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�®¯®«­¥­¨¥
�¥ª®â®àë¥ ­¥«¨­¥©­ë¥ á¨áâ¥¬ë ãà ¢­¥­¨©
D1. �¥«¨­¥©­ë¥ á¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª 
D1.1. �¨áâ¥¬ë ¢¨¤  ∂u

∂x
= F (u, w), ∂w

∂t
= G(u, w)

�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �®¤®¡­ë¥ á¨áâ¥¬ë ãà ¢­¥­¨© ¢áâà¥ç îâáï ¢ â¥®à¨¨ å¨¬¨ç¥-
áª¨å à¥ ªâ®à®¢, ¢ â¥®à¨¨ ä¨«ìâà æ¨¨ ¨ åà®¬ â®£à ä¨¨.

�¨áâ¥¬ë ¤ ­­®£® ¢¨¤  ¨­¢ à¨ ­âë ®â­®á¨â¥«ì­® á¤¢¨£®¢ ¯® ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬ ¨
¤®¯ãáª îâ à¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë u = u(kx−λt), w = w(kx−λt). �â¨ à¥è¥­¨ï,   â ª¦¥
¢ëà®¦¤¥­­ë¥ à¥è¥­¨ï, ª®£¤  ®¤­  ¨§ ¨áª®¬ëå äã­ªæ¨© à ¢­  ­ã«î (¨«¨ ª®­áâ ­â¥), ¤ «¥¥ ­¥
à áá¬ âà¨¢ îâáï.

�¨¦¥ f(ϕ), g(ϕ), h(ϕ), r(ϕ) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ á®®â¢¥âáâ¢ãîé¥£®  à£ã¬¥­â 
ϕ = ϕ(u, w); ãà ¢­¥­¨ï ã¯®àï¤®ç¥­ë ¯® ¬¥à¥ ãá«®¦­¥­¨ï íâ®£®  à£ã¬¥­â .

1. ∂u

∂x
= auw,

∂w

∂t
= buw.

�¡é¥¥ à¥è¥­¨¥:
u = − ψ′t(t)

aϕ(x) + bψ(t)
, w = − ϕ′x(x)

aϕ(x) + bψ(t)
,

£¤¥ ϕ(x), ψ(t) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨.gr �¨â¥à âãà : �. �. �¥à¬ ­ (1981).

2. ∂u

∂x
= au

√
w,

∂w

∂t
= bu

√
w.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï D1.1.5 ¯à¨ k = 1, n = 1/2.

3. ∂u

∂x
= a

√
uw,

∂w

∂t
= b

√
uw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï D1.1.6 ¯à¨ k = n = 1/2.gr �¨â¥à âãà : �. �. �¥à¬ ­ (1981).

4. ∂u

∂x
= auwn,

∂w

∂t
= bukw.

�¡é¥¥ à¥è¥­¨¥:

u =
(

−ψ′t(t)
bnψ(t)− akϕ(x)

)1/k

, w =
(

ϕ′x(x)
bnψ(t)− akϕ(x)

)1/n

,

£¤¥ ϕ(x), ψ(t) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨.gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).

5. ∂u

∂x
= auwn,

∂w

∂t
= bukw1−n.

�¡é¥¥ à¥è¥­¨¥:

w =
{

ϕ(x) + E(x)
[
ψ(t)− 1

2
ak

∫
E(x) dx

]−1}1/n

,

u =
(

1
b

wn−1 ∂w

∂t

)1/k

, E(x) = exp
[
ak

∫
ϕ(x) dx

]
,

c© �. �. �®«ï­¨­, �. �. � ©æ¥¢, 2010
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£¤¥ ϕ(x), ψ(t) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨.gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006), à áá¬ âà¨¢ «áï á«ãç © n = 1.

6. ∂u

∂x
= au1−kwn,

∂w

∂t
= bukw1−n.

�à¥®¡à §®¢ ­¨¥ U = uk, W = wn ¯à¨¢®¤¨â ª «¨­¥©­®© á¨áâ¥¬¥ ãà ¢­¥­¨© á ¯®áâ®ï­­ë¬¨
ª®íää¨æ¨¥­â ¬¨

∂U

∂x
= akW,

∂W

∂t
= bnU.

7. ∂u

∂x
= uf(w), ∂w

∂t
= ukg(w).

1◦. �à¥®¡à §®¢ ­¨¥ § ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå

U = uk, W =
∫

dw

g(w)
(1)

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®© á¨áâ¥¬¥
∂U

∂x
= �(W )U,

∂W

∂t
= U, (2)

£¤¥ äã­ªæ¨ï �(W ) § ¤ ¥âáï ¯ à ¬¥âà¨ç¥áª¨ (w ¨£à ¥â à®«ì ¯ à ¬¥âà ):

� = kf(w), W =
∫

dw

g(w)
. (3)

� ¬¥­¨¢ U ¢ ¯¥à¢®¬ ãà ¢­¥­¨¨ á¨áâ¥¬ë (2) ­  «¥¢ãî ç áâì ¢â®à®£® ãà ¢­¥­¨ï íâ®© á¨áâ¥¬ë,
¯à¨å®¤¨¬ ª ãà ¢­¥­¨î ¢â®à®£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ W :

∂2W

∂x∂t
= �(W ) ∂W

∂t
.

�­â¥£à¨àãï ¥£® ¯® t, ¨¬¥¥¬
∂W

∂x
=

∫
�(W ) dW + θ(x), (4)

£¤¥ θ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï.
�¥à­ã¢è¨áì ¢ (4) ¯® ä®à¬ã« ¬ (1), (3) ª ¨áå®¤­®© ¯¥à¥¬¥­­®© w, ¯®«ãç¨¬

∂w

∂x
= kg(w)

∫
f(w)
g(w)

dw + θ(x)g(w). (5)

�à ¢­¥­¨¥ (5) ¬®¦­® à áá¬ âà¨¢ âì ª ª ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯¥à-
¢®£® ¯®àï¤ª  ¯® ¯¥à¥¬¥­­®© x. �®«ãç¨¢ ¥£® ®¡é¥¥ à¥è¥­¨¥, ­ ¤® § ¬¥­¨âì ¢ ­¥¬ ¯®áâ®ï­­ãî
¨­â¥£à¨à®¢ ­¨ï C ­  ¯à®¨§¢®«ì­ãî äã­ªæ¨î ¢à¥¬¥­¨ ψ(t) (¯®áª®«ìªã w § ¢¨á¨â ®â x ¨ t).
2◦. �«ï á¯¥æ¨ «ì­®£® á«ãç ï θ(x) = const ¢ (5) áãé¥áâ¢ãîâ á¯¥æ¨ «ì­®¥ à¥è¥­¨¥ ¢¨¤ 

w = w(z), u = [ψ′(t)]1/kv(z), z = x + ψ(t),
ª®â®à®¥ á®¤¥à¦¨â ¯à®¨§¢®«ì­ãî äã­ªæ¨î ψ(t) (èâà¨å ®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî). �ã­ªæ¨¨
w(z) ¨ v(z) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

v′z = f(w)v,

w′z = g(w)vk,

®¡é¥¥ à¥è¥­¨¥ ª®â®à®© ¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®¬ ¢¨¤¥∫
dw

g(w)[kF (w) + C1]
= z + C2, v = [kF (w) + C1]1/k, F (w) =

∫
f(w)
g(w)

dw.

gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).

8. ∂u

∂x
= f(au + bw), ∂w

∂t
= g(au + bw).

�¥è¥­¨¥:
u = b(k1x− λ1t) + y(ξ), w = −a(k1x− λ1t) + z(ξ), ξ = k2x− λ2t,

£¤¥ k1, k2, λ1, λ2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y(ξ) ¨ z(ξ) ®¯¨áë¢ îâáï  ¢â®­®¬­®©
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

k2y
′
ξ + bk1 = f(ay + bz),

−λ2z
′
ξ + aλ1 = g(ay + bz).gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).
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9. ∂u

∂x
= f(a1u + b1w), ∂w

∂t
= g(a2u + b2w).

�ãáâì � = a1b2 − a2b1 6= 0.
�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = 1
�

[b2ϕ(x)− b1ψ(t)], w = 1
�

[a1ψ(t)− a2ϕ(x)],
£¤¥ äã­ªæ¨¨ ϕ(x) ¨ ψ(t) ®¯¨áë¢ îâáï  ¢â®­®¬­ë¬¨ ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨
ãà ¢­¥­¨ï¬¨

b2
�

ϕ′x = f(ϕ), a1
�

ψ′t = g(ψ).
�­â¥£à¨àãï, ¯®«ãç¨¬

b2
�

∫
dϕ

f(ϕ)
= x + C1,

a1
�

∫
dψ

g(ψ)
= t + C2.

gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).

10. ∂u

∂x
= f(au − bw), ∂w

∂t
= ug(au − bw) + wh(au − bw) + r(au − bw).

�¤¥áì f(z), g(z), h(z), r(z) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨.
�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

u = ϕ(t) + bθ(t)x, w = ψ(t) + aθ(t)x.

�¤¥áì äã­ªæ¨¨ ϕ = ϕ(t), ψ = ψ(t), θ = θ(t) ®¯à¥¤¥«ïîâáï á¨áâ¥¬®©, á®áâ®ïé¥© ¨§ ®¤­®£®  «£¥¡-
à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï ¨ ¤¢ãå ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©:

bθ = f(aϕ− bψ),
aθ′t = bθg(aϕ− bψ) + aθh(aϕ− bψ),
ψ′t = ϕg(aϕ− bψ) + ψh(aϕ− bψ) + r(aϕ− bψ).

11. ∂u

∂x
= f(au − bw) + cw,

∂w

∂t
= ug(au − bw) + wh(au − bw) + r(au − bw).

�¤¥áì f(z), g(z), h(z), r(z) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨.
�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

u = ϕ(t) + bθ(t)eλx, w = ψ(t) + aθ(t)eλx, λ = ac

b
.

�¤¥áì äã­ªæ¨¨ ϕ = ϕ(t), ψ = ψ(t), θ = θ(t) ®¯à¥¤¥«ïîâáï á¨áâ¥¬®©, á®áâ®ïé¥© ¨§ ®¤­®£®  «£¥¡-
à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï ¨ ¤¢ãå ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©:

f(aϕ− bψ) + cψ = 0,

ψ′t = ϕg(aϕ− bψ) + ψh(aϕ− bψ) + r(aϕ− bψ),
aθ′t = bθg(aϕ− bψ) + aθh(aϕ− bψ).

12. ∂u

∂x
= eλuf(λu − σw), ∂w

∂t
= eσwg(λu − σw).

�¥è¥­¨¥:
u = y(ξ)− 1

λ
ln(C1t + C2), w = z(ξ)− 1

σ
ln(C1t + C2), ξ = x + C3

C1t + C2
,

£¤¥ äã­ªæ¨¨ y(ξ) ¨ z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
y′ξ = eλyf(λy − σz),

−C1ξz
′
ξ − C1

σ
= eσzg(λy − σz).

13. ∂u

∂x
= ukf(unwm), ∂w

∂t
= wsg(unwm).

�¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ¯à¨ s 6= 1, n 6= 0:

u = t
m

n(s−1) y(ξ), w = t
− 1

s−1 z(ξ), ξ = xt
m(k−1)
n(s−1) ,

£¤¥ äã­ªæ¨¨ y(ξ) ¨ z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
y′ξ = ykf(ynzm),

m(k − 1)ξz′ξ − nz = n(s − 1)zsg(ynzm).
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14. ∂u

∂x
= ukf(unwm), ∂w

∂t
= wg(unwm).

1◦. �¥è¥­¨¥:
u = emty(ξ), w = e−ntz(ξ), ξ = em(k−1)tx,

£¤¥ äã­ªæ¨¨ y(ξ) ¨ z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
y′ξ = ykf(ynzm),

m(k − 1)ξz′ξ − nz = zg(ynzm).
2◦. �à¨ k 6= 1 ¡®«¥¥ ã¤®¡­® ¨áª âì à¥è¥­¨¥ ¢ ¢¨¤¥

u = x
− 1

k−1 ϕ(ζ), w = x
n

m(k−1) ψ(ζ), ζ = t + a ln |x|,
£¤¥ a | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨¨ ϕ(ζ) ¨ ψ(ζ) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

aϕ′ζ + 1
1− k

ϕ = ϕkf(ϕnψm),

ψ′ζ = ψg(ϕnψm).

15. ∂u

∂x
= uf(unwm), ∂w

∂t
= wg(unwm).

�¥è¥­¨¥:
u = em(kx−λt)y(ξ), w = e−n(kx−λt)z(ξ), ξ = αx− βt,

£¤¥ k, α, β, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y(ξ) ¨ z(ξ) ®¯¨áë¢ îâáï  ¢â®­®¬­®©
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

αy′ξ + kmy = yf(ynzm),
−βz′ξ + nλz = zg(ynzm).

16. ∂u

∂x
= uf(unwm), ∂w

∂t
= wg(ukws).

�ãáâì � = sn− km 6= 0.
�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u =
[
ϕ(x)

]s/�[
ψ(t)

]−m/�
, w =

[
ϕ(x)

]−k/�[
ψ(t)

]n/�
,

£¤¥ äã­ªæ¨¨ ϕ(x) ¨ ψ(t) ®¯¨áë¢ îâáï  ¢â®­®¬­ë¬¨ ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨
ãà ¢­¥­¨ï¬¨

s
�

ϕ′x = ϕf(ϕ), n

�
ψ′t = ψg(ψ).

�­â¥£à¨àãï, ¯®«ãç¨¬
s
�

∫
dϕ

ϕf(ϕ)
= x + C1,

n

�

∫
dψ

ψg(ψ)
= t + C2.

17. ∂u

∂x
= au ln u + uf(unwm), ∂w

∂t
= wg(unwm).

�¥è¥­¨¥:
u = exp

(
Cmeax)

y(ξ), w = exp
(−Cneax)

z(ξ), ξ = kx− λt,

£¤¥ C, k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y(ξ) ¨ z(ξ) ®¯¨áë¢ îâáï  ¢â®­®¬­®©
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ky′ξ = ay ln y + yf(ynzm),
−λz′ξ = zg(ynzm).

18. ∂u

∂x
= uf(auk + bw), ∂w

∂t
= uk.

�¥è¥­¨¥:

w = ϕ(x) + C exp
[
−λt + k

∫
f(bϕ(x)) dx

]
, u =

(
∂w

∂t

)1/k

, λ = b

a
,

£¤¥ ϕ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).
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19. ∂u

∂x
= uf(aun + bw), ∂w

∂t
= ukg(aun + bw).

�¥è¥­¨¥:
u = (C1t + C2)

1
n−k θ(x), w = ϕ(x)− a

b
(C1t + C2)

n
n−k [θ(x)]n,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ θ = θ(x) ¨ ϕ = ϕ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

θ′x = θf(bϕ),

θn−k = b(k − n)
aC1n

g(bϕ).

20. ∂u

∂x
= cwnu

a + bwn
,

∂w

∂t
= (aw + bwn+1)uk.

�¡é¥¥ à¥è¥­¨¥ ¯à¨ b 6= 0:

w =
[
ψ(t)eF (x) − beF (x)

∫
e−F (x)ϕ(x) dx

]−1/n

,

u =
(

wt

aw + bwn+1

)1/k

, F (x) = ck

b
x− a

∫
ϕ(x) dx,

£¤¥ ϕ(x), ψ(t) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨.gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).

D1.2. �¨áâ¥¬ë £ §®¤¨­ ¬¨ç¥áª®£® â¨¯ , «¨­¥ à¨§ã¥¬ë¥ á ¯®¬®éìî
¯à¥®¡à §®¢ ­¨ï £®¤®£à ä 

1. ∂u

∂t
− ∂w

∂x
= 0,

∂w

∂t
− ∂σ(u)

∂x
= 0.

� áâ­ë© á«ãç © á¨áâ¥¬ë D1.2.4. � ­­ ï á¨áâ¥¬  ®¯¨áë¢ ¥â ­¥«¨­¥©­ë¥ ®¤­®¬¥à­ë¥ ¯à®¤®«ì-
­ë¥ ª®«¥¡ ­¨ï ã¯àã£®£® áâ¥à¦­ï, £¤¥ u | £à ¤¨¥­â ¤¥ä®à¬ æ¨¨, w | áª®à®áâì ¤¥ä®à¬ æ¨¨,
σ(u) | ­ ¯àï¦¥­¨¥. �á«®¢¨¥ σ′(u) > 0 ¢ëà ¦ ¥â £¨¯¥à¡®«¨ç­®áâì íâ®© á¨áâ¥¬ë, èâà¨å ®¡®-
§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® u.
1◦. �ãáâì u = u(x, t), w = w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ãà ¢­¥­¨©. �®£¤  ¯ à 
äã­ªæ¨©

u1 = u(C1x + C2, C1t + C3), w1 = w(C1x + C2, C1t + C3) + C4,

£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ ¤ ­­®© á¨áâ¥¬ë.
2◦. �à¨¢¨ «ì­ë¥ à¥è¥­¨ï:

u = C1, w = C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï, § ¢¨áïé¨¥ ®â ®â­®è¥­¨ï ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå x/t:

w −
∫ √

σ′(u) du = C1,
√

σ′(u) = − x

t
;

w +
∫ √

σ′(u) du = C2,
√

σ′(u) = x

t
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
4◦. �®ç­ë¥ à¥è¥­¨ï ¢ ­¥ï¢­®¬ ¢¨¤¥:

w −
∫ √

σ′(u) du = C1, x + t
√

σ′(u) = �1(u);

w +
∫ √

σ′(u) du = C2, x− t
√

σ′(u) = �2(u),

£¤¥ �m(u) |¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, Cm |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (m = 1, 2). �â¨ à¥è¥­¨ï
®¯¨áë¢ îâ ¯à®áâë¥ ¢®«­ë �¨¬ ­  ¨ å à ªâ¥à¨§ãîâáï äã­ªæ¨®­ «ì­®© § ¢¨á¨¬®áâìî ¨áª®¬ëå
¢¥«¨ç¨­ u = u(w). � ç áâ­ëå á«ãç ïå �m(w) ≡ 0 íâ¨ ä®à¬ã«ë ¯¥à¥å®¤ïâ ¢  ¢â®¬®¤¥«ì­ë¥
à¥è¥­¨ï ¨§ ¯. 3◦.



