ANPDPEPEPHNATBPAA 'EOMETPUA 1 TOPOJIOI'NA

(korcmexT exuni E. B. Tpountkoro,
3-11 Kyp¢, MaTeMaTHKiL, oceHHnn cemectp 2002/03 ya.roaa)

Pa6oyas Bepcus nmo cocrosunto Ha January 4, 2003.

1. HekoTopble moHATHUA O6IEN TOMOJOT AN

Onpepenenune 1.1. Mempuroi p Ha MHOKecTBe X HasbiBaeTcsa oToOpaxenue p @ X X
X — [0, 00), yIoBIETBOPSIOIIEE aKCTOMaM:

1) ple,y)=0 & x=y VYa,y€ X (akcmoMa TOXIeCTBA);
2) plz,y) = ply,x) Y,y € X (akcmoma CHMMETPUN );
3) pla,z) < pla,y) +ply,z) Va,y,z € X (akcmoma TpeyroabHIKA).

Papa (X,p) massiBaeTcsa mempuueckum npocmpawcmeon. Ponmpocrpanctso ¥V C X
ABTOMATHUIECKH SIBISIETCA METPUIECKIM TTPOCTPAHCTBOM.

Auamempon Y naspBaercs diamY := sup p(z,y). MHOKECTBO ¢ KOHEUHBIM [aMe-
z,yeY

TPpOM Ha3BIBa€CTCA 02PaHUUEHHDBIM. [[[QpOBOﬁ OKPECMHOCMbIO Ha3blBacTCsA

B.(z):={y € X |ply,z) <e}.

Pacemosnue ot Y C X no Z C X —p(Y,7Z):= inf p(y,z).
yeY,ze€Z

Ecau p(y,Y) = 0, To y — moukra npurocnosenus Y. Samvikanuem Y HazbIBaeTCS
Y :={mmoxecTBo Todyex mpmkocHoBermsa Y }. Odgermano, ato Y C Y. Muoxectso Y
HasbIBaeTC 3amknymoim, ectn Y = Y. Touka x HasbBaeTca snympenneti mouwot Y,
ecan cytectByeT € > 0 Takoe, ato B:(x) C Y (B wactnoctu, x € V). Buympennocmpio Y
Ha3bIBaeTcs COBOKYMHOCTH Int Y C Y ero BuyTpennux Todexk. MuoxecTBO Y HasbiBaeTCs
omxpoimuim, eciu Y = IntY.
3agaua 1.2. Pycrb X — merpudeckoe npocrpancTo. Torma Y C X oTkpwiTo TOra
1 TOAbLKO Torma, korga X \ Y samxmyTo.

Teopema 1.3. Pycmo X — mempuuecroe npocmpancmeo. Toeda
1 O X omxpwimo,
2 O 0 omxpormo;

3 O obvedunenue |J U, awbozo nabopa omrpuimerr nodmnoxcecmes U, C X omrpoimo;
a€A

k
4 O nepecevenue (| U; woweunoeo nabopa omrpwimoir nodmmoscecms U; C X om-
=1
Kpblmo;



1 3 0 zamxnymo;
2 3 X zamrxnymo;

3 3 nepecewenue () I, awboeo nabopa zamxnymolr nodmmoxcecme F, C X zamkuymo;
a€A

k
4 3 obvedunenue |J F; womeunoeo wabopa zamwxnymolir nodmmoscecms F, C X 3za-
=1
MERYMO;

HMokazaTteanbcTBo. B cuny mpeaniaymen zagaan k O = k 3V k. Csouicrea 1 O m 2 O

odeBunanbl. [lokaxem 3 O. Pycro U = |J U, m « € U. Torga mangercs Takoe «, ITO
a€A

v €U, n By CU,. Torna B,y CU, CU.

Nokaxem 4 O. Pycre U = (k] Uy, © € U. Torga numeercs nabop ¢; (1 = 1,...,k)
i=1

Takux, 9to ¥ € B (x) C U;. Pycrs ¢ := min{ey,...,ex}. Torma B.(z) C B, () C U;
Vi. 3wauant, B.(x) C U. a
3agaya 1.4. Pokaszarh, 9T0 OT KOHETHOCTH HEIb3d OTKA3aThCA.
3agada 1.5. Jlokasars, 9T0 B.(2) oTKpBITO.
3agauda 1.6. [lokasatnb, uTo Int Y oTrkpsiTo.
3agada 1.7. JlokaszaTh, 4T0 Y 3aMKHYTO.
Onpepaeneune 1.8. Tonoaoeueti na MuokecTBe X HaszbIBa€TCA CHCTEMA €I0 MOJMHO-
KeCTB T (9T MOJMHOKECTBA HA3BLIBAIOTCA OMEPLIMBIMY ), YIOBIETBOPSIONIAS CJIE Y IOIIIM
AKCHOMaM:

1) X er;
2) Der

3) ectu U, e 7Vae A, o U U, €1
a€A

k
4) eciu Uy, ..., U € 7,10 N U; € 7.

=1
Papa (X, 7) maswiBaeTcs monoaoeuueckum npocmpancmeon. Muoxectso Buga F =
X\ U, rae U € 7, HazbIBaeTCA 3aMKHYMbLM.
3agaua 1.9. PpoBepurh nis 3aMKHYTBIX MHOXKECTB cBoucTBa 1 3 — 4 3.
IIpumep 1.10. Merpudeckoe MpoOCTPAHCTBO ABIAETCS TOMOJOTTIECKIM.
3agaua 1.11. Ppusecrn npumep Tomorormaeckoro mpoctpancTa (X, 7), He cBA3aH-
HOTO HU ¢ KaKOW MeTPUKON ([OBOPAT: TOMOJOTHUS He MeTPU3YyeMa).
Omnpegenenne 1.12.  Oxpecmuocmoio Touxku ¢ € X (moamuoxectBa Y C X) HasbBa-
eTcs T0boe OTKPBITOE MHOKECTBO ee (ero) cogepxkariee. Touka npukocnosenus Y C X
— Takas ToYKa ¢ € X, 9T0 a0bas ee OKPeCTHOCTH NMeeT HEMyCcToe mepecedenne ¢ Y .
3amvranue Y — 5To MHOKecTBO Y BCex Todek mpukocHosenus Y (Tax warto Y C V).
Touxka = € Y maswiBaeTcs enympennet TOIKOW Y, eCou HAUIETCS TaKas OKPECTHOCTD
U toukn z, aro x € U € Y. CoBOKynmHOCTL BCEX BHYTpPEHHUX TO4YeK Y Ha3LIBAETCA
snympennocmuio Y n obosuadaercs IntY.



3agaga 1.13. Y C X 3aMKHYTO TOI'Ja U TOJILKO TOI'Ia, Korja Y =Y.
3agaga 1.14. Y szamxuyTo.
Onpegenenue 1.15. Pycrs Y C X, (X, 7) — romonorudeckoe npoctpanctso. Tomo-
gorus 11 := {UNY |U € 7} masoiBaercsa Tononorueit, undyyuposannot T na Y.
3agada 1.16. Ppoepurh maas 73 aKCHOMBI TOTOJOT U,
3agaua 1.17. Pycrs (X, py) — Merpudeckoe npocrpamcTso. Torga romonormio na
Y C X moxHO BBeCTH NBYMA CIIOCOHAMUT:

1) px mopoxnaeT Tx, KOTOpas WHAYIUPYET Ty,

2) px TpW orpaHuYdenuy Ha Y JaeT py, KOTOPas MOPOKAAET T,y .

NokazaTb, 9T0 Ty = T, .
Onpegenenne 1.18. Poammnoxkectso Y C X maspiBaercsa (6ci0dy) naomubim, ecin
Y = X.
3agada 1.19. Pycrs Y] C X n Yy C X — oTKpbITHIE LIOTHBIE TIOAMHOKeCTBa. Tora
Y =Y NY; — orkpbiToe mI0THOE TTOIMHOKECTBO.
Onpegenenne 1.20. Orobpaxenne f: X — Y Tomomormdecknx mpocTpancTB Ha3bl-
BAETCSA HENPEPLIEHLIM 6 Mouke o € X, ecan Jis d06oi okpectHocTn obpasa V (f(xg))
cylecTByeT Takas okpectHocTh U(xg), ato f(U(xg)) C V(f(x0)). Orobpaxenne, me-
MPEPLIBHOE B KAXKJIOU TOYKE, HABLIBAETCI HENPEPLLEHbLM.

Teopema 1.21. Cuedyrowue ycao6us IK6U6AALCHMHbL:
1) f: X =Y nenpepvieno;
2) dasn awbozo omrpoimozo V - C Y npoobpaz f~H V) omwpuim 6 X;

3) das wwbozo zamwnymoeo F CY npoobpaz f~(F) zamxnym 6 X.

Hoxkasareabcro. Pockornky f~H(Y\V) = f~HY)\ V) = X\ f~YV), To ycroBus
2 m 3 >KBUBaJTeHTHHI.

Pycts Temeps f mempepniBro, V C Y — oTrkpoiToe muoxkecTBo. Torma ambo mpo-
obpaz V mycT, U, TeM caMbIM, OTKPBIT, JHO0 CONEPKUT HEKOTOPYIO Touky x: f(x) € V.
Torga mo ompejerennuio A AOOGON TaKOW TOYKN HaMAeTCsAs Takas okpecTHOCTh U(x),
aro f(U(x)) C V, 1. e. U(z) C f~YV). Takum obpasom, kaxnas touka [~ (V) —
BHY TPEHHsS.

O6parno, mycth Binoxneno ycaoue 2. Torma maus V' = V(f(x0)) B KadecTBe nCKO-
moro U moxkno B3ate U = f~H(V). O
3agaua 1.22. Pycro X = Fi{ U F,, rae Fy uw Fy — samknytote, f: X — Y. Torga f
HEMpPepLIBHO TOra U TOJALKO Torfa, korga f|g : Fy — Y u f|p, : F» — Y HenpepbiBubL.
3agaua 1.23. Pycrs f, : X — R — menpepoiBuble pyHKINN, CXOIAMIECs K f paBHO-
Mepro mna X. Torma f mempepniBHasd.
3agagda 1.24. Pycrs X n Y — merpudeckme mpoctpanctsa. J[okasarn, 9ro f
X — Y mempepniBia B TOYKe T¢ B CMBICTE OTOOPaKEHNN COOTBETCTBYIONINX TOMOJOTTYe-
CKUX MPOCTPAHCTB TOIJa U TOALKO TOI[a, KOr'Aa i JIoOOH MOCAeN0BATEILHOCTH {1, |
¢ lim z, = 2o nmeem nh_)rgo flxn) = f(xo).

n— 0o
Onpegenenne 1.25. Orobpaxenne f: X — Y mazniBaeTcs eomeomoppuamon, ecan

1) f — Ouexuus;



2) fu f~' menpepuiBHBLL

3agava 1.26. PpuBectu npumep 6HEKTHBHOIO HEMPEPHIBHOTO OTOOpaKEHNs, He SBJIs-
FOIIETOCA TOMEOMOP(PIIMOM.

Onpepenenune 1.27. Pa3zotd mono.so2uu T Ha3bIBaeTCA TaKas CCTeMa OTKPBITHIX MHO-
KecTB B, 9T0 M1060€ T—OTKPLITOE MHOKECTBO TPEACTABIAETCSI B BUE UX OOhETIMTHEHTIS.
Sagada 1.28. Kakue ycaoBus HaJ0 HAJTOKUTH Ha MPOU3BOILHYIO CHCTEMY TIONMHO-
KecTB By, 9TOOBI B pE3YIbLTATE B3SATHUSI MX ITPOUBBOILHBIX OOLEINHEHNN TTOTYINThL HEKO-
TOPYIO TOTOIOTHIO !

Onpegenenue 1.29. Pycrs (X, 7x) u (Y, 7v ) — Tononornveckne mpocrpanctsa. Pac-
cvMoTpuM B X X Y caenytornyto 6a3y TOTOJOTUN:

B:={VxW|Verx, Wemn}.

Ponydennoe Tomosorndeckoe MpoCTPaHCTBO HA3BIBACTCH JEKAPMOBHIM NPOUIEEIEHUEM
XnY.

3agaua 1.30. PposepuTh (¢ ncnoabzopanneM Tpeapiayiien sagatdu), 9o X X Y nen-
CTBUTEIHHO TOTOJOTUIECKOE TPOCTPAHCTBO.

3agaua 1.31. Joxkazats, 9o X X Y 1 Y X X romeomopdubl.

3agaua 1.32. Jlokazars, 9to (X X Y) X Z u X X (Y X Z) roMmeoMopdHbI.

3agaua 1.33. Pycrs (X,px) u (Y, py) — Merpudeckne mpoctpanctsa. Ompeennm
na X X Y crenyrolime pacCTOSHUS:

pmaX((xlvyl)v (x%y?)) = maX{pX(xlva)v IOY(ylvy?)}v

pal(wr.90). (r2.2)) = \/pk (w1, 22) + pf (1. v2).
p+((z1,51)s (22,92)) := px (21, 22) + py (Y1, 42)-
MokaszaTn:
1) Yro 10 MeTpuKML.
2) Hro coorBercTByiomnmie Tonojorun Ha X X Y COBIagaioT.
3agaua 1.34. Jlokasarh, 9TO HOJAMHOKeCTBa Tpamon (a,b), [a,b) u [a,b] ne romeo-
MOP]HBL.
Onpegenenne 1.35. Tomomoruwdeckoe mpocTpancTBO X HA3LIBAETCI HEC6A3HbLM, €CIIH
BBITIOIHEHO OIHO W3 CIEAYIONX (O9eBUIHO, DKBUBATCHTHHIX ) YCIOBHII:

[ ] PpOCTpELHCTBO X npeacTaBiIdeTCA B BUIE O6T:€,I[I/IH€HI/I}I ABYX HEIEPECEKATOIMXCA
HENMYCTBIX OTKPBLITBIX MHOZKECTB.

[ ] PpOCTpELHCTBO X mMmeeT HEITyCcTOoEe MOJIMHOXKECTBO A, HeE COBIIa Jalolee C X u aBias-
oleecss OJHOBPEMEHHO OTKPBITHIM 1 3aMKHY THIM.

[ ] PpOCTpELHCTBO X npeacTaBiIdeTCA B BUIE O6’B€,I[I/IH6HI/I}I ABYX HEIEPECEKATOIMXCA
HEIIYyCTBIX OMHOBPEMEHHO OTKPBITHIX U 3aMKHYTBHIX MHOXKECTB.

B npotuBHOM ciydae X Ha3bIBaeTCA CEAIHBIM.

Onpepenenue 1.36. PpocrpancTBo X Ha3bIBaeTCA AUMEUHO C6A3HBIM, €CTU IS JTFO-
OBIX BYX TOYEK &g, &1 € X CyllecTByeT HelpepbiBHOe oTobpaxkenne (nyms) f:[0,1] —
X, f(0) = zo, f(1) = 1.

3agada 1.37. Otpesok [a,b] C R cBasen u inHelHO CBA3€H.

4



Teopema 1.38. Pycmos X = J X, wascdoe X, ceaszno, a X, £ 0. Toeda X ceazmno.

MokazareabcTBo. Pycth X mecasno, X = AUB, ANB =0, Au B — nenycrile
oTkpbITO-3aMKHyThie. Torma xaxgoe X, = (X, N A)U (X, N B). Po onpenenenuio
UHIYTHPOBAHHON TOTOJOTUH DT MHOKECTBA OTKPBITO-3aMKHYThIe B X, . Pockorbky X,
CBA3HO, TO ONHO W3 HUX MyCTO. JSHAYUT, Kaxkgoe m3 X, MeTUKOM COMepKUTCS Jubo B
A, 1u6o B B, xoTopble He mepecexkaiorca. Ppum sToMm, Tak kKak A m B memycTol, a X
paBHO 00benuHeHnio X,, TO XOoTsa OBl IO ofgHOMY U3 X, COMEPKUTCA B KaxmoMm u3 A u
B. 3mauut, X, = (. Pporusopedne. a
x

Teopema 1.39. Pycmb 6 monoaoeuueckom npocmpancmee X das a006u6ix deyr mouer
T Uy umeemen ceaznoe nodnpocmpancmeo Py, ur codepacawee. Tozda X ceasno.

MokazareabcTBo. Pycth X mecasno, X = AUB, ANB =0, Au B — nenycrile
OTKpbITO-3aMKHYThie. Torga wannyres ¢ € A, b € B u coorBerctBytoiiee P, Torma
Py = (P NA)U(PypNB). PTu MEOKeCTBA OTKPBITO-3aMKHY T B Py, 11 HemycThl (mepBoe
COlEPKUT a, BTopoe — b). PporuBopetne co cBaznocTbIO Py a

3agaua 1.40. OGpas cBA3ZHONO MPOCTPAHCTBA TP HEMPEPLIBHOM OTOOPaXKEHUN CBS-
3€m.

Teopema 1.41. Jlunetino ce643moe npocmpancmeo c643uo.

MokasareabcTBo. Po npenbiayimeint sagade f([0,1]) caswo, rae f = f, - — U3 onpe-
nenenus JguHennon cpssnocTu. Pomoxus P ., = f([0,1]), Moxem BocmonrbzoBaTHCA
Teopemon 1.39. O

3agada 1.42. PpuBecTn mpuMep CBAZHOI'O, HO HE JUHENHO CBA3ZHOIO MPOCTPAHCTBA.
Omnpenpenenne 1.43. Tomororndeckoe MPOCTPAHCTBO HaszbiBaeTCA raycdopdoevin,
ecan s mobeix x,y € X, v # y, mangyres takue okpecrnoctn U(x) m Uly), aTo
U(x)NU(y) = 0.

3agada 1.44. Ppusectn mpumMep HexaycgqopdoBa TOMOJOTHIECKOTNO TPOCTPAHCTBA.
3agada 1.45. J/lokazaTh, 9TO JeKapTOBO MPOU3BEAEHEE XaycA0p¢OBLIX TPOCTPAHCTB
XaycaopdoBo.

3agada 1.46. Jlokasarh, 9To B XaycaopdOBOM MPOCTPAHCTBE KaiKjas TOYKa 3a-
MKHYTa.

Onpegenenne 1.47. Tononormvdeckoe MpocTpaHcTBO X HA3BIBACTCA HOPMAALHBIM,
ecan oHo xaycaopdoBO M A JIOOLIX IBYX HEMEPECEKAIOMNXCsS 3aMKHYTHIX MHOKECTB
Fi n I cymectBytoT menepecekatoriuecs okpectnoctn Uy O Fyuw Uy D F;.

3agada 1.48. Bcskoe MeTputeckoe MpoOCTPAHCTBO HOPMAIBLHO.

Onpegenenue 1.49. Pokpoitne {Vj}sep usmesvuaem (aBasercs Gonee METKIM, TeM)
{Us }aea, ecin nis Besaxoro [ maiigercs Takoe o = o 3), aro Vg C U,.

Teopema 1.50. Pycmv X — nopmaavnoe monoaoeuueckoe npocmpancmeo, {U; MY —
Koneunoe omrpwvimoe nokpvimue. Toeda cywecmeyem 6oaece mearxoe noxpoimue euda V;,

VZ' CcU;.



,Z[OKa.?,aTe.]IbCTBO. PELCCMOTpI/IM 3aMKHYThIEC MHO2K€CTBa

N
F = (X\ UUZ») c Uy, Fy =X\ Ui,
1=2
1 COOTBETCTBYIOIINE B CUJTY HOPMAJbHOCTU OKPECTHOCTU
Vid>F, Vio>l, VinV=0.

Torga, mockombKy Kakmgas ToYka F) nMeeT He mepeceKalolytocs ¢ V) okpecTHOCTH Vi 1,
TakuM 06pa3oM, He MOKeT OBITL TOYKOU TPUKOCHOBEHWS Vi,

i71[w ja,:: @, vﬁ C i71 C ()( \‘ﬁa) = LG

u (V1,Us,...,Uy) — mokpoitue. [lanee, samensiem Uy wa Vo u 1. 1. a

3agaua 1.51. Pycrs f: X — X — menpepsiBHOE oTOOpaxkenne xaycnopdoBa mpo-
crpancTBa. [Jlokazarh, 9T0 MHOKeCTBO HemonBuKHbIX Todek Fy:= {x € X | f(z) = x}
3aMKHY TO.

3agaua 1.52. [lokasarh, uTo X xaycaopdoBo Toria n TOILKO TOTa, KOTa JHarOHalh
A:={(z,y) ] =y} C X x X samknyra B X x X.

3agaua 1.53. okaszarh, uTo orobpaxenue f : X — Y B xaycnopdoBo mpocTpancTBO
Y HempepwIiBHO TOT/A U TOIBKO Torja, Korja rpaduk ! = {(x, f(2)) |z € X} C X xY
3aMKHYT B X X Y.

Jemma 1.54. (Ypoicona) Pycms X — nopmaivpnoe monoio2uuecroe npocmpancmeo,
Fo u Fy — zamxnymuie nenepecexarwuecs mnoxcecméa. Toeda cywecmeyem maras
nenpepvienas gywryus [ X — [0,1], wmo flgp, =0, flr, = 1.

HokazaTenbcTBo. U3 nopmambmocTn caemyer, 9T0 mis J060r0 3aMKHYTOrO F 1 ero
oxpectroctn U, ' C U mafizeTcsa npyras okpecTHocTs V, Taxas, ato ' CV CV C U,
9710 OyieM o6o3HadaTh V €U (cM. mokasarerbcTBo Teopembl 1.50).

