t)-sin| “q,(t)- At]
rAC UCIOJIb30BAaHbI CICAYIOINE 3aBUCUMOCTHU:
“q.(t)- At Tq,(t
[a()-8c] = g0t e (=LA 0O 53 2.138)

“.(0)- At g, (t)

XKupHO# TOUKOH, CTOSIICH HA MECTEe HMKHETO MHICKCa, 0003HAUeHA BEIMYMHA BEKTOPHON

YaCTHU KBAaTCpHUOHA!

ITo xenmaHUIO MOKHO BBIOpATh 1000 13 3HAKOB.

Coxpansis B popmysie (2.137) BenU4YMHBI HE BBIIIE NIEPBOT0 NOPSIKA MAJOCTH 110 OTHOIIE-
HUIO K Af, TOJTy4nM:

1+ 7g, () - At
YA
exp| “q(n)-Ar ] = qulg;Ai =i+"q(t) A, (2.140)

X%(t)'At_

/i€ i — TOK/IECTBEHHBIN KBAaTCPHHUOH.

N3 dopmyn (2.136) u (2.140) BEITEKAIOT CIEAYIONIUE 3aBUCIMOCTH MEXKIY aJTUTUBHOU U
JIEBOH MYJIbTHIUIMKATUBHON TTPOU3BOAHBIMHA KBATEPHUOHHOU (DYHKITUU:

q)="q()°q(); “q@)=q'{)eq’' (). (2.141)

Takue e 3aBUCUMOCTH NPUHATHI B MOHOTpaduu [13] B kauecTBe omnpeaeaeHus MyJIbTH-
IJIMKATUBHOM TPOU3BOIHOM.

AHAJOTHMYHO paccy’Xjas, MOJy4YnM 3aBUCHUMOCTH, CBS3bIBAIOLINE AJJUTUBHYIO U MPaBYIO
MYJIbTUTUTUKATUBHYO TIPOU3BO/IHEIE:

dO=40°q"®); q(O=q")q'®). (2.142)

JleBast u mpaBas MyJbTUIIMKATUBHBIE NMPOU3BOJHBIE CBSI3aHBI MEXAYy cO00Il 3aBUCUMO-
CTSIMU:

Q" (O=q () q(0)oq(t); “q()=q(t)oq (t)oq ' (?). (2.143)
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Huxe npuBoasitcs ocHOBHbIE (OPMYJIBI MYJIBTHUIUIMKATUBHOTO AuddepeHunpoanus. B
HUX JJIS1 KPAaTKOCTH NMCbMa HE MOKa3aHa 3aBUCUMOCTb (DYHKIIMN OT apryMeHTa f.

“(peq)="p+po'qop  =po(p+'q)op ;(Poq)’=q opoq+q =q o(p+°q)oq.(2.144)
EC.TII/I OOUH U3 3TUX KBaTepHI/IOHOB €CTh KOHCTaHTa C, l'IOJ'Iy‘H/IMZ
“(coq)=co*qoc™; *(poc)="p; (coq)=q"; (poe) =c'opec. (2.145)

Kak moxa3eiBatoT (opmyiibsl, yMHOXKEHHE Au(depeHnrpyeMoil GyHKIIMA Ha KBATCPHHOH-
KOHCTAaHTY CHpaBa HE MEHSET JIEBYIO MYJbTHIUIMKATHBHYIO NPOU3BOJHYIO, YMHO)KECHHE
muddepeHpyeMoil (QpyHKIIMM Ha KBATEPHUOH-KOHCTAHTY CJIEBa HE MEHSET IpaByIO
MYJIbTUILUTUKATHBHYIO IPOU3BOIHYIO.

CnopaBeyiBel  Takue (GOPMYJIBl Ul MYJBTHIDIMKATUBHBIX TIPOM3BOTHBIX OOpaTHOU
byHKIMU:

“(@)=—qo'qeq=—q"; (q7)'=-qeq oq’ =-"q. (2.146)
Ora hopMyIia O3BOJISIET TAKKE 3aIHCATh:
‘P e@)=p oCq="p)op;  (peq) =qo(p-q)°q". (2.147)

JHanee npuBogstcs hopmyis! A 1upHepeHIupoBaHHS CONPSHKEHHOT0 KBaTEPHUOHA!

‘q=qc’qeq '=q'o'qeq;  q'=q °q °g=qoq’eq . (2.148)
[TepeiineM Kk pacCMOTPEHUIO MYJIBTUIUIMKATUBHOIO ONpejeiaeHHoro nunterpaia. Ilycts Ha
OTpe3Ke MHTErpupoBaHus a < t < b 3a1aHa KBaTepHUOHHAs (PyHKIUA P(f) BEILECTBEHHOM
nepemMeHHo# ¢ (puc. 2.2). Pa3oObeM OTpe30K WMHTETPUPOBAHUS HA 7 PABHBIX YYaCTKOB
mumHo At = (b — a)/n, mpoHyMepyeM UX B HAaIpaBICHHHM BO3pAcTaHUS NEPEMEHHOH ¢
yuciamu 1, 2, ..., n 1 BbIOEpEM BHYTPH KaXJ0r0 M3 3TUX yYAaCTKOB TOUKY C KOOpJIMHATOU
T1, T2, ..., Tn COOTBETCTBEHHO. BBUly HEKOMMYTaTUBHOCTH YMHOXXEHHS KBAaTEPHUOHOB Ha
6a3ze TOro paz0oMeHusI MOXKHO MOCTPOUTH OTJIMYAIOLIMECS APYT OT JIpyra JIEBOE U MpaBoe

HHTCIrpaJIbHBIC ITIPONU3BCACHUAA.
”

t:a7( At A Lo A | oy
€ €C——D>C——D>C—><C—>

Puc. 2.2. K onpenenenno MyIbTUIUIMKAaTHBHOTO UHTETpaa

JIeBoe HUHTErpaJibHOC KBATCPHUOHHOC IMTPOU3BCACHUEC CTPOUTCA 1O (I)OpMy.]'IeZ

[ Texp[p(z,)-At]=exp[p(x,)- At]o...cexp[p(t,)- At]oexp[p(t,) - At]. (2.149)

k=n
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COMHOXXHUTENN B ATOM HHTErPAIIbHOM IMPOU3BEICHUM PACIIONIOKEHBI TaK, 4YTO UX HOMeEpa
BO3pacTaroT cIipaBa HAJICBO, o6paTH0 HOPSAAKY CICAOBAaHUS YyYaCTKOB OTpE3Ka HHTETPHUPO-
BaHU BIOJb OCH [.

[IpaBoe nHTErpaIbHOE KBATEPHUOHHOE MPOU3BEICHUE BBITJISIUT TaK:
[ Texp[p(t,)-At]=exp[p(r,)- At]oexp[p(t,)-At]o...oexp[p(t,) - At]. (2.150)
k=1

B MpaBOM UHTCTPAIIbHOM IMPOU3BCACHUUN ITOPAOOK CICIOBAHUSA COMHOXKHUTEICH — HpﬂMOfI.

My.]'IbTI/IHJ'II/IKaTI/IBHBIM OIPCACIICHHBIM HHTCTPAJIOM HA3bIBACTCA IIPEACII, K KOTOPpOMY
CTPEMUTCA UHTCIPAJIbHOC NMPOU3SBCACHHUEC, €CIINU YUCIIO YYAaCTKOB 77 CTPEMHUTCA K OeckoHeu-
HOCTH:

ﬁ exp[p(r)-dt] = igrlgoﬁexp[p(rk) -At]; ﬁexp[p(t) -dt]= '1113)1011[ exp[p(t,)-Ar]. (2.151)

[IpuBeneHHbIN 37€Ch HOBBIA CHMBOJ, MOXOXKHI Ha 3HAK MPOU3BEACHHs, OyaeM BIpeIb
MPUMEHATH UIsI 0003HAYCHHUS MYJIbTUIUIMKATUBHOTO HHTErpayia. MyJIbTUILTUKATUBHBIC
MHTETpaNbl N0 TAKOMY K€ MPHUHIIUITY, KaK U WHTETrpalibHble TMPOU3BEICHUS, TOIpa3aes-
IOTCS Ha JIEBBIE U MpaBbie. J[1s TOro, 9TOOBI OTJIUYHTH JICBBIH MYJIbTUTUTHKATHBHBIA HHTE-
rpaj OT MpPaBOro, MOJ IMOABIHTETPAIbHBIM BBIPAKEHUEM CTAaBUTCS CTpPENKa: ISl JIEBOTO
WHTEerpajia — uaymas Crpasa HaJeBo, JUIsl PaBOTO MHTETpaia — UAyIas cjIeBa Halpaso.

HHTerpasibHOE NPOM3BENCHHE B MYJBTUIUIMKATUBHOM WHTETpAJE SBISAETCS aHAJIOIOM
MHTErPAJIbHOM CYMMBI B aJJUTUBHOM HHTErpane. B mpenene, aiIuTUBHBIA HHTETpai
ABIISICTCS OECKOHEYHON CYMMOM CllaraeMbIX, CTPEMSIIUXCS K HYJIO, a MYJIbTUIUINKATHB-
HBII MHTErpas — 0ECKOHEYHBIM MTPOU3BEACHUEM COMHOXKHUTENEH, CTPEMSILIUXCS K eIMHUILIE.

Yro kacaeTcsi pa3MEpPHOCTH BEJIIMYUH, TO B JJAUTUBHOM MHTErPaje 3TU Pa3MEPHOCTU MO-
I'yT ObITh JHOOBIMU. MyYJIBTHUIUIMKATUBHBIN ONpEAEEHHbI UHTErpan — BeIU4YUHa Oe3pas-
MmepHas. [loaTomy, eciu He3aBUCHUMas EpEMEHHas — BpeMsl, OJbIHTErpaabHas (QyHKIHS
JOJDKHA UMETh Pa3MEpPHOCTH 1/cek (yrioBasi CKOPOCTh), €CIIH He3aBHCHMAs IIEpeMEHHas —
JUTMHA TYTH, HOJBIHTErpajibHast (PyHKIMS JODKHA UIMETh pa3MEpHOCTh 1/M (KpUBH3HA).

OKBUBAJIEHTHBIM (2. 15 1) SABJISICTCS TAKOC OIIPCACIICHUEC MYJIbTUIINIMKATUBHOT'O HHTErpaJia:
b 1 b n
A[i+p@®)-di]=lim[[[i+p(r)-At],  ([i+p@)-dt]=lim][[i+p(r,)-Af], (2.152)
a —_— n—»0 k:n a _— n—>00 k=1

r/ie i — TOKIeCTBEHHbIN KBAaTEPHHUOH.

[IpuBenem ocHOBHBIE (OPMYIBI MYJIBTUIUIMKATUBHOTO MHTErpupoBanHus. IlepBas cepus
(bopMyn KacaeTcsl IpeIeIoB MHTETPUPOBAHUS B ONIPEICIIEHHOM HHTErpae.

ﬁexp [p(0)-dit]=i;  [exp[p(r)-dt] :ﬂexp[p(t)-dt]oﬁexp[p(t)-dt]; (2.153)

ﬁexp [p(t)-dt]=1i; nexp [p(t)-dt]= ﬁexp[p(t)-dt]oﬂexp[p(t)-dt]; (2.154)
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-1

ﬁexp[p(t)-dt]:{ﬂexp[p(t)-dt]} ; ﬁexp[p(t)dt]:{ﬂexp[p(t)-dt]} . (2.155)

W3 stux ¢dopMmyn criemyer, 4TO MPH PaBHBIX MEXIy COOOM mpezenax MHTETPUPOBAHUS
MYJIbTUIUIMKATUBHBIN ONpEEICHHBIM UHTErpall paBEH TOXKJIECTBEHHOMY KBATEPHHOHY i.
Bobruncnsis MyJbTUILUTMKATUBHBIN ONpeeNeHHbI HHTErpaj, MOXKHO pa30UTh ydacTOK
WHTETPUPOBAHUS HA JIBa Y4YacTKa M BBIUYMCIUTH MYJIbTHUIUIMKATUBHBIE OMPEICICHHBIC
MHTETpalbl JUIsl KaKIOro ydyacTKa B OTAEIbHOCTU. McKoMblil mHTerpan OyIeT paBeH
MPOU3BEJICHUIO YYaCTKOBBIX HHTErpaioB. [[s J1eBOro MHTErpaga COMHOXHUTEIH HaJ0
pacmojarate B 00paTHOM MOpSAJKE, a JJi MPaBOro MHTErpaiga — B MPSIMOM, MOCKOJBKY
pe3yabTaT MEPEMHOKEHUSI KBATEPHUOHOB 3aBUCUT OT UX TNopsika cinefgoBanus. [lepemena
MECT MpeesOB UHTETPUPOBAHUS PUBOAUT K 0OpAaTHOMY KBaTEPHHUOHY.

Crnenyromas popmyiia noje3Ha Ipu CHEUalIbHOM BUIE MOABIHTETPAIbHOM (PYHKIIMH.

(Nexp [c op(t)oc™ -dt] =co[ )exp[p(t)-dt]oc™, (2.156)

rJie ¢ — TOCTOSIHHBIN KBATCPHUOH.

JUis  MyJbTUIUIMKAaTUBHOTO MHTErpaja CyLIECTBYIOT (DOpMyJibl HHTETPUPOBAHUS 10
qacTsIM:

ﬁexp{[u(z) +Xv(t)]~dt} = v(b) oﬁexp[v-l(r) ou(r)ov(r)-dt|ov'(a); (2.157)

ﬁexp{[u(t) +vi ()] dz} =v'(a) oﬁexp[v(t) ou(t)o v () dt [ov(b). (2.158)

Otr popMyIIbl ABIAIOTCS aHamoraMu Gopmyisl (2.125) nis aaAuTUBHOTO MHTETpaa.

HeonpeneneHHbI MyIbTUIUTMKATUBHBINA HHTETPANI OyZeM TPaKTOBAaTh KaK IEePBOOOPA3HYIO
KBAaTEPHUOHHYIO (DYHKIHIO X(f), IO OTHOIICHUIO K M3BECTHOW KBAaTEPHHOHHON (DyHKITHH
p(?). Ecu aTa hyHKIMS SBISETCS JIEBOW MYJIBTHIUIMKATUBHOMN MPOM3BOIHON HEU3BECTHOM
¢byHKIMU X(£), TO €CTh YIOBIETBOPSET AU PepeHIINATLHOMY YPAaBHEHHIO:

x(1)=p(), (2.159)

TO GYHKIHIO X(7) MOYKHO TIPEACTABUTH B CICAYIOIIEM BHUJIC:
t
x(t) = exp[p(x) - dt]ox(z,). (2.160)

D10 ectb obmiee pemienue auddepeHanbHoro ypaBHeHus (2.159) ¢ mpou3BOIBHBEIM
MTOCTOSTHHBIM KBaTEPHUOHOM X(Z)), paBHBIM 3HaUC€HUIO QYHKIUU X(¢) TIpH ¢ = fo.

Ecmu dynkmus p(f) saBisieTcst mpaBoil MyJIbTUILTUKATHBHOW MPOU3BOIHON (PyHKIMU X(f) U
YIOBJIETBOPSET TU(PepeHIINaTLHOMY YPAaBHEHUIO:

xX(t)=p(t), (2.161)
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TO 00IlIee PELIEHNE YTOr0 YPABHEHUS MOKET OBITH IPEICTABICHO B BUJIE:
x(1) = x(1,) o[ exp[p(t) - d1] (2.162)

C MPOU3BOJILHBIM MTOCTOSIHHBIM KBATEPHUOHOM X(f)).

HeonpeneneHHbII MyJIbTUINIMKATUBHBIA HHTErpajl UMEET Pa3MEPHOCTb IIPOU3BOJIBHOTIO
MMOCTOSTHHOTO KBaTEPHUOHA. ITa Pa3MEPHOCTh MOYKET OBITh JIIO00iA.

Heonpenenenuplii MyJIbTUIUIMKATUBHBIA HMHTETpal MOXET OBITh HCIOJB30BaH s
BBIYUCIICHHS ONPEJEICHHOT0 MYJIbTUIIMKATUBHOTO HHTETpaa:

(explp(t)-dt]=x(b)ox'(a); [)explp(t)-dt]=x"(a)ox(b). (2.163)

OTU 3aBUCUMOCTU BbITEKalOT M3 Qopmyn (2.160) u (2.162) u sBisitoTCSl aHajIoramu
dbopmybl (2.128) ans aAIMTUBHOTO OIPeIeICHHOTO HHTETpaa.

CHpaBCI[J'II/IBBI clIeayronue q)OpMy.HBI AJIE MYJBbTHIUIMKATUBHBIX ITPOU3BOAHBIX MYJIBTHU-
IIMKATHUBHBIX MHTCTPAJIOB!:

{ﬂexp[p(r)-dr]}w(r); {ﬂexp[pmm]} ~p(0). (2.164)

@dopMyJibl MHTETPUPOBAHMSI O YaCTSIM JJIsi HEONPEACICHHOTO WHTErpaia BBITIISAIST
CJIeIIOIIUM 00pa3oM:

ﬁ exp {[u(r) +Xv(r)] : dr} =v(t) oh exp [V*I (t)ou(t)ov(1)- dr] ov'(t,); (2.165)

h exp {[u(r) + VX(T)] . dr} =v'(t,) oh exp[v(r) ou(t)ev (1) dr} ov(?). (2.166)

®opmyisl (2.165) u (2.166) MoryT ObITH IEpeNUCaHbI CIEAYIOMNUM 00pa3oMm:

ﬁexp[v*1 (D) ou(t)e v(1)-dr |= v () ﬁexp {[u(r) +v(1) |- dr} V(L) (2.167)

hexp[v(r) ou(t)ov (1) d‘t] =v(t,))o h exp {[u(r) + vx(r)] . d‘t} ov (1), (2.168)

)

a ¢ yueTtoM 3aBucuMoctei (2.146) oHU BBITIAIAT Tak:

Newp[v@eu@ev'@-dx]=vo exp{[u® v @] de}ov'): (2169

ﬁexp[v"l(t) ou(t)ov(1)- d‘l,'] =v'(t,)o hexp{[u(t) - XV(‘C)] . d‘C} ov(t). (2.170)

Iy
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®opmynsl (2.167)—(2.170) maroT BO3MOKHOCTh ITPEOOPa30BLIBATH YACTO BCTPEUAIOITUECS
MYJIbTUIUIMKATUBHBIC HHTCrpajibl K 60)166 palluOHAJIBHOMY BHAY, MO3BOJAIOIICMY
CYIIECTBEHHO YMEHBIIUTh KOJHYECTBO apU(PMETHYECKHX OIEpaluii MpH YHCICHHOM
UHTETPUPOBAHUMU.

CHCI_[I/I(bI/IKa MYJbTHIUVIMKATUBHOI'O MHTETpaAJla CBA3aHa C HCHICPCCTAHOBOYHOCTHIO MCIKIAY
co00OW pa3nUYHBIX 3HAYEHUW TMOJBIHTEIPATbHON KBaTepHUOHHON ¢yHKuu p(f). B
YaCTHOM Cllyyae, KOrJa BCe 3HAa4eHUs (YHKUUHU P(f) KOAKCHAIBHBI, TO €CTh MEPEeCTaHo-
BOYHBI MKy COOOI:

*ﬁeXp[p(t)-dt] = eXP[Ip(t)-dt}- 2.171)

Heckosnbko cIOB 0 mepeMeHe MecTaMH IPEJeNioB MHTErPHUpPOBaHUS M 00 oOparieHHH
MYJbTUIIMKATUBHOTO MHTErpaia. ®opmyna (2.155) cBUAETENBCTBYET O TOM, UTO ITH JBE
orepanuy 3KBUBAJIEHTHBI JpYyr Apyry. UTo 3TO 03HayaeT, MOXHO yBUAETb Ha IpHUMEpeE
oOpallleHrs: HHTETPAIbHOTO KBaTePHHUOHHOTO npousBeaeHus (2.149):

{Hexp[p(rk)-At]} =exp[—p(t,)-At]oexp[—p(t,)- At]e...oexp[—p(t,)-Ar]. (2.172)

Ota Qopmyna cieayeT U3 MpaBuia oOpallleHUs] MPOU3BEICHHUsS KBaTepHUOHOB (2.42). B
npezene:

ﬁexp[p(t) -dt] = {ﬂ exp[p(t)- dt]} =

h 2.173)
= ’111_r)r; {exp [-p(1))- At]oexp[—p(1,)-At]o...oexp[—p(z, ) At]} = ﬂ exp[—p(t)-dt].

3aMeTuM, YTO 3/1eCh COMHOXHUTEIH CIEAYIOT He B 00OpaTHOM, a B IPSAMOM mopsake. Takum
obpazom, cripaBeirBa hopmyJa:

(exp[p(t)-dt]= ﬁexp[—p(t) -dt], (2.174)

omnpeaciraromas rmpaBuiIo AJid IMepexoa OT JICBOI'O K IIPaBOMY UHTCIpaly.

2.7. lIpeacraBiieHe HOPMUPOBAHHBIX KBATEPHHOHOB HA MOBEPXHOCTH cepbl

HauOonpiiee mnpakTuueckoe TMPUMEHEHHE [0 HACTOAIIECTO BPEMEHH TMPUHAJICKHUT
HOPMHUPOBAHHBIM KBaTepHHOHaM. VIMEHHO HOPMHPOBAHHBIE KBATEPHHUOHBI UCIOJIH30Ba-
muck [ammnbroHoM [12] u ero mocnenoBarensmu [9, 73] mist onudpoBKH MOBOPOTOB B
TPEXMEpPHOM MPOCTpaHCTBE. B 3TOM paszene onucaH KIaCCHYECKHU METO rpapuuecKoro
MPEJICTABICHUST HOPMHUPOBAHHBIX KBATEPHUOHOB HA TOBEPXHOCTH EIUHUYHOU CQepsl,
BoCXo Ui K padore ['amunbToHa [12].
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2.7.1. Obuwue nonoscenusn
PaccMoTpuM HOpMUPOBAHHBIN KBAaTEPHUOH

q=[4- 4949 4] (2.175)
TO €CTh TaKOM, y KOTOPOTO
g +q.+q;+q; =1. (2.176)

3ameTtum, 4To B crity (2.176) KOMIOHEHTHI HOPMUPOBAHHOT'O KBaTepHUOHA Oe3pa3MepHHBI.

9TO0T KBAaTCPHUOH XapaKTECPUIYCTCA CAUHUIHBIM BEKTOPOM € C KOMIIOHCHTaAMMU:

q, 9, q; 2 2 2
g =——,6,=——,e,=——; (q)=4/q, +q,+q 2.177
T W T W RS @177)

U apTyMEHTOM (yIJIOM I1I0BOpPOTA)
0 =arg(q, +i-(q)). (2.178)
C ucnonp3oBaHreM 3TOH HH(OPMAIIMH HOPMHUPOBAHHBIN KBATEPHUOH (| MOKHO 3aITUCaTh :
q=[cos6,¢ sinb, e, sinb, e, -sinH]. (2.179)

OH MoOXeT OBITh TPEJCTABICH Ha chepe SAMHUIHOTO paguyca OPUCHTHPOBAHHON TyTOM
OOJIBIIIOTO KPyTa, JISKAIIETO B TUIOCKOCTH, TICPIICHIUKYIIIPHON SMHUIHOMY BEKTOPY € U
MIPEACTABIISIONIEH TOYKOM, HAXOSIICHCS Ha KOHIE €AMHUYHOro BekTopa (puc. 2.3 a).
Jlyra opueHTHpOBaHAa OTHOCUTEIILHO BEKTOpa MO MPaBHIY OypaBUMKa W OMHUCHIBACT YOI
0. Jlns wabmromarens, HaXOJMIIETOCS B TOYKE, MPEICTABISIONICH KBAaTEPHHOH, OHA
HarpaBJIeHa MPOTHB YacoBoi ctpenku. (Ecinu B pe3ynbraTe BRIYUCICHHNA YTOJ O OKaKeTCsI
OTPHILIATENILHBIM, JIyTy HaJ0 OyaeT u300paxkaTh OPUCHTUPOBAHHOM IO YACOBOHM CTPEIIKE).
[Tockonbky chepa nuMeeT panuyc, paBHBIM eIWHHUIE, JUTMHA Tyru paBHa 0. Touka, mpen-
CTaBIISIONIAsT KBATEPHUOH, IMEET KOOPIUHATHI:

X, =e; X,=e5; X;=e;. (2.180)

Jlyry crienyer paccMaTpUBaTh KakK CKOJB3AIIYI0. JTO O3HAYaeT, YTO €€ MOXHO IepeMe-
ATk BAOJIb OOJBLIOIO KPyra, He MEHssl HalpaBJIEeHUs, IPUYEM B JIIOOOM CBOEM IOJIOKe-
HUM qyra OyJeT MPeaCTaBIsATh OJUH U TOT )K€ KBATEPHUOH (.

[IpencraBnenre HOPMHMPOBAHHOTO KBATEPHUOHA TPU TMOMOIIM AYTH OOJBLIOrO Kpyra
chepsl €AMHUYHOTO paguyca yJoOHO i YSACHEHHs TOTO, YTO MPEACTaBISAIOT COOO0I0
cTerneHu kBaTepHuoHa. Kak BuaHo u3 puc. 2.3 b), — 3T0 Iyru TOro e OOJBIIOro Kpyra
Pa3HOM JUIMHBI M PA3HOM HAIIPaBICHHOCTH. ECIIN NPUHATH AIIMHY OYTH, COOTBETCTBYIOLIEH
KBAaTE€PHUOHY (|, 32 €MHUILY, TO J{yra, COOTBETCTBYIOLIasi 0OOpaTHOMY KBAaTE€pHHOHY, OyJeT
UMETh Ty € JUIMHY, HO CO 3HAaKOM MMHYC, U IMPOTHUBOIIOJOKHOE HAIpaBlIEHUE; Iyra,
COOTBETCTBYIOL[asi KOPHIO KBaJpaTHOMY M3 KBAaT€pPHHUOHA, OyJIeT HUMETh MOJOBHUHHYIO
JUTMHY; TyTa, COOTBETCTBYIOIIAs KBAIpaTy KBaTEPHUOHA, OYJET UMETh YABOCHHYIO JUTHHY.
3aMmeTuM, 4TO Jr00as CTENEHb HOPMHPOBAHHOIO KBATEPHUOHA — HOPMHUPOBAHHBIH
KBaTEpHHUOH.
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Puc. 2.3. a) llpeacranenne kBarepHuoHa q. b) [IpencraBienue creneHeil KBaTepHUOHA

EnuHnuHBI BEKTOp €, €CIIM €r0 pacCcMaTpuBaTh KaK YUCTO BEKTOPHBIN KBAaTEPHHUOH,
n3o0pakaeTcs Ha eAMHUYHOM cdepe Kak ToOuKa ¢ KOOPAUHATAMU €], €2, €3 U Jyra 0oJIbIIo-
ro Kpyra, HOpMaJbHOTO K BEKTOPY € ¢ yriiom 0 = 1/2.

2.7.2. Iocmpoenue HOpmMupo8anHo20 K6AMEPHUOHA NO 08YM OUHUUHBIM 6EKMOPAM

JIBa eMHWYHBIX BEKTOpa a M b, mokazaHHBIX Ha puc. 2.4 a), MOKHO HCIOJb30BaTh IS
MOCTPOEHUSI HOPMUPOBAHHOTO KBATEPHUOHA I, Iyra KOTOPOTO COEIMHSIET KOHIbI BEKTOPOB
a u b mo GoapITIOMY KpyTy W HampasjeHa OT a K b.

Puc. 2.4. a) llocTpoeHre HOPMHUPOBAHHOTO KBATEPHHOHA I TIO IBYM €TUHIUYHBIM BEKTOpaM a u b.
b) Pa3noxeHre HOpMHUPOBaHHBIX KBATEPHUOHOB HA YUCTO BEKTOPHBIE COMHOXKUTEIN

cDOpMy.]'II:I JJIsL BJIEMCHTOB 3TOT'O KBATCPHUOHA UMCHOT BHU/:
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0 0 a b +a,-b,+a,-b,
b —a a,by—a,-b
r=boa'=| "|o] '|= S (2.181)
b, | |—a, a,-b —a,-b,
by | | —a, a,-b,—a,-b,

31ech, Kak M paHee, BEKTOpP M YUCTO BEKTOPHBIA KBATEPHUOH, MOCTPOEHHBIA Ha €ro
OCHOBE, 0003HAYAIOTCS OJTHOM U TOH ke OyKBOM, UTO U MOKazaHo B hopmye (2.181).

[TomyuyeHHBI HOPMUPOBAHHBIM KBATEPHUOH I' ©300paXkaeTcs AyTroil, UMeroIei JUTHHY
0 =arccos(a, -b, +a, b, +a, b)), (2.182)
1 TOYKOM ¢ KOOpAMHATAMH

a,-by—a;-b, a;-b—a by a-b—a, b

; ) ; ) - (2.183)
sin 0 sin 0 sin 0

Jlyry MOHO CBOOOHO MepeMenaTh BJOIb OOJIBbIION OKPYKHOCTH.

2.7.3. Ilpeocmaenenue keamepHuoHa ¢ euoe YACMHO20 OM Oe1eHUsL 08YX
YUCMO 6eKMOPHBIX K6AMEPHUOHOE

®opmyna npenpiaymero paszaena (2.181) mo3BoaseT 0HO3HAYHO ONPENEIUTh HOPMHUPO-
BAaHHBIM KBaTEPHUOH I KAK YaCTHOE OT JEJCHHS YUCTO BEKTOPHOIO HOPMHUPOBAHHOTO
KBaTepHHOHAa b Ha YHCTO BEKTOPHBII HOPMHUPOBAaHHBIA KBaTepHHOH a. OOparHas xe
3a/1aua pemaercs HeogHo3HauHo. M3 dhopmynsr (2.181) cnenyer:

b=roa. (2.184)

DTO0 03HAYaeT, YyTOo JUIsl 33JaHHOIO0 HOPMUPOBAHHOTO KBATEPHUOHA I 110 U3BECTHOMY YHCTO
BEKTOPHOMY HOPMHPOBAHHOMY KBaTE€pHHOHY a MOXHO TIOJIyYUTh HOPMHUPOBAHHBIHI
kBarepHHOH b. OnmHAKO 3TOT KBaTEpHHOH HE 0053aTeNbHO OyJeT YHCTO BEKTOPHBIM.
Yto0BI 3TO IPOU30LLIO0, TPEOYETCsI BBINIOIHEHUE YCIOBHSL:

by=t-a,+r,-a,+r,-a,=0, (2.185)

TO €CTh TpeOyeTcsi, YTOOBI BEKTOPHAS YacTh KBATEpPHHOHA a OblJIa OPTOTOHAJIbHA BEKTOP-
HOW 4YacTH KBaTepHUOHA r. TakuM 0Opa3oM, CKOJBKO €CTh YHUCTO BEKTOPHBIX HOPMHUPO-
BAHHBIX KBAaTEPHUOHOB, OPTOIOHAJIBHBIX BEKTOPHOW 4YacTH KBAaT€pHUOHA I, CTOJIBKO
pelIeHu UMeeT paccMaTpuBaeMas 3a1a4a.

OnHo3HAuHO pemaeTcs Apyras nmojgoOHas 3ajadya O NPEACTABICHUU KaXJIOro U3 JIBYX
IIPOM3BOJBHBIX HOPMHUPOBAHHBIX KBaTEPHUOHOB, Il ONPEIEICHHOCTH P U (, B BUIE
YaCTHOTO OT JIEJICHUSI YUCTO BEKTOPHBIX HOPMHPOBAHHBIX KBATEPHHUOHOB, IIPUYEM B 3THUX
MIpEJICTAaBICHUSIX 3HaAMEHarTelb Oyaer oomuM. Puc. 2.4 b) moMoXeT MOHATh FreoMeTpHuye-
CKHH CMBICII DTOH 3a1a4H.

Ecnu nmepemectuth ayru, m3oOpakarollde HOPMHUPOBAHHBIE KBATEPHHOHBI P U ( Tak,
4YTOOBI Hayana 3TUX AYT COLUIMCH B OJHOM TOYKE u# HA MEPECEYCHUH COOTBETCTBYIOIIUX
00JIBIINX OKPYXKHOCTEH, TO EAMHUYHBIN panyCc-BEeKTOP 3TOM TOUKU a OyAeT OpTOroHasb-
HbIM BEKTOPHBIM 4YacTAM OOOUX pacCMaTpUBAEMbIX KBATEPHHOHOB. IJTO MO3BOJHT
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IIPEJICTaBUTh UX KAaK YaCTHBIE OT JEJICHUS YACTO BEKTOPHBIX HOPMHPOBAHHBIX KBATEPHHUO-
HOB bp u bq Ha 4UCTO BEKTOPHBIM HOPMUPOBAHHBIN KBATEPHUOH C BEKTOPHOM 4acThIO 4 B
CIIEIyIOIIEM BHJIE:

p=bpoca’; q=bqoa . (2.186)

BCKTOpHBIG KOMIIOHEHTBI KBAaTCPHHUOHA A JOJIKHBI YIOBIIECTBOPATH cnez[onmef/'I CHUCTEMC
YpaBHEHUM:

a-a +a,-a,+a,-a,=1;
D+ py-a,+pyray=0; (2.187)
q,-a,+q,-a,+q,-a,=0.

[lepBoe U3 3TUX ypaBHEHUN — YCIOBHE HOPMUPOBAHHOCTH KBAaTEPHUOHA 4, a JIBa OCTalb-

HBIX — YCJIOBHSI OPTOTOHAJILHOCTH €0 BEKTOPHOHN 4aCTH K BEKTOPHBIM 4aCTAM KBAaTE€PHHO-
HOB P U (. Pemenue 3Toii cucteMsl ypaBHEHUHN TaKOBO:

a,=(p, qs— Dy )]z a,=(ps-q,—pq)/z; a=(p, ¢ —p,- )]z, (2.188)
rac

2= D) +(Dy 4= P45 + (P gy —Pa-q)) (2.189)

3HaMeHaTesb Z MOKET ObITh IIPEACTaBJIECH U B Ipyroil popme:

=D P AP (G EAE) (D4 + Py T+ Dy G5) (2.190)

Ora opMma gaeT BO3MOKHOCTh MPECTABUTh 3HAMEHATEIb Z B TPUTOHOMETPUIECKOM BHUJIC
U TMpHUIaTh €My TeOMETPUYECKHUH CMbICH. Ecim 3amucarth KBaTEPHUOHBI CIIETYIOLIHIM
obpazom:

P =[Py pi; p2; 3] =[cosOp; ep,-sinbp; ep,-sinbp; ep,-sinbp]; 100
q= [qo; 4,5 4,5 q3] =[coseq; eq,-sin0q; eq,-sinbq; eq, -sin@q],

T ep1, epa, ep3; €qi, €qa, eq3 — KOMIIOHEHThI €IMHUYHBIX BEKTOPOB ep U e(, a Op 0g —
apryMEHTBI HOPMHPOBAHHLIX KBATCPHHUOHOB P 1 (], OTKYJla BEITCKACT:
epl2 +ep22 + ep32 =1; eql2 + eq22 + eq32 =1, (2.192)
TO MbI YBUIUM, YTO:
pi+ps+p; =sin’Op; g +¢; +q; =sin’ Og; (2.193)
P-4+ Py 4y + Py gy =sinBp-sinBg - cosOpg.

3neck uepe3 Opg 0603HAYECH YTONl MEKIY SAMHUYHBIMHA BEKTOPAMU €p U eq MU, YTO TO XKe
camoe, MeX/Iy IUIOCKOCTSIMHA OOJBIINX OKPY>KHOCTEH KBATCPHHOHOB P U (. YTOMSHYTHIC
BBIILIE YTJbl MOKa3aHbl Ha puc. 2.4 b). 3HaMeHaTenb z B TPUTOHOMETPUYECKOM BHUJIE
BBITVIJIAT TaK:

z=sin0Op-sin Oq -sin Opq . (2.194)
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VY6l MOTYT OBITH BBIYMCIIEHBI 110 OpMyJIam:

P dit P49+ P50 ds
sin Op - sin O¢g

Op = arccos p,; 0g =arccosq,; Opg = arccos (2.195)

Takum 00pa3oM, i BBIYHCIICHHS KBAaTEPHHOHA a MOTYT OBITh PEKOMEHIIOBAaHBI J(BE
bopmybL:

[0; P43 =Dy 4 P34, — P45 p1'Q2_p2'Q1]

a= ; (2.196)
V@ + P2+ p) (@) + @ +a) = (P q+ Py s+ Py 4’
a0 PGP PP PP ] 2.197)
sin Op - sin Oq - sin Opg
[Tocne sToro kBarepuroHsl bp 1 bq onpeaenstoTcs MEMEHTAPHO:
bp=pca; bq=qca. (2.198)

HeHopMmupoBaHHBIE KBATEPHUOHBI TAaKXKE MOXKHO IMPEJICTABUTH B BUIE YaCTHOTO OT Jelie-
HUSl YMCTO BEKTOPHBIX KBaTepHUOHOB. Ilpu stom dopmynsl (2.196) u (2.198) ocrarorcs
crpaBeTUBBIMH, a hopmyitbl (2.195) u (2.197) momKHBI OBITH 3aMEHEHBI CIEAYFOIIMHU:

. + . + .
Op — arccos 22; 0g — arccos 12 ; Opg = arccos P4, p'z 2 P3 % (2.199)
|p |q |p|-|q|-sm6p-s1n6q
0, Pyas=Ds % Py di—Pi s Pid— Dy d
:[ 2 3 3 2 3 1 1 3 1 2 2 1] ) (2200)

|p| . |q| -sin Bp - sin Oq - sin Opg

2.7.4. Cepepuueckuii mpey2onoHuK

Tpu eauHUYHBIX BEKTOpa a, b U ¢, MOKa3aHHBIX HA pHC. 2.5, MOXKHO HCIOJIb30BaTh IS
MOCTPOCHUS  CHEPUUECKOTO  TPEYroJbHUKA,
OpPUEHTHUPOBAHHBIMU CTOPOHAMU KOTOPOTO €CTh
JyTU KBATEPHUOHOB P, q U I. DTU KBAaTEPHUOHBI
MOTYT OBITh BBIYHCICHBI 10 (GopMyJiaM THIIA
(2.181):

p=cob’’; q=aoc'; r=boa’'. (2.201)

JImuHBI  CTOPOH  3TOr0  TPEYroJbHUKA [CM.
dbopmyiy (2.182)] COOTBETCTBEHHO PaBHHI:
o =arccos(b, ¢, +b, -c, +b,-c,);
B=arccos(c,-a,+c,-a,+¢;-ay);  (2.202)

y =arccos(a, -b, +a, -b, +a, -b,).

PaccmoTpuM panee Tpu TOYKM p, ¢ M r Ha
MOBEPXHOCTU 3TOM ke chepbl, pacloyioKeHHbIE

Puc. 2.5. Cepudeckuii TpeyrorbHUK
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Ha KOHLIAX €MHUYHBIX BEKTOPOB, NEPIECHIUKYISIPHBIX OOJBUIMM KpyraM ¢ Ayramu p, q u
r cooTBeTcTBeHHO. KoopauHaTel 3TuX Touek [cM. popmymy (2.183)] TakoBsI:

by-c;=b,-c, by-c,=b-c; br-c,=b .
9

p: - ) ; -
Sin o SiIn A Sin o
L 643 —6Ga, G4 —C 4y ¢4, —Ca
q: ; ) ; ) ; S (2.203)
sin 3 sin 3 sinf3
e a,-by—a;-b, a;-b—a-b; a-b—a,h
. - b - 2 . .
siny siny siny

Kocunychr yrioe chepudeckoro tpeyroibhuka A, B, I' (cm. puc. 2.5) ompenenum c
UCIOJIb30BaHUEM CKAJISIPHBIX MPOU3BEICHUI €IMHUYHBIX BEKTOPOB, KOOPIUHATHI KOTOPBIX
narorcst popmynamu (2.203). CkanspHble TMPOU3BEICHUS PaBHBI KOCHHYCAM JOTOJHSIO-
X (10 ) yrioB, a OTJIWYAIOIIMECs OT HHUX IO 3HAKy KOCHHYCHI yriioB A, B, I' MoxHO
BBIYUCIIUTH 110 GOopMyJiam:

(b c+by eyt by cy) = (¢ ay+ ey ayt ey ay)-(ay b+ ay by+ay by) |

q-r:cosA= - - ;
sinf3-siny
repicosB = (cratcya,+ceyay)—(arb+ay, btayrby)-(byc+byc,+bycy) (2.204)
siny-sino ’ '
pq:cosT = (a,-b+a, b+ ay;b,)—(b-c+byc,+bycy) (¢ a+c,a,+cyay) .
sina -sin 3
C yuerom dopmy (2.202) MOKHO 3amucaTh:
cos A = cosa—cosf-cosy cosB = cosf—cosy-cosa cosT = cosy—cosa-cosf - (2.209)

sinf3-siny siny-sino sina -sin 3

HerpynHo 3ameruts, uto Gopmyinsl (2.205) skBHBaJIeHTHBI (hOpMyJiaM T€OpeMbl KOCHHY-
COB JIJIsl CTOPOH B cepuueckoit reometrpuu [33].

Cunycsl yrios A, B, ' onpenenum ¢ Mcnonb30BaHUEM NONAPHBIX BEKTOPHBIX IIPOU3BEIE-
HUM €JIMHUYHBIX BEKTOPOB, KOOPAMHATHI KOTOPBIX HaroTcs ¢opmyiamu (2.203). Otu
BEKTOPHBIE IIPOU3BEICHUS TAKOBBIL:

a,-A a,-A a,-A
qxr: . . b . . 2 . . ;
sinf3-siny  sinf-siny  sinf-siny
b -A b,-A b,-A
rx - s . > > (2.206)
siny-sino. siny-sino.  siny-sina
¢ A c, A c, A
pxq 1 2 3

sino.-sinf’ sino-sinf’ sino-sinp’

rac
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a a, a
A=|b b, b,|. (2.207)
6 6 G

N3 popmyn (2.206) MOKHO 3aKITFOUUTH, YTO:
sinA:#; sinB:#; sinfz#. (2.208)
sinf3-siny siny -sin o sina -sin 3
U3 stux popmyn creayer Gpopmyiia TeopeMbl CHHYCOB B cepudeckoit reomerpuu [33]:
sinA  sinB sinl" A
sino sinf3 - siny - sino-sinB-siny

(2.209)

2.7.5. Ilpou3zeeoenue 08yx KeamepHuoHo8

PaCCMOTpI/IM, KaK BBITOJIHICTCA Ha €OUHUYHOM C(bepe onepanurs YMHOKCHHUA KBATCPHUO-
HOB.

Puc. 2.6. a) KBarepanonsi-comuHoxutenu ql u q2. b) llpoussenenns qleq2 u q2°ql

IlycTe B KauecTBe COMHOKUTENEH BBICTYNalOT HOPMHUPOBAaHHbIE KBAaTepHUOHBI ql u 2.
Onu n300pakeHbl Ha pucC. 2.6 @) B BUAE OyT OONBIINX KPYroB. [y TOro 4To0BI IepeMHo-
KUTh OSTH KBaTEpPHUOHBI, HAJ0 JUI1 Hayaja IEpeABUHYTh Jyrd KBAaTEPHUOHOB-
COMHOXMTENEH BJI0JIb OONBIINX KPYTOB TaK, YTOOBI KOHEI AYI'M BTOPOIO COMHOKUTEIS
COBMECTHJICSI OBl C HAYAJIOM AYI'H MEPBOTO COMHOXHTENS. 3aTeM Ha/l0 COCJUHUTH HA4yallo
IYTH BTOPOIO COMHOXKUTENSI ¢ KOHIIOM JyTW NHEPBOIO COMHOMKHUTENSI AYro OOJbIIOTo
Kpyra. Ota Ayra npeicTaBisieT Mpou3Be/leHHe HOPMHPOBAHHBIX KBaTepHUOHOB. Ha puc.
2.6 b) B mpaBoil yacTH pUCYHKa MOKa3aHO MOCTpoeHUE mpousBeacHus qleq2. B neBoit
YacTU pUCYHKa IOKa3aHO MOCTpoeHue npousseneHus q2°ql. Puc. 2.6 b) nmoarsepkaaer
HEKOMMYTATHBHOCTB OIIEPALMU YMHOXKCHHS KBATEPHUOHOB.

2.7.6. Tpoiinoe npouzeedenue K6amepHUOHOG

HpI/I HU3YyUYCHUU TOBOPOTOB TBEPAOTO TEJIa B MPOCTPAHCTBE YACTO BCTPCUACTCA TpOﬁHOC
MPOU3BCACHUC KBATCPHUOHOB CJICAYIOUICTO BUA:
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p=qereq . (2.210)

Puc. 2.7. a) KBaTepHHOHBI-COMHOXHUTENHN q, T U q . b) [Iponssenenns roq ' u p

Ha puc. 2.7 a) noka3aHsl AyTr', COOTBETCTBYIOIME 3TUM KBaTEPHUOHAM, a Ha puc. 2.7 b) —
KaK rpadu4eckd MOJYyYUTh Pe3yJbTaT TOTO TPOWHOTO NMPOM3BEJeHHSA. BHadane HyXHO
IIOCTPOUTH NPOU3BEACHHUE JIBYX COMHOKUTEIEH roq_l, a 3aTeM JOMHOXMWTb €ro ClIeBa Ha
KBaTEPHUOH (.

W3 pucyHka BUAHO, YTO PE3yIbTUPYIOIIUNA KBATEPHUOH P IPEICTABIACTCS 1yrOd, UMEIO-
mel Ty k€ JJIMHY, 4TO M Jyra KBaTEPHUOHA I' U HAKJIOHEHHON K OOJIbIION OKPYKHOCTH
KBATEPHUOHOB ( M ( ' TI0J TEM € yIJIOM O, 4TO M Ayra KBaTepHHOHA r. TakuM o6pasom,
JyTa pe3yJIbTUPYIOLIErO KBATEPHUOHA P PaBHA Jyr'e UCXOIHOIO KBATEpPHUOHA I'y [IOBEPHY-
TOM BOKpPYT €MHUYHOIO BEKTOpA KBATEPHUOHA ( HA YABOCHHBIN yroj KBaTEPHHUOHA (.

2.7.7. Bep3op cymmul 08yx KeamepHuoHo8

PaCCMOTpI/IM ABa HCHOPMHUPOBAHHBLIX KBATCPHHO-
Ha:

P=[R.R.P.R];Q=[0,.0.0,.0,]. (2211)

Bep3opbl 3TUX KBaTepHUOHOB (HOPMHUPOBAaHHBIE
KBaTEPHUOHBI) B COOTBETCTBUU ¢ popMyioi (2.12)
HUMCIOT BU:

p= {i,ﬁ i,i}q = {%,%,&,%} (2.212)

P|’|P|’|P|"|P Q Q’|Q|
rie |[P| u |Q] — MOaymu COOTBETCTBYIOLINX
KBAaTEPHUOHOB.

DT  Bep30pbl  HM300pAKAIOTCS HA CAUHUIHOU
chepe (puc. 2.8) TOUKaMH, HAXOMISAIIMMHCS Ha
KOHI[aX €TUHUYHBIX BEKTOPOB:

Puc. 2.8. Ilpencrasienue Bep3opa
CYMMBI JIBYX KBATCPHHOHOB
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ep:{i,i,i} ; eq=|: Ql , QZ , Q3 j| ; (2213)
(P) (P) (P) (Q (Q Q)

((P) m (Q) — Momyau BEKTOPHBIX YACTEH) W HANPABICHHBIMH TyTaMH, JSKAIIUMH Ha
OO0JIBIINUX OKPYKHOCTSIX, IEPIEHANKYISIPHBIX 3TUM BEKTOpaM. YTIbI THUX AYT TaKOBBI:

; Og = arccos|%)| . (2.214)

B
P
Cymma kBaTepHHOHOB R 1 Bep30p 3TO# CyMMBI I BbIpaxaroTcs (GopMyIaMu:

F+0, R+0 B+0, B+,
|P+Q ’ P+Q|’ |P+Q|’ |P+Q| ’

Op = arccos

R=U%%kR+QJ?%b%+Q$r={ (2215)

rrae [P+Q| — Momynb cymMmbl kBatepHuona P+Q.

Bep3op cyMMbI KBaTEpHHOHOB I M300pa’kaeTcsi HA €AMHUYHOU cepe TOUYKOM, HaXOoIs-
LIEHCS HAa KOHLE €MHUYHOIO BEKTOPA

r:{e+gja+@,a+@}; (2.216)
(P+Q)" (P+Q)’ (P+Q)

((P+Q) — Moaynp BEKTOpHOW 4YacTH) W HANpPaBICHHON Iyro, Jiexameid Ha OOIbIIon
OKPY>KHOCTH, TIEPIICHIUKYJIIPHOIN 3TOMY BEKTOPY (CM. pHC. 2.8). YT0J 3TOH JyTH TaKOB:

Po+Qo_
|P+Q|

IlockombKy BEKTOp CyMMBI [JIByX BEKTOpPOB pAaCIOJIO)KEH B IIJIOCKOCTH BEKTOPOB-
cllaraeéMbIX, OOJIbIIME KpPYTH, NEPIEHIUKYJSAPHBbIE ITHUM BEKTOpaM, IEpPECEKaloTCs IIO0
OJIHOM MPSIMOW, NEPHEHAUKYJISIPHON 3TON MIIOCKOCTU. ENMHUYHBIN BEKTOp a, ONpEesto-
W HaIlpaBJICHUE dTOW TpsiMOH (cM. puc. 2.8), BeIpaskaeTcsi GopMyJIIoi:

Or = arccos (2.217)

T
a= PZ'Q3_P3'Q2 P3'Q1_P1'Q3 IDI'QZ_])Z‘QI (2218)
(P)-(Q)-sin®’ (P)-(Q)-sin® (P)-(Q)-sin6 | ’
rae (P) u (Q) — Moaynu BEKTOPHBIX YacTel COOTBETCTBYIOIIMX KBATEPHHOHOB;
yroi 0 MeXy HUMH, OTMEUYCHHBIN Ha pHC. 2.8, BIpakaeMblil (OpPMYIIOit:
P- P - P, -
0 = arccos O+h -0+ 50, : (2.219)

(P)(Q)

Kpome BekTopa a, BBeleM B pacCMOTpPEHHE eAMHUYHBIC BEKTOpHI bp, bq u br (cm. puc.
2.8), coequHSIOMMUE LIEHTP eIMHUYHON c(hepbl C KOHIIAMU AYT, KOTOPBIE PEACTABISIOT Ha
eIMHUYHOM cepe Bep30phl p, q U I' COOTBETCTBEHHO. [Ipu 3TOM mMmojaraeM, 4To Hadaia
3THUX JIyT HAXOJATCS B OJTHOM TOYKE HA KOHIIE €AMHUYHOTO BEKTOpA a.

B cootBercTBUU ¢ popmynoii (2.181) MoxkHO 3amucaTh:
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p=bpca’; q=bqeca’'; r=broa’. (2.220)

[To »TO# mpUYMHE YKUCTO BEKTOPHBIM KBATEPHHOH A HA3bIBAIOT OOIIMM 3HAMEHATEJeM
HOPMUPOBAHHBIX KBATEPHUOHOB P, q U I. 13 3 THX paBeHCTB cienyer:

bp=peca; bq=qca; br=reca. (2.221)

Mo»HO TpOBEPUTH, YTO KBAaTEpHUOHKI bp, bq 1 br ToXe SBIAIOTCA YUCTO BEKTOPHBIMHU.
Bocnons3oBabmmch popmynamu (2.212) u (2.215), 3anumiem:

|P|-bp=Poa; |Q]-bq=Qoa; [P+Q|-br=(P+Q)ea. (2.222)
U3 sToro caenyet, 4to

|P|-bp +|Q|-bq—|P+Q|-br=o0, (2.223)

r7ie 0 — HyJeBoi kBaTepHUOH. Takum o0pa3om, MeeTcs JMHeliHas KOMOMHALINS BEKTOPOB
bp, bq u br ¢ HeHyneBbIMM YHUCIOBBIMU KO3 (UIIMEHTaMu, paBHAs HY/IO0. 3HAUYUT, 3TH
BEKTOPbl KOMIUIaHApHBI. [I0CKOIbKY OHM €IMHHUYHBIE M UCXOIAT U3 LEHTpa cdepbl (CM.
puc. 2.8), UX KOHIIBI JIEKaT HA OJHOH OOJIBIION OKPYKHOCTH.

[IpencraBnsioT HMHTEpec Ayrd OOJIBLION OKPYXKHOCTH, OTCEKaeMble Ha HEH KOHLAMH
BekTOopoB bp, bq u br. Kak Buano u3 puc. 2.8, opueHTHpOBaHHAs Jyra s , OTCEKaeMas
KOHIIaMU BeKTOpoB bp u bq, oToOpakaeT HOpPMUPOBAHHBIN KBATEPHUOH

-1 |P| a4 Q oP
qep =1--QcP = : (2.224)
@ l-P|
Ona umeer yriaoBoi pasmep
(91!?q=arccosP°'Q°JrPl'QIJFPZ.QZJFPfQ3 (2.225)

[Pl-[Q]
Jyra, orcexkaemast KOHIITaMH BeKTOpoB bp u br, oToOpakaeT HOpMUPOBaHHBIM KBATEPHUOH

. _RoP (P+Q)oP

rep = = . (2.226)
[R|-P[ [P +Q[-[P]
Ona umeer yriaoBoi pa3mep
opr — arccos Ao O) BH(B+0) B+(B+0) B +(B+0) P .
[P+Ql-|P
C ucnonp3zoBanueM (2.225) MOXKHO 3alHCaTh:
P|+|Q|-cos6,
Opr = arccos| | |Q| P4 . (2.228)

P+Q|
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2.7.8. Bep3op nuneiinoii Komounayuu 08yx K6amepHuoHos

[Iponoxkum paccMOTpeHHE NIBYX HEHOPMHPOBAHHBIX KBaTepHUOHOB P u Q, omuchiBae-
MbIX popmynamu (2.211)—~(2.214). PaccMoTpuM THHEHHYI0 KOMOMHAIMIO 3TUX KBAaTEPHU-
OHOB C YHCIOBBIMH KO3 dunmernTamu kP u kQ. KomnoHeHTsl nuHelHON kKoMmOuHanu U
BBIpaXatoTcsl GOopMyITaMu:

Usz-P—i-kQ-Q:[kP-P0 +kQ-0,, ..., kP-P, +kQ-Q3]. (2.229)
Ee Bep3op u umeer Bux:

(o kPP+kO-Q | kP-R+kQ-Q, kPP +kQ-Q,
|kP-P+kQ-Q| | [kP-P+kQ-Q| " [kP-P+kQ-Q| |’

(2.230)

rne |kP-P+kQ-Q| — Mmoxynbs MuHEHOM KoMOUHaIK KBaTepHHOHOB P 1 Q.

OTOT Bep3op H300pakaeTcss Ha ENWHUYHOW cdepe TOUKOW, HaXOMASIIeHCs Ha KOHIIE
€IMHUYHOTO BEKTOpa

_[kP-R+k0-0 kP-B+k0-0, kP-R+kQ-0, ] (2231)
| kP-P+kO-Q) (kP-P+k0O-Q) (kP-P+k0-Q) | '

rae (kP-P+kQ-Q) — Momynb BEKTOPHOW YacTH
kBaTepHUOHa kP-P+k(Q-Q, u HampaBlieHHOM
IYroW, Jexamed Ha OOJBIION OKpPYXHOCTH,
NEPIEHANKYJIAPHOH 3TOMY BEKTOpY (CM. pHuC.
2.9). Yron 3Toit 1yru TaKoB:

kP-F, +kQ-0,

Ou = arccos )
kP-P +kQ-Q|

(2.232)

Enuanubbelii BekTOp bu, MCXOomsmuil U3 UEHTpa
chepbl U MPUXOIANIMA K KOHIy AYTH U, aHaJo-
rugHO (opmyde (2.221) BeIpakaeTcs Tak:

bu=u-a. (2.233)

Paccyxnmas Tak Ke, Kak M B INpPeAbIIYLIEM
naparpage, NpUXOAUM K BBIBOAY O TOM, 4TO
BeKTOpBl bp, bq 1 bu xomrutanapHsl. ITockonbky
OHM €IMHUYHBIC U UCXOIAT U3 IIeHTpa cepsl (CM.
puc. 2.9), UX KOHIBI JIe)KAaT HAa OJHOM OONBIION OKPY>KHOCTH, a 3HAYUT ¥ KOHEL IYT'H U
JIKUT Ha OOJIBLION OKPYKHOCTH, IPOXOAAIIEH Yepe3 KOHLbI IyT P U q.

Puc. 2.9. Ilpencrasnenue Bep3opa
JTUHEHHOW KOMOWHAIINY JBYX KBAaTECPHUO-
HOB

Hyra, coenuHsI01as KOHEI[ IyTy P ¢ KOHIIOM JAYTH U, UMEET YIJIOBOM pa3Mep:
(kP-P,+kQ-Q,)-kP-B+,...+(kP-P,+kQ-Q,)-kP- P,
|kP-P +kQ-Q|-|kP-P|

Opu = arccos (2.234)

C ucnonb3oBanueM GopmyJisl (2.225) MOKHO 3auCcaTh:
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|kP - P|+sign(kP)- kQ-|Q|- cos bpg

Opu = arccos
kP-P +kQ- Q|

(2.235)

OOparuTe BHUMaHHE HA MPUCYTCTBHE B 3TOH (opMyse COMHOXKHUTENS sign(kP) — 3TO 3HaAK
yucna kP. IlosBieHHE 3TOr0 COMHOXXUTENS CTaHET IOHSITHBIM IpH BHUMATEIbHOM
paccMoTpeHHuH npeodpa3oBanus popmyisl (2.234) k Buny (2.235).

2.8. KBaTepHHOHHOE NpPe/ICTABJICHUE OPHEHTALMM TBEPAOI0 TeJIa

B mpenpiaymieil riaBe ObUIM pacCMOTPEHBI CTaHAAPTHBIE METO/bl ONMCAHUS OPUEHTALUH
TBEPJOro TeJda B TPEXMEPHOM MPOCTPAHCTBE, Oa3MpyIOLIHecs Ha BEKTOPE HCTHHHOTO
SHIIEPOBA MOBOPOTA M BEKTOPE KOHEYHOT'O ITOBOPOTA TBEPAOIO TeJa. ITU METOIBI JOCTa-
TOYHO €CTECTBEHHBI M MOHSATHBI, OJHAKO (POPMYJIBI CIIOKEHHsI TIOBOPOTOB, IpeoOpa3oBa-
HUSl KOOpJIMHAT M KUHEMaTudeckue audQepeHnranbHble YpaBHEHUS B 3THUX METOJax
NPOCTOTOM M HU3ALIECTBOM HE OTIMYaroTcia. B 3Toil riaBe Ha 0a3e paccCMOTPEHHBIX
BEKTOPOB OyAyT IOCTPOEHbI KBAaTECPHUOHBI, MO3BOJIAIOLIME HM30aBUTHCS OT YKa3aHHBIX
HEJIOCTATKOB.

2.8.1. Keamepnuuon ucmunnoczo 3iiieposa nogopoma u noja06UHHbLIL
IKCHOHEHYUAIbHbLIL K8AMEPHUOH
PaccmoTpuM 1Ba BU1a KBATEPHUOHOB, ITOJIyYUBIIUX IIUPOKOE PACIIPOCTPAHEHHUE.

Haubonee ynoOHBIM njst ompeneieHUd u (QOPMYIHPOBOK YCIOBHHM 3a7ad sSBISETCS
KBaTEPHHOH, TIOCTPOCHHBIN Ha 6a3e BEKTOpa HCTHHHOTO 3MJIepoBa MOBOPOTA:

v=[0,y,v,,v,]. (2.236)

OTOT KBaTEPHUOH, aHAJIOTMYHO OJHOMMEHHOMY BEKTOpY, ONPEIENseT TaKyl MpOCTpaH-
CTBEHHYIO OPUEHTALUIO Tejla, KOTOpas MOJIy4aeTcss U3 UCXOJHOW IyTeM OJHOr0 IOBOPOTa
BOKPYT BEKTOpa C KOMIOHEHTaMU i, Y2, 3. YTOJI, Ha KOTOPHII HaJ0 MOBEPHYTH TEIO,
paBeH MOJYJIIO 9TOTO BEKTOpa:

W) =W+, vy, (2.237)

a 3HaK yrjia omnpeaessieTcs o npaBuiy OypaBUHKa.

Btopoili BuA KBaTepHHOHA, KOTOPBIH CBsI3aH C BEKTOPOM KOHEYHOTO MOBOPOTA, TAKKE
OJIHO3HAYHO OIpeAeseT OpHEeHTalUu0 TBepAoro Tena. OH sBiseTcs HSKCIIOHEHTOMN
MOJIOBUHBI KBATEPHUOHA UCTUHHOTO SIJIepOBa MOBOPOTA:

)u=exp£= cos<‘|’>; Vi gin <‘I’>; V2 .sin <‘I’>; Y3 sin {v) )

2 2 Ay) 2 (y) 2 (y) 2

ByI[eM Has3bIBATh 3TOT KBaTepHI/IOH ITIOJIOBUHHBIM JKCIIOHCHIIUAJIBHBIM WJIN CO6CTB€HHI)IM

KBATEPHMOHOM II0BOPOTa TBEPAOro Tena. M3 (opmyns (2.238) BUAHO, YTO IPH YKCTO

BCKTOpHOM KBaTepHI/IOHe \|] HOJ'IOBI/IHHLH\/JI 3KCHOH€HHI/IEU'H)HBH71 KBaTCpHI/IOH )\, 6y)1€T
HOPMHPOBAHHBIM.

(2.238)

OOpatHBIif Tepexo] OT KBaTePHHOHA A K KBATEPHUOHY Y MOXKHO BBITIOJTHHUTB 1O (hopMyJIe:
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) W

T : (2.239)

b

rie  O=ArgA=argA+2-wn;

1 — IPOU3BOJILHOE 1EJI0€ YUCIIO.
OOpatHblii TIepexo OT KBaTepHHOHA A K KBATEPHUOHY W SIBISIETCS HEOIHO3HAUHBIM,
MOCKOJIBKY (QYHKIUs O mpuHUMaeT OeCKOHEYHOEe 4Yucio 3HaueHHH. OOBSICHEHHEM 3TOTO
(axTa CITy’>KUT TO, YTO IIPU TIOBOPOTE TBEPJOTO TeIa BOKPYT JIF000I OCH Ha yroJl, KpaTHBIH
2.1, OpHEHTAIMs TeJa B IPOCTPAHCTBE HE MeHseTCs. BhIOOp KOHKPETHOTrO 3HAUEHUS /1 MIPH
peIIeHNH 33124 BBIMTOJHACTCS HA OCHOBAaHUH JIOTIOJTHUTEIBHBIX COOOpaKeHUH.
OnwucaHHbIE BHIIIE KBATEPHUOHBI yIOOHBI /711 BEIYUCIICHUH, HO HOCAT YaCTHBIA XapakTep.
KBaTepHHOH W SIBJISIETCSI YHCTO BEKTOPHBIM, a KBaTePHHOH A — HOpPMHUpOBaHHBIM. Pac-
CMOTpPUM Teneps Oosee oouryto 3anauy. IlycTh KBaTepHHOH HCTHHHOTO 3HJIepoBa MOBOPO-
Ta COJICPKUT HEHYJIEBYIO CKASIPHYIO YacThb Y.

T (ARTARTARTA (2.240)

DTOT KBaTEPHUOH, HECMOTPSI Ha 3TO, ONPEAEIAET TAaKOH k€ MOBOPOT TBEPJOTO TEJa, KaK U
B Ipeabiaymen 3anade. GU3UYECKUN CMBICH CKAIIPHOM YacTU 3TOr0 KBAaTEPHHOHA Yo
OCTaBUM II0Ka 3a NpejenamMu BHUMaHus. IlycTs HanpaBieHue BEKTOPHON YacTU KBAaTEPHMU-
OHA Y ONpEIEIAETCA €AMHUYHBIM YACTO BEKTOPHBIM KBATEPHUOHOM

e=[0,¢.e,¢]. (2.241)
a yroJi moBopoTa I[GI\/’ICTBI/ITGHLHBIM YUCIIOM:
Y, = i\/\ylz +y, g, (2.242)
(cm. pazgen 2.4.1), Tak 9TOOBI COOITIOATMCH COOTHOIICHUSI:
v, =v,e (j=L23). (2.243)

3HaK yria moBopoTa e MOXKET OBITh BBIOpaH JFOOBIM. B 3THX 0003HAYCHHSIX KBATEPHUOH
Y MOKHO TIPEJICTaBUTH TaK:

Y=y, ity, e, (2.244)

re i — TOXKIECTBEHHBIN KBATEPHUOH.
[To0BUHHBINM SKCTIOHEHIIMAIBHBIA KBATEPHUOH TOT1a OyIET BhIpakaThCsi (hOPMYJIOi:

\I’ \VO . \‘Ijo : “V.
A=exp—=exp—-|i-cos—+e-sin— |, 2.245
P =exp— ( 2 > j ( )
WJIU B TIOIPOOHOM 3aIuCH:
A= exp% = exp%-[cos v. ; € -sin V. ; €, -sin \g ;e -sin%} . (2.246)



76 2. KBATEPHHUOHBI

Jlnst KBaTepHHUOHA UCTUHHOTO 3iJIepoBa MOBOPOTA:
Y=y, i+te-(y,+2-m-k), (2.247)
pu JIFOOOM 1IeTIOM £ ToJTydaeM OJMH U TOT K€ MOJIOBUHHBINA 3KCTIOHEHIUAIBHBIN KBaTep-

HUOH (2.245). OOpatHBIi IepeXxo 0T KBaTEPHUOHA A K KBAaTEPHHOHY Y BBIMOJHSETCS IO
bopmye:

y=2-Lni=2-[i-In[A|+e-0]=2:[Inr

;e 0;e,0;0,0], (2.248)

rae  |A| — Momyib KBaTEepHUOHA A,
0=ArgA=argh +2-nn;
1 — TIPOMU3BOJIBHOE TIEJI0E YHUCIIO.
Ha ocnoBanuu gopmynsr (9.15) 3aBucumoctu (2.248) MOXKHO MEepenucarh Tak:

y=LnkA’ :[i-ln‘kzhe%} =[ln‘k2

Lo e e (2.249)

roie |\’ — Moxysb kBaTepHHOHA A
x=Arg A> =arg A* + 2-k;
k — IpOM3BOJIBHOE 1IETI0€ YUCIIO.

Ob6parnas ¢ynkmus (2.249) uz-3a MHOTO3HAYHOCTH ) TAKXKE SBISETCS MHOTO3HAYHOU.
[TpoBepuM, Bce M 3HAYEHUS UCXOAHON (YHKIMHU ¥, naBaeMble Gopmyron (2.247), ona
onpenenser. Bo3Bons B kBazpaT BeipaxkeHue (2.245), moxyqnm:

A’ =expy =expy, -(i-cosy, +e-siny, ), (2.250)
OTKYyHda:
[0’ =y x=Argh’ =y, +2-7k. (2.251)

Takum obOpazom, pyHkIus (2.249) MOTHOCTHIO COOTBETCTBYET popmyie (2.247).

PaCCManI/IBaSI OTACJIIBHO YC€THBIC W HCUYCTHBHIC 3HAUYCHUS k, MOXEM IIOKa3aTb, 4YTO H
dbopmyna (2.248) mOTHOCTHIO COOTBETCTBYET hopmyiie (2.247).

CpaBHHBasi KBATEPHHUOHBI y U A, CIIEAYyEeT OTMETUTh, YTO KBATEPHUOH Y OMpPEICIISET KO-
HEYHBIN MOBOPOT TBEPAOIO TeNa, a KBATEPHUOH A TOJIBKO OPHUEHTAIINIO, KOTOPYIO MPUOO-
pesno Teno B pesyJibrate 3Toro nopopora. Mmeercsa B Buny cnenyrouiee. [lonnsiid noBopot
TBEPAOro Tesa (Ha yroj 2-7) WK HECKOJIbKO MOJHBIX OBOPOTOB BOKPYT HEKOTOPOM ocu
HE MCHSAIOT OPUEHTALUU TeNA. YTOI Y., ONPEACIAEMBbIA KOMIIOHEHTAMU 1, Y2, Y3 MOXKET
BO MHOT'O pa3 MPEeBOCXOAUTH 3HadeHue 2-m. B kBarepHunone A sta nHpopMmalms yxe He
COZIEPKUTCS, TOCKOJIBKY TaM MPUCYTCTBYIOT JIUIIb CHHYC X KOCHHYC 3TOTO YIJIA.

OTMeTUM OFHO Ba)KHOE CBOWCTBO MOJOBUHHOTO AKCIIOHEHIIMAIBHOTO KBaTEPHHOHA A Kak
(GyHKIIMU KBaTEpHUOHA UCTUHHOTO 3iliepoBa MOBOPOTA : MPH YBEJIIMYEHHUH YTJIa IIOBOPO-
Ta Y, Ha 2-7 (TO €CTh MPHU KAXKIOM IOJIHOM OBOPOTE TBEPJIOTO TeJa) 3HAK KBaTEPHUOHA A
MEHSETCS Ha IPOTUBOIIOJIOKHBINA. [IeHCTBUTEIIBHO,

W (w2 w.+2~n] v, ( V.o \v.j
exXxp—-| 1'coOS—————+e-sin——— |=—exXp—:| 1-coOsS—+e-sin— |. 2.252
P5 ( 2 2 P5 2 2 ( )
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W3 3TOro CBOMCTBA CIEAYET, YTO HEYETHOE YKMCJIO MOJHBIX MMOBOPOTOB TEJIa MEHSET 3HAK
KBaTepHI/IOHa }\, Ha HpOTI/IBOHOHO)KHLIfI, a YCTHOC YHCJIO ITOJIHBIX HOBOpOTOB OCTaBJIICT €TI0
0€e3 U3MEHEHUS.

W eme omHO cneicTBUE, CIIPABEeTMBOE JJISi YHCTO BEKTOPHOTO KBAaTEPHUOHA : OJHOMY
MIOJTHOMY TOBOPOTY Telia (Ha yroJi 2-7T) COOTBETCTBYET TOXICCTBEHHBIH KBATEPHHOH CO
3HaKOM MUHYC (A = —i).

Takum 00pa3oM, MOJOBUHHBINA AKCIIOHEHIIMATIBHBIN KBATCPHUOH COACPKUT UHPOPMALIUIO
HE TOJBKO 00 OpPHEHTALMU TBEPJOTO Tela, HO M MH(OPMAIMIO O YETHOCTH WM HEYETHO-
CTH TIOJTHBIX TOBOPOTOB, PUBEAIINX TEJIO K ’TOH OPHEHTAIIHH.

2.8.2. Ilpueaszka keamepHuonos K cucmeme KOOpOUHam

Tak ke Kak U BEeKTOpHbBIE, KBATEPHUOHHBIE ()OPMYIIBI CIIPaBEAJIUBEI JUJIS JIIOOOM JeKapTo-
BOI cucteMbl KoopauHaT. BakHo mnuib, 4TOOBI BCE KBAaTEPHUOHBI, Y4YacTBYIOLIME B
(dbopMyiie, ObUTH MIPEICTABICHBI B OJTHOM U TOM K€ KOOPAUHATHOU cucTemMe. UncieHHbIe ke
3HAQYEHHUsSI KOMIIOHEHTOB KBAaTEPHHOHA 3aBUCAT OT KOOPAWMHATHOM CHUCTEMBI, B KOTOPOU
MPEJICTaBICH KBAaTePHUOH. [[JIs1 BEIYUCIUTENBHBIX €Tl YacTo ObIBaeT yIOOHBIM HCIIOIb-
30BaTh B OJHOW M TOM ke (hopMysie KOMIOHEHThl KBAaTEPHHOHOB B PAa3HBIX CHUCTEMax
KoopauHat. Bo m30ekaHue MyTaHWIIBI JOTOBOPHMCS B OTOM CIy4yae SIBHO YKa3bIBaTh
KOOPJAMHATHYIO CUCTEMY, B KOTOPOH 3alMCAHbl KOMIIOHEHTHI KBaTEPHUOHA, UCIIONB3YS ISl
ATOr0 JIeBblE HIKHME HWHJIEKChl. Hampumep, KBAaTepHUOH P, KOMIIOHEHTHI KOTOPOIO
MIpe/ICTaBJICHbl B HEMOJBUKHOW CUCTEME KOOPAMHAT X1, X2, X3, OyJaemM 000o3Ha4yaTh xp. ToT
K€ KBaTEPHUOH, KOMIIOHEHTBI KOTOPOT'O MPEJICTABJICHBI B MOJBUKHON CUCTEME KOOPAUHAT
V1, V2, V3, CBI3aHHOM € TeJIoM, OyeM 0003HaYaTh yp.

2.8.3. Ilpeoopazoeanue xoopounam

C nomo1IpIo MOJOBUHHOTO SKCIIOHEHIIMAILHOTO KBaTEPHUOHA A, ompenensieMoro Gopmy-
nor (2.238), MOXHO BBINIOJTHATH NpeoOpa3oBaHUE KOMIIOHEHTOB KBATEPHUOHOB IIPH
nepexo/ie OT NOABMKHOM CHCTEMBI KOOPAWHAT K HEMOJBIKHOM U HA000POT.

Ecnu, manpumep, M3BECTHbl KOMIIOHEHTHI HEKOTOPOTO KBATEPHHOHA ypP B TMOABMXKHOMN
CUCTEME KOOPAMHAT )1, V2, V3, CBA3AHHOM C TEJIOM, TO KOMIIOHEHTHI 3TOTO K€ KBAaTEPHUOHA
XP B HETIOABM)XHON CHUCTEME KOOPJIUHAT X1, X2, X3 MOKHO OIPENETUTh 1Mo popMyIie:

xP=xhoypo A (2.253)
C ucnons3zoBannem Gopmyis (2.238) hopmyiy (2.253) MOKHO 3anucaTth Tak:
P=expFo po ew(—%) . (2.254)
OOpaTHOe TTpeoOpa3oBaHNe UMEET TaKOW BU:
yP=xAoypoyh; (2.255)
WJIN TaKoM:
Yp=exp(— Xz\ll)o Xpoexp%. (2.256)



78 2. KBATEPHHUOHBI

3aMeTHM, 9TO KOMIIOHEHTH A U Y B HEMOJBIDKHON M MOIBIKHOIM CHCTEMax KOOpAWHAT
coBnajaroT. CKalspHasi 4acTh JHOOOro KBaTEpHUOHA IPU MEpPexo]e OT OJHON KOOpAMHAT-
HOM CUCTEMBI K IpyTOM HE MEHSAETCH.

2.8.4. Cnoocenue nosopomoe

Yaie Bcero He yJaeTcsl cpa3dy HamucaTh KBaTEPHUOH, COOTBETCTBYIOIIUN MOBOPOTY TeJa,
COOTBETCTBYIOIIEMY (pu3muecKoMy CMBICITy 3amadd. [Ipomie 3To caenaTh, BBIIIOJIHHB
MOCe0BATEIHLHO HECKOJIBKO AIEMEHTAPHBIX TIOBOPOTOB U IPOCYMMHPOBAB HX.

3a HayaJbHOE IOJIO)KEHUE IMOJBMKHOIO Tejla MPUHMMAETCS TaKOe, MPU KOTOPOM HEIO-
JBUKHAsI U MOABU)KHAS CUCTEMbI KOOpJAMHAT coBnajatoT. IlycTe BHavasie ObL1 BBIIIOJIHEH
IIOBOPOT TeEJNa, ONPEACIIAEMbIil MMOJIOBUHHBIM JKCIIOHEHIIMAJIBHBIM KBAaTEPHHOHOM xpl, a
3aTeM MOBOPOT, OMPEENIAEMbIl MOJIOBUHHBIM 3KCIOHEHLUAIbHBIM KBAaTEPHUOHOM xP2,
IIPEJICTAaBICHHBIMU B HENOJBHMKHOW CHUCTEME KOOpAMHAT. [[0JOBMHHBIN SKCIIOHEHIMAIIB-
HbI KBAaTEPHHOH pE3yJbTUPYIOIIETO IOBOPOTAa B HEMOJABHKHOM CHUCTEME KOOpPAMHAT
omnpenensiercss opmyoit:

<P = xp2°4pl, (2.257)

KOTOpast Ha3bIBaeTCs (OPMYJION CIOKEHHUs MOBOpoTOoB. OHA 1O MHAYKLIUHU PACIIPOCTpaHS-
eTcs Ha JI000e YUCIIO MOCIeA0BaTENbHO BBITOJIHEHHBIX TOBOPOTOB:

xP = xpno..oyp2opl. (2.258)

3aMeTUM, YTO COMHOXHTEIU B ATOH (QopMmyJie CIeAYIOT B MOPAJKE CIpaBa HalleBO. JTO
HYKHO CTPOTO COOMIOAATh, TOCKOJIBKY ONEpalrs YMHOXEHHUS KBATEPHUOHOB HEKOMMYTa-
THUBHA.

I/IHOFI[a ObIBaeT YI[O6HO NpeaACTABIATE KBATCPHUOHLI JJICMCHTAPHBLIX IIOBOPOTOB B
MOJBIDKHOM cucTeme KoopauHaT. B »ToM cimydae BmecTo Qopmynsl (2.258) crnemyer
MIOJIb30BATHCS CIICIYIONICH (HOpMYITOW:

xP = yployp2o..oypn. (2.259)

MoXHO uepenoBaTh MOBOPOTHI, NPEJCTABICHHbIE TO B HEMOABMKHON, TO B MOJBH)KHOM
cucTeMe KoopAMHaT. B 3ToM cityyae cocTaBiieHUE BBIPaKEHUS AJIsi CyMMapHOIo IIOBOPOTa
HaJI0 JieNaTh, MPUIMCHIBask KaX/Ibli MOCIEIYIONMI KBaTEPHUOH cJieBa OT Y€ COCTaBJICH-
HOT'O BBIPA)KEHHUS, €CJIM OH MPEACTABIIEH B HEMOJBUKHON CUCTEME KOOPJIMHAT, U CIIpaBa OT
BBIP)XEHUS, €CIIM OH NPEACTaBJICH B MOJBW)KHOM cucTreme kKoopauHat. Hampumep, eciu
MOCJIEZI0BATEIBHO BBIMNOIHAIOTCS OBOPOTHI ypl, yp2, xp3, vp4, xpS, xp6, NpaBHIbHBIM
OyZeT BeIpaKeHHE:

xP = xP6o pSe p3oyplop2o,p4. (2.260)

Ecnu pesynbrar noyKeH ObITh MPEICTaBICH B MOJABMKHOM CUCTEME KOOpAMHAT, KBaTep-
HUOHBI 3JIEMEHTAPHBIX IOBOPOTOB PaCIojaraoTcst B 00paTHOM MOpPSAKE.

vP = xPlo (p2o..o pn; (2.261)
yP = ypno..oyp2e,pl. (2.262)
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31ech MpUBEICHBI TPAaBUJIa CIIOKEHHSI TIOBOPOTOB, 33JJaHHBIX MMOJIOBUHHBIMH SKCIIOHCHITU-
AJIbHBIMH KBATCPHUOHAMMU. CroxeHue MMOBOPOTOB, 3alaHHBIX KBATCPHUOHAMU UCTUHHOI'O
iiIepoBa MOBOPOTA UCTOIB3YETCsl PEAKO, MOCKOIBKY pacyeTHbIC (POPMYJIIbI OKa3hIBAIOTCSI
BEChbMa CJIOXHBIMH. TeM He MeHee, MOXKHO 3alucaTh KOMIAKTHYIO (OpMyYJTy Uil BBIOJ-
HEHHUS 9TOH OIepalyu, UCIIONIb3Yys aHATUTHYECKUE (DYHKIIMA KBATEPHUOHOB (CM. 1. 2.4.2):

2 1
szz.Ln(exp X;’ oexp X;’ ), (2.263)

rae xy1, xy2, x\y — KBaTepHUOHBI HICTUHHOTO JIepOBa MOBOPOTA JIJISl IIEPBOTO, BTOPOTO U
CYMMapHOTO TIOBOPOTOB COOTBETCTBEHHO B HEMOABIKHOM CHUCTEME KOOpIAMHAT. ITa
dhopmysia MoKeT ObITH 0000IIICHA Ha TIOCTIEIOBATEIHHOCTH, COCTOSIIHE O0Jiee YeM U3 ABYX
MTOBOPOTOB.

Onepaum{ CJIOKCHU IMOCJICAOBATCIIBHO BBIITOJHCHHBIX IMOBOPOTOB 4YaCTO HNPHUMCHACTCSA
JUIS  TIOJIy4€HUs KBATEPHHOHA, XapaKTepU3YIOLIEro TPYAHOOMUCYEMOE IOJIOKEHUE
TBEPAOTO TeJa B MPOCTPAHCTBE. DTO TMOJOKEHHE OOBIYHO OMPEACINSIETCS KaK pPe3ysbTaT
MOCJIEZIOBATEIbHOCTU 3JIEMEHTAPHBIX TIOBOPOTOB U TaKHUM K€ CIOCOOOM BBIYHMCIISETCS
COOTBETCTBYIOIMN KBAaT€pHUOH. KBaTEpHMOHBI HEKOTOPBIX 3JIEMEHTAPHBIX I[TOBOPOTOB
MPUBEACHBI B IPUIIOKEHUU 9.3.

2.9. CBsi3b ¢ IPYrUMHU METOJAMHU MPeICTABJICHUS] OPUEHTAIMHU TeJia

2.9.1. Mampuuya nanpaenalouiux KOCUHycoe
OpueHTanus TBEpAOro Teja B IPOCTPAHCTBE HAUOOJIEE TPOCTO U €CTECTBEHHO ONMCHIBACT-
Cs1 MaTpULEN HANIPABJISIOIIMX KOCUHYCOB

A, 4, 4

A=lay ay ay (2.264)

4y 4y Ay
I'eomeTpruuecKuil CMBICI JIEMEHTOB 3TOM MaTpPULbl — CKAJISAPHBIE IIPOU3BEIEHUS OPTOB
HEMNOJIBUYKHOM CHUCTEMBI KOOPAMHAT X U OPTOB MOJABHKHOM crucTeMbl KoopAuHAT Y. OTOT
METOJ] MPEICTABICHUsI OPUEHTALMM MOJApPOOHO omucaH B pasgene 1.4.2. Jlng kaxuoro

METO/1a MPEACTABIEHUS IMOJIE3HO 3HaTh (POPMYJIbI MIEpeXo/ia OT MapaMeTpPOB, ONUCHIBAIO-
IIMX OPUEHTAIINIO TBEPJOTO TeMa, K SJIeMEHTaM dTOW MaTPHULIBI.

3anuiieM H3BECTHbIE (OPMYIIbI, BBIPAXKAIOIIUE 3JIEMEHThl MaTpHUIlbl IpeoOpa3oBaHUs A
4yepes3 3JEMEHTbl HOPMUPOBAHHOIO MTOJIOBUHHOTO SKCIIOHEHIIMAILHOTO KBaTEPHUOHA:

Go+49 =0 a7 2:6,4,—-2:45°qy 2-q5-q4,+2-q,-q,
A=12-q,-q,+2:9,°qy o4 +49:—q; 2:G,-q5—2-q,-4, | (2.265)
2:¢,4,-2-9,°4y 2:0,°4:+2-9,-q9, 4 —q 9 +4;
3aMeTuM, 4TO IETePMUHAHT 3TOM MaTPUIlbl, paBHBIN eIMHUIIE, BBIYUCISAETCS 1O (hopMyJIe:
detA=|qf = (g2 +4> + +42) =1, (2.266)

YTO COOTBETCTBYET yCIOBUIO HOPMUPOBKH KBAaTEpPHUOHA.
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[Tone3Ho 3HaTH U OOpATHBIC 3aBHCUMOCTH, CBSI3BIBAIOIINE 3JICMEHTHI MATPHUIIBI HAITPABIIS-
HOIUX KOCUHYCOB, C KOMIIOHCHTAMU HOPMHUPOBAHHOI'O IMOJIOBUHHOI'O 3KCIIOHCHIIUAJILHOT'O
kBaTepHUOHA. 13 hopmyit (2.265) BEITEKAIOT CICAYIONIHE:

2 . _ . _ . _ .
4-qy =l+a,tap+tays;4-q,-q =0y —ay34-q, g, =3 — 03549, Gy = a4y —ayy;

2 _ . _ . _ .
4-q; =l+a,—a, —ay;;4-9,°q, =a, +a,;4-q, s = a3 + a5

(2.267)
4.2 =1—a, +a,—ay;4-q, q, = a,, +a,;
q, = 11 Ty —Ay3, %G, "Gy = Ay Ty,
2 _
4-q; =1—a, —ay +as.
Ecnu BBecTH B pacCMOTpEHHE MATPHUILLY:
l+a, +a,+ay, a3y — Ay a3 —dy ay —ay,
a,, —a l+a,—a, —a a.,+a a.+a
32 23 11 o) 33 12 21 13 31
B- . (2.268)
a3 —dy a, +a, l_all tay, —as; a,; tay,
a, —da, a;; +as, ayy +ay, l_all — a4y T as
TO OyayT CrpaBeJIUBHI 3aBUCUMOCTH:
4-4,-q, =B, (j,k=0,1,2,3). (2.269)

N3 >TuX 3aBHCHMOCTEH MOXHO TIOJYYHUTh YEThIpe BapuaHTa (OpMYJ I ONpeaesICHUS
KOMITOHEHTOB MOJIOBUHHOT'O SKCIIOHEHIIMAIIbHOTO KBaTepHUOHA [74].

l+a,+a, +a; ] I a3 —ay ]
2-\/l+a11+a22+a33 2-\/1+an—azz—a33
a3 —ady l+a, —a, —a;
q= 2-\/1+a11+a22+a33 Cq= 2'\/1"'5’11_‘122_5’33 ; 2.270)
43 —dy a, +a,
2-\/l+a11+a22+a33 2-\/1+all—azz—a33
4y — 4y a; +a,
_2-\/1+a11+a22+a33_ _2-\/1+a11—a22—a33_
a; — 4y ) —ay
2'\/1_a11+azz_ass 2'\/1_a11_a22+a33
a, +a, a3 +a
q- 2'\/1_a11+a22_a33 Cq= 2-\/1—a11—a22+a33 . @.271)
1-a, +a, —a; Ay +as
2-\/1—a11+a22—a33 2-\/1—a11—a22+a33
Ay; T a3 1-a, —ay, +a,
_2-\/1—a11+a22—a33_ _2~\/1—a11—a22+a33_
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[Ipu monw3oBanuu popmymamu (2.270), (2.271) Bo3MOKeH ciy4ait, korga GopMyna st
orpesieNieHus KOMIIOHEHTOB KBATEPHUOHA COJIEPKUT HeonpeaeneHHocTh Tuma 0/0. B atom
Cllydae HaJ0 OTKa3aThCs OT TakoW (GopMyIbl, a U3 OCTaBmUXCA (HOPMYJ BbIOpaTh Ty, B
KOTOPOW 3HAMEHATENh OTJIMYEH OT HyJIsl. MOXHO BOCIIOJB30BATHCS TaKke POPMYIIOiA:

i\/1+all +a,, +ay,

+/1+a,—a,, —a
\/ 11~ Y27 U3 , (2.272)

N | =

i\/l—all +ay, —asy,

i\/l_all 0y Ty |

r/ie 3HAKH KOMIIOHEHTOB BBIOMPAIOTCS B COOTBETCTBHHU C TAKUM HPABWJIOM: 3HAKU HEHYJIe-
BBIX KOMIIOHEHTOB ¢; U ¢ OAMHAKOBBI, eciiu B (hopmyie (2.268) by > 0, 1 MpOTUBOIOJIOK-
Hble, ecnu B (opmyne (2.268) by < 0. 3Hak OJHOrO M3 KOMIIOHEHTOB KBAaTEPHHOHA (
MO>KHO IIPUHSATH MPOU3BOIBbHBIM. Eciu ¢o # 0, y100HO IPUHATH €r0 NOJI0KHUTEIbHBIM.

2.9.2. Yenwu Jiinepa

Becbma pacnpocTpaHeHHBIM METOJOM OTMPENEICHUS OpPUEHTAIlMd TBEPAOrOo Tela B
TPEXMEPHOM MPOCTPAHCTBE ABIIAETCS METO yrioB Diiiepa, 0ObIYHO 0003HAYAIOLIUXCS Y,
0, ¢. Kak u panee, paccMaTpuBaeTcsi HETIOJBMKHASI CUCTEMa KOOPAMHAT X1, X7, X3, CBSI3aH-
Has ¢ "3emyeil" U MOABMXXHAS CHUCTEMa KOOPIWHAT )1, 2, V3 , CBSI3aHHAS C TEJIOM, Havyaia
KOTOPBIX COBIAJIAIOT.

B HayanbHOM MONOXKEHHH TEJNO PACHOJIOKEHO TaK, YTO COOTBETCTBYIOIIME OCH ) U X
COBMAJAl0T. B 3TOM MOJOXEHWHM Bce Yriibl Dijepa paBHBI Hyr0. UTOOBI ONMpeneIuTh
MOJIOKEHHE Tella, COOTBETCTBYIOIEE 3aJaHHBIM yriiaM Jijepa, BBIIOJHUM CIEIYIoIIee.
CHauana Teso MmoBepHEM Ha yroJl \y BOKPYT ocH 3. [Ipu 3TOM ocu y| U y, OTOUIYT OT ocei
X1 ¥ X HA YTOJ . 3aTeM TeJIO MMOBEPHEM BOKPYT OCH y; Ha yroi 0. Ock y3 0TOHAET OT ocu
x3 Ha yrona 0. Hakownel, Teio moBepHEM BOKPYT HOBOTO IMOJIOKEHUS OCH V3 Ha YToll . ITO
MOJIO’KEHUE Telia U OyZeT COOTBETCTBOBATH yIiiaM Diinepa s, 0, .

VYron y Ha3pIBaeTCs YIJIOM Tpereccuu (precession),
yroia 0 — yriom HyTamud (nutation), yroia ¢ — yriom
COOCTBEHHOT0 BpallleHUs. DTU Ha3BaHUs YIJIOB MPUILUINA
U3 TEOPUHU THUPOCKOIOB. Pa3zobpathcs B yriiax Ditiepa
ynoOHee BCEro Ha INpHMEpE BpallAONIErocs BOJYKA
(puc. 2.10). Ocp BoMYKa y3 ONHUCHIBAET KOHYC BOKPYD
HEMOJABIKHOW OCH X3. DTO BpalleHHE OnpeiesseTcs
yIJoM  (TOBOPAT, BOJYOK COBEPIIAET MPELECCHUIO).
OTKIIOHEHHE OCH BOJIYKA OT BEPTUKAIIU — yroJl HyTallH
0. Bpamienue Bouka BOKPYT CBOEH OCH Y3, ONpeernse-
MOE YTJIOM () — COOCTBEHHOE BpaIllCHHE.

Takum oOpaszoMm, Diijep NpenIoKuia MPOU3BOJIBHBINA
IIOBOPOT TeNa pPa3loXUThb HA TPHU DJICMEHTAPHBIX
[IOBOPOTA, BBINOJIHAEMBIX BOKPYI OCEH IOABUKHOU
CHUCTEMBI KOOPJIMHAT. 3aluulieM I HUX KBATEPHUOHBI

Puc. 2.10. Bomgok u yriel Ditnepa
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MCTUHHBIX SHJIEPOBBIX TOBOPOTOB:

ul =[0; 0; 0; y];

u2 =[0;0; 0, 0];

u3=[0;0;0; ¢].

(2.273)

Ha ocHOBanuu 3THx (1)OpMy.]'I 3aIMMIICM ITOJIOBUHHBIC SKCIIOHCHIHNAJIbHBIC KBATCPHUOHBI:

U ] 6 . 0 [0) . P
1=[cos—;0;0;sin—]; p2=[cos—;sin—;0;0]; p3=[cos—;0;0;sin—]. 2.274
pl=[ 5 2] pP2=[ 5> sin- I p3=I[ 5 2] (2.274)

[TonOBUHHBIA 3KCIIOHEHLMANbHBI KBAaTEPHUOH CYMMAapHOrO0 MOBOPOTa Ha OCHOBAaHUM
bopmysl (2.259) Oynet BhIpakaThCs TaK:

qe=plop2op3.

HepeMHoncaa KBAaTCPHUOHBI-COMHOXHUTCIIU, ITOJTYUYUM!

0 . )

COSE'COSE'COS——SIHB'SIHE'COSE cos

.0 . ) . 0
cosgcosi-s1n—+s1n9-sm£-sm— cos

2 2 2 2 2 2

qe: =
cosg~sin£-sin——sing-cosi-sin— sin
) 0 . )

cosg-smi-cos—+sm£-cosg-cosa sin

v+o.

v+o

0

+COS—

2

OO6partieHue 3TUX 3aBUCUMOCTEN MPUBOAMT K CIEAYIOLIEMY PE3yJIbTaTy:

v =atan2 (ge, - qe, —qe, - ge;;

qe,-qe, +qe,

0 = arccos(qe; —qe. —qe; +qel);

¢ =atan2 (ge, - qe, +qe, - ge;

qe,-ge, —qe;

2.9.3. Kopabenvnoie yznwvt Kpvinosa u camonemmuoie y2inl

EHIC OJIWH MCTOA AJIA OIMMCAHUA OPUCHTALIMK TBEPAOTO TCJIa

Puc. 2.11. KopabenbHble
ocu

B TPEXMEPHOM TMPOCTPAHCTBE
npemioxked A. H. KpbuioBbim.
N3yuas kauky kopabns [35], on
BBEJI HE3aBHUCHUMBIC TapamMeTphl,
OTIIMYAIOIINECS OT DJHUIEPOBBIX,
KOTOpbIE OIMKCHIBAIOT MEpEeMeIlie-
HUS KOpaOisi HAa BOJHEHUU U
Oosiee ymOOHBI [JIsi PAacCUETOB.
Onu ompenenstoTcss Kopadenb-
HBIMH OCSIMH, CBSI3aHHBIMH C
koprmycom cyana (puc. 2.11). C

-qe,);

'qel)-

(2.275)

(2.276)

(2.277)

A. H. Kpsios (1863-1945)

OCBIO X CBsI3aH YroJ KpeHa 0;, ¢ ocbio y — yroi auddepenra , ¢ 0CbIo z — YIoJl phICKaHUSI.
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AHanornyHas cucTeMa KOOpPJIMHAT NPUMEHSETCS B
apuanuu. IIpm STOM B KauyecTBe CBS3aHHOW C
CaMOJIETOM TOJBHUKHON CHUCTEMBI KOOPAMHAT )1, V2,
V3 BBIOMpaeTcs CTaHJapTHas caMoJeTHas KOOpIu-
HaTtHas cuctema. Ee ocu mokaszanbl Ha puc. 2.12.
Ocps y; Ha3wIBaeTcs ockio kpeHa (roll), ock y; — ockro
TaHraxa (pitch) u och y3 — OCbIO CKOJIBXKEHUS (yaw).
PazHuna 3akmiouaeTcs B TOM, UYTO KopaOenbHas
cucTeMa — JieBas, a caMoJieTHas — npaasi. II0CKOJIbKY B TEXHUKE PEUMYLIECTBO OTIAETCA
NpaBoil cUCTeME KOOpAWHAT, NalbHEHIee H3JI0KeHHEe OyIeT BECTUCh B CaMOJIETHOM
TepMHUHOJIOTHH. TBepaoe Teno OyaeM MpencTaBisaTh B BUAE camosera. Ero opueHranuio B
TPEXMEPHOM IPOCTPAHCTBE OyAeM OINpPEeIIATh YIllaMu d., 3, V.

"7 3, — 0Ccb KpeHa

Y2 — OChb TaHIraxa

V3 — OCb CKOJIbKCHU

Puc. 2.12. CamoseTHbIe OCH

Jis Toro 4yToOBl YCTAaHOBHUTH, KaKOE€ IIOJOXKEHHE Tella COOTBETCTBYET J3THM YyIJam,
pPaccMOTPUM Ha4aJbHOE IOJIOKEHUE ITOrO Tella, B KOTOPOM MOJBUKHASI CUCTEMA KOOPAU-
HAaT V1, 2, '3 COBIIAJAET C HEMOABMKHON CUCTEMON KOOPJAMHAT X1, X2, X3. B 3TOM mosoxe-
HUU BCE TPU yIia paBHbI Hymo. [lociie 3TOro BBINOJHSETCS MOBOPOT Teja BOKPYI OCH
KpeHa )1, Ha yroia o. Jlajgee BBIIOJIHAETCSA NOBOPOT TEJIa BOKPYT HOBOTO IOJIOKEHHS OCU
TaHraxa )», Ha yroi f3, a 3aTeM BOKPYT HOBOTO MOJIOXKEHUS OCH CKOJIBKEHUS Y3 Ha yroa Y.
[Tocne 3TUX Tpex MOBOPOTOB TEJIO MPUXOAUT B OKOHYATEJILHOE MOJIO0KEHHUE, ONPELIIIEMOE
yriaMu o, f3, y. 3anuieM Uil HUX KBAaTEPHUOHBI MCTHUHHBIX 3HJIEPOBBIX MOBOPOTOB B
MOJIBUYKHOM CHCTEME KOOPANHAT:

ul=[0;0;0;0]; w2=[0;0;B;0]; uw3=[0;0;0;7]. (2.278)

Ha ocHOBannm 3THX (I)OpMy.]'I 3alyIeM MOJIOBUHHBIC OKCIIOHCHIUAJIBHBIC KBATCPHHUOHBI:

p2:[cos%;0; sinE‘O];

a . o
1=[cos—;sin—; 0; 0]; 5
pl=[ 5 2 ] 5

p3 =[cos %; 0; 0; sin %] . (2.279)

HOCKOJ’IBKy BCC MMOBOPOTHI BBITTOJHATIUCE BOKPYT oceit HOI[BPI)KHOfI CUCTCMbI KOOpAWHAT,
MOJOBUHHBIN 3KCHOHCHHI/IaHBHLIﬁ KBAaTCPHUOH CYMMBI ITIOBOPOTA 6y,[[eT BBIPAKCH TakK:

gk =plop20-p3. (2.280)
[TepeMHOXast KBATEPHHUOHBI-COMHOXHTEIH, TIOTYIHM:
cosg-cosE . cosl—sing-sinﬁ-sinl
sin%-cos%-cos%+ cos%-sinﬁ-sinl
gk = (2.281)
cosg-sinE . cosl—sing-cosE-sinl
2 2 2
sing-sinE~cos1+cosg-cosE-sin1
2 2 2 2

OOpareHne TUX 3aBUCUMOCTEN PUBOJIUT K CIEIYIOIEMY Pe3yIbTaTy:
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o = atan2(gk; — gk —qk; +qki;  2-qk, - gk, =2- gk - gk,);
B =arcsin(2- gk, - gk, —2-qk, - qk,); (2.282)
v =atan2(qk; + gk —qk; —qk;;  2-qk,- gk, —2-qk, - qk,).

2.10. KunemaTu4eckue ypaBHeHHUS

PaccmoTrpuM 3aauy 0 JBHYKEHHUH TBEPJOTO TEJIA C OJHON HEMOJBUKHOM TOYKOU, TO €CTh O
ero BpameHuu. OpueHTtanus SToro Tena Oyner dyHkiueidl Bpemenu f. Kak u panee,
CYIIECTBYIOT HETOJBIKHASI CHCTEMa KOOPAMHAT X C KOOPAMHATHBIMHU OCSMH X|, X2, X3 H
MOJBIKHAS cucTeMa koopauHaT Y(f) ¢ KoopauHATHBIMU ocsiMu Vi(f), ya(?), y3(f), coenu-
HEHHas C TEJIOM M SBIISIONIascs QyHKIMEH BpeMeHH f. bynem momarath, 9To KOOpAMHAT-
Hyo cucteMy Y(f) MOXHO MOJYYUTh IMYTEM OJHOTO HCTHHHOTO DJiiJiepoBa MOBOPOTA
HETIOABIDKHOW CUCTEMBI X, XapaKTepH3yeMOro KBaTEPHHOHOM xW(#), BOKPYT BEKTOpa ¢
KOMITOHEHTaMH x\/1(?), xW2(?), xW3(¢) Ha yroJi, paBHBIA BEIMYMHE ITOTO BEKTOPA:

W.(6) = £ W2 () + W2 () + x W2 (1) (2.283)

HamnpaBnenune moBopoTta omnpenensercs 1Mo MmpaBumily OypaB4dHKa. 3/1ech Il OOIIHOCTH MBI
MOJIb3yEeMCsl He MOJTyJIEM, a BEIMYMHOM BekTopa (cM. pasaen 2.4.1).

OTOMY KBaTEpHUOHY COOTBETCTBYET IIOJIOBUHHBIN AKCIIOHEHIIMAIbHBIA KBATEPHUOH, OH KE
COOCTBEHHBIHM KBATEPHUOH TOT0 MOBOPOTA!

o) = exp? . (2.284)

3aMeTHM, 9TO KOMIIOHEHTHI KBaTCpHUOHA A(f) OJJUHAKOBBI B HEIMOJBIKHOW X U TIOJIBHXK-
Hoit Y(¢) cucremax koopauHat. Kak crnemyer u3 dopmynsl (2.284), 3TO e CBOMCTBO
coOmrofaercs 1 A KBaTepHUOHA (7).

Puc. 2.13. Tpu opueHTaIu TBEPIOTO TENa

PaccmoTpuM Tpu opueHTanuu TBEPAOTo Tejla B MOMEHTHI BPEMEHH COOTBETCTBEHHO 0, 7,
t+ dt (puc. 2.13), rne dt — 6eckOHEYHO MaJiblii MPOMEKYTOK BpeMeHu. Hecmotps Ha To,
4TO MBI pacCMaTpuBaACM JABMIKCHHUC TBCPAOr0 TCJIa BOKPYT OI[HOﬁ HGHO[[BI/DKHOI\/JI TOYKH,
TPU OPUEHTALMU TeJa, NOKA3aHHbIE HA PUCYHKE, 3pUTEIBbHO Pa3HECEeHbI IS TOTo, YTOOBI
nerde ObuTO pasnuuath koopauHatHbe cuctembl Y(0), Y(7), Y(¢ + df), xapakrepusyromye
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3TH opueHTauuu. CTpelkaMu Ha 3TOM PHUCYHKE MHEMOHHYECKH O0O03HAY€HBbI MOBOPOTHI
Tena, MNEPEeBOMASIINE KOOPAUWHATHYIO CHUCTEMY, HAXONAIIYIOCS B Hayajie CTPENKH, B
KOOPJMHATHYIO CUCTEMY, HaXOSIIYIOCSl B KOHIIE CTpeiKu. Pamom co ctpenkoii o6o3Haue-
HbI KBATEPHUOHBI UCTUHHBIX 3MJIEPOBBIX TOBOPOTOB.

Jlns mpuMmepa paccMOTPUM CTpeNKy, 00O3Ha4eHHYI0 CUMBOJIOM kBarepHuoHa W(0). B
Hayajie 3TOW CTPEJIKU HaXOAUTCS KOOpJMHATHASA chcTeMa X, a B KOHIIE CTPEJIKH — KOOPIH-
HaTHas cuctema Y(0). DTa cTpenka o3Ha4aeT: JJisl TOTO, YTOObI COBMECTHUTH KOOPAMHAT-
Hyt0 cucreMy X ¢ koopauHatHOUM cuctemoil Y(0), Hamo MOBEpHYTh cuctemy X BOKPYT
BekTopa kBaTepHuoHa Y(0) Ha yroma y.(0).

[lepexon OT HEMOABMIKHOW KOOPAMHATHOM CHCTEMBbl X K MOJBUAHBIM KOOPAWHATHBIM
cuctemam Y(0), Y(¢), Y(¢ + dt) BeImoNHSIETCS WCTUHHBIMU DIIIEPOBBIMH TIOBOPOTaMH,
onpeaensieMbiMu kBaTepHuoHamMu W(0), y(?), y(t + df). IM cOOTBETCTBYIOT MOJIOBUHHBIE
SKCIIOHEHIMaNbHbIe KBaTepHUOHBI A(0), A(7), At + df).

2.10.1. Kunemamuueckoe ypagnenue 0.1 n0J1086UHHO20 IKCHOHEHUUATbHO20
KeamepHuoHa

PaccmotpuM moBopoT Tena, mepeBosAInid cucteMy KoopauHat Y(f) B CHCTEMY KOOpAUHAT
Y(¢t + dt). IlycTh 3TOT MOBOPOT XapaKTepHU3yeTCs KBATEPHHOHOM HCTHHHOTO SUJIEpOBa
noBopoTa Yd(f) ¥ TOJOBUHHBIM SKCIIOHCHIIMATBHBIM KBaTepHHOHOM Ad(?). Tlo mpaBmmy
CJIOKEHHSI IOBOPOTOB (CM. pazfen 2.8.4) MOKHO HaIlUCATh:

Mt +dt) = M(t) o (1) . (2.285)

C npyroif cTopoHbl, KBaTepHUOH A(f + df) MOXHO HOJIYYHTb, IPUOABIISAL K KBATEPHUOHY
A(?) mexoropoe crnaraemoe dA(?):

M +de) =) +d(0), (2.286)

sBIstoIIeecs OObIYHBIM AuddepeHnnanom KBaTepHHOHA A(f). DTO ciaraeMoe MOXKHO
OIIPEJICNIUTh U3 PAaBEHCTBA

A(2) o M(t) = M(t) +dA(2) (2.287)
CIEIYIOIIUM 00pa3zoM:
di(2) = Md() o h(t) = (1) = (1) o M(1) —i o M(1) =[ M (1) —i]o M(1), (2.288)
r7ie 1 — TOKJIECTBEHHBIN KBATEPHHUOH.
3aMeTUM, YTO UCTHUHHBIN 3iIepoB MOBOPOT Yd(?) sBiIsieTcss OECKOHEYHO MaJIbIM U BBIIOJI-
HseTCS 32 OECKOHEYHO Majoe BpeMmsl df ¢ HEKOTOpPOW KOHEUHOH YIIIOBOW CKOPOCTHIO.
[Tyctb 3Ta ckOpOCTh onpenensiercs KBarTepHUOHOM (7). Ilpu Takoii yrioBoil ckopocTu 3a
BpeMs df TEJI0 TIOBOPAYMBACTCS BOKPYT BEKTOpa ¢ KOMIIOHEHTaMU M;(f), wy(?), w3(f) Ha
yroi m.(¢)-dt. JIns obuHocTy OyaeM monarath, 4YTo 3TOT Yroil He 00s3aTesIbHO MOJI0XKHUTe-
neH (cMm. pazgen 2.4.1), a KOMIOHEHT () MOXKET OBITh HEHYJIEBBIM, XOTS OH B HAIIMX

pPacCyXJICHUSIX PO HE WUrpacT U MOXET OBbITh 000 YHCIOBOM (PYHKIIMEH BPEMEHHU.
Takum oOpa3om, B paccCMaTpuBaeMOM CITy4yae

wd(t) = o(t)-dt . (2.289)
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[TonmoBHHHBIN SKCTIOHCHIIMAIBHBIA KBATEPHUOH Oy/I€T UMETh CIACAYIOIINI BU/I;

0s 2 (t)-dt
2
3 w,(2)-dt o,
Ad(?) =exp o) o.b)-dt | (2.290)
-sin
o, (1) 2
(1) sin o, (1)-dt
| ©,(7) 2
Y4uThIBas TO, 4TO MPH OECKOHEYHO MaJbIX apryMEHTax:
exp o, (1)-dt 14 oao(t)-dt; cos o, ()-dt _L sin o, (1)-dt _ m,(t)-dt; (2.291)
2 2 2 2 2
HOJTY4UM:
Ad(f)=| 1+ wo(t)-dt; (ol(t)~dt; (oz(t)-dt; ,(t)-dt iy o(t)-dt (2.292)
2 2 2 2 2
[ToncTaBUB MONy4EHHBIHN pe3ynbTat B hopmyiy (2.288), Oyaem UMeTh:
t)-dt
dr(r) = “’(; oA(?). (2.293)
Orcrona nonyyaeM pyHIaMEHTaIbHOE KHHEMaTH4YecKoe udepeHnnaabHoe YpaBHCHHE
di@) ., _o@)
=A() = oMt 2.294
" (1= 5 OF (2.294)

CBSI3BIBAIOIIEE ITOJIOBHHHBIA OSKCIIOHCHIIMAIBHBIA KBAaTEPHHOH, OH JX€ COOCTBEHHBIH
KBAaTE€PHUOH MOBOPOTa A(f), CO CKOPOCTBIO BpallleHHs Tena @(f). DT0 ypaBHEHUE CIIpaBe.-
JIMBO KaK B HEMOJBUXHOM CUCTEME KOOPAMHAT X, TAK U B IOJABMUKHOW CUCTEME KOOPJIAUHAT

Y(?).
B cuy dhopmyisr (2.284) MokHO 3amucaTh:

A(t+dt)= expw.

: (2.295)

B nmpakTrueckux 3aauax CKOPOCTh BpallleHHs Tejla OOBIYHO ObIBAeT 3a/laHa B MOJBMXKHOM
cucreMe koopauHat. C ucnoiab30BaHueM GopMyJasl (2.253) MOKHO MEpEerTH K YpaBHEHHUIO

xdA (@) ) Y(t) o(! )
dt
HauboJIee MPUCIIOCOOIEHHOMY JUISl PEIIEHHS PAKTUYECKUX 3a/1a4.

M) =M1)o (2.296)

Ecnmu mo kakuMm-To mpuyuHaM YJO0OHO paboTaTh B MOJBMXKHOM CHCTEME KOOpAMHAT,
MO>KHO BOCIIOJIB30BAThCs CIAEAYIOMUM AU PepeHInanbHbpIM YpaBHEHHUEM:
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Y(t)m(t)
2

Y(t)d;"(t)
dt

3anuieM KHHEMaTHUeCKOe YpaBHEHHE ISl MOJIOBUHHOTO SKCIIOHEHIIMATbHOTO KBATEPHU-
OHa C UCMOJIb30BAaHUEM MYJbTHILNIMKATUBHON MPOM3BOAHOMN (cM. paszznen 2.6.2). Bocnoms-
30BaBIIMCH (GOpMyJIONM Tepexofa OT OOBIYHON TMPOU3BOJHON K MYJIbTUITMKATUBHOM
(2.142), na ocHoBanuu (2.297) nony4yum:

Y(z))\',( )=———0°M?). (2.297)

V()= —= o ® () (2.298)
2
Kak BuaHO M3 3TOi (QOpMyIbl, MyJIbTUILIMKATUBHAS MPOU3BOJHAS MOJOBUHHOIO 3KCIIO-
HEHIMAJILHOIO0 KBaTEPHUOHA PaBHA MOJIOBUHE KBAaTEPHUOHA YIIIOBOM CKOPOCTH. B cBsi3M ¢
3THM, KHHCMATHU4YCCKOC ypaBHeHI/Ie B My.HbTI/IHJII/IKaTI/IBHBIX TepMI/IHaX OKa3bIBACTCs
MpeaebHO IPOCTHIM.

Ob6mee pemrenne >Toro mudPepeHIHATBHOTO YpaBHEHHUS C HCIOJIb30BAaHUEM (OPMYJIbI
(2.162) MokeT OBITh BBIPAXKEHO Yepe3 MYJIbTUIUTMKATHBHYIO KBAAPATYypy:

M) = 1(0)o ﬂexp{‘“”z() } A(0)o ﬂ{ Y“’“’() dr}, (2.299)

rze i — TOXKIECTBEHHBIN KBaTEPHUOH. JTO PEIICHUE COJCPKHUT MPOU3BOJIBHBIA ITOCTOSH-
HbIi KBaTepHUOH A(0), paBHBIHM MOJOBUHHOMY 3KCIIOHEHIIMAILHOMY OT W(?) ipu ¢ = 0.

2.10.2. Kunemamuueckoe ypagnenue 01 KGAmMEPHUOHA UCMUHHO20 IU1€P06a
nosopoma

Jlnig nepexoza K Ipyroi nepeMeHHON W(f) — KBaTEpHUOHY MCTUHHOTO 3iliepoBa MOBOPOTA
Teja — BOCIHOJIb3yeMCsl MaTepuajoM pasfena 2.5, rae pedb UAET O CBA3M Mexay audde-
peHLIMaTaMu KBaTEepHHOHA-apTyMEeHTa M KBaTepHHOHA-(yHKIMU. Kak Obu1o ompeneneHo
BBIIIIE, TepeMeHHbIe () 1 A(f) CBsI3aHBI ClieAyIoel (yHKIIMOHATHLHON 3aBUCHMOCTBIO:

Me) = expw (2.300)

B KOTOPO# Y(7) BRICTYIIAaeT B KA4eCTBE apryMeHTa, a A(f) — B KauecTBe (PyHKIIUU.

C uenpio MosyuyeHusi KHHEMAaTUYeCKOr0 ypaBHEHUs Uil KBaT€pHHOHA UCTUHHOTO 3iiepo-
Ba TIOBOPOTa () MOXHO BOCIOJIb30BaThcs (hopmyioit (2.102), xoropass B HPUHATHIX
0003HAaYEHUAX UMEET BUL:

dye(r)=d (1) odre(r); dyn(t)=T"'(¢)-din(s), (2.301)
oTkyza 1o ¢popmyie (2.98) Haxoaurcs BeipaskeHue s auddepennnana aprymenta y(z):
dy(t)=d ' (t)odhe(t)+ T 7' (¢)-din(?) . (2.302)

B stux ¢dopmynax dAc(f) m dAn(f) — KouMHeapHash W HOpPMajbHAas COCTABIISIONIUE
mudpepernmana ynkmun dA(z), onpenensiemoro Gopmysoi (2.296), Mo OTHOIICHHIO K
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BEKTOPHOM 4YacTW KBaTepHUOHA-aprymMeHTa \(%). d'(/) — xBarepHHOHHAS (YHKIWS,
oOpaTHast KBATepHUOHHON (yHKIIUU-TIPOU3BOIHOI 1O oTHOIIEHUO K pyHkuuu (2.300):
1 t _ t
d(r) =~ exp ¥, d‘(t)=2-eXP(—&], (2.303)
2 2 2
T\(f) byHkius, onpenensemas Ha ocHOBaHHH (GopMyItbl (9.27):
RO BT () g RONSSAGRN
T@)= cexp—2—=-sin——>; T (t)=vy,(t)-| exp—2—=-sin— . 2.304
Q) v P 5 () =v.(0)-| exp— 2 (2.304)

Janee cnenyet onpeAenuTh KOUIMHEApHYIO cocTapistomyto auddepenunana dAi(f) no or-
HOIICHHUIO K BEKTOPHOH 4YacTH KBaTepHHOHA W(f), €AMHUYHBIA BEKTOpP KOTOPOI'O HMMEET
BUJI:

@ v, (). \V3(t)} (2.305)

RAGEAGING)

Bocnonssyemcst st atoro hopmyioit (2.293) u popmynamu (2.91), U3 KOTOPBIX CIIETYET:

e(1) =[0; ¢,(0); ¢, (1); €,(1)] = {o

dae(t) :(o(t) oh(t) — e(t):; (1) oh(t) o e(r) dt:din(?) :u)(t) oA(t)+ e(t): (1) oMt) o e(r) di. (2.306)

YuuteiBas To, 4T0 (), U Kak ciencTBue, A(f) u e(f) KBaTEpHUOHBI KOJUIMHEApHBIC, a,
3HAYHUT, KOMMYTHPYIOT, MOKEM 3aIHCAaTh:

dhe(t) = o) - e(f); o)oe) A(t)-dr: din(r) = o)+ e(t); o(t)oe(t)

oM2)-dt. (2.307)

Ecnu, Bo3Bpamasice k Gopmyne (2.91), BBECTH B pacCMOTpeHHE KOJUIMHEAPHYIO ®¢(f) U
HOPMAaJIbHYIO ON(f) COCTABIAIOIINE KBATEPHHUOHA M(?):

oe(t) = o(t)— e(t); o(t)oe(?r) . on(f)= o(t)+ e(t); o(t)oe(t) (2.308)
u 3aMeHuTh A(?) o popmyre (2.300), To Beipakenus (2.307) OyxyT BBITTISIETH TAK:
dhe(t) = ‘”cz(t) o exp “’;’) dt; dhn(t) = ‘”';(t) oexp "’ét) dt | (2.309)

[Toacrasmnss B hopmyny (2.302) Beipakenust u3 hopmyin (2.303), (2.304), (2.307), npunem
K quddepeHnnanbHOMy YpaBHEHHUIO:

on() ()
dy(?) = we(t) + V. 2 oxP 2 (2.310)
i NRTACINTAG '
2 2

OTa 3aBUCUMOCTD CIIPaBEIJINBA, €CIIM BCE BXOIALIUE B HEE KBATCPHUOHBI IIPEICTABIICHBI B
OJHOM M TOM € CHCTEME KOoOpAuHAT. PacrnpocTpaHeHHON sBIseTCs 3ajada, KOraa
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KBATEPHUOH CKOPOCTH NPEACTABJICH B MOABMKHON (CBA3aHHON € TEJIOM) cCHCTEME KOOPH-
HaT, a AuddepeHnnan KBaTepHUOHA UCTHHHOTO diliepoBa MOBOPOTa — B MOABIKHOU. B
aToMm citydae nuddepennuanpHoe ypaaenue (2.310) mpuoOpeTeT Bua:

(1) . v @n(?)

v, (1)-exp
O _ ey + 22 (2311)
dt exp \Voz( ) .sin \Voz( )

3aMeTuM, 4TO KBaTEPHHUOHBI Y(f) U C() KOJUTMHEAPHBI M UMEIOT OJIMHAKOBBIE KOMIIOHEH-
Tl KaK B HEMOJBI)XHOW, TaK W B MOJBI)XHOW cHCTeMax KoopauHaT. [loaTomy B ux
0003HAYEHUAX OTCYTCTBYIOT YKa3aHUs HA CHCTEMY KOOPAUHAT.

HuddepenunansHoe ypaBaenue (2.311) MOXKHO 3anmcaTh U HECKOJIBKO [TO-UHOMY:

deLt(t) =oc(?)+ W'Z(t) -ctg W'z(t) Cyyon(t)+ (e Y(’)m(t); v (0¥ () ,  (2312)
a TaAK)KE ITIOKOMIIOHCHTHO:
v ® 0 0
XAV | v@etE] Ve Ve VO TP | WL GO TE T | (2.313)
dt vOg € | 2 2 | y0,myOgie | 2 | ey ® =y
yOg * €3 y®; = yWg "€ €y —6y0,

rae e, ey, es ompenensiorces (opmynon (2.305), a K0IPPUIHEHT y®g CICAYIOMUM
o0Opa3om:

yOg =€ y® +e y0,+e-,0;. (2.314)

B kagecTBe o MOXKHO MPHHATH (), BEIYUCIISIEMOE B COOTBETCTBHH C PopMyInoit (2.283).
B dopmynax (2.313) u (2.314) dpyHKIMOHANIBbHAS 3aBUCUMOCTD BEIMYUH OT BPEMEHH ¢ ISt
KpPaTKOCTH IMMChMa HE YKa3aHa.