D1. �¥«¨­¥©­ë¥ á¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª  635

5◦. � áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ¬®¦¥â ¡ëâì «¨­¥ à¨§®¢ ­  á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï £®¤®£à ä 
(¯®¤à®¡­®áâ¨ á¬. ¢ ¯. 4◦ á¨áâ¥¬ë D1.2.4):

∂t

∂u
− ∂x

∂w
= 0,

∂x

∂u
− σ′(u) ∂t

∂w
= 0,

£¤¥ u ¨ w ¯à¨­ïâë §  ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   x ¨ t | §  § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥.
6◦. �áª«îç ï ¨§ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë w, ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î ¢¨¤  3.4.4.6:

∂2u

∂t2
= ∂

∂x

[
σ′(u) ∂u

∂x

]
.

2. ∂u

∂t
+ u

∂u

∂x
+ Anρn−2 ∂ρ

∂x
= 0,

∂ρ

∂t
+ ρ

∂u

∂x
+ u

∂ρ

∂x
= 0.

� áâ­ë© á«ãç © á¨áâ¥¬ë D1.2.3 ¯à¨ p(ρ) = Aρn + B. �­  ®¯¨áë¢ ¥â ®¤­®¬¥à­ë¥ â¥ç¥­¨ï
¨¤¥ «ì­®£® ¯®«¨âà®¯­®£® £ § , £¤¥ u | áª®à®áâì £ § , ρ | ¥£® ¯«®â­®áâì.

�à¨ n 6= 1 á¨áâ¥¬ã ç áâ® § ¯¨áë¢ îâ ¢ ¢¨¤¥
∂u

∂t
+ u

∂u

∂x
+ 2

n− 1
c

∂c

∂x
= 0,

∂c

∂t
+ u

∂c

∂x
+ n− 1

2
c

∂u

∂x
= 0, (1)

£¤¥ c =
√

p′(ρ) =
√

Anρn−1 | áª®à®áâì §¢ãª .
1◦. �ãáâì u = u(x, t), ρ = ρ(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ãà ¢­¥­¨©. �®£¤  ¯ à 
äã­ªæ¨©

u1 = Bn−1
1 u(B1−n

1 B2x + B1−n
1 B2B3t + B4, B2t + B5)−B3,

ρ1 = B2
1ρ(B1−n

1 B2x + B1−n
1 B2B3t + B4, B2t + B5),

£¤¥ B1, . . . , B5 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ ¤ ­­®© á¨áâ¥¬ë.
2◦. �à¨¢¨ «ì­ë¥ à¥è¥­¨ï:

u = B1, ρ = B2,
£¤¥ B1, B2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï, § ¢¨áïé¨¥ ®â ®â­®è¥­¨ï ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå x/t:

u = 2
n + 1

x

t
+ B1, c = n− 1

n + 1
x

t
−B1, c =

√
Anρn−1;

u = 2
n + 1

x

t
+ B2, c = B2 − n− 1

n + 1
x

t
, c =

√
Anρn−1,

£¤¥ B1, B2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
� ¬¥ç ­¨¥. �¥è¥­¨ï ¨§ ¯¯. 2◦, 3◦, ª®â®àë¥ ¯®¤å®¤ïé¨¬ ®¡à §®¬ óáª«¥¨¢ îâáïô ¢¤®«ì ¯àï¬ëå

«¨­¨© x/t = const, ¯®§¢®«ïîâ áâà®¨âì à¥è¥­¨ï ¬­®£¨å § ¤ ç £ §®¢®© ¤¨­ ¬¨ª¨ (á¬. æ¨â¨àã¥¬ãî ­¨¦¥
«¨â¥à âãàã).
4◦. �®«¥¥ ®¡é¨¥  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï:

u = tk(1−n)U(z), ρ = t−2kR(z), z = tnk−k−1x,

£¤¥ äã­ªæ¨¨ U(z) ¨ R(z) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
k(1− n)U + (nk − k − 1)zU ′z + UU ′z + AnRn−2R′z = 0,

−2kR + (nk − k − 1)zR′z + RU ′z + UR′z = 0.

5◦. �®ç­ë¥ à¥è¥­¨ï ¢ ­¥ï¢­®¬ ¢¨¤¥:

u = 2
n− 1

c + B1, x− t

(
n + 1
n− 1

c + B1

)
= �1(ρ), c =

√
Anρn−1;

u = − 2
n− 1

c−B2, x + t

(
n + 1
n− 1

c + B2

)
= �2(ρ), c =

√
Anρn−1,

£¤¥ �m(ρ) |¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, Bm |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (m = 1, 2). �â¨ à¥è¥­¨ï
®¯¨áë¢ îâ ¯à®áâë¥ ¢®«­ë �¨¬ ­  ¨ å à ªâ¥à¨§ãîâáï äã­ªæ¨®­ «ì­®© § ¢¨á¨¬®áâìî ¨áª®¬ëå
¢¥«¨ç¨­ u = u(ρ). � ç áâ­ëå á«ãç ïå �m(ρ) ≡ 0 íâ¨ ä®à¬ã«ë ¯¥à¥å®¤ïâ ¢  ¢â®¬®¤¥«ì­ë¥
à¥è¥­¨ï ¨§ ¯. 3◦.

�¯¥æ¨ «ì­ë© á«ãç ©. �à¨ n = 3 ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë (1) § ¤ ¥âáï ­¥ï¢­® á«¥¤ãîé¨¬¨ ä®à¬ã-
« ¬¨:

x = (u + c)t + F1(u + c),
x = (u− c)t + F2(u− c),

£¤¥ F1(z1) ¨ F2(z2) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨.
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6◦. � áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ¬®¦¥â ¡ëâì «¨­¥ à¨§®¢ ­  á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï £®¤®£à ä 
(¯®¤à®¡­®áâ¨ á¬. ¢ ¯. 4◦ á¨áâ¥¬ë D1.2.4 ¯à¨ ρ ≡ w):

u
∂t

∂ρ
− ∂x

∂ρ
−Anρn−2 ∂t

∂u
= 0, ρ

∂t

∂ρ
− u

∂t

∂u
+ ∂x

∂u
= 0. (2)

�¤¥áì u ¨ ρ ¯à¨­ïâë §  ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   x ¨ t | §  § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥.
�à¨ ¯à®¨§¢®«ì­®¬ n ®¡é¥¥ à¥è¥­¨¥ ¯®«ãç¥­­®© á¨áâ¥¬ë ¬®¦­® ¯à¥¤áâ ¢¨âì á ¯®¬®éìî
£¨¯¥à£¥®¬¥âà¨ç¥áª®© äã­ªæ¨¨ � ãáá . �ãé¥áâ¢ã¥â áç¥â­®¥ ¬­®¦¥áâ¢® §­ ç¥­¨© ¯®ª § â¥«ï
n = 2m + 3

2m + 1
, £¤¥ m =−1, 0, 1, 2, . . . , ¤«ï ª®â®àëå ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë (2) ¬®¦­® ¢ëà §¨âì

¢ § ¬ª­ãâ®© ä®à¬¥.
7◦. � áá¬ âà¨¢ ¥¬ãî á¨áâ¥¬ã ¬®¦­® ¯à¥®¡à §®¢ âì ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã (á¨áâ¥¬  ¢ å à ªâ¥-
à¨áâ¨ç¥áª®© ä®à¬¥)

∂R1
∂t

+ (u + c) ∂R1
∂x

= 0,
∂R2
∂t

+ (u− c) ∂R2
∂x

= 0,

£¤¥ R1 ¨ R2 | ¨­¢ à¨ ­âë �¨¬ ­ 
R1 = u + 2

n− 1
c, R2 = u− 2

n− 1
c, c =

√
p′(ρ).

8◦. � áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥ § ª®­®¢ á®åà ­¥­¨ï (¢ ¤¨¢¥à£¥­â­®¬
¢¨¤¥):

∂(ρu)
∂t

+ ∂(ρu2 + Aρn)
∂x

= 0,
∂ρ

∂t
+ ∂(ρu)

∂x
= 0.

�â¨ ãà ¢­¥­¨ï ¨á¯®«ì§ãîâáï ¤«ï ¢ë¢®¤  ãá«®¢¨© �¥­ª¨­ |�î£®­¨® (Rankine|Hugoniot),
ª®â®àë¥ ï¢«ïîâáï ®á­®¢®© ¤«ï ¯®áâà®¥­¨ï à §àë¢­ëå à¥è¥­¨©, ®¯¨áë¢ îé¨å ã¤ à­ë¥ ¢®«­ë.
�ãáâì xf (t) | § ¢¨á¨¬®áâì ¯®«®¦¥­¨ï äà®­â  ã¤ à­®© ¢®«­ë ®â ¢à¥¬¥­¨ t. �®£¤  áª®à®áâì
ã¤ à­®© ¢®«­ë ®¯à¥¤¥«ï¥âáï ¯à®¨§¢®¤­®© ¯® ¢à¥¬¥­¨ D = x′f ,   ãá«®¢¨ï �¥­ª¨­  | �î£®­¨®
¨¬¥îâ ¢¨¤

[ρu]D = [ρu2 + Aρn],
[ρ]D = [ρu].

�¤¥áì [A] = A+ − A− ®¡®§­ ç ¥â áª ç®ª ¢¥«¨ç¨­ë A ­  ã¤ à­®© ¢®«­¥ (§­ ª ¬¨ ó¯«îáô ¨
ó¬¨­ãáô á®®â¢¥âáâ¢¥­­ë ¯®¬¥ç¥­ë ¢¥«¨ç¨­ë ¤® ¨ ¯®á«¥ ã¤ à­®© ¢®«­ë). �¥è¥­¨ï à §«¨ç­ëå
§ ¤ ç £ §®¢®© ¤¨­ ¬¨ª¨ á ã¤ à­ë¬¨ ¢®«­ ¬¨ ¬®¦­® ­ ©â¨ ¢ æ¨â¨àã¥¬®© ­¨¦¥ «¨â¥à âãà¥.gr �¨â¥à âãà  ¤«ï á¨áâ¥¬ë D1.2.2: �. �ãà ­â, �. �. �à¨¤à¨åá (1950), �. �ãà ­â (1964), �. �. �â ­îª®¢¨ç
(1971), �. �. �¢áï­­¨ª®¢ (1981), �. �. �®¦¤¥áâ¢¥­áª¨©, �. �. �­¥­ª® (1978), �. �. �¥à­ë© (1988),
�. �. �å â®¢, �. �. � §¨§®¢, �. �. �¡à £¨¬®¢ (1989, áâà. 35{78).

3. ∂u

∂t
+ u

∂u

∂x
+ 1

ρ

∂p

∂x
= 0,

∂ρ

∂t
+ ρ

∂u

∂x
+ u

∂ρ

∂x
= 0, p = p(ρ).

� áâ­ë© á«ãç © á¨áâ¥¬ë D1.2.4 ¯à¨ ρ ≡ w. � ­­ ï á¨áâ¥¬  ®¯¨áë¢ ¥â ®¤­®¬¥à­ë¥ ¨§í­âà®-
¯¨ç¥áª¨¥ (¯®«¨âà®¯¨ç¥áª¨¥) â¥ç¥­¨ï ¨¤¥ «ì­®£® á¦¨¬ ¥¬®£® £ § , £¤¥ u | áª®à®áâì £ § , ρ |
¯«®â­®áâì, p(ρ) | ¤ ¢«¥­¨¥. �ª®à®áâì §¢ãª  ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© c =

√
p′(ρ), £¤¥ èâà¨å

®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî; ãá«®¢¨¥ c > 0 ¢ëà ¦ ¥â £¨¯¥à¡®«¨ç­®áâì íâ®© á¨áâ¥¬ë.
1◦. �ãáâì u = u(x, t), ρ = ρ(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ãà ¢­¥­¨©. �®£¤  ¯ à 
äã­ªæ¨©

u1 = u(C1x + C1C2t + C3, C1t + C4)− C2, ρ1 = ρ(C1x + C1C2t + C3, C1t + C4),
£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ ¤ ­­®© á¨áâ¥¬ë.
2◦. �à¨¢¨ «ì­ë¥ à¥è¥­¨ï:

u = C1, ρ = C2,
£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï, § ¢¨áïé¨¥ ®â ®â­®è¥­¨ï ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå x/t, ¢ ­¥ï¢-
­®¬ ¢¨¤¥:

u =
∫ √

p′(ρ) dρ

ρ
+ A1,

∫ √
p′(ρ) dρ

ρ
+

√
p′(ρ) + A1 = x

t
;

u = −
∫ √

p′(ρ) dρ

ρ
−A2,

∫ √
p′(ρ) dρ

ρ
+

√
p′(ρ) + A2 = − x

t
,

£¤¥ A1, A2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
� ¬¥ç ­¨¥. �¥è¥­¨ï ¨§ ¯¯. 2◦, 3◦, ª®â®àë¥ ¯®¤å®¤ïé¨¬ ®¡à §®¬ óáª«¥¨¢ îâáïô ¢¤®«ì ¯àï¬ëå «¨­¨©

x/t = const, ¯®§¢®«ïîâ áâà®¨âì à¥è¥­¨ï àï¤  § ¤ ç £ §®¢®© ¤¨­ ¬¨ª¨, ¢ â®¬ ç¨á«¥ ¤ îâ ¢®§¬®¦­®áâì
¯®«ãç¨âì à¥è¥­¨¥ § ¤ ç¨ ® à á¯ ¤¥ ¯à®¨§¢®«ì­®£® à §àë¢  (á¬. æ¨â¨àã¥¬ãî ­¨¦¥ «¨â¥à âãàã).



D1. �¥«¨­¥©­ë¥ á¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª  637

4◦. �®ç­ë¥ à¥è¥­¨ï ¢ ­¥ï¢­®¬ ¢¨¤¥:

u =
∫ √

p′(ρ) dρ

ρ
+ A1, x− t

[∫ √
p′(ρ) dρ

ρ
+

√
p′(ρ) + A1

]
= �1(ρ);

u = −
∫ √

p′(ρ) dρ

ρ
−A2, x + t

[∫ √
p′(ρ) dρ

ρ
+

√
p′(ρ) + A2

]
= �2(ρ),

£¤¥ �m(ρ) |¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, Am |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (m = 1, 2). �â¨ à¥è¥­¨ï
®¯¨áë¢ îâ ¯à®áâë¥ ¢®«­ë �¨¬ ­  ¨ å à ªâ¥à¨§ãîâáï äã­ªæ¨®­ «ì­®© § ¢¨á¨¬®áâìî ¨áª®¬ëå
¢¥«¨ç¨­ u = u(ρ). � ç áâ­ëå á«ãç ïå �m(ρ) ≡ 0 íâ¨ ä®à¬ã«ë ®¯à¥¤¥«ïîâ  ¢â®¬®¤¥«ì­ë¥
à¥è¥­¨ï ¨§ ¯. 3◦.
6◦. � áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ¬®¦¥â ¡ëâì «¨­¥ à¨§®¢ ­  á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï £®¤®£à ä 
(¯®¤à®¡­®áâ¨ á¬. ¢ ¯. 4◦ á¨áâ¥¬ë D1.2.4 ¯à¨ ρ ≡ w):

u
∂t

∂ρ
− ∂x

∂ρ
− p′(ρ)

ρ

∂t

∂u
= 0, ρ

∂t

∂ρ
− u

∂t

∂u
+ ∂x

∂u
= 0.

�¤¥áì u ¨ ρ ¯à¨­ïâë §  ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   x ¨ t | §  § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥.
7◦. � áá¬ âà¨¢ ¥¬ãî á¨áâ¥¬ã ¬®¦­® ¯à¥®¡à §®¢ âì ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã (á¨áâ¥¬  ¢ å à ªâ¥-
à¨áâ¨ç¥áª®© ä®à¬¥)

∂R1
∂t

+ (u + c) ∂R1
∂x

= 0,
∂R2
∂t

+ (u− c) ∂R2
∂x

= 0,

£¤¥ R1 ¨ R2 | ¨­¢ à¨ ­âë �¨¬ ­ 

R1 = u +
∫

c

ρ
dρ, R2 = u−

∫
c

ρ
dρ, c =

√
p′(ρ).