Onpepnerum V, 118 1BONYHO-pAllMOHAIBHBIX ¢ WHAYKINEH O CTEIEHN 3HaAMCHATEN
(1. e. crmavana gus 0 u 1, morom mus 1/2, morom nast 1/4 m 3/4, morom mus 1/8, 3/8,
5/8, 7/8 w Tax maree). Pomoxum Vo w V) paBHBIMI TeM HelepeceKalomnmMcs OTKPBITBIM
MHOXKECTBaM, cofmepxkammmM [y u Fy, KoTopble CyIIecTBYIOT MO OMpeNeleHnio HOpMalb-
nocTn. PycTs, Mo mpeamonoxenuio WHAyKInm, V, onpejenent o 2° B smavenatene q.
Pacemorpum

]7 = i?;j, (] = V@+1,
ok &

2

Torga moaokum Va2 = V., durypupytomem ans F' u U B paccyxkaeHnn u3 Hadaga
k1
MOKa3aTeabCTBA.
Ponyvennsie V, aBrAtoTcA OTKPLITBIME IO HOCTPOEHNIO, IPHIEM

1) FOC‘/Ov
2) Vi €(X\ ),

3) ecin 1 < g2, TO V, €V,,.



Omnpenernm pus aodoro s € [0,1]: Vs := U V,. Torga Vi orxpeiTo mus aioboro s (Kak
9<s

obbenHene OTKPLITHIX) 1 yaoBieTBopsieT 1 — 3. [lenicTBurensio, 1 u 2 oveBugmbI, a
3 cremyeT m3 TOro, 9TO MEXKAY JIOOLIMU IBYMS GUCIAMU MOXKHO HaWTH [Ba TBOMIHO-
paloOHATLHBIX.

Tenepn onpenernm gpyukunio f: X — [0, 1], momoxus f|m =0 u f(x) :=sup{s|x &
Vs }. Pokaxewm, uro f menpepwiBua. Pycth 19 & > 0 mponsBoabibl. Pyerh so = f(20).
Pacemorpum

U(l‘o) = Vo2 \ ‘/So—i'
Pro meiicTBUTENTLHO OKPECTHOCTD Tg, TpHaeM s aio6oro © € U(xg)

xe‘/so-l-i—v x%‘/so—%v

TaK 9YTO c c c
SO_ZSf(x)SSO—I_Zv |f($)—f($0)|§§<5- 0

Sagaua 1.55. 3amMKHyTOoe MOIMHOKECTBO 3aMKHYTOIO IMOJAMHOXKECTBA 3aMKHYTO B
0O HLEMITIONIEM TTPOCTPAHCTRE.

3agaua 1.56. (Teopema Turie o npogomxkennun) Pycrs X — HopMaibHOe TOTONIOIH-
qeckoe mpocTpanctso, f : F — R — menpepoBuas dywukmumsa. Torga f mpomomxaercs
1o mempepwiBaon gyukiun g @ X — R. Ecmm f orpanmvena, To m g MoxHO BBIOpaAThH
OT'PAHIICHHON TOM K€ KOHCTAHTOM.

Onpegenenne 1.57. Pocumesen gpynrxyuu f: X — R masoiBaeTcs

supp [ :={z € X | f(z) # 0}.

Teopema 1.58. Pycms X — nopmaavrnoe monoaoeuueckoe npocmpancmeo, {U,} —
Koneunoe omrpuimoe nokpvimue. Toeda cywecmeyiom marxue nenpepuinsvie GYHKYUU

s+ X = [0,1] C R, umo
1) supph C U,
2) S, a(x) = 1.

Cucmena gynryut 1, nazvieaemes pazbuennem eguunubl, nogunnenuoim {U,}.

3ameuanue 1.59. [locrarouno mokaabuon konednoctu {U,}: y Kaxnoi TOUYKU CyIie-
CTBYET OKPECTHOCTh, MePeCeKaroIascsa Jullb ¢ KonedubiM ducaom {U, }.
HMokazaTteanbcTBo. Coraacuo Teopeme 1.50 mangem moBbie nmokpoitus W, €V, c U,.
Po pemme Ypricona cylecTBYIOT HeIpepbIiBHEIE (PYHKIIT

(ga X = [0,1], 00‘|Wa = 1, 0a|(X\Va) = 0.

Taxmm o6pasom, supp 8, C V, C U, a 0,]w, > 0. Ponoxum 0 := 3", 0,. PTo xoneunas
CyMMa HelpephBHBIX (PYHKINNA U, TaKUM 00pa3oM, HernpepbiBHas GyHking. Pockorbky
{W,} — nokpoitue, a § > 0, > 0 wa W,, To § > 0. 3Hadur, Mbl MOKEM MNOJOKUTD
Py 1= %‘. OueBuano, 910 06a YCIOBUSA BBITTOIHEHDI. O



Onpegenenne 1.60. Tomorormdeckoe TpocTpaHcTBO X Ha3BIBAETCA KOMNAKMHBLM,
ecan 13 JI0H60T0 ero OTKPLITOTO TIOKPLITHS MOKHO BBIIEINTH KOHETHOE IIOANOKPLITHE.
3agaua 1.61. [loxkaszaTb, 4TO OTpe30K [a,b] KOMIakTeH.

3agada 1.62. J[lokasaThb, 9TO 3aMKHYTOE IOIMHOKECTBO KOMIAKTHOI'O IIPOCTPAHCTBA
KOMITaKTHO.

3agada 1.63. [lokaszaThb, 9TO KOMIAKTHOE IIOJMHOKECTBO XaycAopdoBa IIPOCTpaH-
CTBa 3aMKHYTO.

Teopema 1.64. Komnarxmuoe raycdopdo6o npocmpancmeo wopma.ibro.

HNokasateanbcTtBo. Pycrn F' C X samxnyro n @ € F. Pokaxem, 910 cyIiecTByoT
Henepecekatornecs oxkpecrrnoctn U(x) mw V(F). B cuny xaycnopdoBocTu mist T1io60ro
y € F wanayrcs rakne V, 3 y u U, 3 x, aro V, N U, = 0. Oxpecrnoctu V, obpasyior
HOKpBITHE F', M3 KOTOPOTO MOMKHO BBHIOpaTh KOHEYHOE HOATOKphITHE Vi, ...,V , Tak
kKak F' kommakTHO (cM. 3anaqdy 1.62). Pomxoxmm

N
V(F)=V, U...UV,,, Uz) == (U,

Pycrs Teneps [y C X u Fy, C X — samkuyTrere. Po mepBon dacTtm mokaszaTerbcTBa
oTpeeNM Ui KaxkA0ro @ € Fy OTKphIThIe Helepecekaolmecs Maoxectsa U(x) 3 @ u
V(z) D Fy. Torga {U(x)} — oTkpbiToe mOKpbITHE [}, 13 KOTOPOTO MOKHO BBIIETUTDH

korednoe noanokpbitue U(xy),...,U(x,). Muoxecrsa Lnj Ulx;) m F] V(x;) — mckombre
=1 =1

HelepeceKatolecs okpectnoctu Fy n Fy. O

3aga4da 1.65. J[okasaTb, 9TO HEIPEPLIBHLIA 00pa3 KOMIaKTa KOMIaKTeH.

3agaua 1.66. Pycrs f: X — R' — menpepniBuas (pyHKINA Ha KOMIAKTHOM IPO-
crpamctBe X. Torga f orpammvena m npuanMaeT Haumboablliee W HanMeHbIlee 3HATEHTIS.
Sagaua 1.67. Touka xg HasbiBaeTca npedeabrotli moukoti MHOKeCTBa /, €CIH B Ka-
KIOW ee OKPECTHOCTH COJEPKUTCA GecKoHedno MHOTO TodeK /. [lokazaTb, 9TO B Me-
TPUYECKOM TTPOCTPaHCcTBe X MHOXKECTBO /, He UMeloIlee MpeledbHbIX TOYeK, ABIAETCA
3aMKHY THIM.

3agaua 1.68. Hucao ¢ > 0 sBisercsa wucaon Jebeea orxpwrroro mokpbitua {U,}
MeTPHUIECKOTO TPOCTpancTBa X, ecan mokpuiTre { B (x)|xz € X} aBiaseTcs uamerbaennem
{U,} (7. e. Kax bl Map JeKNT B HEKOTOPOM dJIeMeHTe TOKPBITHA). [loKazaTh, 9To ecian
B X BCAKas MOCTENOBATENLHOCTH UMEET CXOMANIYIOCH TONMOCIENOBATETBHOCTE, TO BCAKOE
OTKPBITOE MOKPBITHE UMeeT yncao Jlebera.

Sagada 1.69. Pycrs X — meTpudeckoe mpocTpaHCTBO, TOTa CIENYIONINE YCIOBUSA
DKBUBAJEHTHBI:

1) X koMmaxTHO;

2) mobas mocrenoBaTerbHOCTh {X,} C X WMeeT CXOMSMIIYIOCA MOTOCIeI0BATENb
HOCTD;

3) J0b6as MOCAENOBATEILHOCTE BIOKEHHBIX HEMYCTHIX 3aMKHYTLIX MHOKecTB {F),}
(T. e. ,D Fn-l—l) nMeeT HeIyCcToe TIEpecevdeHne.

Sagada 1.70. /lekapToBo mnpousBeeHne KOMIAKTHBIX MTPOCTPAHCTB ABIAETCH KOM-
MTaKTHBIM.



2. MHoroob6pa3usa u KacaTejJbHbIe BeKTopa

Omnpenpenenne 2.1. [aadkum mmo2o000pazuem pazmeprocmu m Ha3bIBAeTCA Celapa-
6elbHoe XaycaopdhoBO TOMOIOTTIECKOe MPOCTpancTBO M, cHabKeHHOe 24adkum amad-
com, T. €. OTKpPHITHIM TOKpbiTHeM {U,} u HaGopoM roMeoMopdpu3MoB ., 0TOOPa-
xaromnx U, #Ha oTkpbIThle moamuoxkecTBa V, C R™ (pasmeprocth m wMHoroobpa-
sus M o6osmagaercs dimM). Owmm sagaor B U, aokaavwvie xoopduwamer. Ppu
S>TOM TpebyeTcs, IYTOOB OTOOPAKEHU 3amensl Koopdunam (wim Gywkyuu neperoda)
c,oac,ogl : c,og(Ua N Ug) — c,oa(Ua N Uﬁ) ObLIN THATKUMU KaK BEeKTOp—(yHKIIUW, 3a/daH-
Hble Ha OTKpHITOM MHOXKecTBe B R™. [iadkoti ecmpykmypoi HasbiBaeTCA MaKCUMATLHBIT
DI KU aTrac (He COBCEM CTPOTOe TIOHATHE).

3ameudanue 2.2. FEcan me TpeboBaTh Ia KOCTH, TO MHOT0OOpasne Ha3bIBAeTCS mMo-
NOAO2UYECKUM.

3agaua 2.3. P puBectn npumep MHOT00Gpa3ns ¢ HECOTTACOBAHHBIMU T TKIMI CTPYK-
Typamu, T. e. ¢ ABy™Ma Takmmm Taagakmvu ataacamu (U ) mo (Vj,ey), dTo
{(Ui, i), (Vj,20j)} He sapuagercsa TrajkinM aTIacoM.

3aga4da 2.4. J[lokasarn, 9to S” n RP” gBigoTcsa nIaikKuMi MHOT00ODasmAMI.
Sagaua 2.5. Pyayr anm rragkuMu MHOTOOOpa3msAME TpaHWIla KBajlpaTa U BOCHMEPKa
(momvroxecTBa R?) 7

Onpegenenne 2.6. 2n-MepHOe MHOT00Opa3re HA3LIBAETCS KOMNAEKCHO-AHAAUTNULEC-
KUuM, €I Bce (DYHKITUHN 3aMEHBI KOOPANHAT SABIAIOTCA KOMILTEKCHO-AaHATHTHIECKITMA.
3agada 2.7. J[loxasaTh, 9T0 S? — KOMILIEKCHO-aHAINTHIECKOe MHOT'006pasne.
Omnpenenenne 2.8. Dyuxnua f : M — R maswiBaercs eqadkot, ecanm nas ao6ou
toukn P € M u mexoropoit KapThl (Us, ¢, ), cogepxaren P, pynxuns fop ' : V, — R,
sagandas na obractu B R™, aBisercs raagkon.

3agaua 2.9. Jloxazarh, 9TO U3 TIAJKOCTHU MO OTHOIIEHNIO K HEKOTOPOU KapTe CIenyeT
DA KOCTH 110 OTHOIIEHNIO K JIOHO0M.

Onpegenenne 2.10. PenpepwiBroe otobpaxenne f : M — N rragkux MHOroo6pa-
3N HasbIBAaeTCA 2dadkum, ecan mist aobon Toukn P € M w nexoropnix kapT (U, ¢a),
copepxameir P, u (Uj, ¢}), conepxamen f(P), (3o xapTet Ha M m N, COOTBeTCTBEHHO)
oTobpaxenue @i o f o etV — Vi C R", sanannoe na obractu 8 R™ u naspisaemoe
AOKAALHBLM NPedemasienuen WIN Koopdunamuot 3anuceio f, ABISETCS DIATKAM. 30eCh
dimM =m u dim N = n.

3agaua 2.11. JokasaTh, 9TO U3 NIAJKOCTH IO OTHOIIEHWIO K HEKOTOPOW Mape KapT
cllefiyeT TIaKOCTDh 1O OTHOIIEHNIO K JTI000M.

Onpegenenne 2.12. Puektusnoe riankoe orobpaxenne f : M — N rragknx MHOTO-
obpasuil HazbBaeTca dupdeomopPuszmon, ecin [~ argeTca riagKIM.

3agaua 2.13. PpoBepurnb, 4T0 (hOpMYILI

k

y* = ’ , k=1,...,n,
\/52 —(a1)? = (a2) — . — (am)?
k
z" °Y E=1 n

\/1 F W)+ () ..+ (yn)z’
sagaior muddeomopdusm B.(0) C R" u R".



Sagada 2.14. PpuBectn npumep riaakoro roMmeoMopdusMa, He ABIAIONIETOCA AUd-
dpeoMophrU3IMOM.

Jemma 2.15. Pa awbon eaadxom mnoeoobpazuu M cywecmeyem amaac ¢ kapmamu,
dudeomoppuvinu omrpvimomy wapy ( omryda no 3adave 2.13 scemy R™.)

HNokasareabcTBo. Pycth (U,,p,) — Hexkoropoin ataac wa M. [las mobon x € M
BoiGepeM U, (py 3 2. Pycts e(2) croas Mano, 910 Be(y)(@a()(z)) C Vi) C R™. Toraa

(Ul’v‘ﬁl’)v LS M? Ul’ = 99;(190)(35(95)(99&(95)(1}))), 451’ = 9‘90‘(1’)|l7$7

— UCKOMBIU aTaac. O
3ameudanue 2.16. [lis 1106010 KOHEYHOTO aTJaca KOMIAKTHOIO MHOT00Opa3usa Cylile-
CTBYeT MOYNHEHHOE Pa30MeHnsa eMHUIIHI, TOCKOIbKY OHO HOPMAaJTbHO.

Teopema 2.17. [as a106020 koneuno20 amaaca komnarmmozo muo2oobpasus M cyue-
cmeyem noduunennoe 2aadroe pazbuenus eJUHUYLL.

NokazaTenbcTBo. Ppexne Bcero zamMeTnm, 4TO JOCTATOYHO MOCTPOUTH paszbueniue
eTUHUIIBI 1715 HEKOTOPOT'O M3MeNbYeHnA NCXONHOTI'0 aTiaca. B KadecTBe TakKoro m3mesbye-
HIIA BBIGEPEM (CYIIeCTBYOMNE B ciry JeMMbl 2.15 n Teopembr 1.50) Takon ataac (W, 75),
4TO

3(W3) = B1(0) C R™, W5 = 7;"(B1--(0)) — noxperrue M.

Omnpenenrnm rrankyto pynxnnio na R™:

.t
W) = { ==, npn 2] < (1 —2/2)%,

0 o [lal] > (1 — ¢/2)2
Torna
supp h C Bi_.2(0), 0 <h(x) <1, h(z) > 0 ma B;_.(0).
P onoxum
_ JM7s(x)), nmpumx € Wy,

X6 = 0, mpn x & Wp.
Torpa xp € C*°(M),0 < x < 1,supp xg C Wsm x5 > 0ma Wi, 3uaunr, ¥ := 375 x5 > 0,
a g := Yp/1v — uckomoe C°-paszbuenne equHNIIbHL. O
Teopema 2.18. Pyecms f : R" — R — ecaadras dynryus, npuven grad f # 0 na
M = fHyo). Toeda M — zaadroe mmoeoobpazue. Ppu smom 6 wauecmee 40Ka.1b-
HBLT KOOPIUNAM MOJNHCHO 63aMb Hexwomopbie n — 1 uz b, ... 2",

NokazaTeabcTBo. Ppumensem teopemy o mesBnoun gpynxmnun. Umenno, mycts

o] af) £ 0.

To=(28,...,20) € M, grad z, = (

—7 csey
Oxl dx" J |,
Zo
a o
Pes orpammdennst o6MIHOCTH MOKHO CINTATDh, ITO ﬁ . # 0. Po Teopeme o mesBHOn
To
3 - -1
dynkmmm HaiigyTes okpectHocTh V oTouxm (x), ..., 257") B R unrepsan (2 — ¢, 28 +

g) € R' w C°-pymxums g : V — R Taxue, 910
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1) f(zt ..., 2" gzt .. .2" ) =08V,

2) g(g,...,257") = ag,

3) glat,....a" Y e(af —e,af +e) mpm (2., 2" ) eV,

4) Beaxas Touka (b, ..., 2") € M N (V x (2§ —e,28 +¢)) ynoBIeTBopseT ypaBHEHUIO
" =g(at, ... ",

OupenennM KapThl CIeAyOMNM 06pa3oM:
Ui=Mn(Vx(zf —c,2f+¢), ¢:U—=R" o, ... ,2") =" . .,2"") eV
Torga, mo 1) u 3) o6paTHbIM K @ GyaeT

e Nt et = (2 (et 2.

PpoBepuM, 9TO MOTYy9IeHHBI aTJac ABIAETCA DMIaJKUM. PycThb, 6e3 orpaHmYenns OOII-
noctu, Hapany ¢ (U, ) Touka Ty comepxurca Takxe B (U, @), rae ¢ : (zt,...,2") —
(x%,...,2"). Torga ma VNV

c;ovc,o_l(:zjl, . ,:1;”_1) = 45(:1;1, .. .,x”_l,g(:pl, .. .,:1;”_1)) = (:1;2, . ,x”_l,g(:pl, . ,:1;”_1))

— raIagkas 3aMeHa KOOpIUHaT. 0

Omnpepenenne 2.19. (TeusopHoe omnpejeleHne KacaTeJbHOI'0 BeKTOpa)
(Kacameavnvin) sexmopon & B Touxe P € M x muoroobpasuio M HasbiBaeTCs COOTBET-
crBue, KoTopoe Kaxaoil kapre (U, p,) (lokanbuol cucreme koopaunat (zb,... 2™)) B
okpecTHOCcTH P cTaBuT B cooTBeTcTBHe Habop ducen (&L, ... &™). Ppu sTom Tpebyercs
BBLINIOTHEHNE TEH30PHOI0 3aKOHa, CBA3LIBAIONIEr0 HabOPLI JHCEN, KOTOPLIE CTaBATCA B
COOTBETCTBHE PA3HBIM CHCTEMaM JOKAJIbHBIX KoopauuaT. Wwmenno, ecan kapre (Us, ¢p)

(TOKaJIBHON CHCTEMe KOODIMHAT (xé,,xg”)) CTaBUTCA B COOTBETCTBUE HAaOOp dYucen

(fé, &3, To

r/ie 110 TOBTOPAIOMIEMYCS BBEPXY I BHU3Y HHIEKCY J MOAPa3yMeBaeTCs CyMMUPOBaHNE.
3agaua 2.20. (ompaBpganue onpenenennsa) Pycrs v : (—1;1) = M — raankoe oTobpa-
xenne. Torpa coorBeTcTBIe

1 n
& (2t 2") dclit’”"ddit
=0
ABIAETCS BEKTOPOM. 371€Ch B JOKAILHOU cucTeme KoopauuaT (x', ... 2") oTobpaxenne

v zagano kak (z'(t),...,x"(t)).
Sagada 2.21. Kaxaplll KacaTeJbHLII BEKTOP B TOUKe I’ OIHO3HAIHO ONpeerseTcs
CBOMMU KOMIIOHEHTaMI OTHOCUTETLHO OJHOU CHCTEMBI KOOPJMHAT.

Takum 06pazoM, MHOKECTBO KacaTeIbHLIX BEKTOPOB B Touke P (kacameavnoe npo-
empawemeo Tp(M)) ABaseTcs KOHEYHOMEPHBIM BEIIECTBEHHBIM JUHEHHBIM IIPOCTPAH-
ctBoM pasmeproctu dim M. Ppum oTom, odeBnaHo, olepalyn He 3aBUCAT OT BHIOOpa
JOKAILHOW CHCTEMBI KOOPIMHAT.
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Onpepenenne 2.22. (OmnpejejeHne KacaTeJlbHOT'O BEKTOPAa UYepe3 KPUBLIE)
Pacemorpum nBe roajgkme xpusbie vp : (—1,1) = M u v, : (—1,1) — M, ynoBieTBo-
PATOIITE YCIOBUAM:

® 11 HEKOTOpoil (caemoBaTenbHO, M060I) cucTeMbl Koopmmwar (z',...,a™) B

OerCTHOCTI/I P BEITIOJITHAETCHA yCJIOBI/Iei
m 2
S [ (n(0) = 2F ()] = o(t?),  (t = 0).
k=1

Takme KpuBble Ha3BIBAIOTCA CONPUKACAIOWUMUC: Y| ~ Ya.