®opmymna (2.313) MOKET OBITh MPEACTaBICHA B BEKTOPHO-MATPUIHOM 3aIUCH C UCTIOJIb30-
BAHMEM CJICYIOLIUX JIETKO IIPOBEPSAEMBIX 3aBUCUMOCTEM:

v, 1 0 0 0 v
o, ‘e 0 e e-e e-e 0)
yDg "€ 1€ €€ €& y @,
= : =A-,0; (2.315)
yDg "€, 0 e, e-e el o
yDg €3 0 e-¢ e-e e-e y O3
0 0 0 0 0 v,
2
O — O, € 0 1-e —e e, —e -e o
YO, — yOg - € | ) 1763 y @y
= ) . =B-,0; (2.316)
y®, = yWg -6, 0 —e-¢ l-e —e-e|]| o,

y @3 = y Qg - € 0 -e-¢ —e-e, 1-¢ y O3
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0 0O O 0 0 ON
e v®, —e O 0 0 —-e e 0
2Ty @376y @y | 3 2 || Y@ —C-,0. (2.317)
€y —€ -y 0 e 0 —e y @,
€ y®, =6 yO 0 —e ¢ 0 y O3
3Ta BeKTOpHO-ManI/IIIHaSI 3aIlIiuCh UMECT BU/I.
dy v v v
X T A 0o+—ctg— B ,0+—-C-,0. 2.318
dr Y 5 g ) % > Y ( )

[Tomo6HO TOMy, Kak ObLIO caenaHo B pasnene 1.4.3, BBejeM B pacCMOTPEHUE KBaIPaTHYIO
MaTpuIty S, sSBISIONTyIOCs (YHKIHMEH eIMHHUYHOTO BeKkTOopa e. Hmke mpencraBieHa cama
MaTpULa S U €€ CTENEHU C HyJIEBOM IO MATYI0 BKIOYUTENbHO. I — ennHn4Hast MaTtpuna.

o 0 0 O 0 0 0 0 S’ =-8§;
0 0 —e e 0 e-1 e-e e-e S*=-87%
S = 3 2 : S? = 1 12 2 1763 : . (2.319)
0 e 0 -—¢ 0 e-e e-1 e -e S’ =S§;
0 —e, ¢ O 0 e-¢ e-e &-1 S’ =1
CpasnuBas ¢popmyisl (2.315)—(2.317) ¢ popmynoii (2.319), 3ameuaem cremyrouiee:
A=8"+S’; B=-§%; C=S". (2.320)
C ydeTom 3TuX 3aBUCHUMOCTEH BMeCcTO (hopmMyibl (2.318) MokeM 3amucaTh:
dy v v V. | 2
X180+ =S - ctg— |87 |- y@. 2.321
dt { 2 ( 2 T8, Y (2-321)
MoxeTt noHagoOoUThCs M 0OpaTHAsl 3aBUCUMOCTb, UMEIOIIAst BUJL:
Ym:{so_%.tg&sl+(1_mj.sz]w_‘v. 0322)
v, 2 v, dt

s neMoHCcTpauuyu BO3MOKHOCTEM MaTpuLbl S(e) NMpOBEpUM MPAaBUIBLHOCTH MaTPUYHON
dbopmynsl (2.322) ¢ ee momompio. [TockonbKy 3Ta 3aBUCHMOCTH 0OpaTHa 3aBUCUMOCTH
(2.321), MaTpuIbl 3TUX 3aBUCUMOCTEH (B KBaJpaTHBIX CKOOKAax) JOJKHBI OBITH B3aUMHO
00paTHBIMU, TO €CTh UX MPOU3BEACHHUE TOIKHO OBITH PABHO €AMHUYHOM MaTpHIIE:

P= S°+L-Sl+ I—L-ctgL .S? |- SO_%.tgL.SIJF 1_% .S? | =
2 2 2 v, 2 v,

_g {%_Sl:lfw. 'tg%].sl +£1_%,Ctg%+l_%_L.%.tg%j.sz+ (2.323)

. [j_siny, I_LCtg&)Slnw A su(l_&ctg& |_siny. ) oo
2 V. 2 2) w. 2 2 2 V.
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VuursiBasi To, ut0 S° =—S', a §*=— 8%, BhIpakeHue (2.323) MOXKHO MepenucaTh TaK:

pogiy| Ve SOV W v, [ siny, +(1_L.Ctng.%.tgL St
2y, 2 2 v, .

. _ . (2.324)

v, \v-+1_%_L%.tgﬁ_(l_£ctgﬁ) LAY

+| l-—-ctg—
2 2 v, 2y, 2 2 V.

HemHoro norpyauBIINCh, YUTATENb MOXKET yOEIUTHCA B TOM, YTO YUCIIOBBIE KO3(duu-
eHTBI PH MaTpHuuax S' u S? paBubI HyT10. Takum o6pazom, Matpua P = S° = I — exummu-
Has MaTpuULa, 4TO U TpeOOBAIOCH 10Ka3aTh.

Jns ueneit pemieHrs 3a1a4l O KWUHEMATHKE TBEPAOTO TeJa C OJHON HEMOJABUKHON TOYKOM
JOCTATOYHO OBLIO OTPaHUYHUTHCS YUCTO BEKTOPHBIMU KBATEPHUOHAMU Y U , TI0Jaras, 4ro
CKQJISIPHBIE YAaCTH 3TUX KBATEPHUOHOB Yo U (D9, HE UMEIOIINE KUHEMATHUYECKOIO CMBICIIA,
MOYKHO IIPUHATH PABHBIMU HYJII0. MBI K€ MOCTYNWIM MHaYe. BenmnuuHbl Yo U 0y monara-
JUCH HE 00s13aTENIbHO HYJIEBBIMHU, M OHU MPUCYTCTBOBAJIM BO BCEX MPEOOpPa30BaAHUSIX.

Pemas 3amaun 0 KHHEMATHKE TBEPAOTO TEJa, BEIMYMHBI Yo U (09 HAJO MPHHATH PaBHBIMH
Hymo. OnHako, Kak OyAeT MoKa3aHO HUXKE, CYLIECTBYIOT OOBEKTHI OoJiee CIOXKHBIE, YeM
TBEpPOE TEJO, ONUCHIBAEMble KBATEPHUOHAMH Y U ® obmiero Buna. llomyueHHsle 31ech
KWHEMaTH4ecKue (GopMyJIIbl OyIyT CIPaBeTUBBI H JJIS1 STHX OOBEKTOB.

2.10.3. Cnoscnoe spauienue

Cnenys pabote [60], paccMOTpHM CIIOKHOE BpaIllCHHE
TBEPJOTO Tejla BOKPYT HEMOABUKHOM TOUKU. IIyCTh 3ananbl
TPU CHCTEMBl KOOpAWHAT: X — HEmoJBWXHas, Z(f) — 1o-
JBUKHASA TPOMExKyTouHast, Y(f) — MOJBUXKHAsL, CBSA3aHHAs C
TenaoM. JIBukeHHe Tea ONpeAessieTcsl TeM, YTO MPOMEXKY-
TOYHasl CUCTEMA KoopAauHaT Z(f) BpalaeTcs OTHOCUTEIBHO
HETOJIBMKHON CHUCTEMBI KOOPJIMHAT C YTJIOBOW CKOPOCTBHIO
®1(?), a Teno, cBsI3aHHOE C cucTeMol koopauHar Y(7), Bpa-
[aeTcss OTHOCUTEIBHO MPOMEXYTOUYHOM CHUCTEMBI KOOPIU-
HaT Z(f) ¢ yrioBoil ckopocThio ®2(f) (puc. 2.14). JIBuxe-
HUE TNPOMEKYTOYHON cHCTEMbl Z(f) OTHOCHUTEIBHO HEMO-
JBUKHOM CUCTEMBbl X Ha3bIBACTCSI NEPeHOCHbIM, TBUKEHHE
TeJa, CBA3aHHOTO ¢ cucTteMoi Y (), OTHOCUTENBHO MPOMEKYTOUHOU crcTeMbl Z(t) Ha3bIBa-
€TCsl OMHOCUMENbHbLIM W JIBUKEHHE Tela, CBA3aHHOTO ¢ cucteMoil Y(f), OTHOCUTEIBHO
HETIOABIDKHOW cUCTeMbl X Has3bIBaeTCsl abconomHuuim. Tpedyercss HaWTH IOJIOBUHHBIHN
AKCITOHCHIIMATBHBIA KBATCPHUOH a0COIOTHOTO JIBIYKEHUS A(f) KaK (YHKIHIO BPEMCHH .

Puc. 2.14. CnoxHoe BpalieHue

N3 paznena 2.10.1 cnenyer, 4To NOJOBUHHbBIE SKCIIOHEHIIMAIBbHBIE KBATEPHUOHBI IIEPEHOC-
Horo Al(f) m oTHOcUTENbHOTO A2(f) OBMKEHHM MOXKHO HaWTu u3 auddepeHIaTbHbIX
YPaBHEHHM:

! ol( ' t OJZ(t)
O =220 G0 120 = 5,120 122, (2:325)



92 2. KBATEPHHOHBI

a TIOJIOBUHHBIN DKCITOHEHITNATBHBIN KBATEPHUOH aOCOIIOTHOTO ABMKEHUS — 110 (hopmyiie:
xMO) = (M(t)o 5, A2(2). (2.326)

Orta popmyna MOXKET OBITH HCITOJIE30BAHA ISl TIOJNYYCHUS MCKOMOUM (yHKIUHU A(f), eciu
yaacTCsl IPOUHTETrPUpOBaTh TudepeHnraibabie ypapHeHus (2.325).

MoxHo u30ekaTh WHTErpUpOBaHUA JBYX auddepeHmanpHbix ypaBHeHHN (2.325),
3aMEHUB ATy TPOIENypy HHTErPUPOBAHHMEM OJHOTO AUQPPEPEeHINATHHOTO YpaBHEHUS,
3armrcanHoro Juist GyHknmu A(¢). [ BeIBoga 3TOro ypaBHeHUs mnpoauddepeHupyem
paBeHCTBO (2.326):

M@= (M@)o 4 22(t) + (M(t)o 4, A2'(2) . (2.327)
[ToxcraBnss croga BeipaskeHus U3 hopmyisl (2.325) ¢ ucronb3oBarueM (2.326), MOITyInM:

x @) oy M) + y A(t)° Y(t)(’oz(t)
> .

!

M) = (2.328)
Orto nuHEeHOoe MuddepeHIINATHFHOE YpaBHEHUE TTO3BOJIICT HAUTH IMOJIOBUHHBIA 3KCTIOHEH-
[[UABbHBIN KBaTEPHUOH aOCONIOTHOTO JABMKEHUS xA(f) HA OCHOBAaHUHU CKOPOCTH IEpPEeHOC-
HOTO BpaiueHus x®l(f), mpeiacTaBiIeHHOM B HEMOABUKHOM cHUCTeME KOoopauHaT X, U
CKOPOCTH OTHOCHUTEJIBHOTO BPAIEHUS y()®2(f), IPEICTaBICHHON B CHCTEME KOOpIUHAT
Y(¢), CBA3aHHOM C MTOABUKHBIM TEJIOM.

Ecnu ckopocTh MEpeHOCHOTO U CKOPOCTh OTHOCHTEIHHOTO BpAILlEHUS IMPEACTaBICHbI B
OJIHOM M TOM ke CHCTeMe KOOPIMHAT, TH CKOPOCTHU TOAJIEMEHTHO CKJIAIbIBAIOTCS:

xO1()+  02(0) = 0(1); y,01()+y,02() =, o). (2.329)

Torma OymyT cripaBeTUBHI clieayrone nuddepeHmaibHbIe YpaBHCHHS:

Y(t)(")(t)
—

FO=2200 505 10 = 0o (2.330)

OHU UMEIOT BUJI, MOJ0OHBIN ypaBHeHUIM (2.325).

IIpy cn0KHOM BpAIlEHWH TBEPAOE TEJIO B KaXKIAbII MOMEHT BPEMEHH BPAIACTCS BOKPYT
MTHOBEHHOU OCH BpallleHHs, ONpeaesiieMOd BEKTOPHOM 4acThi0 KBaTepHUOHA ®. B Heno-
JIBIKHOM cHCTeMe KOOpJIMHAT X 3Ta OCh MPOYEPUYMBAECT KOHUYECKYIO MIOBEPXHOCTh, HA3bI-
BaeMYI0 HEMOJBIXKHBIM akcouaoM. Ha puc. 2.14 oH n300pakeH MyHKTUpOM. B moaBmx-
HOH cucteMe koopAuHaT Y(f) OHa MPOYEPUMBAET KOHUYECKYIO TOBEPXHOCTh, HA3bIBAEMYIO
MOABWKHBIM akcougoM. Ha puc. 2.14 oH nokasan cruiomHod jguHuen. Temo Bpamiaercs
Tak, 4TO HO,Z[BI/DKHLII\/JI AKCOUJ KaTUTCS IO HCIOABUIKHOMY 663 MPpOCKaJIb3bIBAHUS.

2.10.4. 3amkuymute pewrenusn 3aoauu /lapoy

Kunematnueckas 3amauda, onucanHas B pasaenax 2.10.1 u 2.10.2 u cocrosiuas B onpee-
JICHUU OPUEHTALlMM TBEPAOrO TeJla ¢ HEMOABW)KHOW TOYKOW IO M3BECTHOM €ro yIiIOBOHN
CKOPOCTH, B MEXaHHWKE HOCUT Ha3BaHHe 3anauu lapOy. KBaTepHHoH opueHTanuu TBEpAO-
ro Tella CBSI3aH CO CKOPOCTBIO €0 BpaIleHHs KiacCuueckor auddepeHinanbHoi 3aBUCH-
MOCTBIO (2.294). Ecniv ipuHSATH, YTO OpUEHTAIUS TBEPAOTO Teja OMPEAeIIeTCs MOJTOBHH-
HBIM JKCIIOHCHIIMAILHBIM KBAaTEPHUOHOM xA(?), a YII0Basi CKOPOCTh KBATEPHHOHOM x)(?)
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B HEMOJBMXHOM crucTeMe KoopauHat X, To 3aaada J[apOy omuceiBaetcst nuddepeHimans-
HBIM YPaBHEHUEM:

0 =220 0). 2.331)

Ecnu ke ero yriosasi CKOpOCTb IIPeCTaBlIeHa KBATEPHUOHOM y()®(f) B CUCTEME KOOPIU-
HaT Y(f), CBA3aHHOMU C TBEPJBIM TEJIOM, TO 3a7auy /lapOy MOXHO onucaTh KBaTepHUOHHBIM
muddepeHnmanbHpIM ypaBHeHHEM (2.296):

vin @)

5
3aMKHYTOE pEIICHUE ATHUX YpaBHEHHH (B BUAE (HOPMYJIbI) TPHU MPOU3BOJIBHON (YHKIIHO-
HaJbHON 3aBUCUMOCTH ®(f) HeusBecTHO. CHEUHaTuCThl CUUTAIOT [9], UTO 3aMKHYThIE
pElIeHUs CYIIECTBYIOT JUIsl KBAaTEPHUOHOB ®(f) MPH MOCTOSIHHOM I10 BPEMEHM HaIpaBJie-
HUU €r0 BEKTOPHOW YacTH M MEPEeMEHHON MO BPEMEHH €€ BEeJIMYMHE U JJIsi KBaTEPHHUOHOB
®(?) ¢ TIOCTOSHHOMN IO BPEMEHHU BEJIMYMHON BEKTOPHOW YaCTH M IEPEMEHHBIM I10 BpPEMEHU
ee HampapjieHHeM. XOpOLIO M3BECTHBI J[Ba YAaCTHBIX cilyuyas pelieHus 3aaauu JlapOy B
3aMKHYTOM BHJE: CIy4yail BpallleHHs C TIOCTOSIHHOW YIJIOBOW CKOpPOCTBhIO W Clydai
PETYJISIPHON KOHUYECKON TPELECCHUH.

M) = (MD)o (2.332)

Cryyail BpallleHUs ¢ MTOCTOSIHHOM YIJIOBOM CKOPOCThIO. TBEpmoe Teno BpamaeTcsi BOKPYT
HEMOJIBIYKHOM TOYKM TaK, YTO KBATEPHUOH YIJIOBOM CKOPOCTH x(® B HEMOABM)XKHON
CUCTCMC KOOpANHAT X MOCTOSIHEH BO BPCMCHH KaK 110 BCIIMYUHC, TAK U IO HAIIPABJICHUIO
BEKTOpHON dacTh. B 3TOM ciydae oOmiee pemieHue auddepeHnaIbHOT0 YPaBHEHHS
(2.331) umeer Bux:

-t
M) =exp X"2’ oM, (2.333)

rne A0 — KBaTepHHOHHAsI KOHCTAHTA, OTpeiessieMast U3 TPaHNYHBIX YCIoBUi. V3 hopMytsl
BUJHO, 4TO A) — 3HAaUeHHE UCKOMOM pyHKIMHU Tipu ¢ = 0.

Ecan tBepmoe Teno BpamaeTcs C IMOCTOSSHHOM YITIOBOM
CKOPOCTBIO y(5® BOKpYTr ocu Y(f), CBSI3aHHOH ¢ TBEpIbIM
TeJIOM, oflee peuieHne IudQepeHInaIbHOr0 ypaBHEHHS
(2.332) umeer Buna:

o-!
WYOE Xﬂoexp%. (2.334)

B npaBWIBHOCTH 3THX pELIEHUH MOYKHO yOeqUThCsSl HEemo-
CpEeICTBEHHON MOJCTaHOBKOW B Iu((depeHnalbHbIe YpaB-
HeHus. [Ipy 3TOM ciielyeT yU4nThIBaTh, YTO KBATEPHUOH ® U
€ro IIOJOBMHHAsS DKCIIOHEHTa KOJUIMHEApHBI, a 3HAYMT,
[IEpECTaHOBOYHBI IIPY KBATEPHUOHHOM YMHOXXCHUHU.

Puc. 2.15. Ciyuaii perynsproit  Cllydaii pPEeryiuspHOi KOHMYECKOW mpeneccuu. Tsepmoe
KOHHYECKOH Mpereccuu TEJNO BPALIAETCS BOKPYI HEMOABMKHOM TOYKHM TaK, 4TO
IIEPEMEHHBII BO BpPEMEHM KBAaTEPHUOH MIHOBEHHOMU
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YIJI0BOM CKOPOCTH BpAIIEHUs 3TOrO Teia @(f) UMEET IMOCTOSHHBIA BO BPEMEHH MOIYJb, a
€ro BEKTOpHAas 4YacTh OIMCHIBAET KOHUYECKYI IOBEPXHOCTh, PAaBHOMEPHO BpaIlasiCh
BOKPYT OCH 3TO#l nmoBepxHocTH (puc. 2.15). PerynspHas koHHUecKasl Mpereccust BIsSeTCs
YaCTHBIM CJIy4aeM CIJIO)KHOTO BpallleHust TBepaoro Ttena (cMm. pasgen 2.10.3), xorama
[IEPEHOCHOE JBUKEHUE UMEET MOCTOSIHHYIO CKOPOCTh BpalleHus: x®1 B cuctemMe Koopu-
HaT X, a OTHOCUTEIBbHOE JBMKEHHE HMMEET IOCTOSHHYIO CKOPOCTh BpAllEHUS y()®2 B
cucreMe koopauHat Y(f), csizaHHOM ¢ TesnoMm. Torma auddepeHunanbHoe ypaBHEHHE
CJI0’)KHOTO BparieHus (2.328) mpruoOpeTaeT Takoi BU:

(Olo (D) + (D)o v, ®2

M) = (2.335)
2
a ero o0IIee perieHne BeIpakaeTcs: 3aMKHYTO# (hopMyInoii:
. 02t
MD) =exp%“omoexp‘“)7, (2.336)

rae A0 — Mpou3BOJIbHAS KBATEPHUOHHAS KOHCTaHTa, paBHAs 3HAYCHUIO MCKOMOTO KBaTep-
HUOHA xA(f) ipu ¢ = 0. DTa KOHCTAaHTa ONpeessieT Ha4allbHOE MOJIOKEHUE TBEPAOrO Tea
Y B3aMMHOE PacCIoIOKEHUE ocel x1 U y()®2.

TakuM oOpa3om, aOCOJIOTHOE BpallleHHE TBEPIOro Teja B Clyyae PEryJisipHOH KOHHYe-
CKOM MPEUECCHH MPOUCXOAUT BOKPYI MIHOBEHHOW OCH BpallEHUs, OIPEAECIIEMON
BEKTOPHOM YaCThIO KBATEPHUOHA (M, C MMOCTOSIHHOW IO BEJIMYHMHE YIJIOBOH CKOPOCTBIO (Ds.
MrHoBeHHass OChb BpallleHUs B HEMOJBM)XHOW CHCTEME KOOpJAMHAT X MepeMelaeTcs
BOKPYT' BEKTOPHOW 4YacTH KBaTepHHOHa 1 C TMOCTOSHHON YIJIOBOW CKOPOCTBHIO ®l.,
OMHChIBasi OOKOBYIO TTOBEPXHOCTh MPSMOTO KPYrOBOIO KOHYCA, SIBJISIFOIIETOCS HEMOIBUXK-
HBIM aKCOUIOM. JTa K€ OCh B MOABMXHOMN crcTeMe KoopauHat Y(7) mepeMeniaeTcs BOKpYyT
BEKTOPHOM YacCTH KBAaTEPHUOHA ®2 C MOCTOSHHOW YIVIOBOM CKOPOCTBIO (2., OIHCHIBAS
OOKOBYIO MOBEPXHOCTH MPSIMOTO KPYrOBOTO KOHYCa, SIBISIOLIETOCS MOJIBHUKHBIM aKCOU-
oM. Bpaimienue Tena npoucxoauT TakK, 4TO MOABHKHBIM aKCOWJI, COETUHEHHBIN C TEIOM,
MepeKaThIBaeTCs M0 HEMOJBIKHOMY 03 MPOCKalb3bIBaHUs. B MpOMEKyTOUHON cucTeme
koopauHat Z(t) (cm. pazgen 2.10.3) sTa och HEMOABMKHA, & KBATEPHUOH ® MOCTOSHEH 10
BEJIMYMHE U HAIPABJICHUIO, SIBISAACH CYMMON KBaTEPHUOHOB M1 1 ®2:

20y ® = 7, O1+ ;@2 (2.337)

Mo>xHO BbIIHCAaTh ()OPMYIIBI I KBATEPHUOHA xA(f), ONPEEISIFOIIETO BpalleHue TBEPAO-
ro Tejla B Clydae PEryJisipHONM KOHHMYECKOMW MPEIECCUU, CUUTAasi U3BECTHBIMU JIIOObIE JIBE
YIJIOBBIE CKOPOCTH U3 HA00PA 7()®, z()®1 U 7(H®2.

Paccmotpum ciydaii, korzaa 3agaHsl z()®1 U z»®2 U OIPU 3TOM CKOPOCTh aOCOIIOTHOIO
BpAIllCHUs B HEMOJIBUYKHOM CUCTEME KOOPIMHAT BhIpakaeTcs (OpMyIIou:
B 211

2

Zmml-t

<O(t) = exp o (10 @1+4,®2)oexp (2.338)

B sTom cnyuae obmiee pemenne auddepennnansaoro ypasuenus (2.333) Takoso:
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ol -t 02t
K M1) = exp Z(’)Z oexp Z(’)z o20. (2.339)

Ecnu 3amansl 7(;)®1 U 74)®2 1 CKOPOCTh aOCONIOTHOIO BpAllleHHs B MOABMKHOW CHCTEME
koopauHat Y(¢) Beipaxkaetcs GopMynou:

2y @21 2y @2t

°(z<t>m1 +z<t>m2)° eXp——— (2.340)
obmiee pemenue auddepennnaibHoro ypaBuenus (2.334) Oyner Takum:

M) = Moex @ 0@ 2.341
«Mt) =Moexp 5 o exp S (2.341)

Bo Bcex caywasx AQ0 — mpou3BOJibHAs KBAaTEPHUOHHAs KOHCTAHTA, paBHAs 3HAYCHMIO
uckomoro ksatepHuoHa xA(f) npu ¢ = 0. [IpaBunmbHOCTH (opmyn (2.338) — (2.341)
IIpoBepsieTCs MOJACTAaHOBKOM B ypaBHeHus (2.331) u (2.332).

2.11. UHTepnioasinys KBATEPHUOHOB
Bo MHOrux mnpakTHYeCKuX CiIydasx BO3HHMKAET OJHOMEpHas 3ajaya HMHTEPIOJIALUU

KBaTEpHUOHOB, TO €CTh 3a/ladya O BOCCTAHOBJIEHMM HENPEPHIBHON KBAaTEPHUOHHON (DyHK-
LIUH CKAJSIPHOTO apryMeHTa Ha OTPE3Ke 10 €€ 3HAaUEHUSIM Ha KOHIIAaX 3TOro OTpe3Ka.

2.11.1. IlIpocmasn aunennan uHmepnoaAuus K6AmepHUOHO8

PaccmoTpum 3amady 0 MOCTPOCHWHU HeETpe-
pPBIBHOM (DYHKIIMM KBAaT€pHHOHA OOIIETo

BHJIa ((T) OT IEHCTBUTEIBHOTO TTapamMeTpa T
1O ee JUCKPETHhIM 3HaueHusiM. [lycTh Ha

koHIax orpe3ka [0 < t < 1] ata pyHKuuA
NPUHUMAET 3HAYEHUS:

q(0)=q0; q(1)=ql, (2.342)

rie q0 u ql — 3amaHHBIE KBAaTEPHHUOHBI.
Tpebyetcs onpenenuts QyHKIUIO q(T) AT
BHYTPEHHUX TOYEK ATOTO OTPE3Ka.
HaunbGonee ecTecTBEHHBIM METOJIOM pelle-
HUS 9TOM 3aJauu SIBJIAETCS METOJl MPOCTOM
JIMHEWMHON MHTEPIOJISIUN:

q(1)=q0-(1-71)+ql-t,  (2.343)

Puc. 2.16. IlpocTas nuHelHAs HHTEPIOIALUS

re Oe3pa3MepHEbIi mapameTp T npoderaet 3HadeHus ot 0 o 1.

JUis IOHMMaHUs JAJIbHEHMIIET0 BOCIIOJIB3YEMCS IIPEACTABICHUEM BEP30POB paccMaTpUBa-
€MBIX KBATEPHUOHOB Ha eAMHUYHOU cepe (puc. 2.16) cBoOogHONIEpEMEIIaeMbIMU TyTaMU
OonbLIMX OKpyskHOCTeH. [lyru Bep3opoB kBaTepHHOHOB q0) 1 q1 HaJ0 COBMECTUTH CBOMMHU
HavaJaMH B TOYKE i, KaK MMOKa3aHO Ha pUCYHKE. Yepe3 KOHIIBI ATHX AYT HYXKHO IMPOBECTH
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OOJIBITYIO OKPY>KHOCTH a. [1o manHbIM pa3zzena 2.7 Hadano AyTH, MPECTaBIISIONICH BEP30p
KBaTepHUOHA ((T), Oy/JeT HAXOIUTHCSA B TOUKE 4 , @ KOHEI[ AYTH — Ha OOJBIION OKPYKHO-
ctu a. [{ns onpenenenus 607IbIION OKPYKHOCTH @ pACCMOTPHUM KBATEPHUOH:

40,41, +40,-ql, + 40, -q1, + 40, - g1,

90, -4q1, - 40, -q1,+40,-q1,— 40, -ql,

A=qloq0' = . (2.344)
|qO|2 90, -491, =40, -q1,-40,-gl, + 40, - 41,
90,915 +40, - g1, — 40, -q1, —q0, - g1,
Moysib 3TOro KBaTepHUOHA BhIpaskacTcs opMyJion
ql|
Al= |— , 2.345
Al=10 (2.345)
a Bep3op — hopmynamu
q0,-ql,+40,-q1,+q0, -q1, +q0, -q1, cosO
1 q0,-gq1, —q0, -q1, + 40, -¢q1, —q0, - g1 e -sin®
0 1 1 0 2 3 3 2 — 1 ) (2346)

a=———-: _
90| |q1] | 40, -q1, —¢0,-q1; ~¢0, g1, +¢0;-ql, | | e, sin®
q0,-915+40,-q1,-40,-ql, - 40, -ql, | |e,-sin®
Kaxk crnemyer u3 pasznena 2.7, 3TOT Bep30p onpenesseT OOy OKPYKHOCTb, TNIOCKOCTh
KOTOpPOM NEPNEHIUKYJISIpHA €IMHUYHOMY BEKTOpY €, U Iyry A Ha 3TOW OKpPYXHOCTH,

UMEIOILYI0 JAJIUHY 0 M COeAMHSIOUIYI0 KOHIIBI AYr, KOTOPBIMH H300pa)KaroTCsl BEP3OPHI
kBaTepHuoHOB 0 u q1.

Jnuna nyru onpezensiercs no gopmyie

q0,-91,+4q0,-q1, + 40, - g1, + 40, - q1,
0] -|q1|

0 = arccos , (2.347)

a eIMHUYHBIN BEKTOp — 1o hopmyiie
90, -q1,— 40, -q1,+40,-q1,—4q0,-ql,

140, -ql,—q0,-q1,—q0,-ql,+ 40, -ql, |. (2.348)
90, -q1; +40,-g1, —¢0,-q1, — 40, -q1,

e= ;
|q0|-|q1-sin 6

PaccmoTtpum Teneps ayry 7, koTopas coeauHseT KoHen ayrd 0 ¥ KOHEL IyrH qT H
MPEJICTABIISET BEP30P MHTEPIOISAIMOHHOTO KBaTtepHroHa (2.343). Ilo obpa3y u mompoowo
dbopmysl (2.347) 3anumiem Gopmyty A JJIMHBI STOW TyTH:

q0,-q(1), +40,-q(7), + 40, -q(1), + 40, - q(7), .
0] |a(v)

Monayiab WHTEPHOJSIIMOHHOTO KBaTepHHOHA ((T), (GUrYypHPYIOIIUIl 3/1€Ch, MOXET OBITH
BBIYHCIICH 110 (hOpMyJIe:

0(t) = arccos (2.349)
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la(9)] = y|q0] - (1= 1)* +2-|q0|-|q1|- 1= 7)--cos 6 +|q1] -7* . (2.350)
C yuetom popmysl (2.347), ©3 KOTOPOH BHITEKACT:
q0,-q1, +40, -q1, + 40, - g1, + 40, -q1, =|q0|-|q1|- cos 0, (2.351)
MOJKEM 3aIIiCaTh:
|q0|-(1-1)+|q1|-7-cos®
lq(0) '

B cnyuae npocToii TMHEHHOM HHTEPIIONIALUN CKOPOCTh U3MEHEHH yria 0(t) mo mapamer-
py T nepeMenHa. @opmyJia 11l ONPeAEIICHUS 3TOM CKOPOCTH TaKOBa:

d6(v) _|q0|-|q1]-sin®
dt lao)f

Paccmotpum uncnennsiii npumep ¢ kBatepauonamu q0 =10, 1,2,3]uql =[-2,1, 1, 1].

0(t) = arccos (2.352)

(2.353)

Monynu 3THX KBaTepHUOHOB PaBHBI COOTBETCTBEHHO:
|q0| =14 =3,742; |q1|=+/7 =2,646. (2.354)
VYron 6 gyru GOnbIIONH OKPY>KHOCTH @, COSTUHSIONICH KOHIBI AyT, KOTOPHIMH H300paxa-
10TCs Bep3opbl kBaTepHUOHOB (0 1 q1, Bbrunciasiemsiii o popmyse (2.347):
0-(=2)+1-1+2-1+3-1
3,742-2,646

0 = arccos

=0,920. (2.355)

EnvHuYHBINA BEKTOpP, MEPHEHIUKYIISIPHBIN MJI0CKOCTU OO0MBIION OKPYKHOCTH @, BHIYUCIIS-
eMbIii o popmyite (2.348):
e=[0,127;0,762;0,635]". (2.356)
Jlanee mepeiieM K MHTEPIOSIMOHHOMY KBAaTE€PHHUOHY, BBIYUCISIEMOMY IO (opMmyJe
(2.343):
0-(1-7)-2-7
(1) I-d-7)+1-7 5357
T)= . )
PO s =411 (2.357)
3-1-1)+1:7

Ero moayinb, BerancisieMslil mo gpopmyiie (2.350), Taxxe npeactasiseT co0oi GyHKIHIO T:

lq(@)|=14-(1-1)* +12-(1-1) -1+ 7 -7 . (2.358)

Jmuuaa nyru T, oTcekaeMoul Iyroil MHTEPHOJUPYIOMIEro KBaTepHHUOHA (cM. puc. 2.16),
aBisgeTcs GyHKIUEH mapaMeTpa T CIeIYIOIIero BUa:
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3,742-(1-1)+2,646-1-c0s0,920

0(t) = arccos 2359
\/14-(1—1)2+12-(1—r)-r+7~rz 2.359)
CKOpOCTh M3MEHEHUS JJIMHBI 3TOW AYTH TI0 MapaMeTpy T BeIpaxaeTcs: (hopMyJIoil:
do(t) 3,742-2,646-5in 0,920
= (2.360)

dt  14-(1-1)’+12-(-1)-1+7-7°

Ha puc. 2.17 npuBeneHo rpapuueckoe npeicTaBiIeHue MPOCTOH TUHEHHON HHTEPIIONSAIIUH
KkBaTepHUOHOB. Ha rpadwukax, rie Ha ocu abCHKCC OTJIOKEHBI 3HAUYCHUSI O€3pa3MEpHOTO
napameTpa T, OKa3aHa 3aKOHOMEPHOCTh M3MEHEHHsS KOMIIOHEHTOB HHTEPIIOJIALIMOHHOTO
KBaTepHUOHA ((T), ero MoxyJis |q(T)|, ATUHBI AyTH O(T) U CKOPOCTH €€ U3MEHEHHUS 110 T.
Kak BuIHO U3 TpaduKoB, KOMIIOHEHTHI HHTEPIOJSAIMOHHOTO KBATEPHUOHA U3MEHSIOTCS 110
JUHEHHOMY 3aKOHY, a OCTaJIbHbIE IEPEMEHHBIE — [10 HETUHEIHBIM 3aKOHAM.

a)

"o 02 04 0a 0z 1 1] 02 0.4 0.é 0s 1

Puc. 2.17. I'padpuyeckoe npencrapneHue s MPOCTON JTMHEHHONW WHTEPIOISINY ¢) KOMITIOHEHTOB
MHTEPIOJISIMOHHOTO KBaTepHUoHa ¢(T) (2.357) u ero monyns |q(t)| (2.358) (myHKTHP); b) AAUHBL
nyru T (2.359) u ckopoctu ee u3menenus 1o T (2.360) (mynkrup). COOTBETCTBUE KOMIIOHEHTOB
KBaTEpHUOHA U Tpa(UKOB HA PUC. @) YCTAHABIMBACTCS M0 TPAHUYHBIM 3HAUCHUSIM

[MpuknamHoe 3HAYEHWUE WMHTEPIOJSAIMOHHBIX (OPMYJI 3aKII0YaeTCs B BO3MOXKHOCTH
BOCCTAHOBJICHHSI HETIPEPHIBHOW OPHEHTAIMU TBEPJOTO TeJa MO €€ AUCKPETHBIM 3HauCHU-
aM. Tax ecnu kBaTepHHOH (0 ornpenensieT OpUeHTALUIO Tejla B MOMEHT BpeMeHH ¢ = 10, a
KBaTepHUOH (1 — B MOMEHT BpeMeHHu { = {1, TO OpPHEHTAIUIO TeJla B MPOMEKYTOUYHBIN
MOMEHT BPEMEHU MOKHO CUUTATh (IPUOIHKEHHO) paBHOH ((T), TIe

t—10
T= .
t1-10

(2.361)

[TonoXXUTENBbHBIM CBOMCTBOM MPOCTOM JIMHEHHOW WHTEPHOJISIIMUA SIBISIETCA TO, YTO
IIEPEBOJ TBEPAOro Tena U3 mnojoxkeHus (0 B mosnoxkeHue ql NpoOUCXOOUT MyTEM €ro
BpaIeHUsI BOKPYT OJHOTO M TOTO K€ EUHUIHOTO BeKTOopa € (2.348) Ha yrona 0, To ecTh, 1o
KpaT4aillieMy YIrJIOBOMY PAacCTOSHUIO, & OTPUIIATENBHBIM CBOMCTBOM TO, YTO CKOPOCTh
9TOI0 BpallCHUA HCIIOCTOAHHA.
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2.11.2. Cghepuueckas nuneiinas UHmMeEpPnoOIAYUL K6AMEPHUOHOE

Kak u B npeapiayiiem paszzaene, OyJaeM pa3biCKUBaTh HEMPEPHIBHYIO (PYHKIIMIO KBATEPHHO-
Ha ofmero Buaa ((t) OT ACUCTBUTEIHHOIO MapaMeTpa T MO €€ 3HAYEeHUSM Ha KOHIAX
oTpe3ka u3MeHeHus napametpa [0 <t < 1]:

q(0)=q0; q()=ql. (2.362)

Bynem paccmaTtpuBaTh MHTEPIIONALNIO KBATCPHUOHOB B TEPMHHAX OPUEHTAIIUU TBEPIOTO
Tena B MpocTpaHcTBe. Ponb BpemeHu mpu 3ToM OyAeT urpath 6e3pasMepHbIil mapameTp T.
[Iycthb B HavanmpHBIE MOMEHT Tpu T = ( TEIO0 UMENO OPHEHTALHMIO, OIMpEAeNsIeMYI0
MOJIOBUHHBIM IKCIIOHEHIIMATHHBIM KBaTepHHUOHOM (0, a B KOHEYHBI MOMEHT Ipu T = 1 —
OpPHUCHTAIINIO, ONPEISISIEMYI0 ITOJIOBUHHBIM JSKCIIOHCHIIMAILHBIM KBaTepHHOHOM (1.
Tpebyercs onpenenuTh MOJOBUHHBIN SKCTIOHEHIIMAIBHBIN KBaTePHUOH (|(T), OMpEeesio-
U OPUEHTAIIMIO PACCMATPUBAEMOTO TeJia B MPOMEKYTOYHBIH MOMEHT T MPH yCIOBUH,
YTO KBAaTEPHUOH CKOPOCTH BpallleHUs Tela ® BO BpeMeHHOM uHTepBane [0, 1] sBusercs
KOHCTaHTOW. Takas WHTEpHoJALMs B JUTEpaType HasbiBaeTcs chepuueckon ITHMHEHHOM
uHTepnosnueit [43].

B pasmene 2.10.4 mpuBoguTcs oOOIIee pelICHHE KUHEMAaTUYECKOTO YpaBHEHHS IS
MOJIOBUHHOT'O SKCIIOHEHIIMAIBHOTO KBaTEPHUOHA, OMPENESIIONIEr0 OPUEHTALIMIO TBEPIOTO
TeJa MPHU TMOCTOSHHOM KBAaTEPHHOHE YTJIOBBIX CKOPOCTEH ® B HEMOABM)KHON CHCTEME
koopauHat (2.333). D10 pelieHne B MPUHATHIX 371€Ch 0003HAUYCHUSIX UMEET BU/I:

-1
2
rae Q — Ipou3BOJIbHBIN MOCTOSHHBIN KBATEPHUOH.

q(t)=exp——-°Q, (2.363)

Jlyst paccMaTprBaeMoi 3a1a9u TOJKHBI COOTIOATHCS CISAYIOIINE PAaBEHCTBA!

q0=exp 200 qlzexp“’z'loQ, (2.364)
nu3 KOTOpI)IX MOKHO BBIYUCIUTH KBaTepHI/IOHBI Q u m:
Q=q0; exp%:Aq; ow=2-LnAq, (2.365)
rac
Aq=qloq0". (2.366)

[ToacraBnsiss B paBeHCTBO (2.363) BolpaxkeHuss sl Q W ®, MOJyYUM SKBUBAJICHTHBIC
WHTEPIOJIAIIMOHHBIE (DOPMYJIBI:

-7

q(t)=exp——oq0; q(1)=Aq°°q0. (2.367)

®opmyina (2.367) coaepKUT CTENIEHHYI0 (PYHKIUIO OT KBaTepHHOHA. Bocmonb30BaBIINCh
3aBUCUMOCTHIO, TIpuBeIeHHOH B (hopmyite (9.13) u3 pazmena 9.1, mokem 3anucarh:
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Aq" =|Aq|" -[cos(1-0); ¢ -sin(t-0); e,-sin(1-0); e -sin(z-0)], (2.368)

rJe

Ag, .
i=1,23, (2.369)

0=ArgAq=argAq+2-n-n; e=—7"-—
|Aq|-sm9

n — IPOU3BOJIBHOC LICJIOC YHCJIO.

Kak BugHO u3 3tux Gopmyi, GpyHkuus Aq" — MHOro3HauHast. 3ajaBasi pa3jIMYHbIE 3HAUeE-
HUs 1, OyZeM NoTy4aTh pa3iuyHble BUIbI HHTepnonauui. [Ipu n = 0 momyuum oObIUHYIO
cheprudecKyIo TMHEHHYIO HHTEPIIOJIALNIO, KOTIa TEJIO epemMernaeTcs u3 nojoxenus q0 B
nonoxkenne ql mo kparuaiimemy yrioBomy pacctosHuto (puc. 2.18 a). Ilpu n = — 1
MOJTyYM MHTEPHOJISLUIO, KOT/la Tello nepeMeniaercs u3 nojioxenus 0 B nonoxenue ql,
Bpalllasch BOKPYT TOM K€ OCH B MMPOTUBOMNOIOKHOM HanpasieHuu (puc. 2.18 b). [lpun =1
TE€JNO, MEepPEMEIasch B CTOPOHY KpaT4aWIIEro pacCTOSHUS, BBIINOJHSAET OJUH JOTOJIHHU-
TeJIbHBIN MONHBINA 000poT. He cocTaBUT Tpyaa UCTOIKOBATh (PU3MUECKUI CMBICT HHTEPIO-

JSILWW U IIPU APYTUX 3HAYCHUSIX 7.

Puc. 2.18. Chepudeckas nuHeiHas nHTepnonsus: a) wisi n = 0; b) qnan=— 1

BakHpIM KauecTBOM HWHTEPIONSLMOHHOW (OPMYIbI SIBISETCS €€ HE3aBHUCHUMOCTh OT
HarfpaBieHus uHTepnomauuu. s ¢popmanbHOI MpoBEpKU 3TOr0 KauecTBa B UCCIIELyEeMOil
MHTEPIOJSIIUOHHON Gopmyite Hano 3ameHuTh 0 Ha q1, q1 Ha q0 u T HA 1 — T U B pe3yb-
TaTe MOJYUYUTh Ty ke (popMyiry.

Bemmonanm mipoBepky BTOpoit dopmynsl (2.367). Ilocne moacTaHoBKH B 3Ty (OpMyITy
BbIpakeHUs (2.366) 1 OTOBOPEHHOM BBIIIE 3aMEHBI MTOTYyYHUM:

q(t)=(q0°q1™) " oql=(q0°ql") " oq0oql" oql=(ql°q0 )" cq0=Aq" >q0. (2.370)

TakuMm 00pazom, MbI IpUTILTK K GopMmyie (2.367), 9T0 CBUACTEILCTBYET O HE3aBUCHMOCTH
paccMaTpuBaeMOil HHTEPHOJSAIMOHHON (POPMYIIBI OT HANIPABJICHUS WHTEPIIOTUPOBAHHSL.
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B kauectBe mpuMmepa Ha MOCIEAYIOUIMX PHCYHKAaX IIOKa3aHbl TIpauKud H3MEHEHUS
KOMIIOHEHT KBAaT€pHUOHA ((f), SBJIAIOLIETOCS pE3yJbTaTOM HHTEPHOJSIUM  MEXAY
kBarepuroHamu 0 = [0, 1, 2, 3] u ql = [- 2, 1, 1, 1], nnussl gyru T ¥ CKOPOCTH €€
u3MeHeHus 1o T npu n = — 1, n = 0 u n = 1. [lepemeHHOl T OTBeJEHAa OCh abCLMCC.
CoO0TBETCTBHE KPHUBBIX W KOMIIOHCHT KBAaTCPHHMOHA MOXHO YCTAHOBHUTH IIO OpAHWHATaM
KpPUBBIX Ha KpasiX HHTEepBaja.

—3 02 0.4 08 0z 1 6 02 04 08 0z 1

Puc. 2.19. I'paduku 11t n = — 1: ciieBa — M3MEHEHHUS KOMIIOHEHT KBaTepHUOHA ((1);
cripaBa — JUTMHBI AyTH 1 (CIUIONIHAS) M CKOPOCTHU €€ M3MEHEHUS 110 T (ITyHKTHD)

3 1
2] 0.8
1 0.6
(U 0.4
~
—~
T~ e
-1 ~ 0.2
— i oS
—~
- 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Puc. 2.20. I'pacduku 1t n = 0: crneBa — U3MEHEHMsI KOMIIOHEHT KBaTepHUOHA ((T);
crpaBa — JUIMHBI AyTU T (CIJIOIIHAS) U CKOPOCTH €€ U3MEHEHUS 1O T (IIyHKTHD)

4 8|
3 T—
2 6,
1 5
0 4
-1 3
-2 2
-3 1
N 4o 0.2 0.4 0.6 0.8 1 0o 0.2 0.4 0.6 0.8 1

Puc. 2.21. I'paduku i n = 1: crieBa — U3MEHEHMsI KOMIIOHEHT KBaTepHUOHA ((T);
crpaBa — JUIMHBI 0yTH 1 (CIUIOIIHAS) U CKOPOCTH €€ U3MEHEHHUS 10 T (MyHKTHP)

3HayeHue ((t), ompenenseMoe HHTEPHOALMOHHON ¢opmynoi (2.367), MOXeT ObITH
NPEJCTaBICHO U B BUE JMHEHHONW KoMOnHanuu kBatepHuonoB q0 u q1:

q(t)=x0-q0+x1-ql, (2.371)
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riae x0 u x1 — noka He onpeieNeHHbIe YUCIOBbIE KOI(DOUIIMEHTBI.
[Tonw3ysich hopmyoii (2.367), MOkeM 3amucaTh:

Aq oq0=x0-q0+x1-ql. (2.372)
YMHOast 9T0 paBeHCTBO crpaBa Ha q0 ' 1 uconb3ys popmyiy (2.366), oTyanm:
AqQ" =x0-i+xl-Aq, (2.373)

r/ie i — TOKJIECTBEHHbIN KBAaTEPHUOH.

[Tonw3ysice o6o3HaueHussMH Gopmyit (2.368) u (2.369), dopmymny (2.373) B pa3BepHYTOM
BU/IC MOXKHO IIPE/ICTABUTH TaK:

cos(0-1) 1 cos 0
1] | k, -sin(0- 0 1 | k,-sinB
la |T_ csin®©m LS S (2.374)
lqo[" | &, -sin(0-1) 0 |q0| | k,-sin®

k, -sin(0- 1) 0 k,-sin®

ITo cymiecTBy 371€ch 3amKMcaHa cUCTEMa U3 YeThlpeX ypaBHEHHH. OIHAKO OHU HE SIBIISIFOTCS
HE3aBUCUMBIMH. TpU MOCIETHUX — JMHEHHO 3aBHCHUMBI, 1 BMECTO YETHIPEX YPaBHEHUI B
ITON CUCTEME JOCTATOYHO OCTABUTH JIBA:

T T

1 1
|q—r‘cos(9-1:)=x0+x1-—~c039; —r-sin(9‘1)=x1~m‘sin9. (2.375)

|q0 0|

Paspemas 3Ty cucreMy ypaBHeHUI oTHOCUTENbHO X0 1 x1, mOTyYnMm:

_latf” sinfo-a-v) a0 sin(0-7)

x0 |q()|T sin ’ |q1 T 5in® (2.376)
YTO TIO3BOJISIET MPEACTABUTH HHTEPIOISAIMOHHYI0 hopMyiry (2.367) B Apyrom BUjE:
T -t
L T TR osm
PasBepryTas popmyna 1ist onpeneneHus yria 0 uMeeT BUL:
0 = arccos 120 2o ¥ 4% qh + 49 a1, 40,4k 5 s (2.378)

190]-|q1]
rac n — HpOI/I3BOJ'H:>HOC IeJI0€ YHncClo.

®opmynst (2.377) u (2.378) NOTHOCTHIO SKBUBAJICHTHBI MPHUBEACHHBIM BhIIIE (hopMyTam
(2.367), (2.368) n (2.369).

Cdepudueckass nuHEHHAs HWHTEPHOJAIUS OoJiee CIOXKHA [0 OTHOIICHUIO K IPOCTOM
JTUHEHHONH MHTEPHOJSAINH, TOCKOJIbKY HCIONIb3YeT TpaHCUEeHAeHTHbIe QyHKIuH. OmHaKO
ATOT TUIl UHTEPIIOJISIIIUU 00ECIIEUYNBAET MMOBOPOT TBEPJOTO Tesa U3 OJHON (PUKCUPOBAHHOM
MO3UIMH B APYTYIO C MMOCTOSIHHOM YTJIOBOM CKOpOCThi0. KpoMe TOro, 3TOT MOBOPOT MOKET
OBITh OCYIIECTBJICH HE TOJIBKO MO KpaTyaWleMy YyTJIOBOMY PacCTOSHUIO, HO M WHBIMU
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crocobamu. Hampumep, OH MOXET BBINOJHATHCA B MPOTHBOIOIOKHOM YTJIOBOM HallpaB-
JICHUM HWJIM C BKIIOYCHHUCM B HHTCPBAJI HHTCPIIOJIMPOBAHUSA OOHOTO HIIM HCCKOJIBKHUX
MOJIHBIX 00OPOTOB. DTHU CBOWCTBA Ba)KHBI JUISI UCIOJIb30BAaHUS B KOMIIBIOTEPHON aHHWMa-
UM, T IUPOKO MPUMEHSIOTCS KBATEPHUOHBI JJIs OLUM(POBKU OPUEHTALIMU CHEMOYHOM
kamepsl. BeceMa pacmnpoctpanenHoi siBisercs npouenypa SLERP(q0, ql, t), kortopas
BO3BpAIllaeT WHTEPIIONAIMOHHBIA KBaTepHUOH ((T). OgHako oHa TpedyeT, YTOOBI KBaTep-
HuoHsl q0 1 1 6pUM HOpMUpOBaHHBIMU. [IOBEpHYTH KamMepy Ha YroJ, MPEeBBIIAIONINHA T,
OHa HE yMeEeT.

2.11.3. Ilpeyeccuonnas unmepnonayus

3amaya MpenecCUOHHOW HMHTEPHONSIUN HICOJNOTHYECKH ONM3Ka K 3ajade JMHEHHON
chepuueckoil wuHTepnonsAnuu. Kak ¥ Tam, pa3bICKUBACTCA HENpephIBHAS (YHKIHS
KBaTepHUOHA ((T) OT YHCIOBOTO MapamMeTpa T MO €€ 3HAueHUSM Ha KOHI[aX OTpe3Ka
n3MeHeHus napamerpa [0 <t < 1]:

q(0)=q0; q(1)=ql. (2.379)

Jlna sToro Oynem ucnonb3oBaTh auddepeHranbapie ypapHenus (2.325), onucsiBarome
CJIOKHOE JIBUJKEHHE TBEPAOIO Tela IPHU PerysipHOM KOHMYECKOW mpeneccuu. MHTepmo-
JSIMOHHYIO (YHKIMIO IPEJCTAaBUM B CIEAYIOIIEM BUE:

q(1)=20(t)oM(7), (2.380)
rae kBaTepHuoHHble ¢GyHKIMH AO(t) u Al(t) yzaoBierBopsoT AuddepeHInanbHbIM
yYpaBHEHUSIM:

0 1

“; o M(1); xl'(r)zm(r)o%. (2.381)

BHGCL BBCCHbBI B paCCMOTPCHUC ITOCTOSAHHBIC KBATCPHUOHBI o0 u 0)1, KOTOPBIC B TCPMU-
Hax CJIOXHOTO ABHMXKXCHUSA TBCPAOIO TCJIa MPCACTABIIAKOT YITIOBBIC CKOPOCTHU IICPEHOCHOTO
U OTHOCHUTCJIBHOT'O BpAIICHUA 3TOI0 TE€JIa COOTBETCTBCHHO.

A'(7) =

Kaxk nokazano B paznene 2.10.4, obmue pemenus auddepeHnnanbHbix ypaBHeHui (2.381)
npeaACTaBUMEI B 3aMKHYTOM BU/IC:

ol -t ol-t

AO(t) =exp oA0(0); Al(t)=2A1(0)cexp

(2.382)

rae A0(0) m A1(0) — mpou3BOJBHBIC KBAaTCPHUOHHBIC KOHCTAHTBHI, MMCIOIIHAE CMBICI
3HAYEHUH COOTBETCTBYIONIUX KBAaTCPHUOHHBIX (pyHKIMiA mipu T = 0.

C yuyeToM 3TOro MHTEPHOJSIIMOHHYI0 yHKLHIO (2.380) MOXKHO 3anucaTh Tak:

@0°T 3000 A1(0) o exp “’;'T . (2.383)

q(t) =exp

W3 stoit Gopmynbl BHIHO, 4TO (PYHKIUS ((T) TOJHOCTHIO OIPENENISIETCS YETHIPhMSI
KBaTepHUOHHBIMH KoHcTaHTamMu ®0, 1, A0(0) u A1(0), KOTOpbIE MOXHO Ha3HA4YaTh
npou3BosibHO. Popmyna (2.383) Oyzaer BoIrAAETh Oojiee CUMMETPUYHO, eciii BMecTo 0,
®1 ucnonp3oBath Apyrue KoHCTaHTh: AQ(1) u Al(1), uMeromue CMBICT 3HAYEHUH COOT-
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BETCTBYIOIINX KBAaTEPHUOHHBIX QYHKIUHA mpu T = 1. Yepe3 3T KOHCTAHTHI BBIPAXKAIOTCS
®0, o1 1 ux GyHKUUHU CIeayIOINUM 00pa3oM:

exp%" =30(1)°20(0)"; @0 =2-Ln[20(1)o20(0)"];

1 (2.384)
exp% =31(0) o M(1);  @1=2-Ln[21(0)" o A1(D) [;
a uHTepnosunonHas gopmyna (2.383) npuobpeTaer BUA:
q(t) =[ 0(1) 2 20(0)™ | 0 10(0) 0 11(0) o[ A1(0) ' o RI(D) | . (2.385)

Teneps HabOp KBaTepHUOHHBIX KOHCTAHT TakoB: A0(0), A1(0), AO(1) u A1(1). ns Toro,
yTOOBI KBaTEPHHOHHAS KpHBas ((T) Mpoxoawyia depe3 kBaTepHHOHHBbIE TOuku (0 u ql,
JOCTaTOYHO Tak pacnopsaauTbest konctantamu A0(0), A1(0), AO(1) u A1(1), 4TOOBI:

q0 = 20(0) o A1(0); q1 =20(1)oA1(1). (2.386)

B ocTtanbHOM BBIOOp KOHCTAHT MPOU3BOJIEH. DTO 03HAYaEeT, YTO B PyKax HMCCIEI0BATEINS
0CTaeTCs BO3MOXKHOCTh MOJU(PHUIMPOBATH HHTEPIIOIALMOHHYIO (QYHKIHUIO, YTOOBI IPUIATh
€H TOMOJIHUTEIbHBIC KaUeCTBa. B 4acTHOCTH, €CIIN NOJIOKUTH

A1(0) =A1(1), (2.387)
npuaem K hopmyiie (2.367) nisa chepudeckoi TMHEHHON HHTEPIIOSIUN:
q(t)=[qloq0" | oqo. (2.388)

Uro0Obl yOeIuThCsl B CIPABEIIMBOCTU ITOTO YTBEPKICHUS, HA/IO TIOJCTAaBUTH B (HOPMYITY
(2.388) BeIpakenust u3 Gopmyisl (2.386) n yoenuTbcst B TOM, 4TO TOJydeHHas: (popmyia
coBmnazaaer ¢ popmynoii (2.385) nmpu codmonenuu (2.388).

Puc. 2.22. TIperieccnoHHast UHTEPIOALUS.
CrneBa — OCHOBHOH BapuaHT, CIIpaBa — albTePHATHBHBIN
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Busyanuzanusi nperecCMOHHOW MHTEPHOJSIUU Ui Cllydyas HOPMHPOBAHHBIX KBaTEPHHO-
HOB IIpEJICTaBjIeHa Ha puc. 2.22. Ha 1eBoM puUCyHKE IIOKa3aHbl BCE KOMIIOHEHThI MHTEPIIO-
JSAUOHHBIX (opmyit (2.385) u (2.386). Bunno, uro kBaTepHnons! A0(t) u A1(t) npeobpa-
3yIOTCA MO TpaBwiaM cepudeckoi JTHMHEHHON HMHTEPHOJSAIUU, a KBAaTEpPHUOH ((T)
ABIISICTCA UX Ipou3BeaeHueM. Ha mpaBom pucyHKe MOKa3aH Jpyroil BapuaHT MpereccHoH-
HOM MHTEPHOJISAINH TeX K€ KBaTepHUOHOB. OKa3bIBAaeTCs, BAPUAHT UHTEPIOJISALUU 3aBUCUT
OT TOTO, B KaKMX MecTax OOJIBIIMX KPYroB HaXOMIATCS AYyTH KpaeBblX 3HaueHui q0 u ql
uccienyeMoro kBarepHuoHa. Ilepememasi nyry BIOJIb OONBIIOTO Kpyra, MblI KpaeBoe
3HAa4YCHUE KBAaTEPHUOHA HE MEHsEM, HO MOAU(DUIIMpYeM NpaBuWiIo UHTepnosiuuu. Hesasu-
CUMO IepeMeliasi HauyajibHyl0 Oyry U KOHEUHYIO YTy, UMEEeM JIB€ CTENEeHU CBOOOJbI B
paccMaTtprBaeMoi MogUpHUKAIMUA. BO3MOXKHO TpU OMOIIY 3TOTO MOKHO OYJIET MOTyYUTh
nHTEepecHBIC 3PHEKTH B KOMITBIOTEPHOW aHMMAITUH.

Hpe,Z[J'IOX(eHHHﬁ BUJ HHTCPIOJIALONN KBAaTCPHHOHOB SABJIACTCA HOBBIM W HYXIACTCA B
JOIIOJIHUTCIIBHBIX UCCIICAOBAHUAX.



3. BUHTBI
3.1. lyaabHble yucaa

3.1.1. Ocrnoeénvie nonamus

Baxxnyto ponb npu nepexojie oT mpoOaemMbl OpUEHTAUH Tella K MpoljieMe ero MojI0KeHUs
B TPEXMEPHOM MPOCTPAHCTBE UTPAIOT CHEIUATbHBIE YUCIA, HA3bIBAEMbIE AyalbHBIMU [29,
31]. Ot uncia ObUTM BBEACHBI aHVIMUCKUM MaTeMaThuKoM Y mibsiMmoMm Kimuddopaom [69].

JyanpHO€ 4YHCIO OOBIYHO MPEICTABISIIOT B CICAYIOIICH
dbopwme:
A=a+w-a°, 3.1
rae a " a° — IeUCTBUTEIIHLHBIC YHCIIA;
@ — oco0as equHMIA, 00Ia1ar0Iast CBOMCTBOM:

@ =0. (3.2)

CocTaBHYI0 4YacTh AyalbHOroO uucia a OyJeM Ha3bIBaTh
IJIaBHOM 4acThlO, & JPYrYI0 COCTABHYIO 4acTb a° — MOMEH-
TOM.

3aMeTuM, 4TO MpH PEIIEHUH FeOMETPUYECKUX 3a/1ad ocodast
CIMHUIA W HMMEET pPa3MEpPHOCTb, OOPaTHYIO Pa3MEPHOCTH
JUIMHBL. B CBS3U € 3TUM COCTaBHbIE YacCTH AyaJIbHOTO 4YKcia
UMEIOT pas3In4yHble Pa3MEpHOCTH, @ MMEHHO, Pa3MEpPHOCTb
MOMEHTA MOIy4aeTcsl U3 pa3MEpPHOCTH TJIABHOM 4acTu MyTeM
YMHOXKEHUS €€ Ha Pa3MEepHOCTh AJMUHbBI. Eciu riaBHas yacTb
umeet pasmepHocTs H (HproToH, cuma), To pazmepHocts MoMeHTa Oyaer Hm (HeroTono-
METp, MOMEHT).

Yunesam Knudpdopn
(1845-1879)

BBCI[GM HOBOC MNOHATHUC — IIapaMCTp AYAJIbHOIO 4YHCIIA, KOTOpHﬁ 6YI[CM 0003HaYaThH
HCIOJIHBIMUW KBaJAPpaTHBIMU CKOOKaMH:

ao
[4]=—. (3.3)
a
I[yanLHoe YHUCJIO paBHO HYJIHO, TOJIBKO €CJIN 00€ ero cocTaBHBIC YaCTH PaBHBI HYJIIO:
a=0; a°=0. (3.4)
CrnosxeHre ¥ BBIYUTaHHUE TyaTbHBIX YHCEN ONPEIEISIETCS CIeIYIONIINM 00pa3oM:

A+B=(a+w-a®)t(b+w-b°)=(ath)+w (a°+b°). (3.5)
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Crno)xeHue ¥ BBIYUTAHNE JyaJIbHBIX YACETT KOMMYTaTUBHO M aCCOIIMATHBHO.
[TpousBenenne nTyabHBIX YUCEN ONPEEIAETCS TaK:

A-B=(a-b)+w-(a-b°+a°-b). (3.6)

VMHOXEHIE AYaJIbHBIX YHUCC]I KOMMYTATHBHO, aCCOIUATHBHO U ,I[I/ICTpI/I6YTI/IBHO 110
OTHOIICHHIO K CJIOKCHHUIO.

Omnepanus neneHust oopaTHa ONepaluy YMHOXKCHHS:

B b a-b°—a°-b
— =t —.

3.7
YacTHBIM CJIy4daceM SBJISICTCA 06pameHHe AYaJIbHOTO YHCJIa:

11 ° 1

11 & 1 5141 (3.8)

A a a a a

[IpuBenenuble GopMybl MOKA3bIBAIOT, YTO ONEPALMU HAJl TyaJIbHBIMH YHCIIAMU MOAYU-
HSIOTCSl 3aKOHaM OOBIYHOM anreOpbl, HO ¢ MHUMOH e€IMHUIIEH @ Ha/lo MOCTyNaTh TakK, KakK
¢ OECKOHEUHO MaJIOl BETMUYMHOMN, KBaJPaTOM M BBICIIMMH CTETIEHSAMHU KOTOPOIl peHedpe-
raroT.

VYka)xeM HEKOTOpble 0OCOOEHHOCTH YMHOXKEHHUS U ICJIEHUS Ty alIbHbIX YHCEN.

1. TlpomsBemeHue IBYX 4HCeN 0OpaiaeTcs B HyJb, KOTJa MO0 KpailHel Mepe OHO U3 ATUX
YHUCCJI paBHO HYJIIO, WX KOIr'/la I''TaBHBIC YaCTH 06OI/IX YHUCCJI paABHBI HYJIIO.

2. TlapamMeTp mpoOW3BENCHUS ABYX YUCEN 0OpamaeTcs B OECKOHEUYHOCTh, KOTa MapameTp
0 KpaliHeH Mepe OJTHOTO YHCIa 00paiaeTcs B 06CKOHEUYHOCTb.

3. Ilpu ap =0 u by = 0 yacTHOE OT JENCHUS BBIPAKAETCS (POPMYIION:

— =+ .k’ 3.9
A a° ® (3-9)

r7ie k — HE OIpeeIICHO.

3.1.2. /lyanvuosie pynkyuu

Bynem paccmaTpuBaTh QyHKINH, 00JACTBIO ONPECIICHHS U 00IaCThI0 3HAYCHUH KOTOPBIX
SIBJIICTCS. MHOXKECTBO JyalbHBIX umcel. [lycTh B Ka4ecTBE apryMeHTa BBICTYIACT JTyalb-
Has mepeMeHHast A = a + ®-a°, a B kKauecTBe (DYHKIMU qyanbHas nepeMeHHas F = f+ ©-g.
OueBunHO, (HYHKIMOHAIBHAS 3aBUCUMOCTD MEX]Ty STUMH MEPEMEHHBIMHU B CaMOM OO0IIeM
cinydae OyneT 3ajaHa, €clid 3aJaHbl cKaysgpHble GyHkmuu [ (a, -a®) u g(a, -a°). Takum
o0pa3zom,

F(A)=f(a,a°)+w®-g(a,a®). (3.10)

Oco0y10 BaKHOCTh UMEIOT aHAIUTHYECKHUE (PYHKIMM JTyabHOro apryMmeHnTa. [lo ananoruu
¢ Teopuel (QyHKUUN KOMIUIEKCHON MEpEeMEHHON JJI aHAIUTUYHOCTH IyalbHON (YHKIMU
IyaqbHOTO apryMeHTa HeoOXOAMMO M AOCTaTO4YHO, uToObl (pyHkuuu f (a, a°) u g(a, a®)
obun auddepeHnMpyeMBl B KaXI0W TOYKE OOIACTH ONpEIeNeHHs W, KPOME 3TOrO,
BBINOJIHSIMCh HEKOTOpble AuddepeHnranbable ypaBHeHUs (aHayior ypaBHeHuid Komu-
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Pumana B Teopum QYHKIUNA KOMIUIEKCHOW mepeMeHHOM). CMBICT ATHUX YpaBHCHHM
3aKIII0YAeTCsl B TOM, YTOOBI MpHpalieHue (pyHKIUH HE 3aBUCENI0 OT crnoco0a CTpeMIICHHs
npupaiieHust aprymenta d4A = da + @ da® K HyJ10, TO €CTh HE 3aBUCEIO0 OT OTHOIICHHS
da®/da. Pazymeetcs, HarpaBieHue, mpu KOTopoM da = 0, cleyeT UCKIIOYUTh U3 PacCMOT-
pEHHUsI, TTOCKOJIBKY Ha HYIIb JENUTh Henb3d. Cremyst mMetommke pabotsl [17], 3ammmem
BBIpaKeHHE JJIs mpou3BoAHOM GyHkiwmu (3.10) B oOiiem ciyuae:

dF(A) _ df (a,a°)+w©-dg(a,a®)

. (3.11)
dA da+w-da®°
PackppiBasi 3Ty 3anIMCh, OITyCKasi apryMEeHThI TPH 0003HaYeHUSIX (PyHKIUN, TOTyYUM:
2
F [e] (e} o
d_=g+i.di+m. a_g+ a_g_g .da + af . da . (312)
dA Oa 0a° da da \0a® Oa) da 0a° \ da
Ortcroa cneayroT YCIOBUs aHaTUTHIHOCTH PyHKIUHU F (A4):
6f(aaao) — O; ag(a’ao) — af(a’ao) . (3.13)

0a° 0a° Oa
[TepBoe U3 ATHX YCIOBHI CBHIETEIBCTBYET O TOM, 4TO (pyHKIHA f (a, a°) HA camoM Jene
HE 3aBHCHUT OT a° | sBJsIeTCs (QYHKIMEH OJHOM nmepeMeHHOl a. Bropoe ycioBue, Oyayun
MIPOUHTETPUPOBAHHBIM, IPUBOTUT K opMyIie s onpeaeneHus: GyHkuuu g(a, a°).
oI @

o + f°(a), (3.14)

g(a,a%) =

rne f°(a) — npou3BosIbHAs aHATUTUYECKast (PyHKIMS BELIECTBEHHON IEPEMEHHOM a.

B cootBercTBUU ¢ paboToii [17] mpuMemM B KadecTBe OMpeesieHUs AyalbHONU (YHKINH F'
NyaJbHOTO apryMeHTa A aHATUTHYECKYIO (DYHKITHIO:

9 (a)

oa

F(A4)= f(a)+m-{a°~ + fo(a)}, (3.15)

rne f— ogHOMMeHHas ¢ F aHanuTrdeckast QyHKIHs BeIIeCTBEHHON TIEPEMEHHOIA.
3amerum, uto QyHKIUS f°(a) onpenensercs 3HaueHueM Gpynkun F mpu a° = 0.

[To sTomy mpaBriTy (QyHKIHSI CHHYCa JUIS IyaJIbHOTO apryMeHTa A = a + ®-a° OnpeaennT-
csl Tak:

Osina
oa

sin4d=sina+w®-a°- =sina+®-a°-cosa. (3.16)

Anamutnueckas pyHkuus F (4, B,...) HECKOJIBKUX yaJIbHbIX NEPEMEHHBIX ONPEEIIeTCs
TaK:

(3.17)

F(A,B,...):f(a,b,...)+m-(a°-af(a’b"")+b°-af(a’b"")+...j,

oa ob

rae b 1 b° — KOMIIOHEHTHI TyadbHOW MEPEMEHHOU B.
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OTMeTHM CIeAyoIIe CBOMCTBA TyadbHbIX (DYHKITHI:
1. Ecmu B — ecth dyHKIUS OT A, TO M A — ecTh GyHKIHS OT B.
2. Ecmm C —ectb pyskus ot B, a B — ectb pynkius ot 4, To u C — ecTh QyHKIHS OT A.

3. Ecnm nyanbHbIE IEpeMEHHBIE CBSI3aHBI MEXIy co00il ypaBHeHueM F(A4, B) =0, To B —
ecTb QyHKIMA OT A, a A — ecTh PyHKIUS OT B.

Haubonee ynorpedurenbHble TyaabHble (QYHKIUH IPUBEICHBI B IPUIIOKEHUH 9.4.

3.1.3. Ilpouszeoonas u neonpeoeneHHwlii UHmMezPan OyanbHOU QYHKUUU

JIy1st Tpou3BOIBHOM AyalnbHOM (DYHKIIMH TyaJIbHOTO apryMEHTa, BhIpakaeMou (hopmysioi
(3.10), mpousBomHass MOXXeT ObITh BbIUMCieHA 1o (opmyne (3.12). YuureBas TO, 4TO
OTHOIIIEHHWE KOMIOHEHTOB nuddepenHimana dA sBiseTcs mapameTpoMm 3toro auddepen-
mana, popmyiy (3.12) MOXXKHO mepenucaTh Tak:

dF 8f og (og of j
— dA |+ o + dA + dA 3.18
dA  éa 8a r | [aa (Ga [a4] f —l (3-18)
Jlist aHanmMTHYeCcKOr ayalibHOM QyHKIHH £ myanpHOTO aprymenTa 4 uMeeMm GpopMyIny:
2
dEA) _G@) , .00 0T @ (3.19)
dA oa oa

[TpousBoanas ot pyHKIMU F(A) TOXE siBAsieTCsl GYHKIUEH OT A.

YactHas npousBoAHas IyalbHOM (YHKUIMM HECKOJBKHMX JyaJbHBIX MEPEMEHHBIX II0
OJIHOMY U3 apryMEHTOB UMEET BUJ:

OF (4,B,..) _ &/ (a,b,..) W[GM+Z,M+}

04 oa oa’ Oa-0b (3.20)

[Tpon3Bo/iHBIE M3BECTHBIX AHAIUTHUECKUX AyalbHBIX (YHKIMN TyadbHOTO apryMeHTa
UMEIOT IPUBBIYHBIN BUJ:

dex—pA:epr; dlnA:l; dsmA:cosA; M:—sinfl. (3.21)
dA d4 A dA dA
Heomnpenenennstit unrerpan ¢pynkuuu F(A4) Boipaxaercs Gopmynoit:
F'(A)=f"a)+w-a° f(a)+C, (3.22)

rne  F '(4)— byHKims, Ipou3BoHAs KOTOPOit paBHseTcs F(A);
C = ¢ + ©-c° — npou3BOJIbHAS AyaJibHAsi KOHCTAHTA.

3.2. Cxoab3siliue BeKTOPbI

Paznen 1 Mbl MOCBATUIM CBOOOJHBIM BEKTOpaM — HANpPAaBICHHBIM OTpE3KaM, KOTOpbIE
MOXHO IIepeMeNaTh B IPOCTPAHCTBE MapajieIbHo caMuM cebe. B nanbheiimem mbl Oyiem
UMETb JEJI0 HE TOJBKO CO CBOOOJHBIMH, HO M CO CKOJB3AUIMMU BeKTOpamMH. CKOIB3ALINHA
BEKTOD, B OTJIMYHE OT CBOOOJHOTO BEKTOPA, MOXKHO MEpPEMEILATh JIHILb BA0JIb IPSIMOM, Ha
KOTOpPOH OH JEKUT. OJHUM M TEM K€ CKOJIB3AIUM BEKTOPOM CUMTAIOTCS JINIIb TE PABHbBIE
[0 JUIMHE U II0 HANpPABJIICHUIO OTPE3KH, KOTOpBIE JIEKAT HA OAHOW npsMou. IIpumepom
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CKOJIB3SIIIIETO BEKTOpA SIBISIETCS BEKTOP CUJIbI, NMPHJIOKEHHONW K TBEPIOMY Tely, WU
BEKTOD YIJIOBOW CKOPOCTH TBEPIOTO TENA.

C nenbro BBIYUCIEHHH BEKTOPBI HY)KHO INPEACTABUTH B
BUJIC YHMCell, Ha3bIBaeMBbIX KoopauHatamu. st aToro Oy-
JIEM II0JIb30BaThCA, KaK M PaHee, NMPSAMOYTOJIbHOU JIeKap-
TOBOM CUCTEMOM KOOPJAMHAT, OCH KOTOPOU IPOHYMEPOBa-
HbI yuciamu: 1, 2, 3. CBOOOIHBIN BEKTOP I B TPEXMEPHOM
MPOCTPAHCTBE MOXKET OBITh OJHO3HAYHO TIPEACTABICH
CBOMMHM IIPOEKIUAMHU Ha KOOPAUHATHBIE OCH 71, 12, 73.

Jlyst Toro, 94TOOBI 3a7]aTh CKOJB3SIIUNA BEKTOp MOTpeOyeT-
csl jonoiHUTeNnbHas uHpopmauusa. Haubonee mHTEpeceH
JUTSL HAITUX TIeJIeH MEeTO 1, 0a3MpPYIOMUNACS Ha UCIIOJIb30Ba-
HUU KOOpPAMHAT, BBEICHHBIX HEMELUKUM MAaTeMaTHKOM
Omuycom Ilmokkepom. IImrOKKEpOBBI KOOPAMHATHI IJIst
CKOJIB3SILIETO BEKTOpa — 3TO LIECTEPKA YUCEN F1, 12, F3; I'°1,
r°%, r°%. IlepBas Tpoilka M3 ATHUX YHCEN — ATO OOBIYHBIC
KOOpPJMHATHI CBOOOJHOTO BEKTOpa r, BTOpas TpoOWKa —
KOOpPJMHAThI BEKTOPAa-MOMEHTA I'° 3TOT0 BEKTOpa OTHOCH-
TeIhHO Havaja KoopauHat (puc. 3.1).

IOmyc Imroxkep
(1801-1868)

[TnroKKepOoBBl KOOPAUHATHI MO3BOJISIFOT TPAKTOBATH CKOJB3SIIMN BEKTOP KaK CBOOOIHBIM
BEKTOp C TyaJbHBIMH KOOPAMHATAMH WIIH, IO-MHOMY, KaK JyalbHbIA BEKTOP:
N Y n+w-re
R=r+or°=|rn+o-r°, |. (3.23)
rn+w-re,
W3 BEKTOpPHOro aHajgM3a W3BECTHO, YTO KOOPAMHATHI BEKTOpa-
MOMEHTa I° MOYKHO BBIPA3UTh 4Yepe3 KOOPIMHATHI Pi, P2, P3

OJHOM W3 TOYEK, JIOKAIINX HA JIMHUM CKOJB3AIIETO BEKTOpa
(Touka 4 Ha puc. 3.1):

X1

)

X2
Prc. 3.1. K sa1anuio PO =Py By P T Py A I P T =P P, (3.24)

CKONBSAMETO BEKTOPA  Bekrop-MOMEHT I° NEPIEHANKYJIIPEH BEKTOPAM P H T

3Has IUTIOKKEPOBBI KOOPAMHATBI CKOJIB3SIEr0 BEKTOPA, MOKHO HAUTH KOOPAMHATHI TOUKH
B (cwm. puc. 3.1), HaxoIsAIICHCS] HA TMHUHA 3TOTO BEKTOpa 1Mo popMmyIie:
o (o) o o
ryro, =1, - rere —rm
_ 2 3 2 3. _ 3 1 3 1. —
d="—"5, dy=—"—5—-5—5—; d;=

2, 2, 2 2, 2, 2
ntn tn ntntn

7-re, —r° -r.
L rn=rh (3.25)

2,2, 2
ntn tn

B »TuX ¢opmynax ydTeHO, YTO BEKTOp MOMEHTa OPTOrOHAJEH MOPOKIAIOUIEMY €ro
BEKTOpY I:

},i_r01+r2.r02+7-3.r°3:0_ (326)
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Haiinennas Touka o0yiamaeT TO 0COOEHHOCTHIO, UTO €€ paanuyc-BeKTop d mepneH Ky is-
pEH IJIaBHOMY BEKTOpY r. B pe3ynbpTaTe Oka3bIBaeTCsi, YTO BEKTOPHI I, r° U d momapHo
OpPTOTOHAJIHHBI.

[IpencraBieHre CKOMB3SIIEr0 BEKTOpa MPU MOMOUIM TUIIOKKEPOBBIX KOOPAHWHAT yJIOOHO
TEM, YTO CJIOKCHUC CKOJIB3AINX BECKTOPOB BLIMNOJIHACTCA ITOKOMIIOHCHTHO. HpI/I IMPUITIOKC-
HUU K TBEPAOMY Telly HECKOJbKUX BEKTOPOB CHUJI WMJIM HECKOJIBKHX BEKTOPOB CKOpOCTEH
BpalleHHs, JCHCTBUS 3TUX BEKTOPOB MOXHO CKJIAJbIBaTh, CYMMHPYS MOYWIEHHO CTOJOLBI
Buna (3.23). B pe3ynbrare Ci0KeHUs MBI IOJIYYHMM CYyMMapHOE BBIPAKCHHE BUA:
s, +w-rse,
RS=rs+w@-rs°=|rs, +w-7s°, |, (3.27)

7S, +w-rs°,

KOTOPOE€ COACPKUT KOOPAMHATHI 7S TJIABHOTO BEKTOpa M KOOPAMHATHI 7s° TIJIABHOTO
MOMEHTA BCEX BEKTOPOB, MPUIIOKEHHBIX K TBEPAOMY TENy.

B dopmyne (3.27) yxe He o0s3aHa COOIIOAATHCS OPTOTOHAILHOCTH BEKTOPOB. B 001mem
citydae, B oTauuue oT popmyiisl (3.26), momydum:

rs, - rs° + 18, -rs°, +rs; 1%, #0. (3.28)

Ota BeIMYMHA HAa3bIBACTCS WHBAapPUAHTOM JyallbHOIO BEKTOpAa, a YaCTHOE OT JAEICHMS
MHBapUaHTa Ha HOPMY IJIABHOTO BEKTOpa — IMapaMeTPOM JyalIbHOT'O BEKTOpa:

7S, rs® +rs,-rs®, +rs, - rs°
_ 1 1 2 2 3 3
|—RS—| - 2 2 2 . (3.29)
rs; +7rsy +71s;
. BBeneM mnoHsTHE yria M pacCTOSHUS MEXAY JBYyMs

CKOJIB3SIIMMHM BEKTOpaMH, a TAaK)KE IOHSATHE OTHOCH-
TEIBHOIO MOMEHTAa J3THUX BEKTOpoB. Paccmorpum
CKoJb3siMe BeKTophl a u b (puc. 3.2) u onpenensiembie
UMM  OpUEHTHPOBaHHBbIE TNpsMble JHHUU (Oyaem
Ha3bIBaTh UX COOTBETCTBEHHO a U b). OTu mpsmbie B
Pic. 3.2. Yo u paccTosiuue obmeM ciaydyae OyayT ckpeuuBaromumucs. IIposenem
MESKTY CKOMB3SIMMH BekTopamu  TPETBIO IPSIMYIO JIMHHUIO, TICPECEKAIOIIYI0 IMHUKA 2 ¥ b 1
NEPIECHIUKYJIAPHYI0 HMM. OJTa MpsMas OIpelerser
BEKTOp €, Ha4aJI0 KOTOPOTO HAaXOJUTCS B TOUKE MEpecedyeHus ee ¢ MpsSMOoil a, a KOHEeLl — B
TOUYKE IepecedeHus ¢ npsaMoi b. /iinHa 3Toro BekTopa, Ha30BEM €€ Y°, SIBJIAETCA pacCTOs-
HUEM Mexay npsaMbiMu a U b. Ilepemectum npsmyto b mapamiensHo camoii ceGe BIOJb
BEKTOpa € 1O INEpPECCUYCHUs C NPAMOM a W HU3MEPUM YIOJN Y MEXKIY IOJOKUTECIBHBIMU
HampaBJICHUSAMHU MpSIMbIX a U b 1o Kparyaifemy yrioBomy paccrtosiHuio. Ero u Oynem
Ha3bIBaTh YIJIOM MEXay BeKTopamu a U b u mexnay npsMbivMu a U b. Teneps o npasuine
3HAKOB. YTOJ Y BBIOUpaeTcs U3 yrioBoro uHTepsaia [0, m] U cUUTaeTCs MOJOKHUTEIbHBIM.
Paccrosiane-y° Mexay OpsAMbIMH OyJeM CUYHUTaTh IOJOXKHUTENbHBIM, €CIIH BEKTOp ¢
COHAIIPaBJICH BEKTOPHOMY IPOU3BENEHUIO a X b, W OTpULATENBHBIM — B IPOTUBHOM
clIydae.
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Vron n PaCCTOAHHUE MCEKAY CKOJB3IIMMWMH BCKTOPAMH ABJIAIOTCA COCTABHBIMU YaCTIAMU
AYAJIBbHOTO yTjia MCXKAY CKOJIB3AIIUMU BCKTOpAMU:

=y+w-y°. (3.30)

IIpu 3TOM yroms y sBisieTCs IVIaBHOW 4acTbiO AYalbHOI'O yIJla, a PAacCTOSHUE-Y° MEXIy
BEKTOPAMH — €70 MOMEHTOM.

OTHOCHUTEIBHBIM MOMEHTOM BEKTOpoB a U b [17] Ha3pIBaeTcs cKajsipHas BEIMYMHA,
BBIUHUCIIIEMAast Yepe3 yroil Y ¥ pacCTOsIHUE Y° MeX Ay BeKTopaMmu a u b no gpopmyue:

M:—|a|-|b|.y°-siny, (3.31)
WM 9epe3 IUTIOKKEPOBBI KOOPIUHATHI BEKTOPOB a U b o ¢popmyie:
M=a, -b° +a,-b° +a,-b° +a° -b +a°,-b,+a°,-b,. (3.32)

HenocpencrBenHoi mpoBepkold MOXHO yOeautbesi B uaeHTHUHOCTH ¢opmyn (3.31) u
(3.32). Kak BugHOo 3 dopmynsl (3.32), OTHOCHUTEIbHBIE MOMEHT BEKTOPOB a U b He
MEHSIETCSl TIPU TIePECTaHOBKE BEKTOPOB MECTAMH.

PaccMmoTpuM 3a1a4y 0 HaXOXKIACHUU IUIFOKKEPOBBIX KOOPAMHAT BEKTOPA 4, €CJIM U3BECTHBI
€ro MOJYJIb |a| ¥ AyalbHbIE YTIIBl C OPTAMH KOOPAWHATHON CUCTEMBI X|, X2, X3!

I =y,+o-y°, j=L23. (3.33)
@opMyJIbl IPSMOTO NEPEX0]Ia TAKOBBI:
rj:|a|-cosyj; roj:—|a|-y°j-sinyj j=12,3. (3.34)

OOpaTHBIN Mepexo]T MOKHO BBITIOJIHUTH 11O (hOpMYyJIaM:

r. re.
M:W; yj:arccos|;’; YOjZ—Z—J (J=123). (3.35)

3.3. OcHOBHBIE CBEeIeHUA 0 BUHTAX

[Ipy wu3ydyeHMM OpHMEHTALMM TBEPAOTO Teja C OJHOU
HEIMOABUKHOM TOYKOM B TPEXMEPHOM INPOCTPAHCTBE MBI
YCHEIIHO HUCTOJb30BaIM BekTop. Ecnu ke peub uaer ob
M3YUYEHUH TIOJIOKECHHS UK TIEPEMEILIEHUs TBEPAOTo Teja B
MPOCTPAHCTBE, JYYIIHUM HHCTPYMEHTOM JJISI 3TOTrO SIBJIS-
eTcsi BUHT. Pa3zen BEKTOPHOIO MCUMCIICHUS, U3Yy4arolui
BUHTHI, HA3bIBAIOT BUHTOBBIM HCUHUCICHHUEM. Y HCTOKOB
ATOrO pasjelia CTOSUIM BUAHBIE yueHble KOHLA 19-ro Beka:
A. TI. KorenpuukoB [34], P. bomn [68] u 3. lltynu [76].
B coBpeMeHHOM U3TI05KEHUH TEOPHUsI BUHTOB MPEACTABICHA
B kHurax @. M. umentOepra [17] u 1O. H. Uennokoa
[60]. B obnmacTh cTpOUTENHHONW MEXaHUKH BUHTHI BBEI Amnekcannp [lerpopu

A. A. YMaHckwuii [56], Ha3bIBasg MX MOTOPaMH. Korenbiukos (1865 — 1944)
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3.3.1. Ilonsamue eunma

BunT — 5T0 MaTeMaTH4ecKas MOJ€ENIb 00bEKTa, HaIEIEHHO-
ro uHpopmanuelr 0 BEKTOPE MU MOMEHTE B TPEXMEPHOM
MPOCTPAHCTBE. BHHTBI XOpPOIIO TPHCIIOCOONICHBI IS
I/I3y‘IeHI/I}I MCXAaHUKU TBCpILOI‘O TCJ1a B HpOCTpaHCTBe.
Haubonee oOmmii ciaydaii mnepeMemeHus CBOOOIHOTO
TBepI[OFO TCJIa B HpOCTpaHCTBC CBOOAUTCA K BI/IHTOBOMy
MEPEMEIICHUIO, XapPaKTEPHU3YIOIMIEMYCsl OCBhIO BHHTOBOT'O
IepeMENIeHus, YIIOM II0BOpOTa Tejla BOKPYI 3TOHM OCU U
MOCTYIATENILHBIM ITePEMEIIICHUEM BIOJIb 3TOM OCH.

Eciun BHHTOBOE mnepemeleHHMe OECKOHEYHO Majoe, TO,
OTHECSI €ro K OECKOHEYHO MaJIOMy MPOMEXKYTKY BPEMEHH,
MBbl TOJY4YMM MTHOBEHHBIH BHHT CKOPOCTEH, Yy KOTOpPOTO
BEKTOPOM CIIy’)KUT yIJIOBass CKOPOCTb, @ MOMEHTOM —

Opuit Huxonaesnu
HOCTyHaTeNnbHas CKOpPOCTh Tela. B 3ToM ciaydae ckopocTb YeTHOKOB

IIPOU3BOJIBLHON TOYKM T€Ja paBHa MOMEHTY BHHTa OTHOCH-
TEJIbHO 3TOM TOYKHU. BUHT CKOpocCTel Ha3pIBaeTCs, MO-APYroMy, KHHEMAaTUYECKUM BUHTOM.

Haubonee obmias mpocTpaHCTBEHHAs] CHCTEMa CHJI, JEHCTBYIONMIUX Ha TEJI0, MOXKET OBITH
MpUBEJIEHA K CUJIOBOMY BHHTY (JIMHAM€), €CIU CWJIbl, JEUCTBYIOIIME Ha TBEPAOE TENO,
paccMaTpuBaTh KaK CKOJIB3SIINE BEKTOPHI.

B cBoeit pabote no BunToBOMY HcuncieHuto [34] A. I1. KorenpHukoB chopmynupoBan u
J0Ka3al 4pe3BblYailHO BaKHbIM '"IPUHLIMII NEpeHeceHUs'", yCTaHABIMBAIOUIUM COOTBET-
CTBHUE MEX]ly CBOOOJHBIMU BEKTOPAMU U BUHTAMU TaKUM 00pa3oM, 4TO BCE 3aKOHOMEPHO-
CTH B 00JIACTH BEKTOPOB, €CIIM 3aMEHUTh B HUX OOBIYHBIC BEKTOPHI U YHCIIA AyalbHBIMHU,
(dhopMabHO COXPaHSIOTCS M JJIs1 BUHTOB. B 3T0 ke Bpems Hemenkuit reomerp J. Htyam,
He 3Has o pabote A.Il. KoTenbHHMKOBA, yXe MOJIb30BANCS TaKUM K€ TPHUHIUIIOM, a
HECKOJIbKO TO3Ke OIyOIMKOBaj ero B padbore [76]. MbI B nanpHeHIIeM U3JI0KEHUN OyaeM
0e3 J10Ka3aTeIbCTBA IMOJB30BAThCA THM IMPHUHIUIIOM IPU YCTAaHOBJICHUU 3aKOHOMEpPHO-
CTe JIsl BUHTOB, Ha3bIBasi €ero npuHIMNoM nepenecenus: Korensuukosa-Ltynu.

BunT 00B19HO OyemM 0003HaYaTh 3arjJaBHOM XKUPHON OyKBOM JATHHCKOTO MJTH TPEUECKOT0
anaButa. PaccMoTpUM OCHOBHBIE MTOHATHUS Ha TpuMepe BuHTa P,

Bunt W MoxeT ObITh NpeJICTaBIIEH KaK TPEXMEPHBIN BEKTOP C IyaJbHBIMU KOMIIOHEHTaMH
WM KaK AyalbHbIN BEKTOP, COCTOSIIIMN U3 BEKTOPHON YacTH Yy U MOMEHTHOM YacTu Y°:

¥, Y, @y
Y=Y, |=v+o-y°=|y,+T-y°, |. (3.36)
\P3 \V3+m'\|’o3

OOBeKTHI Y U Y° — TpeXMEpHBIE BEKTOPHI ¢ KOMIOHEHTaMu y; u y°; (i = 1, 2, 3), sBisito-
IIMMHUCST KOOPJIMHATAMHU OSTHX BEKTOPOB B 3apaHee BBHIOPAHHON [EKapTOBOW CHCTEME
KOOp/MHAT.

®Ou3nyecKuii CMBICT paccMaTpuBaCMbIX BCKTOPOB MOXKCT OBITH pas3siiniHbIM, OOAHAKO B
TPEXMCPHOM MCETPUUYCCKOM IMPOCTPAHCTBC PASMEPHOCTH KOOPAWHAT MOMEHTHOM YacTHu
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MOJTy4aeTcsl MyTeM YMHOXKEHHUSI Pa3MEpPHOCTH KOOPAMHAT BEKTOPHOW YacTH Ha pa3Mep-
HOCTb JIJIMHBI.

CkansipHOH XapaKTEpUCTHKOW BHUHTA SIBJISIETCS €0 MapameTp — JAEHCTBUTEIBHOE YUCIIO,
MUMEIONIEE Pa3MEPHOCTD JJINHBI:

PP—I A \V1W1+W2 W2+W3 \V3'

(3.37)
vy WY Y
OH onpeeneH, eclii HOpMa BEKTOPHOW YaCTH BUHTA OTJIMYHA OT HYJISL.
BaXHBIM YaCTHBIM CJIy4aeM BUHTA SIBJISICTCS €IMHUYHBIA BUHT:
e+w-e’
E=e+wm-e®°=|e,+@ " |, (3.38)
(o
e, +w-e°,

y KOTOPOTrO MOJYJIb BEKTOPHOW YacTH PaBeH €IUHUIIC, a TApaMETp PaBeH HYJIO, TO €CTh
COOJTIOJIAIOTCS TAKKUE PABEHCTBA:

ee=1; e-e°=0. (3.39)
[TornneMeHTHOE NpeICTaBIEeHHE NTOCIEAHUX PABEHCTB TAKOBO:
e +e;+e=1; e-e° +e, e, +e, e =0. (3.40)

EnvHuuHblii BUHT (DAKTUUECKU SBISETCS CKOJB3SIIMM BEKTOPOM EIUHMYHOW JITMHBI,
OTNPEEIAIOIIUM OPUEHTUPOBAHHYIO MPSAMYIO.

B coorBerctBun ¢ mnpuHnunoM KorenpHukoBa-IlITynn Ha BHHT MOXKHO HEPEHECTH
MOHATHUS. HOPMBI BEKTOpa (TOCIe MEePEeHeCeHUs — HOpMa BUHTA) U MOJyJIsl BEKTOpa (Iocie
MepEHECeHUs] — MOJIyJIb BUHTA).

HopMa BHHTA — 3TO AyaJIbHOC YHCJIO, KOTOPOC BBIYUCIIACTCA aHAJIOTMYHO BBIYHCIICHUIO
HOPMBI BEKTOpPA:

[¥]=(w+o-v)-(w+o-v°) = ||+ 2wy =|y|-(1+=-2-[¥]). (3.41)

MO,Z[y.]IB BUHTA — 3TO AYAJIbHOC YUCJIO, PaBHOC KOPHIO KBAAPATHOMY U3 €I'0 HOPMBI:
[¥]= ¥ =|v]+o- I\vl =|v|-(1+o-[¥]). (3.42)

B mosneMmenTHOM 3anucu MOJAYJIb BUHTA BBITJIAAWUT TaK:

Wl + Wl + RVTA
|‘I’|= ,\|f12+\|’§+\|’§+w'\vl\|11 Vo YV TVY; \V3. (3.43)

Ji vl

OH onpeneneH, ecv MOIYJIb BEKTOPHOW YaCTH BUHTA OTJIMYEH OT HYJIS.

Beitie Mbl 1MONB30BAICh OMBEKTOPHOM 3alMChi0 BUHTA, TNI€ BUHT OBbLT NPEACTaBICH
IByMsl BekTopaMu Y U y°. KpoMe Hee cyllecTByeT Apyrasi, Tak Ha3blBaeéMasi BUHTOBas
3aluCh, KOTJa pacCMaTpUBAaeMblii BUHT MPEJCTABICH €AMHUYHBIM BUHTOM E = e + ©-e° u
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nyanbHbIM ynciioM W =y + @-y°. Equnnuneiii BUHT E onpenenseT ock paccMaTpuBaemMo-
ro BuHTa. OU3MYECKH CMbBICH AyanbHOro umcina W cBsizaH ¢ (PU3HUECKUM CMBICIOM
BuHTa. Ecin pPCeUb UACT O KMHCMATHUYCCKOM BHUHTC, I'JIaBHAd YaCThb AYAJILHOTO YHUCIIa
MPEACTABISET COOO0M YTIOBYIO CKOPOCTh BpPAIIEHUS Tejla BOKPYT OCH BUHTA, 2 MOMEHTHAS
4acTh Y° — CKOPOCTh MOCTYMATEIbHOTO MEPEMEILEHUS Tella BAOIb OCH BUHTA. Eciu peub
UJET O CUJIOBOM BUHTE (JIMHAME), TTIaBHAS YacTh IyaJbHOTO YHCIIA \J TIPEJCTABISIET COO0M
CYMMY IpPOEKLNH BCEX CHJI, IPUIIOKEHHBIX K TelTy, HAa OCh BUHTA, @ MOMEHTHAs 4acTh Y° —
CYMMY MOMEHTOB BCE€X CHJI, IEHCTBYIOIINX Ha TEJIO, OTHOCUTEIBHO OCH BUHTA.

[Tepexo OT BUHTOBOM 3alUCH K OMBEKTOPHOM BBITIOIHSAETCS 10 (hOpMYyJIaM:
Y=y+o-y°=VY-E=(y+@-y°)-(e+w@-€°). (3.44)
KoopanHaTHOE MpencTaBiieHHe STOr0 paBEHCTBA TaKOBO:
Y, =y-e; Yo, =y-e’ +y°e (i=123). (3.45)
OOpartHblii epexoa 0T OMBEKTOPHOM (POPMBI K BAHTOBOM BBITIOJIHSIETCS TaK:
SV L AP B e Al O AN
vl vl vy vl

y =y (3.46)

3ametuM, uyTO MpsiMoe mnpeoOpasoBanue no (opmynam (3.44), (3.45) BbimonHseTcs B
T00O0M ciydae, a JUIsl 00paTHOTO Imepexoa HeoOX0UMO, YTOOBI MOTYJTb BEKTOPHOH YacTH
BuHTa ¥ OBLT OTIIMUEH OT HYJIA.

3.3.2. Paznooicenue eunma no 3a0aHHOU ocuU

AHajnoru4Ho TOMy, Kak B paszeine 2.5.3 BBINOJHAJIOCH Pa3IOKEHUE KBAaTEPHUOHA IIO
3aJJaHHOMY HallpaBJICHUIO, BBIIUIIEM (GOPMYJIBI JUIs PAa3JI0KEHHUs BUHTA 110 3alaHHON OCH.

PaccMoTpuM mnpousBosibHBIM BUHT R ¥ TIpOM3BOJIBHYIO OCh, 33JaHHYIO €IUHUYHBIM
BUHTOM:

E=e+w-e°. (3.47)
BuHT R MOXHO NIpe/ICTaBUTh B BHJIE CYMMBbI JIByX BUHTOB:

R=Rc+Rn, (3.48)
MIEPBBINA U3 KOTOPBIX KOAKCHUAJICH 3aIaHHOW OCH M BBIPAXKAETCS (OPMYJIIOi:

Re=R,-E; R,=E -R+E,-R+E,-R,, (3.49)

a BTOPOI HOpMaJICH eMy:

Rn=R-Re. (3.50)
Rg — nyanpHOE 4nCI0, Ha3pIBaEMOE MPOESKIIMEH BUHTA Ha OCh (cM. pazzaen 3.4.3).

3.3.3. dyansuotii y2on mexncoy 08yma ocamu

JyanbHblil yroa mexnay HampasieHHbIME ocsiMu E1 u E2, sBnsercs nyalbHbIM 4HCIIOM
A= a°+ ®-a’. [Jns ero onpeneneHus noie3Ho NpuBJIedb K PACCMOTPEHUIO €I1I€ OJHY OCh
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E, nepecekarouryto ocu E1 u E2 noa npsiMbIM yriioM W HalpaBJIeHHYIO Tak, 4to ocu El,
E2 u E o0pa3yrot npaByro Tpoiky (puc. 3.3).

Torga o — oObrunbIi yroa mexay ocsimu E1 nu E2 (0 < a
< m), a® — paccrosnue ot ocu E1 no ocu E2, uzmepen-
Hoe B11osIb ocu E. DT0 paccrosiHMe cuuTaeTcs MOJI0XKH-
TeNbHBIM, €ciii yTh OT ocu E1 k ocu E2 conanpasieH
ocu E, 1 oTpuniaTenbHbIM B IPOTUBHOM CIIydae.

oCb E2 OCh E1l

JlyanpHblii yros A CBSI3aH C BUHTOM:

A=A-E=(a+w-a°)-E, (3.51)

Puc. 3.3. Yron u pacctosiHue .
MEXTy ABYMS OCSIMH rae E — eqnHU4YHbIN BUHT, onpeaensommi ocs E.

DTOT BUHT MOXET OBITh MHTEPIPETUPOBAH KaK BUHTO-
Boe nepemenienne ocu E2 u3 ee HauaapHOTO MOIOXKEHUs, coBmaaamiero ¢ ocsto E1, B ee
KOHEYHOE IOJIOKEHHUE.

ITonaras, yto BUHTBI HanpaBjaeHHbIX oceil E1 u E2 umeror n1yanbsHOe NpeICTaBICHHUE:
[el, + m-el® ]

— o |. 2 2 2 _1. o o ° _MN-
El=|el,+®-el% |; el +tel;+el; =1, el -el° +el,-el®, +el,-el°, =0;

o
lel; + m-el® |

- - (3.52)
e2, +w-e2°
E2=|e2,+m-e2°, |; e2;+e2)+e2;=1; e2,-e2° +e2,-e2° +e2,-e2° =0,
| €2, +w-e2° |
KOOPMHATHOE IIPEJICTAaBIEHNE JyallbHOTO YIJIa MEXKIY OCSIMU MOXHO 3aIlMCaTh TakK:
o =arccos(el, -e2, +el,-e2, +el, -e2,);
o_ el -e2° +el,-e2° +el,-e2° +el® -e2 +el®, -e2, +el®; -2, (3.53)

o = -
Sin o

Kax Bugno u3 dopmya (3.53), nyabHBIA YO HE 3aBUCUT OT MOPSIKA CIICOBAHUS OCEH,
MEX1y KOTOPBIMU OH U3MEPSETCS.

JyanbHoe npencTabieHue oc E BRIMIAIUT CIeayomuM oopa3om:

El,-E2,-El,-E2,

El,-E2 —El -E2, |. (3.54)
El,-E2,-FEl1,-E2,

E=e+w®-e°=

Sin

B pa3BepHyTOM BHJIE MOKHO 3aIIUCaTh:
el,-e2,—el,-e2,
el,-e2, —el -e2, |; (3.55)

el,-e2,—el,-e2,

1

sin o

e =
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el,-e2°—el;-e2°,+el®,-e2,—el°e2, . el,-e2,—el;-e2,
e=——:| el-e2°—el-e2°+el®e2,—el® e, —OL—'- elye2—el-e2, |. (3.56)
sin o tgor sin o
el-e2°,—el,-e2°+el®-e2,—el°, e2, el-e2,—el,-e2,

N3 »tux dopmyn BBITEKAeT, 4TO NMPU M3MEHEHWHW mopsaka ciemoBanus ocei E1 u E2
HaIlpaBJICHHUC OCH E usmensiercs Ha IMPOTHUBOIIOJIOXKHOC.

3.4. Onepanumn HaJ BUHTAMU

3.4.1. Ymmnoocenue eunma na uucio

VYMHOXXEHHE BUHTa Ha BCIICCTBCHHOC YHUCJIO a OIPCACIIICTCA KaK IOCTPOCHUC TAKOTO
BHHTA, BEKTOP KOTOPOI0 PaB€H BCKTOPY JAHHOI'O BHHTA, YMHOXXCHHOMY Ha 3TO 4YMCJIO, U
MOMCHT KOTOPOT'O paB€H MOMCHTY AAHHOTO BHHTA, YMHOKCHHOMY Ha TO K€ YHCIJIO. HpI/I
YMHOXXCHHWH BUHTA Ha BCIICCTBCHHOC YHCJIO BCE KOMIIOHCHTHI BUHTAa YMHOKAIOTCA Ha 3TO
YHUCJO:

Y, -a Y, ra+w- -y -a
Ya=Y,-a|l=y-a+o-y’a=|y,-a+w-y°, -a|. (3.57)
Y -a y,-a+@-y°s-a

B pesynpraTe yMHOXEHHS BMHTAa Ha BEIICCTBEHHOE YHUCIO IMONTy4aeTcs KOaKCHATbHBIN
BUHT. Eciii a — monoxuTenbHOE Yucio, To HampasieHus: oceit BuHToB W u W-a coBnana-
10T, €CJIU @ — OTPHUIIATEIILHOE YNCII0, TO HanpasieHus BUHTOB ¥ u W-a pOTUBOIIOI0KHEI.

[Tpu ymHoxeHuu BuHTa ¥ Ha nyanbHOE 4ncio 4 = a + @-a° NOoIy4UM BUHT

Y, -4 Y rat+w-(y,-a°+y,°-a)
Y- A=Y, A|=y-a+w-(y-a°+y°-a)=|y,-a+@-(y, a°+Vy,°-a) (3.58)
Y,-4 yira+o-(y,-a’+y,°-a)

C TOH Xe OCBhIO, YTO U y HCXOJHOI'O BHHTA, C JITUHOM BCKTOpA, paBHOﬁ MMPOU3BCACHUTIO
AJIMHBI BEKTOPa UCXOAHOI'0 BUHTA HA INIaBHYIO YaCTh AYaJIbHOI'0 YMUCjia U C mapaMCcTpoOM

ll’_lI’C) aO
[W-A]=——t—=[ W]+ 4]. (3.59
vy a
pPaBHBIM CyMME TapamMeTpOB HMCXOJHOTO BHHTA M IyaldbHOro uucia. Eciu a — monoxu-

TEeJIbHOE YUCII0, TO HanpaBieHus ocei BUHTOB W u W-4 coBnaznarot, eciiu @ — OTpULaTeNb-
HO€ 4YHuCII0, TO HanpasieHust BUHTOB W u W4 npoTUBOIIOJI0KHBI.

JIr060ii BUHT MOXET OBITH OMpEEeH KaK Mpou3BeJeHue equHrnuHoro BuHTa E, onpene-
JISTFOIIETO €T0 OCh, Ha MyalibHOE Yuciio @ = ¢ + @-¢°.
é '(P+m'(el '(Po+elo'(|))
E-®O=c-0+m-(e-0°+e’-@)=|e, -0+ (&, 9°+e,°-0) |. (3.60)
e P+ w-(e-9°+e,°-9)



118 3. BUHTBI

JlnuHa BekTOpa BHMHTa paBHA IVIABHOW YacTW AyaJIbHOI'O 4HUCla, a [apaMeTp BUHTA —
napameTpy AyallbHOTO YHUCIA.

3.4.2. Ckanapuoe ymnodcenue 6UHNOG

[Tox ckamsipabiM Tipou3BeaeHueM AByX BUHTOB W1 um W2 moHumaeTrcs AyalbHOE YHCIIO,
paBHOE CKAJISIPHOMY MPOU3BEICHHUIO X AyaIbHBIX BEKTOPOB:

Y1-V2=(yl+o -y1°) - (2+@-y2°) =yl -y2+@- (Yl - y2°+wyl° y2), (3.61)

rae y1 u y2 — BekTopHbIe YacTH, a Y1° u y2° — MomeHTHbIe yacTu BUHTOB W1 u W2.
IToKOMIIOHEHTHO BEKTOPBI MPEACTABIAIOTCS TaK:

vl v2, w1 w2°
wl=yl, |; w2=y2, |; yl°=yl® |; y2°=]y2° | (3.62)
vl v2, w1, W2

CKaHHpHOG IMPONU3BCACHUC BUHTOB MOXKHO 3aIIMCAaTh U [IO-UHOMY:

Y1-¥2=V1 P2, +¥1, W2, +¥1,-¥2,, (3.63)

rae Y1, u W2, (i=1, 2, 3) — nyanbubie komnoHeHTsl BUHTOB W1 u W2.
JlyanpHble KOMITIOHEHTBI MOXHO BBIPA3HUTh Yepe3 eHCTBUTEIbHbIE KOMIIOHEHTHI:

‘Pli:\yli+w-\|jl°l.; ‘PZi:W2i+ﬁf'\l’2°i (i=123). (3.64)

HezaBucumo ot Toro, monbszyemcsi Mol opmynoit (3.61) nau gopmynoit (3.63), B neit-
CTBUTEJIBHBIX KOMIIOHEHTAX CKaJSIPHOE MPOU3BEACHUE MPE/ICTABIAETCS TaK:

Y1-Y2=vyl -y2 +vyl,-y2, +yl,-y2, + (3.69)
+@ - (WL w2% +yl, w20+l w20+l w2+ yl®, - y2, + il y2y). '

I'maBHas yacTth CKaJIIpHOTO MPOMU3BCACHUSA ABYX BHHTOB CCTb 00BIUHOE CKaJIIpHOC
IMPOU3BCACHUC BCKTOPOB 3THX BHUHTOB, @ MOMCHTHas 4aCTb — OTHOCHUTEIBHBEIA MOMEHT
BHUHTOB. CKaHHpHOC MPOU3BCACHUC BUHTOB KOMMYTATHBHO.

Paccmotpum ckansproe npousseneHue equHUUHbIX BUHTOB E1 u E2. [IpuMensas npunHuun
nepeHecenus: KorenpHukoBa-1lTym Kk ckansipHOMY NPOU3BENEHHUIO CBOOOIHBIX €IUHHMY-
HBIX BEKTOPOB, ISl CKAJISIPHOIO NPOU3BEACHMS €IMHUYHBIX BUHTOB I1OJIy4YHM:

E1-E2=cosA, (3.66)
rae A — ayaneHbIil yron mexnay BuHTamu E1 u E2.
Ecnu npenctaBuTh BUHTHI B BUE
Y1=Y1-El;, Y2=Y¥Y2-E2, (3.67)
rae E1 u E2 — enuanunbie BUHTHI UX oceil, a W1 u W2 — ux nyanbHble IJUHBI, TOJTYYUM:

¥1-W2=¥1-¥2-E1-E2=V¥I1-¥2-cosA. (3.68)
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Takum o00pa3oM, ckalspHOE MPOU3BENEHUE J[BYX BHMHTOB pABHO IPOU3ZBEACHHUIO HX
IyaJbHBIX JIMH Ha KOCUHYC TyalIbHOTO YIJIa MEXY X OCAMH.

bonee netanbHO €ro MOXKHO paclucaTh TaK:
Y1 -Y2= \|/1-\|/2-cosoc+m-[(\Vl-\y2°+\|/1°-\|/2)‘cosoc—\|/1~\|12~0L°~sinoc:| , (3.69)

IJI€ CMBICT 0003HAYEHNI BBITEKAET U3 COOTHOIIEHMIA:

Yi=yl+ow-yl° Y2=y2+@-y2°% A=0+w-0°. (3.70)
3aMeTUM, 4TO O — OOBIYHBINA YroJl MEXy OPUEHTHPOBAHHBIMH MPSAMBIMH, 0L° — OPHUEHTHU-
POBAaHHOE PACCTOSIHUE MEKy HUMH.

CkansipHO€ pOM3Be/IEHNE BUHTOB HE 3aBHCHUT OT BHIOOPA CUCTEMBI KOOPIUHAT.

3.4.3. Ilpoexkuusa sunma na oco

ITycts ¥ — npousBosbHBIM BUHT, @ E — €IUHWYHBIN BUHT, 3aJa0LIUil B MPOCTPAHCTBE
HEKOTOPYI0 0cb. COCTaBUM UX CKAJSIPHOE NTPOU3BEACHUE:

‘I’-E:‘P-cosA=w-cosa+m-\|/-(|_‘I‘—|-cosoc—a°-sinoc), (3.71)

rae ¥ — nyaneHas juyivHa BuHTA ‘W, [w]- napameTp BuHTa ¥, A — nyanbHbIN yroy MEXIY
ocbto BuHTa ¥ 1 ocbio E.

OTUM BhIpaKEHHEM ompenensercs npoekuus BuHta W Ha ock E, paBHas mpousBeacHHUIO
IyanbHOW NiuHBI BUHTa W Ha KOCHMHYC IyalbHOTO yria, oOpa3dyemoro ockio BUHTa W ¢
nanHou oceto E. IIpoekuuns BUHTa Ha OCh — yaldbHOE YUCIIO.

IIokOMIOHEHTHO IMPOCKI M BUHTA HA OCb ITPEACTABIIACTCS TaK:
Y E=vy ety, ety e+m (Y e +y, e’ +y, ety re+y,e,+y’re).  (3.72)

3.4.4. Bunmoeoe ymnoocenue sunmoes

[Tox BuHTOBBIM Npou3BeaeHrEeM ABYX BUHTOB W1 u W2 Oynem nmoHMMaTh BUHT, TyajibHbIH
BEKTOpP KOTOPOI'O paBE€H BEKTOPHOMY MPOM3BEACHHUIO IyajbHbIX BEKTOPOB 3aJIaHHBIX
BUHTOB. BuHTOBOE yMHOXEHUE Oy/1eM 0003Ha4aTh KPECTOM.

PIxWP2=(yl+o - yl°)x(Y2+@-y2°) =ylxy2+o-(ylxy2°+yl°xy2). (3.73)

IToxkOMITOHEHTHO BUHTOBOE MPOU3BCACHUC 3aITMCBIBACTCS TAK:

vyl w2 —yl-y2, wl w22 =yl w2+ yl® y2, -yl y2,
Yx¥2=| ylyy2i—yly2y (+ @) ylyw2® =yl y2°+ yl®e w2 —yl®-y2, | (3.74)
Wly2,-ylyy2, YL w2% =yl w20+ yl®y2,— yl®y2,

PaccmoTpuMm BuHTOBOE mpom3BeacHUE equHUYHbIX BUHTOB E1 u E2. [IpumeHnss npuHuun
nepenecenus: KorenpuukoBa-1lITy M kK BEKTOPHOMY NPOU3BEICHUIO CBOOOJHBIX €IUHHY-
HBIX BEKTOPOB, JJI BUHTOBOI'O MTPOU3BEICHUS €AMHUYHBIX BUHTOB MOIYYHM:

E1xE2=E-sinA, (3.75)
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rae E — enMHUYHBIN BUHT, OCh KOTOpOro nepecekaer ocu BUHTOB E1 u E2 mog npsiMbiM
yIJIOM W HampasieHa Tak, 4to ocu BuHTOB E1, E2 u E o0pa3yioT npaByio Tpoiiky; A —
IyalbHBINA yron Mexay ocsimu BUHTOB E1 u E2.

Ecnu npencraButs BunThHl W1 1 W2 B Buje:

Y1=Y1-E1l;, Y2=Y2-E2, (3.76)

rae E1 u E2 — equnuunbie BUHTH uX oceil, a W1 u W2 — ux ayanbHble JJIMHBI, TO MOJY-
UM

Y1ix¥Y2=Y1-Y2-E1xE2=¥1-¥2-E-sin A; (3.77)

rjie 0003HAYCHUS SAMHUYHBIX BUHTOB U yriia A Takue ke, Kak 1 B popmye (3.68).

Taxum 06pa30M, BHUHTOBOC IMPOMU3BCACHUC NBYX BUHTOB CCThb BHHT, OCb KOTOPOI'0 nepece-
KacT 1IoJ MpsAMBIM YITIOM OCH NEPEMHOXKACMBIX BUHTOB, BEKTOP KOTOPOIr'0O MMECT HAIlpaB-
JICHUC BCKTOPHOI'O NPOU3BCACHHA BEKTOPOB 3TUX BUHTOB, a [[y&J'II:HBIﬁ MOAYJIb — IMPOU3BEC-
JACHUC NYaJIbHbIX MO,Z[y.]'IGﬁ O9TUX BHUHTOB Ha CHUHYC AYyaJIbHOr'o Yyrijia, 06pa3yeM0ro nux
OCsMH.

IIpn mnepecTaHOBKE COMHOYKHTEIEH BHUHTOBOE IPOM3BEIACHUE MEHSAET CBOM 3HAaK Ha
IIPOTUBOIMOIOKHBIN:

PIxW2=-¥2xP1. (3.78)

3.4.5. Cmewannoe ymnodicenue 6uHmMOG

CMmelaHHOe MPOU3BEIEHUE €CTh JyadbHOE UYHUCIIO, SIBJISIOIIEECS PE3yJIbTATOM IMEPEMHO-
KeHMs TpeX BUHTOBBIX coMHoxuTeneil 1, W2 u W3 B cooTBeTcTBUM € 01HOM U3 HopMyIT:

Y1, Y1, VYl
(P1x¥2) W3 =(Y3x¥1) VY2 =(¥2x¥3)¥1=(Y1,¥2,¥3)=|V2, Y2, ¥2,. (3.79)
Y3, Y3, Y3,
Nuorna cmemannoe npoussenenune odosznavdaot (W1, W2, W3). Tak xe, kKak U B ciiydae
CBOOOJTHBIX BEKTOPOB, IIUKJINYECKAsl TIEPECTAHOBKA COMHOKHTENCH HE MEHSET pPe3yJibTaTa.
CMelagHoe MPOU3BCACHUC MOXKHO IOJYYUTh KaK ACTCPMUHAHT MAaTpPHUIIbI, COCTaBJICHHOU
U3 JIyallbHBIX KOMIIOHCHTOB TNEPEMHOXAEMbIX BHHTOB. Bce 3TH CBOHCTBa OTpaKeHBI B
dbopmynax (3.79).
BeneMm crienyromire 0003HaYCHHUS:

vl oyl wl® oyl yl®,
P=[v,|=|v2 w2, w2, P=[v°,]=|w2e w2, 2o s (3.80)
V3, w3, w3, 3% y3%, y3e

W2, W33 =2 w3, W23 -2 g3y w2yl -y, g3,
A= [aij:l =l w3yl w3yl w3yl -yl w3yl w3, eyl (3.81)
YL w2, -yl w2, w2 —yly2y o gl ey2, -yl -yl
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3necs P — marpuna, cocTaBieHHas U3 IVIABHBIX KOMIIOHEHTOB NE€PEMHOYKAEMbIX BHHTOB,
P° — Marpuna, cocTaBieHHas U3 MOMEHTHBIX KOMIIOHEHTOB MIEPEMHOKaEMbIX BUHTOB, A —
MaTpHlla, COCTABJICHHAs W3 alreOpandyeckux JOMOJHEHHM 53JeMEeHTOB MaTpuisl P B
OIIpeJIeNIUTEINIE 3TOM MaTPUIIbL.

Torna Ha OCHOBaHMU I€TEPMUHAHTHOM (hOPMYJIIBI OTYUHM:

3

(P1,¥2,¥3) = |y +©-y|=|y, +B-y°, ‘wll‘—i-m Za,, e, . (3.82)

Ecau nerepmMuHaHT MaTpHIlbl, COCTABICHHONW M3 IIABHBIX KOMIIOHEHTOB MEPEMHOKAEMbIX
-1

BUHTOB P oTiinyeH ot Hy:s, cylecTByeT oOpaTHas Matpuua P ¢ anemeHTaMu, BBIYUCIISA-

€MbIMHU uepe3 aliredpanyeckue I0MOIHEHUS a; 110 hopMyIie:

ay/v,|. (3.83)

B sTom ciyuae gpopmyie (3.82) MOKHO NpUaTh BU:
(P1,¥2,¥3) =|P|-[1+w-sp(1>-1 -PO)], (3.84)

rae o0o3HaueHHe Sp 03HAYAET CJIe] MATPHUIIbl, TO €CTb CYMMY BCEX 3JIEMEHTOB MaTpPHIIbI,
HaxOJSIIMUXCS HA €€ TJIABHOW JUaroHalu.