8◦. � áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥ § ª®­®¢ á®åà ­¥­¨ï (¢ ¤¨¢¥à£¥­â­®¬
¢¨¤¥):

∂(ρu)
∂t

+ ∂[ρu2 + p(ρ)]
∂x

= 0,
∂ρ

∂t
+ ∂(ρu)

∂x
= 0.

�â¨ ãà ¢­¥­¨ï ¨á¯®«ì§ãîâáï ¤«ï ¢ë¢®¤  ãá«®¢¨© �¥­ª¨­ |�î£®­¨® (Rankine|Hugoniot),
ª®â®àë¥ ï¢«ïîâáï ®á­®¢®© ¤«ï ¯®áâà®¥­¨ï à §àë¢­ëå à¥è¥­¨©, ®¯¨áë¢ îé¨å ã¤ à­ë¥ ¢®«­ë.
�ãáâì xf (t) | § ¢¨á¨¬®áâì ¯®«®¦¥­¨ï äà®­â  ã¤ à­®© ¢®«­ë ®â ¢à¥¬¥­¨ t. �®£¤  áª®à®áâì
ã¤ à­®© ¢®«­ë ®¯à¥¤¥«ï¥âáï ¯à®¨§¢®¤­®© ¯® ¢à¥¬¥­¨ D = x′f ,   ãá«®¢¨ï �¥­ª¨­  | �î£®­¨®
¨¬¥îâ ¢¨¤

[ρu]D = [ρu2 + p(ρ)],
[ρ]D = [ρu].

�¤¥áì [A] = A+ − A− ®¡®§­ ç ¥â áª ç®ª ¢¥«¨ç¨­ë A ­  ã¤ à­®© ¢®«­¥ (§­ ª ¬¨ ó¯«îáô ¨
ó¬¨­ãáô á®®â¢¥âáâ¢¥­­ë ¯®¬¥ç¥­ë ¢¥«¨ç¨­ë ¤® ¨ ¯®á«¥ ã¤ à­®© ¢®«­ë). �¥è¥­¨ï à §«¨ç­ëå
§ ¤ ç £ §®¢®© ¤¨­ ¬¨ª¨ á ã¤ à­ë¬¨ ¢®«­ ¬¨ ¬®¦­® ­ ©â¨ ¢ æ¨â¨àã¥¬®© ­¨¦¥ «¨â¥à âãà¥.
gr �¨â¥à âãà  ¤«ï á¨áâ¥¬ë D1.2.3: �. �ãà ­â, �. �. �à¨¤à¨åá (1950), �. �ãà ­â (1964), �. �. �â ­îª®¢¨ç

(1971), �. �. �¢áï­­¨ª®¢ (1981), �. �. �®¦¤¥áâ¢¥­áª¨©, �. �. �­¥­ª® (1978), �. �. �¥à­ë© (1988),
�. �. �å â®¢, �. �. � §¨§®¢, �. �. �¡à £¨¬®¢ (1989, áâà. 35{78).

4. f1(u, w) ∂u

∂t
+ g1(u, w) ∂w

∂t
+ h1(u, w) ∂u

∂x
+ k1(u, w) ∂w

∂x
= 0,

f2(u, w) ∂u

∂t
+ g2(u, w) ∂w

∂t
+ h2(u, w) ∂u

∂x
+ k2(u, w) ∂w

∂x
= 0.

1◦. �ãáâì u = u(x, t), w = w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ãà ¢­¥­¨©. �®£¤  ¯ à 
äã­ªæ¨©

u1 = u(C1x + C2, C1t + C3), w1 = w(C1x + C2, C1t + C3),
£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ ¤ ­­®© á¨áâ¥¬ë.
2◦. �«ï «î¡ëå äã­ªæ¨© fk(u, w) ¨ gk(u, w) à áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ¤®¯ãáª ¥â âà¨¢¨ «ì­ë¥
à¥è¥­¨ï

u = C1, w = C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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3◦. � áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ¤®¯ãáª ¥â  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ¢¨¤ 
u = u(ξ), w = w(ξ), ξ = x

t
.

4◦. �ã¤¥¬ ¨áª âì â®ç­ë¥ à¥è¥­¨ï, ª®â®àë¥ ®¡®¡é îâ à¥è¥­¨ï ¨§ ¯. 3◦ ¨ å à ªâ¥à¨§ãîâáï
äã­ªæ¨®­ «ì­®© á¢ï§ìî ¬¥¦¤ã ¨áª®¬ë¬¨ ¢¥«¨ç¨­ ¬¨

w = w(u). (1)
�®¤áâ ¢¨¢ (1) ¢ à áá¬ âà¨¢ ¥¬ãî á¨áâ¥¬ã, ¯®«ãç¨¬ ¤¢  ãà ¢­¥­¨ï ¤«ï ®¤­®© äã­ªæ¨¨
u = u(x, t):

(f1 + g1w
′
u) ∂u

∂t
+ (h1 + k1w

′
u) ∂u

∂x
= 0,

(f2 + g2w
′
u) ∂u

∂t
+ (h2 + k2w

′
u) ∂u

∂x
= 0.

(2)

� ¢¨á¨¬®áâì (1) ¤®«¦­  ¢ë¡¨à âìáï â ª, çâ®¡ë ãà ¢­¥­¨ï (2) ¡ë«¨ á®¢¬¥áâ­ë. �â® ãá«®¢¨¥
¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã ­¥«¨­¥©­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¯¥à¢®£®
¯®àï¤ª  ¤«ï w(u):

(g1k2 − g2k1)(w′u)2 + (f1k2 + g1h2 − f2k1 − g2h1)w′u + f1h2 − f2h1 = 0. (3)
� áá¬ âà¨¢ ï (3) ª ª ª¢ ¤à â­®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­®© w′u, ¯®âà¥¡ã¥¬ ¯®«®¦¨-
â¥«ì­®áâ¨ ¥£® ¤¨áªà¨¬¨­ ­â  (íâ® á®®â¢¥âáâ¢ã¥â ¢ë¯®«­¥­¨î ãá«®¢¨ï £¨¯¥à¡®«¨ç­®áâ¨ à á-
á¬ âà¨¢ ¥¬®© á¨áâ¥¬ë):

(f1k2 + g1h2 − f2k1 − g2h1)2 − 4(f1h2 − f2h1)(g1k2 − g2k1) > 0. (4)
� íâ®¬ á«ãç ¥ ãà ¢­¥­¨¥ (3) ¨¬¥¥â ¤¢  ¤¥©áâ¢¨â¥«ì­ëå à §«¨ç­ëå ª®à­ï ¨ íª¢¨¢ «¥­â­® ¤¢ã¬
à §«¨ç­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ¯¥à¢®£® ¯®àï¤ª , à §à¥è¥­­ë¬
®â­®á¨â¥«ì­® ¯à®¨§¢®¤­®©:

w′u = �m(u, w), m = 1, 2. (5)
�¯à¥¤¥«¨¢ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï w = w(u) (¤«ï ª ¦¤®£® m = 1, 2 ¨¬¥¥¬ á¢®¥ à¥è¥­¨¥),
¯®¤áâ ¢¨¬ ¥£® ¢ «î¡®¥ ¨§ ãà ¢­¥­¨© (2). � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ª¢ §¨«¨­¥©­®¥ ãà ¢­¥­¨¥
¯¥à¢®£® ¯®àï¤ª  á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¤«ï u = u(x, t):

(f1 + g1�m) ∂u

∂t
+ (h1 + k1�m) ∂u

∂x
= 0, w = w(u). (6)

�¡é¥¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¬®¦­® ¯®«ãç¨âì ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª [á¬. �. � ¬ª¥ (1965),
�. �. � ©æ¥¢, �. �. �®«ï­¨­ (2003)].

�¥è¥­¨ï ãà ¢­¥­¨© (5){(6) (¯à¨ m = 1, 2), § ¢¨áïé¨¥ ®â ¯à®¨§¢®«ì­®© äã­ªæ¨¨ ¨ ¯à®¨§-
¢®«ì­®© ¯®áâ®ï­­®©, ­ §ë¢ îâáï ¯à®áâë¬¨ ¢®«­ ¬¨ �¨¬ ­ .
5◦. �¤¥« ¥¬ ¯à¥®¡à §®¢ ­¨¥ £®¤®£à ä 

x = x(u, w), t = t(u, w), (7)
â. ¥. u, w ¢ë¡¨à ¥¬ §  ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   x, t | §  § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥. �¨ää¥à¥­-
æ¨àãï á®®â­®è¥­¨ï (7) ¯® x ¨ t (ª ª á«®¦­ë¥ äã­ªæ¨¨) ¨ ¨áª«îç ï ¨§ ¯®«ãç¥­­ëå á®®â­®è¥­¨©
ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ut, wt, ux, wx, ¨¬¥¥¬

∂u

∂t
= −J

∂x

∂w
,

∂w

∂t
= J

∂x

∂u
,

∂u

∂x
= J

∂t

∂w
,

∂w

∂x
= −J

∂t

∂u
, (8)

£¤¥ J = ∂u

∂x

∂w

∂t
− ∂u

∂t

∂w

∂x
| ïª®¡¨ ­ äã­ªæ¨© u = u(x, t) ¨ w = w(x, t). � ¬¥­ïï ¢ ¨áå®¤­®©

á¨áâ¥¬¥ ¯à®¨§¢®¤­ë¥ á ¯®¬®éìî (8) ¨ ¤¥«ï ­  J , ¯à¨å®¤¨¬ ª «¨­¥©­®© á¨áâ¥¬¥ ãà ¢­¥­¨©

g1(u, w) ∂x

∂u
− k1(u, w) ∂t

∂u
− f1(u, w) ∂x

∂w
+ h1(u, w) ∂t

∂w
= 0,

g2(u, w) ∂x

∂u
− k2(u, w) ∂t

∂u
− f2(u, w) ∂x

∂w
+ h2(u, w) ∂t

∂w
= 0.

� ¬¥ç ­¨¥. �à¥®¡à §®¢ ­¨¥ £®¤®£à ä  (7) ­¥¯à¨¬¥­¨¬®, ¥á«¨ J ≡ 0. � íâ®¬ ¢ëà®¦¤¥­­®¬ á«ãç ¥
¢¥«¨ç¨­ë u ¨ w ¡ã¤ãâ äã­ªæ¨®­ «ì­® § ¢¨á¨¬ë ¨ á«¥¤®¢ â¥«ì­® ¨å ­¥«ì§ï ¯à¨­¨¬ âì §  ­¥§ ¢¨á¨¬ë¥
¯¥à¥¬¥­­ë¥. � íâ®¬ á«ãç ¥ ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ (1), ª®â®à®¥ ®¯à¥¤¥«ï¥â ¯à®áâë¥ ¢®«­ë �¨¬ ­ .
�®íâ®¬ã ¨á¯®«ì§®¢ ­¨¥ ¯à¥®¡à §®¢ ­¨ï £®¤®£à ä  (7) ¯à¨¢®¤¨â ª ¯®â¥à¥ à¥è¥­¨© (1), ®¯¨áë¢ îé¨å
¯à®áâë¥ ¢®«­ë �¨¬ ­ .gr �¨â¥à âãà : �. �ãà ­â, �. �. �à¨¤à¨åá (1950), �. �ãà ­â (1964), �. �. �â ­îª®¢¨ç (1971), �. �. �®¦¤¥-
áâ¢¥­áª¨©, �. �. �­¥­ª® (1978), �. �. �¢áï­­¨ª®¢ (1981), �. �. �¥à­ë© (1988), A. D. Polyanin, A. V. Manzhirov
(2006).
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D1.3. �àã£¨¥ ­¥«¨­¥©­ë¥ á¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª 

1. ∂ (u + w)
∂t

+ ∂u

∂x
= 0,

∂w

∂t
= f(w)u.

�â  á¨áâ¥¬  ®¯¨áë¢ ¥â £«ã¡®ªãî ä¨«ìâà æ¨î ®¤­®ª®¬¯®­¥­â­®© áãá¯¥­§¨¨ ç áâ¨æ ¢ ¯®à¨áâ®©
áà¥¤¥ á ãç¥â®¬ ¨§¬¥­¥­¨ï ¥¥ ¯à®­¨æ ¥¬®áâ¨ (®¡ãá«®¢«¥­­®© § å¢ â®¬ ç áâ¨æ ¯®à¨áâ®© áà¥¤®©).
�¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ¯à¥¤áâ ¢«ï¥â á®¡®© ¡ « ­á ¬ ááë ¤«ï ­ ª ¯«¨¢ ¥¬ëå ç áâ¨æ ¨
áãá¯¥­§¨¨,   ¢â®à®¥ ãà ¢­¥­¨¥ ®¯¨áë¢ ¥â ª¨­¥â¨ªã ­ ª®¯«¥­¨ï; u | ª®­æ¥­âà æ¨ï áãá¯¥­§¨¨,
w | ª®­æ¥­âà æ¨ï ­ ª ¯«¨¢ ¥¬®£® ¢¥é¥áâ¢  (®á ¤ª ), f(w) | ª®íää¨æ¨¥­â ä¨«ìâà æ¨¨.
1◦. � ¬¥­¨¢ ∂w

∂t
¢ ¯¥à¢®¬ ãà ¢­¥­¨¨ á¨áâ¥¬ë ­  ¯à ¢ãî ç áâì ¢â®à®£® ãà ¢­¥­¨ï ¨ ¯¥à¥©¤ï ®â

¯¥à¥¬¥­­ëå x ¨ t ª ­®¢ë¬ å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯¥à¥¬¥­­ë¬ z =−x, η = x−t, ¯®«ãç¨¬ á¨áâ¥¬ã
∂u

∂z
= f(w)u,

∂w

∂η
= −f(w)u,

ª®â®à ï ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ á¨áâ¥¬ë D1.1.7 ¯à¨ k = 1, g(w) = −f(w).
2◦. � ¤ ç  ® § ª çª¥ áãá¯¥­§¨¨ ¢ à¥§¥à¢ã à á¢®¡®¤­ë© ®â ç áâ¨æ ®¯¨áë¢ ¥âáï ¤ ­­®© á¨áâ¥¬®©
á® á«¥¤ãîé¨¬¨ ­ ç «ì­ë¬¨ ¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬¨:

u = w = 0 ¯à¨ t = 0, u = 1 ¯à¨ x = 0.

�¥è¥­¨¥ íâ®© § ¤ ç¨ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

u = w

�−1 (t− x) ,

∫ �−1(t−x)

w

dz

zf(z)
= x. (1)

�¤¥áì ¢â®à®¥ à ¢¥­áâ¢® § ¤ ¥â ­¥ï¢­® äã­ªæ¨î w = w(x, t),   �−1(w) | äã­ªæ¨ï, ®¡à â­ ï ª
äã­ªæ¨¨

� (w) =
∫ w

0

z

f(z)
, (2)

�à¨¢¥¤¥­­ë¥ ä®à¬ã«ë ®¯¨áë¢ îâ â®ç­®¥ à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ¤«ï x< t. �«ï x> t
äã­ªæ¨¨ u ¨ w à ¢­ë ­ã«î.

�¯¥æ¨ «ì­ë© á«ãç ©. �à¨ f(w) = 1−w ¨§ ä®à¬ã«ë (2) ¯®á«¥¤®¢ â¥«ì­® ¨¬¥¥¬ �(w) =− ln(1−w)
¨ �−1(w) = 1− e−w . �®¤áâ ¢«ïï ¯®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¢ ä®à¬ã«ë (1), ­ å®¤¨¬ à¥è¥­¨¥

u = et−x

ex + et−x − 1
, w = et−x − 1

ex + et−x − 1
.

gr �¨â¥à âãà : J. P. Herzig, D. M. Leclerc, P. Le Goff (1970), D. J. Logan (2001), A. C. Alvarez,
P. Bedrikovetsky, G. Hime, D. Marchesin, J. R. Rodriguez (2006).

2. ∂

∂t
g(u, w) + a

∂u

∂x
= f1(w)u,

∂w

∂t
= f2(w)u.

�áª«îç ï u ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á ¯®¬®éìî ¢â®à®£® ãà ¢­¥­¨ï,   § â¥¬ ¨­â¥£à¨àãï ¯® t,
¯à¨å®¤¨¬ ª ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¯¥à¢®£® ¯®àï¤ª  ¤«ï äã­ª-
æ¨¨ w(x, t):

g

(
1

f2(w)
∂w

∂t
, w

)
+ a

f2(w)
∂w

∂x
=

∫
f1(w)
f2(w)

dw + θ(x),

£¤¥ θ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �à¨ θ = const ¯®«­ë© ¨­â¥£à « ¯®«ãç¥­­®£® ãà ¢­¥­¨ï
¨é¥âáï ¢ ¢¨¤¥ w = w(C1x + C2t + C3) ¨ ¯®§¢®«ï¥â ­ ©â¨ á®®â¢¥âáâ¢ãîé¨© ®¡é¨© ¨­â¥£à «
(á®¤¥à¦ é¨© ¯à®¨§¢®«ì­ãî äã­ªæ¨î) ¢ ¯ à ¬¥âà¨ç¥áª®¬ ¢¨¤¥ [¯®¤à®¡­®áâ¨ á¬. ¢ ª­¨£ å
�. � ¬ª¥ (1966), �. �. � ©æ¥¢ , �. �. �®«ï­¨­  (2003)].