Bce kpuBbie, ynoBreTBOpAIOIITE TEPBOMY YCIOBUIO, Pa3OWBAIOTCA HA KJIACCHI COMPH-
Kacamoluxcsa. PTu kiracchl HaszbiBatoTcs kacameavuvlny eexmopany ¥ M B Touke P.
Omnpegenenne 2.23. (Onpegesenne KacaTeJbHOro BeKTopa depe3 nuddepeH-
nuposanus) Juweiinoe orobpaxkenne D : C*(M) — R, 1. e. qunenusiii GyHKIHOHAT
Ha MPOCTPAHCTBE TMIAJKUX (DYHKIINU, Ha3BIBACTCA onepamopom Juddepenyuposanus B
Touke P € M, ecim

® 3HaYEeHNUs ero ONpeNesioTCS TOALKO 3HaYeHIAME (PYHKINI B OKpecTHOCTH P, TOY-
nee, ecin f,g € C°°(M) raxoBbl, uTo [ = g Ha HEKOTOPON OKpecTHOCTH U TOYKN
P, 1o D(f) = D(g) (“oneparop 3aman Ha pocTkax QpyHKINH );

¢ BLIoaHeno yciosue PwioTomna—/lenGruia
D(fg) = f(P)D(g) + g(P)D(f) nns mobrix f,g € C*(M).

P azoBem Takou omepartop audpepeHnupoBanus kacameibubim sexmopon K M B Todxe
P.

3agavya 2.24. Pycts (2',...,2") — nokambHag cuCTeMa KOODJWHAT B OKPECTHOCTH
PeM,P=(zl....,20), a € TpM umeer xoopaunatst £'. Torga coorseTcTBHE

foy Sl e

He 3aBUCUT OT BBHIOOPA JOKATHLHOU CHCTEMBI KOODAUHAT W ONpefeisieT onepaTop audde-
peHIMpPOBaHNA.

Teopema 2.25. Onpedeienus IK6UBAACHMMUBL, MOUHEE, ECTMECTNEEHHOE COOMEEMCMEUE
KPUBAA > KACAMEALHBIT 6€KMODP K KPu6ol 6 dannot cucmeme koopdunam

& duddepenyuposanue no €20 HANPaGACHUN0

noposcdaem U30MOPPHUIM NPOCMPAUCTIE KACAMEALUBIT 6EKMOPO6 6 CMbICAE MPET ONpe-
deaenui.
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MokazaTeanbcTBo. MBI MoKax)eM DKBUBATEHTHOCTH MEPBHIX ABYX. B cmry zamasum 2.20
I KOPPEKTHOTO 3ajalis 0ToOpa)eHusa ! MHOKECTBa KJIacCOB KPUBBIX B “TeH30pHbIE”
BEKTOPBI JOCTATOYHO (B OHON CHCTEME KOOP IMHAT) TIPOBEPUTH UTO U3 Y1 ~ Yo CIENYET,
yro &, = &,,. [JencTBuTenbHo,

0— 11_{%53 e (n(1)) ; 2 ((t)]* _
& () = KR — (1) — P
t—=0 1 ’

k=1
oTkyna &, = &,,. PTa Ke BoIKIaiKka TOKa3bBaeT, 9TO JBE KPUBBIE COMPUKACATOTCA TOTA
U TOALKO TOI'[a, KOT/la OHU NMEIOT OJUHAKOBBIN KacaTelbHbI BEKTOP. SHAYNT, ! KOp-
PEKTHO OIIpe/leleHo I MHHEKTHBHO. 3alpHKCHPYyeM CHCTeMY KOOpIMHAT ' B OKPeCTHOCTH
P. Onpepnennm oTobpaxkenne A (6bITh MOXKeT, 3aBHUCSAIIEe OT BBIGOPa CHCTEMBI KOOD [T
HaT) B 06PATHOM HAPABICHUN, COOCTABIAA BeKTOpy & ¢ KoopamuaTamu £ B BHIGpaHHOLT
cucTeMe, “mpsMyto”, T. e. KPUBYIO ¢ TTapaMeTpuiecKnM 3atannem z'(1) = z'(P) + ¢ - £

dazt

Torga = = € u?oA=Id. Takum o6pazom, 7 — CIOPHEKIIHA. O
0

at
3agaua 2.26. J/lokaszaTh DKBUBAICHTHOCTL TPETLErO onpenencnus (depes audpepen-
IUPOBAHKA) KacaTeIbHOI'O BEKTOPA JABYM APYTHM.
Onpegeaenne 2.27. Pycto f: M — N — raagkoe orobpaxenne, P € M. Jugp-
depenyuaron (kacamespuvimn omobpaxcenuen) [ B Touke P HasbiBacTCS 0TOOpaKeHme
KacaTeIbHEX mpocTpancTs dfp : TpM — Ty pyN, onpegerennoe oM 3 Cjiefy oMK
DKBHBAICHTHBIX CIIOCOGOB, COOTBETCTBYIONUIMX TPEM OIPEJeIeHNAM KacaTelbHOTO BEK-
Topa.

MMepBrin cioco6. Pycrs (UM, oM : UM — VM C R™) — xapra M B oxpecTHO-
crn P, (UN, N UV — VN c R") — xapra N B oxpectroctn f(P), (z',....2™) n
(y',...,y") — cooTBeTCTByIOIIHE JOKATBHBIE CHCTEMbI KOOPAUHAT. JIoKalbHOe ImpencTa-
Brenne oTobpaxkenns f, Toumee, orobpaxenne N o fo ()7L VM 5 VN nowet 6ITH
OIICaHo KaK Habop (PyHKINNI

y' =it 2™, Lyt = ™).

Pycth Bektop { € TpM craBuT B cOOTBETCTBHE cucTeMe Koopmuuar (z',...,x™) Ha-
6op (&', ...,£™) (roBopAT: MMeeT yKa3aHHbIE KOODAWHATHI B DTOH CHCTEMe), TOraa T10
oTpeleleHIio moxaraioT ero oopaszom n = (dfp)é BeKTOp ¢ KOOpAUHATAMNI
J
1 dx’

(cymmupoBanme monpasymeBaeTcs) B cucreme (y', ..., y").
BTopou crioco6. O6ozmatum depes [y] Krace compuKacammmxcs KpUBBIX KPUBOT .
P onoxum
(dfp)ly] =1 o]
TpeTun crnoco6. Paccmorpum onepartop audpdpepennupopanus £ B Touke P € M.
Torna smadenne oneparopa nuddepentuponanus (dfp)é wa pyuxunn g € C(N) zana-
eTcs popMy.TOn

((dfp)E)(g) :=E(go f).
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3agada 2.28. JlokasaTh 5KBUBAJICHTHOCTHL TPeX OmpeeteHuil quddpepentmara.
Onpegenenue 2.29. PaccmorpuMm raaakoe orobpaxenne f : M — N, f(Fy) = Qo.
Touxa Py € M maswiBaeTcsa pe2yaaproti moukot f, ecin mudppeperiimal

dfpo : TPOM — TQON

ABaseTcsa snmMopduamMoM (orobpakenmem “Ha’). Touka Qo € N HasbiBaeTCS peeyaip-
noim anavenuem f, ecin moboe P € fT1Qq apaseTca peryrsproll Toukon f.
Onpegenenne 2.30. Orobpaxenne f : M — N masniBaeTcs nozpyscenuem, eCim B
kaxnon Touke P € M muddepennuan dfp : TpM — TypyN aBrgeTcs MoHOMOP(HHU3MOM.
Ecau mpu stom f : M < f(M) Bsanmuo ognosnadno, a f(M) samxmyro 8 N, To f(M)
HA3LIBAETCS 6.400CEHUEM.

3agada 2.31. PpuBectn npumep morpyxkeHus, B3anMHO-OJHO3HAIHOIO Ha 0Opa3, HO
He SIBISIONIETOCS BIOKEHITEM.

Omnpegenenne 2.32. Buaoxenne, aBasiolieecs TOMeOMOP(PU3MOM Ha 00pa3, Ha3bIBaeTCS
BAOINCEHUEM 6 CUABHOM CMBLCAE.

Sagaua 2.33. /li1sg KOMOAKTHBIX MHOTOO6DA3WH BIOKEHIE BCETIa SBISETCSI CUILHBIM.
Omnpeaenenne 2.34. Ponvmoxectso L C M, dim M = m, nazsiBaeTcs 2aadkum nod-
MHO2000pasuem, eciu cymectyeT Takon atiac (U, ¢, ) Muoroobpasus M, 1o {U, N L}
— rragkun aTaac L B TOM cMbIcae, ITO

Colvanr : UsNL =V, AR, R CR™

Pror atnac maswpiBaeTcs wopmaavuvin. Takum obpazom, dim L = [, a (m —[) maspiBaeTcs
ropazmeprocmoio. Ppu oTroMm L oKasbiBaeTCA 3aMKHY THIM.

3agada 2.35. [loxaxure.

3agada 2.36. Pycrs [ : M — N, a Qyp € N — perymipuoe snavyenne f. Torma
Mg, := f7HQo) sBaseTca rrankum nogmuoroobpasuem, dim Mg, = dim M — dim N. B
KadecTBe JOKATbHBIX KOODPIMHAT B OKPECTHOCTH HEKOTOpou Todkm Mg, MOKHO B3ATH
HekoTophie (m — n) koopauunat M.

3agada 2.37. Ppusecrtu mpumMep Takoro BIOKEHWS, 9TO oOpas He ABISETCS 110 MHO-
roobpasmeM (1 naxe MHOTOOOPA3HEM ).

Teopema 2.38. Podmnoncecmeo A C N asaaemes nodmno2000pasuen mozda u moabko
moeda, Koeda ono seasemcs obpazom mexomopoeo mnozoobpaszus M npu esoxcenuu 6
CUABHOM CMBLCAE.

HokazaTtenbcTBo. Feaum A C N sBisercs moaMuooroobpasmeM, TO TOXKIeCTBEHHOE
oTobpaxkenne 6ymneT ToMeoMopdu3IMOM Ha 06pa3, a MO ONPeNeleHnio 0 IMHOT000pa3 s
— TOTPYKEHTEM.

O6patwo, nycts [ : M — N — cuabhoe raagkoe Broxenne. CBOUCTBO OLITH MTOIMHO-
roobpasmeM MMeeT JOKATLHBIN XapaKTep: NOCTATOIHO PACCMOTPETH OTKPBITOE MOKPHI-
tue {N;} B N nas A, u A; = AN N;. Pro cBolictBo nuBapuanTHo orHOCHTEIbHO (/-
nudppeomopduzmon: MuoKectBo A C N sBIsieTcst moaMHOT006pa3neM TOTIa U TOIBLKO
torga, korjga g(A) C N’ sBasercs moamuoroobpasuem, rjie g : N — N — nudpdeo-
Mopdusm. Pacemorpum cemenictso kapt W = {¢; : N; = R"} muoroo6pasus N, to-
kpoiBatornx A. Pyers @ = {p, : M; — R"},cA — makon armac M, aro f(M;) C N;
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(ecam HyXKHO, MEHSeM WHIEKCANNio). POCKOIbKY f ABIAeTCA BIOKEHWEM, B 9aCTHOCTH,
roMeoMoppu3MoM Ha 06pa3, To MoKHO BuiGpaTh ¢ n U tak, uro f(M;) = ANN,. Torma
B CHIY WHBAPUAHTHOCTH OTHOCUTETHHO AN(PPHEOMOPPIIMOB CUTYAINS CBOJIUTCS K CIETY-
omen. U = {Vi} = ¢;s(M;) CR", f = f, = Vifert 1 U — R™ — C*®-proxenne.
Pago manmTtu agoxanbmo Takon guddgeomopdusm, 9ro obpas gtexnt B R"™™. Po oro
mpocTo Teopema 06 obpaTHoil (ymkmEn. NMenHo, JokarbHo cymecTByioT (a1, ... z'm),
1 <4y < ... <14y < n, uraaakoe orobpaxkenne g @ R — R.™™ 410 310 rpaduk.
Taxum obpazom, BBeast B okpectnocTu B R" KoopammaTes

(2., a = (g(a, . a))L ai — (g(at L),
noxyvaem, 9to f(U) 3amaercs Kak pa3 KaK KOOpAMHATHAA TUIEPIIOCKOCTL. Pomdepk-
HEM, ITO JOKAIM30BaTh 3a/ady yIaloCh TOJLKO HIarogaps TOMY, 9TO BIOKEHWNE B CHIb-
HOM CMBICTe. A JOMOJHUTE [0 aTiaca BCETO MHOTOOOPa3ms MOKHO B CIIY 3aMKHYTOCTHU
obpa3za. O
3ameuanue 2.39. Moxwno mo-passomy peraTh Bormpoc cuntath au (0,1) x {0} C R’
monaMuOroobpasmeM. P paBuibuo Bce ke me cauTaTh. Kean cantats — Hano B ompeene-
HIW TTOMHOI000pa3ns 3aMeHnThL “aTiac’ Ha “mHabop xapT’ .

Teopema 2.40. (Jlemma Cappga) (6e3 doxazameavemea) Pyemos f: M — N — eaad-
koe omoopasxcenue, M uw N — womnaxmuvie muoeooopazus. Toeda muosncecmeo G C N
peyaapnblr 3nauenul f — omrpuimoe 6¢0IY NAOMHOE MHONCECTMEO.

3agaua 2.41. PemnpepoiBHoe OneKTuBHOE 0oTOOpaKeHe KOMITaKTHOTO MPOCTPAHCTBaA
Ha XaycnopdoBO ABIAETCA TOMEOMOPPIIMOM.

Teopema 2.42. (Caabaa Teopema YutHu) Pycms M — 2aadkoe komnaxmuoe mmo-
eoobpasue. Toeda natidemes maxoe HAMYPALLHOE YUCAO P, UINO CYUECTNEYEM 6A0NCEHUE
(6 cuavnom cmvicae) f: M — RP.

NokazaTenbctBo. Pycrs {U,}_, — xoneunsiit atnac M, (xl, ... 2™) — noxarbnas

cucrema Koopauuat B U,, npudem ¢, : U, ~ B, = Bi(a,) C R™, rae B.(b) — map
pagmyca r ¢ nearpom B b. Pycrs BE := By_.(a,), npuiem {UZ := ¢! (B%)} mo-npexnemy

noKphiBaioT M (BO3MOXKHO B CHIy HOPMAILHOCTH). Boibepem Temeph
fo € C(R™), fo =1 na B, supp fo C Ba.
Pycrs g* : M — R ompegenenst gugs k= 1,...,mu o =1,..., L popmyramn

) falea(P))25(P) mpu P € Us;
9a(P) = 0 npu P & U,.

Ppu orom semonnsercs g (P) = z%(P) mpn P € U, Taxum obpasom, m - [ dynxumit

gfY sagaioT C'*-oTobpakenue

g: M — R™E
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Ompenenrum Temnepn

prM—=RY=R"E o(P)i=( g(P) fulpa(P))).

m-L dyakumn L dyrxkumnn

Tornma ke > rkg. Ecau P € U, To

k k
rk g|p > rk (Lga(jp)) > rk (LJ;Q(P)) = m.
Th o,

P ockoabKy 1o coobpaxkenusam pasmeprocTu rk ¢ < m, To rk¢ = m. Mbl nokasamm, 9To
¢ — TorpyKeHne.

Tenepr mokaxkem, 9TO ¢ UHBEKTHBHO, T. €. ABIAeTCA Oueknuen Ha obpas. Pycth
P # Q. Torga mangercs Takoin momep «, uro P € U u, crenoBarensno, f,(va(P)) = 1.
Ecan pu orom f,(9(Q)) < 1, To Bece noxasamno, ecim ke f,(p.(Q)) =1, To Q € UZ,
tax ato ¢gF(P) = 25(P), ¢"(Q) = 2*(Q). Pocxorrky P # Q, To maiigeTcs koopanHaTa
oo (P) £ 285(Q), mas 110 g (P) £ ¢89(Q) m o P) £ 9(Q).

Tak kax M xommaxTho, a @( M) C RY xaycgopdoso, o 1o zagase 2.41 o sBrsercs
romMeoMoppu3MOM Ha 06pas U, C1eJoBaTeIbHO, BIOKEHHEM B CHILHOM CMBICIE, TOCKOIBKY
@(M) KOMITaKTHO 1 3aMKHYTO. O

Teopema 2.43. (CuibHas Teopema YutHm) (6e3 dokazameavcmea) B npeduidyweii
meopeme modxcno 63amv p=2-dimM 4+ 1.

MokaszaTenbcTBo. Wies nokazarelbcTBa COCTOUT B TOM, 9TOOBI CTApTOBAB OT KAKOTO-
JU6O BIOKEHWS, TTyTEeM TPOEKTUPOBAHNA Ha JUHEHHBIE TTOITPOCTPAHCTBA MEHbIIEH pas-
MepHOCTH, TOHU3UTH pa3MepHOCcTh. (COOTBETCTBYIONINE TOMIPOCTPAHCTBA HAWAYTCA 110
aemme Capra. O

3. KacaTeabHoe paccigoeHue

Onpegenenne 3.1. Pycts dim M = m. Ounpenernm N = T, M — mnoz2oo06pasue au-
HEUHBLY DACMENMO6 TN Kacameabroe paccaoenue M. N Kak MHOXKECTBO COCTOUT U3 map
(P,§), rme P € M, a ¢ € TpM, 7. e. KacaTelbHbBIT BeKTOp. Tomosorns m cTpyKTypa
MHOT006pa3nsA 3aaeTcs MPH TOMOIH OMEKTUBHLIX OTOOPaKEHUH HEKOTOPHIX MOIMHO-
xecTB N Ha OTKPBITHIE HoaMHOKecTBa R*™, KOTOpBIE 06BABIAIOTCA ToMeoMOpdhI3MamMu
n kapTamu (Tak 9ro dim N = 2m). Uwmenno, ecan (U, p) — qokanbhas Kapra na M, To
B KadecTBe yKazaHHoro moamuoxecTBa N Gepercsa muoxectBo map (P,{) ¢ P € U, a B
KadecTBe oTobpaxenns B R* cienyiomiee oTo6paxenie ®:

O(PE) = (a',....a" & 6™,

rae
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T. e. { KaK KacaTeJbHbIl BEKTOpP COMOCTaBAsgeT cucTeMe Koopauuar (x') ... ™) mabop

¢'. Torma 3aMeHbI IepeMeHHLIX IIPH Tlepexoe OT OJHON TaKoH KapThl K APYToll ocyIie-
CTBISIIOTCST TIO TIEPBOU TPYIIE TepeMEHHBIX Tak, Kak Obuio ma M, a mo BTopoum — mpu
MOMOII MaTPUIbl K061 3aMeHbl IEpBOW IPyNNbl. B dacTHOCTH, OHU ToaqKue.
3ameuanue 3.2. Ecm M 6w110 Muoroobpasuem raagkoctun CF, To T, M — mHOro-
o6pasme Kracca OF71,

4. Muoroo6pa3usa c Kpaem

Beegem caenyiomme o6o3natdenns:
R} C R", R} = {(a',...,2") e R" | 2" > 0},
R = {(2",...,2") € R" | 2" = 0}.

5 . n 1
PO,I[ ,I[I/IqQC]ereHHI/IpyeMOCTBIO HEeIIpepbEIBHOU prHKHI/H/I f : R-I— — R muBI 6y;[eM IIOHU-
MaThb chaenyroliiee. ,HJI}I BHYTPEHHHUX TOYEK (l’n > 0) COXpaHUM 0ObLIvYHOE IHOHATHE. ,HJI}I
T'PaHUYHBIX TOYEK (fo - Rg_l) MBI 6y;[eM Tpe6OBELTI) CIIPpaBEAJNBOCTH Pa3JOXKEHIA

J(@) = f(#) + 3 fi (¢ —ap) + o(f — &), lim olf %) _
pa i |7 = ol
Torpa f; = ggi(:ffo), (t=12,...,n—1),a
o flad e a4 h) — flad, ey )
b=l A (1

(OMHOCTOPOHHSAA JaCTHAS MPOM3BO/IHAS ).

Onpegenenne 4.1. Cemapabenbnoe xaycnopdOBO TOMOIOTHIECKOE TTPOCTparncTBO M

HA3LIBAETCS MHO2000PA3UEM € KPAEM, ECIT CYIIECTBYET TaKOE €r0 OTKPBITOE TOKPLITHE
n

{Us} n xoopaunaribie romeomopdusmet ¢, : Uy — Vo, C RY, rae V, C R} — orxpor-
Thle, a (PYHKIUU 3aMEHbI KOOD ANHAT

pp  Vag = 0a(Us NUg) = Voo = ¢3(Us N Up)

SBISIOTCS TIAKAME B YKA3aHHOM CMBICIE.
Pasosem Touky P € M enympenned, eciu 2 (P) > 0 w epanuunot, ecim «”(P) = 0.

Jlemma 4.2. Onpedeaenue epanuunplr & 6HYMPERHUT MOUCK HE 3A6UCUM OM 6bIHOPa
AOKAALHOU cucmemvl KooOpIunam.

NokazaTtenbcTBo. J[onyctum npoTtuBHOe: B okpectHocTu P € M wmbaynmpoBaHbI

n R"

JBe JOKalbHEIE cHcTeMbl Koopanuat (x', ..., 2") u (y',...,y") u3 R} | " o TIPEIEM

2"(P) >0, a y"(P) = 0. Takum ob6pazom, ma camom nexe (z', ..., 2") ocymecTBIAIOT TO-
n 1 ¥ n

meomopdmam okpectoetn U S P wa otkpeitoe V C R, a (y',...,y") —ma V C R]

(mepexois K mepecevennio, canTaeM 06a TOMEOMOP(DU3Ma 32 TAHHBIMI Ha OJHON OKPeCT-
HocTH). Bosunmkaer (yHKIMA mepexofa, T. e. TIajkuii romeomopdusm ¢ @ V. — V,

y* = F(zt, ..., 2"), npuem
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2) y*(P) = " (xh,...,25) =0,

T. e. y" = " JocTHraeT MUHUMYMa B ToUKe (23, ..., 7). Tax kak V oTkpeito B R}, TO
(28, ..,28) — BHYTPEHHSA, TOMKHBI OBITH BLITOIHEHbI YCJIOBHA JOKATHLHOIO DKCTPEMYyMa;
n
dy .
. =0, (t=1,...,n)
1
ozt | | .
(500 sl)
P det || 22 =0 6
o Toraa det || 3% ehoan | = 1 He CyIIeCTBYeT INaJKOro 06paTHOrO, MOCKOILKY IS
LD

oTpeleeHis OJAHOCTOPOHHEN JacTHON mpon3Boanon (1) mpogonkaeT paboTaTh MPaBIIO
nudpdepentupopanus (ymuoxemnne matput Akoow). O

Omnpenenenne 4.3. Paszosem xkpaem wan epanuyeti M wmmoroobpasus ¢ kpaem M
MHOXKECTBO €0 I'PAaHUYHBIX TOYEK.