3.4.6. Cnoorcerue 6unmog.

Bunt W naspiBaetcst cymmoint 3aganubix BUHTOB W1 n W2, ecim ero BEKTOp paBeH CyMMe
BEKTOPOB, 2 MOMEHT PaBEH CyMME MOMEHTOB CJIaraéMbIX BUHTOB. VIHBIMU CIIOBaMU, BUHTHI
CKJIAABIBAKOTCS IIOKOMIIOHCHTHO:

Y1+¥V2=(yl+@ - y1°)+(y2+@-y2°)=yl+y2+ o (Yyl1°+y2°). (3.85)
[TokoMIIOHEHTHAS 3aMUCh UMEET CIEAYOIIMNA BUA:
vyl +@-yl° Y2, +@-y2° (WL, +y2)+w-(yl° +y2°)
Y1+¥2=|yl,+w-yl°, |+|y2,+®-y2°, |=| (y], +y2,))+®-(y1°, +y2°,) |. (3.86)
Yl +@-yl®, Y2, +@-y2° (Wl +y2)+@-(yl°% +y2°)

0Chb ‘I’Z ocp ¥ och P1 OTMeTM OIHO Ba)XKHOE CBOMCTBO OCH CyMMAapHOIO
, e1 Bunta ¥ =¥1 + W2. B paGore [17] ycTaHOoBIEHO,

YTO 3Ta OCh TaK ke, Kak U ocu BuHTOB W1 u V2,
er I Klz repecekaeT Mmoj MpsSMbIM yrioMm ochk BuHTa W12 =
=W1 x W2, gpasiomerocsi BAHTOBBIM ITPOU3BEICHU-
€M HCXOOHBIX BHMHTOB. Ha puc. 3.4 B KkauecTBe
WJUTFOCTPAIMH TIOKa3aHbl OCH, O KOTOPBIX IIa Peyb,

U eJUHUYHBIE BEKTOpPHI 3THX oceil e, el, e2, el2,
cootBercTByronue BuHTam ¥, W1, ¥2, W12 g

/

oce W12

\

Puc. 3.4. PacnionoxeHne 0CH CyMMBbI
JBYX BUHTOB

YKa3aHus OpueHTAluU oceH.
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3.5. BUHTBI B KOCOYT0JIbLHOM IyaJIbHOM cHCTeMe KOOPANHAT

Llenbto aTOrO pazgena OyAeT HayYUThCS U3MEPATH OTIACNIbHBIN BUHT (HAaXOJUTh JIJISl HETO
eIMHUYHBIA BHHT U MOJYJb), HAXOJUTh YTOJl U PACCTOSHUE MEXKIY OCSIMU TBYX BHHTOB,
CKJIIbIBaTh (HAXOJIUTh CYMMY) U YMHOXAaTh BHHTBHI (HaXOJUTh CKaJIIPHOE, BUHTOBOE U
CMEIIIaHHOE MPOU3BEJACHUE BHUHTOB), MOJIb3YSICh KOCOYTOJbHBIMU NyajJbHBIMU KOOpAHHA-
TaMU 3TUX BUHTOB.

3.5.1. ba3ucnvie eurmol

Jo cux mop s MCUMCIIEHUSI BUHTOB, MHOIJA HE OCO3HAaBas 3TOr0, MbI MOJIb30BAINUCH
MIPSIMOYTOJIBHOM JIEKApTOBOM CHCTEMOM KOOPJIMHAT, T/Ie B KauecTBe 0a3uca ObLIN MPUHSTHI
TPU €IMHUYHBIX BUHTA C HYJEBBIMHU MapamMeTpaMHd U CO B3aUMHO NEPHEHIUKYJISIPHBIMHU
OCSIMH, TIEPECEKAIOIMUMHUCS B OHOW Touke. Kak 1 B 0OBIYHOM BEKTOPHOM HCYHUCIICHHH, B
KauecTBe 0Oa3uca MOTyT ObITh MPUHSATHI TPU APYTUX JIMHEWHO HE3aBUCHUMBIX BHHTA (HE
00s13aTeTbHO €IUHUYHBIX, HE 0053aTEIbHO C MEPICHANKYJISIPHBIMHA OCSAMH W HE 00s3a-
TEJBHO C OCSIMH, NIEPECEKAIOIIMMUCS B OHOU TOUKe), Hanpumep, B, By, B;. s onpene-
JEHHOCTH OyAeM IojlaraTb, 4TO 3TH BUHTHI 3aJaHbl CBOMMH HpPOCKLUAMH Pj; Ha OCH
IIPSIMOYTOJIBHOW I€KAPTOBOM CUCTEMBI KOOPAUHAT:

P,=E,-B, (i,j=1273), (3.87)

HWJIH, 4TO TO K€ CaMOC,

3
B, =>E-P, (j=123), (3.88)

)
i=1

rae Ei, E;, E; — 6a3ucHble eTMHUYHbBIE BUHTHI IPSIMOYTOJILHOM 1€KapTOBOW KOOPAMHATHOMN
cucreMsbl. [lotpeOyem numib, yToObl BUHTH Bj, By, B3 Tak xe, xkak u Buntel E|, E;, E;,
COCTAaBJISUIH MPABYIO TPOHKY.

Unentnunocts dopmyn (3.87) u (3.88) oObscHieTCS TEM B CHIy OPTOrOHATBHOCTH
0a30BBIX EIWHUYHBIX BHHTOB IPSIMOYTOJHHON JEKaPTOBOW CHUCTEMBI KOOPAMHAT H C
YUETOM IEPECEYCHHUS OCeH 3TUX BUHTOB B OJJHOM TOYKE

E-E =4, (i,j=123), (3.89)
riae A; — LyanbHbli cumBon Kponekepa:

Ay =1+w-0 (i=j) A;=0+w0 (i#)) (i,j=123). (3.90)

3.5.2. Kocoyzonvnvie koopounamaol

JIro6oii BuaT ¥ B 6asuce Bj, B,, B; MokeT ObITh OJJHO3HAYHO OIPEICIICH TPEMS JTyabHbI-
MU YHCJIaMH, Ha3bIBAEMBIMH KOCOYTOJBHBIMH KOOpAMHATaAMHU 3TOro BUHTA. ECTh n1Ba
CTaHJAPTHBIX BUIA dTUX KOOPAUHAT, ONPEACTSIONINX BHHT: KOBApUAHTHBIC U KOHTPaBapH-
aHTHEIE.

KoBapuaHTHRIMU KOOpJMHATaMu OyJieM Ha3bIBaTh IyaJbHBIC YKCIIA, PABHBIC CKAJISPHBIM
npoussenenusMm BuHTa W u 6a3ucHbix BUHTOB B, By, B;:

¥, =B,-¥ (i=12.3). (3.91)
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Howmep xoBapuaHTHOI1 KOOpAMHATHI Oy/1eM 0003Ha4YaTh HUYKHUM UHIEKCOM.

KonTpaBapuanTHeIMU KOOpAMHAaTaMu OyJeM Ha3blBaTh OyallbHbIE YHCIA, MPU [TOMOIIU
KOTOPBIX MOYKHO IpeAcTaBuTh BUHT W Kak TUHEWHYI0 KOMOMHALIMIO 0a3UCHBIX BUHTOB:

3
¥Y=>B Y. (3.92)

i=1
Homep KoHTpaBapuaHTHON KOOPJAUHATHEI OyJieM 0003HauUaTh BEPXHUM HHIEKCOM.

BaMCTI/IM, 4TO B 3TOM Ppa3aciic HUCIHOJBb3YIOTCA 0603Ha‘-ICHI/I$I, IMMOXO0KHUC Ha TCH3O0PHBIC.
HOSTOM}’ Haa0 IIOMHHUTBH, YTO OJHH U TEC XKC 6YKBCHHBIC O603H3‘I€HI/I$I, OTJIMYaIoIIMECA
YPOBHEM paCIIOJIOKCHUA UHACKCOB, IPCACTABIIAIOT 0003HaYCHUS PAa3HBIX BCJIMYUH.

3.5.3. Buwipasrcenue npamoy2onpHblX 0eKapmMosvlxX KOOPOUHAmM 4epe3 KOcoy2oibHble
st Toro, 4ToOBI BBIBECTH (DOPMYJIBI 1T OMIEPUPOBAHUS C BUHTAMH B KOCOYTOJBHOM
CUCTEME KOOpPJIMHAT, HY>KHO YMETh BBIPAXKaTh MPSMOYTOJIbHbIE JEKAPTOBBI KOOPAMHATHI
BHHTOB 4Y€pe3 KOCOYTOJIbHBIE KOOPAMHATHI, YTOOBI 3aT€M BOCIIOJIL30BATHCS 3aBHCHUMOCTSI-
MU paszenos 3.3, 3.4.

O0603HaYUM MPSAMOYTOIBHBIE EKAPTOBBI KOOPAUHATHI BUHTA V¥, sBIISIOIIAECS TyallbHBIMH
gucnamu, depe3 oV, oV, o¥;. C mx nmomompio BUHT ¥ MOKeT OBITh MpeaCTaBICH
OJTHO3HAYHO, XOTSI ()OPMYJIBI JJISl OTIPEACIICHHS 3TUX KOOPJIWHAT MOTYT OBITh 3allCaHbl B
nByX Bujax. [lepBblii U3 HUX COOTBETCTBYET UAEE KOBAPHMAHTHBIX KoopAuHaT. [Tpu sTom

MPSIMOYTOJIbHBIE IEKaPTOBBI KOOPAUHATHI PaBHBI CKaISPHBIM Mpou3BeneHusM BuHTa W Ha
0a3uCHBIC BUHTHI:

oV =E,-¥ (i=1,2,3). (3.93)

Bropoii BuJ COOTBETCTBYET HJee KOHTpaBapHaHTHBIX KoopauHat. IIpum stom BuHT ¥
MOJKET OBITh MPE/CTaBJIEH B BUJIE JTUHEHHON KOMOMHAIMM OAa3MCHBIX €IMHUYHBIX BUHTOB
E,, E;, E; cnexyromum o6pazom:

3
¥=> oV, E,. (3.94)
i=1

OTO 03HA4YaeT, YTO B IPSIMOYTOJIBHON JEKapTOBOI CUCTEME KOBAapUAHTHBIE M KOHTPaBapu-
aHTHbIE KOOPAMHATHI BUHTA COBNAAIOT.

[Toacrasnss B popmynsl (3.93) 3aBucumocts (3.92), ¢ yuetom (3.88) momyuum dopmyiry
AJIg ICPEXoJia OT KOHTPABAPHUAHTHBIX KOOPAUHAT K NIPAMOYTOJIbHBIM JCKAPTOBLIM!

3 3
o¥,=E,->B, W =P W (i=123). (3.95)

J=1 J=1

[Toacrasmnss B hopmyny (3.91) Bepakenne 1t W u3 (3.94), momydum:

3 3
\yj:Bj.zo\pk.Ek:ZoTk-ij (j=1,2,3). (3.96)
k=1 k=1
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Ora ¢opMmyia AaeT HESIBHYIO 3aBUCHUMOCTh MEXAy KOBapUaHTHBIMHM KOCOYTI'OJbHBIMH U
IPSIMOYTOJIBHBIMU JIEKapTOBBIMU KoopauHatamMu BuHTa ¥ mocpeacrBom matpuubl P ¢
sneMeHTaMu Py;. JIns Toro, 4To0bl ABHO BbIpasuth o'V yepes V), Hy:)KHO yMHOKHTB JIEBYIO
W TpaByl 4YacTh paBeHcTBa (3.96) cmpaBa Ha Marpuity P . B pesynbrare momydum
dbopMmyy A7 mepexoa OT KOBAPHAHTHBIX KOOPAMHAT K MPSIMOYTOJIBHBIM JI€KAPTOBBIM:

3
O\Pk = Z\P] 'P]k (k = 15 273): (397)
j=1

rae P/, — snementsl Matpuusl P!, o6parHoii k Matpuue P ¢ aneMenTamu Py, cM. (3.87).
JJIEMEHTEI ATUX MaTpul yAOBJICTBOPAIOT CICAYIOIIUM 3aBUCUMOCTAM!

3 3
LB P =D DP B =N, (1k=123), (3.98)
j=1 j=l1

rae Ay = A’y — myansrbiii cumBon Kporekepa, onpeaeneHusIi popmytoii (3.90).

3.5.4. Oébpawenue mampuuysl ¢ 0yanbHbIMU I1EMEHMAMU

B mpeneimymem pasnene Mbl CTOJNKHYJIUCh C HEOOXOJUMOCTBHIO OOpaTHUTh MAaTpHILy C
AYyaJIbHBIMH 3JICMCHTAMMU. O6paI_L[eHI/I€ MaTpulbl € AYAJIbHBIMU J3JICMCHTAMHU MOXKCET
BBITTOJIHATBCS TI0 TEM K€ alrOPUTMaM, 4TO M OOpaIleHue MaTPHIBI C JACHCTBUTEIHHBIMU
3JIECMCHTaMU. EIII/IHCTBGHHLIM OTJINYUEM GYIICT ABJIATBCA TO, 4YTO BMECTO O6BII{HOI>'I
apru(pMETHUKH HAJIO TI0JIb30BaThCS aprU(METUKON TyanbHBIX yncel (cM. pazaen 3.1).

Brienem dopmyiy uist oOpaliieHuss MaTpHIbl ¢ TyalbHBIMH 3JIEMEHTaMH TaKylo, KOTopas
HE HUCIOJIb3YEeT OMNEpaluid ¢ OyalbHbIMU YUCIAMHU, a HCIHOJIb3YEeT TOJbKO OMNEpPalHH C
JneicTBUTENbHBIMY yuciaMu. [lycTh ucxogHas MaTpuiia npeacTaBieHa B BUE:

P=p+w-p°. (3.99)
[To31€MEHTHO 3TO BBIIVISANT TaK:
P =p;,+o-p° (i,j=123). (3.100)
Bynem uckarb oOpatHyio eif MaTpHily B BUJE:
X=x+®-x°. (3.101)
[Tpou3sBeaeHne 0OpaTHBIX MaTPUIL] JOJHKHO OBITh PAaBHO €MHUYHOM JTyalbHOM MaTpHLE:
I=i+w-o0. (3.102)
rze i — oObIYHas eIMHUYHAs MAaTpULA; 0 — HyJIeBasi MaTpULIA.
P-X=I p-x+o-(p°x+p-x°)=i+w-o0. (3.103)
Ortcrozia BBITEKAIOT /1Ba OOBIYHBIX MAaTPUYHBIX PABEHCTBA:
p-x=i; p°-x+p-x°=o. (3.104)
W3 nmepBOro paBeHCTBA BBITEKACT:

x=p . (3.105)
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W3 BTOpOTO paBEHCTBA BHITCKACT:

p°-x+p-x°=0; x°=-p ' -p°-x=—p -p°-p. (3.106)

Takum oOpa3omM, IPUXOIUM K OKOHUATEIBHOHN opmyIie:

1 -1 -1 -1
=p —-wp ‘p°p , (3.107)
WJIN B TIOAJIEMEHTHOM 3aIIUCH

3 3
PlL=p oY > p PP, (im=123). (3.108)
k=1 [=1
Cwmbicn 0003HaYeHUI CTAaHOBUTCS SICHBIM Tpu cpaBHeHHH ¢opmyn (3.107) u (3.108).
[TosnemenTHOE npeacTaBiaeHUE UCX0AHOM MaTpullbl P maercst popmyoii (3.100).

' . -1
Pasymeercsi, 35IeMeHTBI p/,, 0OpaTHOM MATPHIBI P HMPHICTCS MONYYUTH U3 SIEMEHTOB Py
NPSMOI MaTpPUIbl P IMyTEM €€ YUCIEHHOTO OOpaIeHHUS.

3.5.5. Mempuka KocoyzonbHOl cucmemvl KOOpOUHam

[Tpu pemreHnn peaybHBIX TEOMETPHUYSCKUX 33]1a4 BO3ZHUKAECT HEOOXOAMMOCTh B OTIpe/eIie-
HUM YTJIOB, PACCTOSHHM, IUIOMAAeH, OObEMOB W JIPYrHX METPUYECKHX OOBEKTOB. B
MPSIMOYTOJIBHON JICKAPTOBOM CHUCTEME KOOPAWHAT JUIS ONPEICICHHS JTUX BEIHYWH
UCTIONIB3YIOTCSl MPOCThIE OYeBHIHBIC (PopMyiibl. B KOCOYrosibpHO# crcTeMe KOOpIWHAT
TaK)Ke CYIIECTBYIOT MeTpuieckue (hopmyibl. OJHAKO OHH HE TaK OYCBUIHBI M 3aBUCAT OT
BBIOOpaA Oa30BBIX BUHTOB.

Kak Oynmer moka3aHO HIKe, MOJHYIO METPUYECKYI0 HH(GOPMAILMI0O O KOCOYTOJbHON
CUCTCMC KOOpAWHAT COACPIKUT MaTpula G TPETHETO MopdaKa ¢ AyaJIbHBIMU 3JICMCHTAMU,
KOTOPBIC ABJIAIOTCS HONAPHBIMU CKAJISIPHBIMHU ITPOU3BCACHUAMUA 0a3UCHBIX BUHTOB Bl, Bz,
B31

G,=B,-B, (i,j=12,3). (3.109)

3anuceiBas 3TH CKaJsIpHbIE MPOM3BEACHUs C Hcmoab3oBaHueM (3.88), moayuum dopmyny
JUISL YUCJIEHHOTO OIPEIEICHMSI TyallbHBIX 3JIEMEHTOB 3TOM MaTPHIIbL:

3 3 3 3 3
Gy=2 > B E F-E=>>PF FA=>PFF (ij=123). (3.110)
k=1

k=1 I=1 k=1 I=1

Martpunia G Ha3bpIBaeTCs KOBapHAHTHOW METPUUYECKOW MaTpuIled i (yHIaMEHTaTbHOU
MaTpuieil Oasuca. B cuiy JnHEHHON HE3aBUCUMOCTH IMOPOJIUBIIMX €€ BHHTOB, OHA
ABJIACTCS HEBBIPOXKACHHOH, @ B CHIy KOMMYTAaTUBHOCTH MX CKAJISIPHOIO YMHOXKCHHS —
CUMMETPUYHOMU.

[IpencraBnser MHTEpEC MaTpula anreOpauyecKuX JOMOTHEHUNA A 3JEMEHTOB OIpenelu-
tenst matpulbl G:

Gzz G33 G32 'G23 st 'G31 - G33 'G21 G21 G32 G31 Gzz
A= ':Ajk:' =| Gy, G =G, -Gy Gy3-G =G5-Gyy, G;-G, =Gy, -Gy, (3.111)
G12 G23 Gzz 'G13 G13 'Gzl _G23 'G11 G11 Gzz G21 Glz
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Ucnonb3ys ee, 1erko BHIYUCIUTD MaTPUILY G, 00paTHy10 10 OTHOIICHUIO K Matpulie G:

AT A,
GIZE; ij:ﬁ (j:k:1:293): (3112)

Ha3bIBAEMYI0 KOHTPAaBapHMAHTHON METPUYECKOW MaTpHled. DJeMEHTbl ATOW MaTpPHIIbI
MO’KHO TaK)Xe MOJIY4YHUThb IO (hopMyJIe:

3
G* =3P/ .P* (j,k=123), (3.113)
i=1

. O .
rae P, — anementsl MaTpuisl P, obparHoii k marpuue P ¢ anemenramu P;;.

O6pa1ueHHe 9TOM MaTpulbl MOKHO BBIIIOJIHUTH YHUCJIICHHO, ITOJIb3YCh METOJUKOM pasaciia
3.54.

C ncnonp30BaHMEM KOBApUAHTHON METPHUYECKOM MaTpHIBI ¢ yIeMeHTaMH G KOBapHaHT-
Hble koopauHatsl ‘P; mo0oro BuHTa W MOXHO BBIPa3sHTh YEpE3 €r0 KOHTpABApHAHTHBIE

koopamHaTel V', mozcTaBus Bepaxenne (3.92) B (3.91) u Bocmop30BaBIIUCH HOPMYIIOi
(3.109):

3

Y, =) V-G, (j=123). (3.114)

J
i=1

O6pamenune 3aBucumoctu (3.114) mpuBoaut k popmye:

3
=YW GM (k=1,2,3). (3.115)

J=1

k
Ota (QopmMynia NO3BOJSET ONpENesITh KOHTpaBapuUaHTHblE KOOpAMHATHl BuHTa ‘P uepes
€ro KOBapMaHTHbIE KOOpAuHaThl ‘¥, ¢ UCIOIB30BaHMEM KOHTPAaBAPUAHTHOM METPUYECKOM
MATpHIIBL ¢ 1eMenTamu G,

CMmenianHoe IpoU3BeNEeHNE 0a3UCHBIX BUHTOB (€CIM OHU COCTABIIAIOT MPABYIO0 TPOMKY)
MOJKET OBITh MOJIY4EHO 10 (hopMyJe:

(B,.B,.B,)=|P|=,/G|. (3.116)

[Ton KOpHEM CTOUT OMPENEINUTENb KOBAPUAHTHON MeTpuueckoil Matpuis! G.

CrnpaBenmuBOCTh 3TOM (OpMYJBI MOATBEpkAaeTCs TeMm, uto dopmyny (3.110) moxHO
3anucaTth B TAKOM BHJIE:

G=P".P, (3.117)

a IeTepPMHUHAHT IPOU3BEICHUS KBaIPATHBIX MAaTPHI] paBEH IIPOU3BEICHUIO JETEPMUHAHTOB
COMHOKUTENEH.

3.5.6. Boutuucnenue demepmuHanma Mampuysbl ¢ 0yaibHbIMU INEMEHMAMU

B (1)OpMy.]'IaX, NPUBCACHHBIX BBIIIC, HWHOI'Ja BCTPEYACTCA ACTCPMUHAHT MATPUIBI C
AYyaJIbHBIMH 3JICMCHTAMMU. 9TOT ACTCPMUHAHT MOKHO BBIYHCIWUTBL ITOJb3YACH OOBIYHBIMH
AITropuTMaMu  IJId  BBIYUCIICHUSA ACTCPMHUHAHTA, HCIIOJIb3YSA BMECTO IIPABUII 0OBLIYHOI
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apuMeTuKky mpaBuia A ONepauuil C AyalbHBIMH 4YHCIAMHU. 3J€Ch Mbl MPHUBEAEM
(hOpMyIIBI, B KOTOPBIX UCIONB3YETCS TOIBKO apuMETHKA ACHCTBUTEIHHBIX YHCE.

[Tycth TpeOyeTcst HATH AETEPMUHAHT MATHUIIBI C AyaTbHBIMHU dJIEMEHTAMHU:
G=g+w-g% G,=g,+w-8%, (k=1..,n). (3.118)

JleTepMHHAHT MaTpHIBl C AyadbHBIMH JJIEMEHTaMH — 3TO JIyajbHoe 4mcio. [lns ero
OTIpPEJICIICHUS] BOCTIONB3YEMCS CIIEIYIONMM M3BECTHBIM MPaBUIOM. JleTepMUHAHT CYyMMBI
IBYX KBaJpaTHBIX MaTpul] P u Q o1HOTO M TOTO e MOopsiIKa 7 paBeH CyMMe BCEX pasiiny-
HBIX JETEPMHHAHTOB MOPSAKA 7, KOTOPbIE MOTYT TOJYYHTHCS, €CIH 9acTh CTPOK OpaTh
COBNAJAIOIIMMH C COOTBETCTBYIOIIMMH CTpOKaMu Marpuisl P, a ocraBuiyrocs 4acTh —
COBITAJAIOIIUMH C COOTBETCTBYIOIIUMH CTPOKAMH MaTpPHUIIBI Q.

Jlnst Hamiero cimydvast ¢ MaTpuneid G Oynem mojaraTh MEPBBIM ClIaraéMbIM MaTpHIy g, a
BTOPBIM ClIaraéMbIM — MaTpully @-g°. byzneM cocTaBisiTh BCEBO3MOXKHBIE AETEPMUHAHTBI,
BbIOMpAst 4acTh CTPOK M3 MATPUIIBI @, @ OCTAJIbHBIE CTPOKH MPUHUMAS M3 MAaTPULbl ®-g°.
3aMeTuMm, 4TO IETEPMUHAHT, B KOTOPOM OYIyT IPUCYTCTBOBAThH O0JIee YeM OHA CTPOKA W3
MaTpullbl @-E°, paBeH HYJI0, TOCKOJIbKY @ @ = 0. TakuM 06pa3om, IETEPMUHAHT MATPULIBI
G Oyner paBeH cymme 7 + 1 ocraBmmxcs feTepMUHaHTOB. OJHUM U3 HUX OyJIeT IeTepMu-
HAHT MaTpUIBl g (BCE CTPOKHM BBHIOPAHBI W3 MATPHIBI ), @ OCTAJbHBIC 7 IETEPMUHAHTOB
OyAyT MOCTPOEHBI TAK, YTO OJJHA CTPOKA OyJeT BhIOpaHa U3 MaTpULbl ®-E°, a OCTAJIbHbIC —
n3 Matpuisl g Kaxaplii U3 3TUX 7 J€TEPMHHAHTOB MOKHO PA3JIOXHUTh O AJIEMEHTaM
€IMHCTBEHHOM CTPOKH, B3STON U3 MaTpHULbl T-g°.

DTH paccy:KIeHHs 03BOJISIOT 3alIMCaTh OTBET B BUJIE CIEAYIOIIEH (OPMYJIbL:
n n
—_ (o]
Gul=lgul+®- XD g% ay . (3.119)
1 k=1
TJIE @ — anreOpandecKoe AOMONHEHUE DIEMEHTA Zj B JICTEPMUHAHTE | gjk| )

B ToMm cityuae, eciu | gik | £ 0, umeer CUITy crenyroias popmya:
Gl =leul-| 1402 Y 8% 8" |. (3.120)
=1 k=1

rie g — ameMenTEI MaTpHIEL, 06PATHO K g.

3.5.7. B3aummnwtit 6azuc
1 p2 N .
CymectByer HaGop m3 Tpex BuHTOB B', B, B’, oGpasyiommii Gasuc, B3amMHEIA IO
oTHOlIeHUt0 K Oasucy By, B, B;. Buntel B3aumHOro 6asuca MOKHO TOJYYHTh 4Yepe3
BUHTHI HCXOHOTO Oasuca mo popmynam:
1 B,xB; | B2 B, xB, | B? B, xB,

= ; = ; e e—— 3.121
(BI’BZ’BS) (BI’BZJBS) (BIJBZ’B:;) ( )

Cwmemannoe npoussenenue (By, Bz, B3) onpenensiercs hopmysoii (3.116).

CKaJ'IHpHBIe MMPOU3BCACHUSA BUHTOB B3aMMHBIX 0as3ucoB YAOBJICTBOPAIOT COOTHOIICHUAM:
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BB, =A, (i,j=123), (3.122)

rae A’_,- — nyanbHbIi cumBos Kponekepa.
BUHTBI OCHOBHOT'O U B3aMMHOTO 0A3MCOB CBSI3aHBI TAKXKE M CIACAYIOUIUMH 3aBUCUMOCTSIAMHU:

3 3
B,=>B-G; B'=)B,-G" (j,k=123). (3.123)
i=1

=

B cnpaBemnuBocTH mepBOil U3 3TUX (GOPMYT MOXKHO YOEIUTHCS, IOCIEIOBATEIBHO
CKaJISIPHO YMHOKasl JIEBYIO U MPaBYIO 4acTh paBeHCTBA Ha Bj, B, B3 u nmpunumas B yuer
dopmyay (3.122). Bropas ¢popmyia BEITEKaeT U3 MEpPBOH.

KoBapuantusie koopaunatel BuHTa W (3.91) siBisirorcss koappunueHTaMu, mpu MOMOIIH
KOTOPBIX U3 BUHTOB B3aUMHOT0 0a3rca MOXHO TOTy4YHuTh BUHT W':

Y=Y B'+¥, B'+¥,-B’. (3.124)

OGpaTHO, CKamspHble MpoM3BeACHNs BUHTa W M BHHTOB B3auMHOro Oasuca B', B?, B’
paBHBI KOHTpPAaBapUaHTHBIM KOOpAUHaTaM BUHTA W:

¥Y'=¥.B'; Y’=¥-B’; ¥'=¥-B’. (3.125)
TonapHbie CKaNspHBIC MPOM3BEICHMS BHHTOB B3amMHOro 0Oasuca B', B?, B’ obpasyror
JyajbHbIE 3JIEMEHThl KOHTPABAPHAHTHONW METPHUUECKON MaTpHUIbL:

G'=B"-B' (i,j=1,2,3). (3.126)

CwMemanHoe IIPOU3BCACHUC 0a3MCHBIX BUHTOB B3aMMHOI'0 0a3Mca MOYKET OBITh BEIYHCIICHO

no popmyre:
(8'.B2,B")=[P"|=[[G"|=1/{/G]. (3.127)

3.5.8. Ckanapnoe ymnosrcenue 6UHmMO8 8 KOCOY20abHbIX KOOPOUHAMAX

CkanspHoe npoussenenrne BUHTOB W1 1 W2, B IpsAMOyTrobHBIX I€KapTOBBIX KOOPAMHATAX
oW¥1,, o¥1,, oW1;, u 0¥2;, 0W¥2,, 0'¥2; BeIpaxkaercs caeayoOmmM 00pa3om:

3
Y1-¥2=>) oVl -o¥2,. (3.128)
i=1
bazupyscs Ha dopmynax (3.95) u (3.97), ¢ mocienyomuM HCIOIb30BaHUEM (POPMYIT
(3.110) m (3.113) moxeM 3anucaTh:

3.3 3 3 3.3
- Jk — J— k _ k l
Y1-w2=) > W1 -G* W2, =) W1, W2 =) WI"W2, => > ¥I'-G,-¥2' . (3.129)
j=1 k=1 j=1 k=1 Jj=1 k=1
3/1ech 3alKcaHbl YEThIPE BapUAaHTA BBIPAXKEHUS CKAISIPHOTO MPOM3BEACHUS BUHTOB UEpE3
HX KOCOYT'OJIBHBIC KOOPAWHATHI. B IEPBOM Cliydac IJId 000MX BHUHTOB HCITOJIb30BaHbI
KOBapHaHTHbIE KOOPAMHATHI, BO BTOPOM cityuae /i BUHTa W1 ncnonp30BaHbl KOBapHUaHT-
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HbIE KOOPJIMHATHI, a i BUHTAa W2 — KOHTpaBapuaHTHbBIE, B TPETbEM CIyyae — HA000POT, B
YEeTBEPTOM clydae JJisi 000MX BUHTOB HUCIIOJIb30BAHBI KOHTPABAPHAHTHBIE KOOPINHATHI.

3.5.9. Hopma, moOynv, napamemp u 0cb 6UHMA 8 KOCOY20,1bHbIX KOOPOUHAMAX

HopMma BHuHTa — 3TO IyallbHOE YMCIIO, PABHOE CKAJSIPHOMY KBaipaTy BuHTa. CKaJspHbIN
KBaJIpaT MOXKeET ObITh BbruncieH no popmyre (3.129). nsg punta ¥ nonyuum crnemyromue
BBIPAKEHUS:

3 3
%] =¥ = 2;\1’ Gy, Z\P R Zqﬂ ‘szz;;\}lk.(;kl.\yl_ (3.130)
J =1 k=

Ot HOPMYJIBI TAIOT BO3MOXKHOCTH BBIUMCIIUTH HOPMY BHHTA, MOJIB3YSICh KOBApHAHTHBIMU
U KOHTPaBapHaHTHBIMHU KOOEI{I/IH&T&MI/I Y n ¥ gunTa W, a Takke METPHUYCCKUMHU MaTpH-
aMu ¢ eMeHTamu Gj, 1 G G, k1=1,2,3).

Mopynps BUHTA — 3TO AyalIbHOE YKCIIO, PABHOE KOPHIO KBAaJPATHOMY U3 €r0 HOPMBI:
| =¥l (3.131)
[Tapametp BunTa W "epes ero mpsiMOyTroJIbHBIE IEKAPTOBBI KOOPIMHATHI
oV, =oy, +w-oy°, (j=12,3) (3.132)

BbIpa)kaeTcsi popmyioil:

ry- oV 1+0\v2 oy 2+0w3 oy

(3.133)
OWH'+OWQ'+OWﬁ

[TapameTp BUHTa — IEHCTBUTEILHOE YUCIIO.

Ocp Bunra ¥ OMpCACIIACTCA CAWHUYHBIM BUHTOM E, KOTOpBIfI MOKHO IIOJIYYHUTH B
pe3yJibTaTe HOPMUPOBAHHS PACCMATPUBAEMOI0 BHHTA KaK YaCTHOE OT jelieHus BuHTa ¥
Ha ero MmoxyJb |¥|:

b 4 Y, 4

E:W; Ej:|?; E’:m (j=12,3). (3.134)

B dopmyne (3.134) mpuBeneHbl BBIpaXXKECHUS IS SAMHHUYHOTO BHHTA B BHUHTOBOU U
KOOPJMHATHBIX (hOpMax.

3.5.10. Bunmoeoe ymnoosicenue 6UHmMOB 8 KOCOY201bHbIX KOOPOUHAMAX

@opMyIbl 111 BUHTOBOTO YMHOXEHUSI BUHTOB B KOCOYTOJIbHBIX KOOpAMHATAaX MOJIYYHM,
MOJIB3ysICh TpUHIUIIOM mnepeHecenns KotenpaukoBa-IlTyaun. B uwacTHOCTH, BHHTOBOE
npousBenenne ¥ BunToB W1 m W2, omnpeneneHHbIX CBOMMH KOHTpPaBapUaHTHBIMU
KOOpJAWHATAMU lI’ll, ‘Plz, ¥’ , 1 ‘P21, ‘P22, l1’23, MOJIB3YSICh MPUHLUIIOM MEPEHECEHHS,
MOYKHO BBIYHCIIUTH TAK:
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ROUN SR 36
¥=Y1x¥2=|G||P2' W2’ ¥2'|=¥ -B'+¥, B’ +V¥, B’ (3.135)
B' B B

Ota ¢opMmyna JIaeT BO3MOXKHOCTb BBIPAa3UTh KOBapUAHTHbIE KOOPAMHATHI BHHTOBOI'O
npousseneHus ¥ uepe3 KOHTpaBapHaHTHBIE KOOPAUHATHI COMHOXKUTEIEH:

1 2
v, \/7 : ‘Pzz\/@' : \113:\/@,\111 Y1

1 2|°
Y2 Y2
KoHTpaBapuaHTHbIE KOOpPAMHATHI BUHTOBOIO npousBeneHus W, 3Has ero KoBapuUaHTHbIE
KOOPJAMHATHI, MO’KHO BBIYUCIUTE 110 opmyre (3.115).

yroowr

3.136
y2' 2 ( )

‘1’22 ‘1’23

3anuiueM cleyolee paBeHCTBO:
Y ¥ Yr|[G, G, G, Y1, Y1, Y
w2 w2 w2 |G, G, G,l|=|¥2, Y2, ¥2,|. (3.137)
B' B’ B ||G, G, G, B, B, B,

OHo cripaBeuBo B cuity dopmyd (3.114) u (3.123). Anst netepMuHaHTOB OyAET CIIpaBe/-
JvBa cienyomas Gopmya:

¥ owr wr Y1, Y1, VI,
w2l w2 w2l G|=(v2, W2, W2 (3.138)
B' B* B B, B, B,

Jlanee HecnoxxHble mpeoOpa3oBaHus NPUBEAYT HAC K popMmyIie:

Y1, V1, 1 |1 v 1 ‘\1}11 w1,

. ; =— .

¥2, W2, G| [¥2, Y2,
Otr GOpMyIIBI TaI0T BO3MOXHOCTH BBIPA3UTh KOHTPAaBAPUAHTHBIE KOOPIUHATHI BHHTOBOTO
npousBencHuss ¥ depe3 KOBapUaHTHBIC KOOPJIMHATHI COMHOXHTele. KoBapuaHTHBIC
KOOpJMHATHEI BHUHTOBOTO MpousBeacHus ¥, 3Has ero KOHTpaBapUaHTHBIC KOOPIMHATEHI,
MOKHO BBIYUCIHUTH O popmyiie (3.114).

o1
Gl

2 _

(3.139)

2 3

3.5.11. Cmewannoe npouseedenue 6UHNOG 8 KOCOY20bHBIX KOOPOUHAMAX
Cwmemannoe npousBenenne BUHTOB W1, W2 u W3 sBasercs nyanbHbIM 4YHCIOM U B
MPSIMOYTOJIBHBIX JAeKapToBbIX Koopaunarax oWl, o¥1,, oW¥1;, o'¥2;, 0'W2,, 0W2; u o'¥3,,
0¥ 3,, 0'¥3; BeIpaxkaercs caeayrOmmM 00pa3oM:
otl, o¥l, oYl
(W1,¥2,¥3)=0¥2, o¥2, o¥2,. (3.140)
o'V3, oW¥3, o¥3,
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B xocoyronbHOW cucTemMe KoopauHAT ¢ Oa3ucHbIMH BuUHTamu B, B, B3 BemomHsercs
3aBUCcUMOCTH (3.95), koTopas B o6o3HaueHusx (3.140) mpuBOIUT K ClEyIOUIEMY pe3yJib-
Tary:

o¥l, o¥l, o¥l| |¥l' ¥’ ¥I'|[R, P, P,
(P1,¥2,¥3)=[0¥2, o¥2, o¥2,|=|¥2' ¥2* ¥2’'||R, B, P,|, (3.141)
o¥3, oW¥3, oW¥3,| |¥3 w3 W3 ||BR, B, P,
a ¢ yuetoM ¢opmysl (3.116) MokeM OKOHUATENTBHO 3aIUCATh!
¥ wrr wr
(YL,Y2,¥3)=|¥2" v2* ¥2°'-/|G|. (3.142)

w3 w3 w3

Ota popmysa mo3BOJIAET MO KOHTpaBapuaHTHBIM KoopauHataM BUHTOB W1, W2 u W3 u
JNETePMHUHAHTY MeTpUuYecKod Marpuubl G BBIYMCINTH CMELIAHHOE IPOU3BEIECHUE 3TUX
BHUHTOB.

HOI[O6HI>IM 06p8.30M MOKHO BBIYUCIIUTH CMCIIAHHOC MMPOU3BCACHNUC TCX KC BUHTOB 110 UX
KOBAapHWaHTHBIM KOOpJAWHATaM:

WL WL
(Y1,%2,¥3)=¥2, P2, ¥2,[—.
1 2 3 \/@
w3, w3, ¥3,

3.6. BuntoBoe NMPpEeaACTABJCHUE IT0JO0KEHUA TBEPAOIo TEJIA

(3.143)

3.6.1. Teopema Illana

Bunneiii gpaniysckuii reomerp Mumens [lane, nzyuas nBrkeHne cBoOOJHOTO Tena B
TPEXMEPHOM TIPOCTPAHCTBE, JOKa3ajl BAXHYIO TEOPEMY,
Ha3BaHHYIO BIIOCIICACTBMM €ro HMeHeM. lwmerorcs JBe
(bopmMyrpoBKH 3TOM Teopemsl [10].

[lepBas dhopmynupoBka teopemsl Illansa. Besikoe nmepemere-
HUE CBOOOJHOTO TBEPJOr0 Tela W3 OJHOTO TOJOKEHHUS B
JIPyroe MOKET OBITh MOJYYEHO IMOCPEICTBOM TOCTYHATEIh-
HOTO TIEPEMEIIEHHS TeJla BMECTE C IPOU3BOIHHO BHIOPAHHBIM
MIOJIFOCOM M NOBOPOTA Tejla BOKPYT HEKOTOPOM OCH, MPOXO-
nsuiei yepes 3ToT nomtoc. [loctynartensHas 4acth mepeme-
LIEHMs 3aBUCUT OT BbIOOpa MOJIOCA; a BpallareiabHas 4acTb
MepeMeIeHus OT BbIOOpa MoJtoca He 3aBUCHT.

Bropas (bODMVJ'II/IDOBKa teopeMnl [llans. Beskoe nepemenic-
HUC CBO6OI[HOFO TBECPAOro TC€jia MOXET OBITH OCYHICCTBJICHO
OOIHUM BHUHTOBBIM NEPEMCIICHUEM OTHOCUTCIIHLHO HCKOTOpOﬁ
ocH, Ha3bIBAEMOH OCHI0 KOHCUHOI'O BHHTOBOI'O NEpCMECIICHHA.

Murmiens [lans (1793-1880)
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N3 mepBoit ¢opmynupoBku Teopembl Illans BbITEKaeT, 4TO KOHEYHOE TEPEMEIICHHE
CBOOOIHOTO TBEPJIOTO Tella MOKHO pACCMATPUBATh KaK CIArarolieecs U3 MoCTyNnaTeIbHOTO
NepeMeIeHHs, OMPeesieMOro nepeMelieHneM TPOU3BOIbHO BHIOPAHHOTO MOJIIOCA, U U3
BpalIaTeIbHOTO MEPEMEIICHUSI BOKPYT HEKOTOPOM OCH, MPOXOJSIIEH dYepe3 3TOT MOJIIOC.
W3 BTOpoli (opMynaHpOBKH cleayeT, UTO MepeMelieHHe CBOOOJHOTO TBEPJOro Teja
MOKHO IPCACTABUTL KaK HCHUPCPBIBHYIO IOCICAOBATCIBHOCT MI'HOBCHHBIX BHHTOBBIX
MepeMeNIeHU M.

3.6.2. Koneunoe nepemeujenue meepoozo mena

Kak u panee, OymeM NOIB30BaThCS ABYMSI CHUCTEMaMHU MPSMOYTOJIBHBIX JIEKAPTOBBIX
KOOPJMHAT: HEMOJABMXHOM X WM TMOJBMXHON Y, JKECTKO CBA3aHHOW C TBEPJbIM TEJIOM.
Touky TBEpAOro Tena, B KOTOPOH PacIIOIOKEHO HAYaslo
cucteMbl KoopauHat Y, OyZeM Ha3bIBaTh IOJIFOCOM.
[TepememienuemM TBepaoro Tema OyaeM Ha3bIBaTh €ro
Mepexo]; W3 HMCXOJHOTO TIOJOKEHUS, B KOTOPOM
MOABMXKHAsL CHUCTEMa KoopAMHAT Y COBMEIICHA C
HEMOJIBMKHOM CHUCTEMOM KoopauHaT X, B JIpyroe
¢dukcupoBaHHOE MoyI0KeHHe (puc. 3.5).

B cooTtBeTcTBUM CcO BTOpPO# (hOPMYITUPOBKON TEOPEMBI
[Mlans, TPOU3BONBHOE TMEpPEMEIIeHne CBOOOTHOTO
TBEPAOro Teja B MPOCTPAHCTBE AKBUBAJIEHTHO BHUHTO-
BoMy rniepemenieHuto. [loaTomy koHeuHoe mepemerie-
Puc. 3.5. Kreometpnu BUHTa  gye Tena (mOABHKHOM cHCTEMbI KOOPAUHAT Y) OTHOCH-
TEJIbHO HEIMOJBHKHOM CUCTEMBI KOOPAMHAT X MOXKHO
OXapakTepu3oBaTh MpH Momolu BUHTA. Hambonee mpocTto BOCMONB30BATHCS BHHTOM
HMCTUHHOTO »SHJIEpOBa MEpPEMEIICHHUs, IOIYy4YaeMOro IIyTEM pa3BEepThIBAHUS BEKTOPA
HWCTHUHHOTO 3HJIepOoBa MOBOPOTA MO npuHIuUIy nepenecenus Korenpuukona-1Tynu:

E=e+w-e’, Y=y+wo-y°=0-E; O=0+w-0°, (3.144)

rae E — eqnHUYHBINA BUHT OCH BUHTOBOTO TIEPEMEIICHHS, IPUUEM, € — STUHUIHBIA BEKTOD,
onpeneﬂsnoumﬁ HanpaBneHHe OCH BHHTA, e° — BCKTOp MOMCHTAa €AUHHUYHOT'O BGKTOpa (S
OTHOCHUTEIIbHO Havasia KoopauHat, @ — JayalbHBIA Yroa MOBOpPOTa Teja, MpUYeM ¢ —
OOBIYHBIN yToJ MOBOPOTA Tella BOKPYT OCH BHHTA, (O° — MOCTyHaTelbHOE MEpeMEeleHUE
TeJia BAOJIb 3TOM OCH.

I'eomeTpruueckuii CMbICT BCEX 3TUX BEIWYMH MILUTIOCTpUpYyeTcs puc. 3.5. Ha HeM nokas3aHbl
YIOJl (-1 pacCTOsSIHUE (°, BEKTOPHI €, e°, ¢-e°, 0°-e, Y, Y°, a TaKKe BEKTOp P, XapaKTepu-
3yIOIIUI CMEIEHUE OCH BHHTAa OTHOCHUTEIBHO Hayajla KOOpAWHAT, U DPAaINyC-BEKTOP
JIMHEHHOTO NIEPEMEIICHUS TI0JII0CA F.

Jns nydiiero MoHUMaHUS PacCMOTPUM B3aUMHOE pPAacloOXKEHHE BEKTOpOB e, €°, P,
CBSI3aHHBIX C BUHTOM HMCTHHHOTO 3ijepoBa nepemenieHus (puc. 3.6). Ocb BUHTA ompeje-
JSIETCA €AUHUYHBIM 663p3_3M€prIM BEKTOPOM €. MoMeHT 3TOro BCKTOpa OTHOCHUTCIILHO
Hayajla KOOpAMHAT ecTh BekTop e°. Ero pasmepHocTs — anuHa. M3BECTHO, 4YTO MOMEHT
CKOJIB3SIIIIETO BEKTOpPAa OTHOCHTENHHO Haydajia KOOPJAWHAT PaBeH BEKTOPHOMY IpOHU3Bele-
HUIO paJlyc-BEKTOpa, UCXOJAIIETO U3 Hayalla KOOpJAUHAT, U JOCTUTaOLIEro MpOU3BOJIb-
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HOM TOYKH, HaxOJSIIEWCS HA JIMHUU JCHCTBUS CKOJIB3SIIET0 BEKTOpa. JTO BEKTOpP P,
NepHNEHANKYISIPHBIA OCH BUHTA. C y4eTOM 3TOr0 MOKHO 3alHUCATh:

e’=pxe. (3.145)

_Ocsb
[ BUHTE - TTomydaeTcsi, 9TO BEKTOPHI €, €, P B3AMMHO TIePIICH/INKY-
JSApHBI W 00pasyloT MpaBylo TpoiKy. PasmepHocTH H
MOJ1yJIM BEKTOPOB p U e° paBHbI Mex1y coOoil. CripaBen-

JMBa Takxe Gopmyna:
p=exe’. (3.146)

Ha pucynkax n3o0pakeH UIWINHIP, KOAKCHAIbHBIN BUHTY
U NPOXOIALIMN 4Yepe3 IMOJNIC — Hayalo HENOJBHKHON
cuctembl koopauHat X. Paamyc 3Toro nuiauHIapa paBeH
mHe BekTopa p. Ilo moBepxHOCTH 3TOro LMIMHIpa
BMECTE C TEJIOM IMEPEMENIAETCs TOJ0C, TPUHAIICKAITUN
TBEPAOMY Telly (ero TpaeKTopus MoKa3aHa KPUBOJIUHEHHON cTpenkoit Ha puc. 3.5). Kpome
UUATUHApPA, HA pUC. 3.5 mpocMaTpuBaeTCs IUIOCKUM MPSMOYTOJIBHUK, CTOPOHBI KOTOPOTO
ONpEeNENA0TCS BEKTOpamMu ¢-e° U (°-e, a AUaroHajab — BEeKTOpoM WY°. Ilnockocth 3TOrO
MPSIMOYTOJIbHUKA KacaeTcsl MOBEPXHOCTH LIMJIMHJIpA MO JIMHUK BeKkTopa ¢°-e. Eciu 3ToT
MPSIMOYTOJIbHUK HABOPAYMBATh HA MOBEPXHOCTh MUIUHAPA, TO €r0 JUATOHAIb COBMECTHUT-
Csl C KPUBOJIMHEIHOM CTPEJIKOM, a KOHELl BEKTOpa Y° YKaXXeT MOJI0KEHHUE MOJIF0Ca TBEPIO-
ro Tejia IOCJHE€ €ro KOHEYHOTO MEpPEeMEIICHHs. DTO TMOJIOKEHHE OIpPEACNIeTCs TaKxKe
painyc-BEKTOPOM JIMHEMHOIO0 MEPEMEILICHUS TTOI0ca . AHAIM3UPYS puc. 3.6, 3aMedaem,
YTO BEKTOP MOCTYIATEILHOTO TIEPEMEIICHHS TTOJIFOCA I' MOKHO BBIYUCIIUTH IO (hopmyie:

Puc. 3.6. BexTopsl
€IUHUYHOTO BUHTA

r=p-(1-cosp)+e°-sinp+e-°. (3.147)

Jlanee pacCMOTpPUM B3aUMOCBS3b BEIIMYUH, XapaKTEPU3YIOIIUX €IMHUYHBIA BUHT E,
nyanbHbld yron @ u myanpHbId BekTOp W. Ecnm W3BECTHBI KOMIOHEHTHI €AMHUYHOTO
BuHTA E:

E=e+w-e°, (i=12,3), (3.148)

1

I7ie e; — MPOeKUMsl eAMHUYHOro BekTopa BuHTa E Ha ock X;, €°; — MOMEHT €IUHHUYHOTO
BekTopa BUHTAa E oTHocuTenbHO ocu X;, TO KOMIIOHEHTHI BUHTa HUCTHHHOTO 3HjepoBa
nepemenieHus: ¥ MoryT ObITh peAcTaBIeHbl (POPMYITaAMHU:

Y =ge+m (e +¢°e) (i=1,23). (3.149)

Komnonentsl equanunoro BuHTa E MOryT OBITH BBIpa)KE€HBI U MO-WHOMY, B YaCTHOCTH,
yepe3 AyanbHble yriibl I enuauunoro BuHTa E ¢ ocsaMu koopauHaTHOM cuctembl X:

1

E =cosI';; I',=vy,+w-y°; cosl',=cosy,—w-y° -siny, (i=12,3), (3.150)

r7e Y; — OOBIUHBIM Yrojl MeXAy OChI0 BUHTA U OChIO Xj, Y°; — PACCTOSHHUE MEXKIY 3TUMU
OCSIMU.
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C ydeTroMm 3TOro KOMIOHEHThI BUHTa UCTUHHOTO 3ilyiepoBa nepemenieHuss ¥ MoryT ObITh
npecTaBiIeHbl GOpMyIaMu:

¥, =0¢-cosy, +®-(9°-cosy, —¢-y° -siny;) (i=1,2,3). (3.151)

ITo xommoHentaM BuHTA ¥ HECJIOKHO BOCCTaAHOBUTH KOMITOHEHTHI AYaJIbHOIO yTiia D u
eaquHuuHoro BuHTa E. @opMyIibl mepexoaa TaKOBbI:

¢ =|w|=\Vi +yl+yl;

I'T‘l WO Y, WO, syl
\V1+\V2+\V3

; (3.152)

o __ lI’ .
e:ﬁ; e°:%. (3.153)

3.6.3. Ckopocmb nepemeuienus meepoozo mena

B nawane pasnmena 3.6 ynomMsiHyT KUHEMATHYECKHI BHHT, KOTOPBIM XapaKTEpPU3YET
CKOPOCTh ABWIKCHUA TBCPAOIrO TCJIa B CAaMOM O6IJ_I€M cJydac. 3TOT BUHT MOYKHO npeacra-
BUTH B BUJI€ IyaJIbHOTO BEKTOpa!

Q=0+ -0°. (3.154)
B »T0i1 3aniucu ® — BEKTOP YIIIOBOK CKOPOCTH BPAILICHUS TBEPAOTO T€Ia BOKPYT OCH, IIPO-

X011l uepe3 Hayano KOOPAUHAT; ®° — BEKTOP JIMHEHHOMW CKOPOCTH Hayaiaa KOOpAUHAT.

Tot >xe BUHT MO>KHO npeacCTaBuThL U B BHHTOBOMU 3aITHCU:
Q=Q-E=(0+m-0°)-(e+wm-€°). (3.155)

B sroit 3anucu E — eTMHUYHBIN BUHT, ONPEAEIISIONINIT MTHOBEHHYIO OCh, BOKPYT KOTOPOM
Bpauaercsi TBepaoe teno. Ilpu 3ToM e — eIMHUYHBIN BEKTOp, ONPEAEISIIONIMN HalpasJe-
HUE OCH, a €° — BEKTOP-MOMEHT €IUHUYHOTO BEKTOpa OTHOCHUTEIHLHO Hadayia KOOpAUHAT.
Uucno (2 — nyanpHas yriioBasi CKOPOCTh Tefa. [ J1aBHas 4acTh 3TOTO AYaJIbHOTO YKCa O —
YIJIOBasi CKOPOCTh BpallEHUs Tela BOKPYTI OCH; MOMEHTHAs 4acTb — °— CKOPOCTh
nepeMenieHus Tea BAO0JIb 3TOU OCH.

PackpbiBas 3Ty (opMyiy MO MpaBUIly YMHOKEHUS TyajbHBIX BEJIWYMH, NMOIy4YuM (popmy-
JIBI IEPEX0/1a OT BUHTOBOMW 3aIIMCH K 3alICH B BUJE TyaJIbHOTO BEKTOpA!

0o=m-e 0°=n°-e+tn-e, (3.156)
WJIN TIOKOMIIOHEHTHO:
0 =0¢; 0, =0"e+mn-e ([(=1273). (3.157)

OOpaTHbIif epexo]] BHITISAUT CIEAYIONMM 00pa3oM:

m’[s}}_(z) -m° ;| T, -m° , T (1)

(D+(1)+(D

o =M(i=1’2’3)_
O]

(3.158)

i i

wi
e =—;e
Q)
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3.6.4. Cunoeoe 6030eiicmeue na meepooe mejo

JIo cux mop MBI MOAPOOHO pacCMaTPUBAIIH, KaK OMPEACISIOTCS MEePEMEICHHE TBEPIOTO
TENa U €ro CKOPOCTh B TPEXMEPHOM IMPOCTPAaHCTBE. B 3TOM paszmene paccMOTpUM, Kak
MOJKHO TPEJCTaBUThH MPHU MOMOIIM BUHTA CUCTEMY CHJI M MOMEHTOB, JCHCTBYIOIIMX Ha
TCJIO0. I/I3BGCTHO, YTO CHUJIBI U MOMCHTHI MOI‘YT GBITB HpCI[CTaBJIeHBI B TpeXMepHOM
MPOCTPAHCTBE B BHIEC BEKTOPOB. [Ipu 3TOM cHiaa — CKOJB3AMIMHA BEKTOP, & MOMEHT —
CBOOOIHBIN BEKTOP.

W3 cratuky TBEpAOro Tena U3BECTHO, YTO CUCTEMY CHII
Y MOMEHTOB, JIEUCTBYIOIIUX HA TEJIO, MOKHO 3aMEHUTh
JIPYyroi SKBUBAJECHTHOW CUCTEMOW CaMbIMH pPa3WYHBI-
Mu crnocobamu. IlockonmbKy cocpemoTOueHHas cuiia
MPEACTABISAET COOO0N CKOMB3SIMNUA BEKTOP, CUITy MOXKHO
CBOOOMHO TIEepeNBUTATh BAOJb JIMHUU €€ JCUCTBHS, TO
€CTh MEHSATh TOUKY €€ MNPUIIOKEHHS Ha STOUM JIMHHH,
OCTaBJIAsI CHUCTEMY CHJI OKBHUBAJEHTHOW. Bekrop
MOMEHTa SBII€TCS CBOOOAHBIM BekTOpoM. IllosTomy
TOUYKY €ro MPUJIOKEHUS MOXHO BBIOPATh MPOU3BOJIBHO,
I'maBHas ock CUCTEMBI OCTaBJIASl CHUCTEMY CHJI SKBUBaJIEHTHOW. Eme ogHum
MPUEMOM JJIS MTOJTyYEHUS! SKBUBAJICHTHOM CUCTEMBI CHJI
ABIISIETCSl NIEpEMELIEHUE CHWIIbI, Ha3oBeMm ee f, mapain-
nenbHO camoi cebe (puc. 3.7). Ecnu mpu 3TomM TOuKa
MPUJIOKEHUS CUIIBI CMECTUIIACh HA BEKTOP A, TO TAKOE MEPEMEILECHNE HYKHO KOMIIEHCHPO-
BaThb BBEJEHUEM B CHCTEMY JOMOJHUTEIHHOTO BO3JEHCTBUS B BUJE MOMEHTa, BEKTOP
KOTOpOTO HaIlpaBJjeH MepHeHIuKyIsIpHO BekTopaM f u a u onpenensercsa Gopmynoi:

fo=fxa. (3.159)

Puc. 3.7. IlpuBenenue cucteMbl
CHJI K CTAaHIapTHOMY BHITY

Kpome 3TOro, BEKTOppl MOMEHTOB MOXXHO 3aMEHSTh MX CyMMOH. BekTopbl cui Takxke
MO’KHO CKJIaJIbIBaTh, HO NMPEIBAPUTEIBHO X HAJ0 IPUBECTH K €JUHOMY HOJIOCY.

O6H.I€HpI/IH$ITBIM ABJICTCA NPCACTAaBJICHUC CUJII U MOMCHTOB, IMPHUJIOXKCHHBIX K TBEPAOMY
TCJIYy, B BUAC NYAJIBHOT'O BEKTOpA:

Q=q+w-q°, (3.160)

IZie ( — IVIaBHBIN BEKTOP CUCTEMBI; (° — IJIaBHBI MOMEHT CUCTEMBI.

JInst onpenenenust QyanbHOTO BekTopa Q mocTynaroT Tak. Bee cHitbl IpUBOSTCS K HaYamy
KOOpJMHAT M BEKTOPHO CKJAQABIBAIOTCSA. B pe3ynbpTare MOdydaeTcss TIaBHBIM BEKTOP
CHCTEMBI (|, IPWJIOKCHHBII B Hayajle KOOpAMHAT. Bce MOMEHTH — W BO3HHKIIHE OT
NEepeHoca CHUJI, W TPHJIOKEHHBIE K TBEPAOMY TEly CAMOCTOSATENIBHO — TOXE BEKTOPHO
CKJIaJbIBalOTCs. B pesynbraTte nomyvaercs riiaBHbIH MOMEHT cuctemsl (°. Cucremy cuil u
MOMEHTOB, MPUJIOKEHHBIX K TBEPAOMY TEIy, MOKHO pacCCMaTPUBATh U KaK CHJIOBOM BUHT,
KOTOPBIN HA3bIBAIOT JUHAMOW. B cooTBeTcTBHM C (hopMynamu, IPUBEICHHBIMHU B pa3zeie
3.3.1, och CHJIOBOTO BUHTA ONPEIEISIETCS €AUHUYHBIM BUHTOM

9. eo- q° I_Q—| I'Q‘|

E=e+w-e% e=—;
la [

(3.161)
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Moaynb TJIaBHOTO BEKTOpa BUHTA 77 © MOMEHT BHHTA m° ONPEEtoTCs (opMyIaMu:
(o]
o_ q-q
ql

y,Z[O6HO, €CJIK1 B UCXOAHOM COCTOSHUH KaXXJas U3 7 3JICMCHTAPHBIX HAI'PY30K, ITPUIIOKCH-
HBIX K TBEPAOMY TCI1Yy, 3alaHa CBOUMMU IINIIOKKEPOBLIMU KOOpAWHATAMMU!

., m

m=|q (3.162)

F=f+w-f°, (i=1l..n)), (3.163)

rie f; — BeKTop cuibl ¢ HoMepoM i; f°; — BEKTOp MOMEHTa 3TOM CHUJIbl OTHOCUTENILHO Havaja
KoopauHat. Harpyska B BUZie MOMEHTa TaKKe BIIUCBIBAETCS B 3Ty cxeMy. IIpocto s Hee
BEKTOp CHJIbI OyET PaBHBIM HYJIIO.

g monydeHus IyallbHOTO BEKTOpa AMHAMBI CIEAYET HMOUYICHHO CIIOXKHTh KOOPIWHATHI
BCEX MPUIIOKECHHBIX HArPy30K:

a=Y1; =31, (3.164)
i=1 i=1

3.6.5. Paboma cucmemul cusl Ha OECKOHEUHO MATBIX NEPEMEUeHUAX mela
[TycTh K TBepJOMY TeIy NMPUIIOKEHA CUCTEMa CHJI, OITUChIBACMAsl CHJIOBBIM BUHTOM:

Q=q+@-q°, (3.165)

a TEJI0 HAXOIUTCA B IBW)KEHHH, U CKOPOCTb 3TOIO JABUKCHUS OIMUCBHIBACTCSA KMHEMaTHYe-
ckuM BUHTOM Q2. TpebyeTcs onpeaenuTs paboTy CUCTEMbI CHJI, PUIOKEHHBIX K TBEPAOMY
TeJy, 3a €IMHUIY BPEMEHH, TO €CTh UX MOITHOCTb.

Pemenue »toii 3amaum u3BecTHO [17]. MoOIIHOCTH BCeX CHJI, MPHUIIOKEHHBIX K TEiy,
OMHCHIBAEMBIX CHJIOBBIM BHHTOM (Q TMpH JBIKEHUU Tella CO CKOPOCTHIO, OMUCHIBAEMOMN
KHHEMaTHIeCKUM BHHTOM (2, paBHAa OTHOCHUTEIIPHOMY MOMEHTY 3THX BHHTOB HIIU MO-
MEHTHOH YacTH CKaJSIPHOTO npousBeaeHus BUHTOB Q u Q) (cM. pazzaen 3.4.2):

W=q°o+q o°. (3.166)
[ToxoMITIOHEHTHOE MPEICTABIICHHUE ITOW POPMYIIBI TAKOBO:
W=q°% o +q°% 0,+4¢° 0;+q, 0% +q, ©°, +q, 0. (3.167)

Pa3YM€eTCSI, KOMITOHEHTEI 00OMX BUHTOB JOJI2KHBI OBITE MMPpEaACTaBJICHBI B OJIHOM U TOM Ke
CUCTEMC KOOpAHHAT. OTHOCUTENILHEIE MOMEHT SIBIISICTCS O6HII/IM HWHBApUaHTOM [OBYX
BHMHTOB M HC 3aBHUCUT OT BLI60pa CUCTEMbI KOOPpAWHAT, B KOTOpOﬁ OpeaACTaBJICHBI 3TH
BUHTHI.

OOpariaeM BHUMaHKUE HA TO, YTO NMPUBEACHHBIE 3/1€Ch (OPMYJIbI ISl ONIpeAeIeHUsI pabOThI
CUCTEMBI CHUJI MPU JBWXEHHUU TeJa CIpaBeIIMBBI TOJBKO MPU OECKOHEYHO MajbIX Iepe-
MmemeHusax. [loaTomy 3aech HMCIONB30BaHO MOHATHE MOLIHOCTH. Eciam ke TpeOyercs
OIpesieUTh paboTy CUCTEMBbI CHJI Ha KOHEUHBIX MEPEeMEIEHUSIX Teja, HaJl0 BBINOJIHUTD
MHTETpUpoBaHue BblpakeHUs (3.166) Mo BpeMEHHM C Y4YeTOM 3aKOHOB M3MEHEHMsI BO
BPEMEHHU CUJIOBOTO BUHTA M BUHTA CKOPOCTEH.



4. BUKBaTepHUOHBbI

4.1. OcHOBHDBIE MOHATHSA

Pononayansaukom OukBaTepHuOHOB cuuTaoT Y. Kimudpdopna [69]. OH, paspabarsiBas
TeOMETPHIO JIBUKEHHUsS, 0000 KBATEPHUOHBI ['aMUIbTOHA, TOCTPOUB OMKBATEPHUOHBI.
Wneu Y. Knudpdopaa pa3zsun BugHblit poccuiickuii yuensiit A. I1. KotenbHuKOB, MOCBATHB
OMKBaTepHUOHAM YacCTh CBOCH KHUTH 110 BAHTOBOMY HMCUYHUCIICHHIO [34].

Yao6Hee Bcero ompenenuTh OUMKBATEPHHOH KaK KBAaTEPHUOH, 3JEMEHTaMU KOTOPOTO
SIBIISTFOTCS Ty allbHBIC YUCIIA!

Q=[q,+T-¢°; ¢, +®-¢°; ¢, +®-¢%; ¢+ q°%]. 4.1)

bukBaTepHHOH COCTOUT U3 TyanbHOW U BUHTOBOM yacTeit [60].
JlyanbHOM 4acThi0 OMKBaTEpHUOHA ABISETCS AyalbHOE YHCIIO:

dualQ =g, +®-q°,. 4.2)

BuHTOBOI yacThi0 OMKBAaTEpPHUOHA SIBJIIETCS TPEXMEPHBII IyalIbHbIM BEKTOP (BUHT):
T
screwQ =[q,+®-¢°%; ¢, +®-¢°; ¢, +®w-q°%] . 4.3)

bukBatepHHOH, Yy KOTOPOr0 BHHTOBAs YacTh PaBHA HYJIIO, HA3bIBAIOT YHCTO JYaJbHBIM.
bukBaTepHNOH, y KOTOPOIO AyajabHasl 4aCTh paBHA HYJIIO, HA3bIBAIOT YHCTO BUHTOBBIM.

B OukBaTepHHOHE MOXKHO YCMOTPETH JIBA OOBIYHBIX KBATCPHHOHA!
a=[q9: a9 @ @] 4°=[q%;: ¢° 9% ¢°%] (4.4)

IlepBblif U3 HUX, q, Oy/eM Ha3bIBaTh INIABHBIM KBAaTEPHUOHOM, a BTOPOH, q°, — MOMEHT-
HBbIM KBaTEPHUOHOM. MOX€EM YCIOBHO 3aIUCaTh:

Q=q+m-q°. (4.5)

BI/IKBaTepHI/IOH XapaKTCPU3yCTCA HCCKOJIbKUMHA CKAJIAPHBIMHA BCIIMYNHAMMU:

napaMeTpoM OMKBaTepHHOHA:

‘|: 90°9% +49°9° +49,°9° + 45 q°;
Go+d +q+q;

[Q (4.6)

apaMeTpoM JyalbHOM YacTh OMKBAaTEPHUOHA!

rQl,=2e, 4.7)

0
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napaMeTpoM BUHTOBOW 4acTH OMKBAaTEPHHUOHA!

¢°9°+t49,°9°% +9:-9°
Ql= &+ + ' 9
CO6HI’OI[aI'OTCH 3aBUCUMOCTUA:
I'Q—|=<q> '(Q—I.+QO'[Q—‘0 ’_Q-| |q| |7Q—| qO IrQ—lo |‘Q"| |q| |—Q—| <q> I_Q—I ) (49)

|q|2 < > qO

Ha OukBaTepHHOHBI MOXKHO PAaCHpOCTPAHUTH MOHSATHS HOPMBI, MOIYJISl, MOAYJSl BEKTOP-
HOW YacTH M apryMeHTa OOBIYHBIX KBAaTEPHHOHOB. [Ji1 OMKBAaTEpHHOHOB OHM TIPE/ICTaB-
JSIFOT cO00M yanbHbIe YHca.

Hopma OukBaTepHHOHA MPEACTABISIET COO0H TyaTbHOE YUCIIO:
|Q = a5+ 47+ 5+ G5+ © -2+ (44 4%+ 4 4°+ 4 4%+ 45 6%) = a1+ -2:[Q]).  (4.10)

HapaMeTp HOPMBbI 6I/IKBaTepHI/IOHa — IEMCTBUTEIHLHOE YHCIIO:

qo - qo"’% Q1+q2 Q2+Q3 q°,
[ll]=2- NI =2-1Q]. 4.11)

OHno BaBOE OosblIe MapaMeTpa OUKBATEPHUOHA.
Monysabs GUKBaTEpHHUOHA — AyallbHOE YHUCIIO:

G @0t D 401G 4t T gl (146.Q)).

Q=@ +ai+F+ ¢ + -

(4.12)
Vo +4 +4 +q;
[TapameTp Moyst OUKBaTepHUOHA — ACHCTBUTEIBLHOE YHCIIO:
+ + +
|‘|Q|‘| 909 % Q1 qz q° z 4:-9% (Q‘I (4.13)

% + % + % + %
HapaMeTp MOI[y.]IH 6I/IKBaTepHI/IOHa COBIIAAAcCT C HapaMeTpOM caMoro 6I/IKBaTepHI/IOHa.
MOI[yJ-HJ BUHTOBOM YacTH 6I/IKBaTepHI/IOHa — ﬂyaﬂBHoe YUCJIIO.

+ +
(Q) = ql+q2+q3+w q,°9°+9,°9°% + g5 Q3_<q> (1+w (Q‘I) (4.14)
% +Qz+%

[TapameTp MO/yJisi BUHTOBOM 4acT OMKBAaTEpPHUOHA JIEHCTBUTEIBHOE YUCIIO:

|_<Q>—| q,°9 1""2% q°,+4;-9° ’_Q—l (4.15)

9, +q +Q3

OHO coBmaAaceT ¢ mapaMeTpoM BUHTOBOM 4acTH OMKBAaTEPHHUOHA.
AprymMeHT OMKBAaTEpHHOHA — TyaJTbHOE YHCIIO:
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Gy 4°t 47 4°t 4y 40+ 45 45 _
@rardra) i v vdl g 4.16)

—argq+m (|_Q—| [Q], )=argq+m-|q—°|-%-(|_Q—| |_Q-|O)=9+m-9°.

argQ = arg(q,+i-(q))+©-

I'maBHas yacTh apryMeHTa OWKBaTepHHOHA O Ha3bIBAETCS MOBOPOTOM OMKBAaTEpPHHUOHA, a
MOMEHTHas 4acTh 0° — mmaromM OMKBaTEPHUOHA.

[TapameTtp aprymeHTa OMKBaTEpHUOHA ONpeaesieTcs mo Gopmyre:
[arg 01 = (FQW [Ql,)- (4.17)

4.2. Onepanun HaJ OMKBATEPHUOHAMM
1. BukBaTepHHOHHOE COIpPsDKEHHE, KOTOPOE Mbl OyJieM 0003HayaTh 4€pTOW HaJ UACHTHU-

¢buKaTopoMm, onpeaenseTcs CleAyoUMM 00pa3oM:

Q=[(q,+®:9%); —(q,+®-¢°); —(g,+®¢°%); —(q;+®¢°)]. (4.18)

B pe3ynbraTe OUKBATEpHUOHHOTO COMPSIKEHHUS MOTydaeTcss OMKBaTEPHHUOH.
2. CrnoxkeHre U BhIYUTaHHE OMKBATEPHUOHOB BBIIOIHAETCS MOYJICHHO:

(Po£qy)+w-(p° £4q°%)
_ (pEtg)+w-(p°£4q°%)
- (Pt q,)+w-(p°,£49°%)

(pstg)+®-(p°£q°%)

P+ (4.19)

B pesynbrate nonyuaercst OnkBarepHuoH. ClokeHue OMKBAaTCpHUOHOB KOMMYTATHBHO.

HeiiTpanbHbIM 1O CI0KEHUIO ¥ BRIYUTAHUIO €CTh HYJIEBOMH OMKBATEPHUOH:
O=[0+m-0; 0+@-0; 0+®-0; 0+m-0]. (4.20)

CroxeHne ¥ BEIYUTaHHE 3TOTO OMKBATEPHUOHA HE U3MEHSET PEe3yJIbTaT CYMMHUPOBAHHSI.

CrnosxeHue ¥ BBIYUTAHUE KOMMYTHPYET C CONPSKEHUEM:

P+tQ=P+Q. (4.21)

3. YMHOXeHHEe AeHCTBUTEIHHOIO YKcIa Ha OMKBAaTEPHUOH M OMKBAaTEpPHUOHA Ha JICHCTBU-
TEIbHOE YHCIIO BBIIIOJHAETCS] €CTECTBEHHBIM 00pa3oM:

a-Q=Q-a =[a-q0+m-a-qoo;a-q1 +w-a-q°;a-q,+®w-a-q°,;a-q, +w~a~q°3] . (4.22)

B pesynprare yMHOXEHHs 4uCia HAa OWKBATEpPHUOH WM OWKBAaTepHHOHA HA YHUCIIO
noJrydaercsi OukBaTepHUoH. Onepanusi KOMMyTaTHBHA.

4. YMHOXXEHHE TyaJIbHOTO YMCIlia Ha OMKBaTEpPHUOH M OMKBAaTEpPHHOHA HA JAyallbHOE YUCIIO
BbIpa)kaeTcsi popmyIioii:
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a-q,+o-(a-q° +a°-q,)

a-q,+w-(a-q° +a°-q,)

(a+m-a°)-Q=Q-(a+m-a°): (4.23)

a-q,+w-(a-q° +a°-q,)
a-g,+w-(a-q°+a°-qy)

B pesynbrare yMHOXKEHMs TyallbHOTO 4YMcia Ha OMKBATEPHHOH WM OMKBAaTEpHHOHA Ha
IyaJgbHOE YUCIIO MoNyyaeTcs OuKBaTepHUOH. Oneparusi KOMMyTaTUBHA.

5. YMHOXeHne OMKBaTepHHOHA Ha OMKBATEPHUOH 0003HAYAETCS 3HAKOM ° M BBITIOTHICTCS
[0 TMpaBUJIaM YMHOXKEHHS KBaTEpHUOHOB (2.18) ¢ yuyeToM TOro, 4yTto HMX 3JIEMEHTaMU
ABIISIIOTCS TyaibHble uyucia. PopMyily YMHOXXEHHs OMKBATEPHHOHOB MOXKHO 3aIlucaTh
KOMITAKTHO C UCTIOJIb30BAaHUEM COCTABJISIFOIINX TJIABHBIX © MOMEHTHBIX KBATEPHUOHOB!

R=PcQ=peoq+wm-(poq°+p°oq). (4.24)
Huxe ata popMmyiia pacrucaHa HOKOMIIOHEHTHO:

HWh=Dy49 P49 P9~ P3 955
Nn=0"49% TPy 49 —P:s9+tD;, 4
H=Dy 4yt P3Gt Py Gy~ P45
B=Dy'4y— Py 4, TP "9t Dy g5
P =P% 9% P4 —P° 4P 4+ Py 4% =P 4% — Py 4% — P45
o =p% 4yt P 4P P4t P gt Dy g% — Py 4, Py qCss
P =p% G+ P% 4+ D% 4= D% G5+ Py 4%+ P q% Py G, — PG
ro=p° 4, —p° 4+ P+ P G P 4% — Py 4%+ P4+ Pyt g

(4.25)

B pesynpraTe OMKBaTEpHHMOHHOTO YMHOXEHHS IOJIy4aeTcs OMKBAaTEpHUOH. bukBaTepHu-
OHHOE YMHO)XEHHE HEKOMMYTATHBHO, T. €. €ro pe3yjbTaT B OOLIeM CiIydae 3aBUCHT OT
MOPsIIKAa COMHOKHUTENEH.

YCHOBI/IH KOMMYTaTI/IBHOCTI/I YMHO)KGHI/IH 6I/IKBaT€pHI/IOHOB BBITJIAOAT TAK:
PoQ-QoP=poq-qop+w@-(poq°—qop°+p°°oq—q°op)=0, (4.26)

WJIM B TIOKOMIIOHEHTHOM 3amucH (Tocye AeJieHus Ha 2):

Py 43 —4;, " Ps D2 q4°% =4, P°+P% 4 —4°% s 0 0
Dy 4y —q P |0 p3-q° —q5 P +Dp°5q,—q% p |=|0|+®|0]. (4.27)
b9 —49 "D, p1'qoz_ql'p02+p01'Q2_q01'p2 0 0

CpaBHuBas 3Ty 3anuch ¢ Gpopmyioi (3.74), npuxoauM K BBIBOJY, YTO YCIOBHE KOMMYTa-
TUBHOCTH OMKBATEPHUOHOB IPY YMHOXEHHMU SKBHUBAJEHTHO PAaBEHCTBY HYJ BUHTOBOIO
NPOM3BEACHUS BUHTOB 3TUX OMKBAaTEPHHOHOB. DTO O3HAYAET, YTO BUHTHI 3TUX OMKBaTep-
HUOHOB JIOJKHBI OBITh KOAKCHAJIBHBI, TO €CTh OCH BUHTOB JIOJIKHBI COBNajaTh. /lyanabHble
4acTU OMKBATEPHUOHOB-COMHOXKHTEIEH MOTYT OBITh JTIIOOBIMH.

PaccMoTpuM HEKOTOpBIE CBOMCTBA OMKBATEPHUOHHOTO YMHOKEHHS.
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YMHO}KCHI/IG 6I/II<BaTepHI/IOHOB ACCONMATHUBHO:
PoQoR:(POQ)OR:PO(QOR). (428)

YMHO)XeHHEe OWKBATEPHHOHOB NUCTPUOYTHBHO MO OTHOLIEHUIO K CYMMHPOBAHHIO U
BBIYUTAHUIO:

Po(Q+R)=PoQ+PoR; (P+Q)ocR=PsR+QoR. (4.29)

JlyanpHas 4acTb MNpPOU3BENEHHS OWKBATEPHUOHOB HE HW3MEHSIETCS NpPHU IUKINYECKON
MEePECTaHOBKE COMHOKHUTEIICH:

dual (PoQoR)=dual(RoPoQ)=dual(QoRoP). (4.30)

B uwactHOCTH, nmyanpHas 4YacTh NMPOM3BENCHHS NIBYX OHMKBAaTEpPHHOHOB HE 3aBUCHUT OT
MOPSAAKA COMHOKHUTEIIEH:

dual(PoQ)=dual(QoP). (4.31)

ConpsbkeHHOE 3HAUEHHE OT MPOU3BEACHHUS JIBYyX OMKBATEpPHHOHOB PAaBHO MPOU3BEACHUIO
WX CONPSDKEHHBIX 3HAYCHHI, B3SITHIX B 0OPATHOM IOPSIJIKE:

PoQ=Q-P. (4.32)

[To mHAYKIIMYU 3TO TTPABUIIO PACTIPOCTPAHACTCS HA JTI000E YUCIIO COMHOXKHUTENCH:
PoQoRoS=SoRoQoP. (4.33)
Hopwma npousBenenus aByx OMKBaTEpHUOHOB paBHA IMPOU3BEICHUIO HOPM COMHOXHTEIICH:
[P-Q|=lpl-|Q] (4.34)

[To mHAYKIIMYU 3TO TIPABUIIO PACTIPOCTPAHSACTCS HA JTI000E YUCIIO COMHOXKHUTENCH:
IPoQoRoS|=[P|-|Q]-IRIlIS|l- (4.35)

Moy nIpou3BeeHUs IByX OMKBAaTEpPHUOHOB PaBEH MPOU3BEIECHUIO MOJyJICH COMHOXH-
TEJEH:

[P-Q|=IP|'|Q|. (4.36)
[To MHAYKIIUH 3TO MPAaBUIIO PACHPOCTPAHAETCS Ha J1I000€ YHCIO COMHOKHUTEICH:
[PoQoRoS|=[P|-|Q||RI'S|. (4.37)

[Ipu 3TOM clieryeT MOMHHUTb, YTO HOPMa U MOAYJIb OMKBAaTEpPHUOHA SIBJISIFOTCS HE J1eHCTBU-
TEIbHBIMU, a JyalbHbIMH 4Yuclamu. [lapameTp mnpousBelneHUs ABYX OWKBATEPHHOHOB
paBeH CyMMe ITapaMeTpOB COMHOKHUTEIEH:

[P-Q]=[PT+[Q]. (4.38)
[To MHAYKIIUH 3TO MPAaBUIIO PACHPOCTPAHAETCS Ha JII000€ YHCIO COMHOKHUTETICH:

[PoQoRoS|=[P]+[Q]+[RT+[ST. (4.39)
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HeliTpanbHbIM 10 YMHOKEHHIO SIBJISICTCS TOXICCTBEHHBIM OMKBATEPHUOH:

I+®-0
[ 0+w®-0
“losm.0l (4.40)
0+w®-0
YMHOKEHHE TPOU3BOJIBLHOTO OWKBATEPHUOHA HA TOXKICCTBEHHBIH XOTh CIpaBa, XOTh
CJIeBa, HE U3MEHSET UCXOAHBIM KBATEPHUOH:

1:Q=Q-I=Q. (4.41)
YMHOkKEeHHEe OMKBAaTEpPHUOHA Ha CONPSHKEHHBIN BhIpaskaeTcst HopMyIIoi:
Q-Q=Q-Q=[]Q|,0,0,0]=]Q|-L (4.42)

6. BriHeceHne 3a CKOOKH IJIaBHOT'O KBAaTCPHUOHA.

Ecnu rnaBHBI KBaTEpHUOH ( paccMaTpuBaeMoro OukBaTepHHoHa Q = q + ®-q° He
SBIISICTCS HYJIEBBIM, BO3MOXKHO MNPECTABICHUE 3TOr0 OMKBATEPHUOHA B JIFOOOM M3 JABYX
CJIEIYIOLINX BUJIOB:

Q=(I+0-*q)°q=qo(l+-q"), (4.43)
rae, €cCreCTBCHHO,
*q=q°cq; q*=q ' oq°. (4.44)

OTO AaeT BO3MOXHOCTb IOJIb30BaThCsl BMECTO MOMEHTHOIO KBAaTEpPHHOHA (° KBAaTEPHHO-
HaMU *q WU q¥, IMEIOLUMU B psijie CIydaeB 0osiee MPUBBIYHBIA F€OMETPUUECKUIA CMBICII.
byneM Ha3piBaTh KBaTEpHUOH *q JI€BOM MOMEHTHOW MYJIbTUIUIMKATUBHOM 4YacThbio, a
KBaTepHUOH (* — MpaBOod MOMEHTHOH MYJbTUILUIMKAaTUBHOM 4YacThl0 OMKBaTepHHOHA Q.
JleBast u mpaBasi MOMEHTHbIE MYJIbTUIIJIMKATUBHbBIE YaCTH OJHOTO U TOTO k€ OMKBAaTEpHU-
OHa CBsI3aHbl (POPMYITAMHU:

*q=qoq*oq; q¥=q °*qoq. (4.45)

PaccMoTpuM, Kak MOKHO BBIYUCIMTH MOMEHTHYIO MYJIBTUIIIMKATUBHYIO 4acCTh IPOU3BE-
NeHHs IBYX OMKBaTepHUOHOB. [TycTh

P=Q-R; p+o-p°=(q+@-q°)o(r+m@-r°). (4.46)
VYuursiBas paBeHcTBa (4.44), MOXKHO 3alHCaTh:
*p=r¥*+rloq¥or; p*=qo*roq’ +*q. (4.47)

—1 o o
[Tonaras R = Q ', nmosnyuum (opMysibl JUIst JIEBOM M MPaBO MOMEHTHBIX MYJIbTHILIHKA-
TUBHBIX YacTel 00paTHOro OMKBAaTEPHHUOHA!

(q ) =-qoq*oq ' =—*q; *(q')=-q'o*qoq=—q*. (4.48)
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4.2.1. IIpeocmasnenue OuUKeAmMEPHUOHOE C AGHBIM YKA3AHUEM OCU 6UHMOBOU YACMU

[TogoGHO TOMYy, Kak B pazzaeine 2.4.1 ObIJIO ONMMCAHO MPEACTABICHUE KBATEPHUOHA C SBHBIM
yYKa3aHHEM HaIPaBJICHUS €r0 BEeKTOPHOW YaCTH, BBIMOJIHUM 3/I€Ch MPE/ICTaBICHIEe OMKBa-
TEpHHOHA C SIBHBIM YyKa3aHWEM OCH €ro BUHTOBOM uacTu. [l uaeHTU(UKALUU OCU
UCTIONb3yeM eAHNYHBI BUHT E, kak 310 ObLI0 chaemano B pasaene 3.3.1. Torma OGukBa-
TEPHHOH C OCBIO, ONpeAesieMoil eMMHUYHBIM BUHTOM E, MOXXHO mpeAcTaBUTh B TaKOM
BUJIE:

Q=I1-9,+E-Q,. (4.49)

371ech MCIONIBh30BaHbl TOXKICCTBEHHBIM OMKBAaTEpHHUOH I, YMCTO BUHTOBOW OWKBATEPHUOH
E, u nBa nyanbnbix uncia Qp u Q.:

I:[1;0;0;0];E:[O;e1+m-eol;e2+w-e°2;e3+w-e°3]; O=qt®-q°;0. =9, +®-q°,, (4.50)

r7e ey, ez, €3, €°1, €°2, €°3 — IIIIOKKEPOBHI KOOPJIMHATHI €IMHUIHOTO CKOJIB3AIIETO BEKTOPA,
OTIPECTISAIONIETO HAPaBIECHHYIO OCh BUHTOBOM YacTH OMKBAaTEPHUOHA, IPUYEM:

e +e;+el=1; e-e° +e, e, +e, e =0. (4.51)

UYepes 3TH BeIMYMHBI MOKHO MPEACTaBUTh OMKBAaTEpHUOH Q B pa3BepHYTOM BUJIE:

9 O, 9 +@-q°% 9y +®-4°%
Q1 El'Q. (el+w'eo1)'(qo+m'qo.) el"].+w'(eo1'qo+el'qoo)
Q= = = o o= o o |- (4.52)
Q2 EZ‘Q. (ez+w.e 2)‘(q‘+w'q 0) ez'qo+m‘(62.q‘+62.q o)
Q3 E3'Q. (e3+w'eo3)'(%+w'qo.) e3-q.+m-(e°3~Q.+e3~q°.)
OOpaTtHOe TTpeoOpa3oBaHNe BHITIISIAT TaK:
. O_"_ .° _I_ . 1° ) OA_ O..ei .
g=* /qf+q22+q32;q°.= 99, %qq 274959 5 e =%;e°i=%(l =1,2,3). (4.53)

3ameTuM, 4YTO OOpaTHOE MpeoOpa3oBaHHME BBIMOIHAETCS HEOMHO3HA4YHO. B dopmymax
(4.53) nepen KOpHEM KBaJIpaTHBIM MOXET ObITh BBIOpaH 3HaK "Turoc" wWiM 3HaK "MuHyc'".
I'eomeTpruecku 3TO O3HAYAET, YTO HAMPABIECHUE OCH BMHTOBOH 4YacTH OMKBATEpPHHOHA
MO>KHO BBIOMPATH 110 CBOEMY YCMOTPEHHIO.

Takoe npencraBieHre OUKBaTEpHUOHA TOJE3HO NMPH MOCTPOCHUU €ro (PYHKIUN U BBIBOJIE
dbopmyn auddepeHnpoBaHus OMKBAaTEPHUOHOB.

4.3. Anasutnueckue GyHKuuM OMKBATEPHUOHA

Kak y>xe ObUIO yHOMSIHYTO BBIIIE, aHATUTUYECKON (YHKLMEH NeHCTBUTENBHOM MepeMeH-
HOM Ha3bIBAIOT TaKyl (YHKIHMIO, KOTOPYI MOXKHO NPEACTaBUTh CYMMOH 4YHCIOBOTO
creneHHoro psina (psma Teiinmopa) B OKpecTHOCTH JIIOOOH TOYKH OIpeaeneHUs 3TOi
¢byskuun. IIpyu BeIYMCIEHMH CyMMBI CTEIEHHOTO psAJa UCHONb3YIOTCSA TOJBKO ONEpalnyu
CJIOKEHUs U YMHOXEHUs yucel. Takue ke onepanuu ONpelescHbl U I KBATEPHUOHOB,
YTO JJa€T BO3MOXKHOCTb IOJIyYUTh aHAIMTHYECKYIO KBATEPHUOHHYIO (DYHKIMIO KaK CyMMY
COOTBETCTBYIOLIETO psifa. Kak yke ObuI10 ycTaHOBJIEHO B paszene 2.4.2, y KBaTepHUOHHOU



144 4. BUKBATEPHHOHBI

GyHKIUM, TOJYyYEHHOM TakuM IIyTeM, HalpaBlieHHE BEKTOPHOW YaCTH COBIAJAET C
HaIpPaBJIEHUEM BEKTOPHOM YacTH KBaTEPHUOHA-apIyMEHTA.

Ha ocHoBanuu npunnuna nepeHecenus: Korenpaukosa-1ITyau Takum xke 06pa3oM MOKHO
CTPOUTH AaHATUTHYECKHE OMKBaTepHUOHHBIC (GyHKIMH. [Ipu 3TOM y OukBaTepHHOHA-()YHK-
UM COXpaH’ETCs Ta e OCh BUHTOBOHM YacTH, 4TO M y OMKBaTepHUOHAa-aprymenra. Pac-
YeTHbIC (HOPMYJIBI YIPOLIAOTCS, €CIIU KBATCPHUOH-aPTYMEHT W KBAaTEPHUOH-(QYHKIHUS C
CaMoro HavaJia mpeaACTaBJICHBI C IBHBIM YKa3aHUCM OCHU BHHTOBOHU 4acTU 6I/IKBaTepHI/IOHa.

[Tycts OGukBatepHHOH-apryMeHT Q u OukBarepHHOH-(YHKIMA F mpeacTaBieHbl ¢ SBHBIM
YKa3aHHEM OCH BUHTOBOM YaCTH, ONPEACIIAEMON OJHUM U TEM K€ €JUHUYHBIM BUHTOM K:

Q=1.-0,+E-Q,; F=I-F,+E-F,. (4.54)

Kak BumHO M3 3THUX (QOpMYN, KaXIbli U3 OUKBATEPHUOHOB, MMEIOMIMUX OOIIYyIO0 OCh,
orpeiensieTcsl ABYMS QyalbHBIMH 4Yuciamu. [Ipu 3ToM (yHKIMOHaJIbHAs 3aBHCHMOCTD
oukBarepauona F or GukBaTepHuOHa Q MOXET OBITH BHIpAXKEHA CIEAYIOUIMM 00pa3oM:

FQ) =1-F(Q,,0.)+E-F.(Q,,0.). (4.55)

Oyukumu Fo(Qo, Q.) U Fu(Qo, Q.) HE MOTYT OBITH MPOU3BOJIBHBIMU, MOCKONBKY F(Q)
nolkHa ObITh GyHKIUEH aHanuTudeckoil. [logoOHas mpobiema Oblna peleHa B paszelne
2.4.2 pu yCTAaHOBJICHUH aHAIUTHYECKUX (PYHKIMI KBATEPHHOHOB C MPHBIICYCHUEM TEO-
puM QyHKIMA KOMIUIEKCHON nepeMeHHOoM. C yueToM npuHIuna nepeHecenus KorenbHu-
koBa-lItynu TpeboBanue ananuTuyHOCTU F(Q) 3KBUBaNIEHTHO BBINOJIHEHUIO PABEHCTBA!

F(Q,+i-0.)=F(0,,0.)+i-F.(0),0.), (4.56)
rae F — paccmaTtpuBaeMas aHanutuueckas QpyHKIus, 6€30THOCUTENBHO K BUy apTyMEHTa,
HaIpumMmep, exp, sin, cos; i — MHUMasl €IMHULIA (i2 =—1).

Cwmbica popmyiist (4.56) MOKHO BBIpa3uTh 00Jiee KOHCTPYKTHBHO CIIEAYIOIIAM 00pa3oM:

(05, Q) =ReF(Q, +i-0,); F.(Q,,0.) =ImF(Q, +i-0.), (4.57)

rae Re — meficTBUTEIbHAA YAaCTh KOMIIJICKCHOTO YHCJIA;
Im — MHHMas 9YacTh KOMILJIEKCHOTO YHCJIA.

@opmynsl (4.57) ykaszeiBatoT Meton onpenenenus Gyakuuid Fo(Qo, O.) U Fo(Qo, Q.) st
3a7jaHHOM aHanuTHueckoi pyHkmu F.

ITonb3oBaHKE HTOM MpOLIEAYPOU HE CTOJIb O4eBUAHO. IIponenaeM ee B kayecTBe nmpumepa
JUIA KBaJpaTHOU (YHKLMU:

F(Q,+i-0.)=(Q, +i-Q.)". (4.58)

Packpoem 3Ty (yHKIIMOHATBHYIO 3aBUCHUMOCTh M OTIEIUM JCHCTBUTEIHHYI0 H MHUMYIO
YacTu:

(Qy+i-0.) =(0 -0 +i-2:0- Q.. (4.59)
[Tony4eHHBIN pe3yabTaT UCTOIKOBBIBAETCS TaK:

F(0,0.)=0; -0 F.(0,,0.)=2-0,-0.. (4.60)
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Ota dopMyIia MO3BOJISET 3alKcaTh BhIpaXKEHUE I KBajipaTa OMKBaTEpHUOHA:

o, T oS (4 +®q°%) — (g, +@-q°,)"
sz E -0, _ 2-E-Q,-0, _ 2-(g+tw-e) (g, +®-q°%) (9. +t®-¢°,) . (461
E, -0, 2-E,-0,-0, 2-(e,+w-€%)(q,+®-q%) (9. +®-q°,) .

E3'Q. 2'E3'Q0'Q. 2'(63+w'eo3)'(qO+w'qoo)'(Q.+w'qo.)

BrInonHuM aHaIorHyHyI0 IpoLenypy Ui GyHKIUU CHHYCA:

F(Q,+i-0,)=sin(Q, +i-0,) =sinQ, -chQ, +i-cosQ, -shQ,, (4.62)
OTKYyJla CIIEIyeT:
E) (Qoa Q.) =sin Qo : ChQ.; F. (Qo 5 Q.) =COos Qo : ShQ. . (463)

BBIpa)KeHI/IC AJIsL CHHYCa 6I/IKBaTepHI/IOHa cileayromiee:

sinQ, -chQ, sin(g, +®-¢°,)-ch(q, +®-q°,)

E, -cosQ, -shQ, (¢ +w-e%)-cos(q, +w-q°%)-sh(g, +®-q°,)

sinQ = (4.64)

E,-cosQ,-shQ, | |(e,+w-€°,)-cos(q, +®-q°)-sh(q, +w-¢°,) |
E; -cosQ, -shQ, (e; +w@-e%)-cos(q, +w-q°)-sh(q, +®@-4°,)
Bonee HOI[pO6HO 3Ty 3aBUCHUMOCTH MOXXHO 3aIliuCaTh TakK:
(sing, +®@-q°,-cosq,)-(chg, +@-q°, -shq,)
) (e +@-e°)-(cosq,—®-q°,-sing,)-(shg, +®-q°, -chg,)
sin Q = ! ! 0 0 . 0 . (465)
(e, +®@-€%)-(cosq, —®-q° -sing,)-(shg, +©-¢°, -chg,)
(e;+w-e%)-(cosq, —w-q°,-sing,)-(shq, +@-q°, -chg,)
JIOCTaTOYHO KOMITAKTHBIM METOJ MOCTPOCHHS aHAIMTUYECKHX (DYHKIHA OMKBaTepHHOHA

MMPpOACMOHCTPHUPOBAH BBIIIC. B cooTtBeTcTBHH € 3TUM METOAOM aHAJIUTHUYCCKAA q)yHKI_[I/ISI
MIPEACTABIISETCS TaK Ke, Kak B apryMeHT (4.52), a UMEHHO:

Fy So+®-f% Fy fo AT
F +w- f° E -F, e - e -f.+e - f°
! = ﬁ fol = ! ° :f+ﬁ)'f02 ! ﬂ +’GS 01 ﬂ ! fo. 9 (466)
F, frtw-f°, E,-F, e f. e, f.+e - fC
F fitw- O E;-F, e f. e fote - f°,
rne E; (j = 1, 2, 3) — nyanbHble KOMIOHEHTBI €JMHUYHOIO BHHTA, ONPENEISIONIEIO OCh
oukBatepHuoHoB Q u F; e;, €°; (j =1, 2, 3) — cyOKOMIIOHEHTBI 3TOr'0 BUHTA:

F=

E =e +w-e (7=12,3); (4.67)

Fo n F, — nyanpHbple 4ucia, BblUMCIseMble no (opmyrnam (4.57) B 3aBUCHUMOCTH OT
paccmaTtpuBaeMoil pyHKUUY; fo, 10, fe, f©o — KOMIIOHEHTBI 3TUX YHCEN:
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Fy=fy+®-f°; F =f+w-f°. (4.68)
®opmyIibl 1 BBIYUCICHUS TapaMeTpoB fo, f°0, fe, fO« U1 HambOoONIEE YHOTPEOUTEIHHBIX

AHATTMTUYECKUX (PYHKINH MPUBEICHBI B IPUIIOKEHNH 9.5.

Bo3MmoskeH U Iipyroil moaxox K MOCTPOCHUIO aHATUTHYECKHX (PYHKIMI OMKBaTepHHOHA,
OCHOBAaHHBIM Ha 3HAHUM OJHOMMEHHOM (YHKIMM 11 KBaTepHHOHA. O003HAUYMM 3Ty
KBaTepHUOHHYIO QyHKIMIO f. DTO 03HAaUYaeT, 4To N3BECTHHI (PYHKIINU:

fj:fj((Io,qU 9,.9;) (j=0,1,2,3). (4.69)
Torna Ha ocHOBaHUM 00X cooOpaxenuit [34, 60] MOKHO 3anucaTh:

5G9 92505)

F=f+®- q°,. (4.70)
! ’ k=0 0q, ¢
[TpuHMMast BO BHUMaHUE pe3yibTaThl pasnena 2.5.5, mpuxoauM K popmye:
F:f+m-f°:f+m-[doqc°+T~qn°], 4.71)

rne F — OukBaTepHHOH-QyHKIMS OMKBaTepHUOHA-apryMeHTa Q, Hampumep, exp, sin, cos;

d — kBaTepHUOH-(DYHKIIUS, TPOU3BOAHAS 110 OTHOIIEHUIO K (hyHKIMH f, cooTBeT-
CTBEHHO, €Xp, COS, — Sin;

Q — OuUKBaTepHUOH-APTYMEHT;

q ¥ q° — TJIABHBII 1 MOMEHTHBIN KBaTePHUOHBI OMKBAaTEPHHUOHA-apPTyMEHTA;

f u f° — rmaBHBIM 1 MOMEHTHBIN KBaTEPHUOHBI OMKBAaTepHUOHA-(YHKIINH,

qc° 1 qn° — KOJIJTMHeapHasi 1 HOpMallbHasi COCTaBISIONINE KBAaTEPHUOHA °
OTHOCUTEIILHO KBaTEPHHUOHA (;

T — NeiCTBUTENIBHOE YUCIIO, ONPEIeIsieMOe B pa3aeiie 2.5 U NpuiioKeHuu 9.2.
bonee neTanbHO HCTIONB3yEeMbIE BEIMYUHBI paciu)pOBaHbI B popMyiax:

gyt ®-q°, 9 q° q°% 0
q+®-q° q q° P-q q9°—P-q
Q=" "llha=|"La=| ) [ae=| T lan=q-qe=| 1T (472)
q9,+®@-q, q, q, P"]z q 2_P'q2
Q3+m'qo3 q, qo3 P'Q3 qo3_P'q3

rie napamerp P =[ Q |, onpenemsercst mo gpopmyie (4.8). 13 s1oit hopMyIist 1 u3 GopmyI
(4.53) cnenyer:

P=qq—o'; P-q,=q9°-¢e; q°,—P-q;=¢°,-q, (j=L2,3). (4.73)
C yuerom 3toro ¢popmyna (4.71) npuHUMaeT BUL:
Jo d, 4% 0
Fofrofoo| @ had| 9% || @ L p ] L (4.74)
e, f. e,-d, | |e-q°. e,

o
e3.ﬁ eB'do e3.Q- e3
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Taxkum oOpa3om, moiydeHa apyrast GopMyIia, Mo KOTOPOH MOKHO BBIYHCIUTH KOMITOHEH-
Thl OWMKBaTEPHHUOHHOM AaHAIUTUYECKOH (yHKIMM OHKBATEpHHOHHOTO aprymenra. B
Ka4eCTBE MCXOJIHBIX JTAHHBIX HCIIONB3YIOTCS apaMeTpHl fo, fo, do, de. TlapameTpsl fy, fo 11st
Pa3IUYHBIX aHATUTUYECKUX (DYHKIUI comepkarcs B MpriIoxkeHuu 9.1, mapameTpsl dy, ds —
B IIPWJIOKEHUU 9.2.

4.4. PaznoxxeHue OMKBATEPHUOHA 110 3aJaHHOH OCH

PaccmoTpuM mpouM3BOIBHBIN OMKBAaTEpPHUOH A W TMPOU3BOJBHYIO OCh B TPEXMEPHOM
IIPOCTPAHCTBE, 3aJaHHYI0 €IUHUYHBIM BUHTOM E ¢ nyanbHbIMM KOMIOHEHTamu £ = e; +
w-e°1; By = e, + w-e%; E3 = ez + w-e°3. Pazymeercs,

2 2 2 . —
e +e, +te;=1; e-€° +e,-e% +e,-e,=0. (4.75)

BI/IKBaTepHI/IOH A MOJKHO OpeACTaBUTh B BUAC CYMMBI JIBYX KBATCPHHUOHOB:

A=Ac+An, (4.76)
MEPBBINA U3 KOTOPBIX KOAKCUAJICH 33JaHHOM OCH U BhIpaxkaeTcst popMyIoit
Ac:[AO,El-A®,E2-A®,E3-A®], (4.77)
rie
A, =E -A+E,-A+E, -4, (4.78)
a BTOpOM (4MCTO BUHTOBOM) HOPMAJIEH EMY:
An=A-Ac. (4.79)
MOo’KHO HCTIONB30BaTh TAKXKE JIETKO MPOBEpsieMble OMKBATEPHUOHHBIE ()OPMYIIBI:
Ac:w; An:w. (4.80)

4.5. IlpousBoanbie AyaabHbIX QyHKINI OMKBAaTePHHOHA
bynem paccmarpuBarh Takue JyasibHble (DYHKIMM OMKBAaTEpHHOHHOTO aprymenra Q:
dual(Q) — nyanbHas yacTs GukBatepHuoHa; |Q| — HOpMa GukBaTepHHOHA; |Q| — MOIYIb

oukBaTepHHOHa; (QQ) — MOIYJIb BUHTOBOM dYacTh OWKBaTepHHOHA. HemocpencTBeHHOM
MTPOBEPKOI MOXKHO yOETUTHCS B TOM, YTO BCE OTH (DYHKIIHH SBJISIOTCS aHATUTHICCKAMHU.

Bo mHOTrMX 3amadax Bo3HHKaeT HEOOXOIUMOCTh UM PEepeHIMPOBATh AyaabHYIO (PYHKITHIO
OMKBATEPHUOHHOTO apryMeHTa Mo OMKBATEPHUOHY (TOYHEE, M0 KOMIIOHEHTaM OWKBaTep-
HUOHA). Pesymprar Takoro muddepeHmupoBaHus MOXKET OBITh MPEACTaBICH B ¢dopme
oukBarepauona. Eciu F(Q) = F(Qo; O1; O2; O3) — ayanbHas GyHKIMS OMKBATEPHUOHHOTO
aprymenta Q, TO MPOW3BOAHYIO OT 3TOM (GyHKIMH 1O aprymeHty Q Oyaem mosaraTh
OMKBATEPHUOHOM CO CIEAYIOIUIMMU KOMIIOHEHTAaMHU:

OF(Q)_| 0F(00:0::01:0s) 0F(01:0::0:30;) OF (05:01:05:0:) 0F (01:0:0:50;) 481
Q 0, e o o @
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[Tpu Takom mpencraBiieHnH MOMHBIA qudPepeHnran gyanabHol GyHKIMH OMKBATEPHUOHA
MO’KHO BBIYUCIIATH IO (popmyIe:

dF (Q)= dual(%g)oﬁj, (4.82)

rae dQ = dq + ©-dq°— muddepenman OUKBaTepHUOHA.
Onyckass BBIKIAIKW, TpuUBeAeM (QOPMYINBI s TPOU3BOIHBIX TIEPEUMCIICHHBIX BBIIIC
IyanbHBIX (QYHKIMI OMKBaTepHUOHA.

1. TIpou3BoHast OT AyaabHOM YacTH OMKBaTEPHHOHA:
0
——dual =1, 4.
20 Q) (4.83)

rie I — ToxecTBeHHbI OMKBAaTEPHHUOH.
2. IlpousBoiHast OT HOPMbI OMKBaTEpHHOHA

0
—lel=2-Q. 4.84
Q (4.84)
3. IIponsBogHas OT MOIyJIs 6HKBaTepHI/IOHaZ
|Q| 4.85
3] s
4. IlpousBoaHas OT MOAYJsl BUHTOBOM 4acTH:
_<Q> _Q-Q (4.86)
Q 2:Q)
[Tpon3BoHas OT AyaiabHON 4acTH MPOU3BEIEHUS KBATEPHUOHOB!
0 = 0 —
—dual(PcQ)=P; —dual(P-Q)=P. .
20 (PoQ) 20 (P-Q) (4.87)

4.6. OnpenesieHue NPOM3BOJHOI0 OMKBATEPHUOHA 10 MOMEHTHOM YaCcTH

[Tycts F(Q) = flq) + ©:f °(q, q°) — AyanbHast aHaTUTHYECKast PYHKIMS OMKBATEPHUOHHOTO
aprymenta Q = q + ®-q°. [lokaxxeM, 4TO TPOU3BOAHYIO ATOM (YHKIIMH MOKHO OIpejie-
JIUTh, 3HAS JIUITL MOMEHTHYIO YacTh GyHKIMU mom F(Q) = 1 °(q, q°).

N3BecTHO, UTO IPOU3BOAHYIO AyadbHOM aHAIMTHUYECKOW (PYHKIIMU TyaJIbHOTO apryMeHTa
MOKHO OTpPEAETUTh IO MOMEHTHOU 4YacTH 3TOM QyHKIuH. [[eficTBUTENbHO, U3 (HOPMYIIBI
(3.12) cnmemyer, 4TO TPOM3BOIHYIO IyalbHOM aHANUTHYECKOH ¢GyHKmmu F=f + ©-g
IyaJlbHOTO apryMeHTa 4 = a + ®-a°® MOXHO TOJIYYUTh 10 hopMyJIe:

F
L. (4.88)
0A 8a 6a

U3 ycnoBus ananutuynoctH (3.13) cinenyert:
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o _og
O0a 0Oa®
[Toaromy Oyner chpaBemMBON QopMmysia, HCIOJB3YIOMIAs JIMITE MOMEHTHYIO YacTh
byHKIIUN

(4.89)

OF _08 , 5.8

il © , 4.90
04 0Oa® Oa (4.90)
KOTOpasi JIETKO TpaHchopMHUpyeTcst B GOpMYITy Jisi ONKBAaTEPHHUOHHOTO apTyMEHTA:
oF of° of°
0Q oq° oq
[TpoBepuM paboTy 3TOH GopMyIBI Ha IpUMEpPe HOPMBI OMKBaTepHUOHA (4.84):
Q=45 +4i +4; + 45 +2-®(qy4°% +4,°4° + 4,4 +45-4%) - (4.92)
MoMeHTHas: 4acTh HOPMbI OMKBaTepHUOHA!
mom|Q[=2-(g,-9°% +4¢,-9° + 4, 4%, +45-9°). (4.93)
Huddepenumponanue mo ¢popmysie (4.91) npuBoIUT K BEpHOMY PE3yJIbTATY:
M:Z[ +®-q°,; +®-q°; +®-q°,; +®- °]=2-Q 4.94
20 Ao +®-q4%; ¢+T-q%; ¢+ q%; ¢;+T-q° : (4.94)

4.7. BukBaTepHHOHHOE NpeCTABJIeHUE MOJI0KEeHHS] TBEPAOIro TeJsa

OcHOBHOE TIpe/THA3HAYCHUE TyaJbHBIX OMKBATEPHHOHOB — 3TO MareMaTmuyeckas (opmy-
JUPOBKA U pEIlIeHHE 3a7a4 MEXaHUKU Heae(hopMHpyeMoro TBEpPAOro Tella B TPEXMEPHOM
MMPOCTPAHCTBC. BI/IKBaTepHI/IOHI)I IMOMOTaroT OIPECACIIATh U CKIAAbIBAThL NCPEMCIIICHUA TCIIA,
BBHITIOJHATH MIPEeoOpa3oBaHue KOOPIUHAT, OMUCHIBATH CKOPOCTh JIBMKECHHS Tella, MPHUBO-
JUTh K CTaHAAPTHOMY BHJAY CUCTEMY CWJI, JEUCTBYIOIIMX Ha Teyo. YacTe 3THX 3amad
peliaeTcs MpH MOMOIIM BUHTOB. B pazgene 3.6 omucaHbl BHHT HCTHHHOTO 3WJIEpOBa
NepeMEIEeHUs] TBEPAOIrO TeJa, ONMPEENIAIOIINN MepeMEIICHUE WIN MOJ0XKEHHE TBEPIOTO
Tela B NPOCTPAHCTBE, KMHEMATHYECKUW BUHT, OMPEAENSIONUN CKOPOCTh JBHMKEHUS
TBEPJIOTO TeJa, U CUJIOBOM BHUHT, MPEACTABISAIONUN JI000€ CHUIIOBOE BO3JCHCTBHUE Ha
TBEpAOE TEJO B BUJE BUHTA. DTH K€ 3a7aUd PEHIAOTCS U MPHU MOMOIIY OUKBATEPHUOHOB,
[IpUYEM, KaKJOMY YIIOMSHYTOMY BBIIIE€ BUHTY COOTBETCTBYET YMCTO BUHTOBOW OMKBaTep-
HUOH C HYJIEBOI TyallbHOM 4acThIO, TOCTPOSHHBINM HA OCHOBE 3TOTO BUHTA.

CylecTBeHHBI Iporpecc B PELICHUM 3ajjad MEXaHUKH HeAeQOpMHUPYEMOro TBEpIOTO
TeNa B TPEXMEPHOM IPOCTPAHCTBE CBsI3aH C COOCTBEHHBIM OMKBAaTEPHHMOHOM KOHEYHOTO
NepEMEILEHUs, ABISIOIIMMCS SKCIIOHEHIUANbHON (DyHKIMEeH OMKBaTepHHMOHA WCTHHHOTO
sitnepoBa nepeMenieHus: TBepaoro tena. CoOCTBeHHBIH OMKBATEPHUOH B M3SIIHON (opme
MO3BOJISIET CKJIAIbIBATh KOHEUHbIE MIEPEMEILLICHHS TBEPIOT0 Tejla U BBIOJIHATH peodpaso-
BaHUE KOOpAMHAT IPH MEPEXOie OT HEMoABMKHON (0a30BOM) CHUCTEMBbI K MOJBHXKHOM
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(cBsi3aHHOM) cucteme M HaoOopoT. [Ipobiemam, KOTOpbie MOTYT OBITH pa3pelieHbl Mpu
IIOMOIIIHU 3TOT'O 6HKBaTepHI/IOHa, MOCBALICH 3TOT pa3aciI.

4.7.1. Cob6cmeennblil HOPMUPOBGAHHBII OUKEAMEPHUOH KOHEYHO20 NepeMeUu|eHU

B cootBetrcTBUU cO BTOpO# dopmynupoBkoit Teopemsbl [lans (cm. pasgen 3.6.1) Beskoe
KOHEYHOE IMEepeMeIIeHrne CBOOOJHOTO TBEPJOrO TEJIa MOKET ObITh OCYHIECTBICHO OJHUM
BUHTOBBIM INEPEMEIICHHUEM, TO €CTh MOBOPOTOM Tejla Ha HEKOTOPBIN Yrojl OTHOCUTEIBHO
OCH, Ha3bIBa€MOH OCBHIO KOHEYHOTO0 BHHTOBOTO TIEpEMEIEHHs, M OJHOBPEMEHHBIM
MOCTyNaTeNbHBIM NEPEMEIICHUEM Tella BJOJIb 3TON OCH.

Kax 6bu10 mokazano B pazzene 3.6.2, KOHEUHOE IepeMenieHrne CB0OOOIHOTO TBEPAOTO Tena
MOET OBIThb MpPEJICTaBIEHO BHUHTOM MCTHHHOTO 3ifyepoBa mepemenienus ¥ wimm oxHo-
MMEHHBIM YHCTO BUHTOBBIM OMKBAaTEPHUOHOM. OH MOXET OBbITh MPECTABIIEH CIEAYIOLIIM
obpa3zom:

Y=-0FE O=¢+w¢°, (4.95)

rne E — eqMHUYHBIN BUHT OCH BUHTOBOTO nepeMenienusi, @ — ayanbHblid yrojl HOBOpOTa
TeJa, IpU4eM (¢ — OOBIYHBIN YTOJI IOBOPOTA TeJla BOKPYT OCH BUHTA, (0° — MMOCTYMATEIbHOE
nepeMeleHne Tenaa Baob 3Toi ocu. Ha ocHoBanuu npuniuna nepenecenus: KorenbHuko-
Ba-llItyau oOuryro ¢opmyny uis COOCTBEHHOTO HOPMHPOBAaHHOIO OWKBATEpPHUOHA
KOHEYHOT'O TIepEeMEIIEHHSI MOKHO MPEJICTABUTH CIEAYIOUIHM 00pa3oM:

A=l+m‘l°=l-cos%+E-sin%, (4.96)
rae I — ToxxnectBeHHsli OukBaTeparoH; E u @ — te ke, uto u B hopmyne (4.95).
I1=[;0;0;0]; E=[0;e+wm-e;e,+w-e°;e,+m %], (4.97)

T7e ey, ez, e3, €°1, €%, €°3 — IUTIOKKEPOBBI KOOPAMHATHI €IMHUYHOTO BEKTOPA OCH BUHTOBO-
ro nepemenieHus. [lokoMIOHEeHTHO OMKBAaTEpPHUOH A BBIpa)kaeTcs Tak:

Ao =cos§; A =e -sin% i=1,2,3); (4.98)
Ay = —(L-sing; A° =g -(L-cos9+e°,. sin 2 (i=123). (4.99)
2 2 2 2 2

Kommonentsr A; ( i = 0, 1, 2, 3) ryiaBHOH 4acTh A OWKBaTepHUOHA A XapaKTEPU3YIOT
KOHEYHBIN MOBOPOT TBEPAOrO Tena, a KOMIOHeHTh A°; (i = 0, 1, 2, 3) ero MOMEHTHOI
YacTH — MOCTYMAaTeJIbHOE NIEPEMEIICHHE TEea.

[TpuBenem 3Ha4YeHHS HEKOTOPBIX CKAJSPHBIX KOHCTAHT, XapaKTEPH3YIOIIUX ATOT OMKBa-
TEPHUOH:

_1 TAl=0: __9 2. _P g ®
A|=1 [A]=0; [A] = S cte; [A], 5 ctes (4.100)
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CoOCTBEeHHBINT OWKBAaTEPHHOH WIpacT BaXXHYIO pOJb B MPeoOpa3oBaHUM KOOPIUHAT
T€OMETPHUYECKUX OOBEKTOB NPU TEPEXO0J]ie OT HEMOABMKHON CHCTEMBbI KoopauHAaT X K
MOABMKHOW cucteMe koopauHaT Y (CBSI3aHHOW C TEJIOM) M HAO0OpOT, a TaKXKe P
CJIOKCHHH TIePEeMEIIEHUI CBOOOIHOTO TBEPIOTO Tea.

CoOCTBEHHBIIT HOPMHUPOBAHHBIM OMKBATEPHHOH KOHEYHOTO IEPEMEIICHUs PAaBEH IOJIO-
BUHHOMY 5SKCIIOHCHIIMAIILHOMY OWKBATEPHHOHY OT YHCTO BHHTOBOTO OHMKBAaTEpHHOHA
(BMHTA) UICTUHHOTO 3ilsiepoBa nepemernieHus (3.144):

A:}.-i-m-).":exp%. (4.101)

Oopammasice k popmynam (9.86) u (9.87), u yunuTsiBas TO, UTO B COOTBETCTBUU C (hopMyII0ii
(3.149) cobmrogaroTcst CleayONUe COOTHOIICHHUS:

\I]O:O;\Iloozo;wl:(pel;wol:(peol_'_(po.el;w.:(p (121’2’3)’ (4'102)

IMOCJIC TOACTAaHOBKHU IMOJTYYHUM:

kz{cosg;el-sing;ez-sing;%-sing} (4.103)
2 2 2 2

o

9 .9 Q9 9 Q99 IR Q
A°=| ——-sin—;e°-sin—+¢-—-cos—;e°,-sin— + e,- —-cos—; e°,-sin— + ¢,-—- cos— | .(4.104
{ 2 27 T 277 27772 P2 2}( )

OTH AaHHBIC TIOJIHOCTHIO COOTBETCTBYIOT dopmynam (4.98) u (4.99), uro moaTBepx aacT
cripaBeAnuBOCTh popmysl (4.101).

4.7.2. Onpedenenue KOMNOHEHM OB COOCMEEHHO20 HOPMUPOBAHHO20 OUKBAMEPHUOHA
O OAHHBIM 0 nepemeujeHul Mmeepooco mena

@opmyner (4.98) u (4.99) MO3BONSAIOT TOCTPOUTH COOCTBEHHBIM KBAaTEPHUOH, €CIU
nepeMeleHue 3a1aH0 eAMHUYHBIM BUHTOM, YIJIOM IIOBOPOTa TBEPJIOTO TeJla U CMEIIEHUEM
Tena BAOJh OCH BHHTA. PaccMOTpUM, KaKk MOXKHO BBIYUCIUTH KOMIIOHEHTHI 3TOTO OWKBa-
TEpPHHOHA, €CITU TIepeMEIIeHHE TBEPIOTo Tella 3aJaHO HHAYe.

1. ITycTh HampaBiieHHE OCH OMPEEIAETCS TaK XK€, KaK U B MPEABIAYIIEM Clydae, KOOPIH-
HaTaMH €MHUYHOTO BEKTOpA €|, €2, €3, a TIOJIOKEHHUE €€ B MPOCTPAHCTBE — KOOPAUHATAMU
TOYKH, JICKAIICH Ha OCH:

p=[0,p,. P, P5]- (4.105)

31ech U Janee BEKTOPHI 3alMCHIBAIOTCS KaK KBATEPHUOHBI, C TEM, YTOOBI MOKHO OBLIO
IIPUMEHATH K HUM KBATEPHUOHHBIE ONEPALUU.

B stom ciyuae €°1, €%, €°3 MOKHO ONpeIeTUTh TakK:
o __ . o __ . o __
€, =6:P,=€,'P3; €,=€° P36 P, €5;=6P—€°P, (4-106)

U C YYETOM 3TOTO, B3aMeH (4.99), moryunuts Gopmyy:
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__%O.Sing |
20 = %O'el~cosg+(ez'pz_e2'p3)'smg 4.107
- %O.ez.cosg“el'pf%'pl)'sm% (4.107)

_%0.63 -cos%Jr(ez Pre .p2)~sin§_

2. HyCTB OChb BHHTA 3d/laHa AYAJIbHBIMU YyTJIaMH, KOTOPBIC OHa 06pa3yeT C OCAMH HCIIO-
JIBIDKHOM CHCTEMBI KOOpJAUHAT:

L=y, +ov% (=123, (4.108)

TJIe ¥; — YTOJI MEXK/Iy OChbIO BUHTA M i-il OChIO KOOPIMHATHON CHUCTEMBI; Y°; — PacCTOSHHE
MEX/1y OChIO BUHTA U i-i OCbI0 KOOPAMHATHOM cUCTEMBI (CM. paznen 3.6.2).

B sTOM ciyyae KOMIIOHEHTHI KBATEPHHOHOB A M A° onpeAenstoTcs popmynamu:

Ao = cosg; A, =cosy, ~sin§ (i=1,2,3); (4.109)

P .9 ) .9 . ,
A%, =———-sin—; A° =-—-cos—-cosy,—v° -sin—-siny, (i=1,2,3). 4.110
0 2 2 i 2 2 YI YI 2 Yz ( ) ( )

3. B cootBercTBUM ¢ TiepBoii hopmyupoBKkoit TeopeMsl Illans (cm. pasgen 3.6.1) Besikoe
KOHEYHOE MepeMeIIeHrne CBOOOIHOTO TBEPIOTO Tella MOXKET OBITh MOJIyYEHO B PE3yJIbTaTe
MOCTYNATEIILHOTO TIEPEMEIICHUS TeJIa BMECTE C IPOU3BOJIBHO BBIOPAHHBIM TIOJTIOCOM U
MOBOPOTA Tejla BOKPYT HEKOTOPOM OCH, MPOXOSAIIEH uepe3 3TOT motoc. [lomaraem, 4ro
MMOJIFOC HAXOAUTCA B Ha4aJIC CUCTEMBI KOOPAHWHAT Y, U B HAaYaAJILHBEIII MOMEHT TBEPAOC TCIIO
PAcCIIOJIOKEHO TaK, YTO KOOPJIUHATHBIC CHCTeMbl X M Y COBIAJAIOT, a 3aTE€M TEJIO CMella-
I0T ¥ MTOBOPAYUBAIOT, MOCTIE YeTO KOOPAMHATHAsE CUCTeMa Y 3aHMMAaeT CBOE OKOHYATEIhb-
HOE TIOJIOXKCHHUE.