3. ∂u

∂x
= f1(x, t)u + g1(x, t)u1−n + h1(x, t)u1−nwm,

∂w

∂t
= f2(x, t)w + g2(x, t)w1−m + h2(x, t)unw1−m.

�à¥®¡à §®¢ ­¨¥ U = un, W = wm ¯à¨¢®¤¨â ª «¨­¥©­®© á¨áâ¥¬¥ ãà ¢­¥­¨©
∂U

∂x
= nf1(x, t)U + nh1(x, t)W + ng1(x, t),

∂W

∂t
= mf2(x, t)W + mh2(x, t)U + mg2(x, t).

gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).
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D2. �¥«¨­¥©­ë¥ á¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª 
D2.1. � à ¡®«¨ç¥áª¨¥ á¨áâ¥¬ë ¢¨¤ 

∂u

∂t
= a

∂2u

∂x2 + F (u, w), ∂w

∂t
= b

∂2w

∂x2 + G(u, w)
�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �®¤®¡­ë¥ á¨áâ¥¬ë ãà ¢­¥­¨© ç áâ® ¢áâà¥ç îâáï ¢ â¥®à¨¨
¬ áá®â¥¯«®¯¥à¥­®á  à¥ £¨àãîé¨å áà¥¤, ¢ â¥®à¨¨ å¨¬¨ç¥áª¨å à¥ ªâ®à®¢, ¢ â¥®à¨¨ £®à¥­¨ï,
¢ ¬ â¥¬ â¨ç¥áª®© ¡¨®«®£¨¨ ¨ ¡¨®ä¨§¨ª¥.

�¨áâ¥¬ë à áá¬ âà¨¢ ¥¬®£® ¢¨¤  ¨­¢ à¨ ­âë ®â­®á¨â¥«ì­® á¤¢¨£®¢ ¯® ­¥§ ¢¨á¨¬ë¬ ¯¥-
à¥¬¥­­ë¬ (¨ ®â­®á¨â¥«ì­® § ¬¥­ë x ­  −x) ¨ ¤®¯ãáª îâ à¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë
u = u(kx − λt), w = w(kx − λt). �â¨ à¥è¥­¨ï,   â ª¦¥ ¢ëà®¦¤¥­­ë¥ à¥è¥­¨ï, ª®£¤  ®¤­ 
¨§ ¨áª®¬ëå äã­ªæ¨© à ¢­  ª®­áâ ­â¥, ¤ «¥¥ ­¥ à áá¬ âà¨¢ îâáï. � £àã¯¯®© ª« áá¨ä¨ª æ¨¨
­¥«¨­¥©­ëå á¨áâ¥¬ ¤ ­­®£® ¢¨¤  á¬. à ¡®âë R. Cherniha, J. R. King (2000, 2003), A. G. Nikitin,
R. J. Wiltshire (2000, 2001), A. G. Nikitin (2004).

�¨¦¥ f(ϕ), g(ϕ), h(ϕ) |¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ á®®â¢¥âáâ¢ãîé¥£®  à£ã¬¥­â  ϕ=ϕ(u, w);
ãà ¢­¥­¨ï ã¯®àï¤®ç¥­ë ¯® ¬¥à¥ ãá«®¦­¥­¨ï íâ®£®  à£ã¬¥­â .

D2.1.1. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â «¨­¥©­®© ª®¬¡¨­ æ¨¨ ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂u

∂t
= a

∂2u

∂x2 + u exp
(
k

w

u

)
f(u), ∂w

∂t
= a

∂2w

∂x2 + exp
(
k

w

u

)
[wf(u) + g(u)].

�®ç­®¥ à¥è¥­¨¥:

u = y(ξ), w = − 2
k

ln |bx| y(ξ) + z(ξ), ξ = x + C3√
C1t + C2

,

£¤¥ C1, C2, C3, b | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ay′′ξξ + 1
2

C1ξy
′
ξ + 1

b2ξ2 y exp
(

k
z

y

)
f(y) = 0,

az′′ξξ + 1
2

C1ξz
′
ξ − 4a

kξ
y′ξ + 2a

kξ2 y + 1
b2ξ2 exp

(
k

z

y

)
[zf(y) + g(y)] = 0.

gr �¨â¥à âãà : T. Barannyk (2002).

2. ∂u

∂t
= a

∂2u

∂x2 + f(bu + cw), ∂w

∂t
= a

∂2w

∂x2 + g(bu + cw).
�®ç­®¥ à¥è¥­¨¥:

u = cθ(x, t) + y(ξ), w = −bθ(x, t) + z(ξ), ξ = kx− λt,

£¤¥ äã­ªæ¨¨ y(ξ) ¨ z(ξ) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ak2y′′ξξ + λy′ξ + f(by + cz) = 0,

ak2z′′ξξ + λz′ξ + g(by + cz) = 0,

  äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂θ

∂t
= a

∂2θ

∂x2 .

gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).

3. ∂u

∂t
= a1

∂2u

∂x2 + f(bu + cw), ∂w

∂t
= a2

∂2w

∂x2 + g(bu + cw).
�®ç­®¥ à¥è¥­¨¥:

u = c(αx2 + βx + γt) + y(ξ), w = −b(αx2 + βx + γt) + z(ξ), ξ = kx− λt,

£¤¥ k, α, β, γ, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y(ξ) ¨ z(ξ) ®¯¨áë¢ îâáï  ¢â®­®¬­®©
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

a1k
2y′′ξξ + λy′ξ + 2a1cα− cγ + f(by + cz) = 0,

a2k
2z′′ξξ + λz′ξ − 2a2bα + bγ + g(by + cz) = 0.

gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).
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4. ∂u

∂t
= a

∂2u

∂x2 + c2f(b1u + c1w) + c1g(b2u + c2w),
∂w

∂t
= a

∂2w

∂x2 − b2f(b1u + c1w) − b1g(b2u + c2w).
�ç¨â ¥âáï, çâ® b1c2 − b2c1 6= 0.

�¬­®¦ ï ãà ¢­¥­¨ï ­  ¯®¤å®¤ïé¨¥ ª®­áâ ­âë,   § â¥¬ ¯®ç«¥­­® áª« ¤ë¢ ï, ¯®«ãç¨¬ ¤¢ 
­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨ï ¢¨¤  1.6.1.1:

∂U

∂t
= a

∂2U

∂x2 + (b1c2 − b2c1)f(U), U = b1u + c1w;
∂W

∂t
= a

∂2W

∂x2 − (b1c2 − b2c1)g(W ), W = b2u + c2w.

�â¨ ãà ¢­¥­¨ï ¢ ®¡é¥¬ á«ãç ¥ ¤®¯ãáª îâ à¥è¥­¨ï â¨¯  ¡¥£ãé¨å ¢®«­
U = U(k1x− λ1t), W = W (k2x− λ2t),

£¤¥ km, λm | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ ¨áå®¤­®© á¨áâ¥¬ë ¡ã¤¥â
¯à¥¤áâ ¢«ïâì á®¡®© áã¯¥à¯®§¨æ¨î («¨­¥©­ãî ª®¬¡¨­ æ¨î) ¤¢ãå ¡¥£ãé¨å ¢®«­.

5. ∂u

∂t
= a

∂2u

∂x2 +uf(bu−cw)+g(bu−cw), ∂w

∂t
= a

∂2w

∂x2 +wf(bu−cw)+h(bu−cw).

� áâ­®¬ã á«ãç î f(z) = 0, g(z) = z, h(z) = −z á®®â¢¥âáâ¢ã¥â ®¡à â¨¬ ï å¨¬¨ç¥áª ï à¥ ªæ¨ï
¯¥à¢®£® ¯®àï¤ª  [á¬. �. �. � ­ª¢¥àâá (1973)]. �à¨ f(z) = z +k, g(z) = h(z) = 0 ¤ ­­ ï á¨áâ¥¬ 
ï¢«ï¥âáï á¯¥æ¨ «ì­ë¬ á«ãç ¥¬ á¨áâ¥¬ë �®«ì¥ààë | �®âª¨, ª®â®à ï ®¯¨áë¢ ¥â ª®­ªãà¥­â­ãî
¡®àì¡ã ¤¢ãå ¡¨®«®£¨ç¥áª¨å ¢¨¤®¢, ¯¨â îé¨åáï ®¤­®© ¨ â®© ¦¥ ¯¨é¥© [á¬. �. �. �®¬ ­®¢áª¨©,
�. �. �â¥¯ ­®¢ , �. �. �¥à­ ¢áª¨© (1984, áâà. 35, 57)].
1◦. �®ç­®¥ à¥è¥­¨¥:

u = ϕ(t) + c exp
[∫

f(bϕ− cψ) dt

]
θ(x, t), w = ψ(t) + b exp

[∫
f(bϕ− cψ) dt

]
θ(x, t),

£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′t = ϕf(bϕ− cψ) + g(bϕ− cψ),
ψ′t = ψf(bϕ− cψ) + h(bϕ− cψ),

  äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂θ

∂t
= a

∂2θ

∂x2 .

2◦. �®ç­®¥ à¥è¥­¨¥:
u = ~ϕ(x) + c~θ(x, t), w = ~ψ(x) + b~θ(x, t),

£¤¥ äã­ªæ¨¨ ~ϕ = ~ϕ(x) ¨ ~ψ = ~ψ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

aϕ′′xx + ~ϕf(b~ϕ− c~ψ) + g(b~ϕ− c~ψ) = 0,

aψ′′xx + ~ψf(b~ϕ− c~ψ) + h(b~ϕ− c~ψ) = 0,

  äã­ªæ¨ï ~θ = ~θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î �à¥¤¨­£¥à 
∂~θ
∂t

= a
∂2~θ
∂x2 + f(b~ϕ− c~ψ)~θ.

3◦. �¬­®¦¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ ­  b,   ¢â®à®¥ | ­  −c ¨ á«®¦¨¬. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª
ãà ¢­¥­¨î

∂ζ

∂t
= a

∂2ζ

∂x2 + ζf(ζ) + bg(ζ)− ch(ζ), ζ = bu− cw, (1)
ª®â®à®¥ ¡ã¤¥¬  ­ «¨§¨à®¢ âì ¢¬¥áâ¥ á ¯¥à¢ë¬ ãà ¢­¥­¨¥¬ ¨áå®¤­®© á¨áâ¥¬ë

∂u

∂t
= a

∂2u

∂x2 + uf(ζ) + g(ζ). (2)

�à ¢­¥­¨¥ (1) ¬®¦­® à áá¬ âà¨¢ âì ®â¤¥«ì­®. � â®ç­ëå à¥è¥­¨ïå ãà ¢­¥­¨© íâ®£® ¢¨¤  ¤«ï
­¥ª®â®àëå ª¨­¥â¨ç¥áª¨å äã­ªæ¨© F (ζ) = ζf(ζ) + bg(ζ) − ch(ζ) á¬. à §¤. 1.1.1-1.1.3, 1.2.1 ¨

41 �. �. �®«ï­¨­, �. �. � ©æ¥¢
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ãà ¢­¥­¨ï 1.4.1.2, 1.4.1.3, 1.4.1.7. �á«¨ ¨§¢¥áâ­® ­¥ª®â®à®¥ à¥è¥­¨¥ ζ = ζ(x, t) ãà ¢­¥­¨ï (1), â®
äã­ªæ¨î u=u(x, t) ¬®¦­® ­ ©â¨ ¯ãâ¥¬ à¥è¥­¨ï «¨­¥©­®£® ãà ¢­¥­¨ï (2); äã­ªæ¨ï w =w(x, t)
®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ w = (bu− ζ)/c.

�â¬¥â¨¬ ¤¢  ¢ ¦­ëå à¥è¥­¨ï ãà ¢­¥­¨ï (1):
(i) � ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ (1) ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ζ = ζ(z),

£¤¥ z = kx − λt; ¯à¨ íâ®¬ á®®â¢¥âáâ¢ãîé¨¥ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (2) ¨¬¥îâ ¢¨¤
u = u0(z) +

∑
eβntun(z).

(ii) �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï ζf(ζ) + bg(ζ) − ch(ζ) = k1ζ + k0 ãà ¢­¥­¨¥ (1) ï¢«ï¥âáï
«¨­¥©­ë¬

∂ζ

∂t
= a

∂2ζ

∂x2 + k1ζ + k0,

¨ á¢®¤¨âáï ª «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨ [á¬. �. �. �®«ï­¨­ (2001 b)].gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b, 2005).

6. ∂u

∂t
= a

∂2u

∂x2 + eλuf(λu − σw), ∂w

∂t
= b

∂2w

∂x2 + eσwg(λu − σw).
1◦. �®ç­®¥ à¥è¥­¨¥:

u = y(ξ)− 1
λ

ln(C1t + C2), w = z(ξ)− 1
σ

ln(C1t + C2), ξ = x + C3√
C1t + C2

,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ay′′ξξ + 1
2

C1ξy
′
ξ + C1

λ
+ eλyf(λy − σz) = 0,

bz′′ξξ + 1
2

C1ξz
′
ξ + C1

σ
+ eσzg(λy − σz) = 0.

2◦. �®ç­®¥ à¥è¥­¨¥ ¯à¨ b = a:

u = θ(x, t), w = λ

σ
θ(x, t)− k

σ
,

£¤¥ k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï
λf(k) = σe−kg(k),

  äã­ªæ¨ï θ = θ(x, t) ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬ ¢¨¤  1.2.1.1:
∂θ

∂t
= a

∂2θ

∂x2 + f(k)eλθ.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

D2.1.2. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â ®â­®è¥­¨ï ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂u

∂t
= a

∂2u

∂x2 + uf
(

u

w

)
,

∂w

∂t
= b

∂2w

∂x2 + wg
(

u

w

)
.

� áâ­®¬ã á«ãç î f(z) = k1 − k2z
−1, g(z) = k2 − k1z á®®â¢¥âáâ¢ã¥â ®¡à â¨¬ ï å¨¬¨ç¥áª ï à¥-

 ªæ¨ï ¯¥à¢®£® ¯®àï¤ª  [á¬. �. �. � ­ª¢¥àâá (1973)]. �®¤¥«ì �©£¥­  | �ãáâ¥à , ®¯¨áë¢ îé ï
ª®­ªãà¥­â­ãî ¡®àì¡ã ¯®¯ã«ïæ¨© §  ¯¨â â¥«ì­ë© áã¡áâà ªâ ¯à¨ ¯®áâ®ï­­ëå ª®íää¨æ¨¥­â å
à §¬­®¦¥­¨ï, ¯à¨¢®¤¨â ª ¤ ­­®© á¨áâ¥¬¥ ¯à¨ f(z) = k

z + 1
, g(z) = − kz

z + 1
, £¤¥ k | à §­®áâì

ª®íää¨æ¨¥­â®¢ à §¬­®¦¥­¨ï [á¬. �. �. �®¬ ­®¢áª¨©, �. �. �â¥¯ ­®¢ , �. �. �¥à­ ¢áª¨© (1984,
áâà. 31, 32)].
1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = [C1 sin(kx) + C2 cos(kx)]ϕ(t), w = [C1 sin(kx) + C2 cos(kx)]ψ(t),
£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′t = −ak2ϕ + ϕf(ϕ/ψ),
ψ′t = −bk2ψ + ψg(ϕ/ψ).

�âã á¨áâ¥¬ã ¬®¦­® ¯à®¨­â¥£à¨à®¢ âì, ¯®áª®«ìªã ¯®á«¥ ¨áª«îç¥­¨ï ¯¥à¥¬¥­­®© t ®­  á¢®¤¨âáï
ª ®¤­®à®¤­®¬ã ãà ¢­¥­¨î ¯¥à¢®£® ¯®àï¤ª  (â ª¨¬ ¦¥ ®¡à §®¬ ¨­â¥£à¨àãîâáï á®®â¢¥âáâ¢ãîé¨¥
á¨áâ¥¬ë ¨§ ¯¯. 2◦ ¨ 3◦).
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2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
u = [C1 exp(kx) + C2 exp(−kx)]U(t), w = [C1 exp(kx) + C2 exp(−kx)]W (t),

£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ U = U(t) ¨ W = W (t) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

U ′t = ak2U + Uf(U/W ),
W ′

t = bk2W + Wg(U/W ).
3◦. �ëà®¦¤¥­­®¥ à¥è¥­¨¥:

u = (C1x + C2)U(t), w = (C1x + C2)W (t),
£¤¥ C1, C2,   äã­ªæ¨¨ U = U(t) ¨ W = W (t) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

U ′t = Uf(U/W ),
W ′

t = Wg(U/W ).
4◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = e−λty(x), w = e−λtz(x),
£¤¥ λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨¨ y = y(x) ¨ z = z(x) ®¯¨áë¢ îâáï  ¢â®­®¬­®©
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ay′′xx + λy + yf(y/z) = 0,

bz′′xx + λz + zg(y/z) = 0.