Teopema 4.4. Kpaii a6asemes mno2000pasuen wa eIUnUYY MEHbWET PAZMEPHOCTNU.

HokazaTenbcTBo. B xadecTBe armaca BozbMeM orpanmydenns KapT Ha Kpan. O
3agaua 4.5. PpoBepurh BolllofqHeHEe BCEX YCIOBUM.

Onpepenenue 4.6. Muoroobpasne Ha3bIBAETCA OPUEHMUPOSAHHBIM, €CIU HA HEM BhI-
6paH aTrac ¢ MOJTOKUTENLHBIME SIKOOHaHaMu BeeX (PYHKITNE Tepexona. Fciam Takon aTaac
MOYXKHO BBIOPATh, TO MHOIOOOpa3re Ha3bIBA€TCA OPUEHIMUPYEMbLM.

3agaua 4.7. OpuentupoBaTh OPUEHTUPYEMOE CBI3HOE MHOT00Opasme MOXKHO POBHO
IBYMS CITOCOHAMU.

3agada 4.8. PasoBeMm zaMKHYTHI TyTh B MHOT006pasunm M dezopuenmupiyroujum,
ecau uMmeeTcs Habop KapT Uy, ..., U, TOKPHIBAOIINX €ro, TpuieM KaxkKdas mepecekaeTcs
TOABKO C NBYMA COCETHUMMU, a BCe AKOOMAHBI Mepexoia, KPOMe ONHOTO, TOTOKUTENbHbI.
[okazaTh, 4T0 MHOr0OOOpa3e HEOPUEHTUPYEMO TOT'/Ia U TOJBLKO TOT A, KOT'Ja MMeeTCs
IE€30PUEHTUPY IO MY Th.

3agaua 4.9. PasoBem .okaavnol opuenmayueti BeIGOp opuenTannu (T. e. Gazmuca)
B KaXIOM KacaTelbHOM IMpocTpaHcTBe. JloKanbHas OpUeHTAINud A40KALbHO NOCMOLHHA,
ecan aaA Kaxk ol KapThl U cramgapTHBIN 6a3uc J; 3ajaeT JOKAILHYIO OPUEHTAINIO B
mpejenax KapThl Aub0 BO BCEX TOYKAX COBIAJAIONIYIO C JAHHOW, JUOO €l MPOTUBOIIO-
goxuy0. [lokazaTh, 9T0 MHOTOO6pa3Ne OPUEHTUPYEMO TOTJa W TOIBKO TOrZa, KOT'Ia
UMeeTCsA JOKAJTbHO TOCTOSHHAS OPUEHTAIINA.

3agaua 4.10. J[lokaszarsb, 9To MHOroo6pasus St , S? , S™ . T? opuenTupyemsl.
Sagada 4.11. /loxazaTb, 9TO KOMILIEKCHO-aHAINTUYECKOE MHOI0OOpa3e OPpUeHTHPY-
eMo.

3agada 4.12. /loxasaTh, 9To JenTa Mebuyca m mpoexTupHas miockocTbh RP? — me-
OpUEHTHUpYyeMble MHOIOOOPa3.

Teopema 4.13. Kpai OM opuenmupyemoeo muo2ooopazus M seasemes opuewmupye-
MBLM MHO2000DAZUEM.
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n

» > 0) sBaseTcs opuen-

HokasareabcTtBo. Pycts atmac {U,, (zl,...,2")} ma M («

TupymommnM, det 8—953“— > 0. Pa dM Bosbmem atnac W, = U, N OM ¢ rokaarbHbIMEI
koopaunaTamu (zb, ... 2""!). PokakeM, 9TO OH ABIACTCA OPUEHTHPYIOMINM, T. €. I
. n—1
mobou P € W, N Wy Beinonusercs det %‘— > 0. Pockompky ma W, N W3 nmeem
vy =z3 =0, To Z—iz— =0,:=1,...,n — 1. Takum obpazom, B Touke P
a .| a . ||n—1 a
x! x! xh
0 < det = = det = '3 - (2)
075 iy ]
B Touke P
o anh(P), o wh(P) 4 h) (b (P ab(P)
D h—+0 h
— i xZ(:z;é(P), e :L'g(P) + h)
h—+0 h ’

POCKOJH)Ky AOIIpeNETbHOE BbIpaKE€HUE TTOJOKUTEIBHO, TO IIpefe] HEeoOTpUulaTeJeH, a 110~

v 8 n
CKONBKY, B CHIy (2), OH HeHymTeBoll, To oH momoxmTener: 7= > 0. Torga ms (2)
s lp
S n—1
noxydaem, 9To det || === > (0.0
X .o
B 2,7=1

IIpumep 4.14. O6parnoe Hepepno: JnenTa Mebuyca meopuenTUpyeMa, a ee Kpail S*
OPUEHTHUPYEM.

5. HumaHoBa meTpuka

Onpegenenne 5.1. Pumanosoti mempuroti wa muoroobpasum M nHasbiBaeTcs COOT-
BETCTBHUE ¢, KOTOPOE KakK IOl JOKATLHOI CHCTeMe KOOpAUHAT ()

m
Lo, 2 B U, comocra-
BAeT Habop raankux gyukmmn g : U — R, mpuaem

1) B kaxgon Touke x € U marpuna ||g;;|| — cummerpudeckas (HEBBIPOK JEeHHAS) TO-
JOKUTETHLHO OIIpeelenHast;

2) BBIMOJHAETCSA TEH3OPHDBIN 3aKOH: (QYHKINN g,fl, oTBeYalolIne CUCTeMe KOOpANHAT
(zhy ..., 2F), yIOBICTBOPAIOT B KamKJOH TOUKE W3 IEPECEHICHIA KOOPIMHATHBIX
OKPECTHOCTEN

4 J

o= g oxl, 0z,
k= Jij ok l
dxfy dx g

(HO ITOBTOPAIOINMCA MHIAEKCAM — CyMMI/IpOBELHI/IG).

Papa (M, g) naspiBaeTCsa pumanosbim Muo2006pasuen.
3agaua 5.2. Pepsoe ycaoBme mocrarodno mpoBepuTh mis Kaxmgouw Touku P € M
TOJBLKO B OJIHOU KapTe.
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Onpenenenne 5.3. Ppu pabore ¢ Tenzopamu HaM ynoOHO BBECTH CIENYIOIINE COTa-
menns 06 obosHadenuax. Mbr Oy nem oboznavtaTh JoKadbible cucTeMbl Koopauuat (U, ¢),
(U, "), (U", ") 1T, 1., a cooTBeTcTByIOMmIe Koopammars: — (!, ..., z™), (z,... ™),
(¥, .. ™) m . p. Taxum 06pa3zoM, MOKHO CKazaTh, 9TO &' 3TO Ha CaMOM efe 2"
Kpome Toro, mo wrgexkcam, TOBTOPSIOMIMMCS BBEPXY U BHU3Y, OyJIeT MOAPa3yMeBaThCA
cymmupoBanme. B 5Tux o6o3navennax TeH30pHBIE 3aKOHLI TPEOOPA3OBAHUS TSI KOOP T~
HAT BEKTOpPa U PUMAHOBOW METPUKH MPUMYT BUI:
g 0x! ozt dzd

=< Oz’ Girjr —gijww-
Jlemma 5.4. Punanosa mempura 3adaem cratipnoe npoussedenue Kacametbnbly 6€nx-
mopos &,17 € TpM no gopmy.ae

(&) = g(&,7) = gi &'’
MokazaTeabcTBo. Bce scno kpome mupapmamTHOCTH: ¢’ = gii&'nl, KoTOpas

IpoBEPAECTCA HENTOCPENCTBEHHO 11O OIIPENETCHITIO pI/IMELHOBOﬁ METPpUKN U ITEPBOMY OIIpE-
AEJEHNTIO KaCaTEIbHOI'O BEKTODPA. O

!

3agada 5.5. PpoBectu 5Ty BbIKIAIKY.

Onpegenenue 5.6.  Puauneinoi gopmoii HazoBeM PpUMaHOBY METPUKY 6e3 ycaoBus 1).
3agaua 5.7. Ppoepurh 5KBUBaIeHTHOCTH ONpeeleHni GNInHETHON POPMBI Ha  TOT-
KOU Yepe3 TEeH30PHBLIN 3aKOH 1 KakK (POPMBI Ha KacaTelbHOM MPOCTPAHCTBE.
Onpegenenne 5.8. Pycrs f: N — M — rnagkoe otobpaxkenne, ¢ — OUWINHETHAsS
dbopma Ha (KacaTelbHbIX BeKTopax K) M. Omnpenernm suadenne ee obpamuozo 06pasa
f*g ma BekTOpax E, i€ TpN popmynon

() &) == g((dfp)E, (dfp)iD)-

B koopmmmarax Moxmno ompenernTh obpaTHbin ob6pa3 cremyionmm myTeMmM. PycTh

(x',...,2") — xoopaumaTel B okpectroctu P, (y',... y™) — B oxpectnoctu f(P), a
(fH 2ty 2™, .., f™(2t, ... 2"™)) — cooTBeTcTBYyMOIman KoopnuHaTHas 3amuchk f. To-
raa (B koopaunatax (z',...,2"))

- aft oft
(S79)ij = gu O Ol

3agaua 5.9. Ppoepurh cormacoBanHOCTEL DTUX ABYX ONpENeTeHnn.

3agada 5.10. Jlokasars, 9To ecqm i : N — M — norpyxenue (B 9acTHOCTH, BIOKe-
Hie), a ¢ — puManoBa MeTpuka Ha M, To 1*g — pumanosa MeTpuka na N. Podemy 5o
He TakK s TPOM3BOILHOIO OTOOpaKeHus !

Onpepenenune 5.11. Pyctb i : N — M — Bruatouenne noamuoroobpasus N B puma-
HoBO MHOTOOGpasue (M, g). Torma i*g masbiBaeTcs undyyupoeannot PUMaHOBON MeTPH-
Kou Ha moaMuoroobpazum N.

Teopema 5.12. Pa scakom komnarmuom muoz2ooopazuu M cywecmeyem pumanosa me-
mpuka.

HokazaTeabcTBo. Pycrs F': M — R” — Broxenne us reopembl Yuruu. Toraa I gRre
— pumanoBa MeTpuka Ha M. O

3agada 5.13. JlokasaTh 5Ty TeopeMy ¢ TIOMOIILIO PA3OUeHus eIUHUTbI (Ge3 TeopeMbl
Yurmu).
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6. TeH30pLI: IIepBLIe OIIpe/eJleHUd U CBOMCTBA

Onpegenenue 6.1.  Tenzopuvin noaesm tuna (p,q) panra (BaJeHTHOCTH) p + ¢ Ha MHO-

roobpasun M pazsMepHOCTH N Ha3BIBA€TCA COOTBETCTBHE, COMOCTABIAIONIEE KaKI0H CH-
_ 1 n p-l-q [ 11--2p

creme xoopauHat (v) = (..., 2") cucremy n?*! raagxux dynxmmit 177, nazbiBaemMbIx

KOMNOKENMAMU, TTPUTEM I JIOOLIX cucTeM Koopanuat (x) u (2') (¢ obmen obracTbio)

COOTBETCTBYIOIINE KOMIOHEHTHI CBA3AHBI TEH30PHBIM 3aKOHOM

y , , ,
i1y 021 Jz'»  QJah Ozl

Bede gpin U Qpte - Ol T Qad’

3agada 6.2. Poxasarn, 9ro Tenszop tuna (1, 1), HHBApUAHTHLIN OTHOCHTEILHO OPTO-
FOHAJBLHBIX 3aMeH KOOpAUHAT, IPOMOPINOHAICH TEH30PY 5}

3agada 6.3. PokasaTh, 9T0 TE€H30p TpeThell BAICHTHOCTH, WHBAPUAHTHLIN OTHOCH-
TEALHO MPOU3BOJLHBLIX 3aMeH KOOpAUHAT, PaBEH HYI.

3agada 6.4. Pautw o6mmil B TEH30pa YeTBEPTON BAJICHTHOCTH, WHBAPUAHTHOTO
OTHOCHUTEIHHO TTPOU3BOILHON 3aMEHEl KOOD IUHAT.

3agada 6.5. BopasuTh cies; MaTpUILI B BUE pe3yabTaTa TEH30PHLIX Olepalini.
3agada 6.6. BripasuTh meTepMuHaHT MaTpPUILI B BHjE pe3ylbTaTa TEH30PHBIX Olle-
parmm.

3agaua 6.7. Jloxasarn, aTo Bemmaunn O, C}C{, C;:C,in, BBIpakKalTCA depe3 Kod-
dputmenTrr Muorodrena det (C'— AF) .

3agada 6.8. Pauru Tunm Tensopa, KOMIOHEHTEH KOTOPOI'O CyTh KOX(PPUITEHTEHI

1) BEKTOPHOT'O MPOU3BEIEHNA,
2) CMEIAHHOTO MPON3Be TeHIs

BekTOpoB B R?. PoKazarh, 4T0 TH TEH30pbLI MOIYYaloTCA APYD U3 APyra MyTeM MO /bi-
MaHWsA WIN OMYCKAHWA WHIEKCOB (Ompenenenne — HITKe).
3agada 6.9. Pycrs X umeer Bamentrnocts (1,0), W — (0,1). Paitu panr oneparopa
X oW.
Onpegenenue 6.10. Teuszoproe more tuma (0, 1) HasBIBAETCA K06EKMOPHBIM.
Coraacuo 3aadve Boie dr' = grad 2' ABIAETCT KOBEKTOPOM.
3agaya 6.11. B Touke KOBeKTOpHI ABIAIOTCA (PYHKIMOHATAME Ha BEKTOPaX.
3agaga 6.12. Pasucwt {;=} B TpM u {dz’} 8 Tp M nBolicTBEHHDL.
Pacemorpum C°°( M )-muneitrnoe orobpaxenne L(vy,...,v,5at,. .., af) saBucamee oT ¢
BEKTOPHBLIX U P KOBEKTOPHBIX TOJeH, 1 npuanMaioiiee 3nadennss B C(M). Pacemorpum
COOTBETCTBHSA

L1 . iLeip g j 1 P
T Ly, Lr(vy, .. yvga,. . ,d”) =T 0ol oo -ag o ag
n
L—T Ty : (! M s (1) = (2 O dah,... da®
= T Do (a2 o (T o= Lo s da L da)
3agada 6.13.
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1) Ly nomminmeen u He 3aBUCUT OT BBIGOpa CHCTEMBI KOOP IMHAT.
2) T, neicTBUTETLHO yAOBIETBOPAET (P, ¢)-TEH30PHOMY 3aKOHY.
3) Pru oTobpaxkenns B3anMHO OOPATHDI.

Onpegenenue 6.14. Pycrb gansl 1Ba Ten3opubix mois tuna (p, q): T u S. Oupenemim
tersopuoe moxe T 4 5, masbiBaemoe cymmot T w S, momaras

(T + 8) =155+ 55,0
Jlemma 6.15. Pmo deiicmesumeavno menzop muna (p,q).

MokaszaTenbcTBo. [ cnoco6. Pano mpoBepuTh TEH30PHBIN 3aKOH.
3aga4da 6.16. Ppojeranre BBIKIAIKY.

2 enoco6. CymMma IBYX TMOTUMITHENHBIX oTobpaxenuu Lp + Lg sBIseTcs moaninuen-
HBIM OTOOpaKEHHEM TOI'O XKe THIa, PaBHBIM Lrig. O
Omnpepenenne 6.17. Ecm T;;Z’ — Temsopuoe moxe na M, a f € C*(M), o,
OY€EBH THO, TeHBOpHBIM noseM ABIseTCs npoussedenue dynxnuu Ha Teusop [ - T
(x',. o a™) > T i
Omnpenenenne 6. 18 Poxe S tnma (p, q) nonydeno s noms 1" tuma (p, q) nepecmanos-

cdpedp

ia
Ko 6€p$HU$ (HI/DKHI/IX — ELHELJIOFI/I‘IHO) UH()GK‘COG C HOME€paMI a " b ecan S g =

Zb .Zp
] ]q
,ﬂOKEL3ELT€JH)CTBO TOIr'0o, 9TO IIOJNYY€HO TEH30pHOE IIoJe, O9€BUAHO, €CJIN MBI paCCMO-

TPUM COOTBETCTBYIOIINE MOANINHENHBIE OTOOpaKeHN.

Sagaua 6.19. PoxasaTh Ha npumepe, 9T0 IepecTaHOBKa BEPXHEro U HIKHEI'O HHIEKCa
He ABIAETCA TeH30pHOU omepalnenn. PaccMorpers caydan remsopa tuna (1,1) (mmmen-
HOT'O omlepaTopa). PolydanTh B 9acTHOCTH, 9TO NOHATHE CHMMETPHYHOCTH OMNepaTopa
C} = (7 3aBECUT OT CECTEMBI KOOPANHAT.

Onpegenenne 6.20. Ceepmrot menzopa T Tuna (p,q) Mo BepxHEMY HHIEKCY € HO-
MepOM ¢ W HUKHEMY WHIeKCY ¢ HoMepoM b masbiBaeTcs Temzop S Ttuma (p — 1,q — 1),

oTmpeesseMbIn
SZ Zp 1., 21 Za—l“a ip—l
n Jq 1" Z ijm]q—l'

Pro menictBuTennio Tenszoproe noxe tuna (p — 1, g — 1), mocKoabKy

1 -1
Ls(viy. .. vg-1ya,...,aP7) =

A J o1 =1 Jai b p—1

=3 T(vl,...,va_l,%,va,...,vq_l,a,...,a ydat,a®y .o aPm),
a

Z@x dz .
; b
—~ Jx' Ox

TaK 9TO MpaBasd 9acTh HE 3aBUCHT OT BHIGOPA CHCTEMbBI KOODANHAT.
IIpumep 6.21. Creprka C! rensopa tuna (1,1) — caen suHenHOro omepaTopa.
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Omnpenenenne 6.22.  Tenzopuvim npouzsedenuen TS n1Byx Terszopubix nojen T Tumna
(p,q) m S Tuma (r,t) HazbBaeTCs TeH30pHOE Tode THMA (p+7, ¢+1), 3a1aBaeMoe GOPMYION

(T R S)Zh ip+r T 217 Sp-|-17 ip+r

]q+t ]1 q Jg+1,-- 7]q+t

CooTBercrByiomee Lrgs €CTh MPOCTO TpoOW3BefleHne MOMMINHENHBIX OTOOpaKenn, a
CIeJOBaTEILHO — MOJMINHENHOE OTOOpaKeHne COOTBETCTBYIOINX apryMeHTOB. TaknmMm
obpaszom, 1" @ S melcTBUTEILHO TEH30PHOE IOJE.

3aga4da 6.23. JlokazaTb, 9TO JOKAILHO IJA JIOOON CHCTEMBI KOOPINHAT TMEET MECTO

pasioxeHne
i J1 Jq
T = T ]qaxl ®...®axip Rdr?t Q... R dxl9.
Omo eamHCTBEHHO.
Onpegenenue 6.24. Pyctn b;; — neBbIpoK nennoe Tenzophoe moxe tuna (0,2). Pox

HEBBIPOXK IEHHOCTHIO ToHnMaeTcs ycaosme det ||b;;]| # 0.

3agaya 6.25. PposepuTh HE3aBHCHMOCTH DTOr'O YCAOBUA OT BHIOOpa CHCTEMBI KOOP-
JHAT.

3agava 6.26. [lokazaTh, 4TO KOMIOHEHTHI OOPaTHON MaTpPUIbI bk 1. e. yaoBIeTBO-
patotmeit yeaosmio bFby,; = §!, 0o6pazyior Temzop Tuma (2,0).

Onpepaenenne 6.27. OHepaHI/I}I noduamus underxca y temsopa 1 tuma (p,q) npn mo-
Mol b ecTh KOMIO3UINS onlepaliil TeH30pHoro npoussegenns ¢ b u ceeprkm. Pory-
qaeM Tenzop S Tuna (p+ 1,¢ — 1) Panpuwvep, nus mepBoro mmgekca:

SZ Zp+1 . bZHTZ? Zp+1

J15-- 7]q 1" 2715+ 7]q 1°
AH.ELJIOFI/I‘{HO7 OIIyCKaHMe WNHIeKCa:

fewipat g piiteipe
Jlyeesdg+1 ° T g2, 0g41 "

Onpegenenue 6.28. Onpenernm cummempuposanue Tensoproro moas 1 tuma (0,q)

KaK
Sym (T)j17"'7jq = T(j17"'7]q - Z To’ ) 7]0’( )7
! 0ESy
a CLJmeepHupOBCLHue
1 g
Alt (T)j17"'7jq = T[j17"'7jq] = _’ Z (_1) Tjo’(l)7"'7jo'(q)'
q: 0ESy

OdeBnmo, 9TO HTO TEH3OPHBIE ONMepali. Porydentoe mpu cuMMeTpupoBannu (co-
OTB., aIbTEPHUPOBAHNUIN) TMONE ABIACTCA CUMMEMPUUECKUM (COOTB., KOCOCUMMEMPUUE-
CKUM) B TOM CMBICTE, 9TO UX KOMIOHEHTHI Fie MEHAIOTCA TIPU TIepeCTaHOBKe ABYX WHIEK-
COB (COOTB., MEHSIOT 3HAK [PU MEPECTAHOBKE NBYX COCEIHUX MHIEKCOB).
3agaua 6.29. JokaxwuTre, ITO albTEPHUPOBAHNE ABIAETCA ITNHENHBIM OTOOpaKEHTEM,
OCYIIECTBIAIONINM TPOEKTUPOBaHe Ha KOCOCUMMeETpUYeCcKe TeH30Pbl, a CUMMeTpurye-
CKWe JexaT B ero siape.
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wa M, dimM =n (m. e.
noae Marcuma.abnol sasenmuocmu) onpedeasemcs moavko 0dnot ceoet (cyuecmeen-
noti) womnowenmot Tig. . Ocmanvuvie omauuaomes om wee 3narom +1, mounee,

Tzlzn — Tcr(l?...n) — (_1)UT12...71-

JlemMma 6.30. Kococummempuuecxkoe menzopuoe noae 1

n

Cyweemeennas komnonewma 1T 6 dannoti mourxe omuocumenvno dpyeot cucmemsvl Koop-
dunam noayuaemces dommoxcenuem na onpedesumeds mampuysbt Axobu 3amensi.