B pa6ore [60] mokazaHo, 4T0 OMKBATEPHUOH A MOXKET OBITh NPE/ICTABIICH B BUJIE:

A:k+w-k°:ko(i+w-zok°):ko(i+w-§]:koexp(w-§j (4.111)
WM B BUJIE:
A:k+m-k°:(i+w-k°oX)ok:(i+w-X7rjokzexp(w-%}k, (4.112)

rac i— TO)I(I[GCTBCHHHﬁ KBaTE€PHUOH; yI' U xI' — KOMIIOHCHTEI paanyca-BEKTOpa I, IPOBEC-
JACHHOT'O M3 Hadajla CUCTEMbI KOOpAWHAT X B HaYau0 CHUCTEMBI KOoOpAuHatT Y, npeacraBs-
JICHHBIC B CUCTCMAX KOOpAUHAT Y u X.
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OTO JaeT BO3MOXKHOCTh TOCTPOWTH COOCTBEHHBIM HOPMHUPOBAHHBIN OWKBAaTEPHHOH

KOHCYHOT'O BUHTOBOI'O NCPEMCUICHUA A, CCJIN 3TO MECPEMCHICHUC 3aJaHO KOMIIOHCHTaMU
BEKTOpa UCTUHHOTO SHJIEPOBA MTOBOPOTA

v =[0,v,,v,,y,] (4.113)

U KOMITIOHCHTAMHU BGKTOpa CMCIHICHUA B HGHOI[BI/DKHOI\/JI CUCTCMC KOOpI[I/IHaT
I =[0, xhs x5y x5 ] (4.114)

3aMeTHM, 4TO B 9TOM Cllydae crpaBeuiuBa GopmyJia:
+@-yY°
A:exp%:exp(m.%joexp%’ (4115)

a KOMIIOHEHTBhI COOCTBEHHOTO HOPMHMPOBAHHOTO OMKBaTepHHOHA A BbIpaxarorcs Gopmy-
JTaMu:

kozcos%; kj:%-sin% (j=12,3); (4.116)
__Wl'xlﬁ+W2<')(>rz+W3'xr3.SinL |
v
XI’I'COSL+W3.X”2_W2.XIE~Sin%
roi 1 v,
o=alok_ L S , (4.117)
XFZ-COSL+W1 x5V xh G Ve
v,
XI’3~COSL+W2'XFI_W1.XF2-SinL
L V. J

rac

V. =YL AWy (4.118)

Jy1g 5TOrO0 GUKBAaTEPHUOHA

|A|:1, I_A—IZO, |_A_|.:\'V1 xh +\|]22.~\T/r2 +\V3 x5 Ctg% (4119)

Ecnu ke BEKTOp CMEIIECHMS 3aJa€TCsl B YK€ MOBEPHYTOM KOOpIMHATHON cucteMe Y, TO
crpaBeIMBON OyaeT popmyna:

A=exp‘l’++'w=exp%oexp(w~y7r), (4.120)

a popMyIIbI 1T MOMEHTHOHM YacTH COOCTBEHHOTO OMKBAaTepHHOHA OyIyT TAKOBBI:
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_WI'Y’/'1+W2'YF2+W3'YF3‘SinL
W.
r_COSL_\Vs'er_\Vz'Y’%_SinL
hoyr 1|70 2 v,
2° = . :5_ ) (4.121)
er.COSL_Wl vh — V3 Y”l,sinL
v,
Y}%_COSL_Wz'Y”l_\W'Y”z.SinL
i 2 v. ]
B sToMm cityuae
|A|:1; IrA‘l:(); IVA—|.:W1.Y’/1+W22.\‘YIF2+W3Y%'Ctg%- (4'122)

4.7.3. Onpedenenue 0aHHbIX 0 nepeMeuieHuU meepoozo mena yepe3 KOMHOHEHNbl
COOCMEEHH020 OUK6AMEPHUOHA

PaccMoTpuM, Kak BBIpaKaroTCs MapaMeTpbl BUHTA KOHEYHOTO TMEPEMEIICHUS: TUTIOKKEPO-
BBl KOOPJIMHATHI OCH BUHTA e€j, €3, €3, €°1, €°), €°3, Yroji MoBOpOoTa TBEPJOTO Teiaa ¢ U
JUHEIHOEe MepeMelleHrne Tejla BJIOJIb OCH BUHTA (° uepe3 KOMIIOHEHTHI COOCTBEHHOIO
OMKBaTEepHUOHA, MIpecTaBIeHHOTO B Bujae (4.96). Bocnonb3oBasmuck popmynamu (4.16)
JUTS apTYMEHTa KBaTEPHUOHA, B TAHHOM CITydae MOJTyduM:

A%, _9_ o+ Q°

ArgA =Argh—-ow-— _—
g g n, 2 2 (4.123)
OTKYJla CJICTyeT:
@=2-Argh=2-arccosh,+4-1-n; (p°:—2-7;L°, (4.124)
/i€ 11 — JI000€ 1IeJI0e YHCIIO.
[T1rOKKEepOBBI KOOPIUHATHI OCH BUHTA BRIPAXKAIOTCS POpMyIIaMu:
A, A Ay A RS, .
e=—; e, =—-+——. i=123). .
Y o ( ) (4.125)

s monmydeHust JAPYTUX JaHHBIX, XapaKTEPH3YIOMIMX IIEPEMEIICHUE TBEPJOro Tea,
paccMOTPUM HECKOJIBKO (hopM MpenacTaBiieHuss HHGOpMAu O COOCTBEHHOM HOPMHUPO-
BaHHOM OWKBATEPHUOHE ITOTO MIEPEMEIICHUSI.

B mepByro ouepenb, OTMETHM JBE (OPMBI, YXKE HCIOJIH30BaHHBIC HAMHU, KOTOPBIC TIPE/I-
ctaBienbl ¢popmynamu (4.111) u (4.112). YuuteiBast ¢popmynsl (2.236) u (2.238), cBs3bI-
BalolllMe KBATEPHUOH (BEKTOpP) MCTUHHOIO 3iiepoBa nosopota Y = [0, i, Y2, ys3] ¢ ero
MOJIOBUHHBIM IKCTIOHEHIIMATBHBIM KBATEPHUOHOM, 3TH (DOPMYIIBI MOKHO 3aITUCaTh TaK:
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A:k+m-k°:exp(%]oexp(m-§); A:k+m-k°:exp(w-x7rjoexp(%J. (4.126)

Hanomuum, 4to B 3THX opMysax yr U xI' — OTOOpaXeHus1 pajinyca-BeKTopa r, IpoBe/IeH-
HOT'O M3 Hayajla CUCTEMbI KOOpAMHAT X B HaYaJlo CUCTeMbI KoopauHat Y, B 6asucax Y u X
COOTBETCTBEHHO.

®opmyiibl (4.126) cBA3BIBAIOT /ABa U3BECTHBIX KBaTEpPHUOHA A U-A° (Beb OMKBAaTepHHOH A

3aJlaH) C ABYMsI MCKOMBIMH KBaTE€pHHOHaMHM W U r. PopMyibl AJ1 HUX ONpEACIICHUs
TaKOBBI:

w=2-Lnk; ,r=2-Aok®; ,r=2-1%A. (4.127)

Jlorapudm KBaTepHHOHA A MOXKHO BBIUUCIUTH MO (opmynam (9.13), KoTopbie MpUMEHU-
TEJIFHO K HaIIEMYy CIIy4aro MPpHoOpPeTaroT CIe Ty O BUL:

Aoa A A :
,k_l_gjx_Z.e,f-e ; O=arg(A,+i-A)+2-m-n, (4.128)

Lni= 1n|k

rjae i — MHAMAas CAWHUIA, 7 — IPOU3BOJILHOC LICJIOC YHCIIO.

W3 sToro crnemyer, 4To yroj, Ha KOTOPBIA HAaJ0 MOBEPHYTH TENO, YTOOBI IEPEMECTHTH €T0
U3 Ha4aJbHOTO B KOHEYHOE IOJIOKEHHE, ONpenenseTcs HeoaHo3HayHo. 1 310 ecrecTBeH-
HO, TIOCKOJIbKY ITOBOPOT Te€Jla Ha Yrojl 2:m BOKPYT (UKCHUPOBAHHOM OCH HE H3MEHSET
noJjioxkeHus Tena. JlyanbHas dacTh KBaTepHMOHa Ln|A| Oyner paBHOU HYJIIIO, MMOCKOJBKY
MO/IyJTb TJIaBHOHM 4aCTH HOPMUPOBAHHOTO OMKBAaTEPHUOHA PABCH CANHHUIIC.

Jlis BeKTOpa CMEIEHUs I pa3BepHyTble (POPMYJIbl BBITEKAIOT U3 MpaBUia YMHOXKEHUS
KBAaTEPHUOHOB U UMEIOT CJIECIYIOLIUNA BUI:

Mg A%y + A A2, + Ay A%, + AR, Ry A%y + A A, + Ay A%, + AR,

o SR A+ A A%+ Ay RO, — AL A°, N SR AC, A A% = A RS, + ALAC, w129
hy RO = Ay RS, Ay RO, + A A, SRy RO+ Ay RS, Ay RO, — A AC,
Ay A% Ay A = A A°, + A RS, Ay A% = Ay RO, A RO, + A AC,

CkanspHasi 4yacTh KBaTEepHHOHOB M1 r OyJIeT paBHOM HYIIO, MOCKOJIbKY WHBApUAHT
HOPMHPOBAHHOTO OMKBAaTEpPHHUOHA PaBEH HYJIIO.

Hpyras ¢opMa mpeacTaBlieHuss COOCTBEHHOTO OMKBaTepHUOHA A TIPH IOMOIIH YIBOSHHO-
O ero JiorapupMa IPUBOJUT K BUHTY UCTHHHOTO JHJIEPOBA MEPEMEIICHUS:

Y=2LnA=y+w y°. (4.130)
[IpencraBum O6ukBatepanoH ¥ B ciemyromem BUe:
Y=(i+o-*y)oy; *y=yoy . (4.131)

Torga kBaTepHUOH *\ Oy/IET BHIJISAETh MOKOMIIOHEHTHO CJIETYIONIMM 00pa3oM:
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W W W, W, syl

1 (PR VA AR T
= — R : (4.132)

v, Vs W =V Yy

v, '\Voz -V, '\Vol

['eomeTprueCcKuil CMBICI 3TOW (POPMYIIBI CTAHOBHUTCS MMOHATHBIM, €CJIH 00paTHTHCS K Pop-
mynam (3.25) u (3.29). Torna hopmyity (4.132) MOKHO 3amucaTh B TAKUX 0003HAYCHUSX:

w=[[Y]: P PPy (4.133)

TO €CTh, CKaJsIpHAs YacThb KBAaTEpPHUOHA *\WY TpeacTaBiseT coOoil mapameTp BHMHTa, a
BEKTOPHAsl 4YaCTh — KOMIIOHEHTHI paJlyca-BEKTOpa p TOUKH, Jiexkallel Ha ocu BUHTA. [Ipu
3TOM PaJUyC-BEKTOP MEPHEHIUKYISIpeH ocu BuHTa. OCh BUHTA U YroJl IOBOPOTA Ompeie-
JISIFOTCS TJIABHBIM KBaTEPHUOHOM V.

4.7.4. Cnoocenue KOHeuHbIX nepemeneHuil

Ilo ananorum C mpaBWIaMM CIIOKEHHSI KOHEYHBIX MOBOPOTOB, M3JIOKEHHBIMU B PA3LEIe
2.8.4, nyanbHble OMKBATEPHUOHBI MO3BOJISAIOT COPMYIHUPOBATH MpaBUIIA AJS CIOKEHHS
KOHEYHBIX [TepEMEIICHUN.

ITycte TBepmoe TEJIO OCYMIECTBHIIO KOHEYHOE IIEPEMEILEHUE, KOTOPOMY COOTBETCTBYET
COOCTBEHHBIM HOPMHUPOBaHHBIM OMKBaTepHHOH Al, a 3aTeM KOHEUHOe NepeMelleHue, Ko-
TOPOMY COOTBETCTBYET COOCTBEHHBIN HOpMHpOBaHHBIA OnkBaTepHHOH A2. Ecnu kommo-
HEHTBI ATUX OMKBAaTEPHHOHOB 3a/laHbl B OJHOM M TOH K€ CUCTeME KOOpJAuHAaT (1Jis ompe-
JIENIEHHOCTH, B HEMOABHKHOU cucteMe X), TO, B COOTBETCTBHHU C IPUHIIMIIOM ITEPEHECEHHUS
KotenpaukoBa-1lITyu, coOCTBEHHBIII HOPMHPOBAHHBIA OWMKBATEPHUOH, COOTBETCTBYIO-
IUH Pe3yIbTUPYIOIIEMY MTEPEMEIIEHUI0, MOXKET ObITh OJIY4eH Mo (opMmyJie:

(A= A2 Al (4.134)

KoMInoHeHThI pe3ynbTUpYIOIEero OMKBAaTEpHHOHA OYyIyT IMOJIy4EHbI B TOM XKe cHucTeMe
KoopauHAT. JI0Ka3aTeabCTBO CIPABEJTUBOCTH IMPUBEACHHOTO MpaBHjia MOXKHO HAlTH B
pabote [60].

OTO MpaBWIO NO HHAYKIHMH PAaCHpOCTPAHSAETCS Ha JI000€ YHCIIO IOCIIEAI0BATENBHO
BBINOJIHEHHBIX MIEpPEMEIECHU.

A= Anc..o A20 Al. (4.135)

3aMeTHM, 9YTO COMHOXKHTEIH B 3TOW (pOpMyJie CIIeAYIOT B TOPSIKE CIIPaBa HAJICBO.
WHorna ObiBaeT ym0OHO TPEACTaBIATh OMKBATEPHUOHBI B TOABIKHOW CHCTEME KOODP.IH-
HaT. B aTom cnyuae BMecTo hopmysl (4.135) cnenyet monb30BaThes (OPMYIION:

A =yAlo A20...0 An. (4.136)

Mo:xHO qepeaoBaThb NCPEeMCUICHUA, IPEACTABIICHHBIC TO B HGHOI[BI/I)KHOI\/'I, TO B IIOABUXK-
HOIl cucTeMme KOOpAUHAT. B stom cjIydac, IO aHaJIOTUU C IpaBUIOM JIS1 CIIOKCHUSA
MMOBOPOTOB, COCTABJICHUEC BBIPAXKCHUA IJIA PE3YJIbTUPYIOMICTO NMCPEMCUICHUA HAOO0 A€J1aThb,
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MIPUTIUCHIBAS KaXABIA TIOCIEAYIONIMI OWKBAaTEPHHOH CJIeBa OT YK€ COCTABJICHHOTO
BBIPaXXCHUSI, €CJIU OH MPEJCTABICH B HEMOABUKHOM CHUCTEME KOOpJIWHAT, U CHpaBa OT
BBIp)XCHUS, €CJIM OH TPENICTABIICH B MOJBIKHON cHcTeMe KoopawHat. Hampumep, ecnu
MOCJIeI0BATENbHO BBIMONHSIOTCA niepemettienust yAl, yA2, xA3, yA4, xAS, xA6, npaBuib-
HBbIM OyJIeT BBIpa)KEHUE:

<A = A60 (A50 A30 Alo A20 A4, (4.137)

Ecnu pesynpTaT monmkeH ObITh MPEACTaBICH B MOJBUWKHOW CHUCTEME KOOpIUHAT, OMKBa-
TEPHUOHBI COCTABJIAIOIINX TEPEMEIICHUN paconaraoTcs B 00paTHOM HOpSAKe:

A= Alo A20..0 An; (4.138)

yA=,Ano..o A20 Al. (4.139)

[IpuBeeHHbIE 3aBUCMMOCTH MOXHO paclucaTh W B KBaTepHuoHax. Jlns mpumepa,
pacniuiieM ¢popmyiy (4.134) uepes riiaBHbIe 1 MOMEHTHbIE KBATCPHUOHBI:

A= A+® (A% (A= Ao Al; (A°= (A20 (A1°+ (A2°0 (A1, (4.140)

VYuurbiBas TO, YTO Ha ocHOBaHUU (GopMynbl (4.101) coOcTBEHHBI HOPMHMPOBAHHBIN

OMKBAaTEpHUOH A CBSI3aH C YHUCTO BHUHTOBBIM OMKBAaTEPHHMOHOM HCTHHHOTO »3illepoBa
nepemenieHus: ¥ COOTHOIICHUSMU:

Azexp%; ¥Y=2-LnA, (4.141)

cymma W IByX MMOCIIEIOBATEIILHO BBITOJIHEHHBIX HCTUHHBIX dHIIEPOBBIX nepemerieanid ‘¥l
u W2 B npuBs3KEe K HEMOABIKHOW CHCTEME KOOPAMHAT MOKET OBITh BBIYHCIICHA CIIETYIO-
M 00paszom:

Y2 Y1
X‘I’:2~Ln(expx2 oepr2 j (4.142)

Ora ¢popMyIia MOKET OBITH 0000IICHA U Ha OOJIBIIIEE YUCIIO CIIAaracMbIX.

¥n Y2 Y1
X‘I’=2-Ln(exp"2 o...oepr2 oepr2 j (4.143)

4.7.5. Ilpeobpazoeanue koopounam

PaccMoTpuM mIpOM3BOJIBHBIN BUHT, JIEKAIUMN HA NPSIMOM, CBA3AHHOW C TBEPIBIM TEJIOM.
Teno (BMecTe ¢ BUHTOM) MEPEMECTHIIOCH TaK, YTO 3TOMY IMEPEMEIICHUI0 COOTBETCTBYET
HOPMHUPOBAHHBIN TyanbHbIN kBaTepHUOH A. HauansHoe monokeHne CBI3aHHOTO BUHTA (10
MepeMeIeHus] TBEPAOTo Tena) o0o3HaunM yepe3 R0, a koHeuHoe (Tocie mepeMeNIeHus) —
yepe3 R1. IIpsMoyrosbHbie qyanbHble KOOpAUHATHI BUHTA RO B HEMOABUXKHOW KOOPAM-
HaTHOU cucteme X ob6o3Hauum uepe3 X0;, X0,, X0s;, a koopauHaTel BuHTa R1, TOXE B
HEMOJIBMKHON KoopauHaTHOM cucteme X, — uepe3 X1, X1,, X13. IlycTh 3T KoOpIHHATHI
OTIPEEIISIOT YHCTO BUHTOBBIC OMKBATCPHUOHBI:
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«RO=[0, X0, X0,, X0,]; R1=[0, X1, X1,, XL]. (4.144)
PaCCManI/IBaeMBIe 6I/IKBaTepHI/IOHBI CBA3aHbI 3aBUCHUMOCTAMMU:
(RI=Ao ROoA; RO=Ao,RIcA, (4.145)

rne A — OMKBAaTEPHUOH, CONPSKEHHBIN ¢ OMKBATEPHUOHOM A.

Ora (opmyia onpenenseT KOHEUHOE MEepeEMELICHHE BUHTA B MPOCTPAHCTBE U CBA3BIBACT
JlyaJIbHbIE OPTOIOHAJIBHBIE IIPOCKIUU BUHTA 10 NEPEMELICHUS U MIOCIIE IIEPEMEIIECHUs Ha
OCH OJIHOM M TOM K€ CUCTEMBI KOOpAUHAT X.

PaccmoTpuM Tenepp CBA3b QyallbHBIX OPTOTOHAJIBHBIX NPOEKIUN HEM3MEHHOro BUHTA R
Ha OCH CHUCTEMBI KOOpAMHAT X U CUCTEMBI KOOpAMHAT Y, IOIy4aeMON U3 X BUHTOBBIM
KOHEUYHBIM IIE€pEMEICHUEM, 3a/1aBa€MbIM HOPMHPOBAHHBIM AyaJIbHbIM KBATEPHUOHOM A.
Hcnons3ys npunnun nepenecenuss KorenpHukoBa-1lITyn n n3BeCcTHYI0 KBaTEPHHUOHHYIO

dopmyity, noayuum, yto otobpakeHus xR u yR BuHTa R CcBsi3aHbl OMKBAaTEpPHUOHHBIMU
COOTHOILIEHUSIMHU:

(R=Ao ,RoA; R=Ao,RoA. (4.146)

4.8. KunemaTtu4eckue ypaBHeHHs

AHQJIOTMYHO M3JI0)KEHHOMY B paszzaene 2.10, paccMoTpuM 3agady O JIBMKEHUU TBEPJIOTO
Tela B TPEXMEPHOM IPOCTPAHCTBE. byneM moJIb30BaTbCA HEMOABMIKHOW CHUCTEMOM
KOOpAUHAT X C KOOPJAUHATHBIMU OCSMH X|, X2, X3 U TIOJBIXKHOM cucTeMoi koopauHat Y (?)
C KOOPAMHATHBIME OcsMH V1(£), Va(?), v3(f), COETMHEHHOM ¢ TEJIOM U SBISIOMIEHCS QDyHKIU-
eil Bpemenu f. byaem nomnarate, 4TO MOJIOKEHHUE 3TOTO Tena sBseTcs GyHKIMEe BpeMeHH
t m ompenensieTcss AyanbHbIM OukBaTepHHOHOM W(f). DTO TOT OMKBATEPHUOH, KOTOPHBIHA
MepeMeniacT HEMOABIKHYIO CHUCTEMY KOOpPAMHAT X JO COBMAJCHHUS C TOJABUKHOU
cuctemMoii koopauHaT Y(f) B pe3ysibTaTe OJAHOTO KOHEYHOTO BHUHTOBOTO IEpPEMEIICHUSI.
['eomeTpruyecKuii CMBICIT 3TOTO OMKBAaTEPHUOHA MTOIPOOHO OMHUCaH B paszeine 3.6.2.

bukBatepunony ¥(#) cooTBETCTBYET MOJIOBUHHBIN IKCIIOHEHIIMATIbHBIN OMKBATEPHUOH, OH
e COOCTBEHHBI OMKBATEPHUOH 3TOTO TIEPEMEIIICHHS:

A(f) = exp——. (4.147)

buxBaTepunon A(f) Takxe MOXET ObITh MCIOJNb30BaH BMecTO OukBaTepHuoHa W (f) mis
omnpeaeseHus MOJ0KEHUsI TBEPAOTO Tea B nmpocTpaHcTBe. B paznene 4.7.1 nokaszaHo, 4To
B cllydae, korja oukBaTtepHuoH W(f) SBISETCS YMCTO BUHTOBBIM, COOCTBEHHBIN OMKBaTEp-
HUOH A(f) sIBIsieTCS HOPMHUPOBAHHBIM, TO €CTh, UMEET €AUHUYHYIO HOPMY U TapameTp
paBHBIN HYJIO. 3aMETHM, YTO KOMITIOHEHTHI OukBarepHHOHOB A(f) n W(f) onMHAKOBBHI B
HenoIBKHOM X U moaBrxkHOU Y(f) cuctemMax KOOpauHaT.

[Tycth TBepaoe Telno IBMXKETCS TaK, YTO B MOMEHT BPEMEHHU !/ OHO HMEET CKOPOCTb,
BBIPXAEMYI0 BUHTOBOM YaCThIO TyaJbHOTO OMKBATEpHUOHA

Q)=o)+ -0°(). (4.148)
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I'eomeTpuyeckuii cMbIC KOMIIOHEHTOB BUHTOBOW 4acTH OMKBAaTEpHHUOHA: ®(f) — BEKTOP
yIJIO0BOM CKOPOCTH Teja, HANMpPaBIECHHBIA MO OCH BUHTA, M°(f) — MOMEHT 3TOT0 BEKTOpa
OTHOCHUTCJIbHO HavdaJla KOOpAWHAT. Teno ABUIKCTCA TaK, 4TO, BpallassCb BOKPYTI' OCH BUHTA
C YIJIOBOM CKOPOCTBIO (f), OHO TIepeMelIaeTcs BIOJIb TOH OCH € JIMHEHHOM CKOPOCTHIO

o, (1) 0° (1) +0,(1) 0°, (1) + 0;(1) - ©°

Jr (1) + 02 (1) + 02 (1)

Ecnu xommoHeHThl OuKBaTepHUOHA C)(f) MpEACTaBIEHBI B MOABWXHON (COEIMHEHHOH C
TEJIOM) CHUCTEME KOOpPAMHAT, BO3MOXXHA M Jpyras TeoMeTpuyecKas HHTepIpeTanus
KOMIIOHEHTOB 3TOr0 OMKBaTEPHUOHA: y()®(f) — BEKTOP yIJIOBOM CKOPOCTH TeJa B MOJBHIK-
HOW CHCTEME KOOPIUHAT; y(®°(f) — BEKTOP JIMHEHHOW CKOPOCTU Hayajla HNOJBUKHOM
CUCTEMbI KOOPAMHAT B MOJIBUKHOM CHCTEME KOOPIHUHAT.

v(t) = () _ [Q(1)], (@) (4.149)

3amada 3aKio4yaeTcs B COCTaBlIeHUH JU((EepeHINAIBHOTO YPaBHEHUS Ui ONpPEACTICHHS
ouxBatepHuoHa A(f) wunm OuxBatepHuoHa W(f) mo OukBarepHuony €X(7). Ilpumenss
npuHImn nepenecenus KorenbHukosa-lltynu k kuHemarndeckuM aud@epeHuanbHbIM
YpaBHEHHUSM JIBFDKCHHSI TBEPJOTO Tejla C OJHOW HEMOJBIKHON Toukoi (2.294), (2.296) u
(2.297), Mmoxkem 3amucaTth KuHeMaTH4eckoe nuddepeHransHoe YpaBHEHHE s Onpe/e-
JIeHUsI COOCTBEHHOTO OMKBaTepHUOHA A(7):

A'()= % A(®), (4.150)

KOTOpOE CHpaBeJIMBO JJs CIIy4aeB, KOTJa BCE BXOJIIME B HEro OMKBATEPHUOHBI
MIPEACTABJICHBI B OJTHOM M TOW ke cucTeme kKoopauHat. Ecnm ke kBatepHuoH €X(¢) mpe-
CTaBJIEH CBOMMHU KOMIIOHEHTaMU B MOJBI)KHOM cHcTeMe KOOpAuHAT, a auddepeHuuan
COOCTBEHHOTO OMKBAaTepHHOHA — B HETMOABIDKHOMU, M depeHnnaibpHoe ypaBHEHHE OyIeT
HECKOJIbKO MHBIM:

Y(t)g(t)
5
Ha ocHoBanmm mnpunHnuna nepeHecenus KorenbHukoBa-llITynn Kk KuHEMaTHYECKHM
middepeHIMaIbHbBIM YPAaBHEHUSM JIBUKCHUSI TBEPJOrO Tela C OJHOM HENMOJBM)KHOM
toukoit (2.310), MoxeM 3amucaTh KHHeMaTtnudeckoe auddepeHnaIbHoe ypaBHEHUE
ABHUKCHUSA CBOGOIIHOFO TBCPAOTO TCJIa I ONPCACIICHUSA 6I/IKBaTepHI/IOHa HUCTHUHHOTI'O
sineposa nepemenieHus W(¢):

xA'(O)=A(t)° (4.151)

.0 nr;(t) cexp YO

(1) = Qe(t) + T T, (tz) : (4.152)
exp -sin

2 2

rae Qc(f) — koakcuanbHas u Qn(f) — HopManabHasi COCTaBIsIONME OMKBaTepHUOHA (2(f) 1O
oTHoOIIeHHUIO K ocu OukBarepauoHa W(r), W(¢) — nyansHas gactb u W.(¢) — TyallbHBIA yroa
oukBarepanona W(z).
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Ecnm OukBaTEepHHOH YTJIOBOW CKOPOCTH 3aJaH B TOABMKHOM CHCTEME KOOpIWHAT, a
npousBogHas W'(#) — B HENMOABMKHON, KHHEMAaTUYECKOE YPAaBHEHUE UMEET BU/L:

Y() . Y(I)Qn(t)

‘I”(t):Qc(t)-i-\P.(t).exp 2 2 (4.153)
X Y, . Y. '
eXp—5 = sin —

3ametuM, uTo KkBaTepHUOHBI W(7) 1 Q2¢(7) KOUTMHEAPHBI U UMEIOT OJIMHAKOBbIE KOMIIOHEH-
Thl KaK B HEMOJABMXKHOM, TaKk M B IOABMXKHOW cucTeMax KoopauHaT. [loaTtomy B ux
0003HaUEHHSIX OTCYTCTBYIOT JIEBbIE HU)KHUE MHJICKCHI.

Huddepenumansaoe ypasuenue (4.153) MoxKHO 3anucaTh MO-MHOMY:

T(t) © Y(t)g(t) B Y(t)g(t) © T(t)

, Y. (¢ Y. (¢
Y'(t)=Qc(t)+ @) -ctg @) . Y(I)Qn(t)jt , (4.154)
2 2 4
a TaKk)Ke MOKOMITOHEHTHO:
v, 0 0
, Q.- F Y VY Q-.,Q,-F v |E -, Q. —FE - .Q
X‘I’(l‘):Y ® 1+ ‘-ctg o | YRUIT YR 1+ R 37Y 2’(4.155)
YQ®'E2 2 2 YQZ_YQ®'E2 2 E3'YQ1_E1'Y93
YQ®'E3 YQ3_YQ® E3 El'Ygz_Ez YQ]
rae £y, £, E 3 onpeaenstorcs GopMynou:
v
E=—- (i=12,3),
=y ( ) (4.156)
a ko3 unment yQg caeayonmm o0pa3oMm:
vQe = E - yQ + B -y Q, + B Q. (4.157)

B kauectBe W, MoxHO puHATH ('), BEIYHCIIIEMOE B COOTBETCTBUU C popmylioit (4.14).

B dopmynax (4.155) — (4.157) dbyHKUIMOHATBHAS 3aBUCIMOCTh BEITMYHH OT BPEMEHHU ¢ IS
KPaTKOCTH ITUChMa HE yKa3aHa.

4.9. Ucnosp30BaHue OMKBATEPHUOHOB 001IIer0 BUIA

B mpenpiaymumx pasgenax ObUTH UCTIOIB30BAaHBI BA OCHOBHBIX OMKBAaTEpPHHOHA: OMKBa-
TEPHHOH WCTUHHOTO 3iiyiepoBa nepemenienus ¥ = y + @-y° u coOCTBEeHHbIN OMKBAaTEPHU-
OH KOHEYHOro nepemenieHuss A = A + ©-A°. bukBarepuuon ¥, 3a uckmoueHuem Qopmyn
(4.152)—(4.157), 6bU1 ynCTO BUHTOBBIM. JlyalibHas 4acTh 3TOT0 OMKBATEPHUOHA — HYJIEBAsI:

¥, =0+w-0. (4.158)
bukBarepunon A ObUT HOPMHUPOBAHHBIM, TO €CTh HOPMa ATOT0 KBATEPHUOHA — STUHUIIA:
IAll=1+w-0. (4.159)

B pa3BepHyTOM BHJE 3TO yCIOBHE TAKOBO:
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A2AN R 4RZ =1 Ay A% 4, A% + A, A%, + A, A%, =0. (4.160)

Ecnu OWKBaTEpHHOH MCTUHHOTO SIJIEpOBa MEPEMEIICHUS JTOTIOJHUTh HEHYJICBOH Tyallb-
HOU 4acCThIO:

Y=y, +@-y°, (4.161)

TO OCHOBHBIC (HE3HAUHTEIBHO MOAM(PHUIMPOBAHHBIE) (GOPMYNBI IS CYMMHPOBAHHS
nepeMelleHuil 1 npeodpazoBaHusl KOOPJAMHAT OyAyT AaBaTh NpPaBUIIbHbBIE PE3yJIbTaThl HE
TOJIBKO JJIS pacCMaTPUBAEMBIX BUHTOB, HO W Ul JTyallbHBIX YacTeil OWKBATEPHUOHOB,
KOTOPBIM HaJ0 MPUAATh COOTBETCTBYIOIINN F€OMETPUUECKUN CMBICI.

3mech HaXOAATCS TMOAJIEMEHTHhIE (opMmysbl, Oasupylompecss Ha OMKBAaTEPHHOHHBIX
dbopMyIax, rae HCXOIHBIMH JaHHBIMU sBIsIOTCS E, Wo 1 W.:

®opmyiia B OUKBaTEpHUOHAX:
Y=1I-¥Y,+E-VY,. (4.162)
[TosnemenTHas popmyna:
Yo=y,+o-y°; Y, =y, -¢+w-(y° ¢+y,-€) (=123). (4.163)

®opmyia a1 cOOCTBEHHOTO OMKBATEPHUOHA:

¥ v v
A=exp—2.| I-cos—=+E-sin—= |. 4.164
P ( 2 2) ( )

[TosnemenTHas popmyna:

Aozexpﬂ- coste i | Lo cos e Yo gin ¥ ),
2 2 2 2 2 2

(4.165)

o [¢]
A, :expﬁ- e, sinLe 4 - e e cosEe y e, -M+e°i sinL= |L(i=1,2,3).
2 2 2 2 2
Monayns U apryMeHT COOCTBEHHOTO HEHOPMHPOBAHHOTO OWKBATEPHHOHA A B ITHX XKe
IIEPEMEHHBIX BBIPAXKAIOTCS TaK:
o

|A|:epr- l+m- Yo ; argA=L+w-w >,
2 2 2 2

(4.166)

4.9.1. Cnoorcenue KOHeuHbIX nepemenjeHul

[Tycte TpeOyercs ompenenuTh OWMKBATEPHHOH HMCTUHHOTO diiepoBa mepemenieHus ‘P,
KOTOpOE SIBJISIETCS  PE3yJbTaTOM TIOCIEIOBATEIHHOTO BBHITIOJHCHUS TIEPEMEIICHHM,
MPEICTaBISEMBIX YHCTO BUHTOBBIMU OukBarepHuoHamMu W1 u W2. OObryHast MeToauKa
3aKJIIOYAETCSl B TOM, UTO JUIsl HUCXOHBIX TIEPEMEIICHUIN CTPOSITCS COOCTBEHHBIE (ITOJIOBHH-
HBIEC SKCIIOHEHIIHANbHBIE) OMKBATEPHUOHBI:

Alzexp%; A2:exp¥, (4.167)
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Ha 0a3e KOTOPBIX BBIYHMCIIAETCS COOCTBEHHBIN OMKBATEPHUOH PE3YJIbTUPYIOLIErO IepemMe-
LICHUS:

A=A20Al, (4.168)

a Mo 3TOMY OMKBAaTEPHUOHY BBIUUCIISICTCS OMKBAaTEPHHOH PE3YJIbTUPYIOLIETO MCTUHHOTO
SlIepOBa MEPEMEIICHUS:

¥=2-LnA. (4.169)

Ha ocHOBaHuMM 3TOH METOAMKHM MOYKHO 3alucaTh €IUHYI0 (DOpMyIly sl CIIOKEHMS
VUCTUHHBIX DUJIEPOBBIX MEPEMEILICHUN:

‘P:Z.Ln(exp ‘I;ZOexp%). (4.170)

Ananuzupys gpopmyisl (9.86) u (9.87), 3ameuaem, 4TO U3 YMUCTO BUHTOBBIX OMKBATEPHHUO-
HoB W1 1 W2 no ¢opmynam (4.167) nonydaroTcst HOpMUpPOBaHHbIE OUKBaTepHUOHBI Al 1
A2, no dopmyne (4.168) momydaercss HOPpMUPOBAHHBI OMKBAaTEepPHHOH A ¢ €IMHUYHOMN
HOPMOH, MOCKOJIBKY TPU MEPEMHOKEHIH OMKBATEPHHOHOB MX HOPMBI TIEPEMHOXKAIOTCS, a
o gopmyie (4.169) nonydaercs 4MCTO BUHTOBOW OMKBATEPHHUOH, UTO ClIeyeT U3 Gpopmyn
(9.81).

Ecnu BMecTo uncTo BUHTOBBIX OnkBaTepHHOHOB W1 11 W2, ncnons3o0BaTh OMKBAaTEPHUOHEI
C TEMU )K€ BUHTaMH, HO C HEHYJIEBOH JlyallbHOM 4acTblO, TOCTPOEHHBIE 110 (popMyiam:

Y1=1-¥Y1,+E1-¥1,; ¥Y2=I1-W2,+E2-¥Y2,, (4.171)

TO, BOCHOJNB30BaBIIUCE (Qopmynamu (4.167)—(4.169), mnomydum pe3yIbTUPYIOIIUN
OMKBAaTEpHUOH BUJA:
Y=1-¥Y,+E-Y¥,, (4.172)

nyajbHas 4acTh KOTOPOro OyneT paBHa cyMMe IyaibHbIX dacTeil OukBarepHnoHoB W1 u
¥2:

Y, =Y1,+¥Y2; wvy,=vwl,+y2; y° =wyl° +y2°. (4.173)

Urto kacaercs coOcTBeHHBIX OMKBaTepHHOHOB Al, A2 u A, BeuuCHsIEMBIX MO GopMyIam
(4.167) u (4.168), To UX Bep30pbl HE MEHSIOTCS, & MOJYJIM CTAHOBSITCS COOTBETCTBEHHO
TaKAMH:

Y1, Y2, Y1, Y2,
exp 5 ; exp ; exp -exp .

4.174
2 2 2 ( )

4.9.2. Ilpeoopazoeanue koopounam

Ecnu teno, k KOTOpoMy NpUCOEAMHEHA MOABUYKHAS CHUCTEMA KOOpAUHAT Y, B UCXOJIHOM
COCTOSSHUM DACIONOXKHUTh TaK, YTOOBI MOABI)KHAs CHCTEMa KOOPJIMHAT COBMaaaia C
HETOJIBM)KHOM CHCTEMOM KOOpAHMHAT X, a 3aT€M MPUIATh TEIy BHUHTOBOE MEPEMEUICHHUE,
omnuchbiBaeMoe OuKBaTepHUOHOM W, TO MBI MOJyYHMM HOBOE TMOJIOKEHHE TOABMKHON
cucTeMbl KoopauHaT Y. 3aaaua 3aKI09aeTcs B TOM, YTOObI, 3Hass KOMIIOHEHThI OUKBaTep-
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HuoHa ¥, BBIPa3uTh KOMIIOHEHTH BUHTA WJIM OWKBaTEpHHOHA yR, CBsSI3aHHBIE C MOJABHX-
HOM CHCTeMOU KOOpJIUHAT, uepe3 KOMIIOHEHTHI BUHTA WM OMKBaTepHUOHA xR, cBsI3aHHbBIE
C HEMOJBH>KHOM CUCTEMOW KOOPJMHAT.

®opmyibl (4.146) MO3BOJISIIOT PEMIMTH ATY 3a7ady, €CIU U3BECTEH COOCTBEHHBINM HOPMH-
POBaHHBIN OUKBAaTEpPHUOH A TIepeMeleHH s, OMIChIBAEMOro OUKBaTepHUOHOM W'
yR=Ao RoA. (4.175)

bukBarepHHOH A ABISETCS MNOJOBUHHBIM 3KCIIOHEHLMAIbHBIM OT YHUCTO BHUHTOBOTO
OMKBaTepHMOHA UCTHHHOTO HilnepoBa nepemenieHus . Ecnu 6uxBatepHron ¥ He Oyner
YHCTO BHUHTOBBIM, TO BMECTO (hopMyiibl (4.175) HYKHO NMPUMEHSATH MOIU(PHUIIMPOBAHHYIO

opmyy:
yR=A"0 RoA. (4.176)
CrnpaBesIuBOCTh 3TOM (hOPMYJIbl HHTYUTHBHO MOHSATHA, TOCKOJIBKY HECAMHUYHBIC MOYJIN

6uKBaTepHHOHOB A 1 A~ B 9T0if POPMYJIe B3ANMHO YHHUTOXKAIOTCS, M ACHCTBOBATH OYIyT
TOJIEKO Bep30pbl OnkBaTepHUOHOB. ClipaBeiinBa U o0patHas (opMyia:

«R=Ao RoA™. (4.177)

HenocpeacTBeHHON MPOBEPKO MOKHO YOEIUTHCS B TOM, UTO JQyalibHAsl 4acTh OWKBaTEp-
HroHa R nipu mpeoOpa3oBaHUAX KOOPIUHAT OCTAETCSI HEM3MEHHOM.
4.9.3. @opmynvl 0na 6eKmopa nepemeuieHus

@opMyIbl 711 BEKTOPA ¥, COCIUHAIOIET0 Hayal0 HEMOABUKHON CUCTEMBI KOOpAUHAT X ¢
Hay4ajoM MOJBHUKHON CUCTEMbI KOOPAUHAT Y, xI' U yI IIPHU UCIOJIb30BAaHUN OMKBAaTEPHHO-
HOB 00111eT0 BUAA:

F=2-A%4"  r=2-1"0A°, (4.178)

B KBaTEPHUOHHOM 3amucu ocTaloTcs 6e3 u3MeHeHus. B mepeMeHHBIX, BRIPaKEHHBIX uepe3
KOMITOHEHTbI OWKBaTEpPHHUOHA HCTUHHOTO »SijepoBa mnepemenieHuss ¥, stu dopmymsl
BBITJIAJAT TAK:

— IS HETIOIBMYKHOM CHCTEMBI KOOPIUHAT:
— o .
xHh =V s

xhi = Yo +e° siny, +(e,-e% —e-e) (I-cosy,);

: 4.179
xh =6 -y°, +e, -siny, +(e-e° —e-e°) - (I-cosy,); ( )
xhh =€ Yo, +el siny, +(e €%, —e,-e%)-(1-cosy,);

— 7151 IOJIBUKHOW CUCTEMBI KOOPAMHAT:
v =V
yhi=e Yy, +e° siny, —(e '623 —e;-e°,) - (1—cosy,); (4.180)

yh =6 Yo +e°, siny, —(e;-e° —e-e)-(1-cosy,);

vh=6-y°, +e° -siny, —(e -e° —e,-e°) - (1-cosy,).



5. Cepuueckasi reomeTpust

5.1. CucremMbl KOOPAUHAT

OpnHoli u3 o0nacTeil MPUIOKEHHS] KBATEPHUOHOB SIBIsSIETCS cepuueckas TeoMeTpus.
CBs13b KBATEPHUOHOB C TpexMepHOM chepoit Obuta ycranoBieHa ['amuinbroHoM. OHa onu-
caHa B pazzene 2.7. 31ech ke OyayT pacCMOTPEHbI pa3IHyHble MPAKTUYECKHE 3aauu ce-
pUYECKON T€OMETPUH U MIOKa3aHO, KaK UX MOYKHO PEIIUTh PU MOMOUIN KBATEPHUOHOB.
PaccmoTpuM crcTteMbl KOOPAMHAT, KOTOPBIMH OyJeM MOJIb30BaThCs B JaybHeneM. Jlis
OTpesieNieHUs] TIOJIOKEHUsI TOYeK Ha cdepe NpUMEeHseTcss reorpaduyueckas cHUcTeMa,
cocrosiliasi U3 JIByX YIVIOBBIX KoopnauHaT. IlepBasi u3 HuX — ponrora, obo3Hauaemas
rpeuyeckoii OykBoi y. OHa u3Mensiercs B npezenax — < y < 7. [lonoxuTenpbHON cunTaeTcs
BOCTOYHas Joyrota. Bropas koopauHarta — mmpoTa, o0o3HadaeMast Tpedeckoi OykBoii 0.
Ona m3MmeHnsercss B npenenax —m/2 < 0 < w/2. [lodoKUTETbHON CUYMTACTCS CeBEpHas
HIUPOTA.

Puc. 5.1. IIpoekuus Mepkatopa

Ha npoexuun Mepkaropa (puc. 5.1) 3Tu koopanHaThl 00pa3yOT MPUBBIYHYIO IUIOCKYIO
KoopAuHaTHYyI0 cuctemy. [IpaBna, /Ui coOofieHus CBONWCTBA PaBHOYTOJIBHOCTH KapThl,
OpAMHATA JOJDKHA IMETh HEPAaBHOMEPHYIO IIKATY, BBIPAXKAIOIIYIOCS (POPMYIIOi:
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L Lm0 (5.1)
2 1-sin®

B  kauecTtBe  HemoaBWXKHOU  Oynem
UCIIONB30BaTh  JEKApTOBY  CUCTEMY
KOOpAMHAT X|, X2, X3, HA4aJO KOTOPOH
HaxoauTcs B 1eHTpe cdepbl. Och X3
POXOJIUT Yepe3 Havyaso reorpaduyeckon
cuctembl koopauHat (y = 0; 6 = 0), och x,
— 4Yepe3 CEBEpHbI TMOJII0C, OCh X
HanpaBlieHa MEPHEHAUKYJIIPHO K ATUM
OCSIM M TIPOXOJAMT 4Yepe3 TOUYKY C Treorpa-
dbuyeckuMH KoopauHaTtamu Y = 1/2; 0 = 0
(puc. 5.2).

B  kauecTBe NOABMKHOH  CHCTEMBI
KOOPJIMHAT, CBS3aHHOM C KOHKPETHOMN
TOYKOM MOBEPXHOCTH cCQephl, BbIOEpeM
JEKapTOBY CUCTEMY KOOPJIMHAT, HAYaJO0 KOTOPOW HAXOAMTCS B TOUKE C TeorpapuuecKuMu
KOOp/AMHATaMH Y, 0; ocb 3 sSIBIII€TCS] BHEIIHEH HOPMaJIblO K cdepe B 3TOM TOUKe, OCh }y —
HaIlpaBJICHA Ha CEBEp, a OCb )| — Ha BOCTOK. Takas cucTreMa OIpenesieHa Ul KaKI0u
TOUKU cdeppl, Kpome MotocoB. OOpaTHO, OpUEHTalUsl B IMPOCTPAHCTBE AEKApTOBOM
CHCTEMBI KOOPIMHAT OJIHO3HAYHO OTPENEsIeT TOUKY C(hepbl.

n®) =

Puc. 5.2. Cuctemsl KoopaIuHAT

5.2. @opmyJibl Iepexoaa 0T OAHOM CHCTEMBbI KOOPAMHAT K APYTroH

PaccmoTpuM, Kak MoOBepHyTa MOABMXKHAsE CHCTEMa KOOPIMHAT Vi, )2, 3 OTHOCHUTEJIBHO
HENOJIBUKHOU CUCTEMBI KOOPJUHAT X1, X2, X3.

CoBMecTuM BHavasle NOJABUKHYIO CUCTEMY KOOPJIMHAT (110 OPUEHTALIMN) C HETIOABM)KHOM.
3areM NOBEpPHEM IOJBUKHYIO CHUCTEMY OTHOCUTEIBHO OCH X; Ha yroa — 0, a 3atem
OTHOCHUTENIBHO OCH X3 — Ha yroia Y (puc. 5.2). Ilocne sToro noaBuxkHasi cucrema 3aiimMer
MOJIOKEHHE, COOTBETCTBYIOIIEE TOUKE C reorpauuecKuMu KOOpJUHATaMH ¥; O.

[lepBblii MOBOPOT COOTBETCTBYET KBATEPHUOHY UCTUHHOTO 3iiiepoBa noBopota 0 = [0, — 0,
0, 0], a BTOpo# MOBOPOT — KBATEPHHUOHY MCTUHHOTO 3ijepoBa nosoporta y = [0, 0, y, 0].
[Tepeitnem Kk SKCITOHEHTAM MOJIOBUHHBIX TOBOPOTOB:

0 0 . 0 } Y { Yoy }
exp—=|cos—,—sin—,0,0|; exp—=|cos—,0,sin—,0 . 52
P3 { 2 P2 2 2 (5-2)

[TonOBUHHBIA HKCHOHEHIMAIbHBIN KBaTEPHHOH CYMMAapHOIO IOBOPOTa MOXET ObITh
BBIYHCIICH 110 opMyIIe:
Y 0 0 .0 . 0 . . 0
q=exp—ocexp—= cosl-cos—, —cosl-sm—, s1n1-cos—, sin~-sin~ |. (5.3)
2 2 2 2 2 2 2 2 2 2
3Has KBaTEPHUOH (|, MOXHO JII0OOW KBAaTEPHUOH yP, 33JaHHBIM B MOJBHXHOH CHCTEME
KOOp/MHAT, IPEJCTaBUTh B HEMOJIBUKHOHN CUCTEME KOOPAMHAT U HA0OOPOT 1o (popMyiam:
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P=deypeq’; p=qoypeoq. (5.4)

Tak eMHUYHBIA BEKTOP, HAIIPABICHHBIN B CTOPOHY Hapy>KHOW HOpMaiu c(hepsl B TOUKE C
reorpauecKuMH KOOpJMHATaMu ¥; 0, B HEMOABMKHOW CUCTEME KOOPIUHAT UMEET TaKue
KOMITOHEHTHI:

xP=4q°[0,0,0,1]cq™" =[0, siny-cos 6, sin 6, cosy-cosO]. (5.5)

[TycTs B HEMOJABMKHOM CUCTEME KOOPJIMHAT IMPU MOMOIIM HANPAaBISAIOIIUX KOCUHYCOB C,
¢, €3 3aJlaHO HEKOoTopoe HampasieHue. Hano ompenenuts reorpaduueckie KOOPAUHATHI
TOYKH, B KOTOPOH 3TO HAIIPaBJICHUE NPOTHIKAET chepy.

U3 popmymsl (5.5) cnenyert, 4To:
¢, =siny-cos0; c,=sin0; c, =cosy-cos0, (5.6)
OTKyAa:
0 =arcsinc,; y=arg(c,+i-c), (5.7
rae [ — MHUMAasl CAUHHUIA.

5.3. Paccrosinus MexX1y TOUKaMH Ha cepe

[Tycte TpeOyeTcst HallTH Ha OBEPXHOCTH cephl KpaTyaiilliee pacCTOSTHUE MEXIY IBYMs
TOYKaMHU C KOOpAWHATaMHu Yi; O; u y2; 0. PaccMoTpum, Kak 3TO MOXKHO CAelaTh IMpH
MIOMOUIY KBaTEPHUOHOB.

B HenonBmwkHON cucTeMe KOOpAMHAT, B COOTBETCTBUU ¢ (hopmyioit (5.5), HanpaBieHus Ha
3T TOYKU MOTYT OBITh MPEACTaBICHB HOPMHUPOBAHHBIMU KBaTEPHUOHAMHU-BEKTOPAMHU:

c1=[0,siny-cos6,,sinb,, cosy-cosH,|; €2 =[0,siny, cosb,,sinb,, cosy, cosh,]. (5.8)

N3BecTHO (cM. mpuioxeHue 9.3.5), 4TO MOJOBUHHBIN 3KCIIOHEHLMANbHBIH KBaTEPHHUOH,
OCYULIECTBIIIOIMN MOBOPOT MOJBHKHOTO Teja MO KpaTyaillemy IIyTH TakK, 4YTOObI
HarpaBieHue ¢l coBnano ¢ HarpaBlIE€HUEM €2, UMEET CIIeTyIOIUI B

p= lte, o [l=q <. e o 1z | (5.9)
27wV 2 @V 2 @\ 2

sin 0, -sin0, +cos 0, -cos O, -cos(y, —v,)

rac

— | cos6,-sinB, —sin 0, -cos O, -cos(y, —7,)
c= _cloyc2= ) . (5.10)
—co0s0,-cos0, -sin(y, —v,)
sin©, -cos 0, -sin(y, —v,)
KpaTuaiinee paccrosHue MeXIy 3aJaHHBIMH TOYKAMH MOXKET OBITh BBIUHCICHO Yepes3
MOJIOBUHHBIN yTOJI TOBOPOTA 0 (hopmysie:

L=2-R-argp=2-R-arg[p, +i-(p)], (5.11)

rne R —paauyc cdepsl; i — MHUMAas €IUHULIA.
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N3 ctpykrypsl hopmynsl (5.9) cnenyer, 4to
I+c¢, I-c¢,
= ; = 5.12
Po = 5 ) > (5.12)
a u3 popmyusl (5.10) BugHO:
¢, =sin0, -sin0, +cos O, -cos O, -cos(y, —v,) - (5.13)
HenocpencrBeHHol NpoBepKOil MOKHO YOEAUTHCS B TOM, YTO:
¢, =1—2-(sin2%+cosel-cosez-sinz%) (5.14)
[ToncraBnss (5.14) B (5.12), nonyuum:
Do =\/cos2%—cosG1 -c0s 0, -sin’ %; (5.15)
(p =\/sin2%+cos 0,-cos0, ~sin2%. (5.16)

®dopmysia A ONpeNesIeHUs] PAacCTOSHUS MEXIy TOoukaMHM Ha cdepe, Hambosiee 4acTo

BCTPEYAIOLIasCcs B JIUTEpATypeE:

L = R-arccos[sin 8, -sin 6, +cos 6, -cos 6, -cos(y, —7,)],

(5.17)

IJI0XO OOYCIIOBJICHA MPHU OINPEACICHUN PACCTOSHUNA MEXTy OJIM3JICKAMUMU TOYKAMH U
MEX]ly aHTUIIOJAaMH, a MMO3TOMY MPUBOAUT K morpermHocTsM. @opmyier (5.11), (5.15) u

(5.16) cBOOOIHBI OT 3TOT0O HENOCTATKA U PEKOMEHIYIOTCS] K IPUMEHEHHUIO.

5.4. Yrabl mexay 00JbIIMMH OKPY:KHOCTSMH Ha cdepe

321)13‘18_ COCTOUT B OINPCACICHUUN YIJla MCKAY IIOJIOKUTCIIbHBIMU HAIIPAaBJICHUAIMU OBYX

OpPUEHTUPOBAHHBIX OOJIBIINX OKPY’KHOCTEN B TOUKE UX MEPECEUCHUSI.

Puc. 5.3. Merons! 3aganusi 0onbIION Puc. 5.4. Yron mexny 6oibIIMMU
OKPYKHOCTH OKPYKHOCTSIMU
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PaccmorpuMm Tpu MeTona 3amaHus OPUEHTUPOBAHHOM OOJIBIION OKPYXKHOCTH Ha cdepe
(puc. 5.3). B HenmoaBMWKHOW CHUCTEME KOOPAUHAT OOJBIIYI0 OKPYKHOCTh Ha cdepe U ee
OpUEHTAlMI0 YJOOHO 3aJaBaTh HANPABJISAIONIMMH KOCHHYCaMHU BEKTOpa, HOPMAaJIbHOTO
MJIOCKOCTH 3TON OKPYXHOCTH Ci, €2, ¢3. OpUEHTALUsI STOM OKPY>KHOCTU ONPEEISeTCs 10
npaBuily OypaBuMKa. ITO U €CTh MEPBbIl METO/ 3aJJaHUSI UCXOJHBIX JAHHBIX 00 OKPYKHO-
CTH.

Bropoit meTon 3agaHusi OKPY>KHOCTH OTJIMYAETCA OT MEPBOTO TOJBKO TEM, YTO BMECTO
HAIPAaBISAIOIMX KOCUHYCOB 33Jal0T A0AroTy I' u mmpoty ® TOUKH, B KOTOPOM yHOMSIHY-
THIH BBIIIE HOPMAaJIbHBINA BEKTOP MEPECEKAET MOBEPXHOCTH C(PEpHI.

Tpetuit MeTon 3aJaHUSI OKPYKHOCTH COCTOHT B CIEAYIOLIEM. 3aqatoTcsi reorpaduyeckue
KOOPJMHATHI Y ¥ O TOYKH, Yepe3 KOTOPYIO MPOXOIUT OOJIbIIasi OKPYKHOCTh, U Teorpadu-
YECKHI a3uMyT \y HAIPABJICHHS MOJOKUTEILHOTO 00X0/1a OKPYKHOCTH. [ eorpaduueckuit
a3UMYT — 3TO YIOJ, OTCUUTHIBAEMBIH 110 YaCOBOM CTPENKE OT CEBEPHOIO HAMpPAaBICHUS 10
3aJIaHHOTO HAIpPaBJICHUs U IPUHUMAIOIINI 3HaYeHus oT 0 10 2-7.

3anaya, mocTaBlieHHAs B Ha4alie pasjena, MpOuLTIocTprupoBaHa Ha puc. 5.4. Tam nzobpa-
KEHbI 1B OOJIbIINE OKPYKHOCTU U BEKTOPHI €a U cb, HopMaibHbIE K ’TUM OKPYKHOCTSIM.
[TonoxxurenpbHOE HampaBlIeHUE 00X0/1a OKPYKHOCTEH MOKa3aHO CTPEIKaMH, PACIOIO0KEH-
HBIMM Ha OKPY)KHOCTSX. Kak BUIAHO M3 pUCYHKA, YTOJ O MEXKIY IOJOKUTEIbHBIMU
HamnpaBlIeHUsIMU 00X0Jla OKPYHOCTEH paBeH YIIIy MEXIy BEKTOpaMH, HOPMalbHBIMU
MJIOCKOCTSIM 3THX OKPY>KHOCTEH.

Jns ompeneneHus yriia MEXIy TIOJOKUATEIbHBIMU HAMpPABJICHUSMU 00X0/1a OOJBIINX
OKpPYKHOCTEH BBEJIEM B pACCMOTPEHHUE YUCTO BEKTOPHBIE KBATEPHUOHBI:

ca=[0;ca,ca,;ca]; cb=[0;ch,ch,;ch]. (5.18)

B coorBercTBUM ¢ popmynoii (2.33) npu YyMHOKEHUH YUCTO BEKTOPHBIX KBATEPHUOHOB
NOJy4yaeM KBaTEpHUOH, CKaJspHas 4acTb KOTOPOTO paBHA CKAJISPHOMY IMPOU3BEICHMIO
KBAaTEPHUOHOB-COMHOXXHTENIECH ¢ OOpaTHBIM 3HAKOM, a BEKTOPHAs 4acTh — BEKTOPHOMY
NPOM3BEACHUIO 3TUX KBAaTepHUOHOB. HeTpy1HO c000pa3uTh, 4TO KBATEPHUOH

ca,-chb, +ca, -cb, +ca, - cb,

ca, -cb, —ca, -cb,

c=cboca= (5.19)

ca, -cb, —ca, - cb,

ca, -cb, —ca, - cb,

COICPXKHUT B CBOEH CKAISIPHOM YAacCTH CKaJIIPHOE NPOM3BEAECHUE KBATEPHUOHOB-
COMHOXMUTENEH CO 3HAaKoM "+", a B BEKTOPHOH 4acTH — BEKTOPHOE IIPOU3BEAECHUE ITHUX
KBAaTEPHUOHOB: ca X cb. KOMIOHEHTHI 3TOro KBaT€pHUOHA MOTYT OBITh IPEACTABICHBI
TaKXe B CIEIYIOLIEM BH/IE:

¢ =] coso; —L-sin o ~2-sin o —--sin (5.20)
(c) (e) (©) '

VYroa Mexay MOJ0KUTEIbHBIMU HAIIPABJICHUSAMHU OOJBIINX OKPYXHOCTEH MOXHO OIpejie-
JUTH 10 (popMyJIe:
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o =arge=arg(c, +i-(c)). (5.21)

Takum o0pa3om, MOJYYEHO pEIIeHHE 3a7aud MpH HEepBOM METOAE 3aJaHUs HCXOJHBIX
naHHbIX. Ecimu ke MCXOQHBIE JaHHbIE NPEACTaBIEHbl 10 BTOPOMY METOIY, MOXHO
BOCIIONIb30BaThCs popmyinoit (5.6). Torna kBarepHHOHBI ca U ¢cb MOXXHO OyAeT BHIpa3UTh
dhopmynamu:

0 0
sin'a-cos®a b sin['b-cos®b s
ca= ; cb= ) , .
sin Oa sin ®b ( )
cosya-cos ®a cos'h-cos®b

rne 'a u Oa — reorpaduyeckre KOOPAUHATHI TOYKU JIJISI OKPYXKHOCTH a, I'b u ©Ob —
reorpagpuuecKue KOOPAMHATHI TOYKH JIJISI OKPYKHOCTH b.

Hanee Hano Bocnonb3oBatkes opmynamu (5.19)um (5.21).

Jlnist TOro, 9TOOBI MOTYYUTh (HOPMYJIIBI JJISi TPETHETO METO/Ia 33/IaHUSI HCXOIHBIX JTaHHBIX,
KOTJ1a OKPY>KHOCTH 3a/1aHbl reorpauueckiMU KOOpIMHATaMu U a3uMyTamH ya, 0a ya, vb,
0b yb, paccMOTpUM, KaK ONpPEACTUTh HAMIPABISAIONIME KOCUHYChI BEKTOpa, HOPMAJIBHOTO K
TUIOCKOCTH OKPYKHOCTH, TPOXOJAIIEH Yepe3 TOUYKY C reorpaduuecKuMu KOOpAMHATAMH
(yb; ©b), ecnu MONOXKUTENIBHOE HAIIpaBICHHE €€ 00XoJa UMeeT reorpaduyeckuil a3uMyT
yb.

B naHHOM cilyyae OKpY)KHOCTb, COJACp)KAIIyl0 MEPHIMAH, MPOXOAALIMN Yepe3 TOUKy C
KoopauHatamu (yb; 0b), OymemM accomMUpOBAaTh C KBATEPHUOHOM ca. JIerko BHIETh, YTO
3TOT KBaTEPHHOH NMEET KOMIOHEHTHI:

ca=[0; —cosyb; 0; sinyb]. (5.23)

OKpY’KHOCTb, JUIsl KOTOPOM MBI MILIEM HAIpPaBISAIOLIME KOCUHYCHI, Oy/IeM acCOLIMUPOBATH C
kBatepHuonom cb. Kak cnemyer u3 ¢opmynsr (5.20), pe3ynbTUpyOMUNA KBATEPHUOH €
MMeeT KOMIIOHEHTHI BUA:

C C C
¢ =| cosyb; —-sinyb; —=-sinyb; —-sinyb |, 5.24
v © v © v © v (5.24)

a HaIpaBJISIOIIUE KOCUHYCHI C|, C2, €3 ONPENENAIOTCA U3 YCIOBHS, YTO BEKTOPHAs 4acTh €
MpOoTHIKAaeT chepy B TOoUke ¢ reorpaduyueckuMu koopaunaramu (yb; 06b). Bocmonbs3oBas-
ek Gopmynamiu (5.6), MOTydnM:

c= [cos yb, sinyb-cos0b-sinyb, sin 0b -sin yb, cosyb -cosHb - sin \ub] . (5.25)
Ha ocnoBanuu dhopmyis (5.19)
cb=coca. (5.26)

Bremomass YMHOKCHHUEC KBATCPHHUOHOB, IIOJIYYUM!
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0 0
ch sin ©b -sinyb -sin yb —cos yb - cos yb
cb=| = 1OSIYE T EORYDeos Y (5.27)
chb, —cos0b-sinyb
cb, sin0b-cosyb-sinyb +sinyb-cosyb
Takum xe myTeM noay4dumM (HopMyJTel 1J1s1 KBaATEpHUOHA ca:
0 0
ca sin Oa - sin ya - sin ya —cos ya - cos ya
ca=| = yarsImyameosyacosy (5.28)
ca, —cos0a-sinya
ca, sin Oa - cos ya - sin ya + sin ya - cos ya

Z[anee, Kak WU B IpcablaymieM ciiydac, g ONPCACIICHHA YIJia HaA0 BOCIIOJIB30BATLHCA

dbopmynamu (5.19) u (5.21).
5.5. Kontypsl Ha cepe

PaccmoTpuMm rmagkuit  KOHTYp Ha  cdepe,
KOTOpBIM MMEET HayaJlbHyl0 TOUYKy O H
HafpaBjeHue o0xoJa — TMPOTHUB YacOBOM
crpenku (puc. 5.5). Touku KoHTypa ompenens-
I0TCS IIapaMeTpOM /, MOHOTOHHO BO3pacTaro-
IIMM IpU 00X0A€ KOHTYypa B IOJIOKUTEIHLHOM
HanpasyieHuu. Kaxx1oil Touke KOHTypa NpUIlu-
IIeM TOJBUXHBIA NEKapTOB penep Vi, V2, Vi,
ABIAOIIMICS QyHKIMed nmapamerpa f. [lepBbiii
OpT 3TOTO pernepa HampaBJIeH MO KacaTeIbHOM K
JUHUM KOHTypa B HaIpaBJICHMHU €ro o0xona.
TpeTuil OpT HaNpaBJIEH 110 BHEIIHEW HOPMAIIU K
cdepe. Bropoii opT HampasieH MO KacaTelbHOU
K chepe u oOpasyer ¢ IByMs JAPYTHMH OpTaMH
MIpaBy1O TPOUKY.

Jnsg KaXmod TOYKM KOHTYypa OIpENeIuM JBa
kBaTepHuoHa. [lepBblii U3 HUX — X(f), KOoMIIO-

/\ X2

Puc. 5.5. 'nankwuii KOHTYp Ha cdepe

HEHTBHI KOTOPOTO MMEIOT Pa3MEPHOCTh IJIUHBI, IPUYEM Xo(f) — JUTMHA KOHTYpa OT Ha4allb-
HOW TOYKH 70 TeKyIeH, a xi(f), x2(f), x3(f) — KoOpAMHATHI TEKYIIEH TOYKH B HETIOABHKHOMN
cuctemMe KoopauHatT. Bropoil kBaTrepHHOH — @(f), ONpeAeNsaomuii OpUEHTAINIO MTOIBHXK-
HOTO perepa MO OTHOIICHUIO K HemoJABWKHOMY. [Ipu 3TOM @y(f) — UHTErpanbHBINA yroma
reoJIe3M4YEeCKOro MOBOPOTa KOHTypa MHpHU IMEPEMELIEHUU MO KOHTYPY W3 HCXOAHOU €ro
TOYKH B TEKYIIYIO, TO €CTh CYMMa OECKOHEYHO MajbIX MTOBOPOTOB BOKPYT OCH 3 TOIBHXK-
HOTO penepa, ®i(7), ¢a(f), @3(f) — KOMIIOHEHTHI BEKTOPa, BOKPYT KOTOPOTO U HA BEITUYHHY
KOTOPOTr0o HAaJ0 TMOBEPHYTh HEMOJBIKHBIA perep, 4ToObl OH COBMAJ MO OPUEHTAIUU C
TEKYIIUM TOJOXEHHEM TOABIKHOTO pemepa. s mpeoOpazoBaHus KOOpAMHAT Oylem
MOJIb30BATHCS SKCIIOHEHTON MOJIOBUHBI ATOTO KBATEPHUOHA!
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q@t) = exp% : (5.29)

s xBarepHUOHOB X(f) u ((f) crpaBeTUBBI KUHeMaTtwueckue auddepeHnanbabie
YpaBHEHHUS:

X (O =q(0)o ,v()oq (1), (5.30)

rae yv(1) = [v(¢), v(¢), 0, 0]; v(f) — ckopoCTb N3MEHEHUS TyTOBOW KOOPAMHATBI KOHTYpA § MO
napameTpy f,

q'(r>=%-q<r>o L0(0). (5.31)

rae yo(f) = [o(?), 0, v()/R, o(?)]; ®(f) — ckOpoCTb NOBOPOTa MOJABHIKHOIO penepa BOKPYT
opta 3 TOIBIKHOW CHUCTEMBI KOOPAMHAT IO OTHOIICHHIO K mapamerpy t. Lltpuxom
0003HaYeHa MPOU3BOHAS TIO 7.

Aemomoobunvras ananozus. IlpencraBum cede, 4TO MO MOBEPXHOCTH chepbl BAOIL JTUHUU
KOHTYpa JBUXKeTcS aBTOMOOWIb. C aBTOMOOMIIEM CBs3aH MOABMKHBIN peniep. OpT 1 atoro
pernepa HampaBJeH BOEped, OpT 2 B JIEBYIO CTOPOHY, OpT 3 HampasieH BBepX. [lapametp ¢ —
Bpemst. CkopocTh aBTOMOOMIS — V(f). YTIOBasg CKOPOCTh €ro MOBOPOTa OTHOCHUTEIBHO
BEPTUKAIBHOU OCH — (¢), TIOJIOKUTEIIbHOE HalpaBiieHne — BiIeBO. Eciu pysbp aBTOMOOMIISI
JepKaTh MPsIMO, aBTOMOOWIIL OYJIET EPeIBUTAThCS TI0 T€0Ie3MUECKON JTMHUH, TO €CTh 10
OombmioMmy Kpyry cdepsl. Eciam pyns aBTOMOOWIISEI MOBEPHYTh, TO aBTOMOOWIb OyIer
MepeBUraThCs MO KPUBOU JTMHUH, IPHUEM €€ reo/ie3nuecKas KpuBU3Ha OyieT:

o)
w(t)

OTa aHaJIOTHA MO3BOJISICT Harii1iAHO NPCACTABUTH paCCMATPHUBACMbIC ITPOLICCCHI.

k(1) = (5.32)

5.6. JlnuHAa KOHTYpPa M IUIOMIAIb OBEPXHOCTH C(epbl, OTPAHMYCHHAS KOHTYPOM

Kunemarnueckue ypaBHenust (5.30), (5.31) no3BossitoT 1o v(f) — CKOpPOCTH JIBUKEHUS
MOJBM)KHOTO PEerepa B HampaBlIeHUH ocu 1, MO ®(f) — CKOPOCTU MOBOPOTA MOJBHXKHOTO
periepa BOKpYT opTa 3 U IO Ha4aJbHBIM 3HauYeHUsM KBaTepHHOHOB X(0) 1 (0) BEIYUCIUTD
3HAYCHMsI KBaTEPHUOHOB X(f) U ((f) B GyHKIMH OT BPEMEHH M TE€M CaMbIM OIPEICIHUTh
KOHTYp Ha noBepxHOcTH ceprl. KommoneHTs x(%), x2(f), x3(¢) kBaTepHHUOHA X(f) Ompee-
JSIFOT KOOPAMHATBI TOUKH KOHTYpPa, COOTBETCTBYIOIINE MOMEHTY BPEMEHH f, & KOMIIOHEH-
Thl KBaTEpHUOHA ((f) OPUEHTALMIO TOABIKHOTO perepa, COOTBETCTBYIOIIYIO 3TOMY
MOMEHTY, OTHOCUTEJIbHO HETOABUKHON CHCTEMBbI KOOPIMHAT.

KommoHeHT x(f) mo onpeneneHuto npeAcTaBiIseT coO00i JyroByr0 KOOpAUHATY KOHTYpa:
t
%, () = s(t) = [v(¢)-dt, (5.33)
0

a KOMIIOHEHT ((f) — YTIJIOBYIO KOOPAHMHATY WJIM HHTETPAbHBIA YOl T€0/Ae3HMYECKOro
IIOBOPOTAa KOHTYpA:
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0y(t) = y(t) = [ o(t)-dt. (5.34)

[Tockonbky Mexay KBaTepHUOHAMHU ¢(f) U ()
cyliecTByeT (yHKIMOHAJIbHAsI CBA3b, ONpeje-
nsiemast ¢popmynont (5.29), To aTa KOoopAHHATA
MOXET OBITh BEIYHCIICHA 110 (hopMyJIe:

y(1)=2-1n|q(#)| = In|q()|- (5.35)

VYrnoBas kKoopAHHAaTa KOHTYpa Ha cdepe uMeeT
HENOCPEACTBEHHYIO  CBSI3b  C  ILJIOLIAJAbIO
cheprudeckol TMOBEPXHOCTH, OTPAaHUUYEHHOMN
KoHTYypoM (puc. 5.6). N3 Tteopemwr [aycca-
bonne [49] u3BecTHO, 4TO IOMAAL chepuue-
Pric. 5.6. K onpezenenno miomay kontypa CKOH IOBEPXHOCTH, HAXOMSILICHCs creBa II0

X0y KOHTypa, NpH 3aMKHYTOM TJIaJKOM
KOHTYype, mpoberaeMoM 3a BpeMs 7, MOKeT ObITh BBIYUCIIEHA O (hopMyIie:

F=R[2-n—y(T)]. (5.36)

Ecnu KOHTYp He 3aMKHYT, JOMOJIHUM €ro 10 3aMbIKaHUs JIByMsl OTpe3KaMHu OOJbIINX
okpyxHoctel. [lepBas U3 HUX TJIAAKO BXOJUT B KOHTYp B HauajabHOW Touke npu ¢ = 0,
BTOpasi I1aJKO BBIXOJUT U3 HETrO0 B KOHEUHOW Touke mpu ¢ = 1. PaccmarpuBaemblie 00Jb-
LIME OKPYKHOCTH IIEPECEKAIOTCS B TOUKE B, KOTOpas SABISAETCA HA4aJIOM IEPBOrO OTPE3Ka
U KOHIIOM BTOporo. B ofiieM ciyyae B Touke B MPOUCXOIUT U3JIOM TENEph YXKe 3aMKHY-
Toro KoHTypa. Ilycts B ects yros storo msnoma. Toraa yrioBas KOOpAUHATa WIA MHTE-
IpaJIbHBINA yToJI FE€0AEe3MUECKOro MoBOpPOTa JOCTPOCHHOIO KOHTYpa YBEIMUUTCS CKauKoo0-
pa3Ho Ha yroi 3. JloNOJHUTENbHbBIE YYaCTKUA OOJBIINX OKPYKHOCTEH YITIOBYIO KOOpPAMHA-
Ty HE U3MEHSIT, TIOCKOJIbKY X Ie0/ie3uuecKas KpUBHU3HA paBHa HyJ0. Cie10BaTenbHO, A
OIpe/ieIeHns] TUIOIAAN 3aMKHYTOIO JOMOJIHEHHOTO KOHTypa Fd Oyner crpaBeUIuBOM

dbopmyna:
Fd=R*-[2-n—y(T)-B]. (5.37)

VYron B MoxHO omnpenenuTs yepes kBatepHuoHsl q(0) u q(7). [Ipu 3TOM MOKHO UCXOIUTH
U3 TOro, YTO OPT 2 MOABHMXKHOTO perepa B Touke ¢ = 0 MEprneHAMKYISIPEH IUIOCKOCTH
OOJIBITION OKPY)KHOCTH, TPUMBIKAIONIEH TJIAJIKO K Hadaly KOHTYpa, a OpT 2 MOJIBUIKHOTO
periepa B Touke ¢ = 7 MEPHEHIUKYISPEH IUIOCKOCTH OOJIBIION OKPY>KHOCTH, MPUMBIKAIO-
IIeH IIaIKO K KOHITY KOHTYpa. YTOJI MEeX/Iy STHMHU OpTaMHt Kak pa3 u Oyzer p.

[Tepenecem opT 2 MOABMIKHOTO periepa B TOUKe ¢ = 7' B CHCTEMY KOOPIWHAT MOJBH)KHOTO
periepa B Touke ¢ = 0:

v r (D) =q"(0)oq(T) oy, y,(T)oq (T)oq(0) = q(0T) o y i, ¥, (T) oq ' (0T),  (5.38)

riae 0003Ha4YeHo:
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q(07) =q"'(0)°q(T). (5.39)

N3BecTHO, YTO KBAaTEpPHUOHHOE MPOU3BEICHUE ABYX UYHUCTO BEKTOPHBIX KBATEPHUOHOB
HMMEET CIEAYIOIMNA reOMEeTPpUYECKU cMbIC. CKaJIsIpHas 4acTh 3TOTr0 MPOW3BEICHUS PaBHA
CKaJSIPHOMY TPOM3BEICHUIO COMHOXHTEIEH, B3ATOMY C OOpPAaTHBIM 3HAKOM, a BEKTOPHAs
4acTh MPOU3BEJICHUSI — BEKTOPHOMY IMPOU3BEACHUIO COMHOXHUTeNEH. Boruncnum kBaTep-
HUOHHOE Tpoun3BeaieHre opToB y»(0) u yo(7) B MOABMKHOM cUCTeMe KOOpAUHAT mipu ¢ =0:

P= vy (0)oq(0T)° Y(T)yz(T)oq_l(OT) = [O, 0,1, O] oq(OT)O[O’O’LO]Oq_] (07). (5.40)

HenocpenctBeHHON MpOBEPKO MOKHO YOSAUTHCS B TOM, YTO:
[0,0,1,0]°q(07)~[0,0,1,0] = [—qO(OT), q,(0T), —¢q,(07), qO(OT)] . (5.41)

C y4eTroM 3TOro nojay4um:

45 (0T) +¢; (0T)— ¢ (0T) +¢; (OT)

1 |2:[q,(0T) ¢, (0T)+¢,(0T)- ¢,(07)]

p =W' 0 (5.42)
| 2+[,(07)- ¢;(0T) ~ g(0T), - ¢, (07)] |
Otcrona
po=B-4>; (p)=2-4-B, (5.43)
rae
_ABOD+EOD g OD)+g:07) 5.44)

|q(07)| |q(07)|

Hckomblii yron Haiiiem 1o gpopmyie:
B=arg[-p, +i-(p)]|=arg(4’ —B* +2-i- A-B)=arg(A+ B-i)’ =2-arg(A+ B-i). (5.45)
@yHKINHU ITOTO yIia:

cosg=A; sin%=B; cosp=A4>-B*; sinf=2-4-B. (5.46)

5.7. Kpyrosbie KOHTYPBI

KpyroBoii kouTyp nosydaercs, eciu 3a1ath v(¢) = const; m(¢) = const. [Ipu 3TOM JOTKHBI
YIOBJIETBOPAThCS KuHeMmartnueckue ypaBHenus (5.30), (5.31). HemocpeactBenHoit
MOJICTAHOBKOM MOXXHO YOEIUTHCS B TOM, YTO pelIeHre dTHX AU} QepeHInanbHbIX ypaBHe-
HUI TaKOBO:
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q(r) =qeo exp%’f; X =xc+q(1)e yx()oq (1), (5.47)

rZie (¢, XC — MPOU3BOJIBHBIC TTOCTOSIHHBIC KBATCPHH-
oHB; ® = [0, 0, VR, ®] — KBaTepHUOH YTJIOBBIX

cropocreit; (@) =v?/R* +®’ ; R — pamuyc cepsr

V — CKOPOCTb U3MEHEHUS TyTOBOM KOOPAUHATHI KOH-
Typa; ® — CKOPOCTh T'€0Je3UYECKOr0 MOBOPOTa (TO
€CTh, CKOPOCTh IOBOPOTa MOJBHXKHOIO pernepa
BOKpYT OpTa 3 MOJBMIYKHON CHCTEMBI KOOPJMHAT);
yx(£) =[vt, 0, 0, R] — koOpANHATHI TEKYILIEH TOUYKHU
KOHTypa OTHOCHUTEIIBHO HEMOJBM)KHOU CHCTEMBI
KOOpAMHAT TO pHc. 5.2 B MOJBWKHOW CHUCTEME
KOOpJMHAT.

PaccMoTpuM, Kak Ha3HaudalOTCsd IPOU3BOJIbHBIE
MOCTOSIHHBIE KBaTEpPHUOHBI (€ ¥ XC B O0OIIUX
pemeHusx auddepeHnnanbHbIx ypaBHeHu (5.47).
[Tyctb TpeOyeTcst MpoBeCTH KPYroBOW KOHTYD,
HAUMHAIOIIMNCS B TOYKE C reorpad)MuecKUMU KOOpAWHATaMH Y, O B HampaBlICHUH,
OTKJIOHCHHOM OT TapaJIjIe) I Ha YTroJl i IPOTHUB YacOBOM cTpenku (puc. 5.7).

Puc. 5.7. K HazHa4YEeHUIO MOCTOSIHHBIX
KBaTEPHHOHOB

KBarepHuoH qc ompejienseT OpPHUEHTAIWIO IOABMKHOTO perepa B HAYadbHOW TOYKE
KoHTypa. OpT ¢ HOMEPOM 3 3TOro pernepa MODKEH MPEICTaBIsATh BHEIIHIO HOPMalb K
cepe B TOUKe C reorpauuecKuMH KoopauHaTamu y, 0, opT ¢ HoMepoM | JToJDKeH OBITh
MOBEPHYT OTHOCUTEIILHO BOCTOYHOTO HAIIPABIICHHS ITAPAJUICTH Ha YTOJI ) IPOTHB YaCOBOM
CTpEJIKH, a OPT C HOMEPOM 2 JOJDKEH OOpa30oBBIBATH B COBOKYIHOCTH C opTamu 1 u 3
MPaBYIO TPOUKY.

[TpuBeeHE HEMOABIKHOTO perepa B OMMCAHHOE BHIIIE MOJIO)KCHHE MOYKHO BBITIOJHUTH
NPY TIOMOIIM TPEX MPOCTHIX MOBOPOTOB. IIepBbIif TOBOPOT COOTBETCTBYET KBATCPHHOHY
UCTUHHOTO 3iiyiepoBa moBopota § = [0, — 0, 0, 0] B HENOABMKHOW CHCTEME KOOP/IHHAT,
BTOPOW MOBOPOT — KBAaTEPHUOHY MCTHHHOIO 3iyiepoBa nosopota y = [0, 0, y, 0] B Heno-
JIBI)KHOM CUCTEME KOOPIWHAT, a TPETHi MOBOPOT — KBATCPHHUOHY MCTHHHOTO JiiiepoBa
nosopota x = [0, 0, 0, ] B nogBuxHON cucreMe koopauHaT. HyneBble KOMIOHEHTBI 3TUX
KBATEPHUOHOB TPHUHSITH PaBHBIMH HYJIO, YTOOBI CYMMAapHBIA T€0JIE3UYECKHI TTOBOPOT
OTCYMTBIBAJICS OT HYJIS.

[Tepeiinem K SKCITIOHEHTAM MOJIOBUHHBIX [IOBOPOTOB:

0 o .0 ¥ { YooY } % [ % . x}
exp—=| cos—,—sin—,0,0 |; exp—=| cos—,0,sin—,0 |; exp==| cos=,0,0,sin= |. (5.48
3 { 2 } i 2y 5 D 2] 4%

[TonOBHHHBIA AKCIOHEHIMAIBHBIN KBaTEPHHOH CYMMapHOTO IOBOPOTa MOXET OBITh
BBIUHCIICH 110 popMyIie:
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cosl-cosg-cosl—sinl-sin—-sinl

) 0 . . 0
0 sm%-cos;sml—cos%-sm—-cosl

qc = expl oeXp—o expl = . (5.49)
2 2 2 .Y Y Yy .0 . %
sin—-COS—-COS= + COS— - Sin — - Sin =~
2 2

cosl-cosg~sinl+sin1~sin9‘cos%

Ilepeiinem Kk ornpeieneHuI0 NOCTOSHHOIO KBaTepHUOHa X¢. 13 popmyisl (5.47) caenyer:
xe = (x(0)—q(0)° yx(0)oq ' (0). (5.50)

Touka ¢ reorpadguueckumMu KOOpAMHaTaMH Y, 0 B HENOJBM)KHOM CHUCTEME KOOpAMHAT B
COOTBETCTBUHM € opMyJoii (5.5) uMeeT neKapTOBbI KOOPIUHATHI:

x, =R-siny-cos0; x,=R-sin@; x;=R-cosy-cosB; (5.51)

<X(0) =[0, R-siny-cos0, R-sin0, R-cosy~cos@]. (5.52)
Bbrunicnenus mokaspIBaroT, 4To

q(0)o yx(0)oq'(0)=[0, R-siny-cos®, R-sin®, R-cosy-cos0]. (5.53)

Takum obpazom, xc¢ = [0, 0, 0, 0] = O. CnenoBaTenbHO, peHICHHE KUHEMATHYECKUX
ypaBHEHUM ISl JAHHOTO ciiydast OyJeT UMETh BUJ:

a0 =qeoexp S (xX()=q(),x(1)°q™ (1) (5.54)
Kontyp Oyzaer 3aMKHYT, KOT/Aa mapaMeTp JOCTUTHET 3HAUCHUS
T=2-1/(®). (5.55)
JlnuHa 3TOro KOHTYypa:
S=v-T=2-n-v/{o). (5.56)
CyMMapHbIi reo1e3M4eCKUid TOBOPOT:
y(T) =In|q(7)|=In[exp(T-®)]|=T-0=2-1-0/{o). (5.57)
[Tnomans moBepXHOCTH Cephl, OTpaHUIECHHAS! KOHTYPOM:
F=R2-7n-(1-0/f{w)). (5.58)

PaccmoTpum Heckonbko npumepoB (puc. 5.8). Chepa paauyca R = 5 cMm. Hauano koHTypa
B Touke Y =0; 0 =0. HanpaBnenue B CTOPOHY BO3pacTaHUsl KOOPAUHATHI Y, TO ecTh ¥ = 0.
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Puc. 5.8. KonTypsl nocTosiHHO# KpUBU3HBI Ha cdepe R = 5 cM:
a)®=0;b) ®=0.15;¢) ©=0,2; d) ®=4/15= 0,267

ITocTOSIHHBINM KBAaTEPHUOH (€ B JAHHOM CIIy4ae TaKOB:
qc=[1,0,0,0]. (5.59)

[Ipunumaem v = 1. B 3TOM cilydae reoe3nyeckas KpUBU3HA KOHTYpa paBHA ©.
Pesynbrathl pacueToB npuBeeHBI B Ta0auIe. B Hell 0003HaYeHO:

® — reofe3nyeckas KpUBU3HA KOHTYpa; (®) — MOJHAs KPUBU3HA KOHTYpA; ' — UCTUHHBIN
paauyc KOHTYpa; Y — CyMMAapHBIM T€0A€3M4eCKHid MOBOPOT; S — JJIMHA KOHTypa; [ —
Iomaab chepuyeckoi MOBEPXHOCTH, OXBAUEHHOW KOHTYPOM.

Tabuuna pe3yabTaToB pacyera

Bapuant ® (o) r ] S F
a) 0,000 0,200 5,000 0,000 31,416 157,080
b) 0,150 0,250 4,000 3,770 25,133 62,832
c) 0,200 0,283 3,536 4,443 22,214 46,008
d) 0,267 0,333 3,000 5,027 18,850 31,416

5.8. llosturonsl Ha cdepe

[IpencraBum cebe, uro Ha cdepe paamyca R
0003HaYCHBI W TIOCJICIOBATEIIEHO TMPOHYMEPOBa-
Hel uncaamu 0, 1, 2, ..., n n + 1 ToYeK, SABIIIO-
[IUXCSl BEPIIUHAMH 7 + 1-CTOPOHHETO 3aMKHYTO-
ro nonuroHa (puc. 5.9). CTOpoHBI MONUTOHA
MOCJICIOBATEILHO ~ COCIUHSIOT  BEPIIMHBI IO
nyram Oonbiux KpyroB. CTOPOHBI OPHEHTUPOBA-
Hbl TaK, YTO OHHU COCTABJISIOT 3aMKHYTYIO
LENOYKy C HampaBJeHHEeM 00X0Ja MOBEPXHOCTU
MOJINTOHA TTPOTUB YaCOBOM CTPEJIKU U MOCJIEI0BA-
TeNbHO NpoHyMepoBaHsl uucaamu 0, 1, 2, ..., n.
JIMMHBI CTOPOH TMOJIMTOHA U3MEPEHBI U COCTABIIS-
10T lo, 11, by, ..., [,. YTIIBI IOBOPOTA MOJIUTOHA WU
BHEIIIHUE YTJIbI TMOJUTOHA (TO €CTh YIJIBI MEXIY
KacaTellbHOM B Hauaje JaHHOM CTOPOHBI U Kaca-

Puc. 5.9. [Tonuron Ha chepe
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TEILHOM B KOHIIEC MPEIBIIYIICH CTOPOHBI MOJUTOHA) TOXKE U3MEPEHBI U COCTABJISIOT Oy, OL1,
o, ..., ;. Tpelyercs yCTaHOBUTH 3aBUCHMOCTH MEXIY YTIJIaMH MOBOPOTa MOJUTOHA H
JUIMHAMU €T0 CTOPOH.

B 3aBucumocTu ot JJIMH CTOPOH IMOJIMI'OHA U OT BCJIMYUH €T0 BHCIIHUX YTJIOB CYHICCTBYCT
MHOT'O Pa3HOBHIHOCTEH MOJUTOHOB Ha cepe. BaprabenbHOCTH 3TOM MpOoOIeMBbl 1axe JIst
ciiydas TpCyroJlbHHUKOB BECbMa BCJIMKaA. Mzl xe OrpaHNU4YrMCs paCCMOTPCHUCM BBIITYKIIBIX
MIOJIUTOHOB, TO €CTh TAKUX, KOTOPBIE MOJITHOCTHIO HAXOMAATCS CIIEBA OT OOJIBIION OKPYKHO-
CTH, ﬂBJISIIOH_[eI\/'ICSI NpOAOJIDKCHUCM CTOPOHBI IIOJIMI'OHA. Ota 3aKOHOMCPHOCTb JOJI?KHA
cOOIIOIaThCS JJIS1 KQXKIOW U3 €r0 CTOPOH.

PacnonokuM B Havane W KOHIE KaXKJAOH CTOPOHBI TOJHMIOHA JIEKAPTOBBI pemlephl Tak,
9TO0BI OPT HOMEp | coBmajman ¢ KacareabHOW K CTOPOHE MOJUrOHa, OPT HOMEp 3 mpen-
CTaBJISI1 BHENTHIOI HOpMaJb K cdepe, a opT HoMep 2 00pa3oBbIBaI OBl C MPEIBIAYIIUMA
IBYMsI OpTaMH NpaBylo Tpoiiky. Takum oOpa3oM, BBeIeHbI B paccMoTpeHue 2:(n + 1)
JICKAPTOBBIX PENIEPOB, KAKIOMY U3 KOTOPBIX MOXKHO ITOCTABUTH B COOTBETCTBHUE HOPMHUPO-
BaHHbBIN MMOJIOBHHHBIN 3KCIIOHCHIIMAIBHBIA KBATCPHUOH. BBeeM Ui 3TUX KBaTCPHUOHOB,
MPEJCTaBIICHHBIX B HEIMOJBWXHON cucTeMe KoopauHat, obo3HaueHus: yqb(0), xqb(1),
xqb(2),....xqb(n) — nns KBaTePHHUOHOB, COOTBETCTBYIOIIMX perepaM, HaxXOIAIIUMCS B
Havaje CTOpoH nonuroHa; xqe(0), yqe(1), xqe(2), ..., xqe(n) — A1 KBaTepHUOHOB, COOTBET-
CTBYIOLIHX periepam, HaXOASIIUMCSI B KOHIIE CTOPOH TOJIMTOHA.

BBGI[CM B paCCMOTPCHHUEC HOPMHUPOBAHHLIC ITOJIOBUHHBIC 3KCIIOHCHIHWAJIBHBIC KBATCPHUO-
Hbl YIJIOB IIOBOpPOTa IOJUIOHAa B €ro BCpHIMHAX, 3aJaHHBLIC B HOI[BI/I)KHOﬁ CHUCTEMCEC
KOOpAUHAT:

an(k)z_cos%;O; 0; sin%} (k=0,1,...,n), (5.60)
Y [OJIOBHHHBIC YKCIIOHCHIHATBHBIC KBATCPHUOHBI HCKPUBIICHHUS CTOPOH MOJIUIOHA:
Yq[i(k)=_cos%‘;0; sinB—z";O} (k=0,1,...,n), (5.61)
rae )
B,=L/R (k=0,1,..,n). (5.62)

B cnyuae BBINYKIJIBIX HOJMIOHOB yriibl o0 U B MeHstoTcst B npenenax oT 0 po m. Ilpu
noMoInu kBaTepHUOHOB (5.60) u (5.61) ycTaHaBiIMBaeTCsl CBsI3b MEXAYy KBaTEepHHOHAMM

xqb u xqe:
xqe(k) = xqb(k)o yqP(k) (k=0, L...n);
«qb(k) = yqe(k -1 qa(k) (k=1, 2,...,n); qb(0)= qe(n)o,qa(0).

[Tyctp u3Becten kBaTepHuoH x(qb(0). Torna kBaTepHnoH xqb(1) MOXeT OBITH BHIYUCIICH
o popmye:

(5.63)

xqb(1) = xqb(0)° yqB(0)° yqa(l), (5.64)

kBaTepHUOH xqb(2) — mo popmyre:
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xab(2) = xqb(0)° yqB(0)° yqa(D)e yqB(l)° yqa(2), (5.65)
kBatepHUoH xqb(k) — mo ¢popmye:
x4b(k) = xqb(0)° yqP(0) e yqa(l)e yqB(d) o yqa(2)o...c yqp(k =)o yqa(k).  (5.66)

[Iponomxast 3T0 MOCTPOEHUE, MOTYUUM:

xqb(0) = xqb(0)° , qB(0)° yqa(D)o yqB(D) ° yqa(2)e...o yqB(n) o, qa(0). (5.67)
W3 s10it popmyiisl cnenyer:
vaB(0)e yqa()o yqp(l)o yqa(2)o...o yqP(n)o yqa(0) =—i. (5.68)

3aMeTHM, YTO MpPH MOJH30BAaHUU TOJOBUHHBIMH SKCIIOHCHIIUAILHBIMH KBAaTCPHHOHAMHU
TOXKJIECTBEHHOE MPEOOpa3oBaHME OCYIIECTBISETCS KBAaTEPHHOHOM — i. YMHOXas o0e
qacty paBeHcTBa (5.68) crmeBa Ha yqo(0), a cripaBa Ha yqou(0) ', momyumM Goree coBep-
HICHHYIO 3aIUCh:

vqe(0)e yqB(0)e yqa(l)e yqB(D)e...o yqa(n)o yqf(n) = —i. (5.69)

DTOT MpHUeM MOKa3bIBAET, YTO B JIEBOW YaCTH PABCHCTBA MOYKHO BBITIOIHATDH IUKIHYECKYFO
NEPECTaHOBKY coMHOXHUTene. Dopmyna (5.69) cOOTBETCTBYET HECKOJBKHM 3aBUCHMO-
CTSIM, KOTOPBIC JTOJDKHBI COOJTIOJIATHCS MEXIY yTIaMH O, Oy, L, ..., Oy ¥ Bo, B1, B2, ..y P
@dopMaIbHO MBI BUIMM YETHIPE 3aBUCUMOCTH — IO OJHOM JUIsI Ka)KJIOTO KOMITOHEHTA
KkBaTepHHOHA. Ha camMoM Jienie cpelid HUX TOJBKO TP HE3aBUCHUMBIX, MOCKOJIBKY (hOPMYIIBI
BBINIMCAHBI JIII HOPMUPOBAHHBIX KBATEPHUOHOB. DTO — OCHOBHBIC 3aBUCUMOCTH, KOTOPHIC
CBSI3BIBAIOT YIJIbl M CTOPOHBI 3aMKHYTOT'O MOJIMTOHA Ha cepe. OHU MOTYT OBITh UCIIOJb-
30BaHbl B T'€OJIC3UN I KOHTPOJII U3MEPEHHBIX BEIWYHH, I MOCICAYIOMEH pa3rOHKH
HEBS30K U3MEPEHUN U I IPYTHUX LIEJICH.

5.9. 3ambIKkaHne MOJTUTOHA Ha cdepe

B 4acTHOCTH, 3TH 3aBUCHMOCTH MOTYT ObITh UCIIOJIb30BAHBI [T 3aMbIKAaHHSI PA30MKHYTHIX
noJIMroHoB Ha cepe (puc. 5.10).

Puc. 5.10. /IBa Buia 3aMbIKaHUs ITOJIMTOHA Ha c(epe: a — ONpelelIeHne CTOPOHBI U IPUIIETAIOIINX
YTJIOB; b — Onpe/ieNieHne yIila ¥ IPHIETAIONIHX CTOPOH
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[TockonbKy KBaTepHUOHHAsI 3aBUCUMOCTH (5.69) conepkutT B cebe Tpu HE3aBUCHUMBIX CKa-
JISIPHBIX 3aBUCUMOCTH, M3 HEE MOXHO OMPECIIUTh TPU HE3aBHCHMBIC BEIMYUHBL. B gacT-
HOCTH, MOKHO ONpPEIEIUTh MH(OPMALINIO, CONEPHKAILYIOCS B JIFOOBIX TPEX CTOSMIMX MOJI-
PSI COMHOXKUTENSIX 3aBUCUMOCTH (5.69). KakIblii COMHOKUTEND OnpenesieT T1ubo yroi o
MMOBOPOTA MOJIMIOHA B BEPIINHE, JIMOO Yrod [3, Moa KOTOPHIM BUIHA CTOPOHA MOJINTOHA W3
ueHTpa chepsl. Bo3MokHBI 1Ba BapraHTa BEIOOpa KBATEPHUOHOB-COMHOXKHUTEIEH.

Ilepevuii 6apuanm:
qa(k)e yqp(k)o yqa(k +1)=B(k) (5.70)

MOXKHO TPaKTOBaTh KaK OMpPENEICHHE CTOPOHBI M MPUJIETAIONIMX K HEH YIJIOB. 31ech
BBeleH KBarepHHOH B(k) st o0o3HaueHWs TMPOUW3BENCHUS TPEX YKA3aHHBIX BHIIIE
KBaTEpHUOHOB.

ITpu u3BectHOM B(k) paBencTBo (5.70) MOXKHO pa3pelINTh OTHOCUTEILHO TPUTOHOMETPH-
geckux QyHkmmii yrioB o(k); p(k); a(k+1), a 3atem omnpexenutsh yribel. [loacrasmsis B
paBeHCTBO (5.70) BBIpaskeHUS 11 COMHOXKUTENEH B cOOTBETCTBUU ¢ (hopmynamu (5.60) u
(5.61) 1 moNIB3ySICh TPABUIIOM YMHOKEHUSI KBATEPHUOHOB, 3aITHIIIECM:

2 2 2 2 2 2 2 2

CknazipiBasi TIOTIAPHO KBAApaThl KOMIIOHEHTOB KBATEPHHOHA, TOIXYYHM (GOPMYIBI JUIs
KBaJ[paTOB CUHYCA M KOCHHYCA IOJIOBUHHOTO yTia [

cos’ %k = B; (k)+ B;(k); sin’ %k =B’ (k)+B;(k). (5.72)

W3 3TUX paBeHCTB ClIeayeT:
cosP, = B, (k)— B! (k) — B; (k) + B; (k) ; (5.73)
sinp, =2- \/[Bg (k)+ B; (k) |-| B} (k)+ By (k) |. (5.74)

B dopmyne (5.74) kopeHb KBapaTHBINA B3ST CO 3HAKOM IUTIOC, IIOCKOJIBKY 00X0/T TOJUTOHA
BBITIOJHSETCS] IPOTUB YaCOBOM CTPENKU, TO €CTh YroJl 3 MOJOXKUTENbHBIH, a yrioBas Mepa
CTOPOHBI BBIITYKJIOT'O MOJIUIOHA HE MPEBBIIIAET T, TO €CTh CUHYC 3TOTO yria TOXE IMOJO-
SKUTEIbHBIN.

KomOunupyst momapHble NpOU3BEACHHS KOMIIOHEHTOB KBaTepHHOHa B(k), momyuyaem
(bOpMyIIBI TSI TPUTOHOMETPUYECKUX (YHKIMH YTJIOB, CBSI3aHHBIX CO CTOPOHAMH ITTOJIUTO-
Ha:

B,(k)-B,(k)+B,(k)-B,(k)
LB 0+ B W] (B w0 +B®]

B,(k)-B,(k)~B,(k)-B.(K) .
J B0 +B 0] [B: k) +B(k)]

cosa, =

(5.75)

sino, =
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B,(K)- B,(k)=B,(K)-By(k)

JB 0+ B®][Bh+B (K]
B,(k)-B,(k)+B,(k)-B,(k)

JB:0+B (0 ][ B+ B2 (k)|

BennuuHbl yrioB MOKHO Y3HATh 4Yepe3 MX KOCHHYCHl U CHHYCHI IpU MOMOIIN (DyHKITHH
atan2:

cosa,,, =

(5.76)

sina,,, =

o = atan2(cosa; sina) . (5.77)

Hns onpenenenns kBarepunoHa B(k) Bo3BpaTtumcs k 3aBucumoctu (5.69). [lytem mukmu-
YECKOM MEePECTAHOBKU COMHOYKUTEIIEH B JIEBOM YAaCTH 3aBUCUMOCTU MOKHO ITPUBECTH €€ K

BUTY:
B(k)oQb(k) =i, (5.78)

riae 0003Ha4YeHo:
Qb(k) = yqB(k+1De...o yqa(n)o yqP(n)° yqa(0)o yqp(0)o...o yqp(k —1). (5.79)
U3 hopmymnsl (5.78) Haxonum:

B(k)=-Qb'(k). (5.80)

3amerum, uto Qb(k) — HOpMUPOBAHHBII KBaTEPHUOH KaK MPOU3BECHHE HOPMUPOBAHHBIX
KBATEPHUOHOB, a 3HAYUT, OOpallleHUE MPH €ro0 BBIYUCICHUU MOYKHO 3aMEHUTh Ha COIps-
JKEHUE U B UTOTe paBeHCTBO (5.80) mpeacTaBUTh MOKOMIIOHEHTHO CIEIYIOIINM 00pa3oM:

By (k) =—0by(k); B, (k)=0b/(k); B,(k)=0b,(k); B;(k)=0b(k). (5.81)

Bmoporti sapuanm:
qp(k—1)o yqa(k)o ,qp(k) = A(k) (5.82)

MOKHO TPAKTOBAThb KaK OIIPCACIICHUC YTIJIa U NPUJICTAOIINUX K HEMY CTOPOH.

35ech, Kak U B IEPBOM BapHaHTe, BBEACH KBaTepHUOH A(k) U1 0003HaYeHUs IPOU3Bee-
HUS TPEX KBaTEPHUOHOB U3 (HopmyJs (5.82).

ITpu uzBectHoM A(k) paBeHCTBO (5.82) MOXKHO pa3pelinTh OTHOCUTEIBHO TPUTOHOMETPH-
yeckux QyHkiui yrioB B(k —1); a(k); p(k) u, npu HEOOXOTUMOCTH, OTHOCUTEIHLHO CaMUX
yrinoB. Kak u B mepBoM BapuaHTe, MOJCTaBiIssl B paBEeHCTBO (5.82) BbIpaxeHUs AJs
cOMHOXHTeNnel B cooTBeTcTBUM C dopmynamu (5.60) u (5.61) u monw3ysch MpaBUIOM
YMHOKEHHUSI KBATEPHUOHOB, 3aITUIIIEM:
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%«:os Bk+2Bk—l

.o, . B.-
—sm—"~sm—B" B

COS

= A(k). (5.83)

COoS -S1in

o BitBi
2

QA -
Sln_k.cosﬁ

CKJ'IaI[LIBaH NOMAapHO KBaJApaTbl KOMIIOHCHTOB KBATCpHHOHA, IMOJIYYHUM (l)OpMy'J'IBI 1A
KBaApaTOB CMHYCAa U KOCHHYCA IMOJIOBUHHOI'O YIJIa Olg:

cos” % = A2(k)+ A2(k); sin® % = A2 (k) + A2 (k). (5.84)

N3 stux PaBCHCTB CJIICAYCT:
cosa, = cos’ % ~sin? % = A2 (k) - A2 (k) + A2 (k) — A2 (k) ; (5.85)
sina, =2+ [ 4200+ 420 | [ £+ £(K) ] (5.86)

3Hak nepea KBaApaTHBIM KOPHEM B3AT IMOJTOXUTCIBHBIM, IMOCKOJIBKY [JIA BBIITYKIIBIX
IMMOJIMT'OHOB YT'OJI Oy MEHACTCA OT HYJISL 0 T, 4, 3HAYUT, CUHYC €TO ITOJIOKUTCJICH.

KomOunupys momapHbie Mpou3BeIeHUs KOMIIOHEHTOB KBaTepHUOHa A(k), moiydaem dop-
MYJIBI 7151 TPUTOHOMETPUYECKUX (PYHKIMI yTII0B, CBSI3aHHBIX CO CTOPOHAMH IOJIUTOHA:

4, (k) - A4 (k) + 4, (k) - 4,(k)

cosf, = :
S+ £ [ 40+ 41K 8
sin, =—— 2B 4B - 4E®) A4®) (5-87)
JA®+ 4R ][ 420+ 4 ()]
cosP, = \/ 4, (k) - A, (k) — 4, (k) - 4 (k) :
A2 (k) + A2 (k) |- A2 () + 42 (k)
[ 1 | (5.88)

sinp, = D® A®+4E) 4K
[ Awr£w] [ w+ £ w]

Benu4uHbI yIII0B MOKHO OMPEEIUTh Yepe3 UX KOCHHYCHI U CUHYCHI 110 dopmyiie (5.77).

Jlns onpenenenus: kBatepHuoHa A(k) paccMoTpum 3aBucUMOCTh (5.69). Ilytem nukimmue-
CKOM MEepEeCTaHOBKU COMHOKUTEJICH B JIEBOM YaCTH 3aBUCUMOCTH MOYHO MOJTYUYHUTh:

A(k)oQa(k) =i, (5.89)

riae 0003HaYEeHO:
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Qa(k) = qa(k+1)o...o qa(n)o qB(n)o qa(0)c qB(0)e...c qa(k-1). (5.90)
N3 dpopmysl (5.89) Haxomum:
A(k)=-Qa'(k). (5.91)

3ameTtum, uto Qa(k) — HOpMUPOBAHHBIM KBaTEPHUOH KaK MPOU3BEICHNE HOPMUPOBAHHBIX
KBaTEpPHUOHOB, a 3HAYUT, OOpallEHUE NPU €ro BHIYMCIECHUU MOKHO 3aMEHUTh Ha COIpS-
JKEHHE U B UTOre paBeHCTBO (5.91) npencTaBUTh MOKOMIOHEHTHO CIEAYIOIINUM 00pa3oM:

Ay (k) ==0ay(k); A (k)=0a,(k); A,(k)=0a,(k); A(k)=Qa;(k). (5.92)
Beens HoBoe 0603HaueHUE ((k), Ha ocHOBaHUU (opmyt (5.60) u (5.61) momyanm:
c0s 2k . cos Be cos %y Py cos % =Py
2 2 2
—sin%-sin%‘ | cosa"Tﬂg" | —COSLB"
J4(k) = qa(k)o qp(k) = o 5 =71 4 B o o B .(5.93)
cos—%-sin % sin —+—* —sin—+—%
2 2 2
sin 2k . cosB—" sinak—ﬂs" sin % =Py
L 2 L 2 L 2
B sTux o6o3naueHusx popmyna (5.69) umeet BUI:
q(0)oq()o...oq(n) =q(0)>Q(0) =i, (5.94)
rae
Q(0)=q()-q(2)o...oq(n). (5.95)

U3 paBencts (5.93) cnenyer:
cosa, = qo (k) —q; (k) +q; (k) —qs (k);  cosB, =g, (k) — g/ (k) — g5 (k) + ¢; (k);

- . (5.96)
Sma, :2'[Q0(k)'q3(k)_%(k)'%(k)]; sinf3, = 2'[%(k)'%(k)_%(k)'%(k)];
a TaKxKe:
o+ oy =By
Ccos 5 =q,(k)+q,(k); cos > =q,(k) = q,(k);
Ll o (5.97)
sin%:%(k)ﬂL%(k); sin%z%(k)—qz(k),
OTKyJ1a JIETKO ONPEAETISIOTCS:
cos%;/qg(k)w;(k); cos%‘=\/f]§(k)+%2(k);
(5.98)

.o :
sin = [+ (0 sine = [F B+ 416
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BHCCB HCITIOJIBb30BaHaA 3aBUCUMOCTHD:
o (k) +q; (k) +q; (k) +q; (k) =1. (5.99)
TaHreHCHI MOJOBUHHBIX YIJIOB OMPEIEISIOTCS 110 (hopMyIam:

S eI NN N I} 5100
2 g, (k) +q; (k) 2 q, (k) + g5 (k)

TaHreHcsl MoJIyCyMMBI U MOJIyPa3HOCTH YTJIOB ONpEAEIstoTes o popmysiam:

o, +B; _ g, (k) +¢,(k) . te o, —By _ g5 (k) —q, (k) _
2 ‘Io(k)"‘%(k), 2 q,(k)—q,(k)

Cnenyet, 0HaKO, IOMHUTh, YTO KOMIIOHEHTbI KBaTEpHUOHA (k) HE SABJISAIOTCS HE3aBUCH-
MBIMH.

tg (5.101)

U3 popmymst (5.94) cnenyer:
q(0)=-Q'(0). (5.102)

basupysace Ha ¢opmyne (5.102), ompenenum (YHKIHMHA YTJIOB, CBS3aHHBIC C HYJIEBOU
CTOPOHOW MHOTOYTOJIbHHKA!

2 2 2 2. 2 2 2 2.
coso, =0y —Or +0; —0;; cosPy =0, -0 -0, +05;

. . (5.103)
Slnao:_z'[Qo'Q3+Q1'Q2]; SlnBo:_Z'[Qo'Qz+Q1'Q3];
COS%TJFBOZQO—QI; COS%T_Bszo“LQl;
s el (5.104)
smT=—Q2—Q3; SIHT=Q2_Q3§
cos—L = [0? +02; cos&:\/QéJer;
2 2 (5.105)

sin 2= o7 + 07 sinf2 = JoT+ 0

tg%: le—i_Q32 . tg&: le-’_QZ2 . (5 106)
2 Noi+ol T2 o0

tgao"'Bo __O+0; tgao_Bo _9,-0

2 QO_Q]’ 2 Q0+Ql .

5.10. IIpaBnibHBI MHOTOYTOJILHUK Ha cepe

(5.107)

B kadecTBe nmpuMepa pacCMOTPHUM MPABWIBHBIN 7 +1-yrolsHUK Ha cdepe, T. €. 3aMKHY ThII
MOJIUTOH ¢ 7 +1 paBHBIMH MEXIY cOOOW yriamMu MOBOPOTA MOJHIrOHAa M n + 1 paBHBIMU
MeXIy coboii croponamu (puc. 5.11). [ ero KOHKpeTHU3aIuu U MPUBSI3KK K reorpaduye-
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CKOM M HEMOJBIKHOHM cHucTeMaM KOOpAMHAT OyJeM IMojaraTh, YTO BCE €ro BEpIIMHBI
JeKaT Ha Mapalijielid, COOTBETCTBYIONICH MUpOTe O, BepiIuHa MoauroHa ¢ Homepom 0
HAXOJHUTCS HA HYJICBOM MEpHIMaHE B TOUKe ¢ reorpaduueckumu koopauHatamu (0, 0),
CTOpOHA mojuroHa ¢ Homepom 0 GepeT cBoe Hayallo B BEpIIMHE MOJIUroHa ¢ HomepoM 0, a
3aKaHYMBAETCS B YIJIE TIOJUTOHA ¢ HOMEPOM |, KOTOpBI HAXOAUTCS B TOYKE ¢ reorpadu-
2-m
n+l
KOTOpPOM CTOpOHA C HOMEPOM 7/ 3aMBIKA€T €ro, 3aKaH4YMBasICh B BepuinHE ¢ HOMepoMm 0.
O06x0a MOJUroHa BBHIMOMHIETCS MPOTHB YaCOBOM CTPEJIKH, €CIH CMOTPETh CO CTOPOHBI
CeBepHOro moiroca. [ToMuMroH oXBaThIBa€T YYacTOK IMOBEPXHOCTH CQEpbl, COAEp KAIIU
CEBEpHBI MOIIOC.

YECKUMU KOOPAUHATAMHU ( ; ej . IIpopoimxkast mocTpoeHue najee, MoJyYuM IOJIUTOH, B

Kak cnemyer w3 BbllIecKa3aHHOTO, Ha cdepe
panuyca R MOXXHO TOCTPOUTH IIeJI0€ CeMeiCcTBO
pa3IUYHbIX MpaBWIbHBIX 7 + 1-yroJIbHUKOB,
ABISAIOMUXCS PYHKIUSMHU OJTHOM EeHCTBUTEIBHON
IIepeMEHHON. B 1aHHOM cilyyae B KadecTBe 3TOMU
JIeMCTBUTENLHON MEepeMEeHHON BhIOpaHa mmpora 0,
Ha KOTOPOM pacIioyioKEeHbl BEPIIUHBI IPABUIBHOTO
MHOIOyrojibHUKa. JlMamna3oH, B KOTOPOM MOKET
W3MEHATHCA LIMPOTA, TAKOB!

“Loo<l, (5.108)
2 2

[Ipu 3Hauennn O, OMM3KOM K BEpPXHEW TpaHU
Uarna3oHa, HMEEM  MHOIOYIOJbHUK  Majoi
IUIOIIAM, OXBAThIBAIOIIMK CeBEpHBIN noiroc. [Ipn
3HayeHuu 0 = 0 UMeeM MHOTOYTOJIbHUK, IEpUMETP
KOTOPOT'O COBIAJAET C HKBATOPOM, a IUIOLIa/b paBHA IJiomiaau noiycdepsl. [Ipu 3Haue-
HuM O, OIIM3KOM K HIJKHEH TpaHM Ouana3oHa, MMEEM MHOIOYTOJIBHUK, HMOKPBIBAIOLIUI
HOYTH BCIO cepy, 32 UCKITIOUEHHEM OKPECTHOCTH F0XKHOT'0 MOJTI0CA.

Puc. 5.11. IIpaBuinbHEI 7 + 1 -yTOTBHUK
Ha cepe

Koopaunatel BepuIMHBI C HOMEPOM Kk paccMaTpUBAEMOrO MOJWUTOHA B HEMOABHXKHOMN
cUCTeMe, OTIPEIETICHHOM B pa3zeie 5.1, TakOBBI:

x(k) :[cose-sin(2-k-k);sin6; cosG-cos(2-k-X)]~R (k=0,1,...,n), (5.109)

e A=n/(n+l).

Kaxnast cropoHa monuroHa siBisieTcss Ayroil Ooibmiol okpyxkHocTH. KocuHyc m cuHyc
MOJIOBUHBI yTJIa, MOJ KOTOPHIM BHIHA CTOpPOHA TOJHMIOHA M3 IIEHTpa c(hepbl, TaroTCs
dbopmynamu:

cos%:\/l—coszﬁsinzk; sin%:cosﬁ-sink, (5.110)

a caM yIroJj MOXKET OBITH BHIYHCJICH TaK:
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B =2-arcsin(cosB-sin). (5.111)

Kaxk Obut0 ckazano B pazzaene 5.4, kaxmas OoJiblliass OKPYXHOCTh Ha cepe MOXKET OBbITh
orpeziesieHa HAMPaBJISIONIMMEI KOCHHYCAMH HOPMAJH K IUIOCKOCTH, B KOTOPOH JIGKUT 3Ta
OKpYXHOCTh. KOCHHYCHI yIJIOB MEXIy HOPMalbl0 K OKPYKHOCTH, OIpPEIeIISIoNIeH
CTOPOHY C HOMEPOM k, U OCSIMH HETIOJBM)KHOM CHUCTEMBI KOOPIWHAT X|, X2, X3 JAKOTCSA
dbopMmytamu:

sin 0
c(k)=— sin| (2-k+1)-A|;
1 J1-cos?0-sin® A [( ) ]

cos0
c, (k)= “COSA; (k=0,1,...,n). 5112
’ J1—cos?0-sin® A ( )
ey =———3  cos[(2-k+1)2].

\/l—cos29‘sin27x

UYro kacaercs yriioB MOBOPOTA MOJIMIOHA B €r0 BEPIIMHAX, TO POPMYJIbI 7Sl OMpPEIeIICHUs
KOCHHYCOB U CUHYCOB MOJIOBUHHBIX YTJIOB TAKOBBI:

cos® = COSA : sin® _ sin0-sin A ’ (5.113)
2 J1-cos’0-sin> A 2 J1-cos’0-sin* A
a caM yrojl MOKET OBbITh BBIYHCIICH 10 (opmysie:
o= 2-arg(cosk+i-cose-sink) = 2-atan2(cosk; cos@~sin7»). (5.114)

I[.]'DI 9TOro IIOJIUI'OHa HOpMI/IpOBaHHLIC ITIOJIOBUHHBIC JKCIIOHCHIIMAJIBbHBIC KBaTepHI/IOHLI
YIJI0B IMOBOPOTA MOJIMTOHA B €r0 BEPIIHHAX, 3alaHHbIC B MTOBHKHON CHCTEME KOOP/IMHAT,
HC 3aBUCAT OT HOMepa BepI_HI/IHBI 1 UMCHOT BHUI.

COSA sinO-sin A

; 0,0,
\/1—c0s29‘sin27x \/l—cos29‘sin27x

vqo = , (5.115)

a HOPMUPOBAHHBIEC MOJOBUHHBIE SKCIIOHEHIIMAIbHbIE KBATEPHUOHBI UCKPHUBIIEHUS CTOPOH
MOJINTOHA B TMOJBW)XHOM CUCTEME KOOPAMHAT TOXKE HE 3aBUCAT OT HOMEpPA CTOPOHBI U
BBIUUCIISIOTCS 1O (popmyram:

yqﬂZ[\/l—coszO-Sinzk;O;cos&sink; O]- (5.116)

KBarepuuon q, ompexnensiembiii dopmynoit (5.93), B MOABIKHON CHCTEME KOOPAMHAT
UMeeT BUJL:

sin@-cos0-sin*A cos0-cosA-sinA
J1-cos’0-sin> A~ v/1-cos®0-sin® &

4 =| Ccosh; — ;sin@-sin A |. (5.117)

OTH Ke KBaTCPHUOHLI B HCHOIIBI/I)KHOI\/Il CUCTCMC KOOPAWHAT BBIPAXKAKOTCA TaK:
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1—cos® 0-sin* A

1 —sin0-cos0-sin[ (2-k+1)-1]-sink
x4B(k) = - (k=0,1,...,n); (5.118)
J1—cos?0-sin & cos’ 0-cosA-sin
—sin@-cos@-cos[(Z-k+1)-k]-sink
COSA
1 sinB-cosB-sin(2-k-A)-sinA
xqa(k) = : o (k=0,1,...,n); (5.119)
J1-cos?0-sin? A sin” 0-sinA

sinB-cos0-cos(2-k-A)-sinA

x4 =[cos; 0;sin; 0]. (5.120)

KBarepuuon q, ompenensemslii ¢gopmynoit (5.120), He 3aBUCHUT OT HOMEpPa CTOPOHBI
MHOIOYTOJIbHMKa M MMEET O4YEeHb NPOCTOM BuA. BekropHass yacTb 3TOro KBaTEpPHUOHA
COBIIAJIAET C OCBIO c(pephl M HANIPABIICHA B CTOPOHY CEBEPHOTO MOJIIOCA.