5◦. �®ç­®¥ à¥è¥­¨¥ (®¡®¡é ¥â à¥è¥­¨¥ ¨§ ¯. 4◦):
u = ekx−λty(ξ), w = ekx−λtz(ξ), ξ = βx− γt,

£¤¥ k, λ, β, γ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

aβ2y′′ξξ + (2akβ + γ)y′ξ + (ak2 + λ)y + yf(y/z) = 0,

bβ2z′′ξξ + (2bkβ + γ)z′ξ + (bk2 + λ)z + zg(y/z) = 0.

� áâ­®¬ã á«ãç î k = λ = 0 á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë. �à¨ k = γ = 0, β = 1
¨¬¥¥¬ à¥è¥­¨¥ ¨§ ¯. 4◦.gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b, 2005).

2. ∂u

∂t
= a

∂2u

∂x2 + uf
(

u

w

)
,

∂w

∂t
= a

∂2w

∂x2 + wg
(

u

w

)
.

�â  á¨áâ¥¬  ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ¯à¥¤ë¤ãé¥© á¨áâ¥¬ë ¯à¨ b = a ¨ ¯®íâ®¬ã ¤®¯ãáª ¥â
¯à¨¢¥¤¥­­ë¥ â ¬ à¥è¥­¨ï ¢ ¯¯. 1◦{5◦. �à®¬¥ â®£®, ®­  ®¡« ¤ ¥â ¨­â¥à¥á­ë¬¨ á¢®©áâ¢ ¬¨ ¨
¨¬¥¥â ¤àã£¨¥ à¥è¥­¨ï, ãª § ­­ë¥ ­¨¦¥.
1◦. �ãáâì u = u(x, t), w = w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ãà ¢­¥­¨©. �®£¤  ¯ àë
äã­ªæ¨©

u1 = Au(±x + C1, t + C2), w1 = Aw(±x + C1, t + C2);
u2 = exp(λx + aλ2t)u(x + 2aλt, t), w2 = exp(λx + aλ2t)w(x + 2aλt, t),

£¤¥ A, C1, C2, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ï¢«ïîâáï à¥è¥­¨ï¬¨ íâ®© á¨áâ¥¬ë
ãà ¢­¥­¨©.
2◦. �®ç­®¥ à¥è¥­¨¥ â¨¯  â®ç¥ç­®£® ¨áâ®ç­¨ª :

u = exp
(
− x2

4at

)
ϕ(t), w = exp

(
− x2

4at

)
ψ(t),

£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ϕ′t = − 1
2t

ϕ + ϕf
(

ϕ

ψ

)
,

ψ′t = − 1
2t

ψ + ψg
(

ϕ

ψ

)
.
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3◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
u = exp

(
kxt + 2

3 ak2t3 − λt
)
y(ξ), w = exp

(
kxt + 2

3 ak2t3 − λt
)
z(ξ), ξ = x + akt2,

£¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ay′′ξξ + (λ− kξ)y + yf(y/z) = 0,

az′′ξξ + (λ− kξ)z + zg(y/z) = 0.

4◦. �ãáâì k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï
f(k) = g(k). (1)

�®ç­®¥ à¥è¥­¨¥:
u = keλtθ, w = eλtθ, λ = f(k),

£¤¥ äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂θ

∂t
= a

∂2θ

∂x2 .

5◦. �¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥:
u = Ak exp(−µx) sin(βx− 2aβµt + B),
w = A exp(−µx) sin(βx− 2aβµt + B), β =

√
µ2 + 1

a
f(k),

£¤¥ A, B, µ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®)
ãà ¢­¥­¨ï (1).
6◦. �®ç­®¥ à¥è¥­¨¥:

u = ϕ(t) exp
[∫

g(ϕ(t)) dt

]
θ(x, t), w = exp

[∫
g(ϕ(t)) dt

]
θ(x, t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ­¥«¨­¥©­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
¯¥à¢®£® ¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = [f(ϕ)− g(ϕ)]ϕ, (2)
  äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨

∂θ

∂t
= a

∂2θ

∂x2 .

� áâ­®¬ã à¥è¥­¨î ϕ = k = const ãà ¢­¥­¨ï (2) á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ ¨§ ¯. 4◦. �¡é¥¥
à¥è¥­¨¥ ãà ¢­¥­¨ï (2) § ¯¨áë¢ ¥âáï ¢ ­¥ï¢­®¬ ¢¨¤¥∫

dϕ

[f(ϕ)− g(ϕ)]ϕ
= t + C.

7◦. �®ç­®¥ à¥è¥­¨¥ ¤«ï á¯¥æ¨ «ì­®£® á«ãç ï g(z) = −z2f(z):
u = r(x, t) sin ϕ(t), w = r(x, t) cos ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = f(tg ϕ) tg ϕ,

  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂r

∂t
= a

∂2r

∂x2 . (3)

8◦. �®ç­®¥ à¥è¥­¨¥ ¤«ï á¯¥æ¨ «ì­®£® á«ãç ï g(z) = z2f(z):
u = r(x, t) sh ϕ(t), w = r(x, t) ch ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = f(th ϕ) th ϕ,

  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨ (3).
� ¬¥ç ­¨¥. � ¤ ­­®¬ á«ãç ¥ áãé¥áâ¢ã¥â â ª¦¥ à¥è¥­¨¥ ¢¨¤ 

u = r(x, t) ch ϕ(t), w = r(x, t) sh ϕ(t).
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b, 2005).
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3. ∂u

∂t
= a

∂2u

∂x2 + uf
(

u

w

)
+ g

(
u

w

)
,

∂w

∂t
= a

∂2w

∂x2 + wf
(

u

w

)
+ h

(
u

w

)
.

�ãáâì k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï
g(k) = kh(k).

1◦. �®ç­®¥ à¥è¥­¨¥ ¯à¨ f(k) 6= 0:

u(x, t) = k

(
exp[f(k)t]θ(x, t)− h(k)

f(k)

)
, w(x, t) = exp[f(k)t]θ(x, t)− h(k)

f(k)
,

£¤¥ äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂θ

∂t
= a

∂2θ

∂x2 . (1)

2◦. �®ç­®¥ à¥è¥­¨¥ ¯à¨ f(k) = 0:
u(x, t) = k[θ(x, t) + h(k)t], w(x, t) = θ(x, t) + h(k)t,

£¤¥ äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨ (1).
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

4. ∂u

∂t
= a

∂2u

∂x2 + uf
(

u

w

)
+ u

w
h

(
u

w

)
,

∂w

∂t
= a

∂2w

∂x2 + wg
(

u

w

)
+ h

(
u

w

)
.

�®ç­®¥ à¥è¥­¨¥:

u=ϕ(t)G(t)
[
θ(x, t)+

∫
h(ϕ)
G(t)

dt

]
, w =G(t)

[
θ(x, t)+

∫
h(ϕ)
G(t)

dt

]
, G(t)=exp

[∫
g(ϕ) dt

]
,

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ­¥«¨­¥©­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
¯¥à¢®£® ¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = [f(ϕ)− g(ϕ)]ϕ, (1)
  äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨

∂θ

∂t
= a

∂2θ

∂x2 .

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) § ¯¨áë¢ ¥âáï ¢ ­¥ï¢­®¬ ¢¨¤¥∫
dϕ

[f(ϕ)− g(ϕ)]ϕ
= t + C.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

5. ∂u

∂t
= a

∂2u

∂x2 + u3f
(

u

w

)
,

∂w

∂t
= a

∂2w

∂x2 + u3g
(

u

w

)
.

�®ç­®¥ à¥è¥­¨¥:

u = (x + A)ϕ(z), w = (x + A)ψ(z), z = t + 1
6a

(x + A)2 + B,

£¤¥ A, B |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ ϕ=ϕ(z) ¨ ψ =ψ(z) ®¯¨áë¢ îâáï  ¢â®­®¬­®©
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′zz + 9aϕ3f(ϕ/ψ) = 0,

ψ′′zz + 9aϕ3g(ϕ/ψ) = 0.
gr �¨â¥à âãà : T. A. Barannyk (2002), T. A. Barannyk, A. G. Nikitin (2004).

6. ∂u

∂t
= ∂2u

∂x2 + au − u3f
(

u

w

)
,

∂w

∂t
= ∂2w

∂x2 + aw − u3g
(

u

w

)
.

1◦. �®ç­®¥ à¥è¥­¨¥ ¯à¨ a > 0:

u =
[
C1 exp

( 1
2
√

2a x + 3
2 at

)− C2 exp
(− 1

2
√

2a x + 3
2 at

)]
ϕ(z),

w =
[
C1 exp

( 1
2
√

2a x + 3
2 at

)− C2 exp
(− 1

2
√

2a x + 3
2 at

)]
ψ(z),

z = C1 exp
( 1

2
√

2a x + 3
2 at

)
+ C2 exp

(− 1
2
√

2a x + 3
2 at

)
+ C3,
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£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ ϕ = ϕ(z) ¨ ψ = ψ(z) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

aϕ′′zz = 2ϕ3f(ϕ/ψ),
aψ′′zz = 2ϕ3g(ϕ/ψ).

2◦. �®ç­®¥ à¥è¥­¨¥ ¯à¨ a < 0:

u = exp
( 3

2 at
)

sin
( 1

2
√

2|a|x + C1
)
U(ξ),

w = exp
( 3

2 at
)

sin
( 1

2
√

2|a|x + C1
)
W (ξ),

ξ = exp
( 3

2 at
)

cos
( 1

2
√

2|a|x + C1
)

+ C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ U = U(ξ) ¨ W = W (ξ) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

aU ′′ξξ = −2U3f(U/W ),
aW ′′

ξξ = −2U3g(U/W ).
gr �¨â¥à âãà : T. A. Barannyk (2002), �. �. �®«ï­¨­ (2004 b).

7. ∂u

∂t
= a

∂2u

∂x2 + unf
(

u

w

)
,

∂w

∂t
= b

∂2w

∂x2 + wng
(

u

w

)
.

�à¨ f(z) = kz−m, g(z) = −kzn−m à áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ®¯¨áë¢ ¥â å¨¬¨ç¥áªãî à¥ ªæ¨î
n-£® ¯®àï¤ª  (¯®àï¤ª  n−m ¯® ª®¬¯®­¥­â¥ u ¨ ¯®àï¤ª  m ¯® ª®¬¯®­¥­â¥ w); §­ ç¥­¨ï n = 2,
m = 1 á®®â¢¥âáâ¢ãîâ ¢¥áì¬  à á¯à®áâà ­¥­­®© à¥ ªæ¨¨ ¢â®à®£® ¯®àï¤ª  [á¬. �. �. � ­ª¢¥àâá
(1973)].
1◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

u = (C1t + C2)
1

1−n y(ξ), w = (C1t + C2)
1

1−n z(ξ), ξ = x + C3√
C1t + C2

,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ay′′ξξ + 1
2

C1ξy
′
ξ + C1

n− 1
y + ynf

(
y

z

)
= 0,

bz′′ξξ + 1
2

C1ξz
′
ξ + C1

n− 1
z + zng

(
y

z

)
= 0.

2◦. �®ç­®¥ à¥è¥­¨¥ ¯à¨ b = a:
u(x, t) = kθ(x, t), w(x, t) = θ(x, t),

£¤¥ k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï
kn−1f(k) = g(k),

  äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨ á ¨áâ®ç­¨ª®¬
áâ¥¯¥­­®£® ¢¨¤  1.1.3.1:

∂θ

∂t
= a

∂2θ

∂x2 + g(k)θn.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

8. ∂u

∂t
= a

∂2u

∂x2 + uf
(

u

w

)
ln u + ug

(
u

w

)
,

∂w

∂t
= a

∂2w

∂x2 + wf
(

u

w

)
ln w + wh

(
u

w

)
.

�®ç­®¥ à¥è¥­¨¥:
u(x, t) = ϕ(t)ψ(t)θ(x, t), w(x, t) = ψ(t)θ(x, t),

£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª 

ϕ′t = ϕ[g(ϕ)− h(ϕ) + f(ϕ) ln ϕ], (1)
ψ′t = ψ[h(ϕ) + f(ϕ) ln ψ], (2)
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  äã­ªæ¨ï θ = θ(x, t) ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬
∂θ

∂t
= a

∂2θ

∂x2 + f(ϕ)θ ln θ. (3)

�¥è¥­¨¥ ãà ¢­¥­¨ï á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ (1) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ­¥ï¢­®¬
¢¨¤¥. �à ¢­¥­¨¥ (2) «¥£ª® ¨­â¥£à¨àã¥âáï, ¯®áª®«ìªã § ¬¥­®© ψ = eζ á¢®¤¨âáï ª «¨­¥©­®¬ã
ãà ¢­¥­¨î. �à ¢­¥­¨¥ (3) ¤®¯ãáª ¥â â®ç­ë¥ à¥è¥­¨ï ¢¨¤ 

θ = exp
[
σ2(t)x2 + σ1(t)x + σ0(t)

]
,

£¤¥ äã­ªæ¨¨ σn = σn(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
σ′2 = f(ϕ)σ2 + 4aσ2

2 ,

σ′1 = f(ϕ)σ1 + 4aσ1σ2,

σ′0 = f(ϕ)σ0 + aσ2
1 + 2aσ2.

�â  á¨áâ¥¬  ¬®¦¥â ¡ëâì ¯®á«¥¤®¢ â¥«ì­® ¯à®¨­â¥£à¨à®¢ ­ , ¯®áª®«ìªã ¯¥à¢®¥ ãà ¢­¥­¨¥
ï¢«ï¥âáï ãà ¢­¥­¨¥¬ �¥à­ã««¨,   ¢â®à®¥ ¨ âà¥âì¥ ãà ¢­¥­¨¥ | «¨­¥©­ë ®â­®á¨â¥«ì­® ¨áª®¬®©
äã­ªæ¨¨. �â¬¥â¨¬, çâ® ¯¥à¢®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥ σ2 = 0.

� ¬¥ç ­¨¥. �à ¢­¥­¨¥ (1) ¤®¯ãáª ¥â ®á®¡®¥ à¥è¥­¨¥ ϕ = k = const, £¤¥ k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£®
(âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï g(k)− h(k) + f(k) ln k = 0.gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

9. ∂u

∂t
= a

∂2u

∂x2 + uf
(

w

u

)
− wg

(
w

u

)
+ u√

u2 + w2
h

(
w

u

)
,

∂w

∂t
= a

∂2w

∂x2 + wf
(

w

u

)
+ ug

(
w

u

)
+ w√

u2 + w2
h

(
w

u

)
.

�®ç­®¥ à¥è¥­¨¥:
u = r(x, t) cos ϕ(t), w = r(x, t) sin ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯à¥¤¥«ï¥âáï ¨§ ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = g(tg ϕ),
  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î

∂r

∂t
= a

∂2r

∂x2 + rf(tg ϕ) + h(tg ϕ). (1)

� ¬¥­ 
r = F (t)

[
Z(x, t) +

∫
h(tg ϕ) dt

F (t)

]
, F (t) = exp

[∫
f(tg ϕ) dt

]

¯à¨¢®¤¨â (1) ª «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂Z

∂t
= a

∂2Z

∂x2 .

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

10. ∂u

∂t
= a

∂2u

∂x2 + uf
(

w

u

)
+ wg

(
w

u

)
+ u√

u2 − w2
h

(
w

u

)
,

∂w

∂t
= a

∂2w

∂x2 + wf
(

w

u

)
+ ug

(
w

u

)
+ w√

u2 − w2
h

(
w

u

)
.

�®ç­®¥ à¥è¥­¨¥:
u = r(x, t) ch ϕ(t), w = r(x, t) sh ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯à¥¤¥«ï¥âáï ¨§ ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = g(th ϕ),
  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î

∂r

∂t
= a

∂2r

∂x2 + rf(th ϕ) + h(th ϕ). (1)
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� ¬¥­ 
r = F (t)

[
Z(x, t) +

∫
h(th ϕ) dt

F (t)

]
, F (t) = exp

[∫
f(th ϕ) dt

]

¯à¨¢®¤¨â (1) ª «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂Z

∂t
= a

∂2Z

∂x2 .

D2.1.3. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â ¯à®¨§¢¥¤¥­¨ï áâ¥¯¥­¥© ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂u

∂t
= a

∂2u

∂x2 + uf(unwm), ∂w

∂t
= b

∂2w

∂x2 + wg(unwm).
�®ç­®¥ à¥è¥­¨¥:

u = em(kx−λt)y(ξ), w = e−n(kx−λt)z(ξ), ξ = βx− γt,

£¤¥ k, λ, β, γ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

aβ2y′′ξξ + (2akmβ + γ)y′ξ + m(ak2m + λ)y + yf(ynzm) = 0,

bβ2z′′ξξ + (−2bknβ + γ)z′ξ + n(bk2n− λ)z + zg(ynzm) = 0.