MokaszaTeabcTBo. PepBoe yrBepix genne ouepuano. laree,

dz't  Qair L0z 9o dx'
1Zn . W ot W — (_ axl/ ot axn/ T12...n — det a[[l/ . T12...71'

[

Ty w =T

Jlemma mokaszama. O
Omnpenenenne 6.31. Onpenennm snewnee npouzeéedenue B = T A P 1Byx Kococnm-
u P .., dopmyion
1 g
= T[lekPZk+1Zk+q] = k’—q’ Z (_1) TO’(lekPZk+1Zk+q)

0ESktq

MEeTPUIeCKIX TeH30poB 15, ;.

Riy gy
C TOYHOCTHIO 1O MHOKUTENS, DTO KOMIO3UINA TEH30PHOTO TPOU3BENEHN U albTEePHU-
pOBaHMA.

[ns paboThl ¢ KococuMMeTpuHdecKiuMu Terszopamu tuna (0, ¢) MCmoab3yeTcs Takke
A3BIK MU depernatbubix GopM. TouHee, 1o onpeereHnio BHEITHETO YMHOKEHNUSA,

d' AL Ade't = 3 (—1)7de” @ L@ da),
0ESy

3agada 6.32. PposepbTe.
3agada 6.33. JloxazaTh, YTO BHEIIHNE MPOU3BeNeHns O6a3MCHBLIX KOBEKTOPOB 0Opa-
3YIOT 6a3Wc B MPOCTPAHCTBE KOCOCUMMETPIIECKIX TeH30poB (B Touke). Paitu pasmep-
HOCTb TTPOCTPAHCTBA CUMMeTpHUYecKnX TeH3opoB. HMccaenoBaTh BO3BMOXKHOCTD pasioxe-
misA Tersopa Tuna (0,¢) B CyMMY CHMMETPHIECKOTO I KOCOCHMMETPUIECKOTO.

Torma pasmoxenne Temzopa Mo 6a3uCy U3 MPOU3BENEHUN TPUMET BUI:

g - Tyigda @ @de's = 3" 3 Toya(ipde™™ @ @ da”l') =
’i1<...<iq UESq
Zi1<...<iq Z (—1)0Ti1...iqdl‘0(il) ® [ ® dl’g(iq) = Z Tilmiqdl‘il VAN AN dl’iq. (3)
7€5 i< <ig

PTo m masbiBaeTca 3amuchio B Buje AudpdepennnaIbion (popMEL.

Taxmm o6pazoM, B cuy GazncHoCTH (3aada) pastokenus (3) OnHO3HATHDI.
3agada 6.34. Poxaxnre, 9T0 418 HOXyUeHHA (POPMYJIBI BHEIIHETO yYMHOXKEHWS Ha
AsbIKe nudppepeHnnalbubX (POPM AOCTaTOIHO MEPEMHOKNTE BHIPAKEHU, a 3aTeM, IIy-
TEM TIePEeCTaHOBOK (C YYeTOM 3HAKOB) YINOPANOIUTEL AU(pEpEHInabL.
3ajgava 6.35. (caegcrsue us aemmbl 6.30) Boipaxkenue |/det ||gi;]|dzt A ... A da™ aBas-
eTcs TEeH30POM OTHOCHTETHHO 3aMeH KOOPAMHAT C ITOJOKHUTETLHBIM AKOOMaHOM. 371eCh
§ij — PUMaHOBa METPUKA.

PTo BBIpaxenne HasbiBaeTca @opmoti o6vema. Pozke MBI ompesernM HHTErpal 1
CMOKEM BLIMUCIATL 00BEM PUMaHOBa MHOTOOODas3MsL.
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7. KoBapmanTHoe auddepeHIuIpoBaHue

3agada 7.1. Pokaxwure, 970 06BbI9HOE JacTHOE NUpPEPEHITNPOBAHIE KOMIIOHEHT TEH-
3opHoro mois B R™ e aBiageTcs TeH30pHON OIepallien.

XoTum ompenesnTh Ha TeH30pHBIX HouasX B R" Temnsopmyio onepanuto (p, ) ~ (p, ¢+
1), KoTopas coBIafaeT B I€KapTOBLIX KOODAWHATAX ¢ YaCTHBIM NU(PepeHInpoBaHIeM.

[ast >TOrO HANO MpeX e BCEro MONBITATHCA 3alNCaTh PE3YIbTAT YacTHOIO audde-
PEHIIMPOBAHUSA B APYT'MX KOOpJIUHATAX.

O6cyauM cHavata crydail BexTopHOro moxs 1. Pycrs x' — nexapToBa cmcTeMa
koopuaaT B R") a — HEKOTOpasi KPUBOAMHENHAsT cucTeMa Koopamnatr. Torma mis
NCKOMOU omeparun V [IOTKHO 6bITh

oT"
Oxi’

v oz’ dx7 9 oz’ A
(VT)j/  Qxi Oxd QI (axk'T ) N

02" 927 9t 9TV Da™ N dz' da? . 0 [ 02"\
 Oai Oxd Ox¥ Jx™ Oxi dxi Oz’ Oxi \9z* |
m! aTk/ k! 8:1: a ani

ae T G G o

(VT =

Torna

5

TaKuM oOpaszom,

- aTZ/ ko ! - axi/ ani
¢ = —F 72,4, ?24//: -t T .
(VT)]’ ax]/ + T kg ik 8:1:2 ax]/axk/
. s koBexkToproro moas T; monxuo 6uith (V1) = ggj, a (V1) = 88;; g;j/(VT)ij.
ormia
dx' Ox? Oz*
VT i = -
(V)i ozt Jzd’ Oxd (8:1;2 )
B ozt 9zt 9% 9Ty o™ N dx' Oz’ T, 9 [0zF B
T 02?928 Oa' Ox' Oad | Oa¥ Bxd ¥ 9xd \ O
’ /aTk/ azxk/ 8:1: 8:1:]
=05 00—+ Ty -
9o T ¥ ogioat 927 9ar
UIn L ' 4
(V) = DL B 2
Oz’ ] I dxzi0x* OV dxf
Jemvmma 7.2. Hneen 72/]/ = 75;
MokazaTennbcTBo. PpomumdpdepennupyeM ToxecTBo ngj,l, . gi—: = 5};, mo =™

;! 1

4 4 f
9%z ox' ox' 9%z ox™ o il 50
0= axm/axk/ ' axi// + axk/ ' axm//axi// ' axm/ = 'K + m'k! O
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Teopema 7.3. Pa M =R" onpedeaena mensopras onepayus V, deticmeyouwee na noe
T no gopmy.e

J1 ...]q

gl I a ! ! p gl ! 11 ! -f q ! gl
ity . ] ety Z Qe gy g o L . Z (s or!
(VT)]‘{W]'(/Z;m/ = —axm/(Tj{...j{Z) + Tj{...j; g Tj{...jg_lr’jg_l_l...j(’z‘ Jimts

s=1 s=1

a dynryuu 7 npeodpazyomes no npacu.ay

1 !

-1t i ! .
1 ozt Oz Ok oz’

2. i
; ; 0%z

7t = : -- -
RS D 0t 9 T Dt 9 o

MokazaTenbcTBo. fBHbim Bug V ycTaHaBIMBAaeTCs aHAJOTUYHO BBIKJIAIKAM [ BEK-
TOPHBIX W KOBEKTOPHLIX TTOJEN.
3aga4da 7.4. Pponeranre 5Ty BBIKIAIKY.

P aiigem saxon nmpeobpaszoBammsa 7.

!

r »/ aTZ /)
V" = (VT);C/ = E + 177
Z’// k/ Z’// 7,//
Vk,,Ti” B aT n Tr//?i// B 6:1? a 6:1? TZ'/ n 6:1? Tr/?i// B
= T Doy — - HINTERTRES
dz*" TR 92k 9k \ Ot dzr’ Tk
' 11 y ' 11 "
al’k 8:1/” aTZ i al’k 621’2 r/axr i
T e Oz Jak dx¥ dar’ TR
C mpyrou cTOpOHBI,
' 1y ' 1y »/
v Ti// al’k 8:1:2 v Ti/ al’k 8:1:2 aTZ Tr/?i/
k! - axk// a o k! — axk// axi/ afl/'k/ —I_ stk
PooTomy
' 1y ' 1y "
i al’k 8:1/” o i i al’k 6251/'2 r/awr i
9 9a7 " =1 9 ek ger T G e
B cuny npomsBoabHocTy moxs 17 moaydaem
' ' 11 ' ' 11
" it al’r al’k 8:1/” al’r al’k 62[1/'2

? Pl — ? k! " k! TR " k! k! 7.
oz dxF" Qxr oz 0xF" OaF Oxr
Kaxk mokazano mpu mokaszaTerbCcTBe JeMMBI 7.2,

! -1

! ! -1t ! -1t .
Jx" 0xF 9%t O*xH Oxt Ot Ox! -
Oz dz*" 9x* 0z’ Ox""Ox* 0% Oz Ox*" dxt

Onpegenenne 7.5. Pa raagkom muoroobpasnu M 3ajgarna onepayus Ko6apuanmmo20
dupdepenyuposanus (wm apdunnas cesaznocmn) V, ecinm IS Kak[ToW KapThl 3a1aH

Habop TIaAKUX (PYHKITIHT ?}k, npeodpas3ylonnxcs Ipu 3aMeHe KOopAunHaT 1o popMyie

!

y oz Ozl Ok oi oz’

2. i
; 0%z

. L — B B I B T .
7'k Ozt Oz Ok " IF T Ozt Pxd Dk
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Torga menctue V 3amaeTcs

0

1. 2 i1.. Zq 17l e zp?“ Z 1. or
(VT) ]qv a m —I_ZT . T ]e 17’] s41-- ]q']sm7

3amevanue 7.6. Kax mnokasbiBaoT TpoOBeJeHHbIE BBIKIAIKH, paccMaTpUBaeMble “B
obparuyio cropony’, V ABIAeTCS TEH30PHOU OTEpPAIUEN.

Sameuanue 7.7. (ylmecTBOBaHUe CBA3HOCTEN Oy I€T CI€I0BATEH U3 TEOPEMBI CYIIIECTBO-
BaHWS PUMAHOBOU CBA3HOCTH.

Omnpenenenne 7.8. Tenzopom kpyuenus CBAZHOCTU 7;k Ha3bIBACTCA TEH30D, 3a1aBae-

et et T 91 91
MBI B KaZK IO CUCTEME KOOPIMNHAT PaBEHCTBOM ij = 'k C ke
JlemMma 7.9. Q deticmeumenbno A645€MCA MEHZOPHBIM NOAEM MUNG (1,2).

3agaua 7.10. PpoBepurnh.
Onpegenenne 7.11. Cpazuocts ! HasbiBaeTcs cummempuunot, ecan ) = 0.

Jlemma 7.12. Csasznocms V obaadaem ceoticmseanu
1) onepayus V auneina nwad R;
2) onepayus ¥V menzopuas;

3) kosapuawmmuas npouszeoduas Gywkyuu (menszopa nyie6020 panza) cosnadaem c

epaduenmom: Vi f = %}.

4) onepayus ¥V na 6eKMOPHBIT U KO6EKMOPHBIE NOALT UMEEM 61U)

. aTe
V" = 87 + Tm]ka
oT; :
Vil = o = 1574

5) das npouzsoavnvir menzopuvix noael T u S evinoansemes gopmuyaa Jeibnuya

V(T ©S)=(VT)® S+T o (VS).

MokasareabcTBo. CBolicTBa odeBuanbl, Kpome (5). PpoBepum ero, mampmvep s
BEKTOPHBIX TTOJENH.

vk(TzS]) _ aa ( ZSJ)_I_TTS]f)zk_I_TZSM] _
{L'
— (aiT )57 +TZa (S TSI+ TS, =
{L'
o1 57
= (G TS TG P =

= (VTS 4+ TY(V,8%). O

3agaua 7.13. Ppogerats 5Ty BLIKIAIKY NS TTPOU3BOIBLHBIX MTOJEH.
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Teopema 7.14. Csoiicmsa (1 —5) odnosnauno zadaiom rosapuawmmoe duddepenyupo-
sanue. Tounee, wmatidymes eduncmeennvin obpazom Pynryuu 7% ydosiemeopaoujue
3AKOHY UBMEHEHUA U3 onpededenus cea3nocmu, a deticmeue NV Ha npouzsosbHoMm Noe
oydem zadasamovces Gopmyaoti uz mozo dce onpedesenus.

HMokazaTteabcTBo. Ob6osmadnm ¢; = aii u e = da’. Torma dynxuum 7% NOIKHBL
OIHOBHAYHO ONpeNeIaiThCa U3 (PopMy.T
i ei j
Ve = Zke], Vie' = =1%¢. (4)

PopmMyIIbl He TPOTHBOPETAT APYT APYTY, Tak Kak 3 cBoncTB (1 — 5) moaywaem, 910

V(1T = (N THT; + TV T =

oT" oT;
(a k ‘I'?;kT]) T; + (8:1; -sz) T =

= Vi(T'T) + 4,177, — T, 1T

0

1 B CHIY TPOU3BOIBLHOCTH TOJEN 7;k — 5Zk =0.

3aMeTnM, ITO TIPU BBIBOE 3aKOHA M3MEHEHTS 7;k B TeopeMe 7.3 MBI TOIb30BAINCH
TOJBKO COOTHOINEHNEM BHa W3 1. 4, TaK 9TO [JOCIOBHOE MOBTOPEHUE >TOW BLIKIAIKN
JaeT MCKOMBIN 3aKOH W3MEHEHN.

Ocranocs BoBecTn hopmyry mias audpepeHnnmpoBanms TPOU3BOILHLIX Toxen. Pac-
ceMoTpuM cayvai moas tuna (1,1). Pyers mokarbmo

T:T;ei®ej.

Torna
Vil = (V1) = (V(T e @ €)=

= ((VI) @ e @e + TH(Ve:) @ + Tie; @ (Ve)) =

m;k
aTTlﬂ i(or N\ i . l
= (Ti(7per) @ e])m — (Tlec o (P4e) =
8T’ : 1o

3agada 7.15. PpoBectn BuIKITanKy B 0obllleM caydae.

Onpegenenne 7.16. Addunnas cuMMeTpuvIHas CBA3HOCTL V Ha PUMAHOBOM MHOTO-
obpasun (M, g) HassiBaeTcsa pumarnosotl (nim coeaacosannol ¢ mempuroi) ecin Vg = 0.
Sagada 7.17. B sTom caydae V KOMMYyTHUPYET € ONEPAIUAME TOMHATUA W OMYCKaHWA
UHIEKCOB.

Teopema 7.18. Pa pumanosom mnoeoobpazuu (M,q) cywecmeyem, npuuem edun-
CMBENNAL, PUMANO6a c6a3nocmb. Ppu omom ee woodduyuenmor (cumeoavt Kpucmod-

dpeas) pasubl
(agkr n dgjr _ agjk)

oxd Oz ox" (5)
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MokazaTeabcTBo. Pokaxem, aTo cumBoabl Kpucroddens pumanoBonn cBA3HocTn 065-
3aHbl yaoBIeTBOpATH (5). Tem cambiv GymeT gokasama eIUHCTBEHHOCTL. Po ompenerne-

HUIO,

99ij ] ,
0= Vg = 8—:1;2 — 9rj Tl — gir’?jk'

Omnycrtus unnekc 7 1= gir?;k M HUKIWIECKH TePecTaBAAS WHACKCHI, TTOdYYIM

agz"
J
Dk = ?jik + ?ijkv
agki
O = ?ikj + ?km
ag'k

J

Caoxum mepBBle IBa paBEHCTBA W BBIYTEM U3 HUX TpeThe. PoiaydmM, ¢ yaeToM cumMMe-
Tpun 7%, = 7)., 9TO

agij n G _ G
dzk  Oxi  Oad

=Tk + Ve + Tije + Thji — Thgji — Tjwi = 27456 = 2007

=i+ Vi + Tikg + Tk — Thji — T =

1, yMHOXKad Ha oOpaTHYI MaTpuIy K ¢;;,

or _ L o (09 | Ogri  Ogi

Tk 29 oxk Oz oz’

[ns mokazaTenbcTBa CYNECTBOBAHMA NOCTATOYHO ONPENeNnTh KO(PPUIHEHTE CBA3-
HOCTH € TIOMOIILIO (popmys (5) (TpoBepbTe 3aKkoH m3MeHneHus !). O
Onpepaenenne 7.19. Cucrema KoopanHaT €6k4UJ06a ¢ MOUKU ZPEHUL MEMPUKU, €CAN
¢;j B Hell OCTOAHHDI (1 CleIoBATENbHO, 3aMEHON KOOP IMHAT TPUBOAATCA K d;;).
Cucrema KoOpAMHAT €6K.4uJ06a ¢ MOUKY 3PENUA C6A3NROCIU, ecin B Heil 75 = 0.
3agada 7.20. JoxasaTh >KBHBAJICHTHOCTH DTHX TPeOGOBAHUI.

8. HapaJIJIeJIBHoe IepeHecedue 1 reoagesnmIdeCkKue

P apanrenbroe mepenecernme — crmocob cpaBHEHNs KacaTelbHLIX BEKTOPOB B PA3HBIX
Toukax. Pa mrockocTn — “TOCTOSHCTBO KOOPAWHAT , T. €. PABEHCTBO HYJIIO X TaCTHBIX
npomsBoaubix. EcTecTBenno B obieM caytvae moTpeGoBaTh paBEHCTBO HYIIO KOBApWAHT-
HOW Tpom3BoaHOU. PTo camimkoM kecTkoe TpeboBanme. P puxonnrcs ocymecTBIsTh Te-
penoc, T. e. TpeboBaTh KOBaAPMAHTHOTO MOCTOAHCTBA KOMIOHEHT OIS “BIOJAL KPUBOU .
Ppu sTom pesyabrar, BoobIlle TOBOPsi, 3aBUCHT OT KPUBOU, Naxke €CIU KOHITLI OOIIne.
Pepenmem kK TOYHBIM OMpenereHusIM.

Pycrs ma mumoroobpasun M samama adpdpurnas cszuocts V. Pyers Toukn P u ()
wa M coenmmenst raaakon kpuson y : [0,1] — M, v(0) = P, (1) = . Pa xpuson
BOBHIKAET BEKTOPHOE ToJe CKopocTell ¢ (BCIOMHIM TpeThe OlpeeneHne KacaTelbHoro
BEKTODA).
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Onpegenenue 8.1. Kosapuanwmuoi npouzsodnoii menzopuozo noas T muna (p,q)
6doav Kpueol v HasbiBaeTcs TemzopHoe norxe V. (T'), onpenensemoe Kak cBepTKa TeH-
30PHOTO TIPOUBBENEHNS KacATEILHOTO OIS ¢ KOBAPUAHTHOW Tpou3BoaHOn 1':

(V4 = VT,

1
I, Jlse-ordg

Onpegenenne 8.2. Bexropnoe none T HasBIBa€TCA NAPAAAEALHBLM 6J0Ab Y OMUOCU-
meavno V, ecim V4 (T) = 0.

3amurem >TH ypaBHEHHUSA B JOKaIbHBIX KoopaunaTax (x', ... z"). Ecim

TO ypaBHEHUS TPUMYT BU [

: d:z:k(t) or’ :
kv 7 DX

k 7 k 7 k

dt  dzk TR dt dt TR dt

Onpepenenue 8.3. Pociennee paBeHCTBO HA3bIBAETCA YPABHEHUEM NAPAALEADHORO NeE-

= 0.

pPEHECEHUSL 6EKRMOPA 60046 KPUGOT.

3aava mapallelbHOTo TepeHeceHnsa BLINIAANT CIeAYIONIM oOpa3soM. 3ajgama Tiaa/l-
Kasg KpuBas vy, coeannsoiais Toukn P u () ma Muoroobpasun M co cBA3HOCTRIO V, 1
BekTop v € TpM. Pagno nautu Takou Bektop w € ToM, 4To mMeeTcs KOBapHaHTHO
noctosiHnoe BekTopHOe mogte V (1), mpudem V(0) = v u V(1) = w. Pockorbky samady
MOYKHO pPelllaTh MOCASJOBATEALHO A MOCAEJOBATEILHBIX KYCKOB 7Y, KakK AN 13 KOTOPBIX
JEXKUT B Ipejeiax JeUCTBUA OMHOU CHCTEMbBI KOOPIUHAT, TO MOKHO CINTATh, YTO KPUBas
JEeXKUT B OJHOU KOOPIUHATHON OKPECTHOCTH.

BosmrukaeT 3anada perenns cucTeMbl OOBIKHOBEHHBIX And pepeHnumalbibiX ypaBHe-
HUI TTePBOTO TOPAIKA OTHOCHTENBHO (byHKImit V' (t) ¢ magarbubm snadennem V(0) = v',
paspereHHon OTHOCUTENBLHO TPON3BOAHLIX. Kak m3BecTHO, pellenne TakKo CHCTEMBL Cy-
[eCTBYET, eAUHCTBEHHO U TIPoJoIKaeTcs 10 (), T.e. t = 1.