Yacmuwowi cnyyau. Pasnocmoponnuti npsamoy2onvhbli mpey2oavHuk. B 1aHHOM ciiyvae n =

Jo .3

2; A= —[3—— cosO=—:;sin0=—:;0~0,615.
3 3 3

KoopauHaTel BepIIMH paccMaTpUBAEMOIrO TPEYroJbHHKA B HEMOIBHKHON CHCTEME

KOOPJIMHAT TaKOBbI:

x(0) = [oii} cx(1) = {‘/_ \/_ */_} R;x(2) = {‘/_ ‘/_ */_} . (5.121)

3’

3’

Kocunychel yrimoB c¢(k) mMexay HOpMaiabio K OKPYKHOCTH, OINPEACISIONICH CTOPOHY C
HOMCpOM k, u O0CsAMHN HCHOHBI/I)KHOI\/II CHUCTCMbI KOOpAUHAT X1, X2, X3 TAKOBBI:

-5 5 oo S o[£, 8] o

3 273 6

HOpMHpOBaHHBIe IMOJIOBUHHBIC JSKCIIOHCHIUAJIBHBIC KBAaTCPHUOHLI YIJIOB IIOBOPOTA H
HCKPHUBJICHUSA CTOPOH IMOJIMTOHA B MOABHKHOM CHCTEME KOOpAUHAT TaAKOBBI:

an{goof} vaP = [*/2_ Jz— } (5.123)

KBarepauon q, ompenensembiii ¢opmynoi (5.93), B MOABMXHOW CHCTEME KOOPAMHAT
HUMECT BU:

Yq{—;——;—;—}- (5.124)

ITH XKe KBAaTCPHHUOHEI B HCHO)IBH)KHOﬁ CUCTEMEC KOOpAWHAT UMCIOT BHU:
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qu(op{ﬂ._li_*/—}x 3(1){\/_ */6_ ‘q,x ﬁ(2)_{\/_ 1 */6_ {} (5.125)

27276
xqa(0)=[1;o;£;‘ﬂ;xqa(l) Pii,_‘q,xqa(z) P ‘f\f \q (5.126)
27676 274767 12 27 4767 12
xq:{l;0;£;0i|- (5.127)

2772

5.11. CooTHomIeHHE YIJI0B B chepruecKOM TPeyrojbHUKe

[IpencraBnsieT METOOUYECKUH HMHTEPEC BBIBOJ
dopmyn cheprueckoil reOMETPUN C UCIOIB30-
BaHMEM KBaTEPHUOHOB. B  Kiaccuueckoit
ceprudyeckoil  TPUTOHOMETPUU  HCIOJB3YIOT
BHYTPEHHHUE YTJbl TPEYrojibHUKa, 00O03Hauae-
MbI€ I'peYeCKUMHU OyKBaMH o, f3, Yy, U yTJIbl, O
KOTOPBIMH BHJIHBI TPOTHUBOJIEKAIINE CTOPOHEI
TpeyrojbHUKa U3 LIEHTpa cdepbl, 0003HaUae-
MbI€ JIATUHCKUMU OykBamu a, b, c¢. B panHOM
paboTe BMECTO BHYTPEHHUX YTJIOB HCHOJIb30-
BaHbl BHEUIHHME YIJBI WM YIJIBI MOBOPOTA
noinuroHa (B JaHHOM cllydyae TPeyroJbHUKA),
obo3Hauaemble O, O, Oy, U YIJbL, TOJ
KOTOPBIMU BHUJHBI CTOPOHBI TPEYTOJIbHUKA W3
neHTpa chepsl, obo3Hagaemsie Py, Bi, P2 (puc.
5.12). OnucaHHbIE BBIIIE BETMYNHBI CBS3aHBI MEKIY COO0H (popMynaMu:

Puc. 5.12. Cdepuueckuii TpeyroabHUK

a=B;b=B;c=PBa=n-0,;B=n—0yy=T-0q,. (5.128)
3anuIieM OCHOBHOE KBaTEpPHHUOHHOE paBEHCTBO (5.68) A ciyyasi TpeyroybHUKA!
yaB(0)e yqad)e yqp(l)o yqa(2)o yqP(2)° yqa(0) =—i. (5.129)
Hcnone3yst o60o3HadueHus pasaena 5.9, oty popmyily MOKHO TIepeIicaTh TaK:
A()oB(2)=-i. (5.130)

[MoncraBnsisi B 3Ty (opMyiy BBIpaXCHHsI KBATEPHHOHOB (f M qO. B COOTBETCTBUH C
dbopmynamu (5.60) u (5.61) u MOAB3YSACH MOKOMITOHEHTHBIMH 3aBUCUMOCTSIMH, TIOI00HBI-
Mmu (5.92):

4,(1)=-B,(2); A0 =B,(2); 4,1)=58,(2); 40)=5B;?2), (5.131)

nonyynM (yHIAMEHTAJIbHYIO CHCTEMY 3aBUCHMOCTEH MEXIy YIIaMH H CTOPOHAMH
cepruvecKoro TpeyroibHuKa:
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o + o, +o
cos—l'cos&=—cosﬁ—2'cosg;
2 2 2 2
.o . B . . Oy —O
—sm—l-smM:smB—;-sm%;

(5.132)
o . B+ . o, — o
cos—l-smM:sln&-cosM;
2 2 2 2
.o - . Oyt
mnj-cosM:cos&-sm%.

[Tpon3Boas MUKINYECKYIO 3aMEHY WHICKCOB YTJIOB Oy, O, Oy U Po, B1, P2, MOXKHO TOIy-
YUTh eIle JBa HaOopa MOJOOHBIX 3aBUCUMOCTEH. DTHU 3aBUCUMOCTH Ha3bIBAIOTCS opmy-
namu /enambpa (I'aycca). VI3 HUX BBITEKAIOT BCE OCTAJIbHBIE (OPMYIBI chepruecKon
TPUTOHOMETPHH.

Hpome BCCTO MOJIYYAKOTCA TAK HA3bIBACMBIC araiocuu Henepa:

th—2~cos %o — % =—thl+B° 'Cosa°+a2;

2 2 2
th—;- sin a0;a2 :—th1;B° -sin Oﬁo;%;

5 oo Bep (5.133)

tg&-cos L 0= tg—0 —2.cos1—2;

2 2 2 2
tgﬁ' SinBI_BO :_tgao_az ~SinBl+Bo.

2 2 2 2

OHH BBITEKAIOT U3 MOMApHBIX oTHOMEHUH Gopmyn emambpa (I'aycca). B HOBBIX 0003Ha-
YCHUAX OHU BBITJIAOAT 60H€€ H3AMIIHO, MOCKOJIBKY HE COACPIKAT KOTAHI'CHCOB. ]_II/IKJ'II/I‘-IG-
CKasi 3aMEeHa WH/IEKCOB ITO3BOJISICT IMOJIYYUTh €IIe 1B Ha0opa MmoI00HBIX 3aBUCUMOCTEH.

Bo3Boast B kBagpar paBeHctBa (5.132), a 3arem, CKiaapiBas M BBIYUTAs MX B Pa3HbIX
KOMOUWHAIMAX, ITOJyYUM TeOpeMy KOCHHYCOB YTJIOB:

cosa, =Ccosa., -Cos o, —sina, -sina, - cos 3, (5.134)
¥ TEOPEMY KOCHHYCOB CTOPOH:
cosf3, =cosf, -cosf, —sinf, -sinf, -cosa,. (5.135)

brnarogaps Tomy, 94TO MBI TOJNB3yeMCSl BHEIIHMMH YyTJIaMH TPEYTOJIbHUKA, (HOPMYIIBI
(5.134) u (5.135) BeiyIsIAAT uaeHTUYHO. [Ipy mMOMOIM ITUKINYECKON 3aMEHBl MHACKCOB
MOJKHO TOJYYUTh IPYTHE MPEACTABICHUS TEOPEM KOCHHYCOB.

Bripaxxenue (5.134) MOKHO mepenucarh CiaeayonM 00pa3om:

COosQ, - COS O, —COS QL

cospB, = (5.136)

sina, -sina,
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BOSBO,I[SI JICBYIO M MPABYIO 4YaCTH 3TOTIO paB€HCTBA B KBaApaT W BBIIIOJHAA HECIOXXHBIC

npeoOpa3oBaHus, MOTYyYUM:

AZ
- 2 <2 b
sin” o, -sin” o,

sin’ B, =
rie
A’ =1-cos” o, —cos’ o, —cos’ o, +2-CoSal, - COS Ol - COS O, .
<2 .
Paznenus neByro u npaByto yacth paBeHcTBa (5.137) Ha sin“aj, TOTYy4HM:

sin’B, A’

sin®a, sin’a, -sin’ @, -sin’ o,

Bremonnss HUKIWYCCKYIO 3aMCHY MHJACKCOB, IPUXOAWM K BBIBOAY O TOM, YTO:

sin’B, sin’B, sin’B,

. . . 2
sina, sin’a, sin’aq,

(5.137)

(5.138)

(5.139)

(5.140)

MOCKOJIbKY IUKJIMYECKasi 3aMeHa WHIEKCOB HE M3MEHSET MpaBoil yactu Gopmyis (5.137).
[Tocne u3BiIeUeHNs KBaJIpPaTHOTO KOPHS M3 KaKIOM COCTaBHOM 4acTu paBeHcTBa (5.140),

IIPUZIEM K TEOPEME CHUHYCOB:

sinB, sinf, sinf,
sino,, sino, sinao,

Brimonssas nogo6HbIe mpeodpazoBanus ¢ BelpakeHueM (5.135), momydaem:
. D’

s o, = T 246 - 2. 0
sin” 3, -sin” B,
riue

D? =1-cos’ B, —cos’ B, —cos’ B, +2-cos P, -cos B, - cosp, .

[ToxcraBnss (5.142) B mpaByro yacth Gopmyds (5.139), mpunem k hopmyie:

sin’B,  sin’B, -sin’ B, - A

sin®a, sin’a, -sin’ o, - D’
VYuutsiBas paBeHcTBa (5.140), nonydaem:
sin’B, D’

sin“a, A’

(5.141)

(5.142)

(5.143)

(5.144)

(5.145)

Taxum 00pa3oM, MBI YCTaHOBHIIH, YEMY PABHO OTHOIIIEHUE CHHYCOB B TEOPEME CHHYCOB.

sinB, sinB, sinfl, D

sina, sino, sino, A

(5.146)
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Bemuuunbr D u A onpenensitorcst popmynamu (5.138) u (5.143). DT BeIMUHUHBI MOXKHO
BBIPa3UTh U OoJyiee M3SIIHBIMH (GopmynamMu. J[7s 3TOro BBeAEeM B PacCMOTPEHHUE YTIIbI,
npeasiokeHHbie B cBoe Bpemst Cteronu [11]:

2:c=2-m—0a,—0a,—0a,;

2'522'R_BO_B1_82;

2:0p=  —aytaytay; 2-5,= =By B By (5.147)
2.0, = Oy =0y + 0,5 2-85, = Bo =By +B,s
2-0,= Oy +0y =0y 2-5, = Bo + By =B,
I[Tpsimoii mpoBEpKO MOKHO yOETUTHCS B TOM, YTO CIPaBEJIMBEI (DOPMYJIbI:
D? =4-sins-sins, -sins, -sins,; A’ =4-sinc-sinc,-sinc, -sinc, . (5.148)
Teopembl TOJIOBUHHOTO yTiia B 0003HaYeHUX (5.148) BRITJISIAT TaK:
. O sins-sin s, 0 sin s, -sin s, o, sins-sin s,
sm—= [———; COS—= [——F; PN S (5.149)
sin 3, -sin 3, sin 3, -sin 3, 2 sins, -sin s,
a TeopeMbl MOJIOBUHHOM CTOPOHBI — CJIEYIOMINUM 00pa3oM:
. sinG-sinc sinc, -sinc sinG-sinc
sinPo [SMOSNOy oo P [SN0ySING, -y By [SNOISNG, (s 50
2 sin Q. - Sin o, 2 sinQ, - Sin o, 2 SInG, -SIN G,

HYTCM I.[PIKJIPI‘-IGCKOfI 3aMCHBI MHACKCOB MOKHO IMOJYYHUTb CUHYCBbI, KOCUHYCBhI U TAHI'CHCBI

BCCX ITOJIOBUHHBIX YTJIOB.

Puc. 5.13. BnucanHasi OKpyHOCTb ¢
PaluycoM ¥ 1 BIIUCAHHBIE OKPYKHOCTH
W3BHE TPEYTOJIbHUKA C PANyCaMH 7, 71, 12

[IpuBenem emie HEKOTOpHIE MoOJe3HBIE (opmy-
Jbl, B YaCTHOCTH, JJISI OINpPENENICHUS] PaJuyCoOB

BIIUCAHHBIX OKpyxHocTed (puc. 5.13). Mus
pazyca BIIUCAHHON OKPY>KHOCTH 7
tgr = (5.151)

2-sins
Jlnst pannycoB OKpy»KHOCTEW, BIMCAHHBIX U3BHE

TPEyroJibHUKAa M KacalollUXCsl CTOPOH Tpe-
yrosibHHKa ¢ Homepamu 0, 1, 2:

tgr,= tgn= b tgr= D 5.152
& e 2-sins,’ & 2-sins, G.152)

2-sins,

Jns paguyca onmucaHHOM OKPYKHOCTH:

—  |coss, coss, -COss
cth:\/ 0 ! 2,

(5.153)

COS S

[Tnomans cheprueckoro TpeyrojabHUKa onpeaensercs GopMyJIIoun:

S=¢-R*,

(5.154)
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rjae € — chepuiecKuil N30bITOK, KOTOPBIF MOYKHO OINPEICIHTh 10 (hopmyIie:

£=2-c (5.155)
WM TIPU TIOMOIIU (hopmyasl Yunvepa:
e S S S S
to—= |tg—-tg—L.-tgL.tg 2 5.156
g7 \/gz g e 8o ( )

5.12. Pa3ronka HeBSI30K

PaBenctBo (5.94) cobmromaeTcsi, €Ciy YIJIbl MOBOPOTa MOJWIOHA U JUIMHBI €r0 CTOPOH
W3MEpPEHBbI TOYHO. B JCHCTBUTENHLHOCTH WM3MEPEHUS WMEIOT IMOTPEIIHOCTH, W TOYHOTO
coOnrofieHus paBeHCTBa (5.94) nocTuyb HE yaaeTcs.

B kadecTBe yriaoMepHBIX HHCTPYMEHTOB, Kak TMPaBUIIO, HCMOJIB3YIOTCS TEOJOIUTHI.
TeoqomuTel UMEIOT CPEIHEKBAAPATUYHYIO TOTPEITHOCTh U3MEPECHHS YJIOB OT 1 YIJIOBOM
-6 o -4
cekyHbl (Ao = 5-107 paauana) 1o 1 yrnoBoit MuHyThl (Aa = 3-10™" paguana). [Torpem-

HOCTh U3MEPEHUS YTIIOB SIBIISIETCS a0COIIOTHOM M HE 3aBHCHT OT BEITUYHHEI YTIA.
PaccrostHust u3MepsItOTCS MEPHBIMH JICHTaMH, MEPHBIMU MPOBOJIOKAMHU (OTHOCHUTENbHAS
-6
norpemtHOCTh AR = 2-107), 2JIEKTPOONTHYECKUMU WM Ja3ePHBIMH JaTbHOMEPAMH
-6 o
(otHOCUTenBbHas morpemHocTh AP = 3-107). IlorpemrHocTh U3MEpPEHUsT PACCTOSHUM, Kak
MIPABUJIO, OTHOCUTENBHASI, TO €CTh, MPOTOPIIMOHATHHAS H3MEPSIEMOMY PACCTOSHUIO.

[TycTh pe3ynbTaThl 3aMepoB JJIsl YIJIOB IOBOPOTA MOJUIOHA — *olg,*ouy,*aly, ..., *al,, @ IS
OTHOCHUTEINTFHBIX (IT0 OTHOIICHUIO K paguycy chepsl R) aimuH ctopoH — *Bo,*B1,*Po, ..., *Pn.
DTH JaHHBIE MOKHO OTKOPPEKTUPOBATH, BOCIIOJIb30BABIINCH PAaBEHCTBOM (5.94).

OTKOppEeKTUPOBAaHHBIE JaHHBIE OyeM MOIydaTh 1o GopMysiam:
o, =%, +Aa-ka; B, =B, -(1+AB-kB;,) (=0,12,..,n), (5.157)

HY>KHO TOJIbKO 3HaTh 3HaueHus ko, kB; =0, 1, 2, ..., n).

JlornuHo motpeOoBaTh, 4TOOBI CyMMa KBagpaTOB STHX BEIWYMH OblIa MUHUMAJIBHOM.
Kpome Toro, Hamo 100UTHCS, 4TOOBI

Q=q(0)oq)o...oq(n)=-i. (5.158)

KBatepuuon Q sBasercs ynkuueit yrinos oy, 3 (j = 0, 1, 2,..., n). Paznoxum ero B psn
Teiinopa B okpecTHOCTH TOUKH *oy, *B; (f =0, 1, 2,..., n), OrpaHUUUBILUCH NEPBBIM UIECHOM
pana:

Q=*Q+Zn:aa Q~Aocj+zn:a Q

J=0 B J=0 K

AB;, (5.159)

rie  *Q — 3HadeHue KBaTepHHOHa Q, Ipu 3HaueHMsX yrios *ay, *B; (j = 0, 1, 2,..., n);
0*Q. 0*Q
b
oo oB;
ax yrnos *oy, *B; (j = 0, 1, 2, ..., n); Aa;, AB; — npupaleHus yrioB, BeIpa)kacMble 4epes
UCKOMBIE KO PULUEHTSHI ko, kf3; mo popmynam:

(j=0,1,2, ...,n) —yacTHbIE TPOU3BOAHBIE KBATEPHUOHA Q IPU 3HAYECHHU-



192 5. COEPUYECKAA 'EOMETPHA

Aa; =Ao-ko; AR, =*B-AB-kB, (j=0,1,2,.,n). (5.160)

YacTtHbIE MMPONU3BOAHBIC KBAaTCPHHUOHA Q no yriy O(:/‘ 1501050 Bj MO>HO BBIYHUCIINTH KakK
npou3Be/ieHne KBaTepHUOHOB ((j) u3 dopmynsl (5.158), ecnu B Heil kBatepHUOH (/)
3aMEHUTH COOTBETCTBYIOIICH MTPOU3BOTHOM:

0 ) oq(j—1 )
22— 40ooqi- DAL oq(j Do gy
% % (5.161)
0 ) oq(j—1 ) '
=00 cq( =)o g e g,
J j
rac
—sin—j-cos& —cos&-sin&
2 2
oS —t . qin T —qin—t . coc
2q() :l, cos 5 sin > | a0 :l, sin cos 5 5160
oo, 2 ‘ B 2 ‘ o '
% —sin&sinB—’ B’ cos&cosB—’
2 2 2
cos&cos& —sin&sin—j
L 2 2 | L 2 2
Bot apyroe npejacrapieHre MPOU3BOAHBIX:
oQ 1 } . .
5=5-q(0)°---°q(1—1)0[0,0,0,1]°q(1)°q(1+1)°---°q(n);
é’QJ | (5.163)
£=E'Q(O)O---OQ(J'—1)0(1(1')0[0,0,1,0]0(1(1'+1)°---°(I("l)-
j

[TorpeGyem, 4ToObI KBaTepHUOH Q, omnpenenseMslid popmyinoii (5.159), mocne noacTaHoB-
KH BeIpakeHu# u3 (5.160) Obu1 paBeH equHUYHOMY. M3 3TOTO YCIIOBHUS BBITEKAET KBATEP-
HHOHHAs 3aBUCUMOCTb, JITHEHHAsI OTHOCUTENBHO ko, kf3;:
nop* nop*
I-*Q=Ao- Y Q-kocf—i-AB- Q
j=0 aaj Jj=0 aB/

TO €CTh YeThIpe CKAISIPHBIC 3aBHCHUMOCTH. Ha camom nene, Aisi MpakTHUECKUX HYKA
JOCTaTOYHO YIOBJIETBOPUTH JABYM 3aBUCHMOCTSIM, COOTBETCTBYIOIIMM BTOPOMY M TpEThe-
My KOMITOHEHTY KBaTepHHOHA. C y4eTOM 3TOTO MOXHO c(hopMyIIMpoBaTh ONTUMH3AIMOH-
HYI0 3a/1a4y Ul onpeaenenus ko, kB;(j =0, 1, 2, ..., n):

B, kB, (5.164)

MUHUMHU3HUPOBATH MOJyCYMMY KBaJIpaToOB KO3(PPHUIINEHTOB:

1 & ] &
— > kol +=-> kP’ (5.165)
2 j=0 ’ 2 j=0 ’
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MIpU COOJIIO/ICHNUN yCIIOBHMA:

wr _ | 0*Q N 9FQ | .

€. = A JZO( oa, l A ;( B, ]2 b

*0), :Aa'i( ;QJ kOLj+AB'Zn:(a*Q] '*Bj'kf)j-
J=0 a’j J=0 J /3

Oyukuus Jlarpanka i 9TOM 3a1a4d UMEET BUL:

1 n 1 n
— Y kol +—-) kP’ +
2 jz_(; J 2 jZO B./

+ — Ao, Z(é*Q

l o, —AB- Z{a*Q

n a*Q . |

J B kP,

A, +

Ay

(5.166)

(5.167)

Ona conepskut 2-(n + 2) HEM3BECTHBIX, CPeIu KOTOPBIX 2-(n + 1) Hen3BecTHBIX ko, kB, (j =

0,1,2, ..,

n) u aBa MHoxuTens Jlarpamxka A, u As. AuddepeHunpys ee mo KaxxaoMmy u3

HEM3BECTHBIX M MPHUPaBHHUBAS PE3YJIbTAT K HYJIIO, MOIy4aeM cuctemy u3 2:(n + 2) auHei-
HBIX aJIreOpanvyeckux ypaBHEHUN:

%
ko, -\, Ao o*Q
J aaj
Q

kB -\, -AB- *B

(as_,

n %
Ao - 0*Q

= 8ocj

n *
Ao 0*Q

=\ oo,

W13 ypasuenuii (5.168) MoxxHO BbIpa3uTh Koddduiments! ko, kB; (j =0, 1, 2, ...,

7\.2 u 7\.31

2

2

3

*
ko, = )»Z-Aoc-(a Q
oo

kBj = 7“2 AB*B, (

J

0*Q

+
)

J

3

%
} —}L3A(X(a—Q
oo .
2 J /3
0*Q
—A -AB-*B -
8BB| p
n a*Q
ko, +AB-
n a*Q
ko, + AB-
J JZO aBJ

3

*Q

+A;- Ao 0
, oo

J

J =0 (j=0,1,2,..n);

=0 (j=0,1,2,..n);

) *B_,- ’ kBj

=*0,;

'*Bj kBJ :*Q3'

J (j=0,1,2,...n);
3

] (j=0,1,2,..n).
3

(5.168)

(5.169)

n) 4epe3

(5.170)
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[ToacTaBnsisi BeIpakeHUs sl TUX K03 dunineHToB B ypaBHeHHs (5.169), momydum nBa
yYpaBHEHHUSI JUIs OTIPENICIICHUS Ao U A3:

Ay hy + Ay hy =%0;

(5.171)
Ay -y + Ay -y =*0,
rue:
n 6 %k a * n 6 * a *
oo\ O , oo ; , o\ OB, , oB; ,
n %k % n % %
A, = Ao’ - orQ| |1 +AB* - ”Q B °Q ;
J=0 aa/ 2 aa.f 3 J=0 aB/ 2 . aB/ 3
(5.172)
n % % n % &
A, = Ao’ - o*Q |19 +AB’- ”Q B3 °Q ;
J=0 aa/ 3 8(X.i 2 J=0 aB/ 3 . aB1 2
n % * n * %
A=A’ - Q|19 +AB’- °Q B °°Q
oo\ o \ oo s =\ OB, s B, X
Pemenwne cuctemsl ypaBuenuii (5.171) naetrcst popmynamu:
Ay = D" (Ayy 0y = Ay -*05); Ay = D" (Ay *0; = 4, -*0), (5.173)
rue
D=4, -4;—- A4, A4, . (5.174)

OmnpenenuB A, u A3z o hopmynam (5.173), MOKHO ONPEEIUTh UCKOMBIE KOIPPHUITCHTHI
o popmyrnam (5.170), a 3aTeM U OTKOPPEKTHPOBAHHBIE YTITBI IO (hopmyam (5.157).



6. Mexanuka ruOKux BaJioB

B TexHuke dYacTO NPUMEHSIOTCS YCTPOWCTBa, IpeaHA3HAuUCHHBIC JUIs TepeJadyd Ha
paccTosiHMe TO0J| Pa3HbIMU YIJIAMU HPOJAOJIBHOW CHIIBI MJIM MPOJOJIBHOIO IEpeMEIEHHs
(rubkue TArM), KPyTAILIET0O MOMEHTa WM yria MmoBopoTa (TMOKue Bajbl). YCTPOHCTBO
COCTOUT U3 JIETKO U3rH0aeMbIX, HO JKECTKMX Ha PaCTsHDKEHUE M HAa KpyUEHHUE CepAeUHUKA U
oboiiMbl. Ilpumepamu Takux YCTPOHCTB MOTYT CIY>XUTh TPOCHK s (poToammapara,
THOKHWE TATH JJIs PhIYAroB YIpaBJIeHUs aBTOMOOWIEM, THOKUIA BaJIUK JIJIsi aBBTOMOOMIIBHOTO
CIMOMETpA, BaJ JUIi INTyOWHHOTO BUOpaTopa 0eToHa, OypHIIbHOE YCTPOHCTBO ¢ 00CaIHOM
TpyOOH U T. 1.

6.1. Ucnnosib30BaHMe BCeX KOMIIOHEHTOB KBATEPHUOHOB M OMKBATEPHUOHOB

KBatepHuoHn — 3T0 MaTeMaTHYeCKHi 0OBEKT, MH()OPMAIIMOHHO SKBUBAJICHTHBIH YETHIPEM
nercTBUTENbHBIM YKciaM. OJHAKO B KJIACCMYECKOM BapHaHTE OH HCIOJB3YeTCS IS
paboThl cO CBOOOTHBIMU BEKTOpAMHU B TPEXMEPHOM MpOCTpaHCTBe. Kak u3BecTHO, s
OMHCaHUs CBOOOJHOTO BEKTOpa B TPEXMEPHOM MPOCTPAHCTBE TpeOyeTcsl JUIIb TPH
JNEHUCTBUTENBHBIX YuCia. YeTBepThIii KOMIIOHEHT KBAaTEPHUOHA KaK OBl SABJIsIETCS MHPOP-
MAaIlMOHHO JIMITHAM. Tak TpeXMEpHBIA BEKTOP OOBIYHO MPEACTABISACTCS KBATCPHUOHOM, Y
KOTOPOTO CKaJsipHas 4acTh paBHA HYJI0. UeTBepThIi KOMIIOHEHT KBaTEPHUOHA HYKEH TS
JIPYTHUX LEJIEH.

[IpuunHa, 0 KOTOPO BMECTE € TPEMS YUCIIAMU, ONUCHIBAIOIIMMHU BEKTOP, 3alIOMHUHAETCS
U npeodpasyercs Kazajaoch Obl HEHYXKHOE YHCIIO, 3aKJII0YaeTCsl B OCTPOYMHOM IIpaBUIIe
YMHOKEHHUSI KBaTEPHUOHOB. DTO MpPaBWJIO, IPUMEHEHHOE K IBYM BEKTOpaM, JIaeT CIEIy-
IOUIMH pe3ynbpTaT. B BEeKTOPHOI 4acTH KBaTepHUOHA-TNPOU3BEICHHS HAXOJUTCSA BEKTOPHOE
IIPOU3BE/IEHNE BEKTOPOB-COMHOKHUTENIEH, @ B CKAJSIPHOM YacTu — CKaJsipHOE MpPOU3BeEe-
Hue (mpaBja, ¢ 0OpaTHBIM 3HaKOM). Takum o0pa3oM, OJlHa onepalus YMHOXKEHUs KBaTep-
HUOHOB 3KBUBAJICHTHA JIBYM OIEpalUsiM YMHOXEHHSI BEKTOPOB: BEKTOPHOMY U CKaJIIpHO-
My. Pe3ynbraThl 3THX omepanuii copepikaTcs B OIHOM KBaTepHHOHE. "JIMmHuii" kommo-
HEHT KBAaTEpPHHOHA B 3TOM CJIy4ae MOJIy4yaeT peajbHOE UCIOJIb30BaHUE. 3a ATUM CIEAyeT
ele oJHO mpeumyuiecTBo. Kak M3BECTHO, O BEKTOPHOMY IMPOU3BEICHHUIO U OJTHOMY W3
COMHOXKUTENEHN HEb3sl OJHO3HAYHO BOCCTAHOBUTH BTOPOIl COMHOKHUTEINb. 3aTO 3TO MOKHO
clienath, €ClIid U3BECTHO, KPOME BEKTOPHOTrO, TAaKXKE M CKaJlspHOE Mpou3BeaeHue. Takum
00pa3omM, eciii BMECTO TPEXKOMIIOHEHTHBIX BEKTOPOB IT0JIb30BATHCS YETHIPEXKOMITOHEHT-
HBIMU KBaTE€pHHUOHAMHM, MOXKHO BEKTOpPbI HE TOJIKO YMHOXaTh, HO U J1enuTh. bonee Toro,
CTAaHOBUTCSI BO3MOKHBIM ONPEIEINUTD JIIOOYI0 aHATUTHYECKYIO0 (DYHKIUIO KBaTepHHOHA. B
pe3yibTaTe Mbl IPUXOAMM K Pa3BETBICHHON anreOpanveckoil cucteme, Ie B KauecTBe
AJIEMEHTAapHOI0 00BEKTa BHICTYNAET KBaTEPHUOH. B 3TOll cucTeMe BBIKIAJKH CTaHOBSITCS
OYEHb KOMIAKTHBIMH, @ PE3yJIbTaThl — JIETKO 0003pUMBIMHU.
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IIpy nporpaMMUPOBAHHMM TPOLECCOB pEUICHMs 3a4ad I KOMIIBIOTEPOB YETBEPTHIN
KOMIIOHEHT KBAaTE€PHHOHA HUIPaeT pOJIb JIOMOJHUTENLHOW paboyeil s4elKH, B KOTOPYIO
3alACBIBAIOTCS MPOMEKYTOYHBIE PE3YJIbTaThl, KOTOPHIE MOXHO BIIOCJIEICTBUU HCIOJIB30-
BaTb, HE BBIIOJIHASA BBIUMCICHHUA 3aHOBO. DOpMyIbl [UIsl IPEICTaBICHUS KOMIIOHEHTOB
KBATEPHUOHA IPH PELICHWH pEaJbHbIX 3a/ad OKAa3bIBAIOTCS CTOJb M3SIIHBIMU (CM.,
HampuMmep, pasfen 5), 4yTO ATO TPYIHO OOBSICHUTH YUCTOW CllydyailHOCTBIO. HeBosbHO
BCIIOMHUHAETCSI KpbUIaTOe BbIpakeHHEe H3BecTHOro reomerpa A. I1. EdpemoBa "3akoHsbr
(U3HUKY UITUTE B MATEMaTUKE KBATEPHUOHOB".

Bce cka3aHHOE OTHOCUTCA M K AyalbHbIM OWKBaTepHHOHAM. TOJBKO TyalbHBIN OMKBaTep-
HUOH SKBHMBAJEHTEH IO MH(OPMATHUBHOCTH YETBHIPEM JyalbHbIM WIM BOCBMH JAEHCTBU-
TEJBHBIM YHCIIaM, a HCHOJB3YETCS OH i pabOThl ¢ BUHTaMH, KOTOPBIE MOJIHOCTBHIO
ONMCBHIBAIOTCS LIECTBIO NEHCTBUTENBHBIMU YKcCIaMHU. Bce mpeumyinecTBa KBaTEpHHOHOB
CIpaBEJIUBBI U ISl OUKBATEPHHUOHOB.

HecmoTpss Ha 3TM NpeuMyIIeCTBa, XOYETCS HE YIYCTUTh BO3MOXKHOCTH HCIOJIb30BaTh
YEeTBEPThII KOMIIOHEHT KBAaTEpPHUOHA WM OWMKBATEPHUOHA JUIsl XpaHEHUs U 0OpabOTKH
JIOTIOJTHUTENBHOM copeprkaTesibHoi nHpopMmanuu. [IoHATHO, 4yTO 3Ta HHPOPMALIKS JOIDKHA
OBITh SKBHUBAJICHTHA CKAJSIPHOW MEPEMEHHOM JUIsl KBaTEPHUOHA U TyaJbHOW MEPEMEHHOU
JUis OMKBaTepHHOHA M COIyTCTBOBaTh M3Y4aeMOMY CBOOOJHOMY BEKTOPY WJIM BHUHTY.
JletanbHblil aHanu3 MpeoOpa3oBaHUM, BBIMNOIHAEMBIX MPU MOMOLIM HEHOPMHPOBAHHBIX
OMKBAaTEpHUOHOB, NpuBeaeH B pasaene 4.9. Tam, B 4acTHOCTH, IOKa3aHO, YTO MpHU
CIIOKCHUM HWCTUHHBIX DHJIEPOBBIX IOBOPOTOB [JyallbHBIE YaCTH COOTBETCTBYIOIIHX
OMKBATEPHUOHOB CKJIAJIBIBAIOTCA, a MpeoOpa3oBaHNe KOOPAUHAT JI000ro OMKBaTEpHUOHA
OCTAaBJIIET €T0 NyaJIbHYIO 4YaCTh HEU3MEHHOM.

3amauM, B KOTOPBIX MOKHO HCIIOJIb30BAaTh YETBEPTHIM KOMIIOHEHT KBaTEpPHUOHA WIIU
OMKBaTEepHUOHA, U3penka BcTpeyaroTcea. OfHa U3 HUX — 3ajaya o pacyere ruOkoro Baia. B
ATOM TJIaBe MOKa3aHO, KaK MOXKHO, peliasi 3Ty 3ajady, npuaarb GU3MUECKH CMBICIT BCEM
BOCbMHU JCHCTBUTEIBHBIM YHCIIaM, COCTABISIONIMM OMKBAaTEpHHOH, U ONEPHPOBATH MUMH
KaK eIMHbIM MaTeMaTHYECKUM OOBEKTOM.

6.2. Onucanue MoaeJId rH0Koro Baja

3HCCB paccMaTpuBaACTCA MCXAHUYCCKAss MOJCJIb, ABJIAIOIIAACH I/II[eaHI/I?)aHI/Ieﬁ OITMCAaHHBIX
BBIIIE YCTPOHCTB (puc. 6.1). DTy Monens B nanpHeiieM OyneM o00OIIEHHO Ha3bIBATh
THOKHM BaJIOM.

X2

Puc. 6.1. HenedopmMupoBaHHOE COCTOSTHHAE MOICTH
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B ucxomHoMm coctostHuM 00oiiMa THOKOTO Bajia MPEACTABISIET COOOW MPSIMOTMHEHHBIN
YOPYTHA CTepPKEHb. {151 MBICIIEHHOTO TOCTPOEHUSI €0 MOJENIH BBIOEPEM HETOABMKHYIO
MPaBYyIO JIEKapTOBY CUCTEMY KOOPIMHAT X[, X2, X3. Pa3MeCTUM B IUIOCKOCTH X, X, IOIE-
pedHoe ceueHue 00OWMBI OyAyIIero rmOKOro Bajia — MPOHU3BOJIBHYIO IUIOCKYIO (UTYDY.
Touky cedeHusi, uMerIIyr0 kKoopauHatel x;,= 0, x, = 0, OyaeM Ha3bpIBaTh IOJIOCOM
CedeHHUs. JTa TOYKa He 00s13aHa HAXOAMUTHCS B IIEHTPE TSHKECTH cedeHus. byaem mocryna-
TeJIBHO MepeMeniaTh cedeHre B0Jb ocu x3. Ero momoc, nepememniasceh, OyAeT nmpodyepuu-
BaTh MPSMYIO JIMHHUIO, HA3bIBAEMYIO OChIO THOKOTO Baja. CedeHue, rnepemernasch, Oyer
dhopmupoBaTh TENO 000iMBI THOKOTO Basia. byaem mosarate, uTo 000¥Ma XapaKTepus3yeT-
Csl MIECThIO BUJAMH KECTKOCTEH: Ha M3rMO BOKPYT OCH X|, HAa M3rHO BOKPYT OCH X, Ha
Kpy4Y€HHE, Ha CJIBUI IO HAIPABJICHUIO OCH X|, Ha CABUI IO HAINPABICHUIO OCH X7, HA
pactshxenue. byaem nonarats, yTo B 000iiMe POCBEPIICH MPOAOIBbHBIA IHIUHIPHYECKHUII
KaHaJl Majoro JuaMeTpa, OCb KOTOPOTO COBIAJAaeT C Oochbio TMOKOro Basia. B »ToT KaHan
BCTaBJICH MPSIMOJMHEHHBIN IUIMHAPHUUECKUN CEepJeUYHUK T'HOKOro Baja TaKOro xe
IaMeTpa, KOTOPBIM MOKeT 6e3 TpeHUs MOBOPAaYMBATHCSl BHYTPU KaHala U MepPeMeIaThCs
B IPOJOJIbHOM HAIpaBi€HUU. DTOT CEPACUYHUK XapaKTEPHU3YEeTCs JIUMIIb JABYMS BHIAAMH
KECTKOCTH: KECTKOCTHIO HA KPYUEHHUE U )KECTKOCTBIO HA PACTSKEHUE.

BBenem B paccMOTpeHHE AyTrOBYIO KOOPAMHATY S, OTCUUTHIBAEMYIO BIOJb OCH T'MOKOrO
Bajia, UMEIOUIYI0 Pa3MEPHOCTH JJIMHBI U B MCXOJHOM COCTOSHMM THOKOTO Baja paBHYIO
PacCTOSHUIO OT Hadajga KOOPAMHAT IO paccMarpuBaeMoro cedeHus. Kaxpoe cedeHue
00OWMBI M KaX0€ CEYCHHE CEepACYHMKA MPUBSHKEM K CBOCH JYyroBoil KoopauHare. JTa
MIPUBS3KA OYJET COXPAHATHCS U MpHU AePopManusx rTuOkoro Bajga. To ecTh, B AehOpMHPO-
BaHHOM COCTOSIHUM PACCTOSIHME BJIOJIb OCH Bajla OT HAYaJbHOI'O CEYEHHUS 1O CEUYEHHUS C
IYrOBOM KOOpAMHATON § YK€ He 0053aHO OCTAaBaThCS PaBHBIM S HU Ul OOOMMBI, HU JUIS
cepaeuHuka. bonee Toro, 3TH paccTosHUS A7 00OHMBI M JUI CepAeyHUKa, KaK MPaBHIIO,
OyayT pasHbIMH. /{1 paccyxneHuil y1o0HO NpencTaBUTh, YTO B UICXOJJHOM COCTOSTHMM Ha
000liMy M Ha CEepJCYHHMK HaHECeHa Pa3METKa B €AMHHUIAX UIMHBI KaK HA MEPHYIO JICHTY.
Ota pa3MeTKa coxpaHseTcs Ipu AeGopMUpOBaHMM TMOKOr0 Baja U MCIOJIb3YETCs TOIBKO
JUIsl yCTAHOBJICHUS 1yrOBOW KOOpAMHATHIL. [1071630BaThCs 3TOM pasMETKOMN I U3MEPEHHUS
JUIMH HEJNb3s, KaK HEJb3s M0Jb30BaThCSI MEPHOH JIEHTOW, U3TOTOBJIICHHON U3 PE3HHBI.

Bynem monarate, 4yTo myroBas KoopJauHaTa 00OWMBI M3MEHsETCs B mHTEpBasie oT 0 10 S,
rae S — nuuHa 000KWMBI B UICXOHOM HeAe(OPMUPOBAHHOM COCTOSIHUU. JIJIMHA CeplIeYHHKA
HE ompejereHa, HO OHAa JIOCTaTOYHA, YTOOBI CEpPACYHHMK B JIIOOON CHTyallud 3aroJIHSIT
oboiimy mo Bceil ee mnuHe. Ha IyroByro KOOpIWHATY CEepJCYHHMKA OTPAHUYCHUS HE
HakyanpiBaloTcs. Ee 3HaueHHus MOTYT OBITh MU OTPUIIATEIBHBIMHU, M MPEBOCXOASIIUMH S.
Onnako, Bcerjia pacCMaTpuBaeTCs TONBKO TOT YYaCTOK CEpJCYHUKA, KOTOPHIA HAXOJUTCA
BHYTPH O0OIMBI.

CBspKeM ¢ KaXIbIM CeueHUEM O0OMMBI cUCTeMy KoopauHaT yi(s), va(s), vi(s) u Oyaem
HA3bIBaTh €€ CBS3aHHOW (C CeYeHMeM) WU MOABIKHOM. OCH 3THX CHCTeM KOOpPAHMHAT B
HCXOTHOM HeJe()OPMHUPOBAHHOM COCTOSHUM THOKOTO Bajla OPUEHTHUPOBAHBI TaK, KaK H Y
HEMOJIBYKHOM CUCTEMBI KOOPIUHAT.

6.3. BukBaTepHUOHBI HCXOAHOIO M 1e()OPMHUPOBAHHOI0 COCTOSTHUSA T'HOKOr0 Bajia

PaccmarpuBasi yyacTOok TMOKOro Bajia, 3aMe€udaeM, 4TO ITOT Y4acTOK 00JalaeT BOCEMbIO
CTENEHSIMH CBOOO/IBI: TPU YIJIOBBIX CTENEHM CBOOOJIbI, TPU JMHEWHBIX CTENEHH CBOOOJIBI,
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B3aMMHOE YTJIOBOE M B3aMMHOE JIMHEHHOE TIEPEMEICHHsI cepJeuHrKa U o0oimebl. [ledop-
MHUPOBAHHOE COCTOSHUE TMOKOTO Bajia MOKET OBITh TOJHOCTBIO ONpPEIeTIeHO OUKBATEPHU-
OHOM HCTHHHOTO JMJIepOBa NIEPEMEIIICHHS:

(o)
Wo($)+ -y (s)

o
W, () +@-we (s)

o b
W, () +@-y°,(s)

o
W5 (s)+@-yo(s)

Y(s)=w(s)+m-yo(s) = (6.1)

SIBIIIOIIUMCA, KaK 1 BCE€ €I'0 KOMITIOHCHTHI, q)YHKHI/Ief/'I HE3aBUCUMOU KOOpPAUHATHI S. 9T10T
OMKBAaTEPHHOH HMEET B CyMME BOCEMb HE3aBUCHUMBIX KOMIIOHCHTOB, IO OJHOMY Ha
KOKIYIO CTENeHh CBOOOJBI. by/leM Ha3bpIBaTh €ro reOMETPpUYCCKUM OWKBAaTEpHUOHOM. B
9TOM OHWKBaTepHHUOHE OYyJeM pa3luyaTh TIJIABHBIA KBAaTCPHUOH W(S), COCTOSIIMN W3
yeThlpex 0e3pa3MepHBIX KOMIOHEHTOB, OTBEYAIOIIMX 32 YIJIOBBIC MEpeMelleHus (I0BOpo-
TBI), © MOMEHTHBIH KBAaTEpPHUOH W°(s), COCTOSIIMNA U3 YETHIPEX KOMIIOHCHTOB, UMEIOIINX
Pa3MEepHOCTH JITMHBI, OTBEYAIOIINX 32 JJMHEHHBIC TICPEMCIIICHHSI.

['eomMeTprUeCKUiI CMBIC] KOMIIOHEHTOB 3TOTr0 OMKBAaTepHHUOHA Oa3uMpyeTcs Ha Teopeme
[ans (cm. pazmen 3.6.1), B COOTBETCTBUH C KOTOPOM BCSKOE TEPEMEIICHHE CBOOOIHOTO
TBEPJIOTO Teja (B HAIIEM Cllydae CEYCHHs 0OOHMBI THOKOTO Bajia) MOXET ObITh OCYIIIECTB-
JICHO OJHUM BUHTOBLIM NCPEMCIICHNEM OTHOCUTCIIBHO HGKOTOpOﬁ ocH, Ha3bIBAEMOU OCBLIO
KOHEYHOT'O0 BHHTOBOTO IepeMerieHusi. bukarepanon W(s) COOTBETCTBYET BHHTOBOMY
[IEPEMELLIEHNAI0, KOTOPOE MEPEBOAUT HEIMOJABMIKHYIO CHUCTEMY KOOPAMHAT X1, X2, X3 B
cucTeMy KoopauHar yi(s), y2(s), ¥3(s), CBSI3aHHYIO C CEYCHUEM .

I'eomerpuueckuii cmbicn OukBarepHuoHa W(s) OGojiee MPOCTO YSCHUTH, MPEACTABUB TOT
OMKBAaTEpHUOH B ()OpME C SIBHBIM yKa3aHHEM OCH BHHTOBOTO MEpeMEUICHUs (CM. pasfel
4.2.1):

¥(s)=1-¥,(s) +E(s)- . (5), (6.2)

rae I — toxnecTBeHHbI OukBaTepHUOH, E(s) — 4lCTO BUHTOBOW OMKBAaTEpPHHUOH, OMpeie-
JISTFOIIUMA OCh BUHTOBOTO MEPEMEIICHUS:

I= [1; 0;0; 0]; E(s)= [O; e(s)+w-e°(s); e,(s)+m-e%(s); e(s)+w-e, (s)] . (6.3)

3nech ei(s), exs), es(s), e°i(s), e%(s), e€°3(s) — IIIOKKEPOBbI KOOPAMHATHI €AMHUYHOTO
BeKTOpa ocH BuHTAa. Kpome 3T0T0, B (hopMyJie MPUCYTCTBYIOT JIBa AyallbHBIX YHCIIA!

W)=y () Ty (s); F() =y (s) Tyl (s). (6.4)

PaccmotpuM nx reomerpuyeckuii cmpicia. KomnoHeHTsl nyanbHoro uyucia ‘W.(s) TakoBbl:
Wo(S) — 9TO yroi, Ha KOTOPBIA HAJ0 MOBEPHYTh HEMOIBMKHYIO CUCTEMY KOOPAMHAT X|, X2,
X3, a Y°(s) —paccTosHHEe, HA KOTOpPOE 3aTeM HaJ0 IOCTYNAaTelIbHO MEPEMECTUTh 3Ty
CUCTEMY KOOpIHMHAT C TeM, YTOOBI OHA COBMANA C CUCTEMOH 1(s), Va(s), 13(s).

HyanbHoe umcino Wo(s) ompenenseT CMEIIEHHOE MOJ0KEHUE CEpIeYHMKA B CEUEHHUH
000MMBI C TyroBOi KOOpAUHATOH s. ByseM monarare, 4To B HCXOJHOM Heae(hopMupoBaH-
HOM COCTOSIHHUM CEpACYHHK HE CMEIIEH OTHOCHUTEIbHO 000iMbI. B nedopmupoBaHHOM
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COCTOSIHUHU CEPJIEUHUK MOKET ObITh CMEILIEH OTHOCUTEIBHO O0OIMBI, IPUYEM B KaXKJIOM
ceueHuN no-pazHomy. KoMIoHEHT yy(s) paBeH yIily IOBOPOTa CEpJIEYHHKA BOKPYT OCH X3,
KOMITOHEHT °y(S) paBeH JIMHEHHOMY CMEILEHHUIO CEpJIeYHHMKA BJOJIb OCH X3. 3HAK yria
IIOBOPOTA ONpeAeseTcs 0 NpaBuily OypaBUHKa.

JInst nmydimero MOHMMaHMS CHUTyalldd BBEJIEM IIOHATHE CEPJACYHHKOBBIX KOOPAMHAT
ceueHust 060imbl (puc. 6.2). I[IpencraBum cede, uTo B HeAEPOPMUPOBAHHOM COCTOSIHUU HA
CEep/IeYHUK, MMEIomuii GopMy LWIMHIpA, HAHECEHA KOOPAWHATHAS CETKa IMIMHApHYE-
CKOW CHCTEMBI KOOpIMHAT. YTJI0Bas KOOpAHHaTa O, BeIpakaeMasi B pajiiaHax, OTCYUTHIBA-
eTcs OT OCH X; B CTOPOHY OCH X». JIMHelHas koopaumHata 0°, MMeromias pa3MepHOCTb
JUTUHBI, OTCYUTHIBACTCS OT MJIOCKOCTH X3 = 0 BIOJb 00pa3yronieil B CTOPOHY YBEINYCHHS
x3. B mpouecce neopmupoBanus ruOKOro Bajia CEpACYHHUK 3aKPYUUBAETCS M PACTATHBA-
€TCS BMECTE C HAaHECEHHOW Ha HEro KOOPJMHATHOM CETKOM.

Touxa omcuema
CepOeyHUKOBbIX
KOoOpouHam

baszosas mouka _
ceveHus ¢ 0y2060l
KOOpOUHamou s

Va(s)

Puc. 6.2. Cucrema cepieqHUKOBBIX KOOPAWHAT

X2

CepneyHrKoOBbI KOOpaUHATHI O(s), 0°(s) ceueHus s paBHBI MIIMHAPUICCKAM KOOPIUHATAM
TOYKH OTCUETAa CEPIACYHMKOBBIX KOOPIMHAT, HAXOMASAIICHCS B CEYCHUU § OOOWMBI Ha OCH
vi(s). Ha ocHOBaHMH 3THX MOCTPOCHUH 3amuimieM (OpPMYIBI UTsi HaX0XKICHHsI KOMIIOHEH-

OB Wo(s):
Vo(s)=-0(s);  y°.(s)=5-6°s). (6.5)

ITo komnonentam O6ukBaTepHHoHa W(s), mpencTaBieHHOrO B (opMe C SIBHBIM yKa3aHUEM
OCH BHHTOBOTO IE€PEMEIICHHUS, MOKHO BBIYHCIUTH OOBIYHBIE KOMITOHEHTBI 3TOTO OWKBa-
TEpHUOHA!

Vo (5) +w -y, (s) ¥, (s) Wo(s)+ @y (s)

V() 4@y, (s) | | E )W) | | al®)w.(s)+m-[e® (). (5)+e(s) y°.(s)]
Vo ()40 y, () | | Ey()W.(5) | | e(s)w.(s)+m-[e°(s) v, (5) +e,(5) wO.(5)]
V() @y (s) | [ ES() W) | | ey(s)w.(s) +w-[€%(s) . (s) +ey(s) WO (s)]

Y(s)= .(6.6)

[IpeobpazoBanue ot Buma (6.1) x Bumy (6.2) BBITVISIAUT Tak.
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V() = £V () U2 () +Wi(s);  wO.(9) =[¥(s)], - w.(s);
ei(S)=Wi—(S); eoi(S)= \Voi(S)_WO.(S)'ei(S) (i=1,2,3), (6'7)
v, (s) v, (s)
IJie mapaMeTp BUHTOBOI 4yacTH OMKBAaTEpPHUOHA BBIYMUCISAETCS O (opMyJie:
L RAGRMOEAORGNORAORTNOY
: v2(s)

(6.8)

3HaK nepe]; KOpHeM KBaJpaTHBIM B popmyiie (6.7) MOXKET ObITh IPUHSAT JIIOOBIM.

AHaJIOTUYHBIM 00pa3oM MOXKHO orpenenuts OukarepHnoH WO(s) HCXOAHOTO COCTOSHHS
ruOkoro Baja. il 3TOr0 paccMOTPHM IEPBOHAYAIBHO MPSMOJIMHEHHBIA THOKHMI Ba,
MOKa3aHHbIM Ha puc. 6.1, U onpenenuM COOTBETCTBYIOIUN 3TOMY COCTOSIHUIO OMKBaTep-
HUOH. Bocnonbsyemcst ¢opmoit npezncrasiaenus (6.2). Kak BHIHO M3 pPUCYHKA, OCb
BUHTOBOI'O MEPEMEILEHUS ONPEAEIAeTCS €IUHUYHBIM OMKBATEPHUOHOM, HE 3aBUCSILUM OT
KOOpJMHATHI S:

E=[0; 0+3-0; 0+w-0; 1+w-0]. (6.9)

VYron noBopora s Beex s Y0.(s) = 0. Jluneiinbie nepememienus y0°.(s) = s. Bzaumuoe
CMEIICHHE 000MMBI U CepJICYHHKA OTCYTCTBYIOT. Takum 00pasom,

Y0,(s)=0+w®-s5; YO,(5)=0+w-0. (6.10)
[To popmyne (6.6) nmomyuum:
‘I’O(S):[O+ﬁs-0; 0+®-0; 0+w-0; O+m-s]. (6.11)

bukBarepunon W0(s) COOTBETCTBYET NMEPEMENICHUIO, KOTOPOE TEPEBOIUT HETOBUIKHYIO
CUCTEMY KOOPAMHAT X|, X2, X3 B cuctemy koopauHat )0i(s), ¥0x(s), ¥0s(s), cCBI3aHHYIO C
CEYCHHEM §. DTO IMEePEMEIICHNE 0Ka3aJI0Ch HE BUHTOBEIM, a TOCTYATCIIbHBIM.

6.4. HapamuBanue ru0Koro Bajia Kak cj10KeHue nepeMereHui

[Tycth MBI UMeEeM ydyacTOK THOKOTO Baja AnuHOU s1 B neopMHpOBAaHHOM COCTOSHUH,
XapaKkTepu3yeMblii OMKBAaTEpHUOHOM HCTHMHHOIO »diliepoBa mnepemeuieHus xW¥V1(s)
(0< 5 <sl), mpencTaBiICHHBIM B HETIOABIKHOM CUCTEME KOOPAMHAT X1, X2, X3 (puc. 6.3). K
HEMY HaJI0 IPUCTHIKOBATD JIOTIOJIHUTEIbHBIN yY4acTOK TMOKOTO BaJsia JJIMHOH 52, nedopMu-
POBAHHOE COCTOSIHUE KOTOPOrO XapaKTepHu3yeTcs OMKBATEPHUOHOM HMCTHHHOTO 3ijepoBa
nepemenieHust xP2(s) (0<s<s2), npeacTaBlIeHHbIM B TOW K€ HEMOJBHUXHOW cHUCTEME
KOOPJIMHAT, COOTBETCTBYIOIIECH HaualbHOMY CEYEHHIO 3TOro yuyacTtka. Tpebyercs ompene-
JTUTh OMKBAaTEPHHOH MCTHHHOTO 3iyiepoBa nepemenieHus x¥V, xapakrepusyoommii aedop-
MHUPOBAHHOE COCTOSIHHE MPHUCTHIKOBAHHOTO YyYacTKa TakKKe B HEMOJBIKHOM CHCTEME
KOOpJWHAT.

Pemenue stoit 3amaun gaetcs usBectHoM popmysoit (4.170), koTopas B JaHHOM cCllydae
OyIeT UMeTh BUJ:
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X‘I’(s1+s):2-ln(exp%z(s)oexp%(snj. (6.12)

Puc. 6.3. HapammBanue ruOkoro Bana

3aMeTHM, 4TO
P2(0)=0. (6.13)

[Tockonbky expO = I, GUKBATEpPHUOH /711 KOHEUYHOI TOYKHU MEPBOT0 y4acTKa rMOKOro Bana
xP1(s1) u OukBaTepHHOH AJIsl HA4ajIa MPUCTHIKOBAaHHOTO ydacTtka xW(s1 + 0) coBmamgarot.
DTO 03HAYAET, YTO CTHIKOBKA IO opMyJie 00ecreurBaeT HEMPEPbIBHOCTh KBATEPHUOHHBIX
¢byHKUMi B TOUke § = s1.

PaccmoTpuM Temeph ceyeHHE NPUCTHIKOBAHHOTO YyyacTKa T'MOKOro Baja C JIyrOBOM
koopauHatou s1 + s. [lojgokeHue U OpueHTaIus 3TOr0 CEYEHUsI B MPOCTPAHCTBE ONMKCHIBA-
ercsi OukBarepHuoHoM xW(sl + s). BuHTOBBIE 4YacTH 3TUX OWKBATEPHUOHOB BEPHBI,
MOCKOJIBKY MBI BOCIIOJIb30BAJIUCh M3BECTHOW (HOPMYJION NJisi CIIOXKEHUS TepeMeIeHUH.
[IpoBepum, coOMIOIAIOTCS W YCIOBUS Ui YIIIOBOTO Wo(s1 + s) u nunertHoro yey(sl + s)
MepeMeIeHus cepJednrka. B coorBerctBuu ¢ popmynoii (4.173):

Wo(s14 ) =W, (sDF w2, (5); w2 (s1+5) = w12 (s + 2 (s). (6.14)

Takum oOpa3om, YTJIOBble U JIMHEHHBIE MEPEMEIEHUs! CepACUHUKA MPHU HapalluBaHUU
ruOKOro BaJia CKIIAJBIBAIOTCS, YTO COOTBETCTBYET (pu3mueckoMy cMmbichy. [lomyueHHBIE
pe3yNbTaThl MOATBEPXKIAIOT MPABUILHOCTh UCIOIb30BaHUS IyalbHON YacTH OMKBAaTEpHHU-
OHa UCTUHHOTO diiepoBa nepemernenus W(s) 1ist onucanus cepAeyHruKa THOKOTO Baja.

6.5. CxopocTh 1BH/KeHHUsI TBEPAOIo Tesla U JIOKaJIbHas (popMa rudKoro sajaa

[Tyctp ¢opma THOKOTO Baja OMKWCHIBACTCS OWKBATCPHUOHOM WCTHHHOTO JUJIEpOBa
nepemenienust ¥(s). Paccmorpum aBa cedeHuss 00OMMBI 3TOrO Baja: OJIHO — HMMEIOIIEe
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IYTOBYIO KOOPJAMHATY S, IpyToe, OJIM3Koe K HeMy, UMEIOIIEee TYTOBYIO KOOPIUHATY § + As
(puc. 6.4).

Ecnu OMKBaTepHHMOH WCTUHHOTO OJilfiepoBa TEPEMEINCHHS, MEPEBOISIIIETO CCUCHHE C
KOOPJIMHATOM § B CEUECHHE C KoopAuHaTou s + As, 0603Hauuth uepe3 A¥(s), To Oyaer
cripaBeyIMBa hopmyJa:

W(s+ As) ~exp AY(s) oexp Y(s) '
2 2 2

exp (6.15)

- ¢ e =
Puc. 6.4. HBI/DKCHI/Ie CBSI3aHHOM CHCTEMBI KOOpAUHAT

U3 stoit hopmyIiel crieayer:

exp A‘I;(S) — exp ‘I’(S;- As) o exp —‘I;(S) . AP(s)=2- ln{exp T(S; As) oexp _‘I;(S)} (6.16)

OTtHoleHne 3TOro OMKBAaTEPHUOHA K ATUHE HeAePOPMUPOBAHHOTO ydacTKa TMOKOTo Baja
As TIpy CTpeMJIEHMH 3TOM JIJIMHBI K HYJIH0 OyJeM Ha3blBaTb OMKBATEPHUOHOM JIOKAJIbHOMN
¢dhopmBbI THOKOTO Bajia 1 0003HaYaTh CUMBOJIOM C)(s).

In [exp ¥(s ; As) exp —‘I’(s)}

1
Q(s)=2-lim 2 (6.17)
As—0 As
Jnst KpaTKOCTH NHChMa BBEIEM YK€ IPUBBIYHOE HAM 0003HAYCHHE:
b 4
A(s) = exp% . (6.18)
C yuetom 3toro ¢opmyna (6.17) mpruodpetet 601ee KOMITAKTHBINA BU:
In| A(s+As)o A”'(s
Q(s)=2-lim [ ( ) ( )]. (6.19)
As—0 As

Crnenys dopmynam (2.133), (2.134), moxkeM Takxke 3amucaTh:
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Q(s)=2-"A(s)=2-A'(s)o A7'(s). (6.20)

HJ’IH HCTOJIKOBAHUA IC€OMETPUICCKOI'0 CMBICIIa 3TOTO 6I/IKB8.TepHI/IOHa JIydaie npeaCcraBuThb
€Tro B CUCTEMC KOOpAUHAT, CBSI3aHHOM C CEUCHHUEM:

Y(S)Q(S) =2- Y(S)A'(S)o Y(S)Ail(S) =2- x1\71(S)C> XA'(S) =2 XAX (s). (6.21)

bukBaTepHnoHn nokanbHOU (opMbl Q(s) coaepkuT B cedbe nHpopMaiuio o Gopme 6ecko-
HEYHO MaJjoro y4yacTka rHOKOTO BaJia, HaXOJSIIErocsi B OKPECTHOCTH CEUEHHsI 0OO0MMBI C
IYrOBOM KOOpAMHATOW §. YCTaHaBIMBas I'€OMETPUUECKUN CMBICI KOMIIOHEHTOB 3TOTO
OMKBAaTePHHOHA, YMECTHO OOpaTUTh BHUMAHHE Ha AHAJOTHIO B 3aJa4aX KUHEMATHKH
TBepaoro Tena (cMm. pazaen 4.8) u popmoobpazoBaHusi THOKOro Basia. B HamieMm ciydae
aHaJIOTOM TBEPJOTO Tela SBISIETCS CEYeHHE 000MMBI THOKOTO BaJia, a aHAJOrOM BPEMEHH
— IyroBasi koopauHaTa. bukBatepHuon €(s), onpenenstomuii GopMy GECKOHEUHO MaIoro
ydacTKa THMOKOTro Baja, SIBISIETCA aHAJOrOM OMKBAaTEPHMOHA CKOPOCTU MEpPEMELICHHS
TBepaoro Ttena. [Ipogormkas aHaTOruI0, MOXEM MCTOJIKOBATh I€OMETPUYECKHH CMBICIH
KOMITOHEHTOB OuKBaTepHHUOHA ()(S) B TOJBMKHON cUCTeMe KoopauHaT Y(s), CBSI3aHHOU C
CCUCHHEM S§:

Y(S)Q(s)=m+w-m°=[wo +T-0%; 0, +T-0%; 0, +T-0°%,; 0, +w~w°3]. (6.22)

B 3amavyax KMHEMAaTHKH TBEPIOTO Tela BEKTOPHAs YacTh KBATEPHHOHA ® €CTh BEKTOP
CKOpPOCTHU BpalICHHUs Tella, a BEKTOpHAs 4YacTh KBATEPHUOHA ®° — BEKTOp JIMHEHMHOU
CKOPOCTH MEpEeMEIEHUsI Hayana CUCTEMbl KOOPJIMHAT, B KOTOPOM MpecTaBlieH OuKBaTep-
HUOH (), TO ecTh, cucTemMbl koopauHaT Y(s). B 3amade o pedopmaru ruOKoro Bania, 1mo
aHAJIOTUH, BEKTOPHAS YacTh KBAaTEPHHOHA () €CTh BEKTOP KPWMBH3HBI THOKOTO Baja (m; —
KpUBH3HA OTHOCUTENIBHO OCU Vi, O, — KPUBU3HA OTHOCUTEIIBHO OCH )), ®3 — KPUBHU3HA
KpydeHus). BekTopHas yacTh KBaTEpHHOHA ®° €CTh BEKTOP OTHOCHTEIHHOTO JIMHEWHOTO
CMelIeHus1 Hayana cuctemMbl koopauHat Y(s + As) B cuctreme koopauHat Y(s) (®°; — ciBuUr
BJIOJIb OCH )|, ®°7 — CABUT BIIOJIb OCH )7, (0°3 — 1) — OTHOCUTENIbHOE Y/UTHHEHHE B OCEBOM
HarpaBieHun). OcTajoch JBa HE OXBAYCHHBIX aHAJIOTHEH Mapamerpa: o U ®°%. B
COOTBETCTBUH C T€OMETPHUUECKUM CMBICIIOM MEPEMEHHBIX Yo U Y°), MPUHATHIX B pasjeie
6.3, ®9 — OTHOCUTEIHHOE MPHUPAILIECHUE YTJIOBOW CEpACYHUKOBOM KOOPAMHATBI, ®°) —
OTHOCUTEIFHOE MPUPAIIICHUE OCEBOM CEPACYHUKOBON KOOPIUHATHI.

6.6. bukBaTepHHOH NepeMenIeHHit

B Mmexanuke ruOKoro Bajla Ba)XKHOW TIE€OMETPUYECKOW XapaKTEPUCTUKOM SBISIOTCS
IIEpEMELICHUSI COCTABHBIX YaCTE€d 3TOr0 Bajla B pe3yJIbTaTe€ BHEIIHUX BO3JCUCTBUN Ha
Hero. s ompezneneHus NepeMElIEHU HANO 3HaTh MCXOJHOE COCTOSIHME Bajla U €ro
neopMUPOBAHHOE COCTOSIHME. B mpeapiaymieM paszene OmnucaHbl OUKBATCPHUOHBI
UCTUHHOTO 3inepoBa nepemenienus Y0(s) u W(s), COOTBETCTBYIOLINE ITUM COCTOSHUSM.

BukBaTepHHOHOM IEpEeMENIeHUS CEYeHHUs THOKOTO Bajla ¢ KOOPAWHATOM s OyZieM Ha3bIBaTh
oukBatepHroH ®(s), KOTOpHIA MepeBoaAUT KoopauHaTHYIO cuctemy )0i(s), y0a(s), y0s(s)
CeUeHMs ¢ KOOPAMHATOHN s BaJla B MICXOJHOM COCTOSIHUM B KOOPAMHATHYIO CHUCTEMY Vi(s),
v2(s), ¥3(s) aTOTO K€ ceueHus: AePOPMUPOBAHHOTO Bala.
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Kaxk 6bu10 ycTanosneHo B pazaene 4.7.4, s BbIBOJA pacyeTHBIX (DOPMYIT HAJIO TIEPEUTH K
PaCCMOTPCHHUIO MMOJIOBUHHBIX 3KCITOHCHIIUAJIbHBIX UJIN CO6CTBCHHBIX 6I/IKBaTepHI/IOHOBZ

AN =exp T2 A =ex (), M) =exp 2,

(6.23)
rae AO(s) — coOCTBeHHBIN OMKBATEPHUOH MEpEeMEIICHHs HEMOIBMKHOM CUCTEMBI KOOPIU-
HaT X, X2, X3 B cucremy koopauHat y0i(s), y0x(s), y03(s) cedeHuss Baia B HCXOTHOM
coctostHUH; A(S) — COOCTBEHHBII OMKBATEPHHOH IMEPEMEIICHUS HETOIBMIKHON CHUCTEMBI
KOOPJIMHAT X|, X2, X3 B CHCTEMY KOOpIUHAT Vi(s), y2(s), y3(s) cedeHus 1epopMUPOBAHHOTO
Baja; M(s) — COOCTBEHHBI OMKBATEPHHUOH IEpeMEIICHUs cUcTeMbl KoopawHat )0(s),
y0,(s), ¥03(s) ceueHus Bajga B UCXOTHOM COCTOSIHHH B CUCTEMY KOOPIUHAT y1(s), a(s), ¥3(s)
cedeHus 1e(OpMUPOBAHHOTO Baja.

B cooTBeTCTBHH C MIPaBUIIOM CIOXEHHS TMepeMeinieHuil (cm. pasmen 4.7.4) MoxeM 3aru-
caTh PaBEHCTBO:

A(s) = M(s) o AO(s), (6.24)

OTKYJla MOKHO HaWTH BbIpa)KEHHE ISl HICKOMOTO COOCTBEHHOI'O OMKBAaTEpHHOHA IepeMe-
LICHUS:

M(s) = A(s) o A0 (s). (6.25)

Kcratn, npuBeaeHHbie (OPMYIIBI TIO3BOJISIFOT U3y4YaTh THOKHIA Bal, KOTOPBI B UCXOJIHOM
COCTOSIHUU MMEET MPOU3BOJIBbHYIO, HE 0053aTENIbHO MPSIMOJIMHEHHY0, popMy.

Jns Hamero Oosiee MPOCTOTO ciayd4asl ONPENEIMM ITOJIOBHHHBIM AKCIOHEHIIMATbHBIN
OoukBarepHuoH s OukBaTepHHoHa WO(s), BOCIOIB30BaBIIMCH €ro (OpPMOW C SIBHBIM
yKa3aHUEM OCH BHHTOBOTO IepeMerieHus. HeoOxoaumeie CBeIeHHsI O TAKOM IPEJICTaBIIe-
HUU OMKBATEPHUOHA COJIEPKATCS B 3aBUCUMOCTAX (6.9), (6.10), (6.11). B coorBeTcTBHE C
dbopmyoii (9.80) nist MOIOBUHHOM SKCIIOHEHTHI UMEEM:

YO0

F,(¥0,,%0,)=exp ¥0,

>, F(¥0,,%0,)=exp \ono -sin \PZO' : (6.26)

[ToacraBuB nanubie B hopmymy (6.26), MOTydnM:

S

F,(‘Y0,,%0,)=1; F,(‘POO,‘PO,):wE, (6.27)
OTKYyJa CIEIyeT:
A0(s)=[1+m‘0; 0+w®-0; 0+w-0; 0+m~%}. (6.28)
OOpaTHbIif OMKBATEPHUOH UMEET BUJ:
AO‘I(S):{IHWO; 0+w-0; 0+@-0; O—m-ﬂ. (6.29)

bukBaTepHHOH JOKaIbHOM (POPMBI THOKOTO Basia B JAHHOM CITydae UMEET BH/I:
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Q0(s)=[0+w-0; 0+w-0; 0+w-0; O+w-1]. (6.30)

AnuTHBHAs W MYJbTHIUIMKAaTUBHBIE IPOU3BOAHBIE COOCTBEHHOIO OMKBaTEpHHOHA
MCXOJIHOTO COCTOSIHUSA JJIs1 3TOr0 OMKBAaTEPHUOHA PAaBHBI MEXy COOOIA:

A0’(s):XAO(S):AOX(S):{O+m-O; 0+w-0; 0+w-0; O-Hn%] (6.31)

6.7. buxBaTtepHuoH aedopmanuii

B TexHuueckoil TEOpUM CTEP)KHEH IIMPOKO PACIPOCTPAHCHHBIMHU SBIISIOTCS THUIIOTE3BI
IIOCKUX ceueHnid. Hanbosee pacmpocTpaHEHHOW SBISIETCS THUIOTE3a IJIOCKUX CEUEHUH,
MEePHEHAUKYISPHBIX K ocu crepkHs. OnHa Obuta mpemnoxkeHa SxkoBom [ beprymmm
(Bernoulli Jacob) B 1691 roay u 10 cux mop sBIsi€TCS OCHOBOM CONPOTHBIICHUS MaTepHa-
J0B. Bropas pacnpoctpanenHas runoresa npuHamiaexur C. [1. Tumomienko. Ota runoresa
MPEIoJIaraeT, YTo TOIMEPEUHbIe CEUCHHUs CTEPIKHS OCTAIOTCS IJIOCKMMH, HO HE 00s3a-
TEJIbHO MEPIEHINKYISAPHBIMUA Ae(POPMUPOBAHHOM OCH CTEPXKHS, a HOPMAJIbHbBIE HAIpsKe-
HUA Ha TUIONIA/IKAX, MapauieIbHbIX OCH, OTCYTCTBYIOT. IMEHHO B paMKax 3TOM rUMOTE3bl
OyIeT BeCTUCH JalibHENIIIee U3II0KEHNUE.

bynem cuuraTh, 4TO mMoOMEpevyHOE ceueHHe O0OOWMBI TMOKOTO Baja, COOTBETCTBYIOLIEE
IYyTOBOW KOOPAHMHATE S, HAXOJIUTCS B IJIOCKOCTH Y1(s), V2(S) U HE MCKa)KaeTcs B Mpoliecce
nepopmupoBanus Bajga. OHO JUIIb IEPEMENIAECTCA U TOBOPAUNBAETCS.

JHedopmarueit TMHEHHOTO 2JIEMEHTA, KOUM SIBJISIETCS THOKWUN BaJl, HA3bIBAIOT HEKOTOPYIO
Mepy CKOPOCTH U3MEHEHHS NIEPEMEIICHHI BAOIb AYTOBON KOOPAMHATHI.

Jlyis TOoro, 4ToOBl YCTAaHOBHUTH 3Ty MEpy, PACCMOTPHUM JABa OMKBATEPHHOHA HCTHUHHOTO
SlIepoBa TEPEMEIICHUS CEUYCHW THOKOro Bayia: Ui AYyTrOBOM KOOPAMHATBHI § W IS
IyroBoW KoopauHaThl s + As, a umeHHo, D(s) u (s + As). Ux reomeTpudeckuii CMbICIT
omHCaH B MpEIbIIyIIeM paszzene. Beenem B paccmoTpenue eie oaHo nepemenieHne AD(s)
C TaKMM pacueToM, 4ToObl iepemernieHne d(s + As) ObUIO pe3yabTaTOM MOCIIEeI0BATEILHO-
ro BeInoJHeHwus nepemerienus O(s), a 3atem AD(s).

Kax HU3BECTHO, CJIOKCHUC nepeMemeHI/Iﬁ BBIIIOJIHACTCA IIpU IMOMOINNW ITOJOBHWHHBIX
OKCIIOHCHIIMAJIbHBIX 6I/IKBaTepHI/IOHOBI

R(s+5) AR @(s)

ex 6.32
p > (6.32)
Otcrona
exp Aq;(s) —exp RE A TP M5+ As) oM (s). (6.33)
B koHeuHOM cueTe
A®(s)=2-In[ M(s +As)e M '(s) ] (6.34)

[Ipenen otHomeHus OukBaTepHHOHa AD(S), IPEACTABICHHOTO B HEMOIBMIKHON CHCTEME
KOOPJIMHAT, K TPUPALICHUIO TyrOBOH KOOPAMHATBHI As MPHU CTPEMJICHHH STOTO IMpHpaIle-
HUS K HYJIIO Ha30BeM OMKBaTepHHOHOM jAedopmaruii rudkoro Bana:
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«K(s) = ign)o%m (6.35)
[ToncraBnss B 3Ty popMyily BelpaxkeHue u3 (6.34), noxyuum:
(K(s) =2 lim ln[XM(Hi)OXM ] (6.36)
Obpatnasics k popmyiie (2.133), 3ameuaem:
<K(5)=2-x"M(s). (6.37)

Takum 006pa3om, OMKBaTEpHHUOH AchOopMaIiii paBeH yJABOCHHOW JICBOW MYJIbTUILIMKATHB-
HOU TIPOM3BOTHON OT TIOJIOBUHHOM 3KCIIOHEHTHI OMKBATEPHHOHA ITEPEMEIICHUH.

[Tpu nmomommm dopmyn (2.141) MOXKHO MEepedTH OT MYJIBTHUIUIMKATUBHONW K OOBIYHOMN
aJTUTUBHOM MTPOU3BOTHOM MOJIOBUHHOW YKCTIOHEHTHI OMKBATEPHUOHA TIEPEMEIICHHNA:

K(s)=2- M'(s)o M(s). (6.38)

371ech Mbl MOJTYAJIMBO BOCIIOJIb30BAIMCH IPUHIMIIOM NiepeHecenust KorenpHukosa-1ITyau,
nockonbKy Gopmyinsl (2.133) u (2.141) oTHOCATCS HE K OMKBAaTEPHUOHAM, a K KBaTEPHHUO-
HaM.
YnobHee 1mosib30BaThcsl OMKBATEPHUOHOM Ae(opMaiuii, MpeaACTaBICHHBIM B MOJBU)KHOM
cucreMe koopauHat Y(s), CBSI3aHHOHN ¢ CEYCHHEM § 000MMBI 1e(OPMUPOBAHHOTO THOKOTO
Baja:

v K(8) = x A7 (s) 0 yK(s) o < A(s), (6.39)

rrae xK(s) — 6ukBarepHroH aedopmainii B HEMOABMKHOM CUCTEME KOOPAUHAT.

PackppiBasi mpaByI0 4acTh 3TOTO PaBEHCTBa C HMCMOJb3oBaHUEM (Gopmyin (6.38), (6.25) u
(2.122), B pe3yJibTare MoJIy4uMm:

oK) =2 (AT ()0 (A (5) = (A0 (5)0 x AD(s) | =2-[ \A"(5)— xAD*(5) |.  (6.40)

Otcrona cnemyer, 4To OMKBAaTEpHHOH JedopManuii B CUCTEME KOOPAWHAT, CBSI3aHHOU C
CCUCHHMEM S, PaBEH YABOCHHOW DPA3HOCTH MPaBbIX MYJbTHIUIMKATHBHBIX IPOU3BOIHBIX
COOCTBEHHBIX OMKBaTepHHOHOB nehopmupoBaHHoro A(s) u ucxomnoro AO(s) cocTosHMIA
ruokoro Bana. Ha ocHoBanuu opmyiel (6.21) MOKeM TakKe 3arucaTh:

y(s)K(S) = Y(S)Q(S) - YO(S)QO(S) . (6.41)

3nech vy As), vos<20(s) — OMKBaTEpHHOHBI JIOKATBHOM (OPMBI 1e(OPMUPOBAHHOTO U
HWCXOAHOTO COCTOSIHMWA Bajia. Kaxkapli M3 HUX NPEACTaBICH B CHUCTEME KOOpJMHAT,
CBSI3aHHOI CO CBOMM CEUYCHHEM.

OO6pammasce K pazzneny 6.5, MOXKHO MCTOJKOBATh F€OMETPUYECKHI CMBICT KOMIIOHEHTOB

OMKBaTEpHHOHA y(»K(s), IPEICTaBIEHHOIO B CUCTEME KOOPJAHHAT, CBA3aHHOU C CEYEHHEM
s nepopmupoBaHHOro rOKoro Bana. OHU 03HAYAOT:
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v(s)Ko(S) — JONOJTHUTENbHAS KPUBU3HA KPYUCHHS CEPJCUHUKA CBEPX KPUBU3HBI KPYUECHHUS
000MMBEI;

v(5)K1(5) — JONOIHUTENbHAS KPUBU3HA 000MMBI Bajia IPHU MOBOPOTE CEYEHUSI BOKPYT OCH i;
y(s)K2(5) — JONOJTHUTENbHAs KPUBU3HA 000MMBI Bajia TP MOBOPOTE CEYEHUS BOKPYT OCH )2}
v(5)K3(S) — JONOJTHUTENbHASL KPUBU3HA KPYUEHUs] 000MMBI BaJa;

¥(5)K°0(S) — IOMOJIIHUTEIbHOE OTHOCUTENILHOE Y UIMHEHHE CEPICUYHUKA CBEPX OTHOCHTEIb-
HOTO YJUTHHEHUST 000HMBI;

Y(s)K°1(S) — IOTIOJTHUTENBHBIHN CABUT 000MMBI BaJla B HAIIPABICHUU OCH )(;

Y(s)K 2(S) — IOTIOJIHUTENBHBIM CABUT 000MMBI Bajla B HAIIPABICHUU OCH )2;

¥(5)K°3(S) — IOTIOJTHUTENIFHOE OTHOCUTENILHOE Y UTMHEHNE 000MMBI BaJa.

B srom cnucke cnoBo "IOMOTHUTENBHBIM, -asi, -0€" 03a4aeT yBEIWYEHUE OIMHMCAHHOIO
(akTOpa MO OTHOIIECHUIO K HCXOJHOMY COCTOSIHHIO;, CJIOBO "OTHOCHTENIBbHOE" O3HavaeT
3HAYEHHUE OMUCAHHOTO (aKTOpa, MPHUXOMAAIIEECS HA CAUHUILY JIUHBI TyTOBOW KOOPAWHA-
THL

6.8. 'eomeTpuyeckue ypaBHeHUs

'eomeTpuueckrue ypaBHEHHS YCTaHABIMBAIOT AUQPEpeHIINATbHBIE 3aBUCUIMOCTH MEXKIY
MepeMeNIeHUsIMA THOKOTO BaJia, onpeaeseMbiMu OukBaTepHuoHOM M(s), U nedopmariu-
AMH, omnpeaenseMbiMi OukBarepHHOHOM K(s). DTH 3aBUCUMOCTH YK€ NPAKTHUYECKU
yCTaHOBJIEHBI B paznene 6.7. U3 dopmyinsl (6.38) cinenyer:

xK(s)
2

M'(s) = o (M(s). (6.42)

310 OOBIKHOBEHHOE OWKBATEPHHOHHOE IU(QepeHINaIbHOE YPaBHEHUE, DPa3peIIeHHOE
OTHOCUTEIHHO aJIUTUBHONW Tpou3BOAHOW xM'(s), MO3BOJISIET HaWTH OWKBATECPHHOH
nepemeneHuit xM(s), eciu u3BecTeH OMKBaTEpHUOH nedopmanuii ruOkoro Baja xK(s).

B GonpmmHcTBe citywaeB OukBarepHuoH nedopmaruii K(s) ObIBaeT 3a1aH B MOABHUKHOMN
cucreMe koopauHat Y(s), CBA3aHHOW C cedeHHEM s JehOpMUPOBAHHOTO Baia. Toraa Ha
OCHOBaHUU (POPMYIIBI IPEOOPa3OBaHHSI KOOPAUHAT:

xK($) = xA(s) 0y K(s) o x A (5) (6.43)

U C y4eTOM paBeHCTBa (6.24) MoxeM 3amucath uckoMmoe nuddepeHnanbHoe ypaBHeHNE, B
KOTOpPOM OMKBaTEpHHOH Jedopmaliuii 3aj1aH B cucteme koopauHat Y (s):

xA0(s) oy K(s)e XAO_1 (s)
5 .

MynbTUIIMKATUBHBIN aHAJIOT 3TOro udGepeHIMaTbsHOT0 YPAaBHEHUS BBITIISIUT TaK:

xA0(s)o y K(s)e A0 (s)
5 .

3anuieM reoMeTpuveckoe ypaBHEHHUE, B KOTOPOM HCKOMBINA OukBaTepHUOH M(s) mpen-
ctaBieH B cucteMe koopauHaT YO0(s), CBsI3aHHOM ¢ CEYeHHEM § THOKOTO Bajia B UCXOJIHOM
cocTostHUU. J1J1s1 3TOTr0 BOCIOIBb3yeMcst OpMyIIoil MpeoOpa3oBaHus KOOPAUHAT:

xM(s) = xM(s)° (6.44)

M (5) = (6.45)
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xM(s) = < AO(s) 0 v, M(s) 0 x A (5). (6.46)
Huddepenumpyst 1eByI0 U IPaBYIO 4acTh 3TOH (OPMYJIBI, TOTYUNUM:
M= (A0 oy Mo A0 + Alo (Mo A0 + Alo Mo( A0 . (6.47)

3mech U qaiee s KpaTKOCTH IMHChMa HE yKa3aHa 3aBHCUMOCTH MEPEMEHHBIX OT JYTOBOM
koopauHatel. IloacraBmsis (6.46) u (6.47) B ypaBHeHue (6.44), ¢ yueToM H3BECTHBIX

dbopmy:
(A0 == A0'o (A0 0 (ADT; ,Q20=2- A0 "0 A0, (6.48)
nocJje nmpeodpa3oBaHUil MOIYYUM UCKOMOE YpaBHEHHE:
voro) L20(8) + v K(8) vy, €20(5)
2 2

vy M'(8) = o) M(s) 0 © vosy M(S). (6.49)
Takum o00pa3oMm mMOJy4YeHBl ABa BUAA T€OMETPUYECKHX YypaBHEHUW MJi1 BBIYMCICHUS
OukBaTepHHOHa nepeMenieHnit M(s): B HenmoABWKHOM cucteme kKoopauHat X (6.44) u B
cucteme koopauHatT YO(s), CBA3aHHOH C CEYEHHEM S B HUCXOJHOM COCTOSSHUM THOKOTO
Bata. OHM UMEIOT HE CaMBIid TIPOCTOM BUJ, MOCKOJIBKY TO3BOJIIOT PACCUUTHIBATH THOKHUE
Bajibl, KOTOPhIE B MCXOJAHOM COCTOSIHUM MOTYT MMETh HENpsMONMHEHHYI0 dopmy. s
MEPBOHAYAIBHO TPSMOJIMHEWHBIX BAJOB OYIyT YNPOIICHHS, MOCKOJIBKY B 3TOM Cllydae
ouxBaTepHuoHbI A(s) (6.28) u Q0(s) (6.30) uMeroT oueHb IPOCTON BUJ.

PaccmoTpuMm nmanmee reomeTpuueckoe ypaBHEHHE Uisi OukBaTepHHOHA A(S), KOTOPBIHA
ompefieNaeT MOJIOKEHHE KaXIoro cedeHus aeopmupoBaHHoro rubkoro Bama. CyThb

ypaBHEHHUS COAepKUTCA B paBeHCTBax (6.21) u (6.41). Ha ocHOBaHMM 3THX PaBEHCTB JIETKO
3anucaTh Kak aJuTUBHYIO:

YO(s) QO0(s) + Y(S)K(S)

A(5) = (A(s)o . (6.50)
TaK U MyJbTUILIMKATHBHYIO €10 (Ghopmy:
QO(s)+ .. K
(A (5) = Y0 )+ v K() (6.51)

2

FCOMeTpI/I‘IeCKI/Ie YPaBHCHUS B ICPEMCHHBIX A(S) BBITJIAOAT Hanboee KOMIIAKTHO.

Juddepenunanbaple ypaBHEHUS! B MYJIbTUIIMKATUBHOM (OpMe MO3BOJISAIOT 3alUCATh UX
o0IIMe perieHusi B BUJAE MYJIbTUIUTMKATUBHON KBajaparypbl. Pemenue ypaBHeHus (6.45)
MOET OBITh 3aIMMCAHO C UCTIONIb30BaHueM (popmyi (2.162) u (2.168):

xM(s) = \M(0)° XAO(O)oﬁexp{%K(GM XAOX(G)]dG}o A0(s),  (6.52)

rae oukBatepHuoH xM(0) SBIsETCS IPOU3BOIHHBIM TOCTOSTHHBIM.

YuuteiBas T0, 4T0, aHAOTUYHO opmyie (6.21):
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oy 20(s) =2 (A0 (s) , (6.53)
peABIAYIIyI0 (GOopMyITy MOKHO TIepenucaTh TakK:

i Y0(o) Q0(c) + Y(G)K(G) -dG_
2

M(5) = (M(0)o \AO(O) o[ Jexp AT (6.5

Pemenue ypaBuenus (6.51) 3anuchiBaeTCsl HEMOCPEICTBEHHO:

I YO(G)QO(G) + Y(U)K(G) -dG_
5 .

(6.55)

CA() = xA0)of Jexp

3nayeHue 6ukBarepHuoHa xA(0) MOkeT ObITh BBIOPAHO MTPOU3BOJIBHO.
Dopmysl (6.54) u (6.55) X0poI10 KOPPECTOHIUPYIOTCS MEKIY COOOM.
BukBaTepHHOHBI HCTUHHBIX MIEPOBBIX MEPEMEIICHUI OMPeNeNIoTCs (HOPMyIaMu:

®(s)=2-InM(s); Y(s)=2-InA(s). (6.56)

st pacmmmgpoBKH pe3yabTATOB pacyeTa IMosie3Ha cheayromas (opmymna (cMm. pasaen
4.9.3):

(F(5) =2 A°(s)oy A7(s). (6.57)

B sr1oit dpopmyne xA(s), xA°(s) TIaBHbII U MOMEHTHBIH KBAaTEpPHUOHBI OMKBATEPHHUOHA
x/A(s) cooTBeTcTBeHHO. KOMITOHEHTHI KBaTEpHHOHA xI'(S) UMEIOT CIIECIYIOLUIUN reOMeTpH-
4ecKu CMBICT: x71(s), x72(s), x73(S) — KOOpAUHATHI TIOJIF0ca CeYCHHS s 000MMBI B 001
CUCTeMe KOOpAMHAT, x/o(s) — MepeMeIIeHIe CePIEYHIKA B CTOPOHY BO3paCTaHUs KOOPIU-
HATBI § OTHOCHTEIHHO 000HMBI B 9TOM CEUYEHUHU.

6.9. bukBaTepHHOH BHYTPEHHHUX YCHJINI

BHyTpeHnHue ycuins rubkoro Bajia MOTYT ObITh IPEICTAaBJICHbI B BUJE OJHOW OMKBaTep-
HUOHHOU (yHKIMK ayroBoit koopauHaTel U(s). B cucreme KoopaumHaT, CBS3aHHOHM C
ceYeHueM s 1e(opMUPOBAHHOTO THOKOTO Bajia 3TOT OMKBATEPHUOH MPEJICTABICH KOMIIO-
HEHTaMHU:

Y(S)U(s)=u+m-u°=[u0 +@-ulu o u U, +w-u’,;u, +m-u°3]. (6.58)

Nx mexaHnndeckuit cMbICa TakoB (puc. 6.5):

U — KBATEPHUOH BHYTPEHHUX CHUIT;

u°® — KBaTEpPHUOH BHYTPEHHUX MOMEHTOB;

Uo — IPOJOJIbHASL CUJIA B CEPACUHUKE;

uy — nonepeqHas{ culia B FI/I6KOM Bany, HaHpaBﬂeHHaﬂ BIOJIb KOOpI[HHaTHOfI ocHu yl,

uy — ToTepeyHasi cuiia B THOKOM Bally, HallpaBJIeHHAs BJIOJIb KOOPAMHATHOM OCH )

u3 — IpOJoJIbHAs cuiia (cepIeuHuK + 00oiimMa), HampaBlIeHHAs! BAOJIb KOOPJIUHATHON OCH
V3

u° — KpYTALIUI MOMEHT B CEpCUHUKE;

#°] — M3rUOAIOIINA MOMEHT B THOKOM Bajly, IEHCTBYIOIINNA BOKPYT KOOPAMHATHOM OCH )j;
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©°) — M3rubarOIIMI MOMEHT B THOKOM Bajly, IEUCTBYIOIIHUA BOKPYT KOOPAUHATHOW OCH )7;
©°3 — KpYTALIUI MOMEHT (cepAeuHuK + 000iimMa), AeCTBYIONIUI BOKPYT KOOPAUHATHON
OCH 3.

to U3 7 5(s)
GY)
»a(s)
»i(s) yi(s)

Puc. 6.5. MexaHn4eCKUi CMBICI KOMIIOHEHTOB U, U1, Uy, U3 U g, U1, U°H, U3

»3(s)
Ya(s)

Jnis kpaTkocTH ucbMa B hopmyiie (6.58) u B mocienyromux MosiCHEHUIX PH KOMITOHEH-
TaX KBATEPHUOHA OIyIIEH JICBbIM HMKHUM WMHAEKC, YKa3blBAIOUIMM Ha KOOPJMHATHYIO
cucreMy Y(s), ¥ He mokazaHa (YHKIMOHAJIbHAs 3aBUCHUMOCTb 3THX KOMIIOHEHTOB OT
JIyTOBOM KOOPJANHATHI S.

OO0pamraeM BHUMaHHE Ha TO, YTO KOMIIOHEHTHI BEKTOpHOW dacTm OwkBarepHuoHa U(s)
OTHOCSITCSI KO BCEMY TMOKOMY Bajly W MPEICTaBISIOT CO0OM CyMMapHbIE YCUJIHS cepied-
HUKa U 000iMBL. KoMImoHEeHTH IyanbHON dactu OukBaTepHuoHa U(s) MpencTaBisIOT
co00i1 ycunus B cepieuHUKE, yPaBHOBEIICHHbBIE YaCThI0 OJJHOUMEHHBIX YCHIIUN B 000iMe.
B cBs3u ¢ 3THM peanm3yroTcs Cieayromme (GOopMyIbl IS ONPEACIICHUS BHYTPCHHHUX
YCUIIUU B CEpJICYHHUKE U B 000iMe THOKOTO Baa:

Ne=uy;  Ohy=u;  Ohy=u,; Nh=u,—ug;

6.59

Tc=u®y; Mh =u°; Mh,=u°; Th=u° —u°, (6.59)
Yuratens 6e3 Tpyaa pa3depercs B IPUHATHIX 37€Ch 0003HAUYEHUSX, €CIIM OYAET 3HATh, YTO
OykBa N o0o03HauaeT MPOJOJBHYIO CuiIy, OykBa () — momepedyHyro cuiy, OykBa T —
Kpy TSI MOMEHT, OykBa M — u3rubaromuii MOMEHT, OykBa ¢ (core) — cepAeyHHK, OyKBa
h (holder) — o6oiima.

Kpome 3T0ro, CymecTByrOT BHYTPEHHHE KOHTAKTHBIC CHJIbI B3aMMOJCHUCTBHSI CEPIICYHUKA
1 000iMbI. OHH OYTyT OTIPE/ICIICHBI Jlajiee.

6.10. CtaTnueckne ypaBHeHHUS

PaccmoTpuM 6eckOHEUHO Mallblif y4acTOK TMOKOT0 Bajia, HAXOAALIMICS MEXY CEUEHUSIMU
000IMBI C AYrOBBIMU KOOpJAMHATaMu s U s + ds. Ha puc. 6.6 3TOT y4acTok OTAelIeH OT
OCHOBHOTO Tena Baja. IIpuBbIYHBIE HAM BHYTPEHHHE YCHJIMS B 3THX CEUEHHUSAX DPaBHBI
KoMIioHeHTaM OukBaTepHuoHa U B MOABMKHOM cucTeMe KoopauHat. HTepecyromme Hac
YCHJIMS Ha KOHIAX PacCMaTPUBAEMOro ydacTKa OyIyT COOTBETCTBEHHO paBHbI y(,)U(s) u
v(s + ds)U(s + ds). Bo ppoHTaIBHBIX ceUeHHAX, OPUEHTUPOBAHHBIX B CTOPOHY YBEINYEHUS
JYTOBOI KOOpAMHATHI, MOKa3aHbl CHJIbI U MOMEHTHI C YKa3aHMEM CHCTEM KOOPJIHMHAT, K
KOTOPBIM OHH MPUBSI3aHbI. J[JIs1 cOCTaBlIeHNs] YpaBHEHU PaBHOBECHS HAJ0 Y4ECTh, YTO Ha
TBIJILHOE CEUYEHHE PAacCMAaTPHBAEMOro OECKOHEYHO MAajoro yyacTka rMOKOro Baja Jei-
CTBYIOT YCWJIWSI, IPHJIOKEHHBIE K (DPOHTAIILHOMY CEYEHHIO OCHOBHOTO Tella Bajia, B3SITHIC
C OOpaTHBIM 3HAKOM.
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V(s +du°(s + ds ya(s + ds)
Y(s + dsyu(s + ds)
y3(s) i(s + ds)
VOO Yot an

Y(»u(s)

y1(s)

ya(s)

Puc. 6.6. K cocraBnenunio ypaBHEeHHI paBHOBECHS

[TpeacraBum ycunus y(\U(s) U y(s + 45 U(s + ds) B HeNoABMKHOM cucTeMe KOOpAUHAT X:
xU(s) =xA(s) oy, U(s) oXA’1 (8); xU(st+ds) =x A(s+ds) oy, U(st+ds) oXA’l (s+ds). (6.60)
3aMeTHUM, 4TO
(UGs+ds) = \U(s)+  U'()-ds; y(y, 00 Uls+d5) = 4 US)+ 4 U'(s)-ds s (6.61)
CA(s+ds) = A(s) + A'(s) - ds; (A7 (s+ds) =, A7 (5) =y A7 () oy A'(8) oy A7 (5) - ds ,(6.62)

U COCTaBUM yPAaBHEHUS PABHOBECUS:

cU(s+ds)—U(s)=0. (6.63)
[IpupaBHUBas K HYJIIO pa3HOCTh MPABBIX YacTel ypaBHeHUH (6.60) U yIUTHIBast paBEHCTBO
, 0 €2(s)
xA'(5) =} A(s) o~ T (6.64)
clenyrolee U3 3aBUCUMOCTH (6.21), Tociie HEKOTOPBIX TPEOOPA30BAHUIM MTOTYUUM:
LQ(s) . o Q(s)
S v U+ U'(s) =y Uls) o == =0, (6.65)

OGpamasics K paszeny 6.7, 3anumeM GopMyITy Uil HAX0KACHUS OMKBATEPHUOHA y(5)C2(S):
Y(S)Q(S) = Yo(s)QO(S) + Y(S)K(S) . (6.66)

I'eomeTpuyeckuii CMBICT KOMIIOHEHTOB 3TOM (DOPMYJIBI OMKCaH B pazzaene 6.7.

Paspemmas ypaBHenue (6.65) OTHOCHUTENHHO TMPOU3BOIHOU, MPUAEM K UCKOMOMY mudde-
PEHIMAILHOMY YpPaBHEHMIO [Jisi OMKBAaTEpHHMOHA BHYTPEHHUX YCWJIMHA THOKOro Baia,
MPEACTABICHHOTO B CUCTEME KOOPMHAT, CBA3AHHOM C CEUYECHUEM S:

Q(s)o Y(s)U(S) - Y(S)U(S) © Y(S)Q(S)

5 (6.67)

Y(5)
Y(S)U,(S) =—

Bocnonb3oBasucs hopmynoii (6.66), 3anumem 3to auddepeHnmnaibHoe ypaBHEHHE TakK:
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[ v000yR20(5) + 4, K(9) [0 3 US) = ) U(S) o 4000 20() + 3, K(5) |
. .

v U'(s)= (6.68)

OnnHako OoJee coaepKaTebHBIM SBISIETCS ypaBHEHHE (6.63), U3 KOTOPOTO CIIEIyeT:
xU'(s)=0. (6.69)

DTO O3HayaeT, 4To OWKBATEPHHOH YCWJIMN B HEMOIBMIKHON CHUCTEME KOOPJMHAT HE
3aBHCHUT OT JYTOBOW KOOPIWHATHI U sBisieTcss KoHcTaHToi. OOtiee pemenne auddepen-
UAJIBHOIO YPAaBHEHUS 3aIlUIIEM B CIEAYIOLIEM BHUJIE:

xU(s) = xU(0), (6.70)

rre xU(0) — mpou3BOIbHBIN NOCTOSHHBIA OMKBATEPHUOH, YUCIIEHHO paBHBIA OMKBAaTEpHU-
OHY YCWIHMI B HETOJBMKHOM CUCTEME KOOPAMHAT JJIsl AyTOBOM KOOpAUHATHI § = ().

bukBaTepHUOH yCUINIA B IOJABUKHON CUCTEME KOOPAUHAT, CBI3aHHOMN C CEYEHHUEM S, Yepe3
3TOT OMKBAaTEPHUOH BBIpaXkaeTcs (HhOpMyIIOu:

v U(s) = x AT ()0 x U(0) 0 c A(s). (6.71)

Ecnu 6ukBarepunon xU(0) TpakToBaTh Kak BUHT, TO OCh 3TOI'O BHHTA HA3bIBAETCS OCHIO
CUCTEMBI CHJI, TEHCTBYIOIIMX Ha TWMOKWUN Bajl. ['1aBHBIA BEKTOp M IJaBHBIM MOMEHT 3TOMN
CUCTEMBI CWJI JEMCTBYIOT BJOJIb OCH BUHTA.

CrnengyeT OTMETHTb, YTO YCWUJIMS B CEpACYHHKE MPABUIBHO OMHCHIBAIOTCA (HOPMYIIOM
(6.71), MOCKOIBKY B COOTBETCTBHH C pazjienioMm 4.9.2 nyanbHas 4acTh OMKBATEPHHUOHA TIPH
npeoOpa30BaHUsIX KOOPAUHAT OCTACTCSI HEU3MEHHOMN

[TpencraBistoT HHTEpEC MOTOHHBIE KOHTAKTHBIE YCUIIUS MEX]y CEepACUYHUKOM M 000MMOil
ruOkoro Bama. /s ompeneneHuss STUX CHIJI BOCIIONb3yeMcs TakuM mpuemoM. U3 Gecko-
HEYHO KOPOTKOT0 OTpe3Ka FMOKOro Bajia JUIMHOU ds yJalluM CEepAECYHMK, a ero JeHcTBHE
Ha 000lMy 3aMEHUM CHCTEMOI IOTOHHBIX HArpy30K, ONpeaensieMoil OMKBaTEpHUOHOM
v(s)P(s), KOMIIOHEHTBI KOTOPOIO IpPEJICTAaBIECHbl B CHCTEME KOOPIUHAT, CBA3aHHOH C
ceyeHueM 000MMBI s. OHU UMEIOT CIEAYIONINI MEXaHHUYECKUN CMBICI:

P — KBaTEPHUOH MOTOHHBIX CHJI;
P° — KBaTEpHUOH MOTOHHBIX MOMEHTOB;

Po — IIOTOHHAsSI TPOJI0JIbHASL HATPY3Ka, IPUIIOKEHHAs K CEpJACUHHUKY;

p1 — TIOTOHHASI TTONIepeyHasi Harpys3Ka, NpUIIokKeHHast K 000¥Me 1o KOOPIAUHATHON OCH Vi;
P2 — TIOTOHHAA TIOTIepeYHast Harpys3Ka, MPUIoKEHHas: K 0001Me 10 KOOPIUHATHOM OCH )»;
p3 — IIOTOHHASI IPOJI0JIbHAS HArpy3Ka, IPUJI0KeHHas K 000iiMe 1o KOOPAMHATHOM OCH )3 3a
BBIYETOM IIOTOHHOM IIPOJIOJIBHOM HArPY3KH, IPUIOKEHHON K CEPACUHHUKY;

p°0 — MNOTOHHBIN KPYTSIINI MOMEHT, IPUIIOKEHHBIN K CEPICUHHKY;

p°1 — IOTOHHBIN U3rHOAIOIINI MOMEHT, PUJIOKEHHBIN K 000iiMe, NEHCTBYIOIUN BOKPYT
KOOPAMHATHOU OCH V'1;

p°2 — IOTOHHBIN MU3TrUOAIOIINIT MOMEHT, MPUJIOKEHHBIN K 0001Me, IEHCTBYIONMINNA BOKPYT
KOOPJAMHATHOW OCH )2;

p°3 — IOTOHHBIN KPYTSIIUNA MOMEHT BOKPYT KOOPAMHATHOM OCH )3, IPUIIOKEHHBIN K
o0oiime, 3a BBIYETOM TIOTOHHOTO KPYTAILIETO MOMEHTA, MPUIIOKEHHOTO K CEPICUHHKY.
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Bocnone3zyeMcst ypaBHeHHeM paBHOBecHs (6.67), momaras, 4TO BHYTPCHHHE YCHUJIUS B
paccmaTpuBaeMoOM OTpe3Ke THMOKOro Baja 0e3 cepledyHHukKa ¢ yderoM ¢opmyisl (6.59)
BBIPA)KAIOTCSl ONKBATEPHUOHOM:

0+®-0

U +w-u’

v UL(s) = (6.72)

u, +@-u’,
(u3 —u0)+m-(u°3 _uoo)

VYpaBHUBas nOpupallleHHs BHYTPEHHUX YCHUJIMI Ha JJIMHE OTpe3ka rHMOKoro Baya ds,
MOJIYYUM:

Y(s)g(s) OY(S)U(S) _Y(S)U(S) °y(s) Q(s) _

2
(6.73)
_ v S28) oy UL(S) ~y( UL(S) oy €2(5) Fyo) P(S).
2
Otcrona
v P(s) = vis) €2(5) °[ v U(s) _Y(s>U1(S)] _[ v UGs) _Y(S)UI(S)} *viy ) . (6.74)

2

PackpbiBas 3Ty (opMyiy MO3JIEMEHTHO, OIycKas MPUBA3KH K CUCTEME KOOpPIHMHAT U He
MIOKa3bIBasi 3aBUCHUMOCTH BCEX NEPEMEHHBIX OT JYTrOBOW KOOPAUHATHI S, Oy/1€M UMETh:

— . _— . o __ (o) O . (o) — o] o
Py =Uy Oy Py ="Ug O Py EU 0, H U0, Py = U O — U O (6.75)
YuuteiBas popmyity (6.66), MOKEM 3aIkCaTh OKOHYATEIBHO:

D =u, (00, +x,);  p, =—u, (00, +x,);
o o o o o o o o (676)
p° =u (00, +1,)+u, (00°, +x°,); p°, =—u’ (00, +x,)—u, (0©0°, +«°,).

OcTranbpHbIe YCTBIPC KOMIIOHCHTA KOHTAKTHBIX YCI/IJ'II/Iﬁ PaBHBI HYJIIO.

HanomunaeMm, 4to uy — NpoOAOIbHOE YCUIIME B CEPACUHHKE, U°) — KPYTAIIUHA MOMEHT B
cepaeunuke; ®0;, ®0, — KpuUBH3HBI O0OWMBI B HMCXOAHOM cocTostHHH; ®0°), ®0°% —
OTHOCHUTEIIbHBIE CIIBUTM O0OMMBI B HCXOJAHOM COCTOSIHMHU; K|, Ko — MPUPAIIEHUS KPUBU3H
00OWMBI MPH MEPEX0Jie U3 UCXOIHOTO B pacCMaTpUBAEMOE COCTOSTHHE; K°, K°; — Mpupa-
IIEHHUS] OTHOCUTEIbHBIX CABUIOB OOOMMBI NPU MEPEXO0JIE U3 MCXOIHOTO B paccMaTpuBae-
MO€ COCTOSIHHUE.

Takum o0pa3oMm, mOdy4deHbl GOpPMYJbl Ul ONpeAeNeHHs YCHWIMNA B3auMOAEHCTBUS
CepleYHUKa U O0OWMBI, KOTOPbIE MOKa3bIBalOT, KAKW€ KOHTAKTHBIE YCWJIMS BO3HMKAIOT,
€CIIM CEepJIeYHUK HampsikeH. JJocTaTOYHO HEeOXKUAAHHBIM OKa3alicsl TOT (PakT, YTO cepied-
HUK TIepe/1aeT Ha 000WMY HE TOJBKO MONEPEYHbIe YCHITUS, HO U KPYTSAIINE MOMEHTHI.
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6.11. ®usnyeckue ypaBHeHUs1

[Ton ¢uznyeckuMu ypaBHEHHsIMH OyJeM MOApa3zyMeBaTh 3aBUCUMOCTU MEXIy BHYTpEH-
HUMHU yCUIUAMH y(5)U(s), JEHCTBYIOIIMMH B CEYEHUU TMOKOTO Bajla C KOOPAMHATOH s, U
ero nedopmManusIMu yK(s) B OKpPECTHOCTH 3TOro e cedeHus. bynem monarath, 4TO
M3BECTHBI MOJATIMBOCTU CEpACYHHKA MPH ACHCTBUM HA HETO MPOAOJIBHOWU CHUIIBI c°) U
KPYTSIIIEr0O MOMEHTA ¢, a TAaKXKE MOJATIMBOCTH O0OOWMBI MMPHU JACUCTBUU HA HEE MPOJOJIb-
HOM ¢°3 W TONEPEYHBIX ¢°] U ¢° CHJI, KPYTALIETO ¢3 U U3THOAIOIINX €] U C; MOMEHTOB:
BCEr'0 BOCEMb BEIIIECTBEHHBIX YHCET.

Torna ¢ ucnosnb3oBanueM (6.59) UCKOMBIE 3aBUCUMOCTH OyAyT omnpenenarbes hopmya-
MU:

— . .40 . — . .0 . — . .0 . — (11O — 1,0 .
Ko =Cy Uy, K =C U, K, =c,u’y; Ky =0y (U —ul);

(6.77)

o _ L0 . o _ L0 . o _ L0 . o _ .0
K% =c¢% Uy, KO =c% u; K, =c% U, KO =0 (uy —uy).
Jyist mydinero moHMMAaHUs, KaKue TOAATIAMBOCTH UMEIOTCSI B BUJTY, 3aMETUM, YTO MOIATIIU-
. -1 -2
BocTH ¢; (i = 0, ..., 3) UMEIOT pa3MepHOCTh (CHiia  -auHaA ), Kak y 1/(E-J), a mogaTimBo-
. -1
ctu ¢ (i =0, .., 3) uMeroT pazmepHOCTh (cmma ), kak y 1/(E-A), rae E — Moayb ynpyro-
CTH, J — MOMEHT MHEPIIUH MOMEPEYHOT0 CeUeHUs, 4 — MIIOUIaAb MONEPEYHOr0 CEUCHHUS.

6.12. KpaeBas 3a1aua

B npenpiaymmx paszgenax paccMaTpUBAIMCh MATEMAaTUYECKHME 3aBUCHMOCTH MEXKIY
OMKBAaTEpHUOHAMH ¥  JPYTUMHU  BEJIMYMHAMH, OIHKCHIBAIOIIMMH  HAIpPSHKEHHO-
ne(hOPMHUPOBAHHOE COCTOSIHHE THOKOTO Bajia 0€30THOCHTEIHFHO K KOHKPETHBIM 33]1adaM.
PaccmoTpuM Teneph KIacCHYECKYIO 3a/1a4y, OTHOCSIIIYIOCS K KATETOPUH KPaeBbIX.

Jlan nepBoHayanbHO MNPSMOJIMHENHBIM OTpE30K T'MOKOro Baia AJuMHON (o oboiime) S,
HOJATIMBOCTH COCTaBHBIX YaCTeH KOTOPOTo BBIPAXKAIOTCS BOCEMBIO YUCIaMH ¢;, ¢®; (i = 0,
.., 3), CMBICII KOTOPBIX paciudpoBaH B paszaene 6.11.

TpebyeTcs onpenenauTs ero 1eoOpMHUPOBAHHOE COCTOSIHUE, BBIPAKEHHOE OMKBATEPHUOHOM
xV(s) B HEMOABWIKHON CHCTEME KOOPAMHAT, U HAIPSKEHHOE COCTOSHUE, BBIPAKEHHOE
OUKBaTEpPHUOHOM y(s)U(s) B MOABUKHON CUCTEME KOOPJIUHAT, €CIIU 3a7aHbl OMKBATEPHUO-
Hel xF(0) u xW¥(S), ompenensiomue MOJIOKEHUE KOHLEBBIX CEYEHMH THOKOro Baa.
Onucanue 6ukBatepHroHa x'¥(s) npuseneHo B paszzene 6.3, a GukBaTepHUOHA y(5)U(s) — B
pazzene 6.9.

B xauecTBe OCHOBHBIX HEU3BECTHBIX NP PEIIEHUH 337a4d MOXKHO BbIOPAThH MMOJIOBUHHBIH
AKCIIOHEHIIMAJIbHBIA OMKBATEPHUOH xA(S) MO OTHOLIEHUIO K MCKOMOMY OWKBaTEpHUOHY
x¥P(s) m OuxBarepHnoH BHYTpeHHHX ycwiui xU(s), BBIpaKCHHBIE B HEMOIBHIKHOMN
cucreMe KkoopauHar. B aToMm ciyuae auddepeHumanbHble ypaBHEHMs Ul peLLCHHS
3ajaun OyAyT BBITIISAETH Hanbosee npocto. uddeperurpoBanue mo gyroBoi KOopanHa-
Te s OyJeM 0003HauaTh MTPHUXOM.

reOMeTpI/I‘IeCKOC ypaBHCHI/IC, BBIpa)KeHHOC qepGS aI[I[I/ITI/IBHYIO HpOI/I3BOI[Hy1'O, HUMECT BU.
yo(s)go(s) + Y(S)K(S)

xA'(9) = xA(s)° 5

(6.78)




6.12. Kpaesas 3adaua 215

OHO MOKET OBITh 3aIMCAHO M YE€PE3 MIPABYI0 MYIbTUILIUKATHBHYIO IPOU3BOIHYIO:
YO(S)QO(S) + Y(S)K(S)
2

B »Tm ypaBHEHHs BXOIAT OMKBATEPHHOH JIOKAJTHHOW (POPMBbI THOKOTO Bajia B MCXOJIHOM
COCTOSIHUU yo(5)C20(s), onucaHHbli B pazaene 6.6, u OukBaTepHUOH Aedopmanuil yK(s),
paccMOTpeHHBIN B pasnene 6.7. J{ns mepBOoHAYaIbHO MPSIMOJIUHEHHOTO U HexedopMHupo-
BAaHHOI'0 TMOKOT0 Bajla OMKBATEPHUOH yo()C20(s) UMEET MPOCTON ¥ KOMIAKTHBIA BUIL:

(A(s) = (6.79)

Y0(8)90(5)=[0+m-0; 0+®-0; 0+w-0; 0+m-1]. (6.80)

OOmiee peuieHHE YpaBHEHHS MOXKET ObITh BBIPAXKEHO B BUAEC MYJIbTUIIMKATUBHOM
KBaIpaTyphI:

Y0(o) Q0(c) + y(c)K(G) do

> : (6.81)

AG) = Ao Jexp

rne xA(0) — npou3BOIBbHBIN NOCTOSAHHBIA OMKBaTepHUOH. OH pPaBeH 3HAYCHHIO MCKOMOM
OMKBATEPHUOHHON (PYHKIIUH ITPH 3HAYCHUU JTyTOBOW KOOPIUHATHI 5 = (.

CTaTI/I‘-ICCKOC YPABHCHHUEC BBITJIAANUT COBECPUICHHO 3JICMCHTAPHO!:
1A
U(s)=0. (6.82)

W3 uero CIIeayCT, 4YTO BHYTPCHHHC YCUIIHA B HGHOHBH)KHOﬁ CUCTEMEC KOOPAHWHAT HE
3aBHCAT OT I[yFOBOﬁ KOOPAUHATHEI § U ABJIAIOTCA KOHCTAHTAMMU:

UG) =, U(0). (6.83)

OTUX KOHCTaHT BOCEMb. byieM TpakTOBaTh UX KaK BHyTpeHHUE ycuius pu s = 0.
BuyTtpennue ycunus y)U(s) B HOABMKHOM cHCTEME KOOPAMHAT BBIPAXKAIOTCS 4YEepe3 UX
3HA4YCHUsI B HETOJBIDKHOW cHcTeMe KoopauHAT 1o ¢opmyne (4.176), koTopas B Hamiem
cllyyae pruoOpeTaeT BU:

v US) = x A7 (s)0 c U(0)0 ¢ A(s) . (6.84)

PaccmoTpum Teneps OukBaTepHUOH IedopMannil yK(s). Ero KOMIIOHEHTBI BBIpaXKaroTCs
4yepe3 BHYTPEHHHE YCUIHUA y(5)U(s) HEKBAaTEpHHOHHOM anreOpandeckoil CBA3bI0:

— . o . — . o. — . o . . o _ o).
YKO _CO Yu 0° YKI _cl Yu 1° YKZ _CZ Yu 2° YK3 _CS (Yu 3 Yu 0)’

(6.85)

o _ .0 . o _ .0 . . o _ L0 . o _ .0 . _
vK =€y yKO = yuys yKS =%,y v KO =00 (U — ).

B sTx Qopmynax 3aBHCHMOCTh TIEPEMEHHBIX OT JyTOBOW KOOPIUHATHI § HE TIOKa3aHa.

Takum oOpazom, oOIIee pemeHue 3aa9u COACPKUT B CBOEM COCTAaBE JIBA IPOU3BOIHHBIX
ouxBatepHuoHa: xA(0) um xU(0), 4TO SKBHBAJIEHTHO WIECTHAIUATH MPOU3BOJIBHBIM
MOCTOSIHHBIM. DT OMKBAaTEPHHOHBI HAJ0 OMPEICIIUTh Yepe3 KpaeBbIe YCIOBHUS, TO €CTh
yepe3 OukBaTtepHHOHBI xWP(0) m x¥(S), KOTOphIE Takke HSKBUBAJICHTHBI IICCTHAAIATH
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MPOU3BOJIBHBIM TOCTOSIHHBIM. [IpobnemMa ¢ mnpousBoibHbIM OukBatepHHOHOM xA(0)
pelaeTcs mpocTo:

<A0)= exp%(o). (6.86)

Yro KacaeTcsi KpaeBOrO YCJIOBHUS MPH s = S, TO €ro HaJO YAOBJICTBOPUTH, MOAOUpas
JOJDKHBIM 00pa3zom mpou3BosibHbIN OukBarepHuon xU(0). B obmem ciydae mpobGiiema
BbIOOpa OukBaTepHroHa xU(0) ciioHA M CBOAUTCS K yAOBICTBOPEHUIO CHCTEMBI BOCHMH
HEJIMHEHHBIX ajreOpandeckux ypaBHeHHH. OHa akTyanbHa uis OOJIBIIMHCTBA KPaeBBIX
3ajad. Mcrmonp3oBaHHe OMKBATEPHHOHOB HE MIOMOTAET MPH PEIICHUH STON MPOOIEMBI.

[Tocne Toro kak HaiJIeHbI OCHOBHBIE HEM3BECTHBIC OMKBAaTepHUOHBI XA(s) 1 xU(s), MOKHO
BBIPA3UTh YePe3 HUX UCKOMBIC KBATCPHHOHBI:

x Y(s)=2-Ln y A(s); Y(s)U(S) = xAil(S)o xU(s) o xA(s). (6.87)

[IpencraBisieT MHTEpeC TakXke MapaMeTpUyecKoe ypaBHeHHE ocu TuOkoro Bama. Ero
MOJKHO TIOJYYUTh Yepe3 TJIABHBI M MOMEHTHBIA KBaTepHUOHBI xA(s) U xA°(s), cocTaBsi-
IOIIIM€ BHIYMCIICHHBINA paHee MOJIOBUHHBIN IKCIIOHEHIINAIbHBIN OMKBATEPHUOH:

CAGS) = Ms)+ T (A(s). (6.88)

OT0 napaMeTpuiecKoe KBaTepHHOHHOE YpaBHEHHE OCHOBAHO Ha (hopmyie (4.178) u umeer
BUJI:

(F(5) =2 A°(s)o, A7\(s). (6.89)

KoMmoHeHThI KBaTepHUOHA XI'(S) UMEIOT CIIEYIOUIUN T€OMETPUUECKUN CMBICI:

x7'1(8), x72(s), x73(s) — KOOPAMHATHI TOJIOCA CEUCHUS S B HEMOJBIKHOW CUCTEME KOOP/IH-
HaT; x7o(S) — JIMHEWHOE CMEIIEHNEe CepJIeYHHKAa TMOKOro Bajla OTHOCHUTEIHLHO OOOMMBI B
CEYCHHH S B CTOPOHY YBEIMYCHHSI KOOPIUHATHI S.
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7.1. IlocTanoBka 3aga4u

PaccmarpuBaemasi 3ajada COCTOUT B OIpeneleHUH (POpPMBI HEHArpy>KEHHOT'O OTpe3Ka
YIOpyroi IpoBOJIOKY U B HAX0XK/IEHUU BHYTPEHHUX YCHIINN B NONEPEUHBIX CEYEHHSIX ITOTO
OTpE3Ka B 3aBUCUMOCTHU OT I'PAaHUYHBIX YCIOBUM Ha €0 KOHLAX.

['pannvHbBIE YCTOBHS MOTYT OBITH C(HOPMYTHPOBAHBI B IEPEMEIICHUSX (3a/1aHBI KOOPAUHA-
THI [IEHTPA KOHIIEBOTO CCUCHHSI M €T0 OPUCHTAIUS B MPOCTPAHCTBE), B YCHIUAX (3aJaHbI
MPOJIOJILHOE M TONEpPEYHbIe YCHIIUS, KPYTAIIMNA M U3rHOaronye MOMEHThl B KOHLIEBOM
CEYCHUHM) WM B CMeEIaHHON ¢dopme (3a7aHa KOppPEKTHass KOMOWHAIMS TEPEeMEIICHU U
BHYTPEHHUX YCUIJIUHN).

[Ipu pemenun 3agaun OyaeM pyKOBOICTBOBATbCS KJIACCHUECKOW Teopuel m3ruba crepik-
Hel bepHymu. DTo 03HA4aeT, 4To JJIsl PacCMATpUBAEMOW IPOBOJIOKH CIPABEIIMBA
TUIIOTE3a IUIOCKUX CEYEeHUH, KOTOpBIE /10 U mocie eopMaluy OCTaIOTCsI HOPMAIbHBIMHU K
OCH TPOBOJIOKM. Marepuan NpoBOJOKKM OylieM CcuMTaTh HAEANBbHO YNpyruMm. bynem
YUUTBIBATh JHIIb JedopMaluy U3ruda U KpyueHHst IPOBOJIOKH, TO €CTh OyJeM IoJaraTh,
YTO MPOBOJIOKA HEPACTSKMMA U HE UCTIBITHIBACT Je(POpPMALIUI OT MONEPEUHBIX YCUIINH.