� áâ­®¬ã á«ãç î k = λ = 0 á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë.gr �¨â¥à âãà : T. A. Barannyk (2002), �. �. �®«ï­¨­ (2004 b).

2. ∂u

∂t
= a

∂2u

∂x2 + u1+knf
(
unwm)

,
∂w

∂t
= b

∂2w

∂x2 + w1−kmg
(
unwm)

.
�¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

u = (C1t + C2)−
1

kn y(ξ), w = (C1t + C2)
1

km z(ξ), ξ = x + C3√
C1t + C2

,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ay′′ξξ + 1
2

C1ξy
′
ξ + C1

kn
y + y1+knf

(
ynzm)

= 0,

bz′′ξξ + 1
2

C1ξz
′
ξ − C1

km
z + z1−kmg

(
ynzm)

= 0.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

3. ∂u

∂t
= a

∂2u

∂x2 + cu ln u + uf(unwm), ∂w

∂t
= b

∂2w

∂x2 + cw ln w + wg(unwm).
�®ç­®¥ à¥è¥­¨¥:

u = exp(Amect)y(ξ), w = exp(−Anect)z(ξ), ξ = kx− λt,

£¤¥ A, k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ak2y′′ξξ + λy′ξ + cy ln y + yf(ynzm) = 0,

bk2z′′ξξ + λz′ξ + cz ln z + zg(ynzm) = 0.

� áâ­®¬ã á«ãç î A = 0 ®â¢¥ç ¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë. �à¨ λ = 0 ¨¬¥¥¬ à¥è¥­¨¥ ¢
¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ¤¢ãå äã­ªæ¨©, § ¢¨áïé¨å á®®â¢¥âáâ¢¥­­® ®â ¢à¥¬¥­¨ t ¨ ª®®à¤¨­ âë x.gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

D2.1.4. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â áã¬¬ë (à §­®áâ¨) ª¢ ¤à â®¢ ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂u

∂t
= a

∂2u

∂x2 + uf(u2 + w2) − wg(u2 + w2),
∂w

∂t
= a

∂2w

∂x2 + ug(u2 + w2) + wf(u2 + w2).
1◦. �¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ ¯® ¯à®áâà ­áâ¢¥­­®© ª®®à¤¨­ â¥ á® á¤¢¨£®¬ ä § ã ª®¬¯®­¥­â:

u = ψ(t) cos ϕ(x, t), w = ψ(t) sin ϕ(x, t), ϕ(x, t) = C1x +
∫

g(ψ2) dt + C2,
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£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ψ = ψ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£® ¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ψ′t = ψf(ψ2)− aC2
1ψ,

®¡é¥¥ à¥è¥­¨¥ ª®â®à®£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ­¥ï¢­®¬ ¢¨¤¥∫
dψ

ψf(ψ2)− aC2
1ψ

= t + C3.

2◦. �¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ ¯® ¢à¥¬¥­¨ á® á¤¢¨£®¬ ä § ã ª®¬¯®­¥­â:
u = r(x) cos

[
θ(x) + C1t + C2

]
, w = r(x) sin

[
θ(x) + C1t + C2

]
,

£¤¥ C1, C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ r=r(x) ¨ θ=θ(x) ®¯¨áë¢ îâáï  ¢â®­®¬­®©
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ar′′xx − ar(θ′x)2 + rf(r2) = 0,

arθ′′xx + 2ar′xθ′x − C1r + rg(r2) = 0.

3◦. �®ç­®¥ à¥è¥­¨¥ (®¡®¡é ¥â à¥è¥­¨¥ ¨§ ¯. 2◦):
u = r(z) cos

[
θ(z) + C1t + C2

]
, w = r(z) sin

[
θ(z) + C1t + C2

]
, z = x + λt,

£¤¥ C1, C2, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ r = r(z) ¨ θ = θ(z) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ar′′zz − ar(θ′z)2 − λr′z + rf(r2) = 0,

arθ′′zz + 2ar′zθ′z − λrθ′z − C1r + rg(r2) = 0.
gr �¨â¥à âãà : T. A. Barannyk (2002), �. �. �®«ï­¨­ (2004 b).

2. ∂u

∂t
= a

∂2u

∂x2 + uf(u2 − w2) + wg(u2 − w2),
∂w

∂t
= a

∂2w

∂x2 + ug(u2 − w2) + wf(u2 − w2).
1◦. �®ç­®¥ à¥è¥­¨¥:

u = ψ(t) ch ϕ(x, t), w = ψ(t) sh ϕ(x, t), ϕ(x, t) = C1x +
∫

g(ψ2) dt + C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ψ = ψ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£® ¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ψ′t = ψf(ψ2) + aC2
1ψ,

®¡é¥¥ à¥è¥­¨¥ ª®â®à®£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ­¥ï¢­®¬ ¢¨¤¥∫
dψ

ψf(ψ2) + aC2
1ψ

= t + C3.

2◦. �®ç­®¥ à¥è¥­¨¥:
u = r(x) ch

[
θ(x) + C1t + C2

]
, w = r(x) sh

[
θ(x) + C1t + C2

]
,

£¤¥ C1, C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ r=r(x) ¨ θ=θ(x) ®¯¨áë¢ îâáï  ¢â®­®¬­®©
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ar′′xx + ar(θ′x)2 + rf(r2) = 0,

arθ′′xx + 2ar′xθ′x + rg(r2)− C1r = 0.

3◦. �®ç­®¥ à¥è¥­¨¥ (®¡®¡é ¥â à¥è¥­¨¥ ¨§ ¯. 2◦):
u = r(z) ch

[
θ(z) + C1t + C2

]
, w = r(z) sh

[
θ(z) + C1t + C2

]
, z = x + λt,

£¤¥ C1, C2, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ r = r(z) ¨ θ = θ(z) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ar′′zz + ar(θ′z)2 − λr′z + rf(r2) = 0,

arθ′′zz + 2ar′zθ′z − λrθ′z − C1r + rg(r2) = 0.
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).
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3. ∂u

∂t
= a

∂2u

∂x2 + uf
(
u2 + w2) − wg

(
u2 + w2) − w arctg

(
w

u

)
h

(
u2 + w2)

,

∂w

∂t
= a

∂2w

∂x2 + wf
(
u2 + w2)

+ ug
(
u2 + w2)

+ u arctg
(

w

u

)
h

(
u2 + w2)

.
�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå (¯à¨ ä¨ªá¨à®¢ ­­®¬ t ®¯à¥¤¥«ï¥â ¯¥à¨-
®¤¨ç¥áªãî ¯® x áâàãªâãàã á® á¤¢¨£®¬ ä § ã ª®¬¯®­¥­â):

u = r(t) cos
[
ϕ(t)x + ψ(t)

]
, w = r(t) sin

[
ϕ(t)x + ψ(t)

]
,

£¤¥ äã­ªæ¨¨ r = r(t), ϕ = ϕ(t), ψ = ψ(t) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

r′t = −arϕ2 + rf(r2),
ϕ′t = h(r2)ϕ,

ψ′t = h(r2)ψ + g(r2).
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b, 2005).

4. ∂u

∂t
= a

∂2u

∂x2 + uf
(
u2 − w2)

+ wg
(
u2 − w2)

+ w Arth
(

w

u

)
h

(
u2 − w2)

,

∂w

∂t
= a

∂2w

∂x2 + wf
(
u2 − w2)

+ ug
(
u2 − w2)

+ u Arth
(

w

u

)
h

(
u2 − w2)

.
�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

u = r(t) ch
[
ϕ(t)x + ψ(t)

]
, w = r(t) sh

[
ϕ(t)x + ψ(t)

]
,

£¤¥ äã­ªæ¨¨ r = r(t), ϕ = ϕ(t), ψ = ψ(t) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

r′t = arϕ2 + rf(r2),
ϕ′t = h(r2)ϕ,

ψ′t = h(r2)ψ + g(r2).
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b, 2005).

D2.1.5. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ á«®¦­ë¬ ®¡à §®¬ § ¢¨áïâ ®â ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂u

∂t
= a

∂2u

∂x2 + uk+1f(ϕ),
∂w

∂t
= a

∂2w

∂x2 + uk+1[f(ϕ) ln u + g(ϕ)], ϕ = u exp
(
− w

u

)
.

�®ç­®¥ à¥è¥­¨¥:

u = (C1t+C2)−
1
k y(ξ), w = (C1t+C2)−

1
k

[
z(ξ)− 1

k
ln(C1t+C2)y(ξ)

]
, ξ = x + C3√

C1t + C2
,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ay′′ξξ + 1
2

C1ξy
′
ξ + C1

k
y + yk+1f(ϕ) = 0, ϕ = y exp

(
− z

y

)
,

az′′ξξ + 1
2

C1ξz
′
ξ + C1

k
z + C1

k
y + yk+1[f(ϕ) ln y + g(ϕ)] = 0.

gr �¨â¥à âãà : T. A. Barannyk (2002).

2. ∂u

∂t
= a

∂2u

∂x2 +uf(bu+cw)−cg
(

w

u

)
,

∂w

∂t
= a

∂2w

∂x2 +wf(bu+cw)+bg
(

w

u

)
.

�®ç­®¥ à¥è¥­¨¥:
u = cr(x, t) cos2 ϕ(t), w = br(x, t) sin2 ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = 1
sin 2ϕ

g

(
b

c
tg2 ϕ

)
, (1)
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  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î ¢¨¤  1.6.1.1:
∂r

∂t
= a

∂2r

∂x2 + rf(bcr). (2)
�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®© ä®à¬¥∫

sin(2ϕ)dϕ

g(bc−1 tg2 ϕ)
= t + C.

�â¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (2) ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë r = r(kx−λt),
£¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

3. ∂u

∂t
= a

∂2u

∂x2 +uf(u2 +w2)−wg
(

w

u

)
,

∂w

∂t
= a

∂2w

∂x2 +ug
(

w

u

)
+wf(u2 +w2).

�®ç­®¥ à¥è¥­¨¥:
u = r(x, t) cos ϕ(t), w = r(x, t) sin ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = g(tg ϕ), (1)
  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î ¢¨¤  1.6.1.1:

∂r

∂t
= a

∂2r

∂x2 + rf(r2). (2)
�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®© ä®à¬¥∫

dϕ

g(tg ϕ)
= t + C.

�à ¢­¥­¨¥ (2) ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë r = r(z), £¤¥ z = kx − λt,
k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï r(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ak2r′′zz + λr′z + rf(r2) = 0.gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b, 2005).

4. ∂u

∂t
= a

∂2u

∂x2 +uf(u2 −w2)+wg
(

w

u

)
,

∂w

∂t
= a

∂2w

∂x2 +ug
(

w

u

)
+wf(u2 −w2).

�®ç­®¥ à¥è¥­¨¥:
u = r(x, t) ch ϕ(t), w = r(x, t) sh ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = g(th ϕ), (1)
  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î ¢¨¤  1.6.1.1:

∂r

∂t
= a

∂2r

∂x2 + rf(r2). (2)
�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®© ä®à¬¥∫

dϕ

g(th ϕ)
= t + C.

�à ¢­¥­¨¥ (2) ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë r = r(z), £¤¥ z = kx − λt,
k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï r(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ak2r′′zz + λr′z + rf(r2) = 0.gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b, 2005).

D2.2. � à ¡®«¨ç¥áª¨¥ á¨áâ¥¬ë ¢¨¤ 
∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ F (u, w), ∂w

∂t
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ G(u, w)

�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �®¤®¡­ë¥ á¨áâ¥¬ë ãà ¢­¥­¨© ç áâ® ¢áâà¥ç îâáï ¢ â¥®à¨¨
¬ áá®â¥¯«®¯¥à¥­®á  à¥ £¨àãîé¨å áà¥¤, ¢ â¥®à¨¨ å¨¬¨ç¥áª¨å à¥ ªâ®à®¢, ¢ â¥®à¨¨ £®à¥­¨ï,
¢ ¬ â¥¬ â¨ç¥áª®© ¡¨®«®£¨¨ ¨ ¡¨®ä¨§¨ª¥. �à¨ n = 0 á¬. à §¤. D2.1; §­ ç¥­¨ï n = 1 ¨
n = 2 á®®â¢¥âáâ¢ãîâ ¯«®áª®© ¨ ¯à®áâà ­áâ¢¥­­®© § ¤ ç ¬ ¢ à ¤¨ «ì­®-á¨¬¬¥âà¨ç­ëå á«ãç ïå
(¯¥à¥¬¥­­ ï x ¨£à ¥â à®«ì à ¤¨ «ì­®© ª®®à¤¨­ âë).

�¨¦¥ f(ϕ), g(ϕ), h(ϕ) |¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ á®®â¢¥âáâ¢ãîé¥£®  à£ã¬¥­â  ϕ=ϕ(u, w);
ãà ¢­¥­¨ï ã¯®àï¤®ç¥­ë ¯® ¬¥à¥ ãá«®¦­¥­¨ï íâ®£®  à£ã¬¥­â .
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D2.2.1. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â «¨­¥©­®© ª®¬¡¨­ æ¨¨ ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ c2f(b1u + c1w) + c1g(b2u + c2w),

∂w

∂t
= a

xn

∂

∂x

(
xn ∂w

∂x

)
− b2f(b1u + c1w) − b1g(b2u + c2w).

�ç¨â ¥âáï, çâ® b1c2 − b2c1 6= 0.
�¬­®¦ ï ãà ¢­¥­¨ï ­  ¯®¤å®¤ïé¨¥ ª®­áâ ­âë,   § â¥¬ ¯®ç«¥­­® áª« ¤ë¢ ï, ¯®«ãç¨¬ ¤¢ 

­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨ï
∂U

∂t
= a

xn

∂

∂x

(
xn ∂U

∂x

)
+ (b1c2 − b2c1)f(U), U = b1u + c1w;

∂W

∂t
= a

xn

∂

∂x

(
xn ∂W

∂x

)
− (b1c2 − b2c1)g(W ), W = b2u + c2w.

�â¨ ãà ¢­¥­¨ï ¢ ®¡é¥¬ á«ãç ¥ ¤®¯ãáª îâ ¯à®áâë¥ à¥è¥­¨ï ¢¨¤ 
U = U(t), W = W (x); U = U(x), W = W (t).

2. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(bu − cw) + g(bu − cw),

∂w

∂t
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wf(bu − cw) + h(bu − cw).

1◦. �®ç­®¥ à¥è¥­¨¥:

u = ϕ(t) + c exp
[∫

f(bϕ− cψ) dt

]
θ(x, t), w = ψ(t) + b exp

[∫
f(bϕ− cψ) dt

]
θ(x, t),

£¤¥ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ϕ′t = ϕf(bϕ− cψ) + g(bϕ− cψ),
ψ′t = ψf(bϕ− cψ) + h(bϕ− cψ),

  äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂θ

∂t
= a

xn

∂

∂x

(
xn ∂θ

∂x

)
. (1)

2◦. �®ç­®¥ à¥è¥­¨¥:
u = ~ϕ(x) + c~θ(x, t), w = ~ψ(x) + b~θ(x, t),

£¤¥ äã­ªæ¨¨ ~ϕ = ~ϕ(x) ¨ ~ψ = ~ψ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ax−n(xn ~ϕ′x)′x + ~ϕf(b~ϕ− c~ψ) + g(b~ϕ− c~ψ) = 0,

ax−n(xn ~ψ′x)′x + ~ψf(b~ϕ− c~ψ) + h(b~ϕ− c~ψ) = 0,

  äã­ªæ¨ï ~θ = ~θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î
∂~θ
∂t

= a

xn

∂

∂x

(
xn ∂~θ

∂x

)
+ f(b~ϕ− c~ψ)~θ.

3◦. �¬­®¦¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ ­  b,   ¢â®à®¥ | ­  −c ¨ á«®¦¨¬. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª
ãà ¢­¥­¨î

∂ζ

∂t
= a

xn

∂

∂x

(
xn ∂ζ

∂x

)
+ ζf(ζ) + bg(ζ)− ch(ζ), ζ = bu− cw, (2)

ª®â®à®¥ ¡ã¤¥¬  ­ «¨§¨à®¢ âì ¢¬¥áâ¥ á ¯¥à¢ë¬ ãà ¢­¥­¨¥¬ ¨áå®¤­®© á¨áâ¥¬ë
∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(ζ) + g(ζ). (3)

�à ¢­¥­¨¥ (2) ¬®¦­® à áá¬ âà¨¢ âì ®â¤¥«ì­®. �á«¨ ¨§¢¥áâ­® ­¥ª®â®à®¥ à¥è¥­¨¥ ζ = ζ(x, t)
ãà ¢­¥­¨ï (2), â® äã­ªæ¨î u = u(x, t) ¬®¦­® ­ ©â¨ ¯ãâ¥¬ à¥è¥­¨ï «¨­¥©­®£® ãà ¢­¥­¨ï (3),
  äã­ªæ¨ï w = w(x, t) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ w = (bu− ζ)/c.