CootBercrentio, Bektop w = V(1) € TogM wmaswiBaeTcsa napadietvuvin v € TpM
6do.b .

Jemma 8.4. Pycmo (M,g) — pumanoso muozoobpasue. Cummempuuecras apdunnas
ceaznocmv V wa M seasemes pumanosoti moeda u moavko moeda, xkoeda coomeem-
CMBYOULEE NAPAALCABHOE NEPEHECEHUE COTPARAECT CRAAAPHOE NPOUIEEIEHUE BEKMOPO6
no OMHOWENUI K (.

[NokasareabcTBo. Pycth V — pumanosa, (.,.,) — CKaJsApHOe TPOU3BEIEHNE, TIOPO-
xaerroe g, V(1) m W(t) — BekTOpHbIe MO, yAOBIETBOPSIONINE YPABHEHTIO TTAPAIIET b

HOrO Tepenecenus Baoab v : [0, 1] — M. Pango nokasars, 4ro %<V(t), Wi(t)) = 0.

d

V0. W(0) = Va(V(0), (1) = €9, (9,1 W7) =
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= M (Vigis VW7 + € giy(ViVOWI + g, VIV V) =
0 VI 4 gy (VO 4 g, VT,V = 0.

O6paTHo, ecii DTO COOTHOIIEHTE BHITTOTHEHO [JST TaPALTETLHBIX TOXEH BOJh KPUBOM,
TO A5 Tpom3BOABHBIX BekTopos &, V u W swmonnsercs VWiV, g = 0 ortkyaa (6eps
Gasucubie BekTopa) Vig;; = 0. 0
Sameyanue 8.5. PapamnerbHoe mepeHeceHrne MOXKHO OINpeNeNuTb I KYCOYHO—
DIAIKIX KPUBBIX KaK KOMIO3UINIO TEPEHECEHNN 110 TIa KM (pparMeHTaM.
Onpegenenne 8.6. Kpusas vy ma muoroobpasun M c¢ adpdpunnon cBa3nocTuio V Ha-
BBIBACTCA 2eode3uueckot, ecim BEKTOPHOE MoJe ee CKOPOCTEN MapaieSbHO BAOIL DTON
kpuBoi: V(%) = 0.

B roxauabubrx KOoOp anHaTax (l’l

yevo, &™) TIONy9IaeM ypaBHEHS

dz* ; .
W(ka):(), Zzl,...,n,
rae £ = Cg—gii. Orcroga kg
T . .
o 7 21 ¢r | —
d*zi Lo da” dx* _0 1 (6)
s Yov g = 0 1=1,...,n.

Jlemma 8.7. Pyecmos P € M, v € TpM. Toeda cywecmeyem u npumom edumcmeenmnasn
eeodesuuecrkan y(t), ydosaemeopsiowan ycaosusm y(0) = P u 3(t) = v. Ppu smom
peWEnUE 2AadKO 3A6UCUT OM HAUAALHLIT JAHHOLT.

HokazaTtenbcTBo. Pocre zanmucu B J10KaIbHBIX KOOpPAMHATAX B OKPECTHOCTU TOYKH
P 3amada HaxoX qeHns reone3smvdeckon CBOANTCS K PEEHIIO CHCTEMBI 12 OOBIKHOBEHHBIX
nudppepenmarbHbIX YpaBHEHNN BTOPOTO MOPS KA ¢ HAYalbHBIME YCJIOBUAME Ha 3Hade-
HUs pellents W Ha 3HaveHus ero npomsBonnon B 0, pasperrentas OTHOCHTENLHO CTap-
X TPOU3BONHBIX. KaK m3BecTHO, TaKoe pellleHre JOKAIbHO CYIIECTBYET, € TNHCTBEHHO
W TIa0KO 3aBUCUT OT HavYalbHBLIX JTaHHBIX. 0

3agaua 8.8. Fcam nBe reomesmveckme COMPUKACAIOTCA B HEKOTOPOW TOYKE, TO OHU
COBTIATAIOT.

3agaua 8.9. Ppwu mapamrernnoMm mepenecennn BEKTOPa BAOIL Te€0E3MIECKON PIMAHO-
BOU CBSIBHOCTH YTOJ MEXKTY HUM U KacaTelbHbIM BEKTOPOM OCTAETCS MOCTOSHHBIM.

Jlemma 8.10. (reomerpudeckuil cMbica cuMBoioB Kpucropdens) Jas 6azucnvir 6ek-
G o e— O o N = 77
MOPHBLIT NOAEU €; = 5 dannoti cucmemvr Koopdunam evinoaneno V. (€;) = fhir (pas-

AOHCEHUE BERTIOPA NO 6a3ucy). Huvrmu caoeamu, npu OECKOHEUHO MAAOM napaAteAbrom

NEPEHECENUU PENEPA €4 NO L—MY HANPABACHUI 0OPAZBL PAZAONCAMCA NO UCTOIHOMY PENEPY
7,
¢ koappuyuenmanu 7%,

HdokazaTeabcTBo. Po onpenenennio

(Vele)) = (e (Ve = a7 (A9D ot e) =

xS



S a(ék) r S r

3agaua 8.11. Omnwmcars omepanuio MapalIelbHOTO MepeHeCenns B PUMAHOBOU CBA3HO-
CTH Ha TIOBEPXHOCTH B M€OMETPUIECKIX TePMUHAX (IPOEKTHPOBAHIE).

Teopema 8.12. Pycmo (M, g) — pumanoso mnoeoobpazue. /[as xaxcdoi mouru Py €
M naiidymes marue oxpecmuocmv U u wucao € > 0, wmo a0b6vie dée mouru oxkpecmmo-
cmu U coedunsem eduncmeennan eeodeauneckas daunvt menvwe €. Ppu omom 2eodezu-
YECKAA 24040K0 3A6UCUM OM C60UT KOHUOG.

[MokasareabcTBo. Po memme 8.7 MoxHO s HEKoTOpO# okpectrHocTn V. rouku (F,0)
B MHOT000pa3my JHHEHHLIX >aeMenToB 1'M, mmeroren B

V={(Pv)eTM|PeU,|v|<ce}
s HekoTopon okpectHocTn U Touku Py, onpenesuTh riaikoe oTobpakenue
E: V> MxM, (P,v) — (Pexpp(v)),

rjle eXpp CTABUT B COOTBETCTBEE BEKTOPY v 3Hadenne (1) enuHCTBEHHON Teoie3mde-
CKOU, BBIXOMAIEN n3 P 1o mampaBienuio v. B cury gokarbuocTu, 10 1 mpomomkaoTces
reojiesnveckie (permenns cucTeMbl AndPepernnarbibiX ypaBHeHnin) ¢ MaIo JIMHON V.

Borawcanv  skobuman £ B (Fp, 0). [nss »Toro Hapsamy ¢ KOOpauHATAMU
(', . .,2™ 0l . v"™) B okpecTHOCcTH (FPp,0) B T'M, roe v = viaii, paccMOTPUM KO-
opmurarhl (x,...,x%ad ... 2ah) B U x U C M x M. [laa xacaTeabHOTo 0TOGpakKeHns
dFE nveem: . .

O3 = 4§ O3 =0, dp, expp, ([v-1]) = dyy =

dwi 7 v’
B CMBICIE BTOPOT'O OIpeNeNeHns KacaTelbHOr'o BeKTopa. lakwum obGpasom, MaTpuila
I
0 1
koopuHaTax paen 1. Taxum obpazom, mo Teopeme o HesBuou dpyuxium, £ nuddeo-
MOpPdHO oToGpakaeT HEKOTOPYIO okpecTHocTh V! Touxu (Fy,0) € T'M na oKpecTHOCTE

dt

0

fxobu dp, I paBHa rine | — enquHuYHas MaTpulla, a AKOO6WAH B yKa3aHHBIX

W' rouxu (P, Py) 8 M x M. Pepexoss K MEHBIINM OKPECTHOCTIM, MOKEM CYUTATH,
aro W' = U' x U, npudem U’ comepKnuTcsa BHYTpH Iapa AHaMeTpa € OTHOCHTEILHO ¢,
T. €. HUKHIA TPadb [INH KPUBBLIX, COEMUHAIONINX MEHTP Mapa Fy ¢ a1obon ero ToIkon
menbite €/2. Torga U’ — uckomas okpectrocTh Toukn Py. [lelictBurenbuo, nycts P u ()
— aBe npomsBoabHble ToYkH U/, PaceMoTpuM reofesmdeckyto vy, BHIXOAAIIYIO U3 TOYKH
P’ mo manpasaenuto BekTopa v, rae (P v) = E7Y(P, Q). Torma, no onpenerennto [,
mveem P’ = P u v(1) = Q. Takum o6pazom, Toukn P 1 () coequHenn reone3snaecKon 5.
Omnpenenenmas TaknM 06pa3oM Teole3ndecKas, 0 YKa3aHHOW TeopeMe, TIIa KO 3aBUCHT
ot cBoux KoutnoB P u (). Oupenennm ee naumy. B cuny mokazanmon BbIIE JeMMBI, IINHA
KacaTelbHOTO BEKTOPA K MeOle3NIeCKON TOCTOSMHHA, TODTOMY TapaMeTp OTINIaeTCsS OT
HATYPATLHOTO Ha MOCTOAHHBIN MHOKHUTEND, B JaHHOM ciydae pasubii |[v]|. Torpa mmmma
kpuBoit ¥ ot 0 mo 1 pasna 1 - ||v|] < e. Ocraroch TpoBepUTH €MHCTBEHHOCTH. PycTh
u3 P B () mpoBesena reoje3ndecKas MINHLGI MEHBINE . Torga OHa SBISETCS pelreHneM
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COOTBETCTBYIONIEN 3aMa¥N ¢ HAYAILHLIMI YCJIOBUAMHU W MOTOMY €INHCTBEHHA, TaK KakK
B DTOM ClydYae IMHA KacaTelbHOTO BEKTOpa B Hadale Memblle ¢ - ¢, rae Y(t) = Q, n
OTCYTCTBUE €TNHCTBEHHOCTH TPOTUBOPEYUMIO 6Bl OMEeKTUBHOCTH [/, O

3agaua 8.13. Pokazarb, 4T0 B KOOpAnHaTaX, 3aJaHHbIX 0TOOpakKeHneM exp, Bce 7;k
obpartatores B Fy B HYIb.

9. Tenzsop kpuBusHbl Humana

XoTenoch 6Bl ONMMCATh Ha TEH30PHOM SI3BIKE OTINYNE Pe3yIbTaTa MapallelbHoro Ie-
penecenns cHavata IO (-My HAIPaBIEHWIO, a TIOTOM IO j-MYy OT TepEHEeCEeHUs B IpyToM
mopsake. KoHewHo KOHTYp He 3aMKHYT, TIODTOMY KOHTYpD ycTpeMmiseM K nymao. OKasbi-
BAETCS, PE3YILTAT CBIA3AH C €BKINIOBOCTHIO METPHUKY (B PUMAHOBOM CIIydae).

Bcrony B aToM maparpade cBA3ZHOCTDL IIpenotaraeTcs CMMMeTpUudecKou. Paccmo-
TPUM B TIpejlenax JeiicTBus cucreMbl Koopaunat (z', ..., z") neticreue ViV, — V,V} na
BekTopHoe nose 1" (Tax wTo pesyabTaT — Tenzop Tuma (1,2)). Poryuaem

VIT - @ —|— T ?7’17
.ot o1, a7! (o1 oT" ,
i 21 r ri 21 ros _ 925 rot
ViVl axkaxl—l_axk'”—l_T FRCE (8:1;’+T'”) Ik (8:1;5+T'”)’

(ViV, =V V)T =

r a?:,l a?:,k aTr i aTr i aTS i aTS 7 roq s roq s
=T (al’k - 8:1;’) axk?rl_w?rk—l_ al’l?Sk_ axk?sl—l_T ?sk?rl_T ?sl?rk:

7 7
— a?rl_a?rk_l_?z 28 _7275 ]
axk axl sk rl st rk

O6oszravas g7 97
21 21
7 . ‘gl * gk 7 s P9S8
Rq,kl i W - 8:1;’ + ?sk?ql - ?sl?qlm (7)

MOIYYUM, YTO

(ViVi= ViV T =T R, .
Jemma 9.1. Dyuryuu R;M obpazyiom menzop muna (1,3).

MokasareabcTBo. Jlas moboro sBexkropuoro nous 1 dyukimmm (ViV; — V,Vi) T, a
q Rt P
CIC/IOBATECNLHO, I 1% R, 1;, obpasyior TenzopHoe more Tuma (1,2). Pockomeky R, =
S T
(€4) Rs,kh TO

y s il oo 0xF 0zt 02" g0z o 0x% 02! 9"
Rq’,k’l’ = (ey) Rs/,kfzf = (eg) RS,MW 92l Oxt = (eq1) Ozs SR YR Gl g =
_ 5 ox® R oz* 9! oz _ dx® dz* dx' dx” _ pi Oz Jz* 0z' dx”

! B N .
" Pas’ MGk 2l Dz Sk Yzt dxk dzV O R Ggd’ Jxk Dzl O
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Sameuanue 9.2. DakT, HOIYIEHHBIN TPHU JOKA3ATEILCTBE, MOKET OBITH CPOPMYINPO-
BaH B 6oiee obIeM BHUE CAeAYIONNM 00pa3oM: KodMPUINEHTHI JTHHENHON 3aBUCUMOCTHI
TEH30pOB 06pPA3YIOT TEH30P.

Onpepenenue 9.3. Tenszop R;M Ha3bIBAETCA MEHIOPOM Kpusudnvl Pumana cumme-
TPUIECKON CBABHOCTH V.

Jlemma 9.4. Pycmb 6 nexkomopot mouke (@ 3nauum, u 6 €€ OKPECMHOCTIU) MH02000pa-
sus M menzop kpususnot Pumana nexomopot cummempuueckoti c6A3H0CMU OMAUUEH OM,
nyas. Toeda 6 oxpecmuocmu meabds 66ecmu €6kAUI06bl KoopIunamor dannol c64310-
cmu.

HokazaTeabcTBo. Lciau 6B Takme KOOPAUHATHI CYIIeCTBOBAIN ObI, TO 110 ONPeIeTeHITO
B HUX OOHYJIAIUCH Obl cMMBOIBI Kpuctoddens, a 3naunT, u Tenzop Pumana. 0

Pepengem x nnBapuantoomy omnpenerenunio K.
Onpepaenenne 9.5. Kommymamopom BeKTOpHBIX moden X u Y Has3BIBaeTCA BEKTOPHOE
moJre

9YF L 9X*k
XY =X YV .
X, Y] Jx? Jx?
,HJI}I CHMMeTqueCKOfI CBA3HOCTN
- {OY* . (OXF .
VaVh = Wy AP = X { o $ V20 ) =V e £ X0 = XY (8)

B JaCTHOCTH, ONepalnd TeH30pHad.
Onpegenenne 9.6. Oupenernm onepamop kpusuansl

R(X,Y)Z :=VxVy(Z) = VyVx(Z) = Vixyi(Z).

Om comocTaBisgeT TpeM BeKTOPHBIM moasiM X, Y u Z HekoTopoe eTBepTOoe BEKTOPHOEe
noje. BBumgy sBHOTO HEPABHOIPABUsA TPETbLErO0 apryMeHTa IO OTHOIIEHUIO K TEPBBIM

aBym, Mol e R(X,Y)Z, a we R(X,Y, 7).

Teopema 9.7. Omobpascenue R mpuaunetino. Caedosameavro, ono onpedesem men-
z0p muna (1,3).

HokazaTtenbcTBo. Ecinm R — Tpuimaennoe orobpakeHne OT BEKTOPHBIX TOJEN CO
3HAYEHUAMN B BEKTOPHBIX MOJAX, TO OTOOpaKeHme

T(X,Y, Z;w) =w(T(X,Y, 7))

6yeT 4-TNHENHBIM OT 3 BEKTOPHBIX U | KOBEKTOPHOTO IO CO BHATEHUAME B (PYHKITHAX.
Taxum 06pazom, Bropas 9acTh yTBEPK AEHUS TEOPEMBI CleJyeT W3 IEPBOM.
TpunrunennocTs B ToUKe odeBuaHa. P eobxonqnMo nokaszaTh KOMMYTHPOBAHWE C YMHO-

KenmeM Ha Taaakne gpynkunu. Jokaxem, aro R(X,Y)(fZ) = f- R(X,Y)Z:
VxVy(fZ) = VyVx(fZ) = Vixn(fZ) =
= Vx((Ww)2)+Vx(IVyZ) =Vy(Vx[)Z) =Vy(IVxZ) =Vxy(f)Z = [VixnZ =
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= (VxVy HZ+VyfVxZ +Vx()NyZ+ f(VxVyZ) = (VyNVxf)Z = VxfVyZ—
—VyfVxZ = f(NyVxZ) =Vixy(/)Z = [VixwnZ =
= (VxVy S = Vy VxS = Vixn(N) Z+ F(VxVyZ) = (VyVxZ) = VixyZ) =
= [ R(X.Y)Z,

TaK KakK mepBas CKOOKa oOHyJIsgeTCA, TOCKOTbKY

vaYf_vaXf_vVXYf‘l'nyXf =

2 2
= XZVZ»Y’“% + lekaag - YV X* gf YixH aag ——
zt Ok T ' dx
—(XVIY) T+ (VIVIX) = 0.

Pposepum renepn coornomenne R(fX,Y)7Z = f- R(X,Y)Z. 3amerum, 910

(Vyx)T = (fX)'Vil = fX*V T = - VT, Vix = fVx

[FX.Y] = VixV = Vy(fX) = [VxY = (Ve )X =[Oy X = [-[X,V] = (Vy f) X
Poaydaem, 1o
R(fX,)Y)Z =V xVyZ —NyV;xZ —Vixy)Z =

= fVxVZ = Vy(fVxZ) =Vyxy1Z + Vv nx 2 =
= vavYZ — Vy(f)VXZ — f (VYVXZ) — fV[Xy]Z + (va) VxZ = fR(X,Y)Z
Ananormano nokaswiBaetcs, ato R(X, fY)Z = f- R(X,Y)Z. O

Jlemma 9.8. Onpedeaenus 2K6U6aLCHMIMBL.

HokaszaTreabcTBo. /[lis 6asucHLIX Hoden €; = % nMeeM

R(ei,e)2F =N N 28 =V N 2N+ Vo ZF =V N Z2F =V N, 25,

NOCKOMbKY V. ZF = (ei)meZk = "V, 2% =V, ZF,

Vie; — Ve, =1he —1e =0, (9)
VxY* - VyXF = [X, Y], (10)
1o (8) TaK KaK CBA3HOCTEL CUMMeTpUIHa. PO INHENHOCTH TOMydaeM pe3yIbTarT. O

Teopema 9.9. (cummerpun Tenzopa Pumana)
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1) wocas cummempus no noasm X u'Y:
R(X,Y)Z + R(Y,X)Z =0,

UAU

R;‘,kl + R;‘,lk = 0;
2) moacdecmeo Arobu:
RIX,Y)Z+ R(Y,Z)X + R(Z,X)Y =0,

UAU

R;‘,kl + RZ,U + R?,kj = 0;
3) das menzopa Pumana pumarnoeoi cesznocmu
(R(X,Y)Z,W) + (R(X, YW, Z) = 0,
UAU 6 K‘OOp&UHQmGAT

r .
Rijp+ R =0, rje Rijr = gir B 45

4) das menzopa Pumana pumanosot ceszmocmu
(RIX,Y)Z,W) =(R(Z,W)X,Y),

UAU 6 K‘OOp()UHCLmCLT

Rijm = Rij-

HMokazaTeabcTBo. Pynkr 1) caienyer nenocpencTBenHo U3 onpenenenus Temszopa Pu-
MaHa.

2). B cuny IMHEMHOCTH JI0CTATOYHO MPOBEPUTH M (KOMMYTHUPYIONNX) Ga3UCHBIX
noxert. Po (9,10) must 6asucHbIx momen

R(ei, ej)ek + R(ej, ek)ei + R(ek, 62')6]‘ = Veivej € — Vejveiek — V[ehej]ek—l—
—I've] vek €; — vekvej € — v[ej,ek]ei + vekvei €; — veivek €; — v[ek,ei]ej =
= Velej, e] = Ve lei, ] = Ve [ej, 6] = 0.