Kpome o0braHOro cirydasi, Koraa nepBoHadanbHas (opMa MPOBOJOKH CUUTAETCS MPSIMO-
JTMHEWHOMH, OyZieM paccMaTpuBaTh JIpyrHe UCXOAHbIE COCTOSIHUSA MTPOBOJIOKH. B yacTHOCTH,
IIPOBOJIOKA B TEPBOHAYAJIBHOM COCTOSIHUM MOXET OBbIThb CBEpHyTa B OYXTY, SBISATHCS
3aMKHYTBIM KOJIBIIOM WJIU MPEJICTABIATh COOOHM CIUPATIbHYIO IPYKUHY.

3amaya 0 paBHOBECHBIX (pOpMax ympyroil MpOBOJIOKU SBJISIETCS YACTHBIM CIydaeM 3aJaduu
0 THOKOM BaJjie, PaCCMOTPEHHOM B TiaBe 6. J[s TOro, 4To0kI MepeiTn oT THOKOTo Baja K
yHOpyToil MPOBOJIOKE, TOCTATOYHO MOJOKUTh, YTO CEPJCUHUK THOKOTO Bajla OTCYTCTBYET, U
CUHTATh, YTO MPOBOJIOKA HEPACTSIKMMA W HE UCHBITHIBACT JePOpMAIUil OT MOTICPESIHBIX
YCUJIUH.

Tem He MeHee, 3Ta rnaBa He OyAeT YNPOLICHHBIM MOBTOPEHHEM IMpenblayuieil. B Hei
OyayT Oonee MOAPOOHO HM3Y4YCHBI HMCKPUBJICHHBIE HAUYaIbHBIE COCTOSIHUS MPOBOJIOKH,
OyayT NMpHUBEICHBI ITOCTAHOBKU 3TOW JK€ 3a/Ja4yM C JIPyIrMMU HabOpamMHM OCHOBHBIX HEW3-
BECTHBIX (YHKIWH, TMOJYYEHBI COOTBETCTBYIOIIME WM CHCTEMBI TU(PepeHIIHaTbHBIX
YPaBHEHMI U pacCCMOTPEHBI Pa3IMUHble BAPUAHTHI TPAHUYHBIX YCIOBUH.

3ajaun Takoro TUIA B MEXaHMKE YacTO HA3bIBAIOT 3ajauaMu o0 ympyroil auHuu. B ux
pelIeHNe BHECIHU BKJIAJ KPYITHEHIINE YUEHBIE.

[Tnockas ympyras nuHus Obuia u3ydeHa SkoBom beprymnu u Jleonapmom Diinmepom.

Diinep uccaenoBall pa3InyHble OYepTaHUs MJIOCKOM YIpyroi JUHUM (37acTUKU Diiepa) u
YCTaHOBUJI IEBATH Pa3IMUHBIX €€ TUIIOB.
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B 1816 r. Ilyaccon nmomyuun nuddepeHnuaibHbple YpaBHEHUS YIPYTOH JIMHUH JTBOSIKOM
KPHUBU3HBI IJId MEPBOHAYAJILHO HpHMOHHHeﬁHOFO CTCPIKHA, HAXOAAMICTOCA B PAaBHOBCCHUU
MOJ| IECTBUEM CHJI, TPUJIOKEHHBIX K ero KoHiaMm. B 1880 r. DpMHUT moay4us 3aMKHYTO€
pelIeHe ITUX YPABHEHUH B AIITUNTUYESCKUX (PYHKIHUSX.

E.JI. Hukonau B cBoel Marucrepckoil aucceprauuu [42] NOMOJHWI Yy>KE€ H3BECTHOE
peleHye 3a1a4u 00 YNpyroi JMHUHU ABOSKON KPUBHM3HBI MCCIIEAOBAaHUEM Pa3IMUYHBIX €€
ouepranuii. OH paccMOTpeI BOMPOC 00 YCTOMYMBOCTH PaBHOBECHS CTEPKHS, AeopmMupo-
BaHHOIO B BHJEC BHUHTOBOW JIMHMM U HOJIYYMJ HEOXHIAHHBIA pe3ynbTaT (Mapajgokc
Huxonan). Okazanoch, YTO paBHOBECHas! IpSMOJIMHEHHass popMa CKpyUEeHHOH MTPOBOJIOKH
HEYCTONYMBA IIPH CKOJIb YTOJHO MAJIOM 3HAYEHUHU CKPYYUBAIOLIETO MOMEHTA.

CoBpeMEHHOE COCTOSIHUE€ MEXAHUKH YIPYTHX CTEpKHEW B JBYXMEpPHOM IOCTAHOBKE
ormucano B MoHorpaduu E. Il IlonoBa [48], mpocTpaHCTBEHHas 3ajada MOAPOOHO
paccMoTpeHa B paborax A. A. Umoxuna [25, 26], craTuka, yCTOMYUBOCTh U KOJICOAHUS
€CTECTBEHHO M30THYTHIX 'MOKHUX CTep>KHEH uccienoBanbl B MoHorpaduu B. U. I'ynsesa,
B. B. l'aiigaiiuyka u B. JI. Komkuna [17].

7.2. PazMepbl 1 KOOPAUHATHI

[lycTe ucciemyeMblii OTPE30K MPOBOJIOKM HMMEET JJIMHY S U TOCTOSIHHOE IO JJIMHE
KpyroBo€ IONEpeyHOe cedeHue ¢ paauycoMm r. Kaxaoe ceueHue NHpPOBOJIOKU Oyaem
ONPEAENATH TyTOBOM KOOPAUHATOM §, U3MEPSIEMOM BAOJb OCH IPOBOJIOKH U MU3MEHSIOLLIEH-
cqa B nipenenax 0 < s < S. [Ipu u3ydyeHun nepemMenieHnii TOYeK 3TOro OTpe3Ka MPOBOJIOKU U
BHYTPEHHUX YCHJIUN B HeM OyJeM MOJb30BaThCS OBYMS MPaBbIMH CHUCTEMaMH MPSIMO-
YIOJIbHBIX JI€KAPTOBBIX KOOPAMHAT: HEMOABUKHOU — X|, X2, X3, CBA3aHHOU C «3E€MIICI», U
NOABIKHOU — Vi(s), 1a(s), »3(s), CBA3AHHOW C KOHKPETHBIM IOMEPEYHBIM CEUYCHUEM
npoBosiokd. [loaBMKHAs cucTeMa KOOPAMHAT CBs3aHa C CEYEHUEM TaKUM 00pa3oMm, uTo ee
HAYall0 HAaXOJUTCS B LIEHTPE CEYEHHUs, OCh y3(s) HampaBleHa MO HOPMAJU K CEUYEHUIO B
CTOpPOHY YBEJIMUYEHHUS KOOPAMHATHI S, @ OCU Vi(s) U V»(s) JeKaT B IUIOCKOCTH CEYEHUS U
CIy’KaT JIJIsl ONpe/IeSICHUs HalpaBJICHUs] BEKTOPOB YCUIUM U nepeMelienuid. Hanpasnenue
oceit y(s) u y,(s) onpenensieTcs: Ipu 3aAaHUU UCXOJHOTO COCTOSIHUS MMPOBOJIOKH.

7.3. BukBaTepHHOHHOE MpeacTaBjieHue GopMbI IPOBOJIOKH

B kauecTBe OCHOBHOTO OMKBATEPHUOHA, OMPEICIISIONICTO MOJIOKEHHE CEYCHHUS TPOBOJIOKH
B HCKPUBJICHHOM COCTOAHHUH, IPHUMEM YHUCTO BHHTOBOU 6I/IKBaTCpHI/IOH UCTHUHHOI'O
sitnepoBa nepemerneHus W(s) (cMm. pasmen 4.7), NepeBOISANINN HENOJIBUKHYIO CHCTEMY
KOOpAUHAT X1, X2, X3 IYTCM €€ BUHTOBOT'O ABMXXCHUSA BOKPYT HGKOTOPOI‘/JI OCH A0 coBHazac-
HUS C TIOJBIDKHOW cucteMon yi(s), y2(s), ¥3(s), CBI3aHHOU ¢ 3TUM cedeHHeM. [1oCKoIbKy
3TOT GI/IKBaTepHI/IOH YUCTO BI/IHTOBOI>'I, €T0 AyaJibHasA 4aCThb HYJICBAA:

Y,(s)=0+w-0. (7.1)
['eomeTpuyeckuii CMBICT 3TOT0 OMKBAaTEpPHUOHA JIETYE OCO3HATH, PACCMOTPEB (POPMYITY:

¥(s)=".(s)-E(s), (7.2)

rie  E(s) — eIuHMYHBII BMHT, BOKPYI OCH KOTOpPOIO IIOBOPAYMBAETCS U BIOJIb OCHU
KOTOPOI'0 CMEILAETCs CUCTEMA KOOPAUHAT;

Y.(s) — QyanbHBIA yroJ 3TOro NepeMereHus.
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Paccmorpum 3t 00BEKTHI O0J€e MOAPOOHO. EAMHUYHBIA BUHT — 3TO IyaldbHBIA OOBEKT
BUA.

E(s) = e(s)+ @ -e°(s); e(s) =[e,(5), ,(5),e5(s)]; €°(s) =[€°, (5),€°,(5), €% ()], (7.3)
rae  e(s) — eIUHUYHBIN BEKTOP, ONPEICIISIONINA HAITPABJICHUE OCH;
€°(s) — BEeKTOP-MOMEHT €IMHUYHOTO BEKTOpA €(s) OTHOCUTEIHLHO Hauaia KOOpIUHAT.

Cnenyer OTMETUTb, YTO KOMIIOHEHTBI 3THMX BEKTOPOB OJWHAKOBBI B HEMOJBHKHON HU
MOJBIKHOW cucTteMax. Enuauunbiii BUHT E(s) sBiseTcss HopMupoBaHHBIM. Ero myanbHas
HOpMa paBHa €MHULIE, TO €CTh:

e ()+e()+e()=L  ¢(s)-e°(s)+e,(s) €% (s)+e(s) e (s) =0. (7.4)
JyanbpHbII yroja noBOPOTa — 3TO AYAJIbHOE YHCIIO CIAEAYIOIIETO BUIA:

Y. () =y, () +T-y°,(s), (7.5)

re  W.(S)— yroi moBopoTa CHCTEMBI KOOPIMHAT BOKPYT OCH BUHTA (TIO TIPABUITY
OypaBuuKa);
Y .(s) — TMHEIHOE NEPEMELIEHNE CUCTEMBI KOOPAUHAT B/I0JIb OCH BUHTA.

Kpome OukBaTepHHOHA UCTHHHOTO diiepoBa nepemenieHus ¥(s) OyaeT Mcnoab30BaThC
COOCTBEHHBIN (TIOJIOBHHHBIN 3KCTIOHEHITUAIBbHBIN ) OMKBAaTEPHHUOH:

A(s)=Ms)+@-L°(s) =exp— ( ) (7.6)

OTOT 6I/IKBaTepHI/IOH TOXKC SABJISICTCS HOPMUPOBAHHBIM:

Ae(s)+A7 () +A2(s)+Ai(s) =1;

Ao (8) A% () + A, (8) A% () + A, (5) A% (s)+ A (s)-A°%(s)=0. 7.7
Ero MoxHO npeacTaButTh HopmyIioi:
A(s)=1-cos \Pz( 9) + E(s)-sin ‘Pz(s) , (7.8)
KOTOpasA MOKOMITIOHCHTHO BBITTIAAWUT TaK:
Ay (5) = cos V. ( ), A° (s) __VG) o V(9 : (7.9)

2 2

A (s) = e,(s)-sin ()ko()—e()w (9 ""2() °(s)sm"’()(—123) (7.10)

WM BBIYUCITUTH 10 hopmynam (9.86) u (9.87).

Ha ocHoBaHuu 3TOr0 OMKBAaTEpPHHOHA MOXXHO JIETKO BBIYUCIATH KOMIIOHEHTBI BEKTOPA,
COEUHSIONIETO Hayalo HEMOJBIKHOM CHUCTEMBbl KOOPAMHAT C HAYyaJOM MOJBHXKHOM
cucteMbl koopauHat (4.178). OH siBisieTcsl BEKTOPHOM 4acThio KBaTepHHOHA r(s). Huxke
MpUBEACHBI (POPMYJIIBI JIJIsl €r0 OIMpe/eeHHs] KaK B MOJABMXKHOM yI(s) TaKk U B HEMOJABHXK-
HOM xI(s) cuCTeMax KOOpUHAT:
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LI =2-07"(s)oh%(s);  (r(s)=2-A°(s)oh'(s). (7.11)

3aMeTUM, YTO KBAaTEPHUOH F(S) — YUCTO BEKTOPHBIN [x7o(s) = 0] B cuily TOro, 4ro KOMIIO-
HEHT Y °(s) OCHOBHOTO OMKBaTepHHUOHA B COOTBETCTBUU C popmynoii (7.1) paBeH HyIIO.

Baxxnoli xapakTepucTUKOi (POpPMBI MPOBOJIOKH SBJISICTCS €€ JIoKaiabHas ¢opma BOIU3H
paccmarpuBaeMoro cedenus (cMm. pasgen 6.5). OHa xapakTepusyercs OUKBATCPHUOHOM
€)(s), KOTOpBIA BBIpAKAETCS dYepe3 COOCTBEHHBIM OWKBATepHUOH A(s) CleAyIOMNUM
o0Opa3om:

y2)=2- AT (5)o  A(s). (7.12)

Cucrema xoopauHaT Y, CBSI3aHHAs C CEUCHUEM S, BRIOpaHa HE CIIydaiiHO, TOCKOJIBKY B HEl
Jy4Ille BCETO BBIPAXKEH T€OMETPUUYECKUIN CMBICT KOMIIOHEHTOB 3TOI0 OMKBAaTEPHHOHA!

yE(s) = yo(s) + T, 0°(s); yoO(s) = [O’ v, (8), y©,(5), Y(OS(S)]; yO°(s) = [0, 0, 0,1]. (7.13)

['maBHBIN KBAaTEPHUOH y®(S) OTBETCTBEH 3a KPUBHU3HBI MPOBOJIOKU. [Ipu 3TOM Yy — KpH-
BHU3HA OTHOCHUTEIILHO OCH )1, y®, — KPUBU3HA OTHOCUTEIILHO OCH ), Y3 — KPUBHU3HA KPY-
yeHHsl. MOMEHTHBIN KBaTEPHUOH y(M°(S) OTBETCTBEH 3a cMelleHus. OH sIBIIseTCS KOHCTaH-
TOH, 00603HaueHHOW B dopmyre (7.13). DTa KOHCTaHTa — pe3yabTaT YHPOIICHUH, TPUHSI-
TBIX B (QOPMYJIMPOBKE 33/1a4M: CEUEHHE MPOBOJIOKU BCET/Ia MEPIEHINKYIISIPHO ee ocH (TIo-
NIEPEYHbIC CMEIICHUSI OTCYTCTBYIOT), TIPOBOJIOKA SIBIISIETCS HEPACTSHKUMOM (ITPOAOIBHOE
CMEIIICHUE CEYEHHS ITPOBOJIOKH B TOUHOCTH PaBHO MPHUPALIEHUIO 1yTOBOI KOOPINHATHI).

7.4. UcxonHas ectecTBeHHas1 (opMa NPOBOJIOKH

B kmaccnyeckux 3amadax MpUHATO CUMTATh, YTO TEPBOHAYANIbHAS HEHANpPsDKEHHAs (hopma
MPOBOJIOKH — TpsMoNuHeHas. OHAKO JUIsl peIIeHUs] MHOTUX TEXHHUYECKUX 3a]ad TaKoe
IPEATIONOKEHNE ObIBAET CIMIIKOM OTPAaHWYHMTENBHBIM. B peanbHON KM3HH TPOBOJIOKA
nocrasnsgercss B Oyxrtax. [losToMy 3adacTyio OTpe30K MPOBOJIOKU MEPBOHAYATIBHO UMEET
dopMy Iyru OKpY>KHOCTH. M3 MPOBOJOKM M3TrOTaBIMBAIOT PAa3IUYHBIC M3JIENUS IyTEM €e
1acTuueckoro nedopmupoBanus. OQHUM U3 TAaKUX M3ACIHNA SBISETCS LMIHMHIpUYECKas
npykuHa. Berpewyarorcss 1 MHbIE THYTBIE W3JENHs U3 MPOBOJIOKH, KOTOPBIE HAJ0 PacCcuu-
ThIBaTh. Pe3ynbpTaThl pacdera 3aBUCAT OT NEPBOHAYAIBLHOW (DOpMBI HM3EIHs, KOTOpas
MOXeET OBITh OIMCAHA IMPU MOMOIIY OMKBATCPHHOHHOW (DYHKIMH JyrOBOM KOOPAMHATEHI.
bynem o6o3nauats 31y GpyHkuuio PO(s).

[Tonaraem, uto ucxomHas (Gopma ucciemyemMo-
ro M3ACTHs IOJydaeTcss U3 MPSIMOJIMHEHHOTO
OTpe3Ka TIPOBOJIOKM IyTeM €€ H3THOaHusS U
CkpyunBanus. HampsokeHus B MCXOmHOM ¢ —
COCTOSIHUM OTCYTCTBYIOT. 3a/iaBasi MCXOIHYIO

y03(s) os=9S

9/01(s)

dbopMy, HaZO OCTAaBAThCS B PaMKax MPUHATHIX X2 X1

YIPOILUEHUN, COXpaHsasi BO BCEX Cilydasx

KBaTepHHOH y®°= [0, 0, 0, 1] Puc. 7.1. CxeMa IpsAMONHHEHHOTO OTpE3Ka
3 2 2 ¢

Ipsamonuneinan ¢opma. BHadane paccCMOTPUM TPSMOJIHMHEHHBIH OTPE30K IPOBOJIOKH
(puc. 7.1) u 3anuIIeM COOTBETCTBYIOILYIO 3TOMY CIIydyal0 OMKBATEPHUOHHYIO (DYHKIIMIO.
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Bocnonezyemcst opmoit mpencraBieHusi OWKBaTEpHUOHA C SIBHBIM YKa3aHHEM OCHU
BUHTOBOro mnepemenieHust (7.2) u omnpenenum OukBarepHuoH WO0(s), mepeBoasmuit
HETOJIBIKHYIO CUCTEMY KOOPJIMHAT X1, X2, X3 IIyTEM €€ IMMOBOPOTa U JTUHCHHOTO CMEIICHUS
OTHOCHUTENFHO OCH BHHTOBOTO IEPEMEIICHUs A0 COBMAJEHHUS C TMOABMXXHON CHCTEMOI
101(s), ¥02(s), ¥03(s). Kak BUIHO U3 pUCYyHKA, OCh BUHTOBOTO MEPEMEIICHUS ONPEACIISICTCS
€IMHUYHBIM OMKBAaTEPHUOHOM, HE 3aBUCAIINM OT KOOPAMHATHI S:

E=[0+®0; 0+®-0; 0+w-0; 1+w-0]. (7.14)
VYron nmoopota mig Bcex s Y0.(s) =0. Jluneitnoie nepememienus y0°.(s) = s. Takum
o0pa3zom,

YO0,(s)=0+m-s. (7.15)

Hckombiii OMKBaTEpHUOH BhIUUCISIETCS 110 popmyiie (7.2):
‘I’O(S)=[0+w-0; 0+@-0; 0+w-0; O+m-s]. (7.16)
B nanpHeiieM noHagoouTcs COOTBETCTBYIOUINI 3TOMY MOJTOBUHHBIM 3KCIIOHEHIIMATbHBIN
OukBaTepHUOH. {7151 ero ompeseneHus BOCHoONb3yeMcsi (POpMOH ¢ SBHBIM yKa3aHUEM OCH

BUHTOBOT'O TIEPEMEIICHHsI, OCHOBBIBasiCh Ha dopmynax (7.14), (7.15), (7.16). B coorseT-
ctBur ¢ popmynoii (9.80) ist MOTOBUHHOM YKCIIOHEHTHI HMEEM:

Y g .
F,(¥0,,%0,)=exp 0, -COS F0. ; F.(¥0,,70,)=exp 0, -sin ¥0. : (7.17)
2 2 2 2
[ToacraBuB nanubie B hopmyny (7.17), Oyaem UMeTh:
F,(¥0,,%0,)=1; E(‘POO,‘PO,):m-%. (7.18)

B pe3ynbrare moayuyum MOKOMIIOHEHTHBIN COCTaB MICKOMOT'O OMKBAaTEPHHUOHA!
A0(s)z[1+m-0; 0+w-0; 0+w-0; 0+m~§] (7.19)

[IpencraBnsioT TakKe HHTEPEC MYJIbTUIUIMKATUBHBIC TIPOU3BOIHBIE 3TOTO OMKBATEPHHOHA,
KOTOpBIE MOXKHO HaiTH, 6a3upysch Ha 3aBUcUMOCTAX (2.141) u (2.142), no dhopmynam:

“A0(s) = A0'(s) oAD' (s); A0*(s)=A0"'(s)oA0'(s). (7.20)

Bremomass BBIYUCIICHUSA, ITOJTYYHM!

XAO(S)IAOX(S)=|:O+EF'O; 0+@-0; 0+w-0; 0+w%}. (7.21)

bukBaTtepHHOH JTOKaTEHONU (HPOPMBI JUISL 3TOTO MCXOAHOTO COCTOSIHUS UMEET MPOCTEHUIIHIA
BHJ!

vQ0(s)= [0 +w 0;0 +@ 0;0 + 0;0 +@ 1] . (7.22)
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3acomoexa uz 6yxmwi. PaccMoTpuM Tenepb CBOOOIHBIM OT HAMPSHKEHUH OTPE30K MPOBO-
JIOKU AJUHOH S, M30THYTHIN 10 Gopme okpykHOCTH paauyca R (puc. 7.2). Takoa Oynet
3aroTOBKa JUTMHOM S, OTpe3aHHAas OT OYXThI MPOBOJIOKH.

Onpenenum O6ukBareparon WO0(s), mepeBoms-
[N HEMOABM)XHYIO CUCTEMY KOOPJUHAT X|, X2,
X3 MyTEM €€ MOBOPOTa BOKPYT OCHM BHHTOBOIO
MepeMeNIeHus] ¥ JTUHEHHOTO CMEIICHHS BIOJb
9TOM OCH 10 COBHAJEHHUS C IOABHIKHOM
cuctemoit y0;(s), ¥02(s), y0s3(s). Kax Bunno u3
PUCYHKa, eIMHUYHBIN BUHT E, onpenenstommuii
OCh ~ BHHTOBOTO  TIEPEMEIICHHS,  MOXKHO
MPEACTABUTH TaK:

E=[0+5-0;0+w-0;l+©-0;0+®-R].(7.23)

Puc. 7.2. Cxema 3aroToBKU U3 OYXThI

VYron, Ha KOTOPBIM HY>KHO MOBEPHYTH HEMO-
JBIDKHYIO CUCTEMY KOOpIUHAT, paBeH s/R. CMeIars ee BAOJIb OCH HE HyXKHO.

Takum obOpazom:
Y0,(s)=s/R+w-0. (7.24)
Nckomplii OMKBAaTEPHUOH MOKHO BBIYUCIUTH TeTepb 1o dhopmyde (7.2):

YO(s)=[0+®-0; 0+w-0; s/R+w-0; O+w-s]. (7.25)

B nanpHelimemM HaM MOHA0OUTCS MOJIOBUHHBINA YKCITOHCHIIMATBHBIA OMKBATEPHHUOH:

YO(s) s .S .8
AO(s) =ex =lcos—+®-0;0+w-0;sin—+®-0; 0+ ®-R-sin—— 7.26
(5) P 2 [ 2-R 2-R 2~R} ( )

N MYJIbTUIINIMKATUBHBIC ITPOU3BOJAHBIC:

XAO(S)IAOX(S)I[O-FCO'O; 0+w-0; ﬁﬁtm-o; 0+w%}. (7.27)

bukBaTepHHOH JOKaIBHON (POPMBI ISl STOTO UCXOTHOTO COCTOSIHUSI HIMEET TAKOH BHI:
1
vQ0(s)={0+w-0; 0+w-0; E+m-0; O+w-1]. (7.28)

Bumas yununopuueckas npysxcuna. PaccMOTpuM Tenepb OTPe30K BUTON LMIMHIPUIECKON
npy>kuHbl JyuHOU S (puc. 7.3). Och NpyXUHBI JISKAT HA OOKOBOW MOBEPXHOCTH ITUJIMH-
Ipa, uMmeroniero paauyc R. [II1OTHOCTh HAaBMBKM MPY>KUHBI XapaKTEPU3YETCs YIIIOM ¢
MEXJy OCBIO IPOBOJIOKM M IJIOCKOCTBIO, MEPHNEHAMKYJSPHOH K ocu IuiIuHApa. bomee
MPUBBIYHAS XapaKTEPUCTHUKA MJIOTHOCTH HABUBKU TMPYXKUHBI — €€ MIar /i — BbIpaKkaeTcs
yepes3 MPUHATYIO BbIlIE (OPMYIION:

h=2-m-R-tgo. (7.29)
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IlonepeyHoMy  Cce€UYEHHMIO IPOBOJOKH C
JyTOBOM KOOPAMHATOM § COOTBETCTBYET
MECTHasi IIOJIBUXKHAsl JAEKapToBa CHUCTEMa
koopauHat y0;(s), ¥02(s), ¥03(s). Ocb y03(s)
9TOW CHCTEMBbl KOOpDAMHAT HAlpaBjeHa IO
KacaTelbHOW K OCH MpPYKHUHBI B CTOPOHY
yBesnndeHus: koopauHatsl s. Ock y0;(s) sToi
CUCTEMbl HalpaBlieHa Ha OCh IWIMHIpPA U
nepecekaer ee moj npsMmsIM  yriaoMm. Och
y02(s) meprneHauKyIspHa IByM pacCMOTpEH- e
HbIM BBIIIE OCAM U O00pa3yeT ¢ HuUMH © (L h
IIpaByl0 TPOWKY BEKTOpoB. HemoxsmxHas
CUCTEMa KOOPAMHAT Xi, X2, X3 COBIAJAET C — |
MecTHOM  cuctemoit  koopaunat  y0:(0), TN

0,(0), »03(0) B Touke s = 0. A BER

Onpenenum OuxBatepHuoH WO(s), mepeso- L | S0y
JSIIUN HETIOJABUKHYIO CUCTEMY KOOpPJMHAT
X1, X2, X3 IIYTEM €€ MIOBOpPOTa BOKPYI OCH Puc. 7.3. Cxema BuToOi
BUHTOBOTO TIEPEMEIICHUS] W JIMHEWHOTO LUTUHAPAYCCKOM TIPYKUHBI
CMEIIIEHUS B/IOJIb 3TOM OCH /10 COBMAJICHUS C

noaBmxkHOU cucteMoit y0;(s), ¥02(s), y03(s). Kak BUIHO U3 PUCYHKA, €AUHUYHBIA CKOJb-
3suid Bektop E, onpenenstonuii oCb BAHTOBOTO MEPEMENIEHHUS, B HEMTOJBHKHOM CUCTEME
KOOPJMHAT MOXHO MPEJCTABUTD TaK:

E=[0+®-0; 0+w®-0; cos¢o—w-R-sing; sing+w-R-cosy]. (7.30)

W3 pucyHKa BHIHO, YTO HETOABIDKHYIO CHCTEMY KOOPIHMHAT HYXHO IOBEPHYTH BOKpPYT
enrHUYHOrO Bekropa E Ha yrou (s/R)-cos (¢ M MOCTYMATENbHO MEPEMECTHTh BIOIb 3TOTO
BEKTOpa Ha §-Sin ¢, 9TOOBI OHA COBMANA ¢ KOOPAMHATHOM cucteMoit y0;(s), ¥0x(s), y03(s).
Takum o6paszom,

lI’O,(s)=%‘coscp+w‘s~sin(p, (7.31)
a MICKOMBII OMKBAaTEPHUOH

‘I’O(s):[O—i-m-O; 0+w-0; %-coszqwm-o; %-cosq)-sinqﬁm-s}. (7.32)
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[IpuBeneM st nambHEWIIErO HMCTOIB30BAHUS TTOJOBHHHBIA DKCIIOHEHIMATBHBIN OMKBa-
TEPHUOH:

cose—w-%-sin(p-sine
0+®-0
B YO(s) .
A0(s) = exp 2 |cosq-sin® +m%-cos(P'sin(p.(cose—snelej ’ (7.33)
) ) s ., , sin0
sm(p-smeﬂn-? sin” @-cos0+cos” @- 5
rjie 0003HAYECHO:
9= (7.34)
2R
a TaK)Ke ero JIEBYIO U MPaBYI0 MYJIbTHIUTUKATHBHbIEC IPOU3BO/IHBIC:
2 .
AO(s) = AD*(5) = | 0+ m-0; 04w-0; B Pygg COS@sme 1 (7.35)

2-R 2-R 2

BI/IKBaTepHI/IOH JIOKaJIbHOM (1)0pr1 JIISL TOTO MCXOJHOT'O COCTOSIHUS UMEET TaKOM BH]I:

cosQ-sing | | (7.36)

2
COS
LQ0(s)=|0+3-0; 0+w-0; —=Pig.0;
R
3aMeTUM, 4TO MYJbTHILIMKATUBHbBIC MPOU3BOJIHBIC M OMKBAaTEPHHOH JIOKAJIHHON (OPMBI,

HECMOTPS Ha CIIOKHBIC (POPMYJIBI 111 KOMITOHEHTOB OnkBaTepHroHa AQ(s), HE 3aBUCAT OT
JYTOBO# KOOPJAMHATHI S.

7.5. BUKBaTepHUOH NepeMeleHuit

B nanpreiimem OyneT paccMaTpuBaThCs OWKBATepHHOH TmepememeHuii ®(s) u ero
MOJIOBUHHBIA HKCIIOHEHLIMAJIbHBIA OMKBaTepHHOH M(s), oOmMCHIBalOIIME W3MEHEHUE
dbopMbI IPOBOJIOKU B Tporecce ee aedopMupoBanus. Takue xe OUKBATEPHUOHBI OBLIH
BBEJICHBI B PACCMOTPEHNE MIPUMEHHUTEIHHO K THOKOMY Baily B paszaene 6.6. Bece paccyxne-
HUS U (HOpPMYJBl ATOrO pasfena LEeTUKOM MOXKHO TEepeHeCTH Ha 3afady o0 ympyroi
npoBoJioke. [loaToMy MOBTOPSTH 37€Ch MBI WX HE OyAeM, B HEOOXOOUMBIX CIIydasx
ccpUasick Ha GopMyIibl pa3zena 6.6. YKaxeM TOJIbKO, BUHT OukBaTepHUOHa D(s) mepeBo-
JUT KOOpAHHaTHYr0 cucteMy YO(s), CBSI3aHHYIO C CEUEHHEM S HCXOAHOIO COCTOSHUS
MIPOBOJIOKH, B KOOPAMHATHYIO cucTeMy Y(s), CBSI3aHHYIO C cedeHueM s 1epopMUpoBaHHO-
IO COCTOSIHUS IIPOBOJIOKU:

M(s) = A(s)o A0 (s); @(s)=2-InM(s). (7.37)

OpHaKo MPOBOJIOKA, KaK OOBEKT MEXAaHWKH, MPOIIe TMOKOTro Baja. Y TPOBOJIOKU OTCYT-
CTBYET CEPJACYHUK U IS POBOJIOKH MBI TIOJIb3yeMcs THIOTe30i beprymu. [losTomy ecTh
HEKOTOpbIE yrpoleHus. B gactHocTH, B 3aaa4de o mpoBoJioke OukBaTtepHUOHBI WO(s), ¥ (s)
u @(s) — yncro BUHTOBBIE, a OuKkBaTepHUOHBI A0(s), A(s) u M(s) — HOpMHpPOBaHHBIE.
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Bonee cioxHBIM SIBISETCS TO, UTO U3y4aeMblil OTPE30K MPOBOJIOKHU B OTJIMYHE OT THOKOTO
BajJla B MCXOJHOM COCTOSIHUM MOXET HMETh NMPOU3BOJIbHYIO (Gopmy. B pasnene 7.4 mbl
3anucanay OWKBaTEpHUOHBI, OINPENESIONINe HECKOIbKO UCXOAHBIX (hOpM, Cpeln KOTOPBIX
€CTh JJaXKe BUTAsl LWIMHAPUYECKAs! IPYKUHA.

7.6. buxkBatepHuoH aedopmanuii

Tak >xe, kak U B paszzene 6.7, BBOIUTCS B PAacCMOTPEHUE OWMKBATEPHHOH aedopmariuii
xK(s), nmpeacraBiasomuil HEKOTOPYI0 MEpPY CKOPOCTH W3MEHEHHs NEPEMEUICHUH BIOJb
IyroBOW KoopauHaThl. B o0mieil cucreme KoopaWHAT OWKBATEpHHOH jaedopmariuii
BBIPA)KAaeTCsl yepe3 MOJOBUHHBIA 3KCIIOHEHLMANbHBIM OMKBaTepHHOH M(s) mo omHo# u3
HKBUBAJICHTHBIX (HOpMyII:

In[ (M(s+As) oM (s) |
As

Bce HeoOxomumple MOSICHEHUS W BBIBOJ (POpMyI uuTarenab HalgeT B pasumene 6.7. s
YSCHEHHSI TE€OMETPUYECKOTO CMBICTIa U OCOOEHHOCTEH ATOro OMKBATEpHHOHA MPHUMEHU-
TEIBHO K Ae(OPMHUPOBAHUIO TIPOBOJIOKH MCIOJIb3YeM KOMIIOHEHTHI ATOTO OMKBAaTepHUOHA
B cucTemMe koopauHaT Y(s), CBSI3aHHOU C ceuyeHueM s 1e(hOpMHUPOBAHHON TPOBOJIOKH:

v K(8) = x A7 (s) 0 \K(s) 0 cA(s). (7.39)

K(s)=2-lim =2-iM(s)=2- M'(s)o M '(s).  (7.38)

[TepBas ocobennocts OukBaTepHroHa K(s) 3akmodaeTcs B TOM, YTO OH YHCTO BUHTOBOIA.
Jnist Toro, 4To0BI B 3TOM yOEAUTHCS, HA0 MPOCIEAUTH (POPMYIIBI OTyUeHHsI OMKBaTEpHU-
oHa K(s), kotopsie mpuBeayT K 4iUcTO BHUHTOBBIM OukBaTepHroHam WO0(s) u W(s). [Ipu
3TOM HaJ0 IOMHHTB, YTO JIOTapU(M YUCTO BUHTOBOTO OMKBATEPHUOHA — HOPMHPOBAHHBIH
OMKBATEPHHUOH;, OKCIOHEHTa HOPMHPOBAHHOTO OWKBATEPHHOHA — YHCTO BUHTOBOU
OWKBaTepHHOH; TNPOU3BEACHUEC HOPMHUPOBAHHBIX OMKBAaTEPHUOHOB — HOPMHPOBAHHBIN
OMKBAaTEPHHUOH; OOpalIeHne HOPMHUPOBAHHOTO OMKBAaTEpPHHUOHA MPUBOJUT K HOPMHUPOBAH-
HOMY OWKBAaTEpHHOHY; YMCTO BHHTOBOW OWKBAaTEpHHOH B JIO0OW CHCTEME KOOpPAMHAT
OCTaeTCs YHCTO BUHTOBBIM.

I'eomeTprueckuil CMBICI KOMIIOHEHTOB OMKBAaTepHHOHA y(K(s), NpencTaBIEHHOrO B
cucteMe koopauHat Y(s), CBI3aHHOM C CEUCHHEM s 1e(hOPMUPOBAHHOTO OTPE3Ka MPOBOJIO-
KU, TAKOB!

Y(5)K1(5) — JONOIHHUTENbHAS KPUBU3HA IPOBOJIOKH OTHOCUTEIBHO OCH V1;

Y(s)K2(8) — JONOJIHUTENbHAS KPUBU3HA IPOBOJIOKH OTHOCUTEIBHO OCH )7;

v(5)K3(8) — JONOJTHUTENbHAS KPUBU3HA KPYUEHHS ITPOBOJIOKH;

v(5)K°1(S) — IOTIOJTHUTEIBHBIM CABUT B HAIIPABICHUHU OCH )'1;

Y(5)K°2(S) — IOTIOJIHUTEIbHBIN CABUT B HAIIPABJICHUU OCH )7;

¥(5)K°3(S) — IOTOJIHUTENBHOE OTHOCUTEIBHOE Y/UINHEHUE IPOBOJIOKH.

B sTOoM cncke cnoBo "MOMOJHUTENBHBIN, -asi, -0€" 03HAaYaeT yBEIMYEHHE OMHMCAHHOTO
(hakTOpa MO OTHOIICHHUIO K UCXOJHOMY COCTOSIHHIO.

Cnenyer OTMETUTh, UTO B pazzaeiie 7.1 Mbl IPUHSIN IPEANOJIOKEHUE O TOM, YTO MPOBOJIO-
Ka HEepacTsDKUMa M HE HCIBITHIBaeT AedopMalyii OT MOmepeuHbIx ycwiuid. M3 3toro
MPETONIO0KEHUS CIETYET, YTO
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vk (8)=0 (j=123). (7.40)
[Tockonbky OukBarepHroH K(s) — 9MCTO BUHTOBOIA, TO U
v(s) Ko (s)= Y(s)KOO(S) =0. (7.41)

Takum o0pazoM, B paccMaTpuUBaeMOH 3ajiade TOJIbKO TPU KOMIIOHEHTa OMKBAaTEpPHHOHA
nedopManuii OTIMYHBI OT HYJIS.

7.7. I'eomeTpruYecKue YPaAaBHEHUA

['eomeTpuyeckue ypaBHEHUS, YycTaHaBiIuBaromme auddepeHIranTbHble 3aBUCUMOCTH
MEXIy TMEpPEeMEUICHUsIMHU CCUYEHHUH MPOBOJIOKHU, ONpeNeIsieMbIMU OMKBATEpHUOHOM M(s)
umn A(s), u ee nedopmanusmu, ompenensieMbiMu OukBaTepHHoHOM K(s), sBsSoTCS
YACTHBIM CllydaeM T'€OMETPUUYECKUX YPaBHEHHM, BEIBEACHHBIX JJIsl THOKOTO Balia B pa3zerne
6.8. IloaTOMy 37€Ch AaHBI JIMIIHL OCHOBHBIE pe3ynbTaThl. JAuddepeHnnanbabie ypaBHEHHS
MPUBEICHBI B ABYX (opMmax: aJAUTUBHON U MYIbTUIUIMKATUBHOW. Bo Bcex ypaBHEHMSAX
OMKBaTepHUOH JedopManuil y,»)K(s) npuBeneH B cucteme KoopAauHAT Y(s), CBA3aHHOU C
CEUYECHUEM S MPOBOJIOKHU B J1e(pOPMUPOBAHHOM COCTOSIHHH, TOCKOJIbKY UMEHHO B 3TOM BUJE
OH BXOIHT B (pU3MUECKUE YpaBHEHUS. B ypaBHEHUsS BXOIAT OMKBATEPHUOHBI, XapaKTepH-
3yrolye UCXoaHyto (Gopmy npoBonoku: xA0(s) Wi yo)€20(s), KOTOpble MOJKHBI OBITH
3apaHee U3BECTHBI. J[J1s1 HECKONBbKMX Haubosee ynoTpeOduTenbHbIX GOpM OHU MPUBEACHBI B
paznene 7.4.

AnnutuBHOe (00bdHOE) muddepeHantsHoe ypaBHeHne sl OukBaTtepHUoHA xM(s) B
oOmieit cucreme KOOpAUHAT X BBITJISIIUT TaK:

CAO(s)o v K(5)o ¢ AO'(5)

xM(s) = \M(s)o 5 (7.42)
MynbTUINIMKATUBHBIN aHAJIOT 3TOr0 YPaBHEHUs UMEET CIEAYIOIIUM BU:
AO(s)o v, K(s)o ¢ AO™
M (s)== (5)° vy Kis)2 x AO (). (7.43)

2

B paznene 6.8 myist 3TOro ypaBHEHUS MPUBOJIUTCA 00IIee pellieHrne. 3anuilieM ero 3/1eCh B
TaKOM BHJIE:

YO(G)QO(G) + Y(G)K(G) d
2

M(5) = (A©O)o Yexp o |o \A0(s). (7.44)

rae xA(0) — mpou3BOIBHBIN MOCTOSTHHBIN OMKBATEPHUOH.

To xe ypaBHeHHe B moABWKHOU cucteMe YO(s), CBI3aHHOW C CEUYEHHEM IPOBOJIOKU B
UCXOJHOM COCTOSTHUH, UMEET CIICAYIOMUN BU:

. v £20(8) + y, K(5) B vos) $20(s)
2 2

He BbImuchiBasi MyJbTHUIUIMKATUBHBINA aHAJIOr 3TOrO ypaBHEHHUA, MOKaXXeM ero ooiiee
pelIeHue:

Yo(s)M’(S) = Y[)(s)M(S) ° Y0(S)M(S)‘ (7.45)
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Y0(o) Q0(c)+ Y(U)K(G) do

> (7.46)

voy M(5) = x A0 (s) 0 L A(0) o ﬂ exp
0

Ono momyueHo myteM mpeoOpazoBaHus (popmynsl (7.44). IIpon3BONBHBIN MOCTOSHHBIH
oukBaTepHUOH 0003HaueH xA(0), 9TO COOTBETCTBYET €r0 TEOMETPHIECKOMY CMBICITY.

MOXHO TpUHATH B KAaueCTBE OCHOBHOTO HEM3BECTHOTO OWKBAaTepHUOH A(s), KOTOPBIH
OTIpe/ICIISAET TMOJIOKCHUE CeUeHUH AedopMupoBaHHOrO THOKOro Bana. B pazmene 6.8 ms
3TOro ciydas Obulo BbIBeAeHO AuddepeHnnansHoe ypaBHeHHe. [IpuBenem 3mech Kak
aTATUBHYIO:

QO0(s)+ . K(s
AT(5) = As) o 22N )2 v K(). (7.47)
TaK U MyHI)TI/IHHI/IKaTI/IBHyIO €ro q)OpMy:
LQ0(s)+ . K(s
XAX(S) — YO0(s) ( ) Y(s) ( ). (7-48)

2

I'eomeTprueckue ypaBHEHHUS B MepeMeHHBIX A(s) BRINIAIAT HanOosee koMmakTHO. Obmiee
pelleHNe ITOr0 YpaBHEHUS! UIMEET TaKOH BUI:

YO(G)QO(G) + Y(U)K(G) do
2

CA() = xA0)of Yexp (7.49)

Kaxk u B mpeapinymmx ciaydasx, — x/A(0)mpon3BoIbHBIN TOCTOSHHBIN OMKBAaTEPHUOH.

3Has OukBaTepHUOH nepemernieHuit M(s), MokHO 1o Gopmyie (6.24) HalTH cCOOCTBEHHBIM
OoukBaTepHUOH A(S), ompenesstonuii 1e)OpMUPOBAHHOE COCTOSIHHE MPOBOJOKH. brkBa-
TEPHUOH UCTUHHBIX AIJIEPOBBIX MEPEMEIICHUN onpenensieTcs popmyIio:

Y(s)=2-LnA(s). (7.50)

VYpaBHeHHEe ocH JeQOPMHPOBAHHOW MPOBOJOKH MOMKHO IOJNYYUTh Yepe3 TJaBHBIA U
MOMEHTHBIN KBaTE€pHHOHBI xA(s) U xA°(s) coOcTBeHHOro OukBarepHHOHA xA(s). OTO
napaMeTpu4ecKkoe ypaBHEeHHEe OCHOBaHO Ha (hopmyie (4.178) u umeeT BUIL:

() =23 A(s) o A7 (5). (7.51)

KoMmoHeHThl KBaTepHHOHA xI(s) UMEIOT CIEAYIONINH Te€OMETPUYECKUA CMBICT: x7(s),
x72(S), x73(S) — KOOpAMHATHI TMOJIIOCA CEUEHUsI S B HEMOABUKHOM CHCTEME KOOpPJUHAT;
xro(s) = 0.

Yacto ObiBaeT Oosiee y1oOHO paboTaTh ¢ JEKAPTOBBIMH KOOPAMHATAMHU OCH TPOBOJIOKH,
9YeM C BUHTOBBIMH KOOpJAMHATAMU ee ceueHuil. [loaToMy 3ammiiiem ere oJuH BHJl T€OMET-
PUYECKHX YPaBHEHHM, TJIe OCHOBHBIMH HEH3BECTHBIMHU OyIyT KBAaTCPHUOHBI xA(S) U xI(s),
npencTaBieHHble B 00mieil cucreme koopauHaT X. IlepBblif U3 HUX SBISETCS TJIABHBIM
KBaTEPHUOHOM OWKBaTepHHOHA xA(S) M OTBEUaeT 3a OPUEHTAIIUIO CEYCHHS §, & BTOPOH
€CTh PaJIuyCOM-BEKTOPOM IIEHTpa ITOr0 CEYEHUs B 00IIel cucTeMe KOOPAUHAT U BhIpaXka-
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€TCsl Yepe3 KBAaTEPHUOHHBIC KOMIIOHEHTHI OukBaTepHHOHA xA(s) mo dopmymne (7.51).
IIepBblii U3 HUX — HOPMUPOBAHHBIN, BTOPOH — YHUCTO BEKTOPHBIN.

st Toro, 94TOOBI BBIBECTH HY>KHBIE (DOPMYJIBI, pacluIlieM MOKBAaTepHUOHHO TuddepeHIn-
anpHOE ypaBHEeHHUE (7.47), IOMHS O TOM, YTO y(;K° = O:

() K(8) 5, @0(s)

xM () =xMs)° 5 ; (7.52)

(5 K($) +yg @0(s)

g @0°(s)

xM(8) =xA(s) 3

+ M(s) (7.53)
Bo BTOpoM paBeHCTBE BHINOJIHUM 3aMEHY IMEPEeMEHHOW xA°(s) Ha MepeMeHHYIo xr(s),
BOCIIONIB30BaBMIUCh (hopmynon (7.51). JduddepeHupys BBITEKAONIYI0 W3 HEE 3aBHCH-

MOCTB!
(F(5)0  M(s) =2+ (A%(s) (7.54)

M0 TyTOBOM KOOPJIUHATE S, OJTYUHM:
xF'(8) o x M)+ xr(s) o A'(s) =2\ A7(s). (7.55)

[ToxcraBnssi croga BeIpaXKCHHS ST MPOU3BOAHBIX U3 dopmyn (7.52) u (7.53), mocne
HECIIOKHBIX MPEOOpPa30BaHUN TIOJTYYHM KOMITAKTHOE TU(PEpEHIMATLHOE YPABHEHUE:

xr'(S) = x;"(s) ° yo(s)(’)ooo x;‘i1 (S), (756)

KOTOpO€ COBMeCTHO ¢ audepeHnanbHpM ypaBHeHHeM (7.52) cocTaBiisieT reoMeTprye-
CKHE YPaBHEHUS B IEPEMEHHBIX XA H XTI

3amerum, 4To ypaBHeHHe (7.52) 3aBHCUT OT UCXOIHOW (DOPMBI MIPOBOJIOKH, MTOCKOJIBKY B
HEro BXOJUT KBATEPHUOH HAYaJIbHOM KPHUBU3HBI y(»@0(s), a ypaBHeHue (7.56) — He
3aBUCHT, IOCKOJIBKY y(;@0°= [0, 0, 0, 1] nus mo6oit ucxoaHoi Gopmbl IPOBOJIOKH (CM.
paznen 7.4).

7.8. BUKBaTepHHOH BHYTPEHHHUX YCHIIHI

Tak ’xe, Kak U B ciy4yae TMOKOro Baja, BHyTPEHHHE YCWIIHSA NPOBOJIOKH MOTYT OBITh
MPEJICTABICHB OJHONW YHUCTO BUHTOBOW OwkBarepHuonHOl (ynkunmedr U(s). B cucreme
KOOpJIMHAT, CBSA3aHHON C cedeHHeM s 1e(OPMUPOBAHHOIN MPOBOJIOKH, KOMIIOHEHTHI 3TOTO
OMKBAaTepHUOHA UMEIOT CIEAYIONINI MEXaHUUYECKUN CMBICI:

Uy — TIOTIepeYHas CUjia, HapaBJICHHAS BIOJb KOOPIUHATHON OCH );

Uy — OTIepeYHas CUjia, HalpaBJICHHAs BAOJIb KOOPAUHATHON OCH )

U3 — IPOJOJIbHAS CUJIA, HAIIPABJICHHAS BAOJb KOOPJAUHATHOW OCH )’3;

©°] — M3rudaroIuii MOMEHT, IEUCTBYIOIINI BOKPYT KOOPAMHATHOMN OCH )1;

u®) — M3rudaroIil MOMEHT, IEHCTBYIOIINI BOKPYT KOOPAUHATHOU OCH )7

u°3 — KPYTALIUI MOMEHT, IEHCTBYIOIINNA BOKPYT KOOPAUHATHOU OCH V3.

Jnst KpaTKOCTH MUChMA MPU NEPEUUCIEHHBIX KOMIIOHEHTAaX KBaTEPHHOHA OMYILEH JIEBbII
HIDKHUW WHJEKC, YKa3bIBAIOIIUNA Ha KOOPAWHATHYIO cucteMy Y(s), U HE MoKa3aHa (DyHK-
MOHAIbHAs 3aBUCUMOCTb 3TUX KOMIIOHEHTOB OT KOOPJAHHATHI §.
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7.9. CraTH4ecKkHe ypaBHEHHA

PaccmoTpuM y4acTOK NMPOBOJIOKH, HAXOASAIIMICS MEXIY AYTOBBIMH KOOPIMHATAMH § W
s + As (puc. 7.4). Otaenum 3TOT y4acTOK OT OC-

TaJbHOU MPOBOJIOKM, 3aMEHMB JAeWcTBUE OTOpO- _uwam
HIEHHBIX YacTel YCHIUSAMHU vy(s+anu(s +As) u

Y(s + A)U°(s +AS) B KOHLIE yJacTKa U yCUIUAMU — V3(s)
y(s)u(s) 1 — y(sou°(s) B Hagane ydactka. PaBHoBe-

CHE O3TOro ydactka Oymer coOmomatbes Tpu  Yi(s)
YCIOBHHU, €CIM TCOMETpHYECKas CyMma Cuil, _ -
MIPUIO0XKECHHBIX K pacCMaTpUBacMOMY Y4acTKy, U @5 Yyou® o x X2
reOMETpUYECKasi CyMMa MOMEHTOB, MPHUIOKEH-

HBIX K HEMY, OTHOCUTEIIBHO KaKOMH-TO (DUKCHPO- Puc. 7.4. PaBHOBecue ydacTKa POBOJIOKU
BaHHOW TOYKHM OyJeT paBHa Hyx 0. B kauecTBe

3TOW TOYKHM BbIOEpPEM Hauyajao HEMOJBM)KHOM CHCTEMbl KOOPAMHAT U 3alHIlIEM YCIOBUE
paBHOBECHS:

y1(s+As)
S=stAs

X3

YU +As)—u(s)=0; (u°(s+As)—,u°(s)=0. (7.57)

Hepr,Z[HO 3aME€TUTh, YTO OTHU JiBa YHUCTO BCKTOPHBIX KBATCPHHOHHLIX PaBCHCTBA 3KBHBA-
JICHTHBI OTHOMY YHCTO BUHTOBOMY GI/IKBaTepHI/IOHHOMy PaBCHCTBY:

xU(s+As) = U(s) (7.58)

HJIN B IIPpCACIIC:

0. (7.59)

XU’(S) — hm XU(S+AS)_ XU(S) —
As—0 As

W3 Hero cnemyer, 4TO paBHOBECHE IPOBOJOKHA COONIONACTCS, €CIIM OWKBATEPHHOH
BHYTpeHHUX ycuiuil xU B o01ieil cuctemMe KOOpIUHAT MOCTOSIHEH 110 BCEH JUTMHE MPOBO-
JIOKH, TO €CTh HE 3aBUCUT OT JYyrOBOM KOOpAMHATHI 5. Tak ke, Kak U B ciayyae TMOKOro
Bajia, OMKBATEPHUOH BHYTPEHHUX YCHUJIMHA MOYHO pacCMaTpUBaTh KaK CHJIOBOM BHMHT, OCb
KOTOPOTO HAa3bIBAETCA OCBHK0 CHCTEMbl CHJI, JACUCTBYIOLUIMX HA OTPE30K IPOBOJIOKH.
I'maBHBIN BEKTOp M IJIaBHBIH MOMEHT 3TOM CHCTEMBI CHJI, ONpejesseMble OMKBAaTEpHHO-
HOM, HaIlpaBJICHbI B/10JIb OCU BUHTA.

Ecmu, xpome xU, n3BecTeH COOCTBEHHBIN (ITOJIOBHHHBINA 3KCIIOHCHIIMAIBHBIN) OMKBaTEp-

HUOH A(s) Kak (QyHKUIUS TYyroBOW KOOPAMHATHI §, TO BHYTPEHHHE YCHJIHS B IPOBOJIOKE
MOTYT OBITh BBIpAXXEHBI (HOPMYJIIOiA:

v U(s) = xAT ()0 xUo yA(s) . (7.60)

HanmomHuM, 4TO KOMIOHEHTHI COOCTBEHHOTO OMKBaTepHHOHA OJMHAKOBBI Kak B OOIIEH,
TAaK U B MECTHOM CUCTEME KOOPAMHAT, IPUBI3AHHON K CEUCHHUIO S.

Ecnu OukBatepHuoH BHyTpeHHUX ycuiuil xU B 0011eil cucteMe KOOpAMHAT HE 3aBUCHUT OT
IOyroBOM KOOPIUHATHI S, TO €ro MPEeACTaBICHUE B MECTHOH cHCcTEMe KOOPAMHAT y(5)U(s)
ABISICTCS (PYHKIMEH §, W TSI HETO MOXHO 3amucaTh AudQepeHnnanbayo 3aBUCUMOCTb.
Jns storo npoauddeperuupyem paBeHcTBO (7.60):
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Y(S)U’(S) = (XA_I)’(S)O xUe xA(s)+ XA_I(S)O xUoxA'(s)=

(7.61)
= —x AT (8)ox A'(5)ox A7 (5) ox U oy A(s) +x A7 (5) o U oy A(s) ox A7 () o A'(s).
311ech MbI BOCIIOJIb30BAIMCh 3aBUCUMOCTBIO:
(AT (5) == A7 ()0 yA'(s)o (A'(s). (7.62)
B pesynwrate, none3yscek popmysioi (7.60), momyuum:
v U(8) == A7 (5)0 yA'(5)0 v, U() + y U)o x A (5)0 x A'(5). (7.63)
Hanee obparumcest k popmyiie (7.47) v 3anuiemM OKOHIATESITBHO:
, 9S20(8) + v K(5)  vo(y R0(5) + v K(5)
vin U'(8) =y, U(s)e L > T — 5 ) ° v U(s). (7.64)

Oto W ecth uQQepeHIraIbHoe ypaBHEHHE DPABHOBECHS Uil BHYTPEHHHX YCHIIWH,
MPEJICTAaBICHHBIX B CHUCTEME KOOPAMHAT, CBSI3aHHOM € cedeHueM s NehOpMUPOBAHHOMN
IPOBOJIOKH. 3aMETHM, YTO OHKBAaTEPHHOHBI yo(;)C20(s), XapaKTEpU3YIOIIUE HCXOIHYIO
(dhopMy MPOBOJIOKH, ISl PACTIPOCTPAHCHHBIX CITydaeB MpUBEIEHBI B pazaene 7.4. Jlnsa atux
CJIy4acB OHU HC 3aBUCAT OT ,Z[YFOBOI\/‘I KOOPAUHATHI § U ABJIAIOTCA KOHCTAHTAMMU.

7.10. ®uznyeckne ypaBHeHHUs

[Ton ¢uznyeckuMu ypaBHEHHSIMH OyJeM MOApa3zyMeBaTh 3aBUCUMOCTU MEXIY BHYTpEH-
HUMHU YCWIUSIMH y(5)U(s), 1€HCTBYIONIMMU B CEYEHUU NPOBOJIOKU C KOOPAMUHATOM s, U €
nepopmanusamMu yK(s) B OKpeCTHOCTH 3TOTrO ke CeYEHUsl.

W3 kypca conmpoTHBIEHUS MaTEpUajOB M3BECTHO, YTO KPUBU3HBI MOMEPEUHBIX CEUCHUUN
YIPYroro CTEp>KHs MPU U3MEHEHUH AYTOBOM KOOPAMHATHI S MPONOPLMOHAIBHBI BHYTPEH-
HUM MOMEHTaM y(5U°(S) U BeIpaykaroTcs (GpopMyiamu:

u® (s) u®,(s) u°;(s)
_ Y1 . _ Y™ 2 . _ Y™ 3
Y(s)Kl(S)_ - 5 Y(S)KZ(S)_ - L SG.J
P

, 7.65
E-J E-J (7.65)

rne G — Monynb ciasura, £ — MOIylb ynpyrocru, J, — TONAPHBIA MOMEHT HHEPLUH
CeYeHUsl,
J — akCHaJIbHBII MOMEHT UHEPIIUU CEUCHMUS.

[Tonepeunoe ceyeHuwe MpPOBOJIOKU HMMeeT (opMmy Kpyra. MOMEHTHI MHEpLUHU ISl Kpyra
paauyca r BeIpaxkaroTcst popMyIamu:

Jg =t y_rr (7.66)
P2 4
Monynb caBUTa, Kak M3BECTHO, BRIPAXKAETCS Yepe3 MOAYIb YIIPYTOCTH O (hopMyIie:
E
S (7.67)
2-(1+v)

rrae v — koadounuent Ilyaccona.
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CpaBHUBas KpYTHIIBHYIO JKECTKOCTh HPOBOJIOKH G-J, ¢ ee M3rHOHOH KeCTKOCTBIO E-J,
3aMe4aeM, YTO 3TH JKECTKOCTH OJM3KU Mexay co0oii, a mpu v = 0 coBnanatot. [Toatomy,
cienyst Ipyrum aBTopam [5], Oyaem cuuTaTh MX paBHBIMU, 0003Ha4aTh OykBOU D U
BBIUUCIIATE TI0 OpMyJIe:

4
p_Er-k (7.68)
4
C yuetoMm aToro duzudeckue ypapHeHus (7.65) mpuoOpeTyT BU:
Y(s)uo(S )
k() =X (7.69)
KommoneHThI kBaTepHUOHA AehOpMaIFii MOMEHTHOW TPYIIIBI paBHBI HYJIIO:
Y(S)Kol =0; Y(S)Koz =0; Y(S)K°3 =0. (7.70)

7.11. HexkoTopble npeaBapuTelbHbIe HTOIH

[TonBoass uTOrM MpenbIAYIIETO HU3JIO0XKEHHUS, OTMETHUM, YTO paccMaTpuBaeMas 3ajaaya
M3y9aeT OTPE30K IMPOBOJIOKH, KOTOPBIM B HMCXOJHOM COCTOSHUH MOXET HUMETh (Hopmy,
OTJIMYHYIO OT MPSIMOJHHEHHON. JTa opMa XxapaKkTepusyeTcsl 3apaHee M3BECTHBIM YHCTO
BUHTOBBIM OukBarepHHOHOM WO(s), KOTOpBII OmNpeaenseT MOoJI0XKEHUE JII000ro CeueHus
HCCIIElyeMOr0 OTpe3Ka MPOBOJOKH B HMCXOJHOM COCTOSIHUM IO CJEAYIOUIEMY MpaBUILY.
Bunt 6ukBatepunona W0(s) mepemeniaer o0y cucTeMy KOOpauHAT X B MOJIOKEHUE,
r7ie OHa coBmaaaeT ¢ cucremoit koopauHar YO(s), cBsizaHHOU ¢ ceueHueM s. Jledopmupo-
BaHHOE COCTOSIHUE HCCJIEAYEMOTO OTpe3Ka MPOBOJIOKU OIPEAETSETCS YUCTO BUHTOBBIM
oukBatepHrOHOM W(s5), BUHT KOTOpPOTO IMEpPEeMEmaeT OOy CHCTEMY KOOpAMHAT X B
MOJIOXKEHHUE, TJI€ OHA COBMAJAET C CHCTEMOM KOoopauHAT Y(S), CBSI3aHHOW C CEYCHHUEM .
DTOT OMKBATEPHUOH MOJICKHUT OMpPEIEICHHI0. J[1s1 BCOMOraTenbHBIX Iesiel CIOb3YeT-
Csl YMCTO BUHTOBOW OHMKBAaTepHUOH mepemerneHnid P(s), KOTOPBIA MepeMeniacT CUCTEMY
koopauHat YO0(s) B MonoxeHue, r7ie OHa COBMAAAET C CHCTeMOM KoopauHaT Y(s).

[Ipu BBIBOAE (DOpPMYT HMCMONB3YIOTCS MOJOBUHHBIE SKCIIOHEHIMANbHBIE (DYHKIIUUA ITHX
kBarepHnoHOB A0(s), A(s) u M(s), ompenemnsembie ¢opmynamu (6.23). IlockomabKy
MOPOJUBIINE WX OWUKBATCPHUOHBI SBJSIOTCS YHCTO BUHTOBBIMH, OWKBaTepHUOHBI A0(S),
A(s) m M(s) sBASAIOTCS HOPMHUPOBAHHBIMH. KpoMe MOJOBUHHBIX AKCIIOHEHIIMATBHBIX
UCTIONIB3YETCS ele OJWH Ha0Op YUCTO BHUHTOBBIX OWKBATCPHUOHOB, OMPEIEISIOIINX
JIOKaJabHY10 (hOpMY TIPOBOJIOKH BOJIM3M pAcCMAaTPUBAEMOT0 CEYEHUs, a UMEHHO OMKBaTep-
Huoubl Q0(s), Q(s) u K(s). DT OukBaTepHUOHBI YAOOHBI AJIsi TOHUMAHUS M JUISI UCTIOJb-
30BaHUs, OyJy4d MPEICTAaBICHHBIMH B MECTHBIX CHCTEMax KOOPJIWHAT, CBS3aHHBIX C
CEYeHHEM NMPOBOJOKH. KOMMOHEHTHI HX TIaBHBIX KBaTepHHUOHOB M0(s), @(s) 1 K(s) B 3TUX
CUCTeMaX KOOPJIWHAT MPEACTaBISIOT COOOW KPUBHU3HBI OCU MPOBOJIOKH, KOMIIOHEHTHI UX
MOMEHTHBIX KBaTEPHUOHOB — KOHCTAHTBI ITPOCTOT0 BUA:

w®0° = ,0°=[0,0,0,1]; ,k°=[0,0,0,0]. (7.71)

CamMu OMKBaTEpPHHOHBI CBS3aHBI C TIOPOKIAOIIMMH UX CICAYIOMUMHU GOpMyIaMu:
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o 20(s) =2 L A0 (5) 0 ¢ A0'(s) =2-  AD*(s); (7.72)
v Q) =2 AT ()0 g Al(s) =2+ yA*(5); (7.73)
K($)=2- (M'(s)o (M () =2+ {M(s). (7.74)

B stux ¢opmynax mpUCYTCTBYIOT aJJUTHBHbIE M MYJIbTUIUIMKATHBHBIC NPOU3BOIHBIC
nopoxaaronux OukBarepHuoHOB. [lo cymectBy, dhopmynsr (7.73) u (7.74) sBastorcs
OCHOBOM JUJIs1 HAIIMCAHKS T€OMETPUYECKUX YPABHEHUN U B aIIUTUBHON, U B MYJIbTUILIHAKA-
TuBHOU opme. bukBarepunon K(s) HECKONIBKO OTIMYAETCsS OT ABYX APYTHX OUKBAaTEpHU-
oHOB. OH Ha3bIBaeTCsl OMKBAaTEPHUOHOM Jedopmalnii U MOKa3bIBaeT, KAKUE TOTOTHUTEINb-
HBIC KPUBH3HBI MPHUOOPETAET MPOBOJIOKA MPH TIEPEX0JIe OT UCXOTHOTO K AePOpMUPOBaAH-
HOMY COCTOSIHMIO. MOMEHTHasi 4acTh ITOr0 OMKBAaTEPHUOHA IOJIHOCTBIO HYJIEBas, 4YTO
MPUBOJIUT K YIIPOIIECHUSIM TIPH MEPEX0/Ie OT OMKBATEPHUOHHOW K KBATEPHUOHHOM 3aITHCH.

bukBaTepHHOH BHYTPEHHUX yCWIUH y()U(S) — YMCTO BHHTOBOH. DTO caMble OOBIYHBIE
BHYTPEHHUE YCUJIMS B ceueHHH s. KOMIIOHEHTHI INIaBHOW 4acTHU 3TOro OMKBAaTEpHUOHA —
3TO JiBa MOMEPEYHbIX U MPOJOJIbHOE YCWINE, KOMIIOHEHTHl MOMEHTHOW 4YacTHU 3TOT0
OMKBAaTEpHUOHA — JIBA U3rMOAIOMINX U KPYTAIIUNA MOMEHT. DTOT e OMKBATEPHUOH MOXKET
OBITH TIPE/ICTABJICH M B OOIICH crcTeMe KOOpAWHAT. B 3TOM ciydyae ero KOMIIOHEHTHI —
NPOEKIMY BHYTPEHHUX YCWJIMH Ha OCH OOIIEH CHUCTEMbl KOOPAMHAT U MOMEHTBI 3THX
YCWIHN OTHOCUTEIILHO OCEH O0IIel CUCTEMBI KOOPMHAT.

[lepemeHHbIe, ONMCaHHbBIE BBILIE, CBS3aHbI MEXAy co0oil. Hanbomnee BaXXKHBIMU SIBISIFOTCS
reOMETPUUECKUE YpPaBHEHMsI, KOTOpPbIE CBS3BIBAIOT MEXIY COOOH IMepeMerieHus, npen-
CTaBJICHHbIE OMKBaTepHUOHOM M(s) mmu A(s), 1 aeopmanuu, mpecTaBIeHHbIE OMKBa-

tepauoHoM K(s). Ilpaktnueckoe 3HaueHne umeeT ypaBHeHHE (7.47) I ONpeAcIICHHS
A(s):

Yo(s) QO0(s) + Y(s)K(S)
> .

D10 — OuKBaTepHUOHHOE nuddepeHImanb-HOoe ypaBHEHHE TIepBOTO nopsaka. Hecmorpst Ha
TO, YTO KaXKJbI M3 B3aMMOCBS3aHBIX OMKBATEPHUOHOB COJAEPKUT B ceOe BOCEMb KOMIIO-
HEHTOB, YPaBHEHHE YKBUBAJIEHTHO HE BOCbMH, a LIECTH CKATSPHBIM AU(depeHInanbHbIM
ypaBHeHUsM. bukBatepHuon K(s) sBisiercs 4uMCTO BUHTOBBIM, M JBa KOMIIOHEHTA €r0
JTyallbHOM yacTu paBHbI HyJt0. bukBarepHuoH A(s) — HopMupoBaHHbIN. Ero KOMIOHEHTBI
HE SBJISIOTCS HE3aBUCUMBIMH, a CBSI3aHBI JBYMs alnreOpandeckuMu 3aBUcuMocTaMu (7.7),
TO €CTb, I10 CYILIECTBY, B HEM IIPEJICTABJICHBI IIECTh HE3ABUCUMBIX CKaJISPHBIX BEJIUYHH.

(7.75)

xA'(9) = xA(s)°

B paznene 7.7 reoMeTpUueCKHe YpaBHEHHUs NPEACTABICHBI B ABYX BHUJAX: aJIUTHBHOM U
MYJIbTUIUTMKATUBHOM. MYJIBTUIUIMKATUBHOE MPECTABICHUE MO3BOJSET 3amucarh ooliee
pellleHre YpaBHEHHS B BHJIE MYJIbTHILUTMKATUBHON KBaJApaTyphl, YMHOKEHHOW Ha MPOU3-
BOJIBHBIN MTOCTOSIHHBIN OnkBaTepHHOH A(0). DTOT OMKBAaTEpPHHOH IO CBOEMY T'€OMETpUYIe-
CKOMY CMBICITY ONpPEJENseT MOJI0KEHHE B TPOCTPAHCTBE HAYAIBHOTO CEYCHHUSI TIPOBOJIOKH,
TO €CTh CEUYCHHS C MyroBoi koopauHaTor s = (. KOHCTPYKTHBHO 3TO MOJIOKCHHE OIPEJIe-
JSieTCs MyTEM MepEMEIeHUs HeTIOABIKHOM CUCTEMbI KOOPJUHAT YUCTO BUHTOBBIM OMKBa-
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tepanoHoMm W(0) u, mo cymecTBy, MPOU3BOJBHBIM TIOCTOSIHHBIM SIBJISIETCS ATOT OMKBaTep-
HUOH, MMCIOIIHIA IIECTh HE3aBUCUMBIX CKAJIIPHBIX MPOHU3BOJIBHBIX TOCTOSIHHBIX BEJTUYMH.
BropeiM 1o 3HaunmMmocTH sBiseTcss qudQepeHiraibHoe ypaBHeHHe paBHOBecus (7.64),
KOTOpPOE CBSA3BIBAECT OMKBATEPHUOHBI yCUIHH y(,)U(s) u nedopmammii y»)K(s), mpeacras-
JICHHBIC B MECTHOM CUCTEME KOOPINHAT:

. YO(S)QO(S) + Y(s)K(S) _ YO(S)QO(S) + Y(s)K(S)
2 2

OHO TakXe YKBUBAJICHTHO HE BOCHMH, a MIECTH CKAISAPHBIM MU PepeHIINaTbHBIM ypaBHe-
HUAM, IOCKOJIBKY BCC 61/IKBaTepHI/IOHLI, BXOOAIIME B €ro COCTaB — YHUCTO BHUHTOBBIC.
Ob6mee pemenue 3Toro AuddepeHInaTbHOTO YPaBHEHUS COACPKUT IIECTh HE3aBUCUMBIX
CKaJIAPHBIX MPOU3BOJIBHBIX IMOCTOAHHBIX BCJIMYHWH.

vin U'(8) =y, U(s) oy Us).  (7.76)

Kpome »sToro, ectb ¢usnueckue ypaBHEHHS, CBS3BIBAIOLINE BHYTPEHHUE YCHIUS H
nedopmaruu. T ypaBHEHHS TOJTy4YeHBI B pasnese 7.10 u UMEroT Clie Ty ol BU/I;
u(s)
_ Y . () — o — . _ o

O L SORCE [0,0,0,0]; v, K=y, k) +my, Kk%s). (7.77)
OCHOBHOM KBaTEPHUOH y(5K(s) OMKBaTepHUOHA y(;K(s) CBA3aH C MOMEHTHBIM KBAaTEpHHO-
HOM BHYTPEHHUX YCHIMH y(-)u°(s) anreOpanyeckodl 3aBHCUMOCTBbIO. JTa 3aBUCHUMOCTb
OKBUBAJICHTHA TPECM CKAJLAPHLIM, IMOCKOJIBKY BXOAAIIMEC B HCC KBATCPHUOHLI SBJIAIOTCA
YHUCTO BEKTOPHBIMH. MOMEHTHBIII KBATEPHHOH y(»)K°(S) SABISAETCS HyJIEBBIM Onaroaaps
MPUHITOMY TPEINOJI0KEHUIO O TOM, YTO MPOBOJIOKAa OECKOHEYHO JKeCTKa Ha CIBUT U Ha
pacTsKEeHUE.

Takum oOpaszom, ypaBHeHus (7.75)—(7.77) cOCTaBISAIOT MOJHYIO CUCTEMY pa3pelIaroIinx

ypaBHEHUI U1 HaxoxkAeHUs A(S), vU(s) 1 v K(s). [IBeHannaTs ckaJspHbIX IPOU3BOJIb-
HBIX TIOCTOSTHHBIX HAJI0 UCIIOJIB30BATh IS yAOBICTBOPEHUS TPAHIUYHBIM YCIOBHUSIM.

7.12. Metona ycuiauii

Ecmn B nuddepennuansuoe ypaBaenue (7.76) MOICTaBUTh BRIpAXKEHUS IS AePOpMaIIHiA
u3 ¢opmyn (7.77), o npugem Kk auddepeHnrnanbHBIM 3aBUCUMOCTSIM, B KOTOPBIX HEH3-
BECTHBIMU OYIyT TOJIBKO BHYTpEeHHHE ycwius. BBumy Toro, uro B dopmynax (7.77)
OCHOBHOW M MOMEHTHBIM KBaTEPHHOHBI TMOAYMHSIOTCS PA3HOTO BHJA 3aBHCHMOCTSIM,
OukBaTepHUOHHOE A depeHIInaIbHOe YPaBHCHHE 3amucaTh HE yAaeTcs. 3aTo MOXKHO
3amMcath ABa KBATEPHUOHHBIX MU epeHIInaIbHBIX ypaBHEHUS.

JU1st 3TOro pacnuiieM NoKBaTepHUOHHO nuddepenimansHoe ypasHenue (7.76):
00+ -00°+k 00+@ - 00°+k
2 2

JI7is KpaTKOCTH MHUCHbMa 3/1eCh U Jlajiee OMYIIEHBl CCHUIKM Ha 3aBHCHUMOCTH BEJIUYUH OT
JIYTrOBOW KOOpJMHATHI § U yKa3zaHuWe KoopAMHATHOHN cucteMbl. KBaTtepHuonst 0 nu ®0°
3agaHbl B cucteme koopauHat Y0, ocTanbHbIE — B CUCTEME KOOpAUHAT Y.

u'+muo’:(u+muo)o 0(u+muo) (7.78)

[ToacraBnss k¥ u3 dopmyn (7.77) m pasznensis OCHOBHYIO M MOMEHTHYIO YacTH, IOCJE
KOPOTKHX TPeo0pa30BaHUil MOTYyUUM:
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_u om();(oﬂou +uom0 ;mO ou. (7.79)

(el

, uom0-0lou uou®—uou

u + 5
2 2-D

OHH HECI0KHO BBITJIAAAT 1 6YI[y‘-II/I 3allMCaHHBIMHU ITOKOMIIOHEHTHO:

0 0 0 0
u, - o0, —0, -u 1 |u, u,°—u,°u u,? - 00, —o0, -u,° u
2 3 2 3 2 3 2 3 2 3 2 3 2
u' = +—- o s ut=| o o |t . (7.80)
Uy 00, =0, -1, | D | uy-u°—u,°-u, u,° - 00, — 00, -y, —u,
[e] o [e] [e]
u, - 00, —00, -u, u, u,°—u°-u, u,°- 00, —00, -u, 0

3nech yuteHo, yto w0° = [0, 0, 0, 1].

[Tonyuennsle nuddepeHuaibHble ypaBHEHHs COAEPKAT B KAUeCTBE HEM3BECTHBIX TOJIBKO
BHyTpeHHHE ycwius. OOImiee pemeHne STOW CHUCTEMBl YpPaBHEHHH COJNIEPIKUT IIECTh
IPOM3BOJIbHBIX MOCTOSIHHBIX BelMMYMH. [lo3TOMY, eciu mpoBOjOKa 3aKperuieHa Tak, 4To
[IECTh TPAaHUYHBIX YCIIOBHU BBIPAXKEHBI Yepe3 BHYTPEHHHE YCWIHS (B MECTHOW CHCTEME
KOOpJMHAT), 3ajaya o0 ONpeAeseHUH BHYTPEHHMX YCHJIUM B INPOBOJIOKE peIlaeTcs
HE3aBUCHMO OT €€ IMOJIOKEHHS B MPOCTPAHCTBE. EciM BHYTpEeHHUE YCHIIHS OTPEICIICHEI,
T0 10 dopmynam (7.77) moxkHO onpeaenuTs aedopmanuu. [Ipu n3BecTHHIX nedopmanusx
muddepeHnranbabie ypaBHeHUs (7.75) MOTyT OBITh pelIeHbl aBTOHOMHO. B pe3ynbrare nx
peleHHsl CTaHET U3BECTHBIM Je(OPMHUPOBAHHOE COCTOSIHUE MPOBOJIOKH.

VYpaBuenus (7.79) u (7.80) mo3BossAOT U3yyaTh OTPE3KU MPOBOJIOKU, UMEIOIINE B UCXO-
HOM cocTosiHHHM JI00yI0 popmy. Ecnm ucxomgnas ¢popma nmpoBOJIOKH TPSMOJTUHEHHA, YpaB-
HEeHMs ynpoujatotes. J{is aToro Hano yuects, yto w0 = 0 = [0, 0, 0, 0]. Toraa noay4yum:

0 0
1| uy u,°—u,% u, u,
u'=— ; u®= . (7.81)
D | uy-u—uCu | -
3 U U Y U
[e] [e]
u, - u,’—u,°-u, 0

Cpenu ypaBHEHUI 3TON CUCTEMBI BBIJIEISIETCS] yPaBHEHUE:
or _
u,” =0. (7.82)

OTO ypaBHEHHE O3HA4YaeT, 4YTO OTPE30K IEPBOHAYAIBHO MPSIMOJUHENHON NPOBOJIOKH,
HArpy>XeHHBIH TOJBKO Ha KOHIIAX, MPUHUMAET TaKylo (OpMYy, YTO KPYTSIIAH MOMEHT B
9TOU NMPOBOJIOKE IIOCTOSHEH 110 BCEH AJIMHE OTPE3KA.

7.13. MeTtoa nepeMeneHuit

Obpamasice Kk pasgeny 7.9, OTMETHM, 4YTO KaXXIOH paBHOBECHOW (opMe IMPOBOJIOKH
COOTBETCTBYET CBOM CHUJIOBOM BHUHT, KOTOPBI MOXHO paccMaTpUBaTh KaKk HaOOp W3 IIECTH
MIPOM3BOJILHBIX MTOCTOSIHHBIX B O0IIEM PEIICHUH CUCTEMBI MU (epeHIINATBEHBIX YPaBHEHUH
(7.75)—(7.77). OTn mpoU3BOIbHBIC MOCTOSHHBIC SIBISIOTCSI KOMIIOHEHTAMHU YUCTO BUHTOBO-
ro OukBarepuuona xU, He 3aBUCAIICTO OT AYTOBOH KOOpAWHATHI s. Jjis Oonbieii Harsi -
HOCTH (opMmy OysieM 0003Ha4yaTh 3TOT OukBarepHuoH C. B 3Tux 0603HaueHusAx Gpopmyna
(7.60) Oynner uMeTh BHUI:
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JUG)= (A oCo A (7.83)

[Tone3ysice dopmynamu (7.77) u (7.83), BeIpasum kBatepHHOH nedopmanmii yK depes
KoHCTaHThI C ¥ KOMITIOHEHTHI OMKBaTEpHUOHA xA:
. o h+co A°— A% (A oco A

D »Y

o

JK= A K°=0. (7.84)
Ecimu B muddepennmansaoe ypaBaenue (7.75) MOACTaBUTh BBIPAKEHUS I qehopMaIiuit
u3 Gopmyn (7.84), To mocne HEKOTOPBIX MPeoOpa3oBaHU MOKHO MOTYUYUTH AU QepeHiun-
aJIbHBIC YPAaBHEHUS, B KOTOPBIX HEU3BECTHBIMU OYIyT TOJBKO KOMIIOHEHTHI OWKBATEPHUO-
Ha A. U3-3a Toro, uto B popmynax (7.84) oOCHOBHOI U MOMEHTHBIH KBATEPHUOHBI MOAYH-
HSIIOTCSI pa3HOTO BUA 3aBHCUMOCTSIM, OMKBAaTEpHUOHHOE ] QepeHraibHoe ypaBHEHUE
3amucarh He yJaercsa. BMecTo Hero MoKHO 3amucaTh J1Ba KBaTEPHUOHHBIX Au(pdepeHIu-
QJIbHBIX YPABHEHUS:

o o o -1
W X)uc>w(:)()+c ogh+eoyA°— (A0 A7 oco A

: 7.85
X > 7.0 (7.85)

o o o o o -1
o = xko @0 F 00000 o @odreo = R0y hloco

7.86
X > 5D (7.86)

YPaBHeHI/ISI MeToaa HCpCMCH.IGHHfI OKa3aJIucChb 60.1166 CJIOXKHBIMHU, YCM YpPaBHCHUSA MCTOA
ycwinid. B ciydae nepBoHayaibHO MPSMOJIMHEWMHOW MPOBOJOKH OHM HECKOJBKO YIpOIIa-
FOTCH.

7.14. 3aga4ya oNTHMAJILHOTO YIIPABJICHUsS] H NPUHIUN MakcumyMma IlonTpsarnna

B »TOM pa3znene KOHCIEKTHBHO W3JIOKHM IMPaBUJIa MOCTPOCHUSI CUCTEMBI pa3periaroiiux
YpaBHEHUH Il OJHOMEPHBIX MEXaHUYECKUX 3a/a4, YACTHBIM CITy4aeM KOTOPBIX SIBJISETCS
3amada o opMe, KOTOPYIO MTPHOOPETAET OTPE30K MPOBOJOKH OT BHEUTHUX BO3JEHCTBHUIA HA
€ro KOHIaX. byaeM TpakToBaTh IOCTaBIEHHYIO 3a/Jady Kak 3aJady ONTHUMAaJIbHOTO
ynpasienus [6], [27], [33], [54].

B 3agadax onTHUMaNbHOIO yHPABIEHHSI COCTOSIHUE CUCTEMBI XapaKTEPU3YETCs 1 IEPEMEH-
HBIMH COCTOSIHUSA X(S),..., Xx(S), YIOBICTBOPSIOMMMHE 71 TU(DPepeHITNATBHBIM YPaBHEHHSIM:

% =f [x] ()0 X, ()52, (S), .01, (s)] (i=1,..,n). (7.87)
@OyHKIUY f TOKHBI OBITh HENPEPBIBHO AU PEPEHIIMPYEMBI TIO X ¥ HEIPEPHIBHBI IO 1.

He3zaBucumotii mepeMeHHOM B 3a1a4e SBISICTCS KOOPIUHATA §, U3MECHSIFOIIASACS B HHTEPBAJIC
0 < s < S u nmeromas 00BIYHO pa3MepHOCTh UTHHEL. B muddepernnanbHbIX ypaBHEHUSIX
MPUCYTCTBYIOT TaK Ha3bIBa€MbIC YMPABIAIOININE TEpeMEeHHbIC u(s),..., u(s). 3amada

COCTOUT B OIpPEJECICHUN ONTUMAIIbHBIX 3HAYCHUN YHPABISIOMUX MEPEMEHHBIX u*((S),...,
u*,(s), MUHUMH3UPYIOIINUX 33JaHHBIN KPUTEPHIA:

H:Jfo [xl ()00 X, (8) 14, (s),...,ur(s)] -ds+90, [xl 0),...,x, (0)]+<pS0 [x1 (S),....,x, (S)] . (7.88)
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OOBIYHO B KayecTBE ATOrO KPUTEPHUS BHICTYINAET MOTEHLMAJIbHAS WIM TOJHAs SHEeprus
cuctembl. llepBoe ciaraemoe (MHTErpalibHAsi 4acTh KPUTEPHsI) XapaKTEPU3yeT KaueCTBO
(ynpyruii TOTeHIIMA) CUCTEMBbI Ha BCEM MHTepBajie yrpasieHus [0, S, a BTopoe u TpeThe
cnaraembie (TEpMHHAIBHAS 9acTh) — €€ Ka4yeCTBO (ITOTEHIIMAT HAarpy30K) B HA4aJIbHOM (5 =
0) u B koHeuHO# (s = §) Toukax MHTEpBaja ymnpaBlieHHUs. Takas 3agada ONTUMAJIbHOTO
ynpasieHus: Obiia chopmyaupoana B 1913 rony Ockapom Bonblieit 1 HOCHT ero ums.
TepMmuHanbHas 4acTh KPUTEPHUS MOKET ObITH paBHA HYJIIO.

Ha cucremy, kak mpaBuiio, HaKJIaJAbIBalOTCS OTpaHUYEHUsS B (hOpME KPAeBbIX yCIOBHI:
00, [x1 0),...,x, (0)] =0(j=1,...,m0<n);S, [xl(S),...,xn (S)] =0(j=L..mS<n). (7.89)

@OyHKIMH dTUX OTPAHUYCHUH NOJDKHBI OBITH HETIPEPHIBHO MU PEpEeHIIPYyEMbl U (HyHKITH-
OHAJIBHO He3aBUCUMBI. DYHKIMOHAIbHAS HE3aBUCUMOCTH BBIPAXKAETCA B TOM, YTO PAHIH
MaTpuIl

090, [x,(0),...,x,(0)]

098, [x,(8),..., x,(S)] G
x,(0)

(j=1,...,m0); o (5) j=L..,mS);(i=1..,n) (7.90)

COOTBETCTBEHHO paBHbI m0 u msS.

Koopaunara S moxer ObITh M3BecTHA — (cucTemMa (DUKCHPOBAHHOW /JIMHBI) WIA HE
M3BECTHA — (CHCTEMa MPOU3BOJILHOM JIJTUHBI).

HeoOxonumoe ycnoBue ONTUMAIbHOTO YIPaBIEHUS BhIPAXKAaeTCsl MPUHIUIIOM MaKCUMyMa
[Tortpsruna. Jns GopMyaupoBKH 3TOTO MPUHIIMIIA BBEAEM B PACCMOTPEHHUE COMPSIKEH-
Hble QYHKIUU po(S), ..., pa(s) (IS KaKION MEPEeMEHHOW COCTOSHUS — CBOSI (DYHKITHS) W
3aIUIIeM BBIPRXKECHUE JJI1 TAMIJIBTOHHAHA:

H[x,(8),0%,(8); P (8), 00y 2, ()54, (8), ..o, (8)] = ipi () fi[%,(8)srns X, ()50, (5,011, ()], (7.91)

rae po(s) =-1.
Torna ontumanbHOE ympaBleHUE, MUHUMH3UpYIomee ¢yHkuuoHan (7.88), peanusyercs
YIPaBJISIOMUAMA IEPEMEHHBIMH u™*((s), ..., u™,(S), KOTOpbIE MAKCUMHU3UPYIOT TaMUJILTOHH-

a" (7.91) mnst kaxgoro s B uHTepBasie 0 < s < S. JIns cioyyasi, KOra Ha YNpaBiIsIOIIHe
MIEPEMCHHBIC HE HAJOXXEHBI HUKAKHE OTpaHWYCHHS (HAII Cioydai), WX ONTUMaJbHBIC
3HaueHus u*((s), ..., u™,(s) MOryT ObITh HAWJACHBI U3 YCIOBUI CTAIIMOHAPHOCTU TaMUIBTO-
HUAHA JUJIS KQXKI0H KOOPIUHATHI §:

aH[x1 ()0 X, (8); P, (8), 0o P, ()51 (s),...,u,(s)]
Ou, ()

=0 (k=1..r). (7.92)

[TopolinyT Te 3Ha4yeHUs, KOTOpblE MAKCUMU3HMPYIOT T'aMWIBTOHMAH, TO €CThb T€, VIS
KoTopbIX MaTpuua ['ecce:

82H[xl(s),...,xn (S);pl(s),...,pn(s);ul(s),...,ur(s)]
Ouy (s) - Ou, ()

(k,l=1,..r) (7.93)

OTPpULATCIIBHO OIIPEACIICHA NJIIN OTPHULATCIIBHO ITOJYOIIPCACIICHA.
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WNHorma ObiBaeT, 4TO ONTUMAaNbHBIE 3HA4YCHHS u™*((s), ..., u*,(S) MOXHO BBIPA3HUTh W3
ypaBHeHuii (7.92) B Buze 3aMKHYTOH (OpMyJIbI (Hal cirydaii):
u* (s)=u*, [x1 (8),..0,x,(8); (8, P, (s)] (j=1..,m). (7.94)

Torma 3T 3HaueHHs cieqyeT NMOACTAaBUTH B BbIpaKEHUE JUIsl ramMuiabTOHHMaHa (7.91) u
MOJIyYUTh ONTUMAJbHBIA TaMWIbTOHUAH H*, 3HaueHue KOTOpOro ([Uis aBTOHOMHBIX
CHCTEM, KOrJa raMuJIbTOHHAH HE 3aBHCUT SIBHO OT S, — Halll ciiyyail) OyaeT paBHBIM
KOHCTaHTE:

H* [x1 (8)es X, (8); P, (8)s00s P, (s)] =H[x1 (8)e0r X, (8); 2, (8)sees , ()3 *,(8), 000 td *r(s)] =C (7.95)

Juist Bcex s B uHTepBaie 0 <s < S.

Jlist ompeneneHus HEU3BECTHBIX PYHKIUN X((S),..., X4(5); p1(S),..., Pn(S) MOXKEM BBITHUCATH
JIB€ CHUCTEMbl OOBIKHOBEHHBIX Au(depeHInanbHbIX YpaBHEHUI MEpBOro MOPSIKa,
pa3pelieHHbIX OTHOCUTENBHO MPOU3BOJAHBIX. OHU MOJIy4aloTcs B pe3ysbrare quddepeH-
[UPOBaHUs ONTHMAIBLHOTO TaMUJIBTOHHAHA TIO Pa3HBIM MepeMeHHbIM. OJHAa U3 CHCTEM,
Ha3blBaeMasi OCHOBHOM:

dx,(5) _ OH *[x,(5),., X, (5); P, (8)s.rr P, (5)]
ds 6]71' (s)

(i=1,.,n), (7.96)

¢daktuuecku nyonupyet cucremy (7.87), B KOTOPYIO MOZCTaBJICHbI ONTUMAJbHbIC 3HAYe-
Hus u*((s), ..., u*,(s), a Apyras cuctemMa — HOBas:

dpi(s) _ OH *[x,(8),-s%,(8); P1(8)s-r 1, ()]
ds ox, ()

(i=1,..,n), (7.97)

Ha3bIBaeMasi COMPSHKEHHON CHCTEMOIA.

OOuiee peneHre Kaxa0i U3 3TUX cucTeM auddepeHInalbHbIX YPAaBHEHUH CONEPIKUT 110 7
MPOU3BOJIBHBIX TMOCTOSHHBIX, KOTOPBIC TOJDKHBI OBITH BBIOpAHBI TaK, YTOOBI (hYHKIIMH
X1(8), <oy Xn(S); P1(S), ..., pu(S) YIOBIETBOPSUIA KPaeBbIM yCIOBHAM. {71 UX OmnpeneneHus
HaJI0 BBECTU B pacCMOTpeHre MHouTenu Jlarpauska, conpspkennsle ¢ pyHkuusmu @0, ...,
©0m0; ©So0, ..., Syus. HazoBem ux p0o, ..., U0mo; wSo, ..., WSpus. CocTaBUM € MX yyacTUEM
raMIJIbTOHHAHBI KPACBBIX YCIIOBHIA:

m0
hO[p0,,..., 10,03 %, (0),..., %, (0)] = Y 10, - 00, [%,(0),....x, (0);
j=0

mS

AS 1S, 18,55 X, (), o0, %, (S)] = D 1S, - 98, [ x,(S), ... x, ()],

Jj=0

(7.98)

rae npuHato p0p = uSo = 1.
Ha ocHOBaHWM STHX TaMWIBTOHMAHOB MOXXHO COCTaBUTh CHUCTEMY, COCTOSIIYIO W3
m0 +mS + 2-n anreOpanvecKkux YpaBHEHMM, U3 KOTOPOM MOkHO omnpenenuts m0 + mS

MHoxuteneit Jlarpamxa p0y, ..., w0u0; US1, ..., WSnus U 2-n MOCTOSHHBIX UHTETPUPOBAHUS
Ui IByX AuddepeHnnaIbHbIX YpaBHEHH:
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8h0[u01, s 10, 05%,(0),..., x, (O)] _
ouo

00, [%,(0),...,%,(0)] =0 (j =1,...,m0); (7.99)

J

OhS[US s iS. 33, (S), o (S
[15, “a’”ssx‘() a )]=(ij[xl(S),...,xn(S)]=0 (j=1,..,mS); (7.100)
“’ .

J

8110[;101,...,“0,n();)c1 (0),...,x, (O)] =—§: 0. 090, [xl(O),...,xn (O)]{_

p;(0)= 2 (0) 210, 2 (0) (i=1,.,n); (7.101)

ahS[MShauSmﬂxl(S)aaxn(S)] & Sa(PSj [xl(S)a---axn(S)]

PS> ox,(S) -2 ox,.(S)

(i=1,.,n).(7.102)

[TepBas yacTh 310# cuctembl — popmyisl (7.99) u (7.100) — nostopsitot popmyisl (7.89).
Bropas gacte — popmynst (7.101) u (7.102) — HOBBIE, Ha3bIBa€MbIE YCIOBUSIMHU TPAHCBEP-
CaJIbHOCTH.

Ecmu B 3amaue MakcUMaibHOE 3HAYCHHE HE3aBHCHMOW KOOPIWHATHI S HE 3aJaHO, €ro
MO>KHO HalTH, 106aBuB K cucteme (7.99), (7.100), (7.101) u (7.102) emie o1HO ypaBHEHHE:

H*[%,(S), .0 %,(S); pr(S),..rr P, (5)] = 0. (7.103)

7.15. YcaoBus TPAHCBEPCAJbHOCTH MPH JIMHEHHBIX OTPAHUYEHUSIX

JIyist Tyd1ero moHUMAaHUS TOTO, KAKUM YCIIOBUSIM JOJKHBI YIOBIETBOPATh HAYANBHBIC (§
= 0) u koHeuHbIe (s = §) 3HaueHus QyHkui x(s) u p,(s) (i =1, ..., n), pacCCMOTPUM CITy4ai,
korga pyukiun @0 u @S B popmynax (7.88) u (7.89) nuneitHsr:

90, =a0,,+> a0, -x,(0);(j =0,..,m0); oS, =aS,, + D _aS ;- x,(S); (j =1,....,mS). (7.104)
i=1 i=1

Orta CuTyauuss UMECT HC TOJIBKO TCOPCTUYCCKOC, HO M MPAKTUYCCKOC 3HAYCHHC. Ona
PCAIN3yETCA, KOrga KOHIbI IIPOBOJOKHU 3aKPCIIJICHBI CBA3AMUA, HAlIpaBJICHHBIMU HEC BJ0JIb
KOOpAWHATHBIX OCGﬁ, a ImoJ{ yrjioMm K HUM.

B stom cnywae cucrema anreOpamueckux ypaBHeHuit (7.99), (7.100), (7.101), (7.102)
Oynetr nuHeiHOW. OHa pacmamaeTcsl Ha JABE HE3aBUCHUMBIE CUCTEMBI ypaBHeHHM. OnHa U3
HUX OTHOCHUTCSl K Hayaly oTpe3ka umHTerpupoBanus (s = 0), a apyras — K KOHIy 3TOrO
oTpeska (s = 5).

3anuiieM NepByro U3 HUX, COOTBETCTBYIoMYI0 hopmynam (7.99) u (7.101):

n mQ
0=a0,,+> a0,-x,0); (j=L..,m0); p(0)==>p0,a0,; (i=L..,n). (7.105)
i=1 j=0

Bropas u3 popmyn umeer Takoit BUI, TOCKOJIBKY

000, [x%,(0), %, (] _
ox,(0) "

(j=0,...m0; i=1,..,n). (7.106)



7.15. Ycnosus mpanceepcanbHocmu npu TUHEUHbLX 02PAHUYEHUSIX 239

Jlnst manbHEWmuX mpeoOpa3oBaHU BOCIOJIB3YEeMCS METOAMKON KOPJAHOBBIX HMCKITIOYE-
HUH, noapoOHO ommcaHHOW B pabote [24]. DTa MeToAMKa MO3BOJSET MPEeoOpPa3OBHIBATH
3a7laHHBIC JIMHEHHBIC 3aBHCUMOCTH MEXAY MABYMsI TPyNIIaMH IEPEMEHHBIX, OJHA W3
KOTOPBIX MPEACTABISAET COO0I0 HE3aBUCHMBbIE IEPEMEHHBIE — apTyMEHTBI, a BTOpast rpymnmna
— 3aBHCHMBbIe niepeMeHHble — pyHknuu. [IpeoOpazoBanue Mo3BONAET UCKITIOYUTH HEKOTO-
poe IMOIMHOXECTBO MEPEMEHHBIX M3 COCTaBa apryMEHTOB W MEPEBECTH MX B COCTaB
¢byHnkmid. B 3T0 jxe BpeMs Takoe K€ YHCIIO0 NepeMEHHBIX-(QYHKIMNA TePEeBOIUTCS B YUCIIO
apryMeHToB. Bce mpeoOpa3oBaHus BBIOTHAIOTCS B TabuIe (GUKCUPOBAHHOTO pa3Mepa.

[IpencraBum nuneiinbIe 3aBUcUMOCTH (7.105) B BUe TaOIUIIBL:

1 uo; ... uOmo x1(0) .o xmo(0)  xpo+1(0) ... x4(0)
0= a0170 0 0 a01,1 6101,,,,0 a017m0+1 aOl,,,
0= aOm(),() 0 0 aOmO’l aOmo’mo aom()’m()-ﬂ aOmo’n

pl(O) = *aO(),l *a01,1 *aomo,l 0 0 0 0
pmo(O) = — aO(),m() — a01,m0 oo || = aomo,mo 0 0 0 0
pm0+1(0) — aOO,moﬂ — a015m0+1 —aomo,moﬂ 0 0 0 0

pn(0)=| —a0p, | —a0in |...| —a0pon 0 0 0 0

Tabmuiy cnenyer cuurate marpuneil (HazoBem ee A). CieBa OT TaOJIUIBI PACTIONOKEH
BEKTOp-cTONOEI] mepeMeHHbIX (yHkuuii (HazoBem ero p). Hanm Ttabmuneit Haxomutcs
BEKTOP-CTOJIOCI] TEPEMEHHBIX-apTyMEHTOB (HA30BEM €T0 X), 3alIMCAHHBIN B TPAHCTIOHUPO-
BaHHOM Buje. JIMHEHHbIE 3aBUCUMOCTH B MAaTPHYHO-BEKTOPHOW 3alUCH CJICIyeT MOHU-
MaTh Tak: p = A-Xx. O4EeBWIHO, YTO TPHUBEICHHAs BBHIINIC Ta0JMIA TPEICTABISACT 00e
TPYIIIBI JIMHEWHBIX 3aBHcUMoOcTei (7.105).

BrinosiHuM TpynmoBoi mar »KopJaaHOoBa UCKITIOUEHHS C pa3peliaroniel KIeTKOM:

a01,1 aOLm()

aom(),] aomo,mo

bynem nomarate, yto nepemenHble x(0) MpOHyMEpOBaHbI TaK, YTO JAETEPMUHAHT 3TOM
KJIETKU OTJIMYEH OT HYJI, 4TO TpeOyeTcs A BBIIOJHUMOCTH IlIara KOpAaHOBa HCKIIIOYe-
HHsL. DTOr0 MOKHO 1OOUTHCS, MOCKONIBKY Ha00p (0; GyHKIMOHAIBHO HE3aBUCHM.
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B pe3ynbraTe BBINONHEHUS 3TOTO I1ara NoJy4yuM HOBYIO TaOJIHUILy:

1 u0; . w040 0 0 Xmo+1(0) ... x,(0)

)C](O) = bol,() 0 0 bOl,l bol,mo bOl,mOﬂ bOl,n

xm0(0) =] 50,00 0 |..| o BOwot || BOmomo | BOmomost || BOmon
p1(0): —000,1 —a01,1 —aomo,l 0 0 0 0
pmo(O) = — aOO’mo — aOl,mo e | — aOmO,mo 0 0 0 0
pm0+1(0) =— aO(),m()ﬂ — aOl,moﬂ *a()m(),moﬂ 0 0 0 0
pn(0)=| —a0op, | —a0i, |...[ —a0mon 0 0 0 0

B atoii Tabnure aprymentst x1(0), ..., x,,0(0) mepenutn B coctaB (yHKIUH, a HA UX MECTO
cranu Hymu nepBbix m0 crpok Tabnuiel. Ha mecTo paspemaromei crama obpaTHas ei
Kierka B ¢ anemenramu:

b01,1 bol,mo

bom(),l bomo,mo

OcTanbHble KJIETKU pa3pelaromieid CTpoKH mpeodpa3oBauch mo GopMyam:
m0 m0
b0, ==Y b0, -a0,,; b0, ==Y b0 -a0,; (j=1..m0; I=m0+l,..n). (7.107)
k=1 k=1

OcTalbHBIE KIETKH Ta6J'II/II_U>I HC MIpeTCpHCiin W3MCHEHHH.
Brimonnum enie oguH prnHOBOﬁ mar >XopAaHOBa HUCKIIFOUYCHUS C pa3pema10mel71 KJIETKOM:

7001’1 *aomoﬁl

—aOl,mo —aomo,mo

OHa paBHa NpeAbIAYyIIEeH pa3pelarle KIeTKe, €ClIi €€ TPAaHCIOHUPOBATh U MOMEHATH
3HAaK Ha MPOTUBOMOJIOKHBIA. [IpeoOpazoBanHas TabauIia MOCE BHIIIOJHEHUS 11ara UMEeT
BUJ:
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1 p1(0) ... pmo(0) 0 0 Xmo+1(0) ... x,(0)
xl(O) = b01,() 0 0 bOl’l bol’mo b01,m0+1 bOLn
xmo(O) = bom(),() 0 0 bOmo’l bOmo’mo bOm(),m()H bOm(),n
u0; =| —b0o1 | —H01;1 |...| =500, 0 0 0 0
10,0 = = b00m0 | — D010 |-..| = BO0momo 0 0 0 0
pm0+1(0) =l— bOO’m()+1 — bol,moﬂ *bomo,moﬂ 0 0 0 0
pn(0)=] —b00, | —b014 |...| —BO0mon 0 0 0 0
B Hell uCKIIIOYEHBI M3 COCTaBa apryMEHTOB U MEPEBEICHBI B COCTaB (PYHKLUH MHOXKHUTEIH
Jlarpamxka u0y,..., 10,0, @ HA UX MECTO TTOCTABJICHBI CONPsDKEHHBIC TIepeMeHHbIe pi(0), ...,
Pmo(0).

HepBBIC m0 CTPOK STOH Ta6J'H/II_II>I HC IIPETCPIICIIN n3MeHneHuii. OcTajgbHBIE 3IE€MEHTBI
HOBOU Ta6J'[I/IIIBI BBIYUCIISIKOTCA I10 q)OpMy.]'IaMI
m0

m0
b0, =>a0,,-b0, ;; b0, ==> b0, -a0,; (j.k=1,..,m0; I=m0+1,..,n);(7.108)

k=1 j=l1

m0 mQ
b0,, =a0,, - > > a0, -b0, -a0,,; (=m0+1,..,n). (7.109)

k=1 j=1

Ota Tabiuia COAEePKHUT B cebe BCE OTpaHHUCHUs, HAKJIAJAbIBAEMbIC Ha HadaJIbHBIC yCIIO-
Busi. OHa mo3BossieT popmupoBaTh HadanbHbie 3HAYCHUS X1(0), ..., x,(0); p1(0), ..., p.(0),
YVAOBIETBOPSIONINE YCIOBUSAM TPAHCBEPCAIBHOCTH, [UISI HWHTETPUPOBAHUS CUCTEMBI
muddepennmranbapix ypaBHeHui (7.96) u (7.97). Ilpu stom n 3tux 3navenuii: p;(0), ...,
Pmo(0); xm0+1(0), ..., x,(0) MOTYT OBITH Ha3HAYEHBI IPOU3BOIHHO, & OCTAILHBIC /1 3HAUCHUA:
x1(0), ..., Xu0(0); Pmo+1(0), ..., pn(0) TOIKHBI BEIYUCIATHCS IO (HOpPMyJIaM:

n mO0
x,(0)=00,,+ > b0, -x,(0); p,(0)==b0,, =D p,(0)-50, ;5 (j =1,....m0; | =m0 +1,..., n) 110
I=m0+1 Jj=1 (7' )
3navenus MmHoxkurtenen Jlarpanxka oy, ..., n0,,0 MOKHO BEIYUCIIUTD 11O (hOpMYyJIe:
m0
o, ==b0,, —> p,(0)-60,,; (k=1,...,m0). (7.111)
Jj=1

PaccmoTpuM Teneph 4acTHBIN Cily4aid, Koraa s nepeMeHHbIX cocTosHUS X1(0), ..., Xu0(0)
3amanbl (pukcupoBaHHbie 3HAaYeHUS X0p,..., X0,0, @ OCTaJNIbHBIE TIEPEMEHHBIE X,0+1(0), ...,
x,(0) octaBnensl cBOOOTHBIMU. TabmuIIa B 3TOM cllyyae UMEET BU/I:
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1 or . p0mo  x10) oo xwo(0)  Xmo1(0) ...  x,(0)
0= —x0, 0 |..| 0 1 [.] o 0 |..| o
0=] —x0,0 0 |..| 0 0 |.| 1 0 |..| o
_| 990,
p1(0)= 2.0) -1 [..| 0 0 |.. o 0 |..| o
| 2% 0 1 0 0 0 0
pmo(O) = ame(O) -
©0) = ~—=22% 0 0 0 0 0 0
Pmo+1 axmoﬂ (0)
_| 990,
Pa(0) = 2. 0) 0 |..| 0 0 |[.. o 0 |..| o

[Tocne BINOMHEHUS IBYX I'PYIIOBBIX IIAaroB KOPJIaHOBBIX UCKIIOYEHUH Tabauna Oyaer
BBITVIAIETD TaK:

1 pi1(0) ... pmo(0) 0 0 Xmo+1(0) ... x,(0)

a0 =]  x0, 0 |.| o 1 .| o 0 |.] o

Xmo(0) =] x0p0 0 0 0 1 0 0
o090,

ui(0)= 2,(0) -1 .. 0 0 0 0 0
090,

Wno(0) = ox. (0) 0 — 1 0 0 0 0
000

Pmo+1(0) = - | 0 0 0 0 0

0x,,0,1(0)

o0,

pn(0) = 2 (0) 0 0 0 0 0 0

W3 Tabmuubl BUAHO, YTO IS COOJIFOJICHHUS YCIOBUH TPAaHCBEPCATBLHOCTH IMEPEMECHHBIE
2100), ..., pmo(0); Xm0+1(0), ..., x,(0) MOTyT OBITH Ha3HAYEHBI IPOU3BOILHO, 3HaUCHUS X1(0),
oes Xm0(0) HaZO TIpUHATH paBHBIME X0, ..., X0,,0, @ 3HAYCHUS Pyy0+1(0), ..., p,(0) onpenenutr
o ¢popmysie:
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090,
x,(0)
JInsi TUHEWHOTO Cilydasi YaCTHBIC MPOM3BOJHBIC HE 3aBUCAT OT MNPHUHSITHIX 3HAUCHHM
x1(0),..., x,(0). 3nauenus muoxuteneut Jlarpamxka p0,..., 10,0 BEIYUCISAIOTCS IO hopmyIie:
o090
0, =- O —p,(0) (k=1,..,m0).
Ho, 2x, (0) P (0) ( ) (7.113)

AHanoruuHple BBIKIAJKH MOXXHO cnenarb 1id popmya (7.100) u (7.102), oTHOCAIIMXCS K
KOHEeYHOM Touke s = S. B nuHeliHOM citydae 3t popmyiibl Oy 1yT UMETh BUA:

n m0
0=aS,,+>.aS, - x(S); (j=L..mS); p(S)=>uS aS,;; (=L.,n). (7.114)
i=1

j=0

p,(0)=— (l=m0+1,...,n). (7.112)

Tabnuua, cooTBETCTBYIOIASA STUM (OpMYJIaM, TAKOBA:

1 HSI HSmS xl(S) me(S) meH(S) xn(S)

0= aS170 0 0 aSL] aSLmS aSl,msﬂ aSl,,,

O = aSms,Q 0 0 aSmS’l aSmS’mS aSmS’mS+] aSms,n
pl(S) = aS(),l aSl,l aSmS’l 0 0 0 0
pms(S) = aSO,mS aSLmS aSmS’mS 0 0 0 0
DPms+1(S) =| aSoms+1 | aSims+1 |...| ASmsms+1 0 0 0 0
pu(S) =] aSon aSip || aSwusa 0 0 0 0

[IpeoOpa3oBanHas Tabiuia Mocje BBHINOJIHEHUS JABYX IPYNIOBBIX IIArOB OPAAaHOBBIX
UCKJIIOYEHUH Oy1eT UMETh BU/I:

1 piS) .. pws(S) 0 0 Xms+1(S) ... x4(S)

xl(S) = bS1,0 0 0 bSl,l bSl,mS bSl,mS+] bSl,n

Xms(S) =] bSmso 0 0 bSmsi || BSusmo | DSmsmst1 |---| DSmsin
MSI = bSo’1 bS1,1 bSmS,l 0 0 0 0
WSys = bSo,mS bSl,mS bSmS,mS 0 0 0 0
Pmst1(S) =| bSoms+1 | bS1ms+1 |...| BSmsms+1 0 0 0 0
2S)=| BSon | BSin || BSwsn 0o |.| o 0 |.| o
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B sTo0i1 Tabnuue kietka ¢ anementamu bS;; (j, k=1, ..., mS) oOpaTHa KIeTKe ¢ IeMEHTa-
mu aSjx (j, k=1, ..., mS) n3 ucxonHoit tabnuipl. OcTabHbIE KIETKU BBIYHCISIOTCS IO
dbopmynam:

mS

mS
bS, ==Y bS,,-aS,s; bS, =->bS,,-aS,, (j=l..mS; I=mS+l,..,n); (7.115)
k=1 k=1

mS mS
bS,, ==>.aS,,-bS, ;; bS,,=D.bS, -aS,, (jk=1,...mS; I=mS+1,..,n); (7.116)
k=1

J=1

mS mS

bS,, =aS,; =Y. > aS,, -bS, ;-aS,, (I=mS+1,..n). (7.117)

k=1 j=I
[TomyueHHbIE 3aBUCUMOCTH TIO3BOJISIOT MPOBEPSATh KOHEUHbIE 3HA4YCHHS X((S), ..., X,(S);
pi(S), ..., pu(S), Ha yIOBIETBOpEHHE YCIOBUSAM TpaHCBepcanbHOCTU. IIpu 3TOM 7 3THX

3HaueHuit: pi(S), ..., Pms(S); Xms+1(S), ..., X,(S) MOTYT OBITH IPOU3BOJIBLHBIMH, & OCTAJIbLHBIE 71
sHaueHui: x1(S), ..., Xus(S); Pms+1(S), ..., pn(S) TOMKHBI COOTBETCTBOBATH (hOopMyIam:

n mS
xj(S) =ij.,0 + Z ij’, -x,(S); p,(S) =bSOJ + ij(S)-ij’, (j=1..,mS;l=mS +1,...,n) (7 118)
I=mS+1 Jj=1 ’
3HaueHus MHOkUTenen Jlarpamxka pSy, ..., WSy,s B 3TOM Clly4ae MOXKHO BBIYHCIIHTH TI0
dbopmyre:
mS
uS, =bSy, + . p,(S)-bS,, (k=1,..,mS). (7.119)
Jj=1

B wactHOM ciyyae, Korja JUisl IEPEeMEHHBIX COCTOSIHUS X1(S), ..., Xmns(S) 3amaHbl PUKCUPO-
BaHHbBIC 3HAYCHUS XSi,..., XS5, @ OCTAJIbHBIC MEPEMEHHBIC Xps5+1(S), ..., X,(S) ocTaBIEHbI
cBOOOAHBIMU, TTepeMeHHBIE Pi(S), ..., Pmo(S); Xmo+1(S), ..., X,(S) MOTYT OBITH IPOU3BOIHHBI-
MU, a 3HAYCHUS Ppio+1(S), .., Pn(S) HYKHO BBIUHCIATH 1O hopmyie:

oS,
S)= O (I=mS+1,.,n). 7.120
pi(S) 2x.(S) ( ) (7.120)
3naueHust MHOkUTeNen Jlarpanxka WSy,..., WSy,s BBIMUCIAIOTCS 110 popMyIie:
oS,
S, =— “+p.(S) (k=1,..,mS). 7.121
S, 2 (S) (8 ( ) (7.121)

7.16. lIpunuun makcumyma IlonTpsiruna 11 OMKBaTepHMOHA MepeMeleHui

C 1enplo OCBOEHUSI KBATEPHUOHHOIO MOAXO0JA K NMpuHUUIY MakcuMyma [lonTpsruna [33]
IIOCTPOUM €lI€ OJHY CHCTEMY pa3pellaloliuX ypaBHEHUH. byaem TpakToBaTh mocraBiieH-
HYIO 3aJady Kak 3a/ady ONTHUMAaJbHOIO yIpasieHHs. IlepeMeHHbIMH COCTOSIHUS B 3TOM
3ajaue Oy/leM CUMTAaTh KOMIIOHEHTHI OMKBAaTEpHHOHA MEpPEeMENICHUH yoM, BBIpaKEHHBIC B
MOJBWKHOM CHCTEME KOOPAMHAT, CBSI3aHHOM C CEYEHHEM B MCXOIHOM COCTOSHHMHA. OHHU
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SBISIFOTCS. (PYHKIMSIMU JTyTOBOW KOOPJHMHATHI § U YJOBJIETBOPSIOT cucTeMe anddepeHnn-
albHBIX ypaBHeHui (7.45):

Q0+,K ,,Q0
2 2
I7le COXpaHeHbl 0003HAUYEHUs, IPUHATHIE B MPEIbIIyIUX pa3aenax. 31ech U B JalbHEN-
IIeM JUIsl KpaTKOCTH MUchbMa OyAeM OIyCKaTh CUMBOJIBI (§), 0003HaYaronye 3aBUCUMOCTh

MEPEeMEHHBIX OT AyroBod koopauHaThl. [IpencraBum OukBatepHHOHBI yoM u yK uepes
COCTABJISIIOLIME UX KBATEPHUOHBI:

wM' = (Mo X °voM, (7.122)

wM=yh+@-y,n% JK=k+w-K°. (7.123)

3anumiem cucteMy ypaBHeHHH (7.122) MOKBaTEpHUOHHO, MTOCKOJIBKY B AaJIbHEHIIIEM OyaeT
0osee ynoOHO paboTaTh C OTJAEIBHBIMU KBATEPHHOHAMMU:

Yopzo YK+ YQHOYOQO;YOQOOYOH; (7.124)

'_
vob =

(7.125)
2 2 2

Tpebyercs HaTH YMCTO BEKTOPHBIN yIpaBisiomuii kBaTepHUOH yK(s) (0 < s < §), nmpu
UCIOJIb30BAHUU KOTOPOTO YAOBJIETBOPSAIOTCS KpaeBble YCIOBUS Ul KBAaTEPHHUOHHBIX
(bYHKIMHT yoll B yoll°, U TIOTEHIIMATbHASL SHEPTUS OTPE3Ka MPOBOJIOKH JUTMHOM S"

S 2 2 2 S ==
H=D~jYKl+Y;2+YK3~ds=D-Iscal[YK—2YKj~ds (7.126)
0 0

MPUHMMAEeT MUHUMalbHOE 3HaueHue. [lomaraeM, 4uto mpuBeneHHas BbILIe Qopmyia A
OIpeeIeHUs TOTCHIIMAIBbHOW 3HEPTUU YIIPYTOW MPOBOJIOKHU IIPU OJIMHAKOBBIX €€ JKECTKO-
CTSAX Ha M3THO W KpydeHHE, paBHBIX D, BO3paKEHUN HE BbI3bIBaeT. UTO KacaeTcs KBaTep-
HUOHA yK°, TO OH PaBEH HYJII0, IIOCKOJbKY IPOBOJOKA HEPACTSIKMUMA M HE HCIIBITHIBAET
nedopManuii OT monepeuHslx ycwinid. B mocnenyrommx ¢gopmynax Mbl HHOTAa Oynem
OCTaBISITH 0003HAUCHNE KBATEPHUOHA yK° /ISl COXPAHEHUS LENbHOCTH (POPMYIIBL.

BBenem B paccMOTpeHHE CONPSKEHHBIE KBATEPHUOHBI: yoP° — CONPSKEHHBIN C KBATEPHHU-
OHOM vyol, yop — CONpPSDKEHHBIM C KBaTEPHHUOHOM yop°, W 3alMIIEM BBIPAKEHHUE IJIs
¢bynkuuu ['amunbeToHa, Kak npeanucano Gopmynoit (7.91):

Koy K _ o, K+ o, M0 —, ®0o
H =—D-scal Y=Y=+scal| ,,p°° voM Oy KT voH ©yo Y0 volt |
2 2
[} [¢] O, o ] O,
ooy K +yglloy Koy 10y 00 —yy 00 0y iy oy ©0°—y) 0%,
) .

(7.127)

+scal( voP©

Crnenyer oOpaTUTh BHUMaHHE Ha NMPUMEHEHHBIN 3/1€Ch MPUEM TPEICTABICHUS CKAJISIPHOM
(YHKIMH KBaTEPHUOHHOT'O apryMeHTa. 'aMUJIbTOHHAH COCTOUT U3 MOMApPHBIX MPOU3BEIe-
HUW KOMIIOHEHTOB KBaTEPHUOHOB, IPUMEPHO TAKUX:
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KK =K -y K+ Ky y Ky + Ky Ky pf =py- fo+p-fi+p,- fo+ps /s (7.128)
HeTpyaHo BUAETH, YTO AJI ATOU IEIH MOKHO HCIIOIH30BaTh KBATEPHUOHHBIC BBIPAKCHHUS:
kK =scal(yKoyK); pf =scal(pof). (7.129)

IlepBoe M3 ATUX PAaBEHCTB UMEET YKOPOUCHHBIM BHJ, MOCKOJIbKY KBaTEPHHOH KPHUBH3H
4YiCTO BEKTOPHBIN (yko = 0). IIpu 3TOM cnipaBeIMBBIMU OCTAOTCSI CBOMCTBA CKaJIsPHOMN
yacTU KBAaT€pHUOHHOTO mnpousBeneHus (2.21) u (2.22). Anamusupys pa3MepHOCTH
BEJIMYMH, 3aMeydaeM, 4YTO TaMWJIbTOHHMAH / M KBATEPHUOH ygp — HMEIOT Pa3MEpPHOCTb
CUJIBI, KBATEPHUOH yoP° — pa3MEPHOCTh MOMEHTA.

[Tonw3ysice ¢yHkumeit [amunbrona, 3amumem auddQepeHunanbHbIe YpaBHEHUS UL
COIPSKEHHBIX KBATEPHUOHOB!