�â¬¥â¨¬ ¤¢  ¢ ¦­ëå à¥è¥­¨ï ãà ¢­¥­¨ï (2):
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(i) � ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ (2) ¤®¯ãáª ¥â áâ æ¨®­ à­®¥ à¥è¥­¨¥ ζ = ζ(x); ¯à¨ íâ®¬
á®®â¢¥âáâ¢ãîé¨¥ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (3) ¨¬¥îâ ¢¨¤ u = u0(x) +

∑
eβntun(x).

(ii) �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï ζf(ζ) + bg(ζ) − ch(ζ) = k1ζ + k0 ãà ¢­¥­¨¥ (2) ï¢«ï¥âáï
«¨­¥©­ë¬

∂ζ

∂t
= a

xn

∂

∂x

(
xn ∂ζ

∂x

)
+ k1ζ + k0,

¨ á¢®¤¨âáï ª «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨ ¢¨¤  (1) [á¬. �. �. �®«ï­¨­ (2001 b)].gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2201.pdf).

3. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ eλuf(λu − σw),

∂w

∂t
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ eσwg(λu − σw).

�®ç­®¥ à¥è¥­¨¥:

u = y(ξ)− 1
λ

ln(C1t + C2), w = z(ξ)− 1
σ

ln(C1t + C2), ξ = x√
C1t + C2

,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

aξ−n(ξny′ξ)′ξ + 1
2

C1ξy
′
ξ + C1

λ
+ eλyf(λy − σz) = 0,

bξ−n(ξnz′ξ)′ξ + 1
2

C1ξz
′
ξ + C1

σ
+ eσzg(λy − σz) = 0.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2202.pdf).

D2.2.2. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â ®â­®è¥­¨ï ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf

(
u

w

)
,

∂w

∂t
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ wg

(
u

w

)
.

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = x
1−n

2 [C1Jν(kx) + C2Yν(kx)]ϕ(t), ν = 1
2 |n− 1|,

w = x
1−n

2 [C1Jν(kx) + C2Yν(kx)]ψ(t),
£¤¥ C1, C2, k |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, Jν(z), Yν(z) |äã­ªæ¨¨ �¥áá¥«ï,   äã­ªæ¨¨ ϕ=ϕ(t)
¨ ψ = ψ(t) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′t = −ak2ϕ + ϕf(ϕ/ψ),
ψ′t = −bk2ψ + ψg(ϕ/ψ).

2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = x
1−n

2 [C1Iν(kx) + C2Kν(kx)]ϕ(t), ν = 1
2 |n− 1|,

w = x
1−n

2 [C1Iν(kx) + C2Kν(kx)]ψ(t),
£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, Iν(z), Kν(z) | ¬®¤¨ä¨æ¨à®¢ ­­ë¥ äã­ªæ¨¨
�¥áá¥«ï,   äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′t = ak2ϕ + ϕf(ϕ/ψ),
ψ′t = bk2ψ + ψg(ϕ/ψ).

3◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
u = e−λty(x), w = e−λtz(x),

£¤¥ λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨¨ y = y(x) ¨ z = z(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ax−n(xny′x)′x + λy + yf(y/z) = 0,

bx−n(xnz′x)′x + λz + zg(y/z) = 0.
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2204.pdf).
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2. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf

(
u

w

)
,

∂w

∂t
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wg

(
u

w

)
.

�â  á¨áâ¥¬  ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ¯à¥¤ë¤ãé¥© á¨áâ¥¬ë ¯à¨ b = a ¨ ¯®íâ®¬ã ¤®¯ãáª ¥â
¯à¨¢¥¤¥­­ë¥ â ¬ à¥è¥­¨ï ¢ ¯¯. 1◦{3◦. �à®¬¥ â®£®, ®­  ¨¬¥¥â ¤àã£¨¥ à¥è¥­¨ï, ãª § ­­ë¥ ­¨¦¥.
1◦. �ãáâì k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï

f(k) = g(k).
�®ç­®¥ à¥è¥­¨¥:

u = keλtθ, w = eλtθ, λ = f(k),
£¤¥ äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨

∂θ

∂t
= a

xn

∂

∂x

(
xn ∂θ

∂x

)
. (1)

2◦. �®ç­®¥ à¥è¥­¨¥:

u = ϕ(t) exp
[∫

g(ϕ(t)) dt

]
θ(x, t), w = exp

[∫
g(ϕ(t)) dt

]
θ(x, t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = [f(ϕ)− g(ϕ)]ϕ, (2)
  äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨ (1).

� áâ­®¬ã à¥è¥­¨î ϕ = k = const ãà ¢­¥­¨ï (2) á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ ¨§ ¯. 1◦. �¡é¥¥
à¥è¥­¨¥ ãà ¢­¥­¨ï (2) § ¯¨áë¢ ¥âáï ¢ ­¥ï¢­®¬ ¢¨¤¥∫

dϕ

[f(ϕ)− g(ϕ)]ϕ
= t + C.

3◦. �®ç­®¥ à¥è¥­¨¥ ¤«ï á¯¥æ¨ «ì­®£® á«ãç ï g(z) = −z2f(z):
u = r(x, t) sin ϕ(t), w = r(x, t) cos ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = f(tg ϕ) tg ϕ,

  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂r

∂t
= a

xn

∂

∂x

(
xn ∂r

∂x

)
. (3)

4◦. �®ç­®¥ à¥è¥­¨¥ ¤«ï á¯¥æ¨ «ì­®£® á«ãç ï g(z) = z2f(z):
u = r(x, t) sh ϕ(t), w = r(x, t) ch ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = f(th ϕ) th ϕ,

  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨ (3).
� ¬¥ç ­¨¥. � ¤ ­­®¬ á«ãç ¥ áãé¥áâ¢ã¥â â ª¦¥ à¥è¥­¨¥ ¢¨¤ 

u = r(x, t) ch ϕ(t), w = r(x, t) sh ϕ(t).
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2203.pdf), �. �. �®-

«ï­¨­, �. �. �ï§ì¬¨­  (2006).

3. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf

(
u

w

)
+ u

w
h

(
u

w

)
,

∂w

∂t
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wg

(
u

w

)
+ h

(
u

w

)
.

�®ç­®¥ à¥è¥­¨¥:

u=ϕ(t)G(t)
[
θ(x, t)+

∫
h(ϕ)
G(t)

dt

]
, w =G(t)

[
θ(x, t)+

∫
h(ϕ)
G(t)

dt

]
, G(t)=exp

[∫
g(ϕ) dt

]
,
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£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = [f(ϕ)− g(ϕ)]ϕ, (1)
  äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨

∂θ

∂t
= a

xn

∂

∂x

(
xn ∂θ

∂x

)
.

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) § ¯¨áë¢ ¥âáï ¢ ­¥ï¢­®¬ ¢¨¤¥∫
dϕ

[f(ϕ)− g(ϕ)]ϕ
= t + C.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2205.pdf).

4. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ ukf

(
u

w

)
,

∂w

∂t
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ wkg

(
u

w

)
.

�¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

u = (C1t + C2)
1

1−k y(ξ), w = (C1t + C2)
1

1−k z(ξ), ξ = x√
C1t + C2

,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

aξ−n(ξny′ξ)′ξ + 1
2

C1ξy
′
ξ + C1

k − 1
y + ykf(y/z) = 0,

bξ−n(ξnz′ξ)′ξ + 1
2

C1ξz
′
ξ + C1

k − 1
z + zkg(y/z) = 0.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2206.pdf).

5. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf

(
u

w

)
ln u + ug

(
u

w

)
,

∂w

∂t
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wf

(
u

w

)
ln w + wh

(
u

w

)
.

�¥è¥­¨¥:
u = ϕ(t)ψ(t)θ(x, t), w = ψ(t)θ(x, t),

£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨©

ϕ′t = ϕ[g(ϕ)− h(ϕ) + f(ϕ) ln ϕ],
ψ′t = ψ[h(ϕ) + f(ϕ) ln ψ],

(1)

  äã­ªæ¨ï θ = θ(x, t) ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬
∂θ

∂t
= a

xn

∂

∂x

(
xn ∂θ

∂x

)
+ f(ϕ)θ ln θ. (2)

�¥à¢®¥ ãà ¢­¥­¨¥ (1) ï¢«ï¥âáï ãà ¢­¥­¨¥¬ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨; ¥£® à¥è¥­¨¥
¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®¬ ¢¨¤¥. �¥è¥­¨¥ ¢â®à®£® ãà ¢­¥­¨ï (1) ¬®¦­® ­ ©â¨ ¯ãâ¥¬ § ¬¥­ë
ψ = eζ (®­® á¢®¤¨âáï ª «¨­¥©­®¬ã ãà ¢­¥­¨î ¤«ï ζ).

�à ¢­¥­¨¥ (2) ¤®¯ãáª ¥â â®ç­ë¥ à¥è¥­¨ï ¢¨¤ 
θ = exp

[
σ2(t)x2 + σ0(t)

]
,

£¤¥ äã­ªæ¨¨ σn = σn(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
σ′2 = f(ϕ)σ2 + 4aσ2

2 ,

σ′0 = f(ϕ)σ0 + 2a(n + 1)σ2.

�â  á¨áâ¥¬  ¬®¦¥â ¡ëâì ¯®á«¥¤®¢ â¥«ì­® ¯à®¨­â¥£à¨à®¢ ­ , ¯®áª®«ìªã ¯¥à¢®¥ ãà ¢­¥­¨¥
ï¢«ï¥âáï ãà ¢­¥­¨¥¬ �¥à­ã««¨,   ¢â®à®¥ ãà ¢­¥­¨¥ «¨­¥©­® ®â­®á¨â¥«ì­® ¨áª®¬®© äã­ªæ¨¨.

�á«¨ f = const, â® ãà ¢­¥­¨¥ (2) ¨¬¥¥â â ª¦¥ â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë
θ = θ(kx− λt).gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2207.pdf).
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D2.2.3. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â ¯à®¨§¢¥¤¥­¨ï áâ¥¯¥­¥© ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(x, ukwm),

∂w

∂t
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ wg(x, ukwm).

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
u = e−mλty(x), w = ekλtz(x),

£¤¥ λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨¨ y = y(x) ¨ z = z(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ax−n(xny′x)′x + mλy + yf(x, ykzm) = 0,

bx−n(xnz′x)′x − kλz + zg(x, ykzm) = 0.
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2208.pdf).

2. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ u1+kpf

(
upwq)

,

∂w

∂t
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ w1−kqg

(
upwq)

.
�¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

u = (C1t + C2)−
1

kp y(ξ), w = (C1t + C2)
1

kq z(ξ), ξ = x√
C1t + C2

,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

aξ−n(ξny′ξ)′ξ + 1
2

C1ξy
′
ξ + C1

kp
y + y1+kpf

(
ypzq) = 0,

bξ−n(ξnz′ξ)′ξ + 1
2

C1ξz
′
ξ − C1

kq
z + z1−kqg

(
ypzq) = 0.

3. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ cu ln u + uf(x, ukwm),

∂w

∂t
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ cw ln w + wg(x, ukwm).

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
u = exp(Amect)y(x), w = exp(−Akect)z(x),

£¤¥ A | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨¨ y = y(x) ¨ z = z(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ax−n(xny′x)′x + cy ln y + yf(x, ykzm) = 0,

bx−n(xnz′x)′x + cz ln z + zg(x, ykzm) = 0.
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2210.pdf).

D2.2.4. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â áã¬¬ë (à §­®áâ¨) ª¢ ¤à â®¢ ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(u2 + w2) − wg(u2 + w2),

∂w

∂t
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wf(u2 + w2) + ug(u2 + w2).

�¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ ¯® ¢à¥¬¥­¨:
u = r(x) cos

[
θ(x) + C1t + C2

]
, w = r(x) sin

[
θ(x) + C1t + C2

]
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ r = r(x) ¨ θ = θ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ar′′xx − ar(θ′x)2 + an

x
r′x + rf(r2) = 0,

arθ′′xx + 2ar′xθ′x + an

x
rθ′x + rg(r2)− C1r = 0.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2211.pdf).
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2. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(u2 − w2) + wg(u2 − w2),

∂w

∂t
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wf(u2 − w2) + ug(u2 − w2).

�®ç­®¥ à¥è¥­¨¥:
u = r(x) ch

[
θ(x) + C1t + C2

]
, w = r(x) sh

[
θ(x) + C1t + C2

]
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ r = r(x) ¨ θ = θ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ar′′xx + ar(θ′x)2 + an

x
r′x + rf(r2) = 0,

arθ′′xx + 2ar′xθ′x + an

x
rθ′x + rg(r2)− C1r = 0.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2212.pdf).

D2.2.5. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â à §­ëå  à£ã¬¥­â®¢.

1. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(bu + cw) − cg

(
w

u

)
,

∂w

∂t
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wf(bu + cw) + bg

(
w

u

)
.

�®ç­®¥ à¥è¥­¨¥:
u = cr(x, t) cos2 ϕ(t), w = br(x, t) sin2 ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = 1
sin 2ϕ

g

(
b

c
tg2 ϕ

)
, (1)

  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î
∂r

∂t
= a

xn

∂

∂x

(
xn ∂r

∂x

)
+ rf(bcr). (2)

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®© ä®à¬¥∫
sin(2ϕ)dϕ

g(bc−1 tg2 ϕ)
= t + C.

�â¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (2) ¤®¯ãáª ¥â áâ æ¨®­ à­®¥ à¥è¥­¨¥ r = r(x).

2. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(u2 + w2) − wg

(
w

u

)
,

∂w

∂t
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wf(u2 + w2) + ug

(
w

u

)
.

�®ç­®¥ à¥è¥­¨¥:
u = r(x, t) cos ϕ(t), w = r(x, t) sin ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = g(tg ϕ), (1)
  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

∂r

∂t
= a

xn

∂

∂x

(
xn ∂r

∂x

)
+ rf(r2). (2)

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ëà ¦ ¥âáï ¢ ­¥ï¢­®¬ ¢¨¤¥∫
dϕ

g(tg ϕ)
= t + C.

�à ¢­¥­¨¥ (2) ¤®¯ãáª ¥â áâ æ¨®­ à­®¥ â®ç­®¥ à¥è¥­¨¥ r = r(x).gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2213.pdf).
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3. ∂u

∂t
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(u2 − w2) + wg

(
w

u

)
,

∂w

∂t
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wf(u2 − w2) + ug

(
w

u

)
.

�®ç­®¥ à¥è¥­¨¥:
u = r(x, t) ch ϕ(t), w = r(x, t) sh ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = g(th ϕ), (1)
  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

∂r

∂t
= a

xn

∂

∂x

(
xn ∂r

∂x

)
+ rf(r2). (2)

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ëà ¦ ¥âáï ¢ ­¥ï¢­®¬ ¢¨¤¥
∫

dϕ

g(th ϕ)
= t + C.

�à ¢­¥­¨¥ (2) ¤®¯ãáª ¥â áâ æ¨®­ à­®¥ â®ç­®¥ à¥è¥­¨¥ r = r(x).
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde2214.pdf).

D2.3. �àã£¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  ¯ à ¡®«¨ç¥áª®£® â¨¯ 

1. ∂u

∂t
= ∂

∂x

[
f(t, bu − cw) ∂u

∂x

]
+ g(t, bu − cw),

∂w

∂t
= ∂

∂x

[
f(t, bu − cw) ∂w

∂x

]
+ h(t, bu − cw).

�®ç­®¥ à¥è¥­¨¥:

u = ϕ(t) + cθ(x, τ), w = ψ(t) + bθ(x, τ), τ =
∫

f(t, bϕ− cψ) dt,

£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ϕ′t = g(t, bϕ− cψ),
ψ′t = h(t, bϕ− cψ),

  äã­ªæ¨ï θ = θ(x, τ) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂θ

∂τ
= ∂2θ

∂x2 .

2. ∂u

∂t
= ∂

∂x

[
f

(
t,

u

w

)
∂u

∂x

]
+ ug

(
t,

u

w

)
,

∂w

∂t
= ∂

∂x

[
f

(
t,

u

w

)
∂w

∂x

]
+ wh

(
t,

u

w

)
.

�®ç­®¥ à¥è¥­¨¥:

u = ϕ(t) exp
[∫

h(t, ϕ(t)) dt

]
θ(x, τ), w = exp

[∫
h(t, ϕ(t)) dt

]
θ(x, τ), τ =

∫
f(t, ϕ(t)) dt,

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

ϕ′t = [g(t, ϕ)− h(t, ϕ)]ϕ,

  äã­ªæ¨ï θ = θ(x, τ) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂θ

∂τ
= ∂2θ

∂x2 .

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b), �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).
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D2.4. �««¨¯â¨ç¥áª¨¥ á¨áâ¥¬ë ¢¨¤  �u = F (u, w), �w = G(u, w)
�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �®¤®¡­ë¥ á¨áâ¥¬ë ãà ¢­¥­¨© ç áâ® ¢áâà¥ç îâáï ¢ â¥®à¨¨
¬ áá®â¥¯«®¯¥à¥­®á  à¥ £¨àãîé¨å áà¥¤, ¢ â¥®à¨¨ å¨¬¨ç¥áª¨å à¥ ªâ®à®¢, ¢ â¥®à¨¨ £®à¥­¨ï (®­¨
®¯¨áë¢ îâ áâ æ¨®­ à­ë¥ ¯à®æ¥ááë ).