Pepst koopaunaTy 3Tor0 BEKTOPHOT'O paBEHCTBA, MOTydaeM (POPMYIY B KOOPIMHATAX.
3). [us mpou3BONLHON GUIMHENHON (HPOPMBI B TOXKIECTBO MONAPU3AIINI

Bu+v,u+v)= B(u,u) + B(u,v)+ B(v,u) + B(v,v)

MOKA3hIBAET, ITO KOCOCHMMETPIUIHOCTEL PABHOCIHIbHA BLITOTHEHIO yeaousa B(w,w) = 0
IS M0060ro BeKTOpa w. BMecTe ¢ HammM cTaHJapTHBIM paccyzIeHHeM O JIMHEN-
HOCTH DTO CBOAUT 3ajady K IPOBEPKe I J0O0ro BEKTOPHOIO TOXA 7 paBeHCTBa
(R(ei,e;) 2, 7Z)y = 0. C yaerom (9,10), rocTaTodno nokasaTb, ITO

(VN 2, 72) = (VN 2, 7).
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Pockoabky nis pyuknmm koBapuanTHAs MPOM3BOAHAS COBIIAMAET C YaCTHOU, & CBI3HOCTD
pUMaHOBa, TO

2
%@, Z) =N (NG Z, 2V 2N 72)) = 2N (N2, Z) = 2(N N 2, Z)V+2(N ; 2,V 7)
z'0x
n
82

Brranras ms IIepBOT'0 COOTHOIICHUA BTOPOE M INOJB3YACH €llle pa3 CUMMETPUIHOCTBIO
CKaJAPHOI'O IPOU3BEICHNUA, ITONYYIacM Tpe6yeMoe cooTHollenne. ITob6BI ITOJIYYUTL BbI-
paxkKeHne B KOOpAnHaTaxX, 3alllillleM:

0 = (R(es, e5)en, er) + (Rlei, €;)er, ex) = grs(Reis €)er) (€1)” + grs(R(ei, e)er) (ex)® =

= grs B, i (ex)™ 07 +grs Ry, (€)™ 08 = ol i+ Grk By i = G B i+ gre Ry i = Rigij+ Ry

4). Jlna nokasaTelnbcTBa yAOOHO pacCyXAaTh ¢ KapTHHKOW. Y OKTadjpa TpaBas
BEPXHAA I'Palb 0003HAYEHA Yepes ¢, B ee BepIINHAX CTOAT KOMIOHEHTHI, HOMepa KOTOPBIX
HAYMHAIOTCA C 1, @ OCTaJbHble TPU MUKINIECKN MepecTaBusioTcs. ['pann, mpuMbIKalomme
YIJIOM K BepITUHAM T'PAHl ¢, Y KOTOPBIX BTOPOW UHAEKC — ¢, k u [, 0603HaAIAIOTCA DTUMI
6ykBaMu. PTo neBas BepxHAA, HUKHAA 3a/HAS W HUKHAA Tepenndas rpanun. B Bepmmrax,
HeHTPaJbHO CHUMMETPUYHBIX YiKe 0003HaYeHHbIM, CTaBATCA KOMIOHEHTHI ¢ CUMMETPIY-
HBIMI HOMEDaMH, T. €., HallpuUMep, HAPOTUB BepXHEN BePIINHbL [P 5 — HUKHAA Ry

Rigwi

Rikig

Ry

Riggi

CyMMa KOMITOHEHT, CTOSAIIIX B BEPIINHAX KaX 10N 0003HaYeHHON TPail, paBHa HYIIO,
KaK clefyeT U3 yiKe NOKa3aHHbIX MyHKTOB. [lis rpaHu ¢ 5TO cpa3y crenyeT U3 TOXKIeCTBa
Axobu. PpoBepum »T0, HapuMep, 1iag rpaHn ¢:

Rigei + Riqii + Bgiei = — Ryt — Bgrii — Ry = 0
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OIATH 1o TOXAecTBY Ako6m. Temepnh croxkmM ToXKZecTBa I8 ABYX BEPXHHUX I'paHen ¢ 1
¢ T BLIYTEM A HIKHUX k 1 [:

0 = (Rigrt + Riktg + Rirgr) + (Rigrt + Riqii + Ryki)—
—(Rpqti + Riktg + Rikgi) — (Ritgk + Rikgi + Ryiki) = 2Rigrt — 2 Ry O

[lo xonta Toro maparpada Mbl 6y1eM 3aHUMATHLCA PUMAHOBBIMU CBA3HOCTAMU.
Onpepaenenne 9.10. Cseprra R = Réﬂ TeH3opa Pumana HasbiBaeTCs meH30pOM
Puwyu mammon pumamnoBon cBszmocTn. (CBepTKa TOCTe MONHATHA WHIEKCA y TEH30pa
Puaan R = ¢" R; masbiBaeTca craaapnoti Kpueusnoii.
3agauda 9.11. Jloxazarh, 9T0 Tensop Puvuanm cummerpuded.
3agada 9.12. JloxkazaTh clenyioliee yTBEPK IeHIe

Teopema 9.13. Jas pumano6oti c643H0CMU BBINOANEHO MONCIECTEO

1 0%g; 0? 0%q; 0?
Rigri = gin Ry = = gi ok 29k 2 I + gmp (T T =TT R
¢ 2 \ 0x90z% = Ozidx!  Oxi0z! OxidxF ¢ ¢
MokazaTennbcTBo. O60o3madnM npu PUKCHPOBAHHLIX ¢ 1 [ depes CI)fﬂ BEKTOPHOE II0JE,
coBlajlalolliee B cucTeMe Koopaunat (z', ..., 2") ¢ 7. B oToil cmereme KoopamHAT
orr orr
7 . ql gk Por P r _
giTqul = Yir [al’k - Ozl + ?ql?pk - ?qk?pl] -
a? 21 2P or r T
= gir 2 Alt (i) ok T et k| = 2Alt gy |gir Vi@ + (Vigir) O | =

0

= QAH(]C’[) {vk(girq)gl)} :

Pockoabky
' l rs agsq agsl . agql - l 892(1 n ag” _ agql
Jir 59 dxt  Jxt Oxs) 2 \ 9zl Qa1 Oxt )’
a npu duxcuposanubix ¢ u [ noxe g;, @y, — Tuna (0,1), To

dzk \ Ozt Ozt Oxt oz! dz?  Oa™
3292' 9292'1 929 l r om
= Al [(axka;l + Oxkdze 8:1;’“5:1# B QQmT?lq k| =

1 9%gig g B gy 1 P giy P gir _ gy _
2 \9xkdzt T OxkOxt  OxkOx 2 \gzlox®  Oxloxt  Oxldzt

T m T
~Gmr Ty Tk G g T

d (0¢i, Ogy 0 g, OGmi 0 m
" Zkl:Alt(k,l)[ (9q+ git gqg)_( Gng | Ot _ ng)?ik]:

9TO0 HaeT Tp66y6MBIfI pe3yiabTaT IIocJe y4deTa CUMMETPUIHOCTH CBA3HOCTH N METPUKU.
O
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CaenctBue 9.14. Fcau men3op kpueusuvt ne 06pawaemcs 6 no.ab 6 HEKOMOPOU cu-
cmeme Koopdunam, mo Ha MHO200OPA3UL HEAb3S 66CCINU AOKAALHO MEMPUUCCKU €6RAU-
dosbl KoopIuNAMbL (MAMPUYA MEMPUUECKO20 MENZOPA NOCTNOAKNG) UAY AOKAABHO €6~
KAUdo6bL 6 cubicae cea3nocmu (cumsoavt Kpucmoddens pasuvt ny.iio).

3agada 9.15. Yemy paBeH TeH30p KPUBHU3HBI OJHOMEPHOTO MHOT00Opasma !

Teopema 9.16. Pa deymepnoii eunepnoseprrocmu M craiapnas kpususna pasua 4ydeo-
ennotl 2ayccosoti: R =2 K.

Moka3zaTeabcTBO. P OCKOIbKY paBeHCTBO MPOBEPAETCA MOTOYETHO, TO MOKEM CINTATh,
YTO B OKpPECTHOCTH Hccaenyemon Toukn P € M mHOrooGpasme 3amaHo B Buje rpaduka
2 = f(a',2%) B nexaproBeix Koopaunarax, x°(P) = 0, kacarerbnas maockocts TpM =

Oz'z?,
af af

n=0050 " Bar)

), FQZ(O,l
of \* of \* of of
911:14'(@) ) 922:14-(@) ) 91229212%-@

— KOMIIOHEHTBI pI/IMELHOBOﬁ METPUKN B TOYKE P. N3 BH O KacaTeIbHOU IIOCKOCTH IIO-

8 8
Jy9aeM, 9TO B TO4YKe P BBITOIHEHO % = % = (. 3HaunuT, TOCKOILKY

6(6f 6f) *f  Of 9f O

ox*

ozt Oz Oxkoxt Oz + dxt  Oxkozi B roRKe b

TO 887(92']‘”13 = 0. Pooromy n 7;k(P) = 0. Po dopmyne u3 Teopemsbr 9.13 (ennmucrBennasn

8
CyIIecTBEHHAA ) KOMITOHEHTa (711 KPATKOCTH MHIIEM 5 l{i = fi)

1 ( 82912 n 82921 82911 82922 ) _

Rig12 = 2\ 92t | 921922 922022 Ozldzl

1
=5 {20112 = (J2)*)11 — (J1)P)22} = (Jinfe + frfaz)e — (fafor s — (fifiz)e =
= fuafo + firfoo + fiafio + fifize — fiafie — fofiie — fiofie — fifize =

_ _ S S|
= furfa2 — fri2f12 = fia fon = K,

[OCKOALKY KOD(PPHUIMEHTHl BTOPOI KBaApaTUIHON (POPMbI
bij(P) = <Fijvﬁ> = <(0707fij)7 (0707 1))> = fijv

a MaTpHUlla TEPBON — €UHUYHAs, TaK 9TO MPOU3BEeHIe TIAaBHBIX KPUBU3H COBIAIAET
¢ ompefeluTeleM MaTPHUIBL BTOPOU (POPMBL. 3aMeTHUM, 9TO PAaBEHCTBO [1p1; = K MBI
YCTAHOBUIU B CIENUATLHON CHCTEME KOOPAUHAT, CleBa — KOMIIOHEHTA TEH30pa, CIIpaBa

— ckaasnp. [lamee,
R = klR _ klRi R 7 ir’R )
=9 k=49 ;=9 g Lk
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Paccvorpnm cummerpun £7;; 4

Ri212 = —Rai12 = —Ri221 = Ro1 01,

R, = Ragii = Rkmir = Bgm22 = 0.

PooTomy
R = 922911312,12 + 912912321,12 + 921921312,21 + 911922321,21 =

= Ria12 (929" — 99" = g"' 9 + 9" 97") = 2 Riga - det|[g7] = 2det ol

Pro Tenzoproe paBemcTBo. B mamienn crennarbion cucreme xkoopamaar ¢ (FP) = 6; n

R(P)=2-K(P). O

CaegctBue 9.17. ['ayccosa kpusudna 2a6ucum moabko om nepeot HGopmvl noseprio-
cmu u, cAedoBaAMmeabro, He MEHACMCA NPU UZOMEMPUAL.

Jlemma 9.18. Pycmo (2',... . 2") — xoopdunamet 6 oxpecmuocmu mouxu P € M, 2de
(M,V) — mno2006pasue ¢ CUMMEMPUUECKOT C6AZHOCNBIO, HE 00AZAMEABHO PUMAHOE 0T,
' (P) =0, Vi. Pyems &€ TpM — npoussoavuviii 6exmop, a & = £.(1,7) — peayao-
Mam €20 NEPEHECEHUA NO KOHMYPY

2

#
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Tozda . .
. 55 - 5 k {
11_1;% 2 Ry ;€

NokazaTeabcTBo. Buimuiem mpupartiene BIOIbL HEKOTOPOU KPUBOU OT Sg 71O S:

dfk
ds

1 C TOYHOCTBIO MO BTOPOT'O MOPALKa

0=— 5’ der = =18 da™,

§5(s) m € (s0) = 2 i (s0)€ (s0)Aa™, 21 (s) m P (s0) + - (s0) A

Takum obpazom,

der ~ [— (? E (so0) + a;jf(so)mf) (E(s0) =7 ;r(so)fp(so)Axr)] dz™ =

= [ttt oo+ (=G e o) + s o) o)) ] o

Pepengem kx 3aMKHyTOMY KOHTYDPY, Oepsi Bce 3HAYEHNs O HeNpephIBHOCTH B P, ydarem,

9TO IIepBoe ClaraeMoe nacT HOJMb, a 3aTeM YITeM KOHerTHBIﬁ B KOHTYpPa (B IIJJIOCKOCTHI
ABYX KOOp,I[I/IHELT) 1 KOOpIMHATHOE BBbIpaXKeHUe N1 TEH30pa Pumana:

k_ ¢k a?k ok ol | ¢p da
-~ | — 5" + 10| €7 %Al‘ Ly du® | = o gpopmyae ['puna

a7k 0 dx™ 0 dx™
_ Y pm ?k ?[ P . r _ r 1 2 —
l ox’ RRECE pr] ¢ //D (aul (Aw 6u2) Ju? ( oul )) du” du

a?gm , _ Oa™ O L2
= |- bk e [ (5 5 - o ) =

a?];m 7k 71 p. -2 rom room a?ll; 7k7l D k P
= Ox" + Im * pr 5'5 (525] _5]52 ):Altl] _a + li* pj 5 5 = sz]f .

P ammomuum caemyrotiiee onpenenene.
Onpegenenne 9.19. /IBa oTobpaxenus fy, fi : M — N rmagkoro muoroobpasus M

6e3 Kpas B MHOT000paszme N Ha3bIBAIOTCA 2440KO 20MOMONHBIMU, €CIU CYIIECTBYET TaKOe
raankoe orobpaxkenne F muoroobpasus ¢ kpaem M x [0,1] B IV, 4o

F(P,0)= fo(P),  F(P,1)=fi(P), YPeM.

PrTum onpenenrenmem He oxBaThIBaeTCs IOHATHE TOMOTONUM ABYX IMyTel, TaK Kak
NyTh ABAAETCAS OTOOpaKeHneM MHOToobpas3us ¢ KpaeM — OTpe3Ka. ToObI olpeeneHue
paboTrano, MBI OyjJeM CYNTaTh, 9TO MyTh oToOpaxaeT mHe [a,b], a (a — £,b + ¢), Tax
910 (a — £,b 4 ¢) x [0,1] aBaseTcs MHOTOOOpasmeM. KoHedHO, TP 5TOM MBI JTOJKHBI
TpeboBaTh, ITOOHI

Fla.)= fola) = fia),  F(bt)= folh) = f(b),  ¥ie (o1,

41



3agada 9.20. Podemy 510 Heobxommmo !

Ecan orkazaThes or TpeboBaHuA TIaIKOCTH, TO MOTYIUM ONpeenenne (HempephiB-
HOIT) 20.M0MONUY HETTPEPBIBHBIX 0TOOpaKeHn fo 1 fi TPOM3BOILHOTO TOMOIOTHIECKOTO
npoctpancTBa M B mpocTpancTBo V.
3aga4da 9.21. Poxkaxure, 9T0 13 HeIpepbLIBHON TOMOTOIHOCTH ABYX TJIaJKIX OTOOpa-
KEHUU cIeJyeT UX TIanKas TOMOTOITHOCTD.

Teopema 9.22. Tenzop Pumana pasen nyao mozda u moavko moeda, xo2da pe3ydv-
Mamol NAPAALEADHO2O NEPEHECENUS NO JBYM 20MOTNONKBIM NYMAM CO6NAIAIOM (AU, ¥MO
MO HCE CAMOE, PEIYALINAM NEPEHECEHUS NO CMALUEAEMOMY ZAMKHYMOMY KOHMYPY CO6NA-
daem ¢ ucroduvim 6E€KMOPOM).

MokazaTenbcTBo. Ecam pesyabrar mepenecenns mo CTATMBaeMOMY 3aMKHYTOMY KOH-
TYpy COBIIaJIaeT € UCXOJHBIM BEKTOPOM, TO, B3AB B KadeCTBE HErO &-KOHTYP W3 IIPebl-
AYIIEN JeMMBbI, TIoAy9aeM 110 Hell, 9TO TeH30p Pumana pasen Hyro.

O6parHo, mycTh Yo, 71 : (—&, 14+e) — M — nBe romMoTomHbIe KpUBbIE, Yo(0) = v1(0) =
Po, v0(1) =y (1) = Py, romoronus G : (—e,1 4+ ¢) x [0,1] = M ynoBrerBopseT 2ToMy
VCIOBUIO TIpH A0060M ¢ (camTaeM s mapameTpoM Ha (—e,1+¢), a t —na [0, 1]). O6pasyem
BekTOpHOE ToJie &(s) — KacaTerbHoe Baoab ((s,t) mpu GUKCHpoBanHoM ¢ (B 9acTHOCTH,
£o(s) m &1(s) — KacaTerbHble K Yo U Y1), U BEKTOpHOE ToIe 1)5(1) — KacaTerbHoe BIOIb
G/(s,t) mpu pukcuposamroM s. Obpasyem mis 3agannoro Bexkropa v € Tp M BekTOpHOE
noxre v,(t), Tae vs(t) — pesyabrar nepenecenus v BAoAb Vi(s) = G(s,1) mpu puKcHpoBam-
HOM { B TOYKY € mapaMeTpoM S. (3aMeTuM, 9To Iph ONpeJeleHinn TepeHeceris B 001eM
cliydae MBI He TPeGOBAIN PEryIApHOCTH, a TOJNbKO TIaJlKocTh KpuBoi.) OxasbiBaeTcd,
noJre vg(1) KOBapWaHTHO TOCTOAHHO BI0Ab (7(8,1) Tpn PUKCHPOBAHHOM S.

[encrBurensmo,

Veu(s) Vi) a(t) = Vo) Ve V(1) = Viesymuova(t) = RS ol (HEF (s)ny(t).

Po onpegnenennto vy(¢) Bropoe craraemoe cieBa paBHO HyXO. B cuIy paBeHCTBa HyJIrO
Tensopa Pumana, paBHa HyIIo OpaBasd 9acTh. TpeThe claraeMoe cleBa paBHO HY.JIIO, Tak
kak, monaras G(¢,s) = (x'(t,s),...,2"(t,s)), umeem

On,(1)* 0&(s)"
k_ ons\t)” gails)”
[Gs) (D] = () oo = () S5 =
_ or? 0 [0x* ox? 0 [0x* _ 0%zk 9%k _
T OsOxi \ Ot ) Ot dzi \ 9s ) 09s0t Otds
Urak, noxe Vns(t)vs(t) KOBapHUAHTHO TOCTOSHHO BJIONL KPUBOU 7¢($) U MO MOCTPOEHUIO

pato 0 mpu s = 0 (rax Kak vo(t) = v). Cregoparersno, V, ) v,(t) = 0 npu mo6om s, B
JaCTHOCTH, TIPH 8 = 1.

0.

Taxmv o6pazom, mockoabky G(1,1) = Py, ro m1(t) =0 m

i d ; i m d
0= v771(75)U1(t) = E%(t) + 7 (t)vf(t) = E%(t)a

T. €. v1 He 3aBUCHAT OT 1. O
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10. [InddepennmpoBanne U MHTerpuUpoBaHUue AnQ-
dbepeHnmanbHbIX popm

PacemoTpuM mpon3BOIbHYIO CHMMETPUYECKYIO CBA3HOCTL V Ha MHOroo6pasuum M
(HampuMep, PUMAHOBY CBA3HOCTH HEKOTOPOW METPHUKH) W BHENTHIOK Audpepentman-
Hyio ¢opMy w pamra k, T. e. KococuMmMeTpudeckoe Tersoproe noiae tuma (0,k). Ppo-
cTpancTBo Takux opm 6yaem obosmatarh wepes A¥(M). Torga ompenenen euewnut
duppepenyuan uan 2paduenm dw popMbl w 110 popMmy.ie

(k+1)

dw =+ AltVw

nJIn B KOOp,I[I/IHaTaX
1 a
(do)jiiiry = F43 Y (1) Vo)W lir ) (in) -
t0€ESk4

rjie obozHaveno o(ji) := Jo(k), @ & BBIOMpaeTca Tak, ITOObI B KOODAMHATAX

i ...k k+1

T.e. + = (—1)’“. Kax cremyer us onpenenenus, dw — Buemmss (popma panra k + 1.

Jlemma 10.1. ['paduenm dw we za6ucum om 6b6160Pa CUMMEMPUUECKOT CEAZHOCTU.

Humenno,
ket 1

Z(_l)s-H awjl~~~js—1js+l~~~jk+l
s '

(dw)

Jledht1 —
s=1

HokazaTeabcTBo. Po onpenenrennio KoBapumaHTHON TTPOU3BOIHON

(dw)j1~~~jk+1 =
(=1 o | Owo(s o
= k! Z (_1) axg ]k+1 Zw (J1)e0(Gr=1)ao(frg1)-.. (jk)?U(jr)U(jk+1) =
T 0€Skq
. (_1)k aw (k)
= 2 U axa Jk+1> a
0€Sk41

(=1)" o
— 2 Z[ i) L oli)olin) | Colin) o liem)aolrs) o (in) =

0 YeTHBIM 0 €S 41 r=1

(B CHUITYy CUMMETPUIHOCTHU CB}I3HOCTI/I)

(—1)* 3 Mo (j1)...o (i)
e (—1)040_ 5 k —
k! e OxoUr+t1)
’il S sgn L. k+1 07 (1)..cr(iem)rliesn)rCines) _
k! = oyt st()...7(s = Dr(s+ D7r(k+1) Jxls
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k+1 aw (

Z Z )7 7(1). T (Fs—1)T(Fsg1) -7 (Grg1) _
Oxds

s=1TESE

(B cmay KOCOCHMMETPUIHOCTH W)

k+1 awjl

Z Z )7(_1)7 ceJs—1sJst 1 Jht1 _
Js
s=1TESE 8:1:
k41 L . .
1 L Z( )s-l—l 6%1...JL—1715+1~~M+1 O
k' aw]s
s=1
Sameuaune 10.2. I'paguent suddepennuaibaon (popMbl B KOOpAUHATAX MOMKHO [0~
IyYuThL “HenocpencTBeHHbiM auddepennupoBanuem’.  meHHo, ecim Mbl 3aMeTHM,

9TO OOLIMHBIN Audpdpepeniuan pyHKINI COBHaAaeT ¢ BHEITHNM, I, CIeNOBATEILHO €ro
MOKHO 0003Ha4YaTh 4epes df, He omacaich myTaHuibl (310 1-bopma, KoTopas Bcerma
(Koco)cmMMeTpudHa), TO s

w= Z Wiy i de™ AN datt
oTIpeeTnM

dw = E : d(wiy..i,) A dz'" A .. A da™ = g g Hewis o) Ttk e A da™ A LA datE.
. . Jzio
211 <...<1% 21< <2k ZO

Torma »To onpenerenne coBnagaeT ¢ NaAHHBIM BBIIIE.
3agaua 10.3. PpoBepurnh.
3agada 10.4. JlokazaTh CIeyIOIYIO TEOPEMY:

Teopema 10.5. Pycmb w() u wy — dufdepenyuarvuvie opmuvt cmeneneti p u q coom-
sememeenno. Toeda

d(w(l) A CU(Q)) = dw(l) A wW(2) + (—1)pw(1) A dCU(Q).