P = aHO __vbP oyK  yyP °0y¢®0—y,@00y,p : (7.130)
Oyoht 2 2
WP = OH _ voP°ovK _ yP°oy®0—y®00 y,p°  yyPoy,®0°—y,®0°0 y,p° . (7.131)
Oyoht 2 2 2

[TIpu muddepenumpoBanun Obla wucnonb3oBaHa ¢opmyna (2.113) u ToT dakr, 4uro
CKaJIsIpHasi YacTh MPOW3BEJCHNUS KBATEPHUOHOB HE MEHSETCS NMPH HUKIMYECKOH IMepecTa-
HOBKe COMHOXHUTeNe. [TocKoIbKy KBaTEpPHUOHBI yK, yK°, yo®0 U yo0° UUCTO BEKTOPHBIE,
MOYKEM 3aIHCaTh:

wp' = voP ovK voP °yo®@0 —y, @00y, p : (7.132)
2 2
wp® = YOPOZ"YK + voP° 0y @0 ;YO(’OOO voP° ) Oy ®0° _2Y0u)0OO voP” ) (7.133)

HetpyzaHo 3ameTuTh, 4TO 3Ta CUCTEMA U3 JIByX KBaTEPHUOHHBIX YPaBHEHUN SKBHBAJIECHTHA
OJIHOMY OMKBAaTEpHHOHHOMY YPaBHEHHIO:

w0+ K ,Q0
2 2

voP' =y Po °yoP; (7.134)

eciy 0003HAYNTE:
voP =yoP + @y p°. (7.135)

Takum 00pa3oMm, MOJTy4YeHA CHUCTEMa M3 YETHIPEX KBATEPHUOHHBIX TU(QepeHIINaTIbHBIX
ypaBHenuii (7.124), (7.125), (7.132), (7.133) oTHOCUTEIBHO HEU3BECTHBIX yol, Yol , YOP,
yop°. B 3TuX ypaBHEHMSAX HEOIpENeNeHHbIM OCTAE€TCs KBATEPHHOH JIOTOJHUTEIbHBIX
KpUBH3H yK. B 3aBucumMocTu OT TOro, kakas (opmyna OyneT MCIOIb30BaHA ISl €ro
orpeneneHus, Oy1eM IMoTydaTh pa3IHyHble CHCTEMBI Pa3peIIaloNInX YPaBHEHUI.

B cootBercTBUMM € mpouenypoi npuHiuna MakcuMmyMma lIoHTpsArmHa Haiinem 3Ha4eHHE
IJIaBHOI'O KBaTepHHOHa JegopManuil yKk U3 YCIOBUS MakCUMyMa raMHibTOHUaHa H.
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HOCKOHBKy HUKaKHUC OTpaHUYCHHUA Ha 3TOT KBATCPHHWOH HEC HAKJIAAbIBAIOTCS, B Ka4CCTBC
yCJIOBI/II\/JI MaKCUMyMa IMPpUHHUMACM H€06XOI[I/IMO€ YCJIIOBUC — CTAllMOHAPHOCTb T'aMUJIbTOHH-
aHa:

oH _ ~D- K+ vol ovoP Fyvol °vP _ (7.136)
OyK 2
" JOCTATOYHOC YCJIOBUC — OTpULATCIIbHAA OIIPCACIICHHOCTh MaTPUIIbL I'ecce:
2
H
a—z—D-SIH i,j=12,3. (7.137)
oK, - Ok, N

3necs 6;; — cumBon Kponekepa.

HOCKOHBKy J)KECTKOCTh D — BeIUYMHA MOJIOKUTCIIbHAA, a MNEpCa HCIO CTOUT MHHYC,
YCJIIOBHA MAaKCUMYyMa BBIIIOJTHAKOTCA.

[TosrToMy HaxomuM 3HAYCHUS] KPUBU3H yK U3 paBeHCTBA (7.136):

K= “’E"Yﬂpzo +DY°EO°YOP . (7.138)

3aMeTuM, 4TO OMKBAaTEpHUOH M sBIsieTCS HOPMHUPOBAHHBIM, Kak JIIOOOWH OWKBAaTEpPHHUOH
npeoOpa3oBanusi koopauHat. [loatromy Bmecto (opmyiner (7.138) MOXHO TPUMEHSTH
SKBUBAJICHTHYIO €l (opMyITy:

1 xRyt oyl © yoP . (7.139)
2-D

vyK =yt

OcHoBaHUEM JIJIs HamUCaHUs dTOU (I)OpMYJ'ILI SABJIIFOTCA CJICAYIOIINUEC PABCHCTBA:

M=p+o-p% M=pi+o-0% M ' =p ' +@-p opopn™ (7.140)

U TOT (paKT, 9T0 OMKBATEPHUOH, OOPATHBII HOPMHUPOBAHHOMY, PABEH CONPSKCHHOMY .

Takum o6pazom, dopmynsr (7.138) u (7.139) ciyxar OCHOBOW ISl MONYYCHHS JIBYX
cucteM nupdepeHIATBHBIX ypaBHEHHN. [10 3 TOMY MyTH MOXHO MOWTH Jajbllie, IPUHSB
BO BHHMMaHHe, YTO paccMmarpuBaeMas cucremMa Iup(epeHIHaTbHBIX YpPaBHEHUH HMEeT
OMKBATEPHUOHHBIH MEPBBIN HHTETPAT:

<C=A0o  Po ,M'o AO". (7.141)

OT10 o3HayaeT, uTto no ¢opmyne (7.141) na 6aze xkBarepuuonoB A0, P, M, kaxnprii u3
KOTOPBIX sIBNIsieTCS (DyHKLMEH TyroBOW KOOpAWHATHI §, Moixydaercs OukBatepHuon C, or
IYyTOBOW KOOpJUHATHI HE 3aBUCALIMI. B 3TOM MOXHO yOeaUThCsI, BBIYMCIIAS TPOU3BOIHYIO

0 § OT MpaBoit yactu ¢opmynsl (7.141):
(xAOoy,Po, Mo, A0 )=, A0 oy, Po, ;M o, A0+  AOo  P'o, , M o, A0 — (7.142)
—AOo Po, , Mo, Mo, Mo A" —  AOo, Po, , Mo, AO'o AD'0, AO™.

[Toacramnsst croga BBIpaKEHUs IS MPOM3BOAHBIX M3 dopmyn (7.72), (7.122), (7.134),
mociie mpeodpazoBaHuil MPUIEM K BBIBOJIY O TOM, UTO
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<C'=(xA0o, Po Mo AO)=0. (7.143)

Takum o6pazom, OukBarepHruoH C 1 BCe €r0 KOMITOHEHTHI SBJISIFOTCS KOHCTAHTAMH.

[epBoit maTerpan (7.141) mMO3BONAET HCKIIOYUATH W3 CHCTEMBI TU(QepeHIHATHHBIX
ypaBHEHHI KOMIIOHEHTBI OJTHOTO U3 HEM3BECTHBIX OMKBAaTEPHUOHOB, B YaCTHOCTH, yoP. U3
(7.141) cnenyer:

vwbP = XAO_IOXCOXAO oyoM; P = X)"O_loxcox;‘oO volts

B B (7.144)
o= A0 "o (€% Moy m+yeo  M0%  p+ o Moy ue—  M0% A0 o  co MO oy, ).
[ToxncraBuB 3TOT pe3ynbTat B opmydy (7.139), momyuum:
K=y o A0 0 x€%x A0 oy Pty € oy M0%y ity € oy A0 Ovouo_x;“ooox;“o_loxc ox Moy, pt _
S b (7.145)
_ xMoyu®oy oy M) oyeo Ao volt

2-D

VYpasuenus (7.124), (7.125) coBmectHO ¢ Gopmymoii (7.145) ans BeIYUCICHUS yK COCTaB-
JSIOT TIOJHYIO cuctemMy nuddepeHIanbHbIX YPaBHEHUHN IS ONpeIeICHUs] KOMIIOHCHTOB

OWKBaTepHUOHA yoM, MIPEACTaBICHHBIX B cucTeMe KoopauHat Y0, CBsI3aHHOW C CeYeHUEM
MPOBOJIOKH B UCXOJTHOM COCTOSIHUH.

PaccmoTtpum ganee ciydaii, Korja UCKITIOYAeTCs U3 paCCMOTpPEHUsI OMKBAaTEpHUOH yoM. 13
bopmysl (7.141) cnenyer:
¥ -1 -1 -1 . —_ -1 .
yoM =yyM =y P70 y A0 0 (Co y AD;  y=y)p © xA0 " o yCoyR0;
—0o__ -1 -1 o -1 o
ol =yoP o(x M0 oy o MO+ A0 oy € o AO°— (7.146)
—Yop"owp_loX M)_loxc o M0 — A0 oy AO° oXM)_l oy € oy A0).
3/1eCch MCTOIB30BAaHO CBOMCTBO HOPMHUPOBAHHOTO OWKBAaTEPHUOHA, COCTOSIIECE B TOM, YTO
KBaTepHUOH, OOPATHBIN HOPMUPOBAHHOMY, PABEH COMPSHKCHHOMY ¢ HUM OMKBAaTEPHUOHY.
C ucnonb3oBanueMm ¢opmyn (7.138) u (7.146) mMoxkeM BbIpa3UTh KBATEPHHOH KPUBU3H
yepe3 KOMITIOHEHThI OMKBAaTEPHUOHA yoP:
x€ox M oyyP +x o A%y p +yCo A0 OYOPO_X)“OOOX)“OAOXC oxMoy,p _

b (7.147)
_ xMoyP°oy,p ox M oyco Mo vop‘

2-D

YK:Y()piloxM)ilo

Vpauenus (7.132) u (7.133) coBmectHOo ¢ (opmynoii (7.147) COCTaBISIFOT IOJHYIO
cucteMy Tu(GepeHIMaTbHBIX YPABHECHHUI JJIs1 ONPEICIICHUS] KOMIIOHEHTOB OMKBAaTEPHHO-
Ha Y()P, MNpEaACTaBJICHHBIX B CHCTCME KOOpAWHAT, CBSI3AHHOUI C CeYeHHEM ITPOBOJIOKH B
HCXOJIHOM COCTOSIHUH.

B pesynbrare pemeHust cucteM auddepeHInaNbHbIX ypaBHEHHN OYIyT IMOJYYCHBI IBE
oukBaTepHUOHHBIE GYHKINU yoM U yoP. C momonipio GpyHKIMN yoM MOKHO BBIYHCITHTH
BOXHYIO0 (PYHKITHIO XA, onpenenstonyto 1e(opMUPOBAHHOE COCTOSTHUE TIPOBOJIOKH:
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A= A0o, ;M. (7.148)
Ota ¢yHKHs OyAeT MoylydeHa B HEMOJABMXKHOM cucteme koopauHar. C ee MOMOIIBIO
OMKBAaTEpPHUOH UCTUHHBIX SHUJIEPOBHIX MEPEMEIICHUNA OnpeaeseTcss PopMyIIoun:

<¥Y=2-Ln A. (7.149)

Och MPOBOJIOKU B HETIOABM)KHON CHCTEME KOOPAMHAT OMPEACIISIETCS PaainyCcoM-BEKTOPOM
xI' Uepe3 KBaTepHUOHHBIC KOMITOHEHTHI OMKBaTepHUOHA XA

=2 Ao A (7.150)

CunoBasi 4acTh 3aJa4yd pemraercs cieayrommm odpasoMm. B pasmene 7.9 mokaszaHo, 4To
BHYTPEHHUE YCHWIHS B CEUEHHMSIX MPOBOJIOKH, MPEICTABICHHBIE B HEMOJBUXKHON CUCTEME
koopauHat xU, HE 3aBUCAT OT AYroBOM KOOPAHMHATHI U SABJISIOTCA KOHCTaHTaMu. EcTb
OCHOBaHHS MPE/IIOJIOKUTE, YTO OHU CBS3aHBI C KOHCTaHTaMU 3ana4u (7.141) cinemyromeit
bopmyoii:

U=2xC. (7.151)

Jlist mepexoga K MECTHOM CUCTEME KOOPJIMHAT HaJI0 BOCTIONB30BaThes (hopmyloit (7.60). B
pe3yJibTare MoJIy4YuM:

1 - 1 _ . -
YU=E'XA l°xC°XA=§'XA ]OXAOOYOPOYOM 1"XAO ]OXA' (7.152)
[ToxcraBnss croga Beipaskenue s xA u3 dopmynsl (7.148), momydnm:
1 -
YU:E- WMo P, (7.153)

B mpaBUIBHOCTH MOJIYYEHHBIX PE3yJIBTATOB yOexkmaaeMcs, Mmoyb3ysich Gpopmynamu (7.69),
(7.153) u (7.138). Takum oOpa3oM, CHIOBOM BHUHT CHUCTEMBI omperensercs (opMyoi
(7.151), a BHyTpeHHHUE YCUJIUSI B TIPOBOJIOKE B MECTHOM CHCTEME KOOPAMHAT — (PopMysion
(7.153).

7.17. llpuauun makcumyMma [oHTpsirMHAa 1718 COOCTBEHHOr0 OMKBATEPHHUOHA

s onpeneneHust (POPMBI TTPOBOJIOKHA B JAC(POPMUPOBAHHOM COCTOSHUM YJIOOHO IMOJIB30-
BaThCsl COOCTBCHHBIM OHMKBAaTEPHHOHOM A, MPEICTABICHHBIM B HEMOJBH)KHOW CHCTEME
koopauHat X. B mpenbimymiem paszziene 3TOT OMKBATEPHUOH MBI OBUIM BBIHYKICHBI
BBIYUCIIATH uepe3 OukBaTepHHOHBI M u A0 o ¢opmyse (7.148). [TonbsiTaemMcsi cOCTaBUTH
cucreMy nupHepeHIInaIbHBIX YPaBHEHH, B KOTOPOM B Ka4eCTBE OCHOBHOTO HEM3BECTHO-
T'O HCIOJIb3YeTCsl MCKOMBI OnkBarepHUoH A. [lpuHnmn makcumyma [ToHTpsATHHA MO3BO-
JISIET ATO clienaTh 0€3 0COOBIX 3aTpyAHCHUH.

Wtak, mepeMEHHBIMH COCTOSHUSI B pelIaeMoi 3amade OyJeM CuUuTaTh KOMITOHEHTBI
OoukBaTepHHOHA XA = xA + ®@- xA°, sBHstoUMecs QYHKIUIMU TyTOBOW KOOPAMHATHI S H
YAOBIIETBOPSIONINE OUKBAaTCpHUOHHOMY U depeHransHoMy ypaBaenuto (7.47):
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, K +,,Q0
<A :XAo%. (7.154)
Ecnu pacnincars 3T0 ypaBHEHME MOKBATEPHUOHHO, UMESI B BUAY, YTO
A=A+ A% (K= k+wk% Q0 =,,00+w,,00°, (7.155)
HOJTy4UM CUCTEMY U3 JIByX KBATEPHUOHHBIX AU (PEPEeHINAIBHBIX YPABHEHHA:
, K+, 0
KM =g hoXt—H— 2“' ; (7.156)
, K°+ ,00° o yK+ y,00
N :X)\,o%—{—x o%. (7.157)

CoOnronast 9TH ypaBHEHUsI, TPpeOyeTCsl HAWTH YHCTO BEKTOPHBIN YIIPABISIONINN KBATEPHH-
OH yK, TAaKOH YTO YJJOBJIETBOPSIIOTCS KPACBBIC YCIOBHUS ISl KBATCPHHOHHBIX (PYHKIMN xA 1
XA°, a IOTEHIMANLHASL YPHEPTHsI OTPE3Ka MPOBOJIOKHU JITUHOM S'

N

2 2 2 S —
M=p. [YSSB TS s D [scal| Y5 | ds (7.158)
0 2 0 2

MNPUHHUMACT MUHUMAJIbHOC 3HAYCHUC.

BBenem B paccMoTpeHHE KBaTEpPHHUOHBI: x(° — COMPSDIKCHHBI ¢ KBAaTEPHHOHOM xA, xq —
COTIPSDKEHHBIN ¢ KBATEPHUOHOM xA°, ¥ 3alIUIIEM BhIpakeHue i GyHKIMK [ aMuibToHa:

H=—D-scal(%)+ scal(xqooxko%‘“’mojvL
(7.159)

o] [e]
K+, 00

+scal[xﬁ oy ho X +yxqoyx oo

[Tonb3ysace ¢ynkuueit [Namunprona, 3amumem auddepeHInanbHble YpaBHEHUS IS
CONPSIKEHHBIX KBATEPHUOHOB:

OH YE+Y0(X)0
,:— = — o 7160
x4 L N 5 (7.160)
, oH K +y, @0 K+, @00°
of T - oo X~ YO gqoX— YO | 7.161
x4 PR (xq ) x4q > ( )

[TockonbKy KBaTepHUOHHI vK, yo®0, yK U yo®0 SBISIOTCS YUCTO BEKTOPHBIMHU, OTEPAIUI
WX CONpPSDKCHUS SKBUBAJICHTHA TNEPEMEHE 3HAaKa KBaTepHHOHA Ha obOpaTHbId. C ydeTom
storo ypaBHenus (7.160) u (7.161) MoxkHO mepenucaTh Tak:

i ° YK—+_Y0(’O0 .

4 =xq 5 (7.162)

b
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(o) o)
LK+ 00 N qOOYK+Y00)0
2 X 2

qu’ =xq

(7.163)

MO’HO 3aMETUTh, YTO 3TA CUCTEMA U3 JIByX KBAaTEpPHUOHHBIX YPAaBHEHUH SKBUBAJIECHTHA
OJTHOMY OMKBaTE€pHUOHHOMY YPaBHEHHIO:

K+,,Q0
x Q' =xQor—7— 2“’ , (7.164)

eciy 0003HAYNTh:
xQ=xq+@-«q°. (7.165)

3anuiieM Tenepb CBOAHYIO CUCTEMY M3 UeThIpex IuddepeHInaNbHbIX YPaBHEHHH:

XM= x?vo—YHz“’mO; XN = xko—“’(;o +x%°°—YK+2“’m0; (7.166)
' K +,,00 of ®0° ° K +,,00
x4 =xq°%; x4 ZXqO“’T+Xq % (7.167)

B »T0i1 cucteme noka octaeTcs HEONpPeASICHHBIM JIMIIb KBATEPHUOH KPUBU3H yK. Halinem
€ro U3 yCJIOBUS MaKCHMMyMa raMuibToHHaHa H. B kadecTBe ycnoBHil MakcuMyMa MPUHU-

MacM H€06XOIII/IMO€ YCJIOBUE — €T0 CTAIMOHAPHOCTD IMPU U3MCHCHUAX KOMIIOHCHTOB yK:

H __p. e xhox@ M e0na (7.168)
OyK 2
U JOCTATOUHOE yCJIOBHE — OTPHULATENLHAS OPEIeIEHHOCTh MaTpuLbl [ecce:
2
_ O _ poij=123. (7.169)
OyK;-OyK; k

3necs 0, — cumBon Kponekepa.

HOCKOHBKy JKECTKOCTh D — BeIuuyuHa MMOJIOKUTCIJIbHAsA, a IMEped HCI CTOUT MHHYC,
YCJIIOBHA MAaKCUMYyMa BbIIIOJIHAKOTCA.

[TosToMy HaxonuM 3HAYCHUS] KPUBU3H yK U3 paBeHCTBa (7.168):

= xPox@F Mg (7.170)
2D

Cucrema (7.166), (7.167) mpuoOpeTeT OKOHYATENbHBIM BUI, €CIH B HEE IMOACTABHUTH
BBIpaXEeHUS I yK 13 hopmyisl (7.170).

HerpynHo npoBepuTh, 4To crcreMa OMKBAaTEPHHOHHBIX Au(depeHInanbHbIX ypaBHEHUH
(7.154), (7.164) umeeT nepBbIil HUHTETPa, BEIpAXKaeMblid (HOPMYITOM:

xC=xQoyA™, (7.171)

rae xC — Mpou3BOJILHBIN MOCTOSHHBIN OMKBAaTEPHUOH.



252 7. MEXAHUKA YIIPYT O [IPOBOJIOKH

[IpoBepka nmoka3bpIBaeT:

(xQoxA™) =Q'o y A" = Qo(yA o Aoy AT) =

1

1 o (7.172)
:E'XQO(YK"‘ YOQO) ox A _E

) xQoxAi1 oxAo( K+ YOQO) O)(Ai1 =0;

a, 3HaunT, xC — KOHCTaHTA.

bukBarepanon xQ mpencrasisier co0oif 0000IIEHHOE yCHIIHE, COOTBETCTBYIOIIEEe 0000-
mieHHOMY TmepeMerieHuto xA. IIpy momommu HEro MOXHO BBIYMCIMTH OWKBATEPHUOH
BHYTpeHHUX ycunui U B HENOABUKHOU CHCTEME KOOpAUHAT X:

1
XUZE'X

Y B MOJIBMKHOM cucTteMe KoopauHaT Y(s), CBI3aHHOM C CEYEHUEM S:

1
yU=2-xA 'o4Q. (7.174)

Qo A™ (7.173)

HemnocpencTBeHHOM TPOBEPKO MOKHO YOSAUTHCS B TOM, UTO ycuins xU B HEMOABUKHOM
cucreMe kKoopauHat v ycuius yU B NMOABMKHOW CUCTEME KOOPAMHAT, BHIYUCIICHHBIE IO
dbopmyne (7.174), cBszanbl 3aBucuMocThbio (7.60). Kpome 3TOro, MOMEHTHas 4acTh
BHYTPEHHUX YCUJIU:

Aoy q°+ (A%o
Yuo — X xq X Xq (7175)
2
yAOBIETBOpsEeT (u3nueckoMy ypaBHeHHIO (7.69). DTO MOKa3bIBaeT CHPaBEIIHMBOCTH
dbopmynsl (7.174). bukBatepHuoH-koHCTaHTa xC OKa3ajicsi paBHbIM yABOCHHOMY OHMKBa-

TEPHUOHY YCHJIUH, IIPEICTAaBICHHOMY B HEMOABMXKHON cucrteMe koopauHaT xU, He3aBH-
CHUMOCTb KOTOPOT'O OT 1yrOBOM KOOPAMHATHI JoKa3aHa B paszzaene 7.9.

[lepsbiit muTerpan (7.171) mo3BojsieT HMCKIIOYUTH W3 CHCTEMbl YpPaBHEHHM OIMH W3
OMKBaTEpHUOHOB, 100 xA, Mu60 xQ. Eciu paBenctso (7.171) pazpemiuts OTHOCUTENHHO

xQ:
xQ=xCoxA; yq=yeoxh; (q°=xCoxAh+ %04k, (7.176)
TO KBaTEPHUOH KPUBH3H yK MOYKHO OyJIET BBIPa3UTh (OPMYJIOi:

‘o < AoyCo A%+ (Ao o b+ (Ao co (A (7.177)
Y 2-D '

[ToncraBuB 3T0 BhIpakeHHE B ypaBHeHUS (7.166), momyduuM cucrteMy U3 JABYX KBaTEpHU-
OHHBIX U (hepeHIUATBHBIX YPABHEHUI OTHOCUTEIBHO MEPEMEHHBIX XA U xA.°.

Teneps npencraBum paBeHCTBO (7.171) Takum oOpazom:
xl_\ :xA_1 :xQ_loxC; xK = xq_loxq XKO :xq_lo(xco —xq°° xq_lo x©) - (7.178)

B sTOM ciyyae KBaTepHUOH KPUBU3H yK BhIpaXkaeTcs (OpMyJIou:
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e R R (7.179)

vK=x
YyuteiBas TO, YTO OMKBATEPHHOH xA SBIAETCS HOPMHUPOBAHHBIM, BbIpakeHue (7.177)

MO>KHO TpeACcTaBUTh U B hopme (7.179):

€O A+ (€0 A= ACo A o Co A
(e} .
2-D

_ -1
K= A

(7.180)

Y

Torma BuI pa3pemiaroIuX ypaBHCHHUH JUIsI IEPEMEHHBIX xA, xA°W MEPEeMEHHBIX x(, xq°
OyIIeT COBEPIICHHO UJCHTHYHBIM.

Cnenyer OoTMETHTb, YTO OCHOBHBbIE HEM3BECTHbIE xA U x(Q MPUBOAAT K HECIOXKHBIM U
OJIHOTHUITHBIM 3aBUCHUMOCTSAM. DOpMa MPOBOJIOKHU B 3TOM CIIydae ONPEAEISIETCS HEOCPE-
CTBEHHO OMKBAaTepHHUOHHOW (QyHKIMel xA. BUKBaTEpHHOH HCTUHHBIX JIJIEPOBBIX IMepe-
MeIIeHHH onpeensercs GopMynou:

P(s)=2-Ln[ (A(s)]. (7.181)

KoopauHatel ocH TPOBOJIOKH MOYKHO BBIUMCIIHTH, KaK M B MPEABIAYIIEM pa3zelie, MoJb3y-
sacb popmynont (7.150). CumoBoit BUHT cucTeMbl ompenensercs ¢opmynoi (7.173).
BHyTpeHHUE yculiMs B MPOBOJIOKE, MPEJCTABICHHBIE B MECTHOW CHCTEME KOOpP/MHAT,
MOYHO BBIYUCIUTH 0 popmyiie (7.174).

7.18. Ilpununn makcumyma [loHTpSIrMHA 1019 APYTrUX KBATEPHHOHOB

buxBatepHronHas ¢yHKius A(s) XOpoOUIO OMUCHIBaeT (PopMy H3O0THYTOH MPOBOJOKH U
ynoOHa JIjsi MareMaTH4deckux mpeoOpa3oBaHuil. OIHAKO, ISl 3PUTEIBHOTO BOCTIPUSTHS
pe3yJabTaTOB pacyeToB Jydlle paboTaTh C MEPEMEHHBIMM, KOTOpPbIE OMMCBHIBAIOT OCh
IIPOBOJIOKU. Posb Takol NepeMEHHOM C yCIIEXOM BBIIIOJIHAET KBAaTEPHUOH I(s), COJEpKa-
IMA KOOPAMHATHI IEHTpAa CEYEHUs C JyroBoll KoopauHatoh s. OpHEHTAlUI0 ATOro
CeueHMs] B MPOCTPAHCTBE Ompeaessier KBaTepHHOH A(s). COCTaBUTH COOTBETCTBYIOIIYIO
cucreMy TuQQepeHINaIbHbIX ypaBHEHHH MOMOXKET NPUHIMI MakcuMyma [loHTpsiruHa.
I'eomeTprueckue ypaBHEHHs Ul 3TOro Habopa epeMeHHbIX MOJyUYeHbI B pa3zaene 7.7:

+., ™0
AR PR L Z“’m ; (7.182)
(P = ho 4, 00%0 A7 (7.183)

3nech u ganee OyneM OIyCKaTh CUMBOI (s), 0003HAYAOMUK (YHKIIMOHAIBHYIO 3aBUCH-
MOCTh OT JYyTrOBOW KOOPAMHATHL. B COOTBETCTBUU C MPUHIMIIOM MakcumyMma [loHTpsTruHA
MpU COOJIFOICHUM ATHUX YPAaBHEHHH TpeOyeTcs HAWTH YHCTO BEKTOPHBIA YMPABIISIOIIHMA
KBaTepHUOH yK, TaKOW YTO YJOBIETBOPSIOTCS KpaeBble YCIOBHS ISl KBaTEPHHOHHBIX
GYHKIUH XA ¥ XT, 2 TOTCHIHAIbHAS SHEPTHUS OTPE3Ka MPOBOJIOKH JITTUHON S'

K

S
H=D~£Y :

2 2 S, K
TyvK Tt yvKs ~dS:D-Iscal[YK—2YKj'dS (7.184)
0
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MMPUHUMACT MUHUMAJIBHOC 3HAYCHUC.

BBeneM B pacCMOTpEHHE CONPSIKCHHBIE KBATEPHUOHBL: KBATCPHUOHBI: XM — CONPSKCHHBIN
C KBaTEPHUOHOM xA, XP — CONPSKCHHBINA ¢ KBATEPHUOHOM X, M TIOCTPOUM C UX MTOMOIIIBIO
BbIpakeHue Uit QyHKIn ['aMunpToHa:

= 0
H:—D-scal(¥j+ scal(xﬁloxk OW—TY‘)(D)JFSC@.I(XI_) oy Ao 4, ®0° oxk_l) . (7.185)

[Tonp3ysice dynkmueit ['amunbroHa u  dopmynamu auddepeHIUPOBaHUS CKAISPHBIX
¢ynkuuit kBarepuuona (2.113) u (2.116), 3anumem auddepeHnuanbuble ypaBHEHUS IS

CONPSAXKECHHBIX KBATCPHHUOHOB!
, oH K+, 00 o - o Ao
ENY _xm°%+(xp°x;‘oyom0 oxh = g Aoy @0°0 Ao p)oy; (7.186)

X

,_ _OH _
xP Oxr

0. (7.187)
[Tpu BBIBOZIE 3THX 3aBUCUMOCTEN OBUIM MCTOIBb30BaHbl CBOMCTBA HOPMUPOBAHHBIX U YHCTO
BEKTOPHBIX KBATEPHUOHOB, YYaCTBYIOIINX B MPE0Opa3oBaHUAX: 00palieHrne HOPMUPOBAH-
HOIO KBaTE€PHUOHA 3KBUBAJIEHTHO €r0 COIPSDKEHHIO, COINpPSDKEHHE YHCTO BEKTOPHOTO
KBaTEpHUOHA SKBUBAJIEHTHO [IEPEMEHE €r0 3HaKa Ha MPOTUBOIMOIOKHBIM.

3HaucHUE KBAaTCPHMOHA KPUBHU3H HaﬁI[eM 13 yCJI0BUA CTAIMOHAPHOCTH 'aMUJIbTOHHAHA!

doym
k=X—3%X— 7.188
yr=2T (7.188)
[Toncrapnsist 3T0 3HaUeHUe B quddepenuansapie ypaaenus (7.182) u (7.186), mpugem k
cucteme nuddepennmanbabix ypasHenuit (7.182), (7.183), (7.186), (7.187) ans onpenerne-

HUS Y€ThIPEX HEU3BECTHBIX KBATCPHUOHHBIX (DYHKIHIA xA, xI', xM U XP.

MoxHO mnpoBepuTh, uyTO cuctema auddepenunansubix ypaBHenuit (7.182), (7.183),
(7.186), (7.187) numeeT nBa KBAaTEPHUOHHBIX MIEPBHIX UHTETpAJIA:

o

xC=xP;  x€°= Moy k" + royp— poyr. (7.189)

WctuaHOCTS MIEpBOTO paBeHCTBA oueBUaHA. B cuimy (7.187) KOMIIOHEHTHI KBaTEPHUOHA XP
— KOHCTaHTHI. J[J11 MpOBEpKU UCTUHHOCTU BTOPOTO paBEHCTBA mpoAauddepeHnupyemM xc° u
MOKa)KE€M, YTO MPOU3BOJIHASI 3TOM BEJIIMYMHBI IO MEPEMEHHON § paBHA HYJIEBOMY KBaTep-
HUOHY:

of__ i -1 -1 ' -1 ' ' ' r_
x€=xm o A+ ymog A o Aoy AT+ roypHyroyp — (pPloyr— poyr =

K+ (00 _ o - o -
=,m o%o <A Ty xPoxhoy,m0°0 A - x Moy, ®0°oy A 1Oxp"' (7.190)

K +,,00

-1 Y -1 -1 -1 _
+xMmo A o Ao oy A HxAoy, @0°0 Aoy p—yPoyho,,@0°0 A =o0.
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Takum obOpazom, paBeHcTBa (7.189) neHCTBUTENBHO SIBISIIOTCS TEPBBIMH HWHTETPAIAMH.
[lepBble WHTErpaigbl MO3BOJSAIOT TOHHU3UTH MOPSAOK CUCTEMbI TU(epeHINaTbHBIX
ypaBHeHuid. VI3 paBeHCTB (7.189) MOKHO BBIUUCIUTE xM:

M =(4€°— royCc+ Coyr)o . (7.191)
[ToncraBuB 310 3HaueHue B popmyiry (7.188), momyunm

JK= xho(xe _xroxc"'xcoxr)ox;"’ (7.192)
2-D

BBIPQ)KEHHOE TOJIBKO Yepe3 MEPEeMEHHbIE xA U xI' ¥ IPOU3BOJIbHBIC TIOCTOSHHBIE XC U xC°,
YTO JaeT BO3MOXXHOCTh PEIIaTh CUCTEMY, COCTOSIIYIO TOJBKO M3 JBYX IU(epeHIrab-
HBIX ypaBHeHui (7.182) u (7.183).

Jlanee paccMoTpuM (hOpMyJIbI ISl OTIPE/ICIICHUSI BHYTPEHHUX YCHIIMA B AehopMUpOBaH-
HOM MPOBOJIOKE. DTU (HOPMYJIBI TAKOBBI:

-1

U=p; o= szx% #2P P, (7.193)
.

Ju= Ao poyhs YuozxxTxm. (7.194)

JInsi IpOBEPKH WX TPABWIBHOCTH TIOJE3HO BBIHCATH B MPHUHATBHIX 371€Ch MEPEMEHHBIX
COOCTBEHHBIH OMKBaTepHUOH xA M OukBarepHHOHbI ycunuid B obmeit xU u mectHol yU
cucTeMax KOOpJIMHAT:

ro

(A :Xmm-"Txk; A= g X X (7.195)

-1

mo, A" ro p—ypoyr - b _oxm
X X +X xP — xP°x : YU:X;" loxpox)\,ﬁ-ﬁj-%. (7196)

2 2

xU=p+o-

HenocpencrBeHHOM TpOBEpKOl MOKHO YOEAWTHCS B TOM, YTO YCHJIUS B IPOBOJIOKE
npeoOpasyrorcs o hopmyiie:

xU= Ao Uo A, (7.197)

a MOMEHTHAas TPYIINa YCUJIUH B MECTHOW CHCTEME KOOPJWHAT yU° KOPPECIOHAUPYETCS C
dhopmyoit (7.188). D10 cBHAETENHCTBYET O MpaBHIIbHOCTH hopmyi (7.193) u (7.194).

B mnnane wucronkoBaHMs pe3yJibTaTOB pacueTa 3Ta CHUCTEMa IEPEMEHHBIX SBISETCS
nocratouyHo ynoOHo#. LleHTp cedyeHwst ¢ AyroBod KOOpAWHATOW s B OOIIEH cucTeMe
KOOpJMHAT OIpeNeNsieTcs] paiuycoM-BEKTOPOM xI(s), a €ro OpUEHTAIUsl B MPOCTPAHCTBE
COOCTBEHHBIM KBaTEPHUOHOM xA(s). BMecTO xA(s) MOKHO HCIIONIB30BATh

xW(s)=2-Ln[(Ms)]. (7.198)
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DTO YHCTO BEKTOPHBIH O€3pa3MepHBbI KBAaTEPHUOH, BEKTOP KOTOPOTO OIpPEACISIeT
HaIIpaBJICHUE OCH, BOKPYI KOTOPOM HAJ0 MOBEPHYTH HEMOABUKHYI CUCTEMY KOOPAMHAT,
YTOOBl OHA TOJY4YWJIa OPHEHTALMI0O CHCTEMbl KOOPAMHAT PAacCMaTpUBAEMOr0 CEYEHUS.
YroJi1, Ha KOTOPBIM HAJ0 MOBEPHYTH HENOJBUKHYIO CUCTEMY, PABEH JJIMHE 3TOr0 BEKTOPA.
WNupiMu cioBaMu, xy(s) — BEKTOp HCTUHHOIO 3iIepoBa MOBOPOTA.

VYeunus B cucTeMe KOOpPIMHAT, CBSI3aHHOW C cedyeHueM, gatorcs gopmynamu (7.194),
OpUYeM KBAaTEPHUOH vyu(s) MPEICTaBISET MONEpPEeYHble CUIbl U MPOAOJIBHYIO CHILY,
KBaTepHUOH yu°(s) — U3rubarouiyie MOMEHTHI U KpyTsuid MoMeHT. O0a KBaTepHHOHA —
YHCTO BEKTOPHBIE.

CurnoBoit BUHT cucteMbl xU CBsSI3aH C OCHOBHBIMHU ITepeMeHHbIMU (hopmyiiamu (7.193).

7.19. O0bIuYHBbIE KPaeBble YCJI0BUSA

B npenpiaymmx pasaenax ObUT OCYIIECTBICH MPAKTUKYM 10 COCTAaBICHHIO TU(depeHIu-
aNbHBIX YPAaBHEHMH, ONMCHIBAIOIINX TTOBEICHHE OTPE3Ka YIPYTOi MPOBOJIOKHU, HArpy>KeH-
HOW TOJNBKO Ha KOHIIAX. B KauecTBe OCHOBHBIX HEHM3BECTHBIX BBICTYIMAIM JBa THIA
OMKBAaTEpPHHOHOB: TEOMETPHYECKHE U CHWIOBBIE. 13 TeoMeTpH4ecKnx HEH3BECTHBIX
ONpoOOBaHbl: COOCTBEHHBIN OMKBATEPHHOH MepeMenieHnid yoM, cCOOCTBEHHBINH OMKBaTep-
HUOH Je(QOpPMHUPOBAHHOTO COCTOSIHMS x/A W Tapa KBaTePHHOHOB: xA — KBAaTEPHHUOH
OpPHEHTALlMN U xI — KBaTEPHHOH PaJyca-BEeKTOpa IIeHTpa cedeHus. Boibop reomerpuue-
CKUX HEW3BECTHBIX MPEeAONpeessul BHIOOp cuioBbiX. CHUIOBbIE HEM3BECTHBIE, Oiaromaps
NPUMEHEHHIO IpUHINIA MakcuMyMa [IoHTpsTiHA, Beerja Moayvaiuch CONPSDKEHHBIMU C
reOMETPHUECKUMH.

bukBarepHnon o0mero Buaa HWHPOPMAIMOHHO SKBHUBAJCHTEH BOCHMM BEILECTBEHHBIM
HepeMeHHBIM, a KBATEPHUOH — YeThlpeM. B 3Toii ke 3amaue GpuUrypupyroT JUIIb YacTHBIC
BUbl OMKBATEPHUOHOB M KBATEPHHOHOB. JHOO YHCTO BHMHTOBBIC (BEKTOpPHBIE), JHOO
HOpPMHUpOBaHHBIE. Takue OMKBAaTEPHHOHBI SKBHBAJCHTHHI IIECTH BEIIECTBEHHBIM Iepe-
MEHHBIM, & KBaTepHUOHBI — TpeM. [1o3ToMy HaOOp MPOU3BOIBHBIX MOCTOSHHBIX B 0OIIEM
penieHnn cucTteMbl audepeHInanbHbBIX YPaBHEHHH SKBHBAJICHTCH IBEHAALATH BeIlle-
CTBEHHBIM MEPEMEHHBIM, YTO COOTBETCTBYET (PM3UUECKOMY CMBICTY 3aaauu. Takoe 4ucio
KPaeBBIX YCIIOBHH TpeOyeTcs 3a/1aTh, YTOOBI OJJHO3HAYHO OIPEICTIUTh MOJI0KEHHE OTPEe3Ka
IIPOBOJIOKH B TPEXMEPHOM IPOCTPAHCTBE.

Krnaccudeckoil siBisieTcsl 3ajaua pacdyera OTpe3Ka MPOBOJOKH, KOHIIBI KOTOPOTO HETo-
JIBUKHO 3aKperuieHbl. B MpUBBIYHBIX HaM MEPEMEHHBIX 3TO O3HAYaeT, 4TO 3aJaHbl JBa
YUCTO BUHTOBBIX 6I/IKBaT€pHI/IOHa HUCTUHHBIX BﬁﬂepOBbIX HGpCMCIJ.IGHHfI JJIs1 Ha4aJIbHOI'O U
koHeuHoro cedeHuil mpoBoioku: x¥(0) m xW(S). Kaxnpiii u3 HUX HMEET HYJEBYIO
IyalbHYI0 4acTh M COJIEPKaTeIbHYI0 BUHTOBYIO YaCTh, OMPEACIAEMYIO IECThIO YUCIAMHU.
Bcero nHamo 3amate 12 uwmcen. Ilo sToli mHOpManmuu HamO ONPENENHTh HAYAIBLHOE H
KOHEYHOE 3HAYeHHs OWKBATEPHUOHOB WM KBATEPHHOHOB, SBISIOIIMXCS OCHOBHBIMHU
HEM3BECTHBIMU B 3amade. B pasmene 7.17 B kadecTBE OCHOBHOTO T'€OMETPUUYECKOTO
HEU3BECTHOTO BHICTYMaeT COOCTBEHHBIH OMKBaTepHHOH xA. B 3TOM ciiydyae HayanbHOE U
KOHCYHOC 3HAYCHUA OCHOBHOT'O HEM3BECTHOT'O BBIYUCIAKOTCA 10 (bopMynaM:

«A0)=expX (O), (A(S) =expX—— ( ) (7.199)
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bukBaTepHUOH xA yXe HE SBIIICTCSA YACTO BUHTOBBIM, OJIHAKO OH SIBJISICTCS HOPMHUPOBAH-
HBIM, U 3TO CBOMCTBO MOSIBIISICTCS Y HETO aBTOMATUYECKU MPH BBIYUCICHUH 110 (OopMyJiam
(7.199).

Jns pazgena 7.16, rme B KadecTBE OCHOBHOTO HEW3BECTHOTO TPUHAT OWKBATEPHHOH
nepeMeneHui yoM(s), Oy IyT cripaBeaAanBbl GOpMyIIbL:

o MO) = A0 @ 0exp 2 M($) = A0 (S)oexp 320 (7,200

B paznene 7.18 B kauecTBe OCHOBHBIX HEM3BECTHBIX MPHUHSITHI KBATEPHUOHBI XA U xI. OHH
JIETKO BBIpaKaroTcs depe3 xA = xA + @-xA°. KBaTepHHOH xA SBJISCTCS €ro OCHOBHBIM
KOMIIOHEHTOM, a KBaTePHUOH xI' BBIYHCISAETCA MO (hopMyJIe:

(1(0)=2-02(0) 0,17 (0); (r(S) =2, 2°(8) o,k (S). (7.201)

KBarepHuoH xr — uncro BekropHslid. @opmyisl (7.201) obecneunBaror 310.

[Tonoxenue cedyeHus MPOBOJOKH B MPOCTPAHCTBE YAOOHO 3agaBaTh HE IPHU IMOMOLIU
oukBarepHroHa x¥(s), a Mpu MOMOIIM JBYX YHCTO BEKTOPHBIX KBATEPHUOHOB: xW(s) —
KBaTEpHUOHA UCTUHHOTO 3IJIepoBa OBOPOTA JUIsl 3aJaHUSI OPUEHTALMN CEYEHUS U xI(s) —
KBAaTEPHUOHA paJinyca-BEeKTOpa LIEHTPa CeYEHUs AJIs 3aJJaHUs €ro MOJO0XKEeHUs B IPOCTpaH-
crBe. Ilepexoa OoT 3TUX KBaTEpHUOHOB K OWKBATEPHUOHY xA(S) JIETKO BBIMOIHIETCS IO
dbopmynam:

)\’(S) exp X‘I’( )’ X)\’o(s) — XT(S);X)\(S) .

(7.202)
Mpbl paccMOTpenu NpuUMep C TeOMETPHUUYECKUMH KpaeBbIMU YCIOBUSMHU. PaccMoTpum
Teneph CTaTUYECKOe KpaeBoe yclioBHe. EcTecTBeH citydaid, Korja Harpyska oOmmiero Buia
NPUJIOKEHAa K KOHIIEBOMY CEYEHHIO M 3a/laHa B MECTHOW cucreme KoopauHaT Y(S).
JpyruMu cioBamH, 3a1aH OMKBAaTe€pHUOH ycHiIMi y(s)U(S). HyxkHO ymeTh BbIpasuTth
CHJIOBBIE TIEPEMEHHBIE Yepe3 3TOT OUKBATEPHUOH UJIH €r0 KOMITIOHEHTHI.

B pa3znene 7.16 B xauecTBE OCHOBHBIX HEM3BECTHBIX MPUHATHI OMKBATEPHUOH IEpeMelnie-
HHUH yo)M(S) U CONpPsKEHHBI ¢ HUM OMKBAaTE€pPHUOH ycunui yoP(s). B coorBercTBHNM €
dbopmynoii (7.153) 6buxBaTepHUOH ycunuii yoP(s) BeIpaskaercs Tak:

voes) P(8) =2+ 35y M(S) 0 y (5, U(S) . (7.203)

B pasnene 7.17 B kauyecTBE OCHOBHBIX HEM3BECTHBIX MPUHATHI COOCTBEHHBIN OWKBATEPHU-
oH xA(s) U conpsbkeHHBIH ¢ HUM OukBaTepHHOH ycwiuil xQ(s). Y3 dopmynsr (7.174)
CIIETyeT:

xQ(S) =2y A(S) OY(S)U(S) . (7.204)

B paznene 7.18 B kauecTBe OCHOBHBIX HEM3BECTHBIX MPUHATHI KBATEPHUOHBI xA(S) U XxI(s)
U CONpSDKEHHbIE ¢ HUMM KBAaTEPHUOHBI ycwiui xm(s) u xp(s). Ha ocHoBanuum Qopmyn
(7.194) mosxxem 3amucaTh:

xM(S8) =25 k() oy 5 u(S);  xP(S) =} A(S)oy5)u(S) ox A7 (S). (7.205)
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B npuBeneHHbIx (dopmysax Kpome OMKBATEpPHHOHOB (KBAaTEPHUOHOB) YCHIWW TPHUCYT-
CTBYIOT TaKXe TreoOMeTpuyeckre OMKBaTEPHUOHBI (KBAaTEPHUOHBI), H30aBUTHCSI OT KOTOPHIX
HE yJaeTcsl.

Bynem mcxomuth m3 Toro, uto 3amady Komm (3amady ¢ Ha4aabHBIMU YCIOBHSIMH) JUIS
CHUCTEMBI OOBIKHOBEHHBIX TU(epeHINaIbHbIX YpaBHEHUH Mbl pemaTth ymeeM. [loatomy
BCE YCIIOBHS, 3a/laHHBIC Ul HAa4daJbHOM TOUYKM oTpe3ka (s = (), MOXKeM HCIOIb30BaTh
HETOCPEJCTBEHHO 0e3 Kakoi-mibo o0paboTku. BeImonHeHHs yClOBHiA, 3aJaHHBIX Ha
JPYTOM KOHIIE ITPOBOJIOKH (s = S), Hal0 TOOUTHCS, 3a7aBasi MOAXOASIIINE 3HAUCHHUS APYTHX
HepeMEHHBIX Ipu s = 0.

Bo3Bpatumcsi k 3agade pacyeta OTpe3Ka IPOBOJIOKH, KOHIBI KOTOPOTO HEMOABUKHO
3akpervieHbl. B pa3nene 7.17 onucaHbl 1Ba BapuaHTa pa3pelialoninX YpaBHEHHH JJIs1 3TOU
3a/1auu.

B nepBoM M3 HUX B YMCIO OCHOBHBIX HEU3BECTHBIX BXOJAT IeOMETpUUecKHH xA(s) u
cuinoBoil xQ(s) OukBaTepHuoHbl. HauanpHble 3HaU€HUs JUIsl T€OMETPUUECKOr0 OMKBaTep-
HUOHA W3BECTHBL. J[7s CHJIOBOrO k€ OWKBAaTEpHHOHA OHU HE OMNPEAENEHBI, 3aTO IS
OoukBarepHuoHa xA(S) 3amaHbl KOHEYHbIE 3HAYCHUS. JTO O3HAYAET, YTO HAYAIbHbBIC
3HauYeHMsl sl OnKBatepHHoHa xQ(s) HaIO MOI00paTh TAKUMH, YTOOBI YIOBIETBOPSUIUCH
3Ha4YeHus s OukBaTepHHOHA xA(S). 3amava 3Ta OYEHb CJIOXKHASA, HO NMPUHLIUITHAIBHO
BbINIOJHUMas. /{7151 ee peleHus: IpUMEHSI0TCS ClIeUaIbHbIE METO/IBI.

Bo BTOpOM BapmaHTe B YHCIO OCHOBHBIX HEM3BECTHBIX BXOAHT TOJBKO T€OMETPHUYECKHI
ouxBatepHuoH xA(s). duddepennmanbupie ypaBHEHUs A7 3TOTO Cliydas MOJIy4aroTcs,
eclIi KBAaTEpHHOH KPUBH3H yK(s) Berumcisercs no ¢popmyne (7.180). CunoBoii Ouksarep-
HUOH xQ(s) B 3a/1aue HE paccMaTpuBaeTcsi, oqHako B Gpopmyiy (7.180) BXOAAT KOMIIOHEH-
Thl YUCTO BUHTOBOI'O IPOM3BOJILHOTO IMOCTOSHHOro OukBarepHHoHa xC. MIMeHHO 3TH
KOMITOHEHTHI HaJI0 BEIOpPATh TAKMMH, YTOOBI YIOBJIECTBOPSUIHCH 3a/1aHHbIC 3HaUeHHS xA(S)
Ha KOHIIE OTPe3Ka IPOBOJIOKH.

Ecnm xonernr mpoBosioku cBOOOACH OT 3aKpeIvieHWH, a K HeMy NpPUIIOKEHAa Harpyska,
3aJlaHHasi B MECTHOM CHCTeMe KOOPAMHAT, TO €CTh, 3a/1aH OMKBATEpHHOH ycmuil y(s)U(S),
HayalbHbIE 3HAYCHUS Harpy3kH y(o)U(0) Hago monoOpate Tak, 4TOOBI HA CBOOOIHOM KOHIIE
MIPOBOJIOKU PEANIM30BATIOCH HYKHOE YCUJIIHUE.

OTaensHOTO PAaCCMOTPEHUS 3aCITyKHBAET HA0Op MEPEMEHHBIX xA(S) U xI(s) U CONpPSHKEH-
HBIX ¢ HUMH xm(s) U xp(s), onMCcaHHbIN B pa3znene 7.18. B HeM pa3nenena unpopmanus o
MECTOHAXOXKICHUM CEUYEHHS, COeprKalascs B KBaTepHHOHE xr(s), U uHpopmamus o0
OpHEHTAIIMKM 3TOT0 CEYCHHUsS, COJICpIKallascs B KBaTepHHOHE xA(s). BbIOOp B KkauecTBe
OCHOBHBIX HEHM3BECTHBIX COMPSDKEHHBIX Tap: xA(s) u xm(s), xr(s) u xp(s) yaobeH ¢ Toi
TOYKH 3PEHHS, YTO €CJIIM Ha KAaKOM-TO KOHIIE MPOBOJIOKM HE 33aJ]aH0 T€OMETPUYECKOe
HEU3BECTHOE, TO COMPSIKEHHOE C HUM CHUJIOBOE HEU3BECTHOE HAa ATOM K€ KOHIE JOJKHO
OBITh PaBHO HYJIO (UM 33JJaHHOMY 3HAYEHHIO, €CITU K STOMY KOHILYy MPOBOJIOKU TIPUIIOKE-
Ha Harpy3ska). Takoe kpaeBoe ycioBue HasbiBaeTcs ecrecTBeHHbIM. Ecin xr(0) = xr0, a
xM(0) He 3amaHo, cnenyet monoxutb xm(0) = 0. 3to Oyaer o3HAYATh, YTO HAYAIIO YYACTKA
MPOBOJIOKM 3aKpEIUIEHO K "3emiie" B TOUKE C paauycoM-BeKTopoM xr( mocpencTBom
[IapOBOTr0 MIapHHUpaA. MOXKHO MPEICTaBUTh cebe 3aKperieHue, Koraa 3a1aHa OpUeHTAIUs
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ceuenus xAM(0) = xA0, a moyio’keHre KOHIAa IPOBOJIOKH B mpoctpancTBe xr(0) He 3amaHo. B
ATOM CiIy4ae HaJo MOJIOXKUTh xp(s) =O0.

7.20. IIpoBoJioKa, MPONYILIEHHAS CKBO3b BTYJIKY

B npeasinyiem paszaene ObUIM paccCMOTPEHBI OTHOCUTENBHO MPOCTHIE KPAEBBIE YCIOBUS:
MIOJTHOE 3aKperuieHue (3aleMieHne), CBOOOHbIN KOHell, apHUPHOE 3aKpeIyIeHUe U T. 1.
Ceituac MBI pacCMOTPHUM OCOOBII BHJ 3aKpEIUICHUS KOHIIA IMPOBOJIOKH, KOTIa TIPOBOJIOKA
NPOMyLIeHa CKBO3b BTYJKY, )KECTKO 3aKpEeIUIEHHYI0 B mpocTpaHcTBe (puc. 7.5). Touka
BXOJIa BO BTYJIKY ONpPEEINAETCS pajinyCcoM-BEKTOpOoM xb, opHeHTalusl BTYJIKH — €JUHUY-
HBIM BEKTOpOM xe. [IpoBOIOKa BHYTpHU BTYJIKM MOXET CBOOOJHO MOBOPAYHUBATHCS BOKPYT
CBOEH OCH U MepeMeIaThCs B IPOA0IbLHOM HalpaBIECHUH.

3anuineM YCJIOBHsI 3aKperieHHusT BO BTYJIKE KOHIIA
MIPOBOJIOKU C JIYTOBOW KOOPJIWHATON S HJIT CHCTEMBI
HEU3BECTHBIX xA(S), xr(s), xm(s) u xp(s), OMMUCAHHBIX
B pazgene 7.18. IlepBoe ycroBue, omnpenensoniee
MECTO BTYJKM B TPOCTPAHCTBE, 3aMUCHIBACTCA
HEINOCPEACTBEHHO:

F(S)=b. (7.206)

3T0 ycI0BHE HKBUBAJIEHTHO TPEM CTEIIEHSIM CBOOOIBI.

Bropoe ycinoBue, omnpenensmoomee OPUCHTAIUIO
BTYJIKHU, UMCCT CHeI[yIOH_[I/Iﬁ BU:

Puc. 7.5. IIpoBoJioka,
HPOIYIIIEHHAs CKBO3b BTYJIKY €= xMS)o,,00° X}fl (S). (7.207)

Omno cnenyet u3 hopmysl (7.183), MOCKONBKY xe SBISIETCS OPTOM KacaTeNIbHON K KPUBOH,
onpenensieMoil BekTop GyHKIueH xr(s) B Touke s = S. B pa3BepHyTOM BUI€ OHO BBITJISIIUT
TakK:

x€ =25 Ao (8) x Ay (8) +2 4 A (8) x A5 (S);
x€ = 251 (8) Ay (8) =2+ A (8) x A, (S); (7.208)
x€ = x Mo (8) = x [ (8) = x A3 (8) + A3 (S).

DTO yCIOBHE IKBHBAJICHTHO IBYM CTEIEHSM CBOOOJBI. YIOBICTBOPEHHE JTIOOBIX IBYX

PaBC€HCTB aBTOMATUYCCKH INPUBOAUT K YAOBJIECTBOPCHUIO TPETHET'O, ITOCKOJIBKY BEKTOPD x€
HOPMHPOBAH.

CBOOO/HBII TIOBOPOT TPOBOJOKH BHYTPH BTYJIKH TPeOYyeT BBITIOJIHEHHUS €IIe OJHOTO
ycnoBust: y(su°3(S) = 0. @opmyna (7.194) naet Taxoit pe3ynabrat:

xko(S)'xms(S) _xkl(S)'xmz(S)"' sz(S)'xml (S) _xks(S)'xmo(S) =0. (7-209)

Ocranoch Hamucath TMOCJEIHEE, CEAbMOE, YCIOBUE MJIS OMNPENETICHUS ONTHUMAIbHOU
JUITMHBI OTPEe3Ka MPOBOJIOKH S, MOCKOIBbKY 3TOT OTPE30K 3aKaHYMBAETCS B TOUKE BXOJa BO
BTYJIKY M €ro JJIMHA 3apaHee HE W3BECTHA. 371eCb, MBI UMEEM JEJI0 C MEXaHHYECKOU
CUCTEeMON HEONpEJEICHHOTO pa3Mepa. B Teopuu omTUManbHOTO YMpaBieHHs, OTKyJa
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MM03aMMCTBOBAH MPHUHIMIT MakcuMyMa [IOHTpsTHHA, 3a7adya TaKOTO THITA HA3BIBACTCS
3ajja4eil co cBOOOTHBIM BpeMeHeM (y Hac — co CBOOOIHOM NTUHOMN).

MCTOI[I/IKa peuicHud 3aaa4 Co CBO6OHHLIM BpPECMCHCM B TCOpHUU ONTHMAJIBHOI'O YIIpaBJIC-
HUS SIBJSIETCSL XOPOIIO OTpabOTaHHOW. B COOTBETCTBMHM C HEHO HEHM3BECTHOE 3apaHee
ONTUMAJIBHOC BPEMA OIPCACIIACTCA C MPHUBJICYCHHUEM NOMOJIHUTCIBHOI'O YCJIOBUA, KOTOPOC
0azupyercsl Ha TaMWIBTOHHAaHE H* C TIOJICTaBICHHBIMH B HETO ONITUMAJIbHBIMU 3HAYCHHSI-
MU YIPABISAIOMIAX NTEPEMEHHBIX (ONTUMHU3UPOBAHHBIN raMuiIbTOHUAH). B obmem ciyuae,
koraa ¢pyHkuuu f; (i = 0, ..., n) B hopmynax (7.87) 3aBUCAT SIBHO OT S, 3TO JOTOJHUTEIHHOE
YCJIIOBUC UMCCT BU:

S p
H*=IZ%‘P,- ds, (7.210)

IJie p; — CONpsDKEHHbIE (PYHKLUH, yIOBIETBOPSIONIME ypaBHeHUAM (7.97).

DTO0 ycloBHE MO3BOJIAET HAWNTH BpEeMs WM, B HAIIEM CIIy4ae, HICKOMYIO TyTOBYIO KOOpPIH-
Haty S.

Pazbepemcs ¢ atum OGornee moapoOHO Ha MpUMEpPAxX, MPEACTaBICHHBIX B pazaenax 7.16—
7.18. B mepByro ouepenb, 3TO KacaeTcsi SIBHOW 3aBUCHUMOCTH (YHKIMH f; OT IyroBOii
koopauHatel s. Kak BugHo w3 ¢opmyn (7.122), (7.154), (7.182), Takas 3aBHCHUMOCTb
MO’KET BO3HUKHYTH TOJIBKO OT OWKBaTepHUOHA yoC20(s) MU ero KOMIOHEHTOB yo®0(s) u
yo®0°(s), XapakTepH3yIOIIUX HUCXOAHYIO €CTeCTBeHHYyIO (opMmy mpoBoioku. boiee
moipoOHO 00 UCXOAHOHW (opMe MPOBOJIOKU HamMcaHo B pazzaene 7.4. M3-3a Toro, 4ro 3Ta
ucxoaHas ¢popMa MoIydaeTcsi TOIbKO MyTeM HU3THOaHMs M CKPy4YMBaHUS MPOBOJIOKU (6e3
pacTsDKEHHS M CIOBUIOB), KBAaTEPHUOH yo®0° MOCTOSHEH MO JUIMHE MPOBOJIOKU U HE
3aBUCUT OT JYroBOM KoopAwHATHI s. OMacHOCTh SIBHOW 3aBUCUMOCTH (YHKIHH f; OT §
COJICPKHUTCSA TOJIBKO B KBaTepHUOHE yo®0(s). OmHaKo s MPOCTBIX HCXOTHBIX (Bopm
MIPOBOJIOKH, KOUMH SIBIISTIOTCSI IPSIMOJIMHEHHAst (hopMa, popma Tyru OKPY>KHOCTH B Gopma
CIIUPANLHOM MPY>KUHBI, KBATEPHHUOH yo®(, a BMECTe C HUM U (PYHKILIUH f;, HE 3aBUCAT OT S.
OtnaBasi cebe OTYET B TOM, YTO JJISI CJIOXKHBIX HCXOJIHBIX ()OPM TPOBOJOKU HYKHO
MOJIB30BATHCS JOTIOTHUTENBHBIM ycinoBreM Buaa (7.210), B nanpHelmeM OyaeM paccmart-
pHBATh JIMIIL CUCTEMBI 0€3 SIBHOM 3aBUCHUMOCTH (DYHKIHMH f; OT §, KOTOPbIE Ha3bIBAIOTCS
aBTOHOMHBIMHU U JJI1 KOTOPBIX JIOMOJHUTENBHOE YCIOBHUE UMEET BH/I:

H*=0. (7.211)

PaccmoTpuMm ciywail, korga B KayecTBE KHHEMAaTHYECKOIO HEU3BECTHOTO BBICTYIAET
OMKBAaTEpHUOH TMepeMenieHui yoM = yol + @-yoll®, a B KauecTBe CHIIOBOTO — yoP = yop +
@-yop°® (cM. pazgen 7.16). JloMOTHUTENBHOE YCIOBHE TOJYYHM, TOJICTABUB BBIPAKECHHE
JUUIsl KBATEPHUOHA ONITUMAJIBHBIX KpUBH3H U3 hopmyisl (7.138) B hopmymy ajis TaMHIIbTO-
Huana (7.127):

8-D P 2

Youoovo(’)ﬂ_yomooyouo+ = vo"ovo(’)oo_vo(’)ooovoujzo

H*ﬁcal{(‘ml—) Oyoll°+yoﬁoyou)°( Yol_l OY0p0+YOﬁO °Y0p) } YO_OO volt oYO(,)() _YO('OO OYOu} .\

(7.212)

voP

+ scal(“,[_)o 2 2
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Jns cimyvasi, onucaHHOro B pasnene 7.17, rie B kKauecTBe KUHEMAaTUYE€CKOTO HEM3BECTHOTO
UCTIONB3YeTCsl OMKBAaTEPHUOH xA = yoA + @-yoA°, @ B KaUeCTBE CUIOBOTO HEM3BECTHOTO —
oukBaTepHUOH xQ = yoq + ®-y0q°, TAMIIBTOHWAH TIpejcTaBisieTcs hopmyioit (7.159), a
ONTHMAJIbHBIA KBAaTEPHUOH KpuBU3H — ¢opmynoi (7.170). IloacraBmsisi BbeIpakeHUE
(7.170) B dopmymy (7.159), momyunm BBIpa)KEHHE MJIE HUCKOMOTO JIOTIOJHHUTEIHHOTO
YCIIOBUS:

(7.213)

PaccmotpuM Teneps ciydaid, onucaHHbl B paznene 7.18, korna B kauecTBe KHHEMaTHUye-
CKMX HEW3BECTHBIX BBICTYIAIOT KBATCPHHOHBI xA U xI', @ B Ka4eCTBE CHIIOBBIX — COIPSI-
KEHHbIE C HUMHU KBaTepHUOHBI xm U xPp. lloxcraBum BbIpakeHHE Jisi KBaTEpHUOHA
kpuBu3H (7.188) B popmyny st ramunnbToHHaHa (7.185), B pe3ynbrare 4ero nojryunM:

_ 0
H*= scal(xl;—gm}r scal(xﬁloxk o%j +scal(yPoyhyoo®0°0, A7) =0.  (7.214)

W3 npunnuna makcumyma [JoHTpsArMHa U3BECTHO, YTO ONTUMU3UPOBAHHBIN TAMUJIbTOHUAH
IUI KaXKJIOM PaBHOBECHOH (OPMBI MPOBOJIOKHU SIBJISETCS KOHCTAHTOM, HE 3aBHCAILICH OT
IyroBol KoopauHatbl s. st TOro, 4roObl yCTaHOBUTb MEXAHMUYECKHH CMBICI 3TOrO
HEOUEBUHOTO YTBEP)KJIEHUS, 3allUIIEM BBIPAXKEHHUE JIs1 ONTHUMU3HMPOBAHHOIO FaMUIIbTO-
HUaHa 4epe3 BHYTPEHHUE YCHUIIHUS B IPOBOJIOKE. Bocmonp3yemcs It 3TOro BBIPAKEHUEM
(7.214) u popmynamu (7.194). YautsiBas TO, YTO KBATEPHUOH xA HOPMUPOBAH U ISl HETO
oOpalieHrne paBHOCWIBHO COTIPSDKEHUIO, Ha OCHOBaHHUU (opmyd (7.194) MoxKHO 3amucars:

xP =xAoyUo h™ ym=2-hoyu®% (Mm=2-Wo A" (7.215)

[ToncraBnsis 3Tu BeIpakeHus B hopmyiy (7.214), moxydum:
H* = scal (%j +scal (,U°oy,@0)+scal(y Woy,®0°). (7.216)
[Tockoabky yow0° = [0, 0, 0, 1], Moxkxem nepenucarb:
H*:scal(%}rscal(Yﬁ"owa)O)+Yu°3 (7.217)

HNJIN ITIOKOMITIOHCHTHO:
02 02 02
v Hyus, +yu 3 4
2-D

* — o o o
H*= (yU° v @0, + yu® 4y @0, + u® -y @0, )+ yuy.  (7.218)
B a1y dhopmyny BXoaST Bce TpY KOMIIOHEHTA W3 MOMEHTHOM TPYMIbl BHYTPEHHUX yCHITUN
U JIUIIb OJMH KOMIIOHEHT M3 CHUJIOBOM T'PYIIIBI — MPOAOJIBHOE YCHIIME B MPOBOJIOKE yu3.
PaccmarpuBas paBeHcTBoO (7.218) Kak ere oJMH MEPBBIA HHTETPAN ISl pelIacMoid 3a1a9u
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(HanpuMep, B TOCTAaHOBKE pazjerna 7.12), MokeM 3amucaTh 00111ee perieHue sl po10Ib-
HOTI'0 YCHUJIUA:

02 02 02
yU U,y

2-D

yU; =CH- — (41 v @0, + yu®, -y @0, + yu° -y, ©0,),  (7.219)

rac CH- MMPOU3BOJIbHAA ITOCTOSIHHAA BCJIMYMHA.

Ecnu peus uzer o 3amade, rjie AJIMHA Y4acTKa MPOBOJIOKHU S MOJJICKUT OINPEACTICHHUIO, TO
paBeHnctBo (7.219) Oyner cnpaBemmBeiM ipu CH = 0. DT0 o3Ha4aeT, 4YTo B 3aJadax C
ONTUMANBLHOW JJIMHOW OTpe3Ka MPOBOJOKH MPOJOJIBHOE YCHIWE B JIOOOM CEUYCHUH
MPOBOJIOKH MOXXHO BBIPAa3WTh 4epe3 W3rHOaronue W KPYTAIIMA MOMEHTBI B ATOM XK€
CEUYCHUU:
02 02 02
yUs =— LA ;”Dz L _(Yuol yo®0; + yu®, @0, + yu®; 'Yo@03)- (7.220)

PaccmMoTpuM KkpaeByro 3ajady ISl OTpe3Ka IPOBOJIOKH HEONPEACIEHHOW IJIMHBI S C
TaKMMM TpPaHUYHBIMH ycioBusMH. Hauano orpeska mpoBosioku (s = 0) 3akperjeHo OT
cMerieHuii U moBopoToB. [Ipu sTomM MecTHas cuctema koopauHaT Y(0), cBsi3aHHas C
HayaJoOM OTpe3Ka IMPOBOJIOKH, HAXOAUTCS B TOYKE, ONPEAEISIEMON pPaJnyCOM-BEKTOPOM
xr'(0) 1 opueHTHpoBaHa TaK, KaK HENOJBMYKHAs CUCTEMa KOOpAMHAT, MOBEPHyTass Ha
BEKTOP MCTUHHOTO HiliepoBa moBopota xy(0). OueBUIHO, YTO 3TO 3aKpEIJICHHE COOTBET-
CTBYET ILIECTH AJIEMEHTapHBIM CBs3sM. KrHeMaTnyeckoe HeM3BECTHOE A B Hayasle OTpe3Ka
MOET OBITH OIpEIeNICHO TI0 hopMmyIie:

M0) = exp%(o). (7.221)

Komner otpeska (s = §) orpaHHYeH B CBOHMX MEPEMEILIECHUSAX BTYJIKOH, MOJI0KEHUE KOTOPOi
ONpeAeseTCS PaguyCoOM-BEKTOPOM xb, a OpueHTaIusl — €MIMHUYHBIM BEKTOPOM xe. Boiiie
ObUTH TIPUBEJCHBI CEMb HE3aBHCHMBIX YCJIOBUH, conepxkammxcs B ¢opmynax (7.206),
(7.207), (7.209), (7.217), BBINOTHEHUE KOTOPHIX CBUACTEIBCTBYET O TOM, YTO MPOBOJIOKA
MPOIyIeHa CKBO3b BTYJIKY U JOJKHBIM 00pa3oM B Hei pasmerneHa. J{si ya0BIeTBOPEHUS
9THUM CEMHU YCJIIOBHAM HYXXHO UMCTDH I10 MEHBIIIEH MEpPE CEMb IMPOMU3BOJIBHBIX MMOCTOAHHBIX
BEJIWYHH. DTUMHU BEJIMUYMHAMH MOTYT 6BITB, HalpuMep, MmMeCTb BHYTPCHHUX YCI/IJ'II/Iﬁ B
Ha4YaJIbHOM CCUCHUU MPOBOJIOKHU Y(o)ul(O), Y(o)uz(O), Y(o)u3(0), Y(())uo1(0), Y(o)u°2(0), Y(o)uog(O)
U JJIMHAa OTpE3Ka S. BHYTpeHHI/Ie yYCUIusd Aar0T BO3MOXKHOCTH BBIYHMCIIMTH OCHOBHBIC
HCHU3BCCTHBIC B HAYAJIbHOM CCUCHUU IIPOBOJIOKHU:

xP(0) =xA(0) oy o u(0) o 27 (0);  m(0) =2 A(0)oy,u(0), (7.222)

4TOOBI HauyaTh MPOLIECC MHTETPUPOBAHUS CUCTEMBI NU(p(EepeHInalbHBIX yYpaBHEHUN 110
metony Pynre-KyrTel. OnpeneneHue Hy HbIX 3HAUEHUH BHYTPEHHUX YCHUIMM M JUIMHBI
OTpe3Ka — CJIOJKHAs MpoliieMa, KOTopasi He UMEET OTHOLIEHHS K KBATEPHUOHAM.



8. ®opmooOpaszoBaHue KPUBOJIMHEHHBIX CTEPKHEH
8.1. 'eomeTpusi KPUBOJIMHEHHOTO CTEPKHSA

KpuBonuHelHblid CTEP)KEHb B COMPOTUBICHUN MATEPHATIOB U B TEOPUU YIPYTOCTH — 3TO
TeJNo, reoMeTprudeckas (opMa KOTOporo oopasyercs ABHKEHHEM B MPOCTPAHCTBE MIIOCKOM
(burypsl (ceueHus), Ipu dTOM OJHA M3 TOYEK ATOTO ceueHUs (ITOJIFOC) BCET/Ia OCTAeTCs Ha
HEKOTOPOM TIaJKoi KPUBOU (OCH CTEPIKHS), a TUNIOCKOCTh (PUTyphl HOpMaJIbHA 3TOM Kpu-
BOM. B 3aBUCMMOCTH OT BH/Ia C€YEHHUS Pa3InyalOT KPUBOJIMHEWHBIA CTEPKEHb MOCTOSIHHO-

A s IO CEYEHUs U KPUBOJMHEHWHBIA CTEPKEHb IIEepe-

/ MEHHOTO ceueHus. [1o Buay ocu KpUBOJIMHEUHBIN
' CTEp>KEHb MOXET OBITh TUIOCKUM (€CJIM €ro och —
MJIOCKast KpYBasi) U IPOCTPAHCTBEHHBIM (€CIIA €ro
0Cb — IPOCTPAHCTBEHHAsl KpuBas). PazHoBUAHO-
CTBIO KPHMBOJIMHEWHOI'O CTEP)KHS SIBISETCA €CTe-
CTBEHHO 3aKpy4YCHHBIM KpPHUBOJWHEHUHBIN CTEp-
KEHb, OTIMYAIOIIUNACSA TeM, YTO IJIOCKasi (urypa
MIONEPEYHOI0 CEYEHMsI IPU CBOEM IBM)KEHHUH I10
OCH KPHUBOJIMHEHHOTO CTEP>KHS OJHOBPEMEHHO
BpallaeTcsi BOKPYT KacaTeJIbHOU K HEM.

z3
Tlonroc

\ A Q
o -
) ~ . - -
O
Ocb cmepoichs Z

Puc. 8.1. K reomerpun
KPUBOJIMHENHOTO CTEPKHS

Ocb cTepkHsI EPeceKaeT CeYeHUe B MOJIOCE, KOTOPhIM He 00s3aTeIbHO HaXOAUTCSA B €r0
LEHTPE TAKECTU. ITO CEUEHUE XapPAKTEPU3YETCs JyrOBOM KOOPAUHATOM §, OTCUNThIBAEMOMN
BJIOJIb OCH CTEP)KHS OT HadaJbHOM Touku 0. C ceueHueM CBsi3aHa IpaBas KOOPAWHATHAs
CUCTeMa Zi, Z», Z3, HAyajo KOTOpOM Haxonutcss B moitoce. OCh z3 NEPNEHIUKYJISIpHA
CEUEHHNIO, KacaTeJlbHAa K OCH CTEp)KHS M HalpaBlieHAa B CTOPOHY BO3pACTaHUS yTOBOU
koopauHatel s. OcH zj, zy, JIeXKaT B IUIOCKOCTH CEUEHHUS M HUCHOJb3YIOTCS B KauyecTBE
CUCTEMBI KOOPAMHAT Il TOTO CEYCHMSI.

8.2. CamoJsieTHas aHaJIorus

[ToctaBum mepen coO0H MPOCTEHUIIYIO 3a/1a4y — HAYYUTHCS KOHCTPYHUPOBATh KPHUBOJIHMHEH-
HBIE CTEP>KHM IOCTOSIHHOTO IONEPEYHOro ceueHus. i penienus 3Toi 3a1a4i IPUMEHUM
HaIJBIAHBIN MTOAXO0J, KOTOPBIM HAa30BEM CaMOJIETHOM aHanoruel. [lombeitaemcss KOHCTpyH-
pOBaTh KPUBOJIMHEWHBIN CTEPKEHb aHAJIOTUYHO TOMY, KAK JIETYMK, IOJB3YSACh pblYyaraMu
YIPAaBJIEHUSI CAMOJIETOM, BBIIOJHAET (PUryphl BhICIIETo NuiioTaxa. Ilpu 3Tom Tpaekropus
[oJIeTa caMoJieTa — 3TO OCh CTepXkHs. Teno cTepkHA OyAeM OIpenenaTh, MoJaras, 4ro
IpoIeIuUIep caMmolieTa UMeeT opMy MONEPEYHOro ceueHus crepxHs. [lepememiasace B mpo-
CTpaHCTBE BMECTE C CaMOJIETOM M Bpallasich (HEe OU4eHb OBICTPO), MPOMEIEp OCTABIISAET 32
co0oil cnes, KOTophli Oy/ieM TPaKTOBAaTh KaK TEJIO CTEp:KHs. Tenepb mnepeiiieMm K usyue-
HUIO JBY)KEHHS CaMoJIeTa.
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Htak, B TpexMEpHOM IPOCTPAHCTBE MEpeMe-
maerca camouiet (puc. 8.2). bynem pasnuuats B
HEM KOpIyC M MpoIesiep, mojaras uX TBEp-
IbIMH TelaMHu. BBegem B paccMOTpeHue TpH
JEKapTOBBl CUCTeMbl KoopauHat. I[lepBas u3
HUX — HEmoJBMKHasg X — X, X2, X3, JKE€CTKO
CBsI3aHHAs C 3eMJIeH, BTOpasi — moaBmxkHas Y()
— yi(?), y2f), y3(t), KecTko cBsi3aHHAS C
KOPILyCOM CaMoJIeTa, U TPEThsl — IOJBIKHAS
Z(t) — zi(?), z2(t), z3(f), KecTKO CBsI3aHHAS C
Puc. 8.2. CaMoJIeTHAs aHAIOTHs MIPOTEIIIEPOM. [TonoxxeHuss  TMOABHMIKHBIX
CHUCTEM KOOPJMHAT 3aBUCAT OT BPEMCHH.

o/.

Koopnunarusie cuctemsl Y(f) u Z(f) Ha pUCYHKE pa3HECEHbl Ha HEKOTOPOE PACCTOSHUE
BJIOJIb OCH CaMoJjieTa, YTOObI B HUX Jierde ObLI0 pa3oOparbes. Ha camom nene Oynem cuu-
TaTh, YTO HAYaJla 3TUX CHCTEM HAaXOAATCsS B 0A30BOM TOYKE KOpITyca caMoiieTa (IIOJIoCe),
a, Kpome 3Toro, ocH y3(f) u z3(¢) coBnaaaroT. [Iponennep mo OTHOIIEHUIO K KOPITYyCY camo-
neta o0JasaeT JUIIb OJHOW CTETEHBIO CBOOOJBI — BPAIIEHUEM OTHOCHUTEIBHO OCH y3(1).
3ameTuM, 4TO KoopAuHATHAs cucteMa y(¢), y2(t), y3(¢) siBasercs (C TOYHOCTBIO 10 HyMepa-
LMY OCeH) CTaHIApTHOM CaMOJIETHOM KOOpAMHATHOM cucteMoi (cM. paszznen 2.9.3). Ocw
3(f) Ha3bIBAETCS OCBIO KPEHA, OCh )1(f) — OCBIO TaHTa)Ka U OCh )2(f) — OCBIO CKOJIbKCHHUS.

BosBpatumcst k pasneny 4.7, Te MOKa3aHO, YTO IMOJOKEHHWE TBEPJOTO Tena (B HAIIeM
cllydae — KOpIlyca caMmoJieTa) B TPEXMEPHOM MPOCTPAHCTBE MOXKET OBITh ONMUCAHO OJHUM
YUCTO BUHTOBBIM OmKBarepHHOHOM. Hazoem stoT OmkBarepHuon W(7). TBepmoe Temo
MMEET IIeCTh CTeNeHeld CBOOOJbI, a OMKBATEPHUOH UMEET BOCEMb HE3aBHCHMBIX KOMIIO-
HEHTOB. DTO O3HAYaeT, 4TO y OMKBATEPHHOHA €CTh BO3MOXKHOCTb XPAaHUTH WH(POPMAIIHIO
elle O JIByX JIOTMOJHUTEIbHBIX CTeNeHsAX cBoOobl. [lombiTaemcs, mOgoOHO TOMY, KakK 3TO
OBLTO ClIeJIaHo B 3aj]ade O pacuere TMOKOM Basie (cM. paszaen 6.1), ucrmonbp30BaTh CBOOOI-
HbIe HH()OPMAIIMOHHBIE BOZMOXKHOCTH OIpeaestoniero OukBarepuuona. CyniecTBeHHBIMU
BEJIMYMHAMU TIPH TIEPEX0/ie OT CaMOJETHOW aHAJOTMH K CTEPXKHIO SBISIETCS TOJIOKEHHUE
npornesiepa (OpUeHTaIus ONEePEYHOT0 CEUCHUs CTEPKHS) U ANTMHA TPAeKTOPUU CaMoJieTa
(myroBas koopauwHaTa ocHu cTepkHs). MHbopMmamuio o0 3THX BETUYMHAX 3aHECEM B
IyanpHYI0 yacTh OukBaTepHuoHa W(f). Torga KOMIOHEHTHI ATOr0 OMKBATEPHUOHA!

Vo) +@ -y (1)
\Ijl(t)+w'wol(t)
W(t) =
D7 a0 +sve,0) &1

W, () +@-ys(2)

OyIlyT UMETh CIACAYIOMMA (PU3NIECKUA CMBICT: Yo(f) — Yyrol MOBOPOTa Mporeiepa OTHO-
CUTEIILHO KOpIyca camoreTa; () — AmuHa TpaeKTOpur 0a30BOM TOUKU camoneTa; ()
+ @ y°1(7); yat) + @-y°(?); y3(f) + ©y°3(¢) — myalbHbIE KOMIIOHEHTHI BUHTA HCTUHHOTO
diiyiepoBa TEpEeMEINEHUs], TEePEBOSIIEIO HEMOABIKHYIO CHCTEMY KOOpAMHAT X W3
HCXOJIHOTO B IOJIO’KEHHE, KOT/Ia OHA COBMAJAaeT C MOJBM)KHOM cucTeMol koopAauHat Y(f).
bukBatepunon ¥(¢) noiexuT onpeneineHuo. 3a1aHHbIM €CTh OMKBATEPHUOH CKOPOCTEH
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v) Do () +w- Y(t)(DOO (?)
v P H+ow- Y(Z)O‘)Ol (?)
v @D+ Ty, ®%, (1)

_Y(t)(DS(t) +o- Y(t)(’oo3(t)_

v Q) = , (8.2)

TIE y(;)Wo(f) — YriIoBas CKOPOCTh BpAILEHHs MPOIEIUIepa OTHOCUTENBHO KOPITyca caMoJle-
Ta; y®°o(f) — IUHENHas (CKalsdp) CKOPOCTh INepeMelieHus: 0a30BOM TOUKU CaMOJIETa;
vy@1(9), yy®2(7), v(®3(f) — KOMIIOHEHTBI BEKTOpPa YIJIOBOM CKOPOCTH KOPILyca caMoJjieTa B
NOJBMKHOM cucteMe koopauHat Y(7); y»n®°i(?), yo®°2(?), v®°3(f) — KOMIIOHEHTBI BEKTO-
pa TMHEHHOM CKOPOCTH 0a30BOM TOYKM CaMOJIeTa B TIOJIBIXKHON cucTeMe KoopauHat Y (7).

31ech mMpuUBEACHA HECKOJIBKO 0000IIeHHass pacum@poBKa KOMIOHEHTOB OMKBAaTEpHUOHA
ckopocteil. [TockompKy camoieT jeTaeT He B MPOU3BOJIBHYIO CTOPOHY, a TOJIBKO HOCOM
(ochi0 y3) Biepe, HAOOP KOMITIOHEHTOB JINHEWHBIX CKOPOCTEH Oy1eT MMETh YaCTHBIM BUI:

Y(t)mol(t) = Y(z)woz (H)=0; Y(z)(’)03 ()= Y(z)woo(t) =v(t)=0. (8.3)

3neck v(f) — nuHelHas cKkopocTh camosiera. OHa MOMKHA OBITh HEOTPHUIATEINIbHA.

[Ipu ob6o3nauenusix OukBarepHuoHa ¥(f) He yka3zaHa NpUBSA3KA K CHUCTEME KOOpAMHAT,
MIOCKOJIbKY €r0 KOMIOHEHTHI B cuctemMax X U Y(#) OlMHAKOBBI.

Taxum 00pa3oM, MOKHO chopMyTUPOBATh 334y O JABWKEHHU camosera: [1ycTh n3BecTHO
HavanbHOe 3HaueHue OukBarepHroHa W(0). IlycTh M3BecTEeH Takke YacTHBIA BUJ OMKBa-
TepHHOHA cKopocTed (X(f), yumThIBarouuii 3aBucuMocT (8.3), kak (QpyHKIHS BpEeMEHH,
m3mensttomierocs: B uHTepBaie [0 < ¢ < 7. TpeOyetcs onpenenuts OukBaTepHuoH W(7) Kak
(GyHKIUIO BpEMEHH B TOM K€ HHTEpBaJe.

8.3. Pemienune 3a1a4uu o ABM:KEHHH CaMOJIETa

3amaya O ABIKCHMM CaMOJIETa NMPAKTHYECKH MOBTOPSET 33Jady O ABMKEHHHM TBEPIOTO
Tella B TPEXMEPHOM MPOCTPAHCTBE, pemaemyro B pazzaene 4.8. Paznuuue 3akimiouaercs B
TOM, YTO B 3aJ1a4€ O JBM)KEHUH CaMOJIeTa MIPUCYTCTBYIOT JIBE JIOTIOJIHUTEIbHBIC CKAJIIPHbIE
TepeMEHHBIE Yo(Z) — yroJ MOBOpOTa MpoTmeiuiepa OTHOCUTEIILHO KopITyca caMouteTa; \yo(?)
— JUIMHA TpaeKkTopuu 0a30BOM TOUKH camolieTa. MBI MOCTYNHUM CIEAYIOMUM O00pa3oM.
Bocnonb3yemcsi kuHematndeckuM Ju(p(EepeHIIHaNbHBIM  YPaBHEHUEM ISl ABFDKCHHS
TBEPAOTO TeJa W MPOBEPHUM IMPABUIBHO JIU MPEoOpa3yroTcs JOMOJHUTEIHHO BBEICHHBIC
nepeMeHHbIe Yo(?) 1 (7).
[Ipexne Bcero, crenaeM 3aMeHy INEpPEeMEHHBIX M BMecTo OukBarepHuona W(r) Oymem
MOJIb30BATHCS €T0 (PYHKITHEH — IMOJIOBHHHBIM SKCTIOHEHIIATHHBIM OMKBATEPHUOHOM:

A(t) = e><pm : (8.4)

2

Jlnst aToro OMKBaTepHUOHA B paszese 4.8 mpuBOAUTCS KMHEMaTHyeckoe nuddepeHans-
HOE ypaBHEHHE, KOTOPOMY JOJDKEH YIOBJICTBOPSATH MCKOMBIN OukBaTepHHOH A(f). OTO
ypaBHEHHE UMEET BUI:
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A =A@) o—‘“”?@ : (8.5)

rJIe IMTPUXOM 0003HAYCHA aI/TATUBHAS TIPOU3BOIHAS [TO BPEMCHU /.
st mpoBepku paBUIbHOCTH TU(PEepeHIIMATBHBIX 3aBUCUMOCTEHN JIJIs1 TIEPEMEHHBIX o(?)
u y°(¢) mpeacTaBuM ypaBHeHHe (8.5) B TaKOM BUJIE:

Y(t)Q(t) dt

WA+ = AW) = (A= (8.6)

JanpHelmme npeoOdpa3oBaHus BBITIISIAT TaK:

(A dD) = A() {1 2020 -dt];exp FOD_exp220, exp(%"“).dt] .37

2
[TockonbKy NpH NEPEeMHOXKEHUU OUKBATEPHHOHOB MX MOAYJIHM TAKKE MEPEMHOKAIOTCS,
MOJKHO 3aIluCaTh:

Q(t
exp XT(t+dt)| =lexp XT(t)|~ exp| 22—~ ( )~dt .
2 | 2

|- (8.8)

Janee BciomHUM [cM. (9.88)], 4TO MOIyINb MOJIOBUHHOM SKCTIIOHEHTHI OMKBaTepHHOHA ¥
paBeH TIOJOBMHHOM SKCIIOHEHTE AyalbHOM dacTH 3Toro OukBatepHuoHa ‘Y. Torma
MOJTyYHM:

Q,(t
expx ol dD) _ X\P;(z) o p(ym o) dt]. .

2

3aMeTI/IM, TCIICPb TTOA 3HAKOM 3KCIIOHCHTHI CTOAT YIKC HC GI/IKBaTepHI/IOHBI, a NYyaJIbHbIC
yucia. B3sB yaBoeHHBIE loraprMbl OT JIEBOM M MPABOM YacTEH ITOTO paBEHCTBA, OyaeM
HUMEThH:

Yot +dn)= Yo+ vy, Q) dt; W (1) = 4, Q). (8.10)
Pacmiicas BTOPOC PABCHCTBO ITOKOMIIOHCHTHO, ITOJYYUM:

x\ljz)(t) = Y(;)('Oo(t); xwoo'(t) = Y(;)C‘)oo(t) . 8.11)

[TepBoe M3 3TUX PAaBEHCTB O3HAYaeT, YTO MPOU3BOAHAS MO BPEMEHU OT yIJa MOBOPOTA
Iporesuiepa paBHa CKOPOCTH €ro BpalleHus. Bropoe paBeHCTBO 03HAYaeT, YTO MPOU3BOJ-
Has 110 BPEMEHH OT JyTOBOM KOOPIMHATHI paBHA CKOPOCTHU JIBUXKEHHUs camolieTa. To ecTb,
muddepeHranbHoe ypaBHeHHE (8.5) MpaBUIBLHO OTpakaeT HE TOJIBKO JABIDKEHHE KOpITyca
camoJieTa, HO U BpallleHHe Nporesuiepa, a Takxke (popMHUpOBaHUE TyTrOBOM KOOPAMHATHI.
[Tonw3ysice npuHnunom nepenecenus KortenpHukoBa-llITyau, Ha ocHOBaHUU (DOPMYIIBI
(2.142) M0OXHO, KaK albTePHATHUBY IIUTHBHOMY U depeHInaTbHOMY YpaBHEeHHUIO (8.5),
3amucarh MyJbTUILIMKATUBHOE TU(depeHINaIbHOe YpaBHEHUE:
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A1) =" () (8.12)

2

rac KpeCTUKOM o0o3HaucHa ImpaBasd MYJbTUIINIMKATUTUBHAA IIPOMU3BOJHAA 10 BpECMCHHU.

DT0 ypaBHEHHE UMEET OYEHb IPOCTOM BHU] M MTO3BOJISIET BHIPA3UTh 00IIIEe PEIeHUE B BUC
MYJIBTHILTMKATUBHOM KBaapatypsl [cM. hopmymy (2.162)]:

QO Q@

A(t)=A(0)o ﬂexp ‘“”2 = A(0)o ﬂ 1+‘““ . (8.13)

=0

Korz[a PEICHUEC AJId ITOJIOBMHHOT'O 3KCIIOHCHIMAJIBHOI'O 6I/IKBaT€pHI/IOHa HaﬁHGHO, MOXXHO
OIIPEACIIUTL U 6I/IKBaTepHI/IOH HCTHUHHOI'O BﬁﬂepOBa NICPCMCILICHU:

Y(1)=2-Ln[A(1)], (8.14)

KOMITOHEHTBI KOTOPOTO pacim@poBaHbl B paznene 8.2.

8.4. 3aBucuMoOCTH V15l KOOPAMHATHOM CHCTEMbI, CBSI3AHHOM ¢ MpoNe/IepoOM

[Tycte @(f) — OGUKBAaTEpHHOH HCTUHHOTO JilfiepoBa MEpEeMELIeHHs, KOTOPbIi MepeBOIUT
o0IIyI0 cucTeMy KOoOpauHaT X B TaKoe TOJIOKEHHE, KOTJla OHA COBMANAeT C CHUCTEMOM
KoopauHat Z(f), cBsi3aHHOU ¢ TponensepoM camoneta, a W(f) — OUKkBaTepHUOH UCTUHHOTO
diliepoBa MepeMelIeHus,, KOTOPbIi MEepeBOIUT OOIIYI0 CHUCTeMy KOOpaMHAT X B Takoe
TOJIOXKEHHUE, KOT/1a OHA COBIAJAET C CHCTeMOM KoopauHat Y (f), CBSI3aHHOM C KOPITyCOM ca-
mouera. CunraeM, uro OukBarepHuoH W(f) usBecteH. 3amava 3aKIFOYAETCS B TOM, YTOOBI
BBIPa3UTh KOMIIOHEHTHI OMKBaTepHUOHA D(7) yepe3 KOMIIOHEHTHI OukBaTepHuoHA P(7).
Jlnst Toro, 4ToObl MepeBecTH KOOPAMHATHYIO CHCcTeMy X B TaKoe MOJIOKEHHUE, KOT/la OHa
COBMAJET C CUCTEMOMN KoopauHat Z(f), HaJ0 BBIIOJHHUTH JBa NepemenicHus. Bradane ee
Ha/I0 COBMECTHUTbH C CUCTEMON KoopAMHAT Y(f), UTO BBIMOJIHSACTCS MPU MOMOIIN OMKBaTep-
HuoHa W(7), a 3aTeM MEPEeBECTH B TaKOE IMOJIOKEHUE, KOTJIa OHA COBMECTUTCS C CUCTEMOM
KoopauHatT Z(t), 4TO BBINONHSETCA B cHCTeMe KoopAuHAT Y(f) mpu MOMOIIM OMKBATEPHU-
oHa y()C(¢) = [0, 0, 0, wo(?)], oCyLIECTBIAIOIEr0 IOBOPOT BOKPYT OCH y3(f) HA yroa Wo(?).
BBenem B paccMOTpeHHE MOJIOBUHHBIE SKCIIOHEHIIMAIbHBIE OMKBATEPHUOHBI I KaXI0TO
U3 PACCMOTPEHHBIX BbIII€ OMKBATEPHUOHOB UCTUHHOTO 3WJIEpOBa EpEMELICHHUS:

C(t
A0=ep 0 M =expx 20| == expre . (8.15)
bukBaTepHHOH y()Z(f) BbIpaXaeTcsi IOKOMIIOHEHTHO TaK:
Y(t)E(t)z{coswoz() 0; 0; ‘“02()} (8.16)

3aMeTnM, 4TO y OMKBAaTEpPHUOHOB y()C(?) U y()E(f) MOMEHTHAS YacTb HyJIEBasl.

[TostoBMHHAS 3KCTIOHEHTA KCKOMOT0 OnKBaTepHHOHa x®(7) BRIpakaercs GopMyIio:
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. Vo) = Yo(0)
<A\ (t)-cos 5 xA;(2)-sin 5

x A, (#)-cos W;(t) + XAz(t).sinWOT(t)

M(t) = xA(t) oy, E() = (8.17)
’ ’ h A, (2)-cos Yol) _ A (1) sinwo—(t)
X r2 X M
2 2
<A (?)-cos Wo(®) + (A1) sinwo—(t)
2 2
CaM e MCKOMBIH OMKBATEPHHOH MOYKHO OIPEIETUTD 110 GOpMyJIe:
@) =2-Ln[ M(1)]. (8.18)

HerpynHo 3ametuTh, 4TO IyanbHas dacTh OukBarepHuoHa x®(7) paBHa nyasbHOW YacTH
oukBarepHuoHa x W(f). OTo o03HauaeT, 4TO Qo(f) — yros MoBOpOTa IMpomeiaepa OTHOCH-
TEJIBHO KOpITyca camMoJjeTa; ¢p°(f) — IIIMHA TPAeKTOPHH 0a30BOI TOUKM camoJIeTa.

8.5. ®opMooOpa3zoBaHue KPUBOJIUHEHHOTO CTEPKHA

Jns pemenus 3amay popmooOpazoBaHUsI KPUBOIMHEWHBIX cTepxkHel (puc. 8.3) Oymem
MI0JIb30BATBCSL PE3yJIbTATaMH, TOJTYYCHHBI-
MH TpU HW3yYCHHWU [BIDKCHHS CaMoJeTa,
UCTOJIKOBBIBasE WX B COOTBETCTBHUH C
caMmoJleTHOH aHanoruei. Kak yxke Obu1o
OTMEUEHO B pazzaene 8.2, TpaekTopus
caMmolieTa  MOJEIHUPYET OChb  CTEpKHS,
nponeniep — MOAEIMPYET  IONEpEedHoe
CCUCHHME CTEpXKHS, a TPEXMEpPHBIH Clex
nporneniepa B NMPOCTPAHCTBE MOJAEIHUPYET
TEJI0 KPHUBOJIMHEHHOTO CcTepkHsA. B aTom
[IEpEYHE AHAJIOTMM OCTaJICA OTKPBITHIM
BOIIPOC O TOM, HTO XC MOJACIUPYET KOPITYC Puc. 8.3. ®opmMooOpa3oBaHHe CTEPHKHSI
camornera. OTBe4ast Ha HEr0, OTMETHM, YTO

KOpIYC CaMoJIeTa MOJENUPYET BCIIOMOTATENbHYI0 IIOIBWKHYIO CHCTEMY KOOpPIMHAT,
HEOOXOAMMYIO AJISl TIOCTPOCHUS OCH CTEPIKHSL.

Tak ke, Kak ¥ B 3a/1a4e O JABM)KEHUU camoJjieTa, OyJieM pas3indyaTb TPU CUCTEMbI KOOPIU-
HaT. [lepBast u3 HUX — HeMmoABIKHASA X — X[, X2, X3, )KECTKO CBSI3aHHAs C 3eMJIeH, BTOpas —
noaswxkHas Y(7) — yi(¥), ya(?), y3(f), momoraromasi CTpOUTh OChb CTEPXKHS, U TPETbi —
nonBwxkHas Z(t) — z1(¢), za(t), z3(¢), 5KeCTKO CBA3aHHAS C MOTIEPEYHBIM CEUCHHUEM CTEPIKHS U
OTpeeNAoas CBOMMU OCSIMHU z1(f) U z»(f) KOOPAMHATHI TOUKH 3TOro ceyeHus. llepemen-
HYIO ¢ B 3aJa4e (opMOOOpa30BaHUS CTEPKHEM MOKHO HHTEPIPETUPOBATH KaK HEKOTOPBII
HE3aBHCHUMBII MapaMeTp, MOHOTOHHO BO3pPACTAIOLIUI MO JJIMHE CTEPXKHS U NPUHUMAIO-
il 3HaueHus u3 uarepsaina [0, 77.

CrepxeHb xapakTepusyercsi OukBarepHUOHHOM ¢(yHkiuen W(7) ckanspHoro napamerpa f.
KaxxnoMy 3HaueHUIO ¢ COOTBETCTBYET IIONIEPEUHOE CEYEHHUs CTepxkHs. Bcece ceueHus
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reOMETPUUYECKH OAMHAKOBBI. OHU OTIMYAIOTCS JIUIIb PACIIONOXKEHHEM B MPOCTPAHCTBE.
Komnonentst W(¢) npu GpuKCupoBaHHOM ¢ UMEIOT CIEAYIOMNN (U3UUIECKUN CMBICI: o(Z) —
YroJI TOBOPOTa CEYEHUSI OTHOCUTEIIBHO OCH )3(¢) BcrioMoraTesibHou cuctembl Y (7); wlo(f) —
nyroBas KoopauHaTta s(f) Ha ocu cTepxkHs; yi(f) + @-y°i(?); va(f) + @ y°(r); wi(f) +
@-\y°3(f) — nyanbHbIe KOMIIOHEHTHI BUHTa UCTHHHOTO JiJiepoBa MepeMelleHu s, TepeBOIs-
[IETO HEMOABIKHYIO CHUCTEMY KOOpAuHAT X W3 HMCXOIHOTO B TIOJOXKEHHE, KOTJa OHa
COBIAJAET CO BCIIOMOTATEIIbHON MTOJABMKHOM cUCTeMON KoopauHat Y (7).

He Bcsakas OuxBaTepHUOHHas (QYHKIHMS HapaMeTpa ! COOTBETCTBYET KPHUBOJIWHEHHOMY
CTepxHI0. ba3oBbIe TOUKM CeUEHUI JOKHBI 00Pa30BbIBATH HEMIPEPHIBHYIO U TIAAKYIO OCh
CTEpXHs, a MOIMEpPEeUHble CEYCHUS JOKHBI OBITH PACIIOJIOKEHBI MEPHEHAUKYIISIPHO 3TOM
ocu. JI7s MOCTMIKEHUS STOW IENH HCTONb3yeTcss OMKBAaTEpHUOHHAS (DYHKIHS CKOPOCTEH
v(»€2(f) TOro e CKaIsIpHOro mapameTpa f, IpUBSA3aHHAs K BCIIOMOIaTEIbHOH cHCTEME
koopauHat Y(f). KoMmoHeHThl 3Toi (yHKIMU HUMEIOT CIAeAyIoUril (pU3n4ecKuii CMbICH:
¥(®o(?) — YIJI0Basi CKOPOCTb IIOBOPOTA CEUEHHSI OTHOCUTEIBHO OCH )3(f) BCIIOMOIaTENbHOM
cucteMbl koopaumHar Y(?); yup®°o(f) — JMHEHHas CKOpOCTh (aOCONIIOTHAs BENWYHMHA)
nepeMenieHus: 0a30BOM TOUKU ceUeHHS; yv()®1(f), v(n®2(?), v(®3(f) — KOMIOHEHTBI BEKTOPA
YIJIOBOM CKOPOCTH CEUEHMsI B MOABMXKHOM cucteMe KoopAuHAT Y(£); y®°i(?), v 2A(?),
¥()®°3(f) — KOMIIOHEHTBI BEKTOPA JTMHEHHOW CKOPOCTH 0a30BOM TOUKU CEYEHUS B IOJBHK-
HOH cucteme koopauHaT Y(f). st Toro, 94ToObl ceueHus ObUIM TEPHEHINKYIISIPHBI OCH
CTEp>KHs1, HA0OpP KOMITIOHEHTOB JIMHEHHBIX CKOPOCTEH JI0JKEH UMETh CIIETYIOIINI BU:

Y(r)wol ()= Y(t)(ooz (1)=0; Y(t)(’OOS ()= Y(x)woo (t)=v()=0. (8.19)
3nech V() — nuHelHAas CKOPOCTh HepeMelneHus cedeHus. OHa J0JKHA OBITh HEOTPHIA-

TCJIbHA.

JInst BBIYMCIMTENBHBIX IIeJIe yM0OHO TOJNB30BaThCS HE OWKBATEPHUOHOM HCTHHHOTO
sitnepona nepemenienus (), a ero aHanuTHUIECKON (QyHKIHEH:

x ¥
S

<A(t) =exp (8.20)

OcHOBHBIMU T (PepeHINATHLHBIMI YPAaBHEHUSAMHU JUIs TTOMCKa (OPMBI CTEPXKHS Oyaem
CUHMTaTh aiIuTUBHOE (8.5):

, )
NNOEMNGERS )2 (8.21)
1 MyJIbTHIUTHKATHBHOE (8.12):
Q(t
(A () =—= : 2 (8.22)

ypaBHeHUs. OHM NO3BOJIAIOT MO OMKBAaTEPHHOHY CKOPOCTEH vy()(2(f), 3aJaHHOMY B IO-
IBIKHOHM cucteme koopauHar Y(f), MOCTPOHMTH TENO KPHUBOJIMHEHHOro cTepkHs. Ecim
3aJaTh ISTh IPOU3BOJIBHBIX HEMPEPBIBHBIX PYHKIUH v()™o(?), v(y®1(?), v()®2(?), v®3(f) 1
V(f) 1 cOCTaBUTh M3 HUX OMKBAaTEPHHOH CKOPOCTEH y()C2(f), TO B pe3yibTaTe pelIeHHs
muddepeHnnanbibix ypaBHeHu# (8.21) wnu (8.22) momyduM KpUBOJIUHEHHBINA CTEP>KEHb,
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YZIOBJIETBOPSIOLIMN OrOBOPEHHBIM BbllIe TpeOoBaHUAM. Hanbonee npoaBUHYTHIN pe3yib-
TaT 1O TMOJYYEHHUIO OOIIEro peuieHus ypaBHeHHA (8.22) uMeeT BHJI MYJIbTHILTMKATUBHOM
KBaApatypsl (8.13):

A= A(O)OheXp[%g(r)-dr} - A(O)oh{l+%g(r)-dr} | 523)

[To momyueHHON OMKBATEPHUOHHOM (PYHKLMU MOXXHO BOCCTAHOBUTH MCKOMBIA OMKBaTep-
HUOH:

P(6)=2-Ln (A®F). (8.24)

Ota OUKBaTepHUOHHAsI (QYHKIHS COAEPXKUT B ceOe MOJIHYI0 UHPOPMALIMIO O KPUBOJIUHEH-
HOM CTEp’KHE, HO OHa MpEJCTaBJICHA B HECKOJIbKO HEOOBIYHOM Buje. g TOTro, 4TOOBI
OIPENIeIUTh C €€ NMOMOIIIBIO MOJIOKEHUE CUCTEMbI KOOpAUHAT Z(f), CBSI3aHHOM ¢ CeYeHueM,
HA/I0 BHAYaJie MEPEMECTHTh KOOPJUHATHYIO CUCTEMY X JI0 COBMEUICHHS €€ CO BCIIOMOTa-
TenbHOU cuctemoit Y(f) mpu momoru OukBarepHuoHa xW(f), a 3aTeM MOBEpHYThH €€ Ha
yroi xyo(f) BOKpyr ocu y3;. bukBarepunonnas ¢pynkuus x®(¢), Beraucinsemas no Gopmy-
nam (8.17) u (8.18), mo3BoMISIET ATO clenaTh CTAaHAAPTHBIM IIyTEM MOCPENCTBOM OJHOIO
nepeMeILeHHs.

Ochb cTepKHSI MOYKHO ONpPEENIUTh MU oMol OnMKBaTepHUOHA xA(f) = xA(f) + @-xA°(?).
JJ1st 5TOTO HY)KHO BOCTIOIB30BaThCs popmynoit (4.178):

() =2 Ao (A7) (8.25)

KoMmoneHThl kBaTepHHOHA xI(f) UMEIOT CICAYIOMUNA T€OMETPUYECKUN CMBICT: x7o(f) —
nyroBasi koopauHata s(t); xri(t), xr2(f), xr3(f) — KOOpAMHATHI paguyca-BeKTOpa, COCIUHS-
IOIIET0 HAayalio HEMOJBM)KHOM CUCTEMbl KOOPAWMHAT X C HA4YaJOM MOJBHXHON CHUCTEMBI
koopauHat Y(f), mpeacTaBIeHHBIC B HETIOBUKHON CUCTEME KOOpAUHAT (CM. puc. 8.3).

8.6. KpuBHu3Ha U Kpy4eHHe OCH CTEPKHSA

PaccmoTpuMm mapameTpsl OCH CTEpKHsI, omnpezensemMoit ypaBHeHusmu (8.21) u (8.25), ¢
MO3UIMI  Kitaccudyeckoil auddepeHnuansHoii reometpun [49], cumWTas HW3BECTHBIM
OMKBaTEpHHOH CKOPOCTEH yv()Q2(Z) = y(»®(¢) + ®-y()@°(f). IlonneMeHTHOE BBIpas)K€HHE €ro
KOMITOHEHTOB TaKOBO:

v @) = [Y(z)mo (03 vy @1 (1); vy @, (); () 03 (I)}é v @°() = [Y(,)v(t);O;O; Y(z)v(fﬂ . (8.26)

VckoMmbIiMH napameTpamu OyJieM CUHMTaTh KPpUBHU3HY K(f) U KpydeHHE T(f) OCH CTEp)KHS, a
TaKXKe HalpaBJIAIONMe KOCHHYCHl KacaTeJbHOW, HOPMald M OMHOPMANM B IOJBHKHOMN
cucreme koopauHat Y(z).

st aTOM 1enu 3ab6JaroBpeMeHHO BBIYUCIUM MPOU3BOAHBIE 110 MMapaMeTpy ¢ KBaTepHHOHA
xI'(?), onpenensemoro ¢popmynoit (8.25), 10 TpeThero mopsiika BKIOUUTEILHO U MpecTa-
BHUM HX B MOABHXKHOM cucteme koopauHat Y (¢). It Toro, 4To0bI 3TH TPOU3BOIHBIC ObLIH
BBIPAKCHBl 4epe3 KOMIIOHEHThl OMKBAaTEpPHHOHA CKOPOCTEH vy()<2(f), HalO y4UTHIBATH
muddepeHIraTbHBIC 3aBUCHMOCTH (8.21), U3 KOTOPBIX CIICTYET:
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000 M) oy @) k(D) oy, (1)
L, A7) = > .

B nanpHeimmx BhIKIagKax Oy7eM OMyCcKaTh CKOOKH (f), BRIpaKaromye (PyHKIIMOHAIBHYIO
3aBUCHUMOCTb OT HapaMeTpa t.

xM () = xM1)o (8.27)

IlepBble IPOM3BOHBIE BBITEKAIOT U3 ypaBHEeHus (8.25):
=y ho 0% A7 (8.28)
ITocne nepexona kK cucreMe KoopauHaT Y OHHM OKa3bIBalOTCS PaBHBIMU KBATEPHUOHY y(®°:
vr'= X)“iloxrrox)": Y(OOZ[V,O,O,\/]. (8.29)
Bropsie npousBoHbIe OyunM, auddepentupys (8.28) ¢ ncnoiap30BaHNEM paBEHCTBA!
(M) == Ao Mo, (8.30)
B HenoaBmkHOMN cucTeMe KOOpAUHAT Oy1eM UMETh:
= Mo @0 A+ ho @ o A — Aoy @0 A o Moy AT, (8.31)

a mepexos K cucreMe KoopauHat Y, IoJdyduM:

®o,M°—,M°0, M
"_ Y Y Y Y of _[.1. . Cy
= > +y0% =V vy, —veyo; V] (8.32)
TpeTI)I/I HpOI/I?;BOI[HI)Ie MOXXHO HOJ'Iy‘II/ITI) AHAJIOTUYHO.:

"

1%
Sy O O Ve @+ 2V
r,,,_VYSY]vYZ Viy®, (8.33)
Y - ' ' . .
V'Yms'y(’)z_v'le_z'v'le
" 2 2
Vi—v (o + y0))

Jyist onipeieNieHrsi KpUBU3HBI OCU CTEPKHS BOCTIONb3yeMcs Gpopmyoi [49]:

12 2 12 "n2 "n2 n2 i " ’ " ' ”\2
K2_(le tyh B D) G Hyh B ) =Gy Rt yhyh Hyhyh)

12 12 12\3
(yi~+yn +y057)

: (8.34)

BBIpXKAIOIIEH KBaJApaT KPUBU3HBI Yepe3 MEPBLIC U BTOPHIC MPOU3BOIHBIE KOOPIUHAT OCU
cTepkHs Mo BpeMeHu. [loacTasmsis ux 3HadeHus u3 Gopmy (8.29) u (8.32), momyuum:

2 2
2_yO T 0

2
\%

X (8.35)

Hecmotpst Ha 1O, uTO B dopmyne (8.32) mpHUCYTCTBYIOT yCKOpPEeHHs V'(f), KpUBH3HA OCH
CTEPIKHSI OT HUX HE 3aBUCHT.

Kpydenue ocu crepkHs ompenenuM Mo Hu3BecTHoW (opmyrne [49] ¢ ucnomp3oBaHUEM
NIEPBBIX, BTOPBIX U TPETbUX MPOU3BOJIHBIX KOOPJUHAT OCH CTEP>KHS 10 BPEMEHHU:
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" m " (8 * 3 6)

T= .
2 2 12 12\3
K -(yR +yn +yn)

[ToncraBnsisi B 3Ty (OpMYITy BBIPAXKEHHS 7151 KOMIIOHEHTOB COOTBETCTBYIOIMX KBAaTCPHU-
oHOB 3 hopmyi (8.29), (8.32) u (8.33), moydyum:

1 )y O) —y O, +y, O

— YL Y72 Y2 YL

T=— yO,+ 5 5

v Y(’Ol +Y(’02

(8.37)

Heckonbko HEOXXHTAaHHBIM SIBIIIETCS TOT (PaKT, YTO KPYUCHHE OCH CTEPXKHS 3aBHCHUT HE
TOJIBKO OT CKOPOCTH MOBOPOTA CEYEHUSI BOKPYT OCH (3, HO U OT YIJIOBBIX YCKOPEHUH ®'1,
®'>. HanmoMHuM, 4TO OCh CTEpKHS MPEACTaBIsAET COOOM MIOCKYI0 KPUBYIO TOJIBKO B TOM
ciy4dae, KOorja Ha Bceul iHe cTepkHs T = 0.

3anuiieM Ternepb 3HAUYCHHs HAMPABIISIONIMX KOCUHYCOB KacaTelbHON, HOpMaau U OUHOP-
MaJH JJIsl OCH CTEP>KHSI B MOABIKHOM cucteMe kKoopAuHAT Y (7).

y®, !
2 2 2 2
0 Vy® ty0; Vy® ty00;
t=10); n=| O, ; b= v @, . (8.38)
2 2 2 2
yO ty0, \Vy® ty0;

8.7. Il puMUTHBBI

byaem HazpBaTh MPUMHUTHBAMH KPUBOJIMHEHHBIE CTEPXKHH, JAJII KOTOPBIX OMKBATEPHUOH
ckopocTelt y()<2(f) B MOJABIKHON cucteme koopauHatr Y(f) sBisercs KoHcTaHTou. Mccre-
JIyeM JUIsl 3TOT0 YaCTHOIO CiIydasi BOIIPOC O OpPME CTEPIKHS.

8.7.1. QObuwee peuwienue 011 nPUMUMUBOB

Jlnst cyuast, korna OMKBaTepHUOH CKOPOCTEH y()€2(f) B MOABIKHOM cHCTEMe KOOpAMHAT
Y(f) siBAsieTcs KOHCTAHTOM, O0IIee pelIeHHe CUCTEMbl KHHEMaTHYeCKuX audepeHnuab-
HBIX ypaBHeHHUH (8.21) MOXKHO 3amucaTh B 3aMKHYTOM BHUJIE:

v @t
KA(1) = xADoexpH— (8.39)

Takast BO3BMOXHOCTh BbITeKaeT u3 Gopmyisl (2.334), eciiu K HEH NMPUMEHUTH MPUHIIHIT
nepeHecenuss KorenpHukoBa-llITynu. bukBatepHuon xA(f) omnpenenseT NOJ0KEHUE
BCIIOMOTATEIIbHOM CHCTEMBI KOOpAHWHAT (CM. pasnen 8.5) kak (QyHKIHIO mapameTpa f, a
MPOM3BOJIbHAS OUKBaTepHUOHHAS KOHCTaHTa xA( — monoxkeHue 3Toi cuctems! npu ¢ = 0.

Bynem cuuTtaTh WMCXOIHBIMH JAHHBIMU KOMIIOHEHTHI OWKBaTepHHOHA ) B TOABUKHOM
CUCTEME KOOPJIMHAT:
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®,+®@ v

o +w-0

Q- (8.40)

Yo 0, +®-0

O+ @V
BBITIMCaHHBIE ¢ yueToM dopmydsl (8.19). 3nech wy — yriioBas CKOPOCTh MIOBOPOTA CEUCHHUSI
OTHOCHUTENFHO OCH )35 ], M2, 3 — KOMIIOHEHTHI BEKTOpa yTIOBONH CKOPOCTU CEUCHHUS; V —

JTUHEWHas CKOpocTh (aOCONIIOTHAs BEIMYMHA) IMEpeMeIIeHUs 0a30BOM TOYKU CEUEHUS,
3a/IaHHbBIC B MTOABUKHOM crcTeme koopauHaT Y (7).

Paccmotpum nonmpoOHee wacTHbIN cirydait, koraa xA0 = I, mockonbpKy mepexon K olriemy
CJTyYal0 JICTKO BBIMOJIHACTCS 10 (popMyJie CIIOKEHHsI KOHEYHBIX rnepemenieHnid. Torna

LN
XA(t)=F=expT. (8.41)

OOparascy K NpuIIoKeHuto 9.5, rae npuBeneHsl GOpMyIIbl Ui AaHATUTUYECKUX (QYHKIMHA
OMKBATEPHHOHHOTO apTyMEHTA, 3aIHIIEM CIICIYIOINE 3aBUCUMOCTH:

Jo VA,
. o . + . f©°
F= e-f. - eol fote fo. ’ (8.42)
e, f. e’ f.tre [,
e f., e’ fote - fO,

riae 0003Ha4YEHO:

o, v 0,0, .V O+
m,:iw/mf+®§+m§;ej=m—’(]:1,2,3);e j:—m—~#(]:l,2);e 3=w—~#;(8.43)
W, ! o, t o V-t W, t 0/ 0, . 0!
=ex - COS ; =—-€X ‘| COS—— ——=-sIn—— |; 8.44
Jo=exp 5 VA 5P > o, 5 (8.44)
(O SN O XY 4 o V-t Oyt [ . O o o, !
. —€X -SIn——; —=—-€X -| sin +—-co0S—— |. 8.45
/. P 2 2 4 2 P 2 2 o 2 ( )

.

®opmyisl (8.43) onpenenstoT OCh BUHTA, [0 3aKOHY KOTOPOIO IepeMelniaeTcs BCoMora-
TeNbHast cucreMa KoopAauHat. [ImoKKepoBEI KOOPAWHATHI STOH OCH B TIOABHKHOM CHCTEME
KOOpAUHAT

E =e¢+w-e, (j=12,3). (8.46)

Kak cnenyer u3 ¢dopmyn (8.43), HampaBieHHE STOH OCH COBNAJaeT C HalpaBlIEHUEM
BEKTOPHOM 4aCTH KBaTEPHHOHA (®, a PACCTOSHUE €€ OT Hadaaa KOOPAHMHAT, TO €CTh PanycC
LWINHAPUYECKOM IMOBEPXHOCTH, MO KOTOPOil mepemeniaercs 0a3oBas TOYKA CEUCHMS
CTEpXHS, paBEH:



274 8. ©OPMOOBPA30BAHUE KPUBOJIMHENUHbBIX CTEP)KHEH

2 2
v o, +0
R=\e? +e2 42 =— N1 2 (8.47)
0). OJO
[TapameTp paccMarpruBaemMoro BUHTA onpeaesieTcs: GopMysIoi:
Vo,
P=——. (8.48)
0). 0)0

VYpaBHEHHE OCU CTEP>KHS B HEMOABMKHON CHCTEME KOOPAMHAT OIpeeNIeTCs] KBaTEpHUO-
HOM pajfyca-BeKTOpa xI, COSAMHSIONICTO HAYaI0 HEMOJBM)KHOW CHCTEMBI KOOPIUHAT C
HAyajioOM TOJABIMKHOW CHCTEMBl. OJTOT KBAaTE€PHUOH MPEJCTABICH MEpPBOM M3 (GopMyII
(4.178), xoTOpasi B pa3BEpHYTOM BUJE BBITJIAIUT TaK:

L) =v-1,
® o O, v . o, VvV

x”l(t)_;l ®—3-V-t—w—1-®—3-®—-sm(co,-t)+j-®—-[l—cos(co.-t)];

0, O ®, O Y . 0 V '
X]/‘Z(t):_z_3Vt__z_3_Sln(@.t)__l_[l_cos(co.t)]’ (849)

O, o, o, O, o, o, o,

2 2

®;, O o, +0, v .
X’%(t):_3'_3'V'f+1—22'—'51n((0.-t).

0, O ® ®

HyneBoil KOMIIOHEHT 3TOr0 KBaTEPHUOHA OKA3bIBAECTCS PAaBHBIM JTYTrOBOM KOOpPIAWHATE Ce-
YEHUs1, COOTBETCTBYIOLLIEIO MApaMeTpy /, a OCTAIbHbBIE
TPU — ATO KOOPJAMHATHI paguyca-BeKTopa xr(f) B He-
MOABMAKHOM cucTemMe KoopauHaT. CieayeTr OTMETUTb,
YTO JUIsI PacCCMaTpUBAEMOI0 HAaMH YAaCTHOIO Ciydas
xA0 = I HenoABMKHAS CUCTeMa KOOPIMHAT COBMAIACT
C MOJBIXXHOU cucteMoi koopauHat Y(¢) npu ¢t = 0.

Puc. 8.4 wumoctpupyeTr npuBeeHHBIE BhIlIe HopMy-
apl. Och MOPOCTEHIIEro KPUBOJMHEHMHOTO CTEPIKHS
(mpuMUTHBA) TIPEICTaBISAET COO0I BUHTOBYIO JIMHHUIO,
PacIoyIoKEHHYI0 Ha OOKOBOM IOBEPXHOCTH LIMIIMHJIPA
paauyca R, OCb KOTOpOIrO KOJUIMHEAapHAa BEKTOPY
YyIJIOBOM CKOpPOCTH M ONpEAEseTcs €INHUYHBIM
BUHTOM (8.46). Tun BUHTOBOM JIMHUU ompeensercs napameTpom BuHTa (8.48). Eciu aTOT
napameTp IMOJIOKUTENIEH, OCh IPUMUTHBA NPECTABISAET COOOM MPaBYI0 BUHTOBYIO JIMHUIO
(xax mTonop [uid u3BjIeUeHHUS MpoOok). Ecau mapameTp oTpunaTenbHbIi, OCb TPUMHUTHBA
IpEeJCTaBIseT COOOM JIEBYI0 BUHTOBYIO JIMHUIO. Eciin mapaMeTp paBeH HyJII0, OCb IPUMHU-
THUBA MPEJICTABIAET COO0H OKPYKHOCTb. Lllar BUHTOBOM JTMHUN BRIYUCISETCS 1O (hopMyIe:

Puc. 8.4. Ocy npumuTHBa

hzz-n-wl-%. (8.50)

[ITar 3TOT MONOKUTENEH AJIs IPABOM BUHTOBOM JIMHUM W OTPULATENIEH — IS JIEBOU.
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HamoMHuM, 9TO TOJIOBUHHBIN SKCTIOHCHIMAIBbHBIA OukBaTepHuoH xA(f) = F onpenemnsier
MOJIO’KEHHE HE MOTNEePEYHOr0 CEYSHHs CTEPKHS, a BCIOMOTaTeIbHON MOABHKHON CUCTEMBI
KoopauHart. J{Jis mepexona K MOJBMKHON cucTeMe KOoopauHat xZ(t), CBI3aHHOW C CEYCHU-
€M, HaJ0 JOMOJHUTEIBHO MOBEPHYTh €r0 Ha Yroll -/, MOCKOJIBKY 3TOT Yroji B Ciyd4ae
NPUMUTHBOB M3MEHSETCS C MOCTOSIHHOM YTJIOBOW CKOPOCTBIO (9. [lonmpobnHee 06 3ToM
CKa3zaHo B pazjene 8.4.