[MokasareabcTBo. [locTaToqHo TPOBEPUTH B OAHOW 13 KapT Ais GpopM Bua (B CHIY
JTUHETHOCTH TTPOBEPAEMOTO PaBEHCTBA)

= fdz"" AL Ada', w(z):gdle/\.../\dqu.
Toraa mo mpeabIayIIeMy 3aMedaHmro
d(way ANwey) =d(fg dz A ANde' Adat AL LA deie) =

P . . , , P . . , ,
of de Ndx A AP ANda A Nt f a—gk deAdx AL Adx'P A A At =
X

- axkg
(8f dz* A da't A /\dxip) A (gde? AL A dade) +
ozk
+(=1)F (fd:liil /\.../\d:z;ip) A ag da® Ada AL A da' ) =
Ak
= dw(l) A w2y + (—1)pw(1) A du}(z). O

3agada 10.6. J[loxkazaTh CIenyoOIyO TEOPEMY:
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Teopema 10.7. Jus w060t gopmvt w umeen d(dw) = 0.

MokazaTeabcTBo. CHOBa TOCTATOYHO MPOBEPUTDH it POPMBI Buga w = fdz' A ... A
dz'?. Pomee Toro, ecim Teopema NoKazaHa [T W(1) I W(z), TO OHa BepHa M JIi UX
BHEIIHEr o npousBegenus. /leicTBuTenbHO,

dd(w(l) A CU(Q)) = d(dw(l) A wW(2) + (—1)pw(1) A du)(z)) =
= ddw(l) A wW(2) + (—1)p+1dw(1) A du)(z) + (—1)pdw(1) A du)(z) + (—1)p+pw(1) A ddw(z) = 0.
Takum 06pa3oM, ocTanoch mpoBepuTh ausa f u mus dz'. Umeem

9 o
d(df) = d(a—jk da*) = W

2 2
d:z;i/\d:zjk:Z( s o’f )d:z;i/\dxk:().

=\ Ozt Ok 92k i
Yro kacaeTcs d:z;i, TO MPUMEHNM IIPOBEJICHHYIO BLIKIAIKY K [ = T
dd(dz") = d(ddz') = d(0) =0. O

Onpegenenne 10.8. Buemmsna nuddepennmanbuas GpopMa Ha3bIBAETCS 3AMKHYMOTU,
ecin dw =0, 1. e. w € Kerd, m mounot, ecin w = dw; nst mekoTopon GopMel wy, T. €.
w € Imd.

Po npenpiayient semmve (odeBn imo, aunenoe) orobpaxkenne d ob6ragaeT CBONCTBOM
Imd C Kerd. Taxmm obpazom, mis Kaxgoro k ompemnereno (pakKTOPIPOCTPAHCTBO k-
MEepHBIX 3aMKHY THIX POPM IO k-MEPHBIM TOYHLIM popMamM. PTo quHenHoe mpocTpancTBO
H*(M) wasusaetca epynnoti k-mepuviz xoeomonozuti de Pama mmoroobpaszus M.

PenocpencrBenno us onpenenenus morydaeM CIeqyioliee YTBEPK feHue.

Teopema 10.9. Pycmos Q € A¥(M). Pacemompun ypasuenue
dw = . (11)

1) Vpasuenue (11) umeem pewewue moeda u moavko moeda, xoeda ) zamrnyma u
waace wozomoaoeut [ =0 € H*(M).

2) Jhobvie dea pewenus wy u wy ypaswenus (11) omavuaomes wa samknymyio Gopuy:
d(wi—wz) = 0. Muoocecmeo 6cexr pewenut 46 AAEMEL KAACCOM CMENCHOCTU 4106020
PEWEHUS W NO NPOCMPANCNEY ZamKnymblr k-dopu.

3) Ppocmpanecmeo 6cex 3amknymuie Gopm u30mMophno npamot cymme npocmpancmea
mounoiz dopm cmenenu k w H*(M). (Pmom nynxm we omuocumecs x ypasuenuio

(11).) O

Po amamorum ¢ obpaTubiM obpazoMm O6manHenHON (POPMBI MOKHO OMpENETnTh 06paT-
bl 06pas auddepeHnnaibron GOpMbL.
Onpegenenne 10.10. Pycts f: M — N — rnagkoe orobpakenne TIalKIX MHO-
roo6pasmit, w € A¥(N) — nuddepennmarsmas dpopma. Obpamuvin obpazom [*w >Toit
GOpMBI Ha3BIBAE€TCA MOJUINHENHOE 0TOOpaK)enne BEKTOPHBIX Toten Ha M:

[rw(@n, .. ) == w(dp f(W1),. ... dpf(0k), U € TpM.

3agada 10.11. Pposeputsh, uro noayauin gudpdepeHnnaibayio popmy.
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Jlemma 10.12. Pycms (2!,... 2™) — wowaivnas cucmena xoopdunam 6 okpecmuocmu

PeM,al(y'...,y") — 6 okpecmunocmu f(P) € N, max umo aoxasono f : M — N
zadaemes cucmemot Gymryut

y' =it 2™, Lyt = (e,
a gopma w —

w= > Wivoi (Yt Myt A LA dy'

Toeda obpamuviii 06pas aokaibrno npedemasasemes Gopmy.iot

fFw = > wia@(@,. . ,a™),. .y, 27)x

11 <. <0
)odfir(zt, .o am™YA ARt ™). (12)

,Z[OKa.?.aTe.JIbCTBO.

F() (T, 0,) = wldp f(T1), ..., dp (k) = w(dp f(T1),....dpf(T)) =

= ( Yoo wna oy Ayt A A dyik) (dpf(V1),....dpf(Uy)) =

= 3wyt Lyt Al M{dyil(dpf(ﬁl))...dyik(dpf(ﬁk))}:

o [ofn , O fix ,
_ o 1 n [31,-e478] =\ 71 — o
= <Z:<' Wiy, oyt Al * {ale (U) ... D (vl)]k} =
11 <...<1k
= 3wyt oy Al @) () ) =

= ( Z wilmik(yl,...,yn)dfil AAdek) (7717---777k)- O

Teopema 10.13. Oépamueiii 06paz obaadaem caedyowumu c60Ucme6amu.
1) das f: M — N wg: N— K svinoansemesn (gf) = f*g*;
2) frdn = du f7;
3) f*(Kerdy) C Kerdy, f* noposcdaem omobpascenue xo2omoro2ui

[ HYN(N) — HM(M).
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HokazaTenbcTBo. PepBoe cooTnomenne crenyer u3 npenbiayiien seMmbl. [Jokaxem
BTOpoe. Uz mpenvigymen aemmnr, Teopem 10.7 m 10.5 u samevanus 10.2 moxyvaem

[ (dw) = f~ ( ( Z Wiy iy ( ,...,y”)dy“/\.../\dyik)):

11 <. <2,

( Z Z@wu Ak .,y”)dys/\dy“ /\.../\dyik) —

11 <. <1 s=1

= ¥ Zaw“ Pt ™) ) A AL A =

11 <. .. <1 s=1

= > dwi o (F @ 2™, M T AN A LA =

= d( Z wil...ik(fl(l’l,...,xm),...,fn(xl,...,xm))dfil /\.../\dfik) — df*(w).

Tanee, ecin dw = 0, 10 df*w = f*dw = 0, a ecan w() — w(a) = dw, To
fwy) = Fwg) = e —we) = fdo = dffw. 0

3agada 10.14. BrBecTn oTciofa, 9TO TPYIIE KOTOMOJIOTHH AuddHeoMopdHEIX MHO-
roo6pasnii COBMAMATOT.
Onpenenenne 10.15. Dopma () cremenu k& ma M x [ wne zasucum om dt, ecan ee

3HaYCHUE Ha JIOOON CUCTEME BEKTOPOB B4 (Q

52U, ..., Ug—1) pasuo 0.

Jlemma 10.16. Jloka.ibio 23mo pasrocuibio momy, 4mo 6 PazioHcenul no cmandapm-
nomy 6azucy uz emewnur npouzsedenut dx'™ A ... A dx'* omcymemeyom caazaemoie,
codepocaujue enewnue commoxcumenn di.

MokazaTeabcTBo. Po onpenenenuio neuctBus GopMbI Ha BEKTOP. 0

Jlemma 10.17. Jlwbas dudpdepenyuarvnas gopma Q wa M x I odwosnauno npedema-
sagemea 6 sude ) = Q) + Qo) A dt, ede Q) u Q3 ne zasucam om dt.

[MokazaTenbcTBo. PycTh nemma nokasama Aaa (pOpM ¢ HOCHTENEM B OJHOM KapTe.
Toraa paccmorpum pasbuenme equantsbl {p, } na M m cooTBeTCTBYyIOMEe “IIINHIPHTe-
cxoe” pasbuenne enuuuinl @’ (x,1) = @,(x) na M x [. Torga

Q ZS‘QQQ Z loz —I_QQoz /\dt (ZQIQ) —|— (ZQ(270‘)) /\dt

— nckoMoe paziaoxenue. [las popm ke ¢ HocuTeaeM B OHON KapTe J0CTaTOIHO 3alncaTh
B JIOKAJBHBEIX KOOpAUHATAX W CIPYHIUPOBATH COOTBETCTBYIOIINE LICHDI.

O 1HOBHAYHOCTH TaKKe JOCTAaTOYHO MPOBEPUTHL B 0AHON KapTe. /leficTBUTENBHO, ecan
w=QU+UANdt =0+ Qo Adt w e, Q) = Vo1, V0 = 1,0y s mrobon GynkIIT ¥, 13
pazbuenns eIMHUIBI, TO, cyMMupys, norydaem ) = Oy u Q) = Q,. Jlokaanno xe 4 n
Qy B cuary gemmbl 10.16 MoXkHO ompesenTh TOABLKO OHO3ZHATHO — OTAETUTEL claracMble
B pasoXkeHNN 1Mo 6a3ncy cojepikalline U He conepikarme di. O
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JlemMma 10.18. Pycmo omoobpascenus fo u fi mnozoobpazus M 6 N 2omomonnwi. Toeda
cywecmeyem aunetinoe omobpancenue D 1 A*(N) — A M), ydosaemeopsiowee das
410601 W COOMHUOWEHUIO

(fo = [)(w) = (du D + Ddy)(w). (13)
HokazaTeabcTBo. Pycth rmankoe orobpaxenune F' ocyiecTsiser roMmoTonuio fo u fi:
F:MxI— N, F(P,0)= fo(P), F(P,1)=fi(P) VYPeM.

[ns mpomsBoabHon w Ha N pasaoxum [*(w) = Oy + Qs A dt 1o TpeabiayInel aeMMe.
P onoxum

D(w) = /Qz(t)dt. (14)

0

B cuny ogmosnadnocTu pasaoxenus B mpenbiayien semme [) KoppekTHo onpenernen. Po-
* ok Ik * ok %
CKOMBKY fo = @ol™, i = ¢1F™, rae

wo: M — M x 1, ¢oP)=(P0), e1: M — M x1I, ¢ (P)=(P1),
folw) =2(0),  fi(w) =) (15)

(B F*Q moncraBisiem dt = 0m ¢t =0 wm t = 1). [lanee,

F*de == dejF*w == deI(Ql + QQ A dt) == dMﬂl + %Ql(t) A dt + dMQQ A dt

Ddy(w) :/ (i%ﬂl(t)—l-dMﬂz(t)) dt = £(2(1) — Q(0)) —|—dM/Qz(t) dt.  (16)

B To xe Bpems
1

dyD(w) = dM/Qz(t)dt. (17)

0

Nz (15), (16) w (17) moxywaem (13). O

Teopema 10.19. Pycmo omobpanxcenus fo u fi muwoeoobpazus M 6 N eomomonnst. To-
eda 5 = [T 6 Koeomonoeusx.

MokazaTenabcTBo. Pycth 3amxmyTas ¢popma w na N mpencraBiseT KIacC KOTOMOIOT I
[w]. Takum o6pazom, dyw = 0. [las orobpaxkenus D us npenbiayiien JeMMbl

(fg = J)(w) = (du D = Ddy)(w) = du(Dw)

n naeT 0 B KOTOMOJOTHSX. a
3agada 10.20. BorancinTs koromogornu ge Pama Muoroobpasmnia
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1) Uurepana (a,b).
2) Oxpyxuoctu S*.
3

EBkannoBa mpoctpamcTa R”.

5

2 v v v
PJIOCKOCTI/I R C OIHOHN BBIKOJOTOHN TOYKOM.

)
)
)
4) Cdpepnr S2.
)
)

6

2
Prockoct R” ¢ ABYMSA BBIKOJOTBIMI TOYKaMIU.

3agaua 10.21. [lokasath aemmy Pyanrxape: mobas 3amMKHyTas popMa Ha JHOOOM MHO-
roo6pasnu SBISETCSA JOKATLHO TOTHOM.

Onpenenenne 10.22. Pycth na naajgkom opueHTHpoBaHHOM MHOToobpasum M,
dim M = n, sanana Qpopma w MakcnMarbHOU crernenn (T. e. degw = n) ¢ KOMIaKT-
HbIM HocuTeneM B ognon kapre (U, ¢,) ¢ xoopammatamm (zl, ... 2"). 3gech u nanee,

ecir He OTOBOPEHO MPOTUBHOE, TIO/] KapTOW BCErJa MoApa3yMeBaeT s KapTa U3 OpUeH-
Tupytoiiero atiaaca. Oupenernm unmeepas ot w o U dopmynon

/w = / wiy pdxl o da” (18)
v LPt)t(U)C].:{n

Jlemma 10.23. Humeepaa onpedeaen koppexmuo, m. e. npasas wacms (18) we 2as6ucum
om 6wbi6opa aokaibnbir koopdunam 6 npedeaaxr U.

MokasareabcTBo. Pyctn (U, ps) — apyras kapra Ha U ¢ TOKaIbHBIME KOOP IMHATAMM
1 n

(zg,...,2p). Torma mo mpaBmIy 3aMeHBI KOOPJAMHAT B KpaTHOM WHTerpaje u xemue 6.30

B CITY TIOJOKUTENLHOU OPUEHTUPOBAHHOCTH 0Genx KapT

dz
/ B d:z;é REHES / Wiy - ldet ol ) det ... dx? =
Lo
vs(U)cR ea(U)cR"
axlﬁ 1 n a 1 n
= / Wl - det —r | dx, ... day = / wiy dx,, ...dx]. O
To n
ea()cR” ea(U)cR
Onpegenenne 10.24. Pycrs M — raajkoe opueHTHpOBaHHOE MHOroobOpasue,
dimM = n, popma w MakcuMaibHON cTenenn (T. e. degw = n) ¢ KOMIAKTHBIM HO-

cuTeNeM. ,HJI}I qokanbio Koredrnoro atraca {(Us,¢,)} 1 momqauHennoro eMy pasouenus
eJTMHUTIEL 1, OTIPEIETUM UK ESD .1

/w—](Mw {(Uay¥a,a) )::Za:/;/)aw.

M

3agada 10.25. /lokazaTh cleqyonyo JeMMy:

JemMma 10.26. Humeepaa onpedenen woppekmmuo, m. €. He 3ABUCUM OM 6bLOOPA

{(Uas partha) }-
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,Z[OKa.?,aTe.]IbCTBO. Ecmn Y HacC €CThb [IBa pa3HBIX aTjJacCa, TO BO3bMEM UX O6”J:6,I[I/IH€HI/I€7
a pa36I/I€HI/I€ CAVMHNTLI TOITOJHUM HYJEBLIMUI qDyHKHI/I}IMI/I. ,ﬂJIH KaXK 10T'0 U3 HUX MHTETrpaJa
He m3MeHnuTcsa. Takum O6pEL3OM7 Ha 4O JOKa3aThb

H(M, w0, {(Uss @ ¥0a)}) = 1M, w0, {(Us, 90, 90}

PesaBucnmocTsh (KaKJoro craraeMoro) oT BIGOpa KOOPAWHAT, T. €. @,, YKe JoKa3aHa
B mpenniayiien semme. Utax, ocTamoch moKasaTh, ITO

H(M; w0, {(Usy pas Pa) }) = LM, 0, {(Us, pas 900) 1)

Pomoxnm v, 1=, — ¢/, a=1,..., N, Tak 910

Torga mokasaTelbCcTBO CBOAUTCA K MPOBepKe (POPMYIbI

> [qw. k=N (20)

alU

KOTOpYIO MbI OyfeM TpoBoAuThL mHAyKiuen no k. T. e. mpeamonoxwmm, arto ana k =
l,...,N — 1 u mpousBoibubiXx ¥, : 0 — Ry ¢ suppy, C U, ¢opmyrna (19) Breder
(20) (mast & = 1 oro TpuBmaabmo). Pycrh rumagxas gpymkumsa y : M — [0,1] pasna
1 na suppyny C Uy c suppx C Uy. Takas dpynkums mmeercs B cmily HOPMalbHOCTH
Tonoaornvyeckoro npocrpanctea M. Taxnm obpazom,

XINEIN,  NE T D Ta=— 2 XVar  supp (x7a) C (Un NUL).

PooTomy

N-1

Z/’Vaw— Z/X’yanrZ/vaw—

oz:an a= lU

N
Z /7&w = /7./\/@‘|‘
oz:an U

:g/ e 21

a

Pockoabky
N-1 N-1 N-1 N-1 N-1
D (e —XV) =D Ya— XD Vo= D7 +X7N—Zva+w—27a—0
= a=1 a=1 a=1 a=1 a=1
TO MBI MOXKeM MPUMEHNTD K (21) TpenonoKene wH Iy KINH. O

OueBunno cremyiolee yTBEPK feHne
IIpepnoxenune 10.27. Humeepaa sasasemcs aunetinvin omobpaxcenuem nad R

A% (M,Or) = R

comp
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Onpenenenne 10.28. Temnepnh MBI MOKEM ONPENEIUTD 00 €M KOMNAKMHO20 PUMAHOEA
MH02000pa3us KaK abCOMOTHYIO BEIUIUHY WHTErpaia OT (POPMbI 06heMa.

3agaua 10.29. PoxkasaTh, 9TO IpHu cMeHe OpUeHTallMi NHTEerpal MeHseT 3HaK.
3agada 10.30. Pokasarh, 9TO, TpM HEKOTOPHIX €CTECTBEHHBLIX OTpPAHNYEHUAX Ha
KapThl, MOXKHO BBIYUCIATL WHTETpal OT (POPMBI CACTYIONINM o6pa3oM: pas3dbWTh MHO-
roobpasme Ha KyCKW, KaX OBl W3 KOTOPBLIX JEXHUT B ONHOW KapTe, TPONHTErPUPOBATD
orpaHnIeHns (POPMBI B JOKAILHBIX KOOPINHATAX, & PE3yTbTaThl CIOKNTH.

Teopema 10.31. (O6masn popmyra Crokca). Paccmompum eaadrkoe (womnarmuoe)
opuenmuposannoe mnozooopazue M ¢ kpaem OM, dim M = n, u enewniow dupdepenyu-
avuyio gopmy w (¢ Komnaxmuvimn wocumenem na M, ecau muozoobpasue nexomnarmmio),
degw =n — 1. Hueem mecmo caedyrowas obuas gopmyaa Cmokca

e fye L) @

ede p: OM — M — saoacenue kpas.

[MokasaTrenbcTBo. B cuny auneinnocTn obenx gacrein popMybl (22) 1mo w, T0CTaTO9HO
ee TIPOBEPUTH I (POPMBI W ¢ HOCHTETEM B OAHON KapTe (MOCKOIBKY w = Y., oW, Tje
{tpo } — pasbuenne euHNUIBI, TOAINHEHHOE HEKOTOPOMY (TOKATHLHO) KOHETHOMY ATIACY )
U UMEIOIIel BI

0
w=fla", ... ")y de" A Adz"TE AN L A da", dw = (—l)k_la—fkdxl/\. S Adx”,
x
rae f: R} — R — rragkas Qysxunus ¢ KoMmaxTHbIM HocuTendeMm. (CunTaem kapTy
¢ obpazom RZ_) Pamomuum, aro 2 > 0 u OM xapaktepusyercsa ycioBuem x” = 0.

CooTBeTcTBEHHO, paccMOoTpuM chHadata caydan k < n — 1, T.e. k # n. Jlokarbmo
BJIOJKEHIE Kpas WMeeT BH/I

9938M—>M7 @(xlv---vxn_l):(xlv"'vxn_lvo)v

n dx"™ = 0, Tak 910 ¢*w = 0 (cp. (12)). [dus xeBont wacTu (22) nmeem

/dw: /(—1)’“_1%0&1;1...0[:1;”:
R}

R;
+oo
_ af _ "
— (1)t / et b dat e e e
R

= (=1)* /{f(:z;l,...,xk_l,—l—oo,xk"'l,...,:1;”)—
R,
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= (—1)k_1 / {O — 0} dxt ... da* 'dx"tda" = 0
R,

(3aKOHHOCTH TIepeXoia W PABEHCTBO HYJIIO B CHIY KOMIAKTHOCTH HOCHTEN).
Pacemorpum Temeps cayvan k = n. Temnepn

/dw: /(—1)”_1%0&1;1...0[:1;”:
R. R’

+oo

of

= (—1)”_1 { nd:z;”} dzt ... dz" ' =
Rg/_l , ox

= (—1)"! / {f(:z;l,...,x”_l,—l—oo)—f(:z;l,...,x”_l,())}dxl...d:z;”_l:
R,

=(=1)" / fle 2" 0)det L de" T = (—1)" / ©w
R, R,

(3aKOHHOCTH TIEepexo/ia N PABEHCTBO HYJIO ONHOIO Mpefena B CHIY KOMIAKTHOCTH HOCH-
Tens). O
3agaua 10.32. Buectn u3 obien dpopmyant CTokca popMyInt

1) I'puna;
2) Crokca;

3) Ocrporpanckoro — laycca.
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