B coorBerctBun c opmynoit (8.17), momoBuHHas SKCIOHEHTa OuKBaTtepHHOHA xM(?),
OIPENIENIAIONIET0 TOJ0KEHNE CEUYEHUs] CTEp)KHS B HEMOJBMKHOM CHCTeME KOOpJAWHAT,
UMeeT BUJIL:

w, -t

<A, (2)-cos — <A (?)-sin 0302-t

XAl(t)-cosmoT't+ <A, (?)-sin (002~t

xM(t):

<A\, (2)-cos

<A (t)-cos

, -t

o, -t

— A,(1)-sin °°°2't

(8.51)

T+ A ()-sin "’02't

B pesynbrare oxaspiBaeTcs, 4To (popMa MPUMHUTHBA OMPEACISICTCS TMATHIO MOCTOSTHHBIMHU
qHUCIaMU: v, ®y, ®], 2, O3, IPUYEM V UTPAET poiib MaciTadbHoro kodddumnuenrta. To ecTs,
0 CYIIECTBY, 3Ta JopMa ONPEAEIAETCS OJJTHUM KBATCPHUOHOM ® C KOMIIOHEHTAMH (D, (1,
0y, M3.

8.7.2. Ilpumepovt npumumueoe

HTaK, OChb IIPUMHUTHBA NPCACTABIIACT coOoi BUHTOBYI JIMHHIO. OpI/IeHTaI_[I/ISI CCUCHUA
OTHOCHUTCIIBHO OCH OIIPCACTIACTCA KOMIIOHCHTOM (0.

Puc. 8.5. CtepkHU ¢ OCBIO B BHJIe BAHTOBOW JIMHHUU: () — JIEBBI BUHT; b) — IIPaBBIi BUHT;
€) — C IOTIOJIHUTEIbHBIM KPYUYeHUeM; d) — C KPUBU3HOHN B IBYX HaIPaBICHUIX

Ha puc. 8.5 noka3anbl KpUBOJIMHEWHBIE CTEPAKHU KBAJPAaTHOTO MONEPEUHOro ceueHus. Bee
OHH TIOCTPOEHBI Ul JINHEHHOW CKOPOCTH IEPEABMIKECHUS CEYCHMS BIOJb OCH CTEPIKHS
v =1 m/c. Hauano ocu cTepKHA COOTBETCTBYET CEUYEHHUIO, OT KOTOPOTO CTEP)KEHb OITyCKa-
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€TCsl BepPTUKAJIbHO BHU3. KBaTepHHOHBI YITIOBBIX CKOPOCTEH A KakIOro mpuMepa
npuBeeHb B popmynax (8.52). 3nech u qanee pa3MepHOCTh YIIIOBBIX CKOPOCTEH paj/c.

1 1 1 1 1 1 1 1 2 3
0, = O,__,—,O 0, = Oa_a_ao ;(DC: _a_a_a() 0, = Oa_a_:_ . .
[ 252}}’{252} [5252}”’{25510} (8:52)

Jlrobass ynopsiioueHHast yeTBepka uucen (¢ Homepamu 0, 1, 2, 3), ucToaKkoBaHHas Kak
KBaTEPHUOH YIJIOBBIX CKOPOCTEH, ONpEAEIISIET IPUMUTUBHBIA KPUBOJIMHEWHBIN CTEP/KEHb.

KomnoneHT ¢ HOMepoM 3 xapakTepusyeT KpydeHHE OCH CTepkHA. Eciii 3TOT KOMIOHEHT
MOJIOKHUTEIbHBIN, TO OCh CTEpXHs MpeAcTaBiseT co0oil nmpasslii BUHT (puc. 8.5 b, ¢, d),
€CJIM OTPULATENbHBIN — J1eBbIi BUHT (puc. 8.5 a). KomnoneHT ¢ Homepom 1 xapakrepusyet
UCKPUBIICHHE OCHM CTEpXHs B OJHOM M3 HampaBieHuil. B camoneTHoll aHajsorum — 310
HCKPHUBJIEHHE TPAEKTOPUHU TOJIETa CAaMOJIETA, BbI3BAHHOE MCIIOJIb30BAHUEM PYJIEH BBICOTHI.
[TonoXuUTenbHBIN 3HAK 3TOrO0 KOMIIOHEHTa COOTBETCTBYET 3aJUpPAaHUI0 HOCa CaMoJIeTa
BBEpX (BCE BapUaHTHI puC. 8.5), OTpULATENbHBIN 3HAK — OMYCKAaHUIO HOCA CAMOJIETa BHU3.
KomnoHeHT ¢ HoMepoM 2 xapaKTepu3yeT UCKPUBIIEHUE OCH CTEPXHs B APyroM HarpasJie-
HUU. B caMonieTHOI aHamorum — 3TO0 UCKPUBJIEHUE TPAEKTOPUH T10JIETA CAMOJIETa, BbI3BaH-
HOE€ €ro IMOBOPOTOM BIPABO WJIHU BJIEBO. [10JI0KUTENBHBIA 3HAK 3TOTO KOMIIOHEHTa COOT-
BETCTBYET MOBOPOTY BIIPABO, OTPHUILATEIbHBIA 3HAK — MOBOPOTY BieBO. B uuctom Buae
TakoM ciyuail Ha puc. 8.5 He mpejacTaBieH, OJHaKO Ha puc. 8.5 d peanu3oBaHa KpuBas,
COOTBETCTBYIOIIAsl OJTHOBPEMEHHOMY IOJIEMY CaMOJIETa BBEPX U €ro MOBOPOTY HAIPAaBO.
KomnoneHnt ¢ HomepoMm 0 Ha GpopMy OCH CTEpXHsI HE BIUSET, a ONpeNesieT OPUEHTAIHUIO
MIOTIEPEYHOI0 CEYEHHUS] CTEp’KHS OTHOCHUTEIbHO 3TOM ocu. B camoneTrHolt aHamoruu
MOTIEPEYHOE CEUYEHUE CTEP)KHSA KaK Obl COeAMHEHO ¢ npornenaepoM. [1o0KuTenpHbIN 3HaK
KOMIIOHEHTa ¢ HOMepOoM 0 COOTBETCTBYET BPAILLEHUIO IPONEIIEPA [I0 YACOBOW CTPEIIKE C
TOYKHM 3peHus muiioTa camosieta. Ha puc. 8.5 ¢ 3ToT ciyyaii peanu3oBaH.

[Tonp3ysick naeeit Mebuyca, MOKHO CO37aTh IIENIYI0O TaMMy CKPYYEHHBIX cTepxkHed. Ha
puc. 8.6 MmokazaHbl MPUMEPHI KOJIBIEBBIX CTEPKHEH KBaIpaTHOTO CEUEHUs, CKPYUEHHBIX
no-pazHoMy. KBaTepHHOHBI YIJIOBBIX CKOpPOCTEW Uil KaKJOro TMpUMEpa IMPHUBEACHBI B
dopmynax ( 8.53).

Puc. 8.6. KonblieBble CKpyUEHHBIE CTEPKHU KBaJPAaTHOTO CEYECHHUS

1 1 1 2 1 3 1 1 1
0, = 050’_’0 @, = _305_50 ;(’)(‘: _703_50 0, = _305_90 ;mg: _’05_50 . .
“[z}b{gz}'[gz}”’[gz} {22}(853)
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8.8. Crepiknu ¢ ocblo nepuoanveckoi popmol

[Tono6Ho TOMy, Kak MOCTOSIHHBbIA KBAaT€PHHOH ® MOPOKIAET NMPUMUTHB, MEPEMEHHBIN
KBaTepHUOH (f), SBISAIOIIUICS (YHKIMENW BPEMEHU, TOPOKAAET KPUBOJIMHEHHBIN
CTep)KeHb Oosiee CIOXKHOTO BHja. Llenmblii KiacCc KPUBOJIMHEHHBIX CTEpKHEH MOXKHO
co3/7aTh C MCTOJB30BaHUEM Mepuoandeckux ¢yHkuui. Ha puc. 8.7 mpuBeaeHsl npuMepsl
IUIOCKUX KPUBOJMHEWHBIX CTEPKHEW C WCIOJIb30BAHUEM MEPHOANYECKUX (DYHKIIUM.
KBaTepHHOHBI YTIIOBBIX CKOPOCTEH 711 KaXKI0TO pUMepa MpuBeIeHb B hopmyrax (8.54).

o, =[0;0;0;1,4-cost];®, =[0;0;0;1,6- cost];, =[0;0;0;,8-cost];@, =[0;0;0;2-cost]. (8.54)

Puc. 8.7. [1nockue KpUBOTUHEHHBIE CTEPKHU C UCTIOIB30BAHHEM MEPHOANIECKUX (DYyHKIIMH

W3 prcyHKa BUIHO, KaK C)KUMAIOTCS 3UI'3ard OCH CTEPKHS MPHU YBEIHMYECHUH KOAPPUIIHEH-
Ta IpY NEPUOINIECKO pyHKIUH cos ¢. [IpencTaBisis KOMIOHEHTHI KBATEPHUOHA YTIIOBBIX
CKOpOCTEH MepruoJMUecKUMH (PYHKLIUAMHI, MOXKHO 00pa30BaTh pa3INyuHbIe BUIbI KPUBOJIH-
HelHbIX cTepxHeil. Ha puc. 8.8 mpuBeneHsl nmpumepbl Takux crepkHei. KBaTepHHOHBI
YIJIOBBIX CKOPOCTEH ISl 3TUX MIPUMEPOB NpUBeeHbI B hopmynax (8.55).

Puc. 8.8. HpOCTpaHCTBCHHBIe KpHBOHHHeﬁHBIe CTCPIKHU: MAHAYChI U CCPIIAHTHUHBI
0, = [O, 0.3-sign(cost),0,2.4- cost]; o, = [0, 0.3-cost, 0, 2.1~cost]. (8.55)

8.9. Crepiknu ¢ ochblo, Jieskalleil Ha IOBEPXHOCTH cdepsbl

Kak yxe ynoMuHanoch, KaXJOW (QYHKLHMOHAJIbHOM 3aBHCHMOCTH KBaT€pHHMOHA @ OT
CKAJIIPHOT'O apryMEHTa / COOTBETCTBYET KPUBOJIUHEHWHBIN CTepKEeHb. ECiu B KBaTepHUOHE
® 331aTth ®; = V/R; @3 = 0, To och cTepkHs OyAeT jexarh Ha cdepe paauyca R. Popma
3TOr0 CTEPXKHSI OINpPENEIUTCS KOMIIOHEHTaMHu ¢ M . IlpuMepbl Takux crepkHei
IpuBeAeHbI Ha puc. 8.9. KBaTepHHOHBI yITIOBBIX CKOPOCTEN I 3TUX IPUMEPOB IIPUBEIE-
HBI B hopmynax (8.56).

®, =[0,0.2,1.2-5in(0.692-1)+0.05,0]; @, =[0,0.2,1.2-5in(0.692-7),0]. (8.56)
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Puc. 8.9. CrepxHu ¢ oCblo, JIeXxalield Ha MOBEPXHOCTH CeEphI

8.10. Crepxxnu 3Kk30THYeCKO (hopMBbI

[IpennoxxeHHass METOJUKA MO3BOJIIET CTPOUTH CTEPKHU BeCchbMa HEOOBIYHOM (OPMBL
KomOunupys paznuusble QyHKIMHU AJIE KBaTEPHHOHA ), MOXKHO TMOCTPOUTH CTEPKEHBb
MPAKTUYCCKU 1100010 BHUAA. HpI/I O9TOM MOXHO IPUMCHATH KYCOYHO-IIOCTOAHHBIC WA
KyCOYHO-JTMHEHHbIe pyHKIMU. [Ipumeps! Takux cTep)kHEH moka3ansl Ha puc. 8.10.

Puc. 8.10. CtepkHHU 3K30THIECKOI (POPMBI

8.11. ToHKOCTEeHHBbIE CTEPKHU U3 JIUCTOBBIX 3ar0TOBOK

ByneM YCJIOBHO IToJIaratb, 4YTO UCXOJHBIM MaTCpUaIOM JIsI U3IrOTOBJICHUSA TOHKOCTCHHBIX

Puc. 8.11. ToHKOCTEHHBIN
CTEPXKEHb U3 JTUCTOBBIX 3aTOTOBOK

CTEpKHEN SBJISETCS cTanbHOW JuCT. KpuBonmHeliHble
CTEP)KHU TIPOILE BCErO0 M3rOTABIMBATH U3 3arOTOBOK
(puc. 8.11), BbIkpamBas HX U3 IUIOCKOTO JIHCTA,
UCKPUBIISIL U COCIUHSS MEXIY cO00M MpOIOJIbHBIMU
mBamu. [louTtu Bce npuMepsl, NMPUBEICHHBIE BBILIE,
MIPEACTABISIIOT cOO0M CTep)KHU Takoro Tuma. IIpexnme
YeM COEIMHUTh MEXIy COOOH 3aroTOBKM, UM HAI0
pUAaTh KpUBOJUHEHHYIO hopMmy. Bynem cuurarsh, 4To
HaM OYEHb IOBE3JIO, €CIM HYXXHYI0 (opMy ymaercs
HNOJYYUTh TOJBKO 3a CUET M3TMOAHUS JIMCTOBBIX
3arotoBok. Ilpm 3TOM cpenuHHas NOBEPXHOCTh HE
UCIIBITBIBAECT PACTSIKEHUN, CXKAaTUM WIH NEPEKOCOB. B



8.11. Tonkocmenuble CMepHCHU U3 TUCTOBBIX 3A20MOBOK 279

o011eM ke cllydae JJUCTOBYIO 3aTOTOBKY Ha/I0 HE TOJILKO U3TH0aTh, HO U CKPY4YHBaTh. JTO
HEBO3MOXKHO cJienath 6e3 aedopManui CpeIUHHON MOBEPXHOCTH 3arOTOBKH, MOCKOJBKY
3Ta MOBEPXHOCTb MPU CKPYUUBAHHUH MOJIOCHI JehOpMUpPYETCS.

a) b)

Puc. 8.12. Iedopmarnust npsAMOTUHEHHON 3arOTOBKH: @ — N3rH0aHneM; b — CKpy4YrBaHHEM

Ha puc. 8.12 nmoka3ansl 1Ba Buaa aehopMaiiuu NpsSMOTMHEHHON TIIOCKOM 3aroToBKU. Bua
@ COOTBETCTBYET M3rMOaHMIO, KOT/Ia MPSIMOJIMHEHHAs 1Mojloca MpHOOpeTaeT MIMHApHYe-
ckyto ¢opMmy. Bum b COOTBETCTBYET CKpPYYMBAaHMIO TOJIOCHL. M3 pHCYHKa BHUIHO, YTO B
3TOM cnyqae nponoanHe BOJIOKHA I10 KpaHM IIOJIOCHI JJIMHHEC, UYEM B €€ CepCHI/IHC.

8.11.1. Obwguir cayyan

n 3 R N X2 Ocb cTepsKHS
vyz X1

Puc. 8.13. 'eomeTpus o1HOI 13 IrpaHeil TOHKOCTEHHOTO CTEPKHS

Jlnst Toro, uToOBl pa3o0paTbesi B TOM, KOIJIa Mbl IMEEM JIEJI0 C YUCTBIM M3rMOOM, a KOraa
CO CKpYYHMBAaHHEM TOJOCHI oOparumcs K nuddepeHnuansHoi reomerpun [49], koTopas
u3ydaeT MmpobieMy M3rubaHus MOBEPXHOCTEH, M paccMOTpUM Oosiee MOAPOOHO OIHY W3
rpaHeil TOHKOCTEHHOTO cTepkHs (puc. 8.13).

I'panp mpexacrasisier co00 KPUBOIMHEHHYIO TOJIOCY, KOTOPYIO MOKHO CUHTATh CIIEIOM
OT JABW)KEHUS OPUEHTHUPOBAHHOTO OTpE3Ka MPSMOM, KECTKO CBS3aHHOTO C MOJBHKHOM
CHUCTEMOUN KOOPAWHAT Zj, Zp, z3 W JISKAIIETO B KOOPAMHATHOM IUIOCKOCTH Zi, Z>. byaem
moyaratb, 4YTO OTPE30K 3aJaH MapaMeTPUYECKH C HCIOJIb30BAaHUEM Oe3pa3MEepHOTo
napaMmerTpa 1, KoTopelii meHsiercst B mpenenax [—0,5; 0,5]. Koopaunarsl Hayaia 3T0ro
oTpe3Ka, 0003HAaYeHHOTO Ha PUCYHKE OykBOW A4, z3 = 0; z; = aj, 2z = a2, @ KOOPJUHATHI €TO
KOHI[a, 0003HAYEHHOTO Ha pUCYHKE OykBoul B, z3 = 0; z; = by, z = by. Koopaunatst
MIPOM3BOJIBLHOM TOYKHU ATOTO OTpE3Ka B 3aBUCUMOCTU OT 3HAYEHHs MapaMerpa 1 MOTYT
OBITh BBIYUCIICHBI 110 (OPMYIIaM:

z;=0;, z=a,+(,-a)m z,=a,+(b,—a,)M. (8.57)

Jlerko coobpa3uth, YTO HIMPUHA PACCMATPUBAEMOMN I'PAaHU B CEYEHUH, HOPMAJIbHOM OCHU
CTEp>KHs1, paBHA JUIMHE 3TOT0 OTpe3Ka
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c=y(b-a) +(b,-a,) . (8.58)

PaccMoTtpum erie oHy €KapTOBY CUCTEMY KOOPIWHAT U, Uy, u3 (puc. 8.14). Dta cucrema
KOOpJWHAT CBs3aHA C pPAacCMATPUBACMON TpaHbI0 TOHKOCTEHHOTO cTepxkHSI. OCh u3
HaTpaBIlieHa BJOJIb OCH CTEPIKHS U COBMAJIAeT C OChIO z3. OCh 1, HaIpaBJIeHa MapallieIbHO
0Tpe3Ky, o0pa3ylolieMy IpaHb CTEP)KHS, B CTOPOHY yBeNWYeHHUsi mapamerpa 1. Och uj,
00pa3yeT ¢ OCSMU Uy U U3 IPABYIO TPOUKY.

Puc. 8.14. Beenenune KOOpAMHATHON CUCTEMBI Uy, Uy, Us

Cucrtema KOOpIUHAT Uj, Uy, 43 TIO OTHOLICHUIO K CHCTEME KOOPAWHAT Zi, Z2, Z3 TIOBEPHYTA
Ha yTOJI Y BOKPYT OCH Zz3, a TIO OTHOLIEHHUIO K CUCTeMe KOOPIUHAT )1, V2, ¥3 Ha yroa In ||q||
+  BOKpyT ocH y3. M3 reoMeTpruecKux cooOpaskeHUi BHITEKAET:

b, —a, b —a,

cosy=—2—=2; siny=- (8.59)
c

c

VYrnoBbele CKOPOCTH B ATOM CHUCTEME KOOPAMHAT 4Yepe3 KOMIIOHEHTHI KBAaTEPHHOHA y(
BbIpakatoTcsi GopMyaMu:

Oy = y®p5 O3 = y®s;
v® =y, -cos(ln|q]+y) + y o, -sin(In|q]| + y); (8.60)
v®, =—y o, -sin(In||q||+ y) + y o, -cos(In||q|| + ).

PackpeiBast aBe mocneanue 3aBucumoctd (8.60) ¢ wucmonb3oBanueM Qopmyn (8.59),
TIOJTY YHIM:

uv® :(le' 2 ;Clz Ty @y b ;al )'COSln”q”'i'(le' b ;al Ty 0y b ;azj-sinln”q

; (8.61)

U(’OZZ —( YO‘)I. bz_caz +Y(02' bl_cal j -sinln ||q|| +(Y0‘)1. bl_cal +Y0)2 . bz_caz j .cosIn ||q|| (862)

KOOpI[I/IHaTbI CCPCANHBI OTPE3Ka, O6p33y1-OIJ_ICl"O rpadb, B CUCTCMC KOOpAUHAT Ui, U, U3
TaKOBBbI:
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: b,—a,-b
Ulzal-cosw+a2-smw:w;
c
b’ —a’ +b: —a: (8:63)
U, =—a,-siny +a, -cosy =— ‘2 22
e

KoopanHaTsl Mpou3BOIBHON TOUKH OTpE3Ka, 00pasyIolIero rpaHb, B CUCTEME KOOpIUHAT
Uy, Uz, Uz B 3aBUCUMOCTH OT 3HAUEHHUS MapameTpa 1 MOTYT ObITh BBIYUCIEHBI MO (HOpMy-
nam:

u,=0; u,=U; u,=U,+cn. (8.64)

W3 4ncTO TEOMETPHUECKUX COOOPaKEHH 3aIUIIeM YpaBHEHUE MMOBEPXHOCTH PaccMaTpH-
BaeMOM I'paHH CTEPIKHS, 3a/1aHHOE MTapaMeTPUUECKU C UCIIOIb30BAHUEM TApaMETPOB ¢ U 1,
B HENOJIBUYKHOM CUCTEME KOOPAMHAT X1, X2, X3:

XM = xx()+q(0) o Cu(?)o ;U)o Cu'(t)oq (1) (0=<¢<T);(0<n<l), (8.65)

rae  xX(z,m) — KBaTepHHOH, COAEpXAIlUi B CBOCH BEKTOPHOW YacTH KOOPIMHATHI
TEKYIeld TOYKU MOBEPXHOCTHU T'PAHU B HETIOJBUKHOM CUCTEME KOOPIMHAT;

xX(f) — KBaTepHUOH, COJIepKalINil B CBOEH BEKTOPHOM YAaCTHU KOOPAMHATHI TOUKH
Ha OCHU CTEPKHSI, COOTBETCTBYIOIIIEH MOMEHTY BPEMEHU f;

vU(N) — xBaTepHHOH, colepKalliii B CBOCH BEKTOPHON YacTU KOOPAUHATHI TOUKH
Ha paccMaTpUBaeMON TpaHU CeueHUsl, BRIYUCIsgeMble o ¢popmyiie (8.57):

JUM=[0; U; U,+c-m; 0]; (8.66)

Cu(?) — KBaTepHUOH TMEepexo/ia OT KOOPJIAUHATHON CUCTEMBI U, Up, U3 K CUCTEME )|,
V2, V3, AIMEIOLIUI BUJ:

Cu(r) = [COSW; 0; 0; sin W} (8.67)

BrerancnuM ko3¢ UIIMEHTH TIepBOM KBAaAPAaTHUHOW (OPMBI STOW TOBEPXHOCTH, CUUTAS
U3BECTHBIMU W(1), q(f) ¥ y®(?). 3amuineM HeKOTOpbIe BCIIOMOTATENbHBIE (JOPMYIIBL.

dyUMm) o o .
an =[0; 0; ¢ 0]. (8.68)

B cootBercTBHU ¢ popMyIIoil mepexoa OoT KBaTepHHOHA q(t) kK kBaTepHUOHY @(t) (2.239) n
¢ yuetoM dopmysl (9.13), 3anumiem:

@, (1) =2-In|q(1)| = In|q()]. (8.69)

[TpousBogHas ATOM PYHKITMU IO BPEMEHH BhIpaXkaeTcs (popmyIioit:

de,(?) _9. q,() 'dQO(t)+ q,(1) .dq1(t)+ q,(?) .d%(t)ﬁ_ q,(t) .d%(t)
dt la)| drJa@| @ Ja@] a - a@] dr

(8.70)
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HetpyaHo npoBeputs, 4TO 3TOM popMyIie MOKHO MPUAATH BU:

do, (1) [ 4 dQ(f)}
—102 =2.Scal| q(t) ' o ——= |, 8.71
i q(?) ” (8.71)
OTKYJa CJICAYCT:
do,(t) _2-dInjq()| _ dInfq()] _
dt dt dt Y

Hcnonb3ys 3T0 paBeHCTBO, MOXHO IMOJyYUTh (POPMYJTy JJIsi MPOU3BOJAHON KBaTEpPHUOHA
Cu(¢) mo mapamertpy ¢:

@, (1) . (8.72)

dCu(t o, (Z
Cu®) _ y) -[—sin—(PO(t)+W ; 0; 0; cos—(p"(t)-kw} (8.73)
dt 2
Bripaxas @o(t) uepe3 kBarepHuoH (¢) mo popmyie (8.69), 3anumiem:
1 + 1 +
Cu(?) = {COSM; 0; 0; sin M} ; (8.74)
2 2
dCu(t , (7 1 1
u(t) =3 of )-{—sin—n ||q(t)||+\|/ ;0;0; cos—n”q(t)||+w] (8.75)
dt 2 2 2
Jns kBaTepHuoHa, oopataoro Cu(f), 3anuiieM CleayroIInue BhIpaXeHHs:
- | H|[+ | H|+
2 2
dCu™'(¢ o, (?) | + 1 +
') o, ,[Sm nfa®l+ v 0. cos IO w} _ 8.77)
dt 2 2 2
[Tone3Ho uMeTh nepes ria3amu U cienyronue Gopmybl:
dq(r) _ 1 dq ‘() _ 1 a
=—-.q(t)o (,)t; =——- (t)o ). 8.78
& 2(1()y() % 2y()q() (8.78)

[lepBass U3 HUX MOBTOpSiET KMHEMaTHueckKoe Au(QepeHlnanbHOe ypaBHEHUE, KOTOPOe
00513aHO YJOBJIETBOPATHCS, a BTOpasi HCIOJb3YeT, KPOME 3TOr0 ypaBHEHHA, (HOpMyITy
(2.105).

AxxkypatHo nipoauddeperiuponas (8.65) 1o ¢ u 1Mo 1, MOTYUNUM:

XD gocune | SXEDcu(00q 0

ot
(8.79)
|:axXa(t7 n):| — q(t) Ocu(t) o |:axX(t?n):| oCufl(t) Oqil(l’),
X n U an

riae 0003Ha4YeHo:
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0!
o Xt ] | ~WUytem)[yo )+ 0,(0] | {%X(t,n)}_
[ ot }_ U, [ yy(0)+ y,(0)] T |TL0.0e 0] 880

)+ U, +cm) o, () -U, -, 0,()

ot v on

10T c000¥ UCKOMBIE MTPOU3BOIHBIE PyHKIMHU xX(Z,1)) TIO ¢ U 10 M| B TIOJBMKHOU CHCTEME
KOOPIWHAT U], Up, U3. BOCMOIBE30BABIINCH 3TOW CUCTEMOW KOOPAWHAT, BEIYHCIUM KO3(-
(buIueHTH TEPBON KBaIpaTUYHOU (POPMBI TOBEPXHOCTHU TpaHH 1Mo GpopMyiaM:

E(t,m) :Z[axXi(tan)} :

N3 crpykrypsl dopmyn (8.79) ciemyert, uto [ } MIpEACTABIISI-
U

D X.(t . O X.(t (8.81)
) Z[a );(t n)“ (t, n)} G Z{ (t, n)}
B pesynbraTte nomyuum:
E(t,n)=[UM (U, +cn) [ g0, () +, 0, (;)]2 - 552)
+[V(t)+(U2+C'T])'Uml(t)_Uz'Uwz(t)] ;
F(t)=c-U, - [yo,()+ yo,(0]; G=¢. (8.83)

KBagpar snemenTa gyru mpu mOMOIIH 3THX KO3 PHUITUEHTOB MOKET OBITh BBIPAXKEH TaK:
ds’> =E(t,m)-dt* +2-F(t)-dt-dn+G-dn’. (8.84)

DJeMEeHT MJIOLIA U TOBEPXHOCTH BhIpakaeTcsi popMyIIoif:

dS =\JE(t,n)-G - F(t)-dt-dn. (8.85)

[Ipu sTOM,

(U2+C'n)2'[U('Oo(t)+U('03(t)]2+ }
. (8.86)

E(tm)-G-F*(t)=c" )
+[V(l‘)+(U2+C-T|) w0, (1) —U, 'U(Dz(t)]

B Teopun 06oouek B3aMeH K03 (HUITMEHTOB MepBOr KBagpaTHaHoi hopMmel E, F, G 9acTo
NPUMEHSIOTCS TaK Ha3bIBaeMble apameTpsl JIsiMd A1, 4> ¥ yroia MexIy MoJ0KUTETbHBIMH
HAIPaBJICHUSAMHU KOOPJMHATHBIX JTMHUN }. DT BEJIWYHHBI MOKHO BBIUYUCIHUTH 110 QOpMY-
TaMm:

AI:\/E; AZ:\/E; cosy = (8.87)

A4,
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Jnst paccMaTpuBaeMoro cirydast

4,(t,m) = \/[U12+ U, +c- T])2 ] ’ [ v @ (1) +y 0, (t)]z"' [V(t) +U,tem) o, () - UI.U(DZ(I)]Z 5 (8.88)
A2 =c; (8.89)

OSX(I T])_ Ul‘[Umo(t)+Um3(t)]
’ JUz+ W+ eny ][00y (0 +00, O + [0 + Ut M) 0, () Uy, (O]

(8.90)

JuddepeHnmanst 1yr KOOPAUHATHBIX JIMHUH BBIpaXaroTcs 4epes3 mapamerpsl JIams Tak:
ds,=A -dt; ds,=A4,-dn. (8.91)
DJIEMEHT IIIOIAIA TTOBEPXHOCTH BBIPAKAETCSI (POPMYIION:
dS =4 -4, -siny-dt-dn. (8.92)

["ayccoBy KpHBH3HY MOBEPXHOCTH MOJOCHI yepe3 KO3 UIMEHTHI NMEepBON KBaJIpaTUUHOM
dopMBI U WX TIEpBBIE M BTOpPHIC MPOW3BOAHBIC [49] MOXXHO BBIYHCIHTH MO (QOpMyIie
Brioschi:

_VGE OF 1 8°G 10E oF 1 0E[| o 10E 104G
2. 0n ot-on 2 o 2 ot ot 2 onm 2 0n 2 ot
oF _1.0G £ FoOLLE
on 2 ot 2 On (8.93)
1,06 F ¢ | LG o g
2 0On 2 ot
K = 22
(E-G-F?%)

C yudeToMm TOTro, YTO B HaIlIeM CIy4yae

G oG &G _OF O°F

ot o o on orom

(8.94)
dbopmyna (8.93) ympormraercs:

K = 1 . G | 2E 2 - E (8.95

2(E-G-F*) |2(E-G-F) \om) o’ | 93)

Bripaxkenus as npou3BOAHBIX K03 duirenta £ BBITIAIAT TaK:

CE(tM) _, . Uyt cn)-[yo, () +y0,(O] + _
on +UO)1(Z‘)-[V(1‘)+(U2+C-T]) v (t)_Ul'Uwz(t)] ’

(8.96)
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—azl;(;z’n) =2.¢? -{[UCOO(Z‘) Ty O, (t)]z + U(’Olz (t)} (8.97)

I1o 3HaueHMIO rayCcCcOBOM KPUBU3HBI K, BBIUYUCIAEMOMY I PACCMATPUBAEMOM IIOJIOCHI T10
dbopmyrne (8.95), MOXKHO y3HATh, Pa3BEPTHIBAETCS JIM HA TUIOCKOCTh 3Ta mosioca. Ecmu
K =0 Bo Bcex Toukax 3toii monocsl (0<7<T7T;-0,5<1n<0,5), monoca pa3BopaunBaercs

HAa TUIOCKOCTb, B TPOTUBHOM ClTydae — HeT.
8.11.2. Tonkocmennwvie cmepiicHu ¢ pazeopaiueaemvlMu CpaAHAMU

PaccmoTpuM YacTHBIHN ciydail KpUBOJIMHEHHOTO CTEP KHSA, KOTAa COOII0IAeTCS PABEHCTBO:
0, (1) +o,()=0. (8.98)

Ananmusupys dopmyny (8.95), MOKHO yOeTUTHCS B TOM, YTO TIPH COOJIFOJICHHH PaBEHCTBA
(8.98) rayccoBa kpuBu3Ha B JIF00OW TOYKE IMOJIOCHI, BXOJSIICH B COCTAB CTEPXKHS, OyIeT
paBHa Hy10. JleficTBUTENBHO, TIPU COOMI0OIeHNN paBeHcTBa (8.98):

E(t.m)-G—FX(0) = [u(0)+ (Uy + 1)+ y0,(0)-U, - g0, 0] (8.99)
%ﬁ;”):z-c- L0 (O[O + U, +em) yor (D)~ -y 0, (0)]; (8.100)
Mﬂ-cz-uaﬁ(z). (8.101)

on

[ToncraBnsist 3TM BhIpakeHHss B ¢dopmyny (8.95), yOexxmaemcs B TOM, YTO rayccosa
KPUBH3HA JUIsl IPOU3BOJIBHOM MOJIOCHI IEHICTBUTENIBHO paBHA HYJII0. DTO 03HAYAET, YTO BCE
II0JIOCHl TaKOTO KPHUBOJMHEMHOIO CTEPXKHS MOYKHO IMOJIYYMTh W3 IJIOCKMX JIMCTOBBIX
3aroTOBOK IIyTE€M MX M3THOaHMUs.

HamomuuMm, uTo ¢opMa ocu cTEep>kHS 3aBUCUT OT JUHEHHON CKOPOCTH V(f) U OT KOMIIOHEH-
TOB BEKTOPHOU YacTH KBaTEPHUOHA YTJIOBBIX CKOPOCTEH vy (?), ywa(£), yw3(Z). DTH "eThipe
(YHKIIMA BPEMEHHU TIOJTHOCTBIO OmNpeaelsitor ¢opMy ocu crepxkHsa. CkanspHas 4acTb
KBaTepHUOHA YTJIOBBIX CKOpOCTEl ywo(f) Ha HOpMy OCH CTEp>KHS HE BIMSET, U €10 MOXKHO
pacnopsikaTbes MPou3BoIbHO. [IpuHIMas

@, (1) = —;(7) , (8.102)

MOJTyYUM KPUBOJIMHEHHBIN CTEPKEHBb C BBRIOpAaHHOW 3apaHee popMoi ocu W pa3BOpadnBa-
CMbBIMU Ha IJIOCKOCTH TI'PaHAMMU. ITO €CTh BakHas MMpaKTU4YCCKasA PCKOMCHIAALUA JIA
bopMooOpazoBaHMs KPUBOJIHMHEMHBIX TOHKOCTEHHBIX CTEPKHE.

8.11.3. Ilocmpoenue pazeepmok

PaccMoTpuM, Kak MOKHO pa3BEPHYTh Ha IUIOCKOCTh I'PaHb TOHKOCTEHHOTO cTepxHs. Kak
OBUIO yKa3aHO BBIIIE, 3TA 33Ja4ya BHIIOJIHKUMA JIMIIb JJIs YACTHOT'O CiIy4as, OIUCAHHOIO B
npensiayneM pasaene. OnHako, MPUOIMKEHHO 3TO MOXHO BBIMOJHUTH U Ui OOIIETO
ciy4das. IIpn 5TOM MOHATHO, YTO YE€M YXKE I'pPaHb TOHKOCTEHHOI'O CTEPXKHS, TEM MEHBIIE
Ha/10 1e(OPMHUPOBATH CPEAMHHYIO MOBEPXHOCTh ATOM I'PaHU JUIsl TOTO, YTOOBI €e pacmpsi-
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MHTh WM BBUIOKHTH Ha IUIOCKOCTh. ByJeM YCIIOBHO cuuTaTh, 4TO OECKOHEYHO Y3Kas
KPUBOJIMHEHHAs MOJIOCKa MOXKET OBITh pa3BepHyTa Ha IUIOCKOCTH 0e3 aedopMupoBaHHS
CPEIMHHON MOBEPXHOCTH.

Puc. 8.15. Pa3BepTka Ha MIOCKOCTh Y3KOH KPUBOJMHENHON MOIOCKH

Ha muiockoctu pa3BepTKHM BBEIEM B pAcCMOTPEHHE [JBE JEKapTOBbl KOOpPJMHATHbHIE
cucreMsl (puc. 8.15): HenoaBwxHyo Wi, W, U NOABMXKHYIO Wi, W, SIBISIONYIOCS (DyHK-
nuer napamerpa f. I[logBuxkHas cuctema CBsi3aHa C pa3BOPAYMBAEMOM IMOJOCOW TakK, YTO
OChb W) HampaBjIeHa BJIOJIb MPSIMOJIMHEHHON 00pa3yrolell ¢ KOOpAMHATON 1, a OCh Uy —
NEPIEHAUKYIISIPHO € B CTOPOHY YBEIUYEHUS KOOPAUHATHI £. YTOJ, Ha KOTOPBIA ITIOBEPHY-
Ta HOJBW)KHAsl CUCTEMA OTHOCHUTENIBHO HEMOJBMKHOHM (TOJIOXKUTEJIBHOE HAIPaBICHUE —
NPOTHUB YaCOBOU CTpENKH), 0003HaunM o.. OH Takxke sBisgercss GpyHkiueit . CBs3b MEXIy
KOOPJWHATHBIMH CUCTEMaMH BBIpaXKaeTcst (opMyJIIaMHu:

W, =w, -cosa—w,-sina; W, =w, -sino+w,-cosc. (8.103)

By,HeM nojiaraTtb, 4T0, KpOMC 3TOI'0, U3BCCTHBI:

vou(f) — CKOpPOCTh U3MEHEHHUS YTJIa O.;

vwi(f) — CKOPOCTb U3MEHEHMSI KOOPAMHATHI Wi B IIOJIBUXKHOW CUCTEME KOOPINHAT;

YWy(f) — CKOPOCTb U3MEHEHHUSI KOOPIMHATHI W, B IOJBM)KHOM CUCTEME KOOpIMHAT.
Pa3BepTka mosocku OyA€T MOJHOCTBIO ONpPENENIeHa, €CIM s KaKAO0ro 3HaueHWs Inapa-
MeTpa ¢ OyIyT W3BECTHBI KOOpIUHATHI Wi, W, LEHTpaIbHOW JMHUU Pa3BEPTKH U yroil o,
Ha KOTOPBIA MOBEpHYTa MOJBWKHAS CUCTEMa KOOPAMHAT OTHOCHUTEIFHO HEMOJBM)KHOM.
3anumieM auddepeHnnanbable ypaBHEHUS AJ1s 3TUX [IEPEMEHHBIX.

dolt) _ :
dt - Va(t),
% =vw,(t)-cosa(t)—vw,(t)-sino(t); (8.104)

dpfi—(t) = vw, (1) sin au(t) + v, (1) -cos au(?).
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JInst mOoNOCKHU, HaxXoAsAIIEHCS B OKPECTHOCTH CPEAMHHON JIMHUM paccMaTpUBAEMOI TpaHH,
MO>KHO 3amucaTh (GOpMYyJIbl Uil CKOPOCTEH M3MEHEHHsI HCKOMBIX MEPEMEHHBIX, MOJIb3YsICh
puc. 8.14:

volt) = y,(2);
wi (1) =U, [ g0y () + 05 (D)]; (8.105)
v, (1) = V() +U, - y&,(6) = U, -y, (2).

[Ipu 3TOM KOMIIOHEHTHI KBaTEPHUOHA y®(¢) BEIYUCIIAIOTCS 110 popMmytam (8.61).

Ecmu 3anate mavaneabie 3HaueHus o(0), W1(0) u W>(0), MoxxHO OyAeT MPOUHTETPUPOBATH
cucTeMy OOBIKHOBEHHBIX muddepeHnmnanbubix ypaBHenuid (8.104) mo meromy Pynre-
Kyrtel 1 mo HalineHHbIM QyHKIusIM Wi(f), W,(f) TOCTpOUTh LEHTPAIBHYIO JUHHUIO
MOJIOCKU. YTOJI o(f) MO3BOJIAET CAENATh ATy IOJIOCKY JABYXMEpPHOH, 100aBUB BTOPYIO
KoopauHaty 1. B pesynpTate moayyuM mMapamMeTpuueckoe MpEeACTaBICHUE IMOJIOCKH,
pa3BepHYTOH Ha 1uiockoctu Wy, Wh.

W (@) =W ()+c-n-cosa; W,(t,m)=W,(t)+c-n-sina. (8.106)

Bbynem monarath, 4To mapaMmeTp T HU3MEHsieTcs B mpeenax — € < M < g, T1ae € — Manas
BEITUYHHA.

Omnyckas BBIKJIAAKH, IpUBeaeM (HopMyJibl 11 mapameTpoB JIsM3 3TOi MoI0CKH:

Ap,(t,m) = \/U12 '[U(’)o(t)+ U033(t)]2 +[V(t)+(Uz +em) o, O)-U - U(Dz(t)]z; (8.107)
Ap, =c¢; (8.108)

Uz '[U(’)o(t)+ UO‘)3(t):|
\/ljl2 '[Uwo(t)+ U('03(l‘):|2 +[V(t)+(U2 +C'Tl)' U(’)l(t)_Ul : U(’)z(t)]2 .

3amMeTuM, 4TO B YaCTHOM ClIydae, Korja BbImoyiHseTcs dopmyna (8.98), To ecTh, koraa
rpaHb CTEP>KHS pa3BepThIBaeMa, mapameTpbl JIAaMd 1Jis MOJIOCKH COBMAJAIOT C MapaMeTrpa-
Mu JIsIMD ISl TpaHW KPUBOJWHEHWHOTO CTEepXKHA. TakuM oOpa3oM, B 3TOM ciydae MpH
MOMOIIM cUCTeMBI U depeHanbHbiX ypaBHeHHH (8.104) MOKHO OCTPOHUTH Pa3BEPTKY
Bcel rpaHu crepkHs. [Ipu 3ToM OOKOBBIE JIMHUK PAa3BEPTKH MOITYYAOTCS MPU 3HAYSHHSIX
n = £ 0,5. TopueBble nuHUK pa3BepTku monydarorcs npu ¢ = 0 u ¢t = 7. Jluausmu ruba
SBJIAIOTCSL KOOPAMHATHBIE JIMHUU ¢ = const. OTU JIMHUU NEPHEHIUKYISIPHBI CPEIUHHON
JUHUHU U OOKOBBIM JIMHUSM Pa3BEPTKH.

os yp(t,m) =

(8.109)

8.11.4. H32ubanue cKpyueHHOI NOAOCHL HA NOBEPXHOCMb KAMEHOUOA

B ToMm cJIydac, Koraa mojioca HE MOXKET OBITH Pa3sBCPHYTa HA IJIOCKOCTb, OHA MOKCT OBITH
BBIJIOKCHA HAa HCKOTOPYIO KpHBOHHHeﬁHYIO MOBEPXHOCTH C INNIOTHBIM IIPUJICTAHUCM K HEH.
OTO CBOHCTBO HE TOJLKO JIIO6OHBITHO, HO B OTACJBHBIX ClIy4dasaX HMECT IPAKTHUYCCKOC
3HA4YCHUC.
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PaccMoTpuM 10JIOCY TOHKOCTEHHOTO CTEp KHSI, MOJIYYAOUIYIOCS KaK YacTHBIA Cilydaid
II0JIOCHI U3 II. 8.11.1, npu U0)1=U(02=U(03=U1=U2 =0 (pI/IC. 8.16 a).

Puc. 8.16. Ykianka ckpy4eHHOU MOJIOCHL HA TOBEPXHOCTh KaTEHOU 1A

Bynem nonarate, mo(f) = const, v(f) = const. B pe3ynpTare Mbl HOTyYUM NPSIMOIMHEHHYIO
CKpPYUYEHHYIO T0JI0CYy, YpaBHEHHE KOTOPOH, 3allMCAaHHOE YEPE3 IapaMeTphl ¢ U 1, BBIVIAIUT
TaK:

xl(t,n)zc-n-sin((oo ~t); x,()=v-t; x3(t,n)=c~n-cos((oo ~t) , (8.110)

I7ie ¢ — IUPHUHA TOJIOCHL, a 1| — 6e3pa3MepHbIi mapaMeTp, U3MEHSIOIUIICS B Mpeaenax —
0,5 < n <£0,5. Koapduuumentsr nepBoii KBaapaTHIHONW (OPMBI ISl STOH TOBEPXHOCTH,
MOJTyYEHHBIC KaK YaCTHBIN cirydait popmy (8.82)—(8.83), TakoBsI:

EM) =V +(0,-c:m)’; F=0; G=c. (8.111)

Jlnuny mosiocsl / BeIOEpeM Takoi, yTOOBI MONEPEYHOE CeYEHUE ATOM MOJO0CH (IIPSIMOIIU-
HEWHBIA OTPE30K JJIUHOW ¢) COBEpLIANO HAa ATOW JJIMHE OJUH IOJIHBII MOBOPOT. DTO
CIIy4HTCsl, €CJIM BpEeMEHHOMU napameTp ¢ OyaeT uaMeHsaThes B npenenax 0 < ¢ < 7, npudyem

T=2-1/w,. (8.112)
JInvHa 1Moaockl OKaXeTcs NpHu 3TOM PaBHON
[=2-1-v/w,. (8.113)

[ToBepxHOCTB, (hOPMY KOTOPOH MMEET CKpyUYEHHAs 10JI0CA, Ha3bIBACTCS TETUKOUIOM. DTa
MOBCPXHOCTh OTHOCUTCA K KJIIACCY MUHUMAJIBHBIX, TO €CTh, €€ IIOIAAb ABJIACTCA MUHU-
MaJIbHOW Cpelu BCEX MOBEPXHOCTEH, HATAHYTHIX HA JaHHbIM KOHTYp. KcTtatu, 3T0 enus-
CTBCHHAasA MHUHHUMaJIbHAS NOBCPXHOCTb, MMCIOIIAA HpHMOHHHeﬁHBIe 06p8.3y}OH_[I/I€. dusu-
YECKOW peanu3anyell MUHUMAJIBHON TOBEPXHOCTH SIBJIIETCS MbUIbHAS IIJICHKA.

[Toxaxkem, 4TO CKpy4YeHHas I0OJIOCA YKJIA[AbIBACTCA HA IOBEPXHOCTH KATCHOMIA B BHIE
nosica IMUPUHOU ¢ (10 KPUBOJMHEWHOW oOpasyromieil). KaTeHonn — 3TO MOBEPXHOCTH,
oOpa3zoBaHHasi BpalleHUEM IIEITHOM JIMHUM BOKPYT ee ocu adciuce (puc. 8.16 b). YpaBHe-
HHUE KaTeHOU/Ia B TapaMEeTPUIECKOM BHJIE BBITISAUT CIEAYIOUIMM 00pa3oM:
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2 2
xl(oc,s)=a‘4/1+s—2-cosa; xz(oc,s)=a-1/1+s—2-sinoc; x3(s)=a-Arsh£, (8.114)
a a a

rac o — yToJ, OTCUUTHIBAEMBIM BJIOJIb 3KBATOpa OT OCH X| B HAIIPABJIICHUHN OCH X3,
§ — AyroBas KoopAuHaTa, OTCHUTbIBAaCMasA OT 5KBATOpPa BJOJIL MCPUUAaHA B
HaIlpaBJICHUU YBCINYCHHUA KOOPAUHATHI X3,
a — Ipou3BOJIbHAA MOCTOSAHHAA C pa3MCPHOCTHIO NJIMHBI.

Jlnst pemieHus Hamed 3ajadd Hajo IMEpEerTH OT MAapaMeTpoB O, S K IapaMeTrpaM f, 1 U
OIIPEAEIINTD MPOU3BOJIBHYIO TOCTOSIHHYIO a. JI71s1 3TOTr0 TOAsTCS 3aBUCUMOCTH:

a=w,t; s=cm a=v/o,. (8.115)
Ecnu BBecTu 0003HAUYCHHE:
c=w,-c/v, (8.116)
YpaBHCHHE KaTCHOM/Ia B HOBBIX IMapamMeTpax OyeT BhITJISACTh TaK:

x,(t,M) =(Dl-«/1+(<5-n)2 -cos (@, -1);

0

xza,n):ml-\/mc-n)z-sin(coo-r); (8.117)

0

x,(t,) =— Arsh(c 1),

(’00
Huddepenuupys paBerctsa (8.117) 1o ¢ u 1o 1, MOTYIUM:

ox(tm) _ (—1+(0-n)2-sin(c00-t); x@m) __ com cos(®, 1);
o on I+(cm)’

2Ny 56 -cos(w,-1); DM O g, 0); (8.118)

ot o J1+(o-m)?
an ox; (1) _ c

o m  Jle@m)

[Tonp3ysick 3TUMH 3aBUCUMOCTSIMU, 110 (hopmysiam, o1o0HbIM (8.81), Berauciaum kodddu-
IIUEHTHI NIEPBOI KBaAPATUYHON (POPMBI:

E@tm)=v[1+(c-m)?]=V +(0,-c:n)’; Ft,m)=0; Gn)=c. (8.119)

CpasuuBass ¢opmynel (8.111) ¢ dopmynamu (8.119), 3ameuaem, 4To KOIDPHUIMESHTHI
MEePBBIX KBaAPATUYHBIX (GOPM sl 00€HX TOBEPXHOCTEH COBManaT. Takum 00pa3oM, 3TH
MOBEPXHOCTH MOTYT OBITh COBMEIIICHBI ITyTEM H3THOAHUSI.
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8.11.5. H3eubanue KpueoauHenHol nOJI0CH HA NOBEPXHOCHIb 8PAULCHUS

PaccMoTpuM yacTHbBIN cllydail KpUBOJIMHEWHOTO CTEPKHSA, Il KoToporo oo = 0; a v, oy,
®2, ®3 — KOHCTaHTHL. TakuWe CTep)KHU SBIAIOTCS MPUMHUTHBAMU O€3 TOMOIHUTEIHLHOTO
KpyueHus (cMm. pasgen 8.7) Mx och mpexacraBiser co0oil BUHTOBYIO JIMHUIO. IIpumepsr
TaKUX CTEp)KHEW IMoKa3aHbl Ha puc. 8.5 a, b, d. IlokaxeMm, 4To JMOOOH MOIOCE TAKOTO
CTEep>KHS MOKHO IpUAaTh (POpMy MOBEPXHOCTH BPAIICHUS IyTEM €€ U3THOaHuUs.

[TycTs mono)keHue paccMaTpUBaEMON MOJIOCHI ONPENEICHO TaK, KaK 3TO CICJIaHO Ha pHC.
8.14. KoadduimeHTs nepBoil KBaapaTUIHOW (POPMBI JJISI 3TOH TOJIOCHI B ATOM CiIydac B
cooTBeTcTBUH ¢ (popmynamu (8.82)—(8.83) OyayT umeTh BHI:

E(11)=[U12 +L§(n):|- L) +[v+L2(n)- v® U, - UO)2]2;F=C'U1 05 G=c, (8.120)
rie

L(n)=U,+cm. (8.121)

[ToBepxHOCTH BpaleHus OyaeM UCKaTh B KOOPAMHATHON CHUCTEME X1, X2, X3 B 3aBUCIMOCTH
OT MapaMeTPOB / U 1| pACCMATPUBAEMOM IOJIOCHI B CIIEIYIOILEM BHJIE:

x,(t,m) = fi()-cos(B-2)— f,(n)-sin(B-1);
X, (t,m) = fi(m)-sin(B-1)+ f,()-cos(B-1); (8.122)
x,(m) = f,(m),

rie  fim), 2(n), f3(n) — Hen3BecTHBIE (PYHKIMH MapameTpa 1M;
B — Hen3BecTHast KOHCTAHTA.

Koaddunmentsr nepBoit KBaapaTudHOH (OPMBI TSI ITOH MOBEPXHOCTU BBIPAYKAIOTCS
dbopmynamu:

Em)=B"-[ /2 )+ m];
F=B-[ (- £ (- s £, ()] (8.123)
G = £+ £, () + 1.

[TpupaBHMBasg kK03 (HUIMEHTHI TEPBOM KBaApaTHYHOW (POPMBI AJIS MOJIOCH KPUBOJIMHEH-
HOTO CTEp)KHS W TOJIOCHI TOBEPXHOCTH BpAIICHHS, MOJYYHM CHCTEMY YPaBHEHHMH JUIs

onpezaenenus GyHkuii f1(M), /2(Nn), f3(1n), comepKanlyro 0JHO anredpandeckoe ypaBHEHUE
1 1Ba T GepeHIMATbHBIX YPaBHEHUS TIEPBOTO TIOPSIKA!

B2 -2+ ) [=[U+ () |- o3 +[v+ L) yoo, U, - 00,1
B-L A £ ()= £ £ ()| =€ Us -y 5 (8.124)
[P+ A2+ £y =¢

KoncranTta 3 Moxer ObITh BhIOpaHa MPOM3BOJBHO. DTO O3HAYAET, YTO TIOJIOCY MOXKHO
CBEpHYTb B DYJIOH, IPUYEM, TUAMETP 3TOTO PYyJOHAa MOXKET IUIAaBHO BapbHUpPOBAThCA (B
ornpeneneHHbIX npeaenax). Kaxnomy 3Hauenuio 3 0yJeT cOOTBETCTBOBATH HEKOTOPAs I10-
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BEPXHOCTH BpauieHus. K coxxaneHuro, 3anucarth ypaBHEHUE 3TOI MOBEPXHOCTHU B 3aMKHY-
TOM BHJIE JUI IPOU3BOIBHOTO 3 HE yaaeTcs. OIHAKO €l B3SITh KOHKPETHOE 3HAUCHUE

B=PBy =y + g0 +7° (8.125)

rae
y=v/U, - 0, (8.126)

TO OJHO M3 YAaCTHBIX pEIIeHUN cUcTeMbl ypaBHeHUH (8.124) moxHO Oynmer 3amucaTh B
CIICAYIOLIEM BUJE:

flz U(DS'UI . fz(n):L(n)\/ I[J;D§+U(012 . ﬂ(n):L(n)Y (8.127)

) —
By
riae 0003HaueHo

(v-U;y0,) 0, )

2 2
U(’03 + U(’Ol

LM)=U,+c-n+ (8.128)

[TonacraBnsass  3aBucumoctu  (8.125) u  (8.127) B
dopmysl (8.122), monyduM ypaBHEHHS MMOBEPXHOCTU
BpAIICHUs, BBIPAKCHHBIE B MAapaMeTpUYECKOi (opme
yepe3 mapamerTpsl ¢ u 1. HerpyaHo 3ameTuTs, 4To 3Ta
MOBEPXHOCTh TPEJCTABIAECT COOOW OHOMOJIOCTHBIN
runepOonous BpameHus (puc. 8.17).

OOHOMONIOCTHBIA  TUNEPOOJION  BpallleHUs HMMEeT
npsiMOJIMHEHBIE oOpazytomue. [Ipu 3ToM Koopau-
HaTHBIC JIMHUM KPUBOJIMHEWHOH mMoJoChl ¢ = const
pacmojiokeHbl Ha ATuX oOpasyrommx. OOpa3yromas

Puc. 8.17. M3rubanue monocsl
Ha MOBEPXHOCTh OTHOMOIIOCTHOTO
rutnepOoIonIa BpameHus

¢t = 0 onpenenseTcst ypaBHEHUSMMU:

v, U, xz(n):L(n)-«/};okﬁLUOh, x3(n)=m- (8.129)

Xl =7, s
Bo

2
['oprioBrHA 3TOTO OJJHOMOJIOCTHOTO THUIIEPOOTION 1A BPALIEHUSI UMEET PAJINYC:

2
AR O

o, U
Tin = (8.130)
UO‘)S +U(’01

KBanpar pagmyca oKpy>KHOCTH, COOTBETCTBYIOIICH 3HAYCHUIO TTapaMeTpa 1:

U(’0§ 'Ul2 + Lz(n)'(uc‘)§ + lez)

) (8.131)
U(D§+U(’012 Bo

r’(m) =

OnvH BUTOK MOJIOCHI Ha MOBEPXHOCTU TMIEpOOIOUAa COOTBETCTBYET M3MEHEHUIO Mapa-
METpa ¢ Ha BSJIMYUHY:
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At =27/, . (8.132)

Crnenyer OTMETUTh, YTO JAJS MOJIOC, PACMONOKEHHBIX OnM3Ko K ocu crepxkHs (U — 0),
NPUHIAI U3THOAHMS TTOJIOCH! KPUBOJIMHEWHOTO CTEPKHS Ha TIOBEPXHOCTH OJHOTIOIIOCTHO-
ro runep6osonsia BpalleHUs] yTpauuBaeT MPaKTHUYECKOE 3Hau€HHUE, MOCKOJIbKY TUrepoo-
JIOWJ CTAaHOBUTCSI Y3KUM M PaJnyChl M3THOAHUS TIOJIOCHI CTAHOBSTCS CPAaBHUMBIMH C €€
TOJIIIAHOM.

Yacmuwiti cayuaii. [lonoca CKpy4eHHOTO MPSIMOTUHEIHOTO CTEPKHS IPU MPOU3BOJIBHBIX C,
v, Uz, y®1 ¥ HyNEBBIX U3, 402, 4®3.

[Tonoca CKpy4eHHOTO MPSIMOJIMHEHHOTO CTEP)KHS IyTEM €€ M3TH0aHMs yKJIaabIBaeTCs Ha
MMOBEPXHOCTh OJHOIIOJIOCTHOTO TUIIEPOOION 12 BpAIIEHUS C PAIMyCOM TOPJIOBUHBI

r.=U,. (8.133)

ITonoca ckpydeHHOTO
CTEePXKHS

Pacnonosxenue
IOJIOCHI HA
runepoononse

U,
Puc. 8.18. M3rubanne noaockl CKPy4YEeHHOTO CTEPIKHS
Ha [TI0OBEPXHOCTh OJHOIIOJIOCTHOIO rUMep00Iona BpalieHus
[TpssmonuHeitHast 0Opasyrolas 3Toro rurnepooIouaa OnpeaesieTcs ypaBHEHUAMU:
c.n.Um3.U1 cmn-v

x=U; xm)= ; x(n)= - 8.134

OpMH BUTOK NOJIOCHI Ha MOBEPXHOCTU THNEPOOIONAA COOTBETCTBYET U3MEHEHHUIO Iapa-
METpa ¢ Ha BEIIMYUHY:

2-n-U,
Al = ——on—x. (8.135)
JV o5 U

Crnengyer OTMETHTb, YTO OJHA M Ta K€ I0JOCA CKPYYEHHOIO IPUMHMTHBHOIO CTEPXKHS
MOKET OBITh BBLJIOXKEHA Ha pa3lMyHble NMOBEpXHOCTU BpaieHus. llupuHa ropraoBHHBI
ATUX MOBEPXHOCTEH MOXKET BapbUPOBATHCS B IMIMPOKUX Mpezenax. 31ech ObUIM paccMOT-
PEHBI JIMIIb MPOCTEHINE BHUIBI MOBEpXHOCTEH. [Ipn HEOOXOAMMOCTH MOYKHO PEIIUTH
3aJa4y O CO3JlaHUU CIIELHAJIbHONW TOBEPXHOCTH BpAIIEHHUS C TOPJIOBHHON 3aJaHHOTO
paznuyca, Ha KOTOPYIO BBIKJIAIbIBAECTCS TpeOyeMast 10J10ca CKPYYEHHOTO CTEPIKHS.




IHocJeciioBHE

B »T0i1 kHHMre OblIa paccMOTpEHa JIEMEHTapHass MaTeMaTHKa BEKTOPOB, BUHTOB, KBaTep-
HUOHOB M OMKBAaTEPHUOHOB U HEKOTOPbIE €€ MpaKTHUeCKue NMpuiaokeHus. OCHOBHBIM U3
HUX SIBUJIOCH TNPHJIOKEHHE 3TOT0 MAaTeMaTHYECKOro ammapara K KHHEMaTHKe TBEPAOTo
Tena. OHO He BBIJIENIEHO B OT/AEIbHBIN pa3zien, a IPOHU3bIBAET BECh TEKCT KHUIH, TaK KaK
MMEHHO KMHEMAaTHKa TBEPJOTrO TeJa SBISETCS MOCTOM MEXKAY T'€OMETpHEl U MEXaHUKOU B
TPEXMEPHOM IIPOCTPAHCTBE.

K reomerpuueckuM NpUIIOKEHUSIM OTHOCATCS pa3zieiibl KHUTH MO cheprUuecKol reoMer-
pun 1 (GopMOOOpa30BaHUIO KPHUBOJIMHEHHBIX cTepkHell. B pasmene "Cdepuueckas
reoMeTpust" MOKa3aHO, KaK MPH MOMOIIM KBATEPHUOHOB BBIBOASITCS M3BECTHBIE TPUTOHO-
MeTpuueckue (OpMysbl W PELIAlOTCS HEKOTOpble NpakTHUecKue 3amaauu Ha chepe. B
pasnene "®opmMooOpa3zoBaHUE KPUBOJIMHEHHBIX CTEp)KHEH' Ha MpuMepe co3nanusi Gopmbl
3JIEMEHTa CTPOUTEIHHOM KOHCTPYKLMHU TMOKAa3aHO NPUMEHEHHE KBATEPHUOHOB U OHKBa-
TEPHUOHOB. 37€Ch CYIIECTBEHHBIM 00pa3oM 3arpoHyTa auddepeHimranibHas reoMeTpHst
KPUBBIX B TPEXMEPHOM IPOCTPAHCTBE, HE MPHUBS3aHHASA K KJIACCHUECKOMY COMPOBOXKIAIO-
[IeMy TPEXTPaHHUKY, U TEOPHS N3THOAHMSI TOBEPXHOCTEH.

[TpunoxeHns K MEXaHWKe OTPAaHMYEHO CTATHKOW TMOKWX crepkHeil. [Ipu atom cdopmy-
JMpoBaHa B OMKBATEPHUOHAX PEAKO paccMaTpuBaeMas 3ajaya O TMOKOM Baje, MpeacTaB-
JSIOLEM COOOM YIPYTHil CTEpKEHb C CEPJICYHUKOM, MPEeJHA3HAYEHHBIM ISl [Iepelauu Ha
paccTosiHie MOJ Pa3HbIMM yIJaMH MPOAOJIbHOM CHUJIBI U KpYyTsllero MoMmeHTa. B gpopmy-
JMPOBKE 3TOW 33aJa4ud OYCHb BAXKHBIM SIBIISIETCS TO, YTO MEpEeMEIIeHUs, neGopManuu u
BHYTPEHHUE YCUJIMS B CEUEHUM TMOKOro BaJjla ONpENeIsatoTcs (KaKI0e) OAHUM HEHOPMHU-
POBaHHBIM OMKBAaTEPHHOHOM U JIJISl 3TUX OMKBATEPHUOHOB ITOYYEHBI JU(PepeHIaIbHbIC
3aBUcUMOCTH. lcronb30BaHME HEHOPMUPOBAHHBIX KBAaTEPHUOHOB M OMKBAaTEpPHHUOHOB
HETUIIMYHO Ui NPUKIAAHBIX 3a1a4 M BCTPEYaeTCs, pa3Be 4YTO, B 3aJadax IO TEOPUHU
OTHOCHUTEJILHOCTH. DTO KauecTBO NMpH (HOPMYIMPOBKE 3a7ay B KBaTEpHUOHAX M OUKBaTep-
HUOHAaX 110 BO3MOYKHOCTH HaJ10 BCETJa UCIIOJIb30BaTh.

Bropas 3amaua mo cratuke rMOKMX CTEp)KHEH, pacCMOTpeHHasl B paszzeiie "MexaHuka
ynpyroi npoBOJOKK", ABJISETCA KIACCUYECKOH, OJHAKO OHAa OOBIYHO (hOpMYJIHpYETCs U
pelaeTcs ¢ UCHOJIb30BaHUEM CBOOOIHBIX BEKTOpoB. Ha mpumepe 3Toi 3a1a4n MoKas3aHo,
KaK MOKHO IPUMEHHUTh B HEl HOPMHUPOBAaHHBbIE KBATEPHUOHBI M OMKBAaTepHUOHBI. [IpuBe-
neHbl (OPMYIIMPOBKH 3a7aud W MONMy4YeHb! AudQepeHnranbHble YpaBHEHUS U pa3iind-
HBIX HaOOPOB OCHOBHBIX HEHM3BECTHBIX. Y/IEJI€HO BHMMAaHHE BApHALIMOHHOM MOCTAHOBKE
3aJla4M C UCIOJIb30BaHUEM MpHUHIMNA MakcuMyMa [loHTpsiruna. PaccMoTpeHsl pa3nuyHbie
KpaeBble YCIIOBHsI, BKJIOYas YCJIOBUS TpaHCBEpCaIbHOCTH. OTIAENBHO pPAacCMOTPEHO
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KpaeBoe YCJOBHME [JIsi MPOBOJIOKH HE(PUKCUPOBAHHOW [UIMHBI, MPOMYIIEHHOW uepe3
BTYJIKY.

Pazymeercsi, 5TUMU NpuUMeEpaMu HE OTPaHUYHMBACTCS OOJACTh PAIMOHATHHOTO TPUIIOKE-
HUS KBaTEPHUOHOB M OMKBAaTEPHUOHOB. ABTOpP ATOW KHHUTU MPOJOJDKAET paboTy Haj
HOBBIMU TIPUJIOKEHUSIMU KBAaTEPHUOHOB W OWMKBATEPHUOHOB B 00JaCTH TEOMETPUU U
MEXaHUKH.

BaxHbIM npuioKeHueM SBJISIETCsl ONMMCAaHUE MPU OMOIIY KBaTEPHUOHOB U OMKBaTEPHUO-
HOB CHMMETPUH OOBEKTOB TPEXMEPHOTO MPOCTpaHCTBA. KBaTepHMOHBI MO3BOJIAIOT B
KOMIIAKTHOM BHJI€ MpPEICTaBUTh BCE BUABI TOYEYHOH CUMMETPHM, C COOIIOJEHUEM
n3oMopdu3mMa Mexay NpeoOpa3oBaHUSIMU CUMMETPHUH U HOPMHUPOBAHHBIMHU KBATEPHUO-
HamMM. XoyeTcs HaAeATbCS Ha TO, YTO HOPMHPOBAHHBIE OMKBAaTEPHHOHBI IO3BOJIST
IIPEACTABUTD BCE BUJIBI IIPOCTPAHCTBEHHON CUMMETPHHU.

B cBoe BpeMs BUJIHBIN yU€HBIH B 00JIACTH CTPOUTENbHON MeXaHuku A. A. Ymanckuii [56]
pazpaboTan MeTOAbl pacdyeTa MPOCTPAHCTBEHHBIX ()€pPM C HMCIOJIB30BAHUEM BHUHTOB (B
TepMHUHOJOTHH A. A. YMaHCKOTO — MOTOpPOB). DTa METOAMKA JIETKO 0000IIaercs Ha
OMKBAaTEpPHUOHBI M HA METOJ KOHEUHBIX 3JIeMEHTOB. Takas 3ajaua UMeeT BaXKHOE MPaKTH-
4ECKOE 3HAUCHHUE.

IIpy MOAENMPOBAaHUM PACCUUTHIBAEMON KOHCTPYKLHHU IO METOAY KOHEUHBIX 3JIEMEHTOB
BBOJUTCS B PAacCMOTpPEHHE OOJIBLIOE YHCIO JEKapTOBBIX cHUcTeM KoopauHat. Kaxabiit
KOHEYHBI 3JIEMEHT HMMEET CBOIO CHCTEMY KOOPJMHAT, OPUEHTUPOBAHHYIO YAOOHBIM
00pa3oM OTHOCHUTENBHO 37ieMeHTa. Kax/plil y3es Takke UMeeT CBOIO CUCTEMY KOOPAMHAT.
IIpu cocTaBiieHUM ypaBHEHHI paBHOBECHS HAJO BBIIOJIHUTH MIEPEXO] OT CUCTEM KOODPIU-
HaT 3JIEMEHTOB K CHUCTEMaM KOOPJWHAT Y3JIOB, K KOTOPBIM 3JIEMEHT NPUKPEIUIEH, a IPU
BBIUUCIICHUM BHYTPEHHHMX YCWJIMH B 3JEMEHTaX — BBIIOJIHUTH OOpaTHBIC MEPEXOJBbI.
Hcnonp30BaHne KBaTEPHUOHOB MO3BOJISET MOJYYUTh BBIUTPHIII U HA 00beMe XpaHsIencs
MHPOPMALIMU U HA YHUCIIC BBIOJHIEMBIX ONEPALUi, YTO CTAHOBUTCS CYIIECTBEHHBIM IPH
COTHSIX TBICSY DJIEMEHTOB U y3JIOB B OJTHOM CHUCTEME.

Bo MHoOrux 3agauax urparoT CyIIECTBEHHYIO POJIb OIIMOKU OKPYIJIEHUS, KOTOPbIE MOTYT
IIPUBECTH K HETOYHBIM WMJIM JJaXKE€ HEJIETIBIM pe3yJsibTaTaM. JDTO NMPOUCXOJIUT, KaK MIpaBuUiIo,
IIPU UCIOJIb30BaHUN KOPOTKUX U JKECTKHUX BCIIOMOTaTENbHBIX JIEMEHTOB, OPUEHTUPOBAH-
HBIX IOJl KOCBIMM YIJIaMH K OCSIM Y3JIOBBIX KOOpAMHATHBIX cucteM. Kak mpasuiio, 310
KECTKHE BCTAaBKHU JUISI MOJEJIMPOBAHMUS HKCLIEHTPUYHOIO IPHUCOSAUHEHHs] OOBIYHBIX
AJIEMEHTOB K y35aM. J[7s1 60pbOBI € 3TUM 37I0M MOXHO MPUMEHUTH 110 MEHBIIIEH Mepe /1Ba
npuema. OnuH U3 HuUX 3(QEeKTHBEH, €cliM CUCTeMa HMEET CHELUUAIbHYI0 CTPYKTYypY,
HampuMep, €ClIM 3TO LWIMHApUYecKas win cdepuueckas obonouka. Torma MOXXKHO
y3JI0BBI€ peNepbl OPUEHTUPOBATh COOOPA3HO LIMIMHIPUYECKON WK CheprudecKoil cucteme
KOOPJMHAT, TEM CaMbIM PE3KO YIIYyUIIMB OOYCIOBICHHOCTh MATPHUIbl CUCTEMBI pa3pelia-
IOIIMX ypaBHEHUH. KBaTEpHUOHBI TOMOTYT MEPENUTH K HOBOM CUCTEME Y3JIOBBIX KOOPAM-
HaT. Bropoii, 6onee yHuBepcaabHbII MpHEM, 3aKII0YAeTCs B TOM, YTO, B CIIyyae 3KCLIEH-
TPUYHOTO KPETJICHUS 3JIEMEHTOB K y3J1aM, LIEHTPbl MECTHBIX CUCTEM KOOPAMHAT, HAXOJIS-
LIMXCS Ha KOHIAX 2JIEMEHTOB, HE Ha/l0 COBMEIIATH C LIEHTPAMHU Y3JIOBBIX CHUCTEM KOODIU-
HaT, a OOBCAMHATHh WX MO TPHHIUITY OECKOHEYHO J>KECTKOTO Telia. DTO MPOU30UIET
ABTOMATHUECKH, €CJIU JUIsl IpeoOpa30BaHUsl KOOPAMHAT UCIOJIb30BATh HE KBATEPHUOHBI, a
OukBaTEepHUOHBI. Kpome 3TOro, yMEHBIIUTCS YUCIIO KOHEYHBIX 3JIEMEHTOB, a IpOrpaMM-
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HBI MPOIYKT CTaHET KOpOYe M TMOHSATHEE, IOCKOJIbKY MPOLEAYphl MEePEeMHOKEHUS
KBAaTEPHUOHOB U OMKBATEPHUOHOB KaK Pa3 M OCYIIECTBIISIOT T€OMETpUUYECKHE Tpeoldpa3o-
BaHUS.

B aT0i1 KHUTE MOCTaTOYHO MOAPOOHO MpeACTaBIeHa reoMeTprueckas 3amada Gpopmoodpa-
30BaHMS KPUBOJIMHEMHBIX CTEp)KHEW. B mpopommkeHue TEMaTUKM KPUBOJMHEWHBIX
CTEp>KHEH MOXKHO IOCTaBUTh MHTEPECHBbIE MEXaHWYECKHE 3a7auu 00 UX ynpyrom aedop-
MHUPOBAaHUH, O TOCTPOCHUH AIIOP BHYTPEHHUX YCWJIMH IPU U3BECTHBIX BHELIHUX HArpy3-
Kax 1 00 OINpe/ielIeHn HAIPSUKEHUH B CEYEHUSAX KPUBOJIMHEHHOIO CTEPXHsI IPU U3BECT-
HBIX BHYTPEHHUX YCWIMSX C TpPUMEHEHHEM OUKBATEpHUOHOB. IIpM 3TOM BO3MOXKHO
BOCIIOJIB30BaThCsl PA3IMYHbIMU Tunore3amu. Haubonee mpocTsl rumnotessl bephymim u
Tumomenko. Ho MOXXHO MOJOWTHM K paccMaTpuBaeMOMY OOBEKTY Takke C MO3UIMN
TOHKOCTEHHBIX CTE€P)KHEH 3aMKHYTOIO U JIa)Ke OTKPBITOrO MPOQUIIS.

B xHure He paccmoTtpensl 3a1a4u o popmooOpazoBaHuio 000I04YEK | 1O UX pacuery. Het
HUKAKUX MPENATCTBUA M0 (POPMYyJIMPOBKE M PEIICHUIO TAKMX 33734 C IPHUBICUYECHUEM
KBaTEPHUOHOB M OMKBATEPHUOHOB.

XoTenock Obl MOMYYUTh MPU TOMOIIH KBATEPHUOHOB
pelIeHrs HOBBIX 3a7a4u. Eciu Bo3BpaTuThCs K pasaeny
"MexaHuKa ynpyroid IpoOBOJIOKM", Mbl YBUAMM TaMm
JUIIb BBIBOJBI pa3pellaoluX ypaBHEHUH U Gopmy-
JTUPOBKH KpaeBbIX ycioBuid. OAHO U3 HUX Jaxke
HEOObIYHOE: KOHEI[ IPOBOJOKH, MPOMYIIEHHBIN
CKBO3b BTYJKY. OJHAKO, TaM HET HUKAKUX PEIICHUU.
B cBsi3u ¢ 3TUM MOXXHO NMONpPoOOBaTH MOCTaBUThH U
pELINTh 3aJauu JUIs ydacTKa IPOBOJIOKM HEONpene-
JICHHOW MJIMHBI, MPOMYIIEHHOIO0 CKBO3b BTYJIKY. K
npuMepy, OWiep pemwn 3aaady o0 yCTOHUMBOCTH
MIPSIMOJIMHEHHOTO CTEPKHA C 3aJaHHOM IJIMHOM (puc.
a). 3akputudeckas (opma 3TOrO CTEpP)KHS OIUCHIBA-
€TCA YYaCTKOM DJIACTHUKHU JHjepa C IJIUHOW, PaBHOU
Paznnunbie 3aKperuieHust KOHIa MEePBOHAYAILHON JIJIUHE CTEPXKHS. A 4YTO, €ClU OJUH
THOKOTO CTePHKHSA U3 KOHIIOB CTEpKHSA ODillepa IPOIYCTUTh Yepe3
BTYJIKY, 3aKPEIUICHHYIO B IPOCTPAHCTBE, U MBITATHCS MPOTAIKUBATH 3TOT CTEPKEHb CKBO3b
BTYJKY? (puc. b) IloHATHO, YTO 3aKpPUTHYECKOE IMOBEJICHUE ITHX IABYX CTEp)KHEH Oyaer
pa3nuYHbIM. A OyIyT TU OJUHAKOBBI KPUTUYECKHE CHUIIBI JUISl TAKUX ABYX cTepxkHei? He
(dakT. A eciii BMECTO CX)KUMAOIICH WIIM MPOTAIKUBAIOIICH CHIIBI IPHIOXKHUTH K CTEPIKHIO
kpyTsmuid MomeHT? C Takol 3amaueil cBsizaH napanokc Hukomnau [42], KoTOpsIi 3aKmtoyda-
€TCS B TOM, UYTO NpSAMOJIMHEWHas (opma CTEpKHs OyIeT HEyCTOMYMBOW mpu JH0OOM
3HAYEHUHU KPYTAIMIETO MOMEHTA, TO €CTh KPUTHUYECKUW KPYTALIUI MOMEHT paBeH HYIIIO.
WNuTepecHo npoBepuTh, Habmoaaercs v napajgokc Hukonau mpu BTYJIOYHOM M JPYTHX
3aKpETICHUSIX.

7

Eme oxgna uHTEpecHas 3ajaya COCTOMUT B ciedyromeM. OTpe3ok NpsSMOIMHEHHOM MPOBO-
JIOKW JUIMHOW S 3a cueT m3ruba mpeBpamaercss B KOJbIO (cM. puc.). Topisl oTpeska
MIPOBOJIOKH HETOABIIKHO COSAMHSIOTCS MEXIy COOO0M Tak, YTOOBI KOJIBLIO OBLIO TIIAJIKUM,
0e3 u3naoMa B ToUKe coequHeHuss. OCOOEHHOCTh 3aKIII0YAaeTCsl B TOM, YTO IEpEeJl COeInHe-
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HHEM K TIPOBOJIOKE MPHKIAABIBACTCS KPYTAUUH MOMEHT M, nedopMmupyromui ee, B
pe3yJbTaTe 4ero Mexay TOpLaMU BO3HMKAET B3aUMHBIH YIroJI MOBOPOTa BOKPYT OOIIEi
KacaTeJbHOW HAa KOHIAX OTPe3Ka MPOBOJIOKH, NI ONMPEIAEICHHOCTH paBHBIA . B pe3yinb-
TaTe MOJY4YaeTcsl CKPyYeHHOE KOoJblo (cM. puc.). Tpebyercs onpeaenuTs yroa ¢, hbopmy
ne(OpMHUPOBAHHOTO KOJbIIA M BHYTPEHHHE YCHJIMS B HEM KakK (YHKIHUIO KpYTAIIETO
MOMEHTA. 3aJ1auy TaKOT0 BH/Ia MOKHO CUUTATh KIACCUYECKOM.

—_—— ——
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Kosnb1ia u3 npoBOIOKH: @) KPYroBoe; 0) CKpyUeHHOE

He wuckimoueHo, 4To pelieHHe 3aJaud MOXKET ObITh MPEACTABICHO B 3aMKHYTOM BHJIEC.
NHuTtepecHo, uTo 3Ta 3a7a4a yxKe Haluia pakTuueckoe npumenenue. B Jlybae coOuparorcs
MOCTPOUTH MOCT, Hecyllas apka KOTOpPOro umeeT (popMmy CKpyYEHHOrO KOJbLIA C YTJIOM
¢ =2-m. Ecnmu BIymarecsi B QUTYpY apKH, MOXXHO 3aMETHTh, YTO 3TO — JUCT Mebuyca
TpyOUaTOro CEUeHHs, a €ro MPOCTPAHCTBEHHas (opMa OMpPEaeIsIeTC MHUHUMYMOM
SHEPIuu, HeOOXOAUMON Ul MPEBPALICHUS NIEPBOHAYAIBHO MPSIMOJIMHEHHOTO CTEP)KHS B
CKpYy4YeHHOE KOJbI[0. BHemHuit BuI may0alicKoro MocTa MOXHO YBUIETh Ha OJHOM U3
PHUCYHKOB B IIPEAUCIOBUU.

3/1ech MPUBENEHBI MPUMEPHI 3a/ay, A PELICHUS KOTOPBIX MOXHO BOCIOJIb30BaTHCA
KBaTepHUOHAMHU U OuKBaTepHHOHAMU. OHU OTHOCSTCS K TE€OMETPHUH, a TAK)KE K KUHEMaTH-
K€ U CTaTUKe, Kak pasjenamM MexXaHuku. llepedeHb Takux 3ajad MOXKHO MPOJOJIKATH,
O0COOEHHO €CJIM BBINTH 3a Mpefesibl MeXaHUKU. Eciu uutaTens 3aMHTEpECyeTcsl Collepika-
HUEM KHUTH, OH HalJIET MHOTO TIOJIXOSIINX 3a7a49 U3 00JIaCTH CBOMX UHTEPECOB.



9. IlpuJio:keHust

9.1. AHasuTH4YecKHe PYHKIMH KBATEPHUOHHOT0 APryMeHTa

B sTOM npusioxkeHnn KBaTEpHUOH-apTyYMEHT ( ¥ KBaTePHUOHBI-PyHKIUH f peacTaBiIsaioT-
Csl C sIBHBIM YKa3aHUEM HalpaBJICHUS BEKTOPHOM YacCTH B CIEAYIOIEM BUAE:

a=[q0; e-q.; e-q; e-q)]; T=[fy; e-fi e fi e-f)]. (9.1)

KBarepuuon-aprymenT q = [qo, g1, g2, ¢3] N3Ha4aJIbHO CYUTAETCS MOJTHOCTHIO U3BECTHBIM.
Jns ero mpenctasnenus B popme (9.1) cnepBa Halo ONpeAeIUTh BEIUYMHY €r0 BEKTOPHOM

qacCTu.
4. =g + 4 +4q; . (9.2)

3HaK mepel KOPHEM MOXeT ObITh BBIOpaH NPOU3BOJILHO. KOMIOHEHTHl €JUHHUYHOTO
BEKTOpa €], €, €3, ONPEICISIIOIEr0 HANpaBJIeHUEe BEKTOPHON YacTH 3TOT0 KBAaT€PHUOHA,
npu q. # 0 BeIUMCIAIOTCA 10 popmyie:

e.=q;/q. (j=12,3). (9.3)

ITpu g. = 0 ©X MOXXHO BBIOPATh MPOU3BOJILHO, COOIIOIAst PABEHCTBO:
e +e+el=1. 9.4)
3aMeTHM, YTO B HalIeM CIIy4ae YHCIO ¢., ONPEACIAIONICe BEINYNHY BEKTOPHOW YaCTH

KBAaTEPHUOHA-apIyMEHTa, MOXET OBbITh IMOJIOKUTEIbHBIM, OTPULATEIbHBIM WM HYJIEM.
Hopma u Monyns KBaTepHHOHA OCTAIOTCS HEOTPUIATEIHHBIMH U ONPENEISIOTCS opMy-

JIaMUA:
lall=4 +42; laj=+as +42; (9.5)

apryMeHT KBaTepHUOHA Arg(() OIpeneiseTcsl aHaJOTMYHO ApPryMEHTY KOMILJIEKCHOTO
qucia ¢ TOYHOCTBIO JI0 CIaraeMoro 2-m-n , Tae n — 1ro0oe 1enoe yucio. ['maBHoe 3HaueHue
apryMeHTa KBaTepHHOHa arg(q) HaxoiuTcs B mpeaenax — m < arg(q) < m. PacuerHsle
(bopMyJIBI TAKOBBI:

arg(q) =arg(q, +i-q,) =atan2(q,,q,); Arg(q)=arg(q)+2-n-n. (9.6)

OObIYHO TpUMEHsIEMas JUTsl 3TON 1eH (PYHKIUS arccos HE TOAMTCS, MOCKOJIbKY OHA JaeT
MpaBUJIbHBIE 3HAYEHUS TOJIBKO IS ¢o = ().
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[To mpuBeneHHBIM BBIIIE JAHHBIM MOXKHO OIPEICIUTh AHATUTHYECKYIO (YHKIHIO pac-
CMaTpUBAeMOIo KBaTEPHUOHA, Y KOTOPOI €MHUYHBIN BEKTOP, ONPEEIAIOIMNA HallpaBe-
HUE BEKTOPHOW YacTH KBaTEpHUOHA-QYHKIWH, OyaeT (0e3 BapHaHTOB) TEM K€, YTO H Y
KBaTepHUOHa-aprymeHTa. Bropas u3 ¢gopmyn (9.1) naer peuent ans onpezencHHus BcexX
KOMITOHEHTOB MCKOMOI'O KBaTEpPHUOHA.

Hwxe nmpuBeneHs! GopMyIIbl sl ONPENEICHUs] CKAIAPHON YacTH KBAaTEpHUOHA-(DYHKITUH
fo ¥ BEIMYUHBI €€ BEKTOPHOW YaCTH f, ISl OCHOBHBIX BUJIOB aHAIUTHUECKUX (DYHKIHH.

Tooscoecmeennas gyukyus.

fl@=qa; f,=9: S .=4q.. 9.7)

Obpamuas ¢ynukyus.
f@=q" fy=rb: fi=—i 9.8
" la ol o

Kesaopam.

f@=q" fi=q-9 f.=2:9,4q.. 9.9)

Kopenv keadpammuuiii.
f(q):\/a; fo =% —|q|;q° :|q|;.cosg; f.== —|q|;q0 =|q|;~sing, (9.10)

rie  0=Arg(q)=arg(q) +2-mn;n=0,1.
Kopenb kBaapaTHBINA OT KBaTCPHUOHA — (DYHKITUS JIBy3HAYHAS.
Oxcnonenma.

f(q)=expq; f,=expq,-cosq,; f.=expgq,-sing,. (9.11)
HOJZOGMHHCZ}Z IKCNOoHeHma.

&; 1. :exp@-sinﬂ

2 2 2
DKCIOHEHTA YMCTO BEKTOPHOTO KBaTepHHOHA (¢¢ = 0) — HOPMUPOBAHHBIN KBATEPHHUOH.

f(q):exp%; f():exp%-cos (9.12)

Hamypanonoiii nocapugm.
f=Lnq; f0=1n|q; f.=0, (9.13)

rne 0 = Arg(q) = arg(q) + 2-n-n; n — 11000€ LIEI0E YUCIIO.

Harypanbhblii norapudM HOpMHpPOBaHHOTO KBaTepHHOHA (|| = 1) — YMCTO BEKTOPHBII
KBaTepHUOH. HarypanbHblii norapudm — MHOro3HayHas (GyHKius. OHa ISl KaXKJIo0ro 7
NPUHUMAET CBOE 3HAYCHHUE, U BCE 3TH 3HAYCHUS PA3TUUHBI.

Cmenennas Qpynkyus.

f=q" f =|q -cos(®-1); f, =|q| sin(6-7), (9.14)
rje T — AcHcTBUTENbHOE YKcio; O = Arg(q) = arg(q) + 2-7-n; n — 1r000€ 1eII0e YUCIIO.
3aMeTHUM, 4TO
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Ln(q")=71-Lnq. (9.15)

CrenenHass (GyHKIUS KBaTepHHOHAa — MHOro3HauHas (yHknusa. OHa NpPHHUMAeT Bce
pa3nuYHbIC 3HAYCHHS TOJIBKO TOT/AA, KOTAa MOKa3aTelb CTENeHHN — HPPALIMOHAIEHOE YHCIIO.
Ecnu mokaszarens CTENEHM T — YWCIO PALMOHAIBHOE, BBIpaKarolleecs HECOKPATHMON
ApOObIO /s, TIE ¥ U § — LEeNble YUCIa, KOJIMYECTBO PA3JIMYHBIX 3HAYCHUN CTETICHHOM
¢byHKIMU Oynet paBHO s. DTH 3HaYeHHs OynyT peanusoBarbes npu n = 0, 1,..., s— 1, a npu
APYTHX 3HAYCHUSX AN Te JKE€ 3HA4eHUs OyIyT IOCIEeIOBaTeNbHO IOBTOPAThCA. Ecim
MOKa3aTelb CTENEHH T — YUCIIO LIEJI0€e, PH JII000M 11 OyAeT peann3oBaThCsl OJHO U TO XKe
3HAYEHHE CTENCHHON (YHKIHH.

Cunyc.
f=sinq; f,=sing,-chq,; f.,=cosq, shg,. (9.16)
Kocunyc.
f=cosq; f,=cosq,-chgq,; f.=-sing,-shg,. (9.17)
T'unepbonuueckuii cunyc.
f=shq; f,=shq, -cosq,; f.=chg,-cosg,. (9.18)
T'unepbonuueckuii Kocumyc.
f =chq; f,=chg,-cosq,; f.=shg,-sing,. (9.19)

Ilpumep. IlpuBeneM NMO3JIEMEHTHYIO 3alIUCh SKCIIOHEHTHI KBATEPHUOHA (q = [0, G1, G2, 3],
MOJTyYEeHHYIO C HCTob3oBanueM popmyn (9.11):

f=expq= [exwo -cosq.;ﬁ-equo -sinq.;&-equo -sinq.;&-equo -sing,) |,  (9.20)

e q, =+/q; + ¢ +q; . lepen kopHeM BbIGpaH 3HaK "mmoc".

[Tockonbky aHanuTHUecKue (YHKIMHU OJHOTO M TOTO K€ KBAaTEpHHOHA KOJUIMHEApHBI
KBaTEpHUOHY-apryMEHTY U MEXAy COOO0M, OHU NEPECTAHOBOYHBI P YMHOKEHHUU.

9.2. InddepeHuuanbl /s HEKOTOPBIX AHAJIUTHYECKHX (PyHKUIMI

Juddepennnan kBaTepHUOHHON aHamuTH4eckod ¢yHkimu f(q) KBaTEpHUOHHOTO apry-
MEHTa ( MOKET OBITh MPECTABJICH MO3JEMEHTHO B BEKTOPHO-MAaTPUYHOM BHJIE CIIETYIO-
M 00pazoM:

df, d, —e, -d, —e;-d, dq,

df, _ e -d, T—elz-(T—dO) —el-ez-(T—do) _61'33'(T_d0) . dg, (9.21)
5Tt e (rd) T (r-d) eerrd)|a | ©

df, | |e-d, —e-¢-(T—d)) —e-e,-(T—d,) T—e;-(T—d,)||dg,

&

rne dg;ndf; (j =0, 1, 2, 3) — nuddepeHnmansl KOMIOHEHTOB KBATEPHUOHOB apryMEHTa U
(bYHI(I_[I/II/I, €1, €2, €3 — KOMIIOHCHTBI CAMHUYHOI'O BCKTOPA, ONMPCACIIAIOIICTO HAIIPABJICHUC
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BEKTOPHOW YacTH KBAaTEPHUOHOB apryMeHTa M (YHKLHWH, ONpeAessieMble 1Mo (GopMyaam
(9.2), (9.3); do, do u T — mapameTpsl, 3aBUCSILINE OT BUIA PYHKIIHH.

3aBucumocTtsb (9.21) Oyaer onpenerneHa, €Ciu U3BECTHBI BeIpakeHUs IS do, de 1 T. Hioke
NPUBEJICHbI 3TH BBIPAKEHHs JUIsl pa3IMYHBIX BHUJOB aHAIMTHYECKUX (yHKImil. B Tex
Ciydasix, Korja KBaTepHHOH nud¢epeHnuana (QyHKIHMA MOXKET OBITh BBIPAXKEH uepes3
KBaTepHUOHBI auddepeHnrana u QyHKIUHA apryMeHTa TpU IMOMOIIM KBAaTCPHHOHHBIX
orepanui, 3T GopMyIIbl TPUBEICHBI B CKOOKAX.

Toowcoecmeennas QyHxkyus.

fl@=q; dy=1 d,=0; T=1; (df =dq). (9.22)
Obpamuas yukyusi.
~ 2_ 2 2 . 1 ~ ~
f(Q)=q"; d=-0"%, g ="D 7o @df=—q'odqoq’). (923
|al Jal a
Keaopam.
f(@Q=q*; d,=2-q; d.=2-q;; T=2-q; (df=dqeq+qodq). (9.24)
Kopenwv keadpammuiil.
1 la[+4, 1 lal-g, 1 lal-4
fl@Q=Vq; d,=t— D od, =F—— [ T=x— 22 (925
va: 4y 2:ql V 2 2:)ql V 2 g. \ 2 (.23)

Drcnonenma.

sin ¢q,

f(q)=expq; d,=expq,-cosq,; d, =expq,-sing,; T=expq,- (9.26)

3

Tlonosunnas sxcnonenma.

9 q. 1 9 . 49. 1 9 .. 4.
- ;d, =—- —-sin —; T =—-exp—-sin—.
> P 5 (9.27)

Hamypanvnwiii nocapughm.

0
f(q)=Lnq; dy=_%; d =—"~ 7=-=, 9.28)
|a la q.

rne 0 = Arg(q) = arg(q) + 2-n:n; n — 11000€ LIEI0€ YUCIIO.

Cmenennas Qpynkyus.

f(q)=q%d, =1-|q[ -cos[0-(t—1)];d.= t-|q| -sin[0- (- 1)];T = m-sin(e 1), (9.29)

rjae T — AeMCTBUTEIbHOE YHCIIO; O — TO K€, UTO U B CIy4yae HaTypajJbHOTO ajJropuTMa.
Cumnyc.

sh g,

f(q)=sinq; d,=cosq,-chgq,; d,=-sing,-shq,; T=cosq,-

(9.30)



1IPHJIO’KEHUA 301

Kocunyc.
. . sh g,
f(q)=cosq; d,=-sing,-chq,; d,=-cosq,-shq,; T=-sing,- - (9.31)
Cunyc eunepbonuuecxuil.
f(q)=shq; d,=chg,-cosq,; d,=shg,sing; T=chgq, 2. (9.32)
Kocunyc eunepbonuueckuii.
f(q)=chq; d,=shgq,-cosq,; d, =chg,-sing,; T =shgq, ——1. (9.33)

Crnenyer OTMETHTh, YTO KBaTepHUOH IuddepeHnmana (yHKIMU B OOLIeM ciy4yae He
KOJUIMHEAapeH KBaTEPHUOHY (DyHKIINH.

9.3. KBaTepHHOHBI 3J1IeMEHTAPHbIX IOBOPOTOB

B 3TOM npunoxxeHHH paccMOTpeHBbI Haubojiee MPUMEHSEMBbIE 3JEMEHTapHbIE TTOBOPOTHI.
W3noxeHnne WIUTIOCTPUPOBAHO PUCYHKAMH, Ha KOTOPHIX OOBEKTOM IMOBOPOTOB SIBIISETCS
TBEPJI0€ TeJO0, uMerolee GopMy KOPOTHIIIA U3 HEPABHOIIOJIOYHOIO yroyka. VicxoaHoe mo-
JI0’)KEHHME HTOTO TeJa NOKA3aHO MyHKTUPHBIMU JINHUSMH, a TOBEPHYTOE — CILIOIIHBIMU JIU-
HuaMH. Ha pucyHkax moka3aHa HEMOABUKHAS CUCTEMa KOOPAMHAT X|, X2, X3, MOJBHXKHAS
CUCTEMA KOOPJAWHAT )1, )2, V3, 4 TAK)KE HAIPABICHHBIM OTPE30K OCH, BOKPYI KOTOPOU
BBITIOJIHSIETCS. TOBOPOT. [loaBrKHAs cucTeMa KOOPAMHAT JJis HArJsJHOCTH CMEILIEHa OT-
HOCHUTEJIBHO HETIOJBMKHOM TOYKH BPAILEHUS U NTPUBA3aHA K IOBEPHYTOMY TBEPAOMY TEIY.

Kaxnpit anemMeHTapHbIN MOBOPOT CHAOKEH (OPMyJIaMH, IO KOTOPBIM OMPEEISIOTCS KOM-
MMOHCHTBI HOPMHUPOBAHHOT'O MMOJIOBUHHOT'O 3KCITOHCHIUAJIBHOI'O KBATCPpHUOHA. I[JISI Hp606-
pa3oBaHUl rOJATCS U HECHOPMHUPOBAHHbIE KBATEPHUOHBI, MMOJIyYaIOIIUECcs U3 HOPMUPOBAH-
HBIX YMHOXCHUCM Ha MPOHU3BOJBHOC YHUCIIO. B npuMepax € HCJIb0 KOMIIAKTHOCTU MPECA-
CTaBJICHHUS Yallle BCEro MPUBOJSATCS COOTBETCTBYIOLIME HEHOPMUPOBAHHBIE KBATEPHUOHBI.

9.3.1. IToeopom 60Kpyz 6eKmopa c HANPAGAAIOUUMU KOCUHYCAMU €], €3, €3 HA Y2071 O

X
Kk 3
--:.’-"’::’A--‘; X,
e TN X7 »”
- >

p=I[1,1,1,1] V3 yi
Puc. 9.1. IToBopoT BokpyT BekTopa Kk Ha yrox o

DTOT MOBOPOT MPEACTABISAETCS KBATEPHUOHOM:

o .o .o .o
p=[cosz, kl-smE, kz-smz, k3-31n5,] (9.34)



302 9.3. KeamepHuoHvl s1eMeHmMapHbixX NOBOPOMOE

Ha puc. 9.1 nokaszan noBopot Ha yroi 2-7/3 wiau 120° BOKpyr HanpaBlIeHUS] paBHOHAKIIO-
HEHHOTO K OCSIM X1, X2, X3. [lJ1s1 aTOTO IIpHIMepa

klzk2:k3:£; cos2=L. in® V3 (9.35)
3 2 2 2 2
HckoMBlli KBATEPHUOH UMEET BUJIL:
11 0.36)
p 27 2) 2) 2 . .

Jns mpeoOpa3oBanusi koopauHat mo (opmyne (2.253) MOXHO HCIIONIB30BATh TaKXkKe
yZIBOCHHOE 3HaYEHUE ITOT0 KBATEPHUOHA:

2.p=[1, 1, 1, 1]. (9.37)

B wacTHOM citydae, mpu MoBOpoTe Ha MPMOU yroa ¢popmyna (9.34) umeer BU:

2
ng-[l, ki, ky, k], (9.38)

a TIPY MIOBOPOTE HA YTOJl + T BBITVISIIUT TaK:
p=[0, k, k,, k3]. (9.39)
Ha puc. 9.2 nokaszan moBopoT Ha yroi 7/2 BOKPYT OCH X3, pEaTH3yeMbIii KBATEPHUOHOM
p=[l 0, 0, 1], (9.40)
Y TIOBOPOT Ha yTOJI £ BOKPYT OCH X3, PEATU3yEeMbIil KBATEPHHOHOM

p=[0, 0, 0, 1]. (9.41)

»2

pa!

Puc. 9.2. IIoBOPOT BOKPYT OCH X3 Ha Yrout: a) w/2; b) +n

9.3.2. Iloeopom 60Kpyz 6eKmopa ¢ HANPABIAIOUUMU KOCUHYCAMU €], €2, €3 HA Y2071 O,
(—n<a<n), ecru useecmnwvt kocunyc C u cunyc S amozo y2na

B aTOM ciyyae panmoHagbHEe BCETO ONPEICIIUTh YTOJl o 1o popmyiie:

a =atan2(C,S); (9.42)
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a 3areM nepeiTu kK popmyiie (9.34). MoxHO BOCIIOIB30BAThCS TaKkKe (OPMYJIION:

p_{ﬁ / -c , s [i- C} 0.43)
27 sl |S| 2 |S| ’ '

Opnako, 3Ta ¢opMylia HE JOCTATOYHO XOPOIIO OOYCIIOBJIEHA MPHU YIiIax o, OMU3KUX K
HyJ10. {71 BBIYHMCICHU OHA MCMONB3yeT Jiuib 3HaueHue C, a u3 uHQOpMaIHH, coaep-
JKaIEKUCsl B 3HAYEHUH S, UCTIOIB3YET TOJIbKO 3HAK.

9.3.3. Iloéopom 60Kpyz Koopounamuwix oceii ¢ Homepamu 1, 2, 3 na yznwt o4, 0.2, 03
o, o o o o
1=| cos— sm— 0,0, |;p2=| cos—=,0,sin—=,0 |;p3 =| cos—>, 0,0, sin—> |. (9.44
P { 272 } P { 2 } P [ 2 2 } O+

B gyacTHOM ciydae, npu moBOpOTE HA MPAMOU Yrou:

\/— \/— ,0,0,1; p2= Q,O,Q,O; p3 =£00£ (9.45)
277 2 2
B yactHOM ciydae, npu moBopoTe Ha yroi + m:
p1=[0,1,0,0,]; p2=[0,0,1,0]; p3=[0,0,0,1]. (9.46)

Ha puc. 9.3 u puc. 9.4 nokazansl TOBOPOTHI TBEPAOTO T€JIa BOKPYT OCEH X|, U X2, HA YTIIbI
7/2 n £n. [1oOBUHHBIE YKCTIOHEHIIMAIbHBIE KBATEPHUOHBI IIPUBE/ICHBI B TIOJIE PUCYHKA.

X3 b) X3

X2
»

p=[1,1,0,00 kK ¥ p=10,1,0,0]

Puc. 9.3. [ToBOPOTHI: @) BOKPYT OCH X| Ha yroJ 7/2; b) BOKPYT OCH X| Ha yroj: £7

= [O) O) 1) O]

B2

Puc. 9.4. [ToBOpOTHI: @) BOKPYT OCH X; Ha yroi T/2; b) BOKPYT OCH X, Ha yroi: 7
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9.3.4. Iloeopom 0o coemeuwienusn ocu 1 ¢ 3a0annvim nanpagieHuem

JlaHa Hemo/BMIKHAsI CUCTEMa KOOPAMHAT X1, X2, X3 U HalpaBJIeHUE, 3aJaHHOE HaIpPaBIIsIO-
IIMMU KOCHUHYCaMH cj, €2, €3 B 3TOH cUCTeMe KoopAuHaT. Teno co CBA3aHHOM C HUM
CUCTEMOW KOOpPIUHAT )1, V2, ¥3 ObUIO PAclONOXKEHO BHAuyaje TaK, YTO HEMOJBUXKHAs U
CBsI3aHHAsl CUCTEMbl COBIAJAIM. 3aT€M TeJIO0 MOBEPHYJIH MO KpaT4yallleMy IyTH Tak, 4To
0Cb )| COBIAJIa C HAIIPABIEHUEM Cj, C2, C3. 1peOyeTcsl HAiTH KBaTEPHHOH P, COOTBETCTBY-
IOLIUI ATOMY IIOBOPOTY.

BeinmonHuB HeoOxoanMele MpeoOpa3oBaHus, MPUAEM K KBaTEPHUOHY CO CIEIYIOLIUMHU
KOMITOHEHTaMHU:

/1+c1 0 c, /l—c1 c, /l—c1 9.47)
p= 9 [ . D : . .
2 e +c 2 Jd+cd 2

OrnucaHHbIN TOBOPOT MOKAa3aH Ha puc. 9.5 i Hanpasnenus c¢; = 0; ¢2 = 0,8; ¢3 = 0,6.

p:[5,05_3>4]

Puc. 9.5. IToBopoT 10 cCOBMELIEHUS OCH 1 C HampaBlIEHUEM ¢

Brruucnenust mo gpopmyie (9.47) npuBOIAT K CICAYIONIEMY PE3yJIbTaTy:

p- % 0. _0,6.g, 0,8.%. (9.48)

B none pucyHka noka3zaH KBaTEpHUOH, IIPONOPLUOHAIBHBIA 3TOMY.

9.3.5. Iloéopom 0o coemewienusn Hanpaeienus a ¢c Hanpaeienuem b

Teo pacmosokKeHo Tak, YTO OCh )| CBA3aHHON ¢ HUM CHCTEMBbI KOOPJIHHAT COHAIPABIICHA
BEKTOPY C KOMIIOHEHTAaMHU d|, dz, A3 B HETOABW)XKHON CUCTEME KOOPIMHAT. 3aTeM TEJO
MOBEPHYJIM 10 KpaT4allIeMy IyTH TaK, YTO OCh Y| CTaja COHAIPABICHHOW BEKTOPY C
KOMIIOHEHTaMU by, b,, b3 B HEMOABMXKHOW crcTeMe KoopAuHAT. TpeOyeTcst HalTH KBaTep-
HUOH P, COOTBETCTBYIOIIUNA 3TOMY ITOBOPOTY.

Pemenue 3amaun gaercs cienyromein GopmyIioi:

p=vv, (9.49)
rae:
b a
a:[07a19a29a3]; b:[09b13b23b3]; V=r—=0—. (950)

bl al
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®dopmymna (9.49) B pazBepHyTOM BHJIC PUBEICHA HIKE:

O B L VLl (R P | el = (9.51)
2 7 (V) 2 7 (V) 2 7 (V) 2
Ha puc. 9.6 nokazan npumep takoro moopota, rae a; =0, ax =0, a3 =1; b1 =0, b, =1,
b3 = 0,

p=1[1,-1,0,0] 2
Puc. 9.6. I1oBOpOT 10 cOBMEIIEHUS HANIPaBIEHUS a C HalpaBjieHueM b

Ksatepauon v = [0, —1, 0, 0], a Berancnennsiii mo ¢popmyse (9.51) kBaTEpHHOH P UMEET
BUJI:

(9.52)

B none pucyHka nokaszaH KBaTEpHUOH, IPONIOPLUOHAIBHBIA 3TOMY.

9.3.6. Iloéopom nanpaenenusn a 0o Hanpaeienusn b, HopmanvHo20 n1ockocmu

Teno pacnonokeHo Tak, 4YTO OChb )| CBSI3aHHOM ¢ HUM CHUCTEMBI KOOPIMHAT COHAIPaBJIeHa
BEKTOPY C KOMIIOHEHTAaMHU dj, dz, A3 B HENOABM)XHOM CUCTEME KOOPAMHAT. 3aTeM TeJo
IIOBEPHYJIM IO KpaT4aWlleMy IIyTH TaK, 4YTO OCh )| CTajJla HOPMAJIBHOM K IUIOCKOCTH,
3a1aHHON ypaBHEHUEM:

by+b -x +b,-x,+b,-x;,=0 (9.53)
Y COHAIPABJIICHHOM BEKTOPY C KOMIIOHEHTaMU by, b,, b3 B HENMOABMKHON CHCTEME KOOP/IH-
HaT. TpebyeTcs HallTH KBaTEPHUOH P, COOTBETCTBYIOILIHMIA 3TOMY OBOPOTY.

Ota 3a/1a4a HKBUBAJICHTHA MTPEIBbIAYLICH, U ee perienue naetcs popmyroi (9.49).

Ha puc. 9.7 noka3zan npuMep Takoi 3ajauu, IpUYEM HaINpaBJICHUS 3aJaHbl YACIAMU: d| =
0; ax=1; a3 =0; by = -0,6; b, = 0; b3 = 1. KBarepuuon v = [0; 0,857; 0; 0,514], a BeIunc-
neHHbli o Gopmyse (9.51) kBaTepHUOH P UMEET BU/L:

p = [0,707; 0,606; 0; 0,364]. (9.54)
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/; =[0,707; 0,606; 0; 0,364]

Puc. 9.7. IloBOpOT 10 COBMEIIEHUS HANPABIECHUS a C HOPMAJIBIO K 3aJaHHOM TIocKocTH b

Kaxnaplii 3nmemMeHTapHbld MOBOPOT MOKHO OCYILECTBISATHh KaK B HEMOJBH)KHOW, Tak M B
HOI[BH)I(HOP'I cucremax KOOpILI/IHaT " CKJIaAbIBATH IO HpaBI/IHaM, HN3J10KCHHBIM B pa3z[ene
2.8.4.

®opMyItbl 3TOTO pasziena HaKuCaHbl TaK, YTO PE3yIbTHPYIOMNI KBATEPHUOH OKa3bIBACTCS
HOpMHpPOBaHHBIM. O1HaKO Bce OyJeT BEpHO U B TOM CIIydae, €CIH IO0JIb30BaThCs HEHOP-
MHPOBAaHHBIMH KBATEPHHOHAMH, TIOCKOJIBKY YMHOXXEHHE KBAaTEPHUOHOB P HA YHCIIO HUKAK
HE U3MEHUT pe3yJIbTaTa NpsSMOro npeodpa3oBaHus KOOPAUHAT:
-1
xd=P°yq°p (9.55)
WM 00paTHOTO MPeoOpa30BaHUS:

vd=P °xqop. (9.56)

9.4. AnanuTn4yeckue (PyHKUMH TyaJalbHOT0 apryMeHTa

B sToM mpunoxeHun npuBeneHbl HanOoJee YIOTpeOUTEeIbHbIE aHATUTHYECKHE Ty aIbHbIC
¢yskumu F = f+ ©-f° nyanpHOro aprymenTa 4 = a + ®-a° ¥ nmapaMmeTpsl 3TUX (QyHKIHN
[F1.

Toowcoecmeennas Qynxkyusi.

a

F=4;, F=a+w-a% [F|=—. (9.57)
a
Obpamuas ¢ynukyus.
1 1 a’ a°
F=—; F=——w-—; |F|=——. 9.58
A a a’ |—_| a ( )
Kesaopam.
F=4;, F=d*+w-2-a-a% [F|=2-=. (9.59)

a
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Kopenwv keadpammnbiii.

F=v4; F=\a+o-Ja-2—; [F]=2—. (9.60)
2-a 2-a
Ixcnonenma.
F=expd; F=expa+w-a°-expa; |_F—|=a°. (9.61)
Ilonosunnas sxcnonenma.
A a a’ a a’
F=exp—; F=exp—+w-—-exp—; |F|=—. 9.62
P2 potw —exp | Fl=2 (9.62)
Hamypanvnvui nocapugm.
F=In4; F=lna+m-a—; ’_F—|= i (9.63)
a a-lna
Cmenennas gynkyus.
F=A4" F:ab+m-a"-b-(a—+b—-lna} (F}:b-(“—er—-lnaj; (9.64)
a b a b
T T T ao ao
F=4"; F=a+w-a 1 —; |_F—|=t-—, (9.65)
a a
rae B = b + ©-b° — nyanbHOE YUCIIO; T — AEHCTBUTEIBHOE YUCIIO.
Cunyc.
F=sind; F=sina+w-a°-cosa; |[F|=a° ctga. (9.66)
Kocunyc.
F=cosd;, F=cosa—w-a°-sina; [F|=-atga. (9.67)

Cunyc eunepbonuuecxuil.
F=shAd; F=sha+w-a°-cha; ’_F—|=a°‘ctha. (9.68)
Kocunyc eunepbonuyeckuil.
F=chd; F=cha+w-a°sha; [F|=a°tha. (9.69)
Otmerum, 4to i QYHKIMN TyaJbHBIX MEPEMEHHBIX COOJIIOAIOTCS MPUBBIUYHBIC COOTHO-
IICHUS:
cos’ A+sin” A=1; sin(A+B)=sinA-cosB+cos A-sinB; (9.70)
(AB)C :AB»C; AB'AC :A(BJrC). (9.71)
9.5. AHasuTH4YecKue PyHKUMHA OMKBATEPHUOHHOIO APryMeHTa

AHAJIOTUYHO TOMY, Kak ObUIM MpPEACTABICHBI aHATUTHYECKUE (YHKLIMU KBATEPHUOHA,
npuBeaeM GOopMyJIbl AJIsl aHATUTUYECKUX (QYyHKIUI OMKBaTepHHOHA. byseM mosjarate, 4To
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OukBaTEepHUOH-apryMeHT Q u OukBaTepHUOH-(PyHKIMA F mpeacraBieHsl B crielUaIbHOM
BUJIE:

9 q°% Jo VA

e'q. eo 'q.+e .qo. e.ﬁ eo .f‘.+e .fo.
Q="' "|+w| ' PR F=| T | RS (9.72)

64, e,q.t¢e-q", e, /. e’ fote - [

€-q, eo3'q.+e3'qo. 63'f; 603'f.+€3'f0.

rae e, €% (j =1, 2, 3) — KOMIOHEHTbl €JUHUYHOTO BUHTA, ONPEEISIOIIEr0 OCh OUKBaTEp-
Huonos Q u F; qo, ¢°, q., ¢° — IapaMeTpsl CrIEUATBLHOTO MPEICTaBICHUs] OUKBATEPHUO-
Ha-apryMeHTa; fo, %0, fe, [°« — TAPAMETPHI CIICUAILHOTO MPEICTABICHUST OMKBAaTEPHUOHA-
byHKIHIH.

Jliis nepexosia oT 00BIYHOIO MPEACTaBICHU:

Q=[q,+®-¢°%; ¢ +©q°%; ¢, +-¢°; q,+w-q°%] (9.73)
K CIICIUAIIBHOMY, MOKHO BOCIIOJIB30BaThes (hopmyamu:

A A T T Y T et
6= a1+ g+ a3 0= qzqqz q3Q3;ej=q—’;e_i= U=y 074

3aMeTuM, 4TO 3TO MpeoOpa3oBaHUE BBINOJHSAETCA HEoJHO3HAayHO. B dopmynax (4.53)
nepes; KOpHEeM KBaJpaTHBIM MOXKET ObITh BEIOpaH 3HaK "MuToc” wim 3HaK "MuHyc".

Hwxe npuBeneHsl GopMyItbl sl ONpeesieHus apaMeTpoB OUKBaTepHUOHA-(DYHKINH fo,
f%0, feo, f°o Uepe3 Takue ke mapameTpbl OMKBATEPHUOHA-APIYMEHTA ¢o, §°0 e, §°e VIS
HaunboJee ynorpeOUTeIbHbIX OMKBATEPHHUOH-(PYHKIIUI.

Toorcoecmsennasn pyuxyus.

F=Q=q+w-q9% f,=q9; [f%=49" f.=49; [°.=4¢".. (9.75)

Obpamnas ¢ynxkyus:

F=Q'=q -5-q oq°°q; fo:||%0; .:_H%;
9.7
o _ 4% 2-9,(9,°9°% +49.-9°.). 1o _ 9% 249.(49°%*+9.9"°) ©-76)
0 ) . .
o Jalf la lalf

OO6paieHe HOPMUPOBAHHOTO OMKBAaTEpHHOHA MPUBOJIUT K HOPMUPOBAHHOMY OHMKBaTep-
HHOHY.

Keaopam:

2

F=Q=q’+w-(q°°q+q°q°); fi=q0—92; [=24,4.;

) : ) : . ; (9.77)
f%=2(99%—9.-9°); [°.=2:(49,°9°+49.-9°%)
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Kopenwv keaopammuuwiii:

F=\Q: fo=i\/—|q|;q°; f.=i,/—|q|;q°;
(9.78)
fo, == qoo . |q|+q0 + q°. . |q|_q0.fo -F qOO . |q|_q0 + q°. . |q|+q0.
o2 Vo2 2 Vo2 T T2l Vo2 T2 V2

Dxcnonenma:

F=expQ; f,=expq,-cosq,; f,=expq,-sing,;

o o o . . (9.79)
f°y=expgq,-(q°,-cosq, —q°,-sing,); [, =expq,-(q°,-sing, +¢°,-cosgq,).

OKCITOHEHTa YHCTO BUHTOBOT'O 6I/IKBaTepHI/IOHa C€CThb HOpMHpOBaHHHﬁ 6I/IKBaTepHI/IOH.
Ilonosunnas sxcnonenma:

Q 9 9

QO M QQ
F—GX[)—; =CXpP—-COS—, . —CXp—-SIn—;

2 9

o qO qOO qo qoo . qo o qO qo() : Q. qoo Q.
=e&Xp—| —COS———-SIn— |, SCXp—| —SsiIn—+——-CoS— |.
S = exp 2 ( 2 2 2 2j / P ( 2 2 2 2}

(9.80)

[TomoBHHHAs SKCIIOHEHTAa YUCTO BHHTOBOI'O OWKBATEPHHOHA €CTh HOPMHUPOBAHHBIH
OMKBaTEPHUOH.

Hamypanvnwiii nocapugpm:

o _909%+9 9% . o_4v49°—9.9°
F=LnQ; f,=Inlq; f =6 fo="t"Lt——=; fo=Rts 10 (gg])
ol [
rae 6 — moBopot OukBaTepHHOHA Q, openenseMbil o Gopmyre:
O=arg(q,+i-q.)+2-m-n; (9.82)

n — IPOU3BOJIBHOC HATYPAJIIbHOC YUCIIO, I — MHUMAas €IMHUIIA.

Hatypanbhblit norapupm — MHOro3HauyHas ¢yHkius. HarypanbHblil gorapudm HOpMHUpPO-
BAaHHOT'O OMKBATEPHHOHA €CTh YNCTO BUHTOBOW OMKBAaTEPHHOH.

Cmenennas ¢hynkyus:

F=Q" f,=|q| -cos(0-1); f.=]|q| -sin(6-1);

° v 1 40°9% 9. 9°. q.°9% =9, °9°. .
=1- . -cos(0-1)+ -sin(0-t
=elal P R ] S

“ .

fo. — T_|q|‘f . % 'qOO +(.’Io 'qo. 'Sin(e'T)— Q. 'qOO _90 _qo. -COS(9~’C)
o o

-
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rae T — 3aJaHHOE JEHCTBHUTENBHOE YHCIIO; O — MOBOpOT OukBaTepHHOHA Q, ompernense-
MBIt 110 popmyiie (9.82).

Cunyc:
F=sinQ; f,=sing,-chg,; f,=cosq,-shgq,;
o o o 1 o o o 1 (9'84)
J°= 4% cosqychq+q°,singyshq,;  f°=q° cosqychg,—q° sing,shg,.
Kocunyc:
F=cosQ; f,=cosq,-chg,; f.=-sing,-shgq,;
’ ’ ’ (9.85)

J°==q°sing, chq,+q°,cosq,shq,; f°,=-q°,cosq,shq,—q° sing, chg,.

IIpumep. 1loaneMeHTHas 3a0UCh JIs TOJIOBUHHOM 3KCNIOHEHTH F =f+ @ -f° = exp% .

qO qo . qo : QO : qo .
f=exp—-| cos==; ¢ -sin==; e,-sin—=; e, -sin-= |; 9.86
i) [ 2 ¢ N 2} ©-56)
9. cosde 9« gin -
2 2 2
eol-sin$+el- Lo ginde 1 4+ o5l
9, 2 2 2 2 2
f°=exp?- o o . (9.87)
e°2~sin$+e2~ Lo ginde 14+ o5l
2 2 2 2 2
e°3-sin&+e3- Lo ginde 1 4+ o5l
I 2 2 2 2 2]

Hononnumenvusie danuvie. Monyib |F

, aprymenT argF, mapamerp OMKBaTepHHOHA (F—‘ ,
JTyaJlbHBIA pa3Mep BUHTOBOM 4acTH OMKBAaTEepHHUOHA [, U ee mapamerp [F—| BBIPAXKAOTCS
dbopmynamu:

o

q q°% 9o q°% q. q°, 9
Fl=exp| =+ — |=exp—| l+®w-—|; argF=—"+w-—; |F|= ;
| | p(Z 2) p2 ( 2) 8 2 2 l_ —|

9 . 4. q°% | 9°. q. q° , 49°, q,
F =exp—=-sin—:|l+®-| —+ -ct JF | = + -ctg=—.
) P 2{ (2 2 gzﬂ[l 2 Ty 85

[TosioBUHHAs SKCIIOHEHTA OT YUCTO BUHTOBOTO OuKBaTtepHHOHA (qo = 0; ¢° = 0) — HOpMHu-
poBanHbIi OukBarepuuoH (|F| =1 + ©-0).
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