�¨áâ¥¬ë à áá¬ âà¨¢ ¥¬®£® ¢¨¤  ¨­¢ à¨ ­âë ®â­®á¨â¥«ì­® á¤¢¨£®¢ ¯® ­¥§ ¢¨á¨¬ë¬ ¯¥à¥-
¬¥­­ë¬ ¨ ®â­®á¨â¥«ì­® ¯®¢®à®â®¢ ¢ ¯«®áª®áâ¨ x, ã. �­¨ ¤®¯ãáª îâ à¥è¥­¨ï â¨¯  ¡¥£ãé¥©
¢®«­ë u = u(k1x + k2y), w = w(k1x + k2y). �â¨ à¥è¥­¨ï,   â ª¦¥ ¢ëà®¦¤¥­­ë¥ à¥è¥­¨ï,
ª®£¤  ®¤­  ¨§ ¨áª®¬ëå äã­ªæ¨© à ¢­  ª®­áâ ­â¥, ¤ «¥¥ ­¥ à áá¬ âà¨¢ îâáï.

�¨¦¥ f(ϕ), g(ϕ), h(ϕ) |¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ á®®â¢¥âáâ¢ãîé¥£®  à£ã¬¥­â  ϕ=ϕ(u, w);
ãà ¢­¥­¨ï ã¯®àï¤®ç¥­ë ¯® ¬¥à¥ ãá«®¦­¥­¨ï íâ®£®  à£ã¬¥­â .

D2.4.1. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â «¨­¥©­®© ª®¬¡¨­ æ¨¨ ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂2u

∂x2 + ∂2u

∂y2 = c2f(b1u + c1w) + c1g(b2u + c2w),

∂2w

∂x2 + ∂2w

∂y2 = −b2f(b1u + c1w) − b1g(b2u + c2w).

�ç¨â ¥âáï, çâ® b1c2 − b2c1 6= 0.
�¬­®¦ ï ãà ¢­¥­¨ï ­  ¯®¤å®¤ïé¨¥ ª®­áâ ­âë,   § â¥¬ ¯®ç«¥­­® áª« ¤ë¢ ï, ¯®«ãç¨¬ ¤¢ 

­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨ï ¢¨¤  5.4.1.1:
∂2U

∂x2 + ∂2U

∂y2 = (b1c2 − b2c1)f(U), U = b1u + c1w;

∂2W

∂x2 + ∂2W

∂y2 = −(b1c2 − b2c1)g(W ), W = b2u + c2w.

�â¨ ãà ¢­¥­¨ï ¢ ®¡é¥¬ á«ãç ¥ ¤®¯ãáª îâ à¥è¥­¨ï â¨¯  ¡¥£ãé¨å ¢®«­
U = U(k1x + k2y), W = W (k3x + k4y),

£¤¥ k1, . . . , k4 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ ¨áå®¤­®© á¨áâ¥¬ë ¡ã¤¥â
¯à¥¤áâ ¢«ïâì á®¡®© áã¯¥à¯®§¨æ¨î («¨­¥©­ãî ª®¬¡¨­ æ¨î) ¤¢ãå ¡¥£ãé¨å ¢®«­.

2. ∂2u

∂x2 + ∂2u

∂y2 = uf(au − bw) + g(au − bw),

∂2w

∂x2 + ∂2w

∂y2 = wf(au − bw) + h(au − bw).

1◦. �®ç­®¥ à¥è¥­¨¥:
u = ϕ(x) + bθ(x, y), w = ψ(x) + aθ(x, y),

£¤¥ äã­ªæ¨¨ ϕ = ϕ(x) ¨ ψ = ψ(x) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′xx = ϕf(aϕ− bψ) + g(aϕ− bψ),
ψ′′xx = ψf(aϕ− bψ) + h(aϕ− bψ),

  äã­ªæ¨ï θ = θ(x, y) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î �à¥¤¨­£¥à  á¯¥æ¨ «ì­®£® ¢¨¤ 
∂2θ

∂x2 + ∂2θ

∂y2 = F (x)θ, F (x) = f(aϕ− bψ).

�£® à¥è¥­¨ï áâà®ïâáï ¬¥â®¤®¬ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå.
2◦. �¬­®¦¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ ­  a,   ¢â®à®¥ | ­  −b ¨ á«®¦¨¬. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª
ãà ¢­¥­¨î

∂2ζ

∂x2 + ∂2ζ

∂y2 = ζf(ζ) + ag(ζ)− bh(ζ), ζ = au− bw, (1)

ª®â®à®¥ ¡ã¤¥¬  ­ «¨§¨à®¢ âì ¢¬¥áâ¥ á ¯¥à¢ë¬ ãà ¢­¥­¨¥¬ ¨áå®¤­®© á¨áâ¥¬ë
∂2u

∂x2 + ∂2u

∂y2 = uf(ζ) + g(ζ). (2)

�à ¢­¥­¨¥ (1) ¬®¦­® à áá¬ âà¨¢ âì ®â¤¥«ì­®. � â®ç­ëå à¥è¥­¨ïå ãà ¢­¥­¨© íâ®£® ¢¨¤  ¤«ï
­¥ª®â®àëå ª¨­¥â¨ç¥áª¨å äã­ªæ¨© F (ζ) = ζf(ζ)+ag(ζ)−bh(ζ) á¬. à §¤. 5.1.1, 5.2.1 ¨ ãà ¢­¥­¨ï
5.3.2.1, 5.3.3.1, 5.3.3.2, 5.4.1.1.
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�â¬¥â¨¬ ¤¢  ¢ ¦­ëå à¥è¥­¨ï ãà ¢­¥­¨ï (1):
(i) � ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ (1) ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ζ = ζ(z),

£¤¥ z = k1x + k2y (k1 ¨ k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥).
(ii) �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï ζf(ζ) + ag(ζ) − bh(ζ) = c1ζ + c0 ãà ¢­¥­¨¥ (1) ï¢«ï¥âáï

«¨­¥©­ë¬ ãà ¢­¥­¨¥¬ �¥«ì¬£®«ìæ .
�á«¨ ¨§¢¥áâ­® ­¥ª®â®à®¥ à¥è¥­¨¥ ζ = ζ(x, y) ãà ¢­¥­¨ï (1), â® äã­ªæ¨î u = u(x, y) ¬®¦­®

­ ©â¨ ¯ãâ¥¬ à¥è¥­¨ï «¨­¥©­®£® ãà ¢­¥­¨ï (2); äã­ªæ¨ï w = w(x, y) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥
w = (bu− ζ)/c.gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde3101.pdf).

3. ∂2u

∂x2 + ∂2u

∂y2 = eλuf(λu − σw), ∂2w

∂x2 + ∂2w

∂y2 = eσwg(λu − σw).

1◦. �®ç­®¥ à¥è¥­¨¥:
u = U(ξ)− 2

λ
ln |x + C1|, w = W (ξ)− 2

σ
ln |x + C1|, ξ = y + C2

x + C1
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ U = U(ξ) ¨ W = W (ξ) ®¯¨áë¢ îâáï
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

(1 + ξ2)U ′′ξξ + 2ξU ′ξ + 2
λ

= eλUf(λU − σW ),

(1 + ξ2)W ′′
ξξ + 2ξW ′

ξ + 2
σ

= eσW g(λU − σW ).
2◦. �®ç­®¥ à¥è¥­¨¥:

u = θ(x, y), w = λ

σ
θ(x, y)− k

σ
,

£¤¥ k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï
λf(k) = σe−kg(k),

  äã­ªæ¨ï θ = θ(x, y) ®¯¨áë¢ ¥âáï à §à¥è¨¬ë¬ ãà ¢­¥­¨¥¬ ¢¨¤  5.2.1.1:
∂2θ

∂x2 + ∂2θ

∂y2 = f(k)eλθ.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde3102.pdf).

D2.4.2. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â ®â­®è¥­¨ï ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂2u

∂x2 + ∂2u

∂y2 = uf
(

u

w

)
,

∂2w

∂x2 + ∂2w

∂y2 = wg
(

u

w

)
.

1◦. �¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢, ¯¥à¨®¤¨ç¥áª®¥ ¯® ¯à®áâà ­-
áâ¢¥­­®© ¯¥à¥¬¥­­®© ( ­ «®£¨ç­®¥ à¥è¥­¨¥ ¬®¦­® ¯®«ãç¨âì ¯®¬¥­ï¢ ¬¥áâ ¬¨ x ¨ y):

u = [C1 sin(kx) + C2 cos(kx)]ϕ(y), w = [C1 sin(kx) + C2 cos(kx)]ψ(y),
£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ ϕ = ϕ(y) ¨ ψ = ψ(y) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′yy = k2ϕ + ϕf(ϕ/ψ),
ψ′′yy = k2ψ + ψg(ϕ/ψ).

2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
u = [C1 exp(kx) + C2 exp(−kx)]U(y), w = [C1 exp(kx) + C2 exp(−kx)]W (y),

£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ U = U(y) ¨ W = W (y) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

U ′′yy = −k2U + Uf(U/W ),
W ′′

yy = −k2W + Wg(U/W ).
3◦. �ëà®¦¤¥­­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = (C1x + C2)U(y), w = (C1x + C2)W (y),
£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ U = U(y) ¨ W = W (y) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

U ′′yy = Uf(U/W ),
W ′′

yy = Wg(U/W ).
� ¬¥ç ­¨¥. � ¯¯. 1◦{3◦ äã­ªæ¨¨ f ¨ g ¬®£ãâ § ¢¨á¥âì ®â y.
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4◦. �¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© á à §­ë¬¨  à£ã¬¥­â ¬¨:

u = ea1x+b1yξ(z), w = ea1x+b1yη(z), z = a2x + b2y,

£¤¥ a1, a2, b1, b2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ ξ = ξ(z) ¨ η = η(z) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

(a2
2 + b2

2)ξ′′zz + 2(a1a2 + b1b2)ξ′z + (a2
1 + b2

1)ξ = ξf(ξ/η),
(a2

2 + b2
2)η′′zz + 2(a1a2 + b1b2)η′z + (a2

1 + b2
1)η = ηg(ξ/η).

5◦. �®ç­®¥ à¥è¥­¨¥:
u = kθ(x, y), w = θ(x, y),

£¤¥ k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï f(k) = g(k),   äã­ªæ¨ï
θ = θ(x, y) ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬ �¥«ì¬£®«ìæ 

∂2θ

∂x2 + ∂2θ

∂y2 = f(k)θ.

� â®ç­ëå à¥è¥­¨ïå íâ®£® «¨­¥©­®£® ãà ¢­¥­¨ï á¬. ª­¨£¨ �. �. �¨å®­®¢ , �. �. � ¬ àáª®£®
(1972), �. �. �®«ï­¨­  (2001 b).
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

2. ∂2u

∂x2 + ∂2u

∂y2 = uf
(

u

w

)
+ u

w
h

(
u

w

)
,

∂2w

∂x2 + ∂2w

∂y2 = wg
(

u

w

)
+ h

(
u

w

)
.

�®ç­®¥ à¥è¥­¨¥:
u = kw, w = θ(x, y)− h(k)

f(k)
,

£¤¥ k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï f(k) = g(k),   äã­ªæ¨ï
θ = θ(x, y) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î �¥«ì¬£®«ìæ 

∂2θ

∂x2 + ∂2θ

∂y2 = f(k)θ.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde3104.pdf).

3. ∂2u

∂x2 + ∂2u

∂y2 = unf
(

u

w

)
,

∂2w

∂x2 + ∂2w

∂y2 = wng
(

u

w

)
.

�à¨ f(z) = kz−m, g(z) = −kzn−m à áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ®¯¨áë¢ ¥â å¨¬¨ç¥áªãî à¥ ªæ¨î
n-£® ¯®àï¤ª  (¯®àï¤ª  n−m ¯® ª®¬¯®­¥­â¥ u ¨ ¯®àï¤ª  m ¯® ª®¬¯®­¥­â¥ w); §­ ç¥­¨ï¬ n = 2,
m = 1 á®®â¢¥âáâ¢ãîâ ¤®áâ â®ç­® à á¯à®áâà ­¥­­ ï à¥ ªæ¨ï ¢â®à®£® ¯®àï¤ª .
1◦. �®ç­®¥ à¥è¥­¨¥:

u = r
2

1−n U(θ), w = r
2

1−n W (θ), r =
√

(x + C1)2 + (y + C2)2, θ = y + C2
x + C1

,

£¤¥ C1, C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y =y(ξ) ¨ z =z(ξ) ®¯¨áë¢ îâáï  ¢â®­®¬­®©
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

U ′′θθ + 4
(1− n)2 U = Unf

(
U

W

)
,

W ′′
θθ + 4

(1− n)2 W = W ng

(
U

W

)
.

2◦. �¥è¥­¨¥:
u = kζ(x, y), w = ζ(x, y),

£¤¥ k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï kn−1f(k) = g(k),   äã­ªæ¨ï
ζ = ζ(x, y) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î á® áâ¥¯¥­­®© ­¥«¨­¥©­®áâìî ¢¨¤  5.1.1.1:

∂2ζ

∂x2 + ∂2ζ

∂y2 = g(k)ζn.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde3105.pdf).
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D2.4.3. �àã£¨¥ á¨áâ¥¬ë.

1. ∂2u

∂x2 + ∂2u

∂y2 = uf(unwm), ∂2w

∂x2 + ∂2w

∂y2 = wg(unwm).

�¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = em(a1x+b1y)ξ(z), w = e−n(a1x+b1y)η(z), z = a2x + b2y,

£¤¥ a1, a2, b1, b2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ ξ = ξ(z) ¨ η = η(z) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

(a2
2 + b2

2)ξ′′zz + 2m(a1a2 + b1b2)ξ′z + m2(a2
1 + b2

1)ξ = ξf(ξnηm),
(a2

2 + b2
2)η′′zz − 2n(a1a2 + b1b2)η′z + n2(a2

1 + b2
1)η = ηg(ξnηm).

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

2. ∂2u

∂x2 + ∂2u

∂y2 = uf(u2 + w2) − wg(u2 + w2),

∂2w

∂x2 + ∂2w

∂y2 = wf(u2 + w2) + ug(u2 + w2).

1◦. �¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ ¯® ª®®à¤¨­ â¥ y á® á¤¢¨£®¬ ä § ã ª®¬¯®­¥­â:

u = r(x) cos
[
θ(x) + C1y + C2

]
,

w = r(x) sin
[
θ(x) + C1y + C2

]
,

£¤¥ C1, C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ r=r(x) ¨ θ=θ(x) ®¯¨áë¢ îâáï  ¢â®­®¬­®©
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

r′′xx = r(θ′x)2 + C2
1r + rf(r2),

rθ′′xx = −2r′xθ′x + rg(r2).

2◦. �¥è¥­¨¥ (®¡®¡é ¥â à¥è¥­¨¥ ¨§ ¯. 1◦):

u = r(z) cos
[
θ(z) + C1y + C2

]
, w = r(z) sin

[
θ(z) + C1y + C2

]
, z = k1x + k2y,

£¤¥ C1, C2, k1, k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ r = r(z) ¨ θ = θ(z) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

(k2
1 + k2

2)r′′zz = k2
1r(θ′z)2 + r(k2θ

′
z + C1)2 + rf(r2),

(k2
1 + k2

2)rθ′′zz = −2
[
(k2

1 + k2
2)θ′z + C1k2

]
r′z + rg(r2).

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

3. ∂2u

∂x2 + ∂2u

∂y2 = uf(u2 − w2) + wg(u2 − w2),

∂2w

∂x2 + ∂2w

∂y2 = wf(u2 − w2) + ug(u2 − w2).

�®ç­®¥ à¥è¥­¨¥:

u = r(z) ch
[
θ(z) + C1y + C2

]
, w = r(z) sh

[
θ(z) + C1y + C2

]
, z = k1x + k2y,

£¤¥ C1, C2, k1, k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ r = r(z) ¨ θ = θ(z) ®¯¨áë¢ îâáï
 ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

(k2
1 + k2

2)r′′zz + k2
1r(θ′z)2 + r(k2θ

′
z + C1)2 = rf(r2),

(k2
1 + k2

2)rθ′′zz + 2
[
(k2

1 + k2
2)θ′z + C1k2

]
r′z = rg(r2).

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde3108.pdf).
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D2.5. �¨¯¥à¡®«¨ç¥áª¨¥ á¨áâ¥¬ë ¢¨¤ 
∂2u

∂t2
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ F (u, w), ∂2w

∂t2
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ G(u, w)

D2.5.1. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â «¨­¥©­®© ª®¬¡¨­ æ¨¨ ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂2u

∂t2
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ c2f(b1u + c1w) + c1g(b2u + c2w),

∂2w

∂t2
= a

xn

∂

∂x

(
xn ∂w

∂x

)
− b2f(b1u + c1w) − b1g(b2u + c2w).

�ç¨â ¥âáï, çâ® b1c2 − b2c1 6= 0.
�¬­®¦ ï ãà ¢­¥­¨ï ­  ¯®¤å®¤ïé¨¥ ª®­áâ ­âë,   § â¥¬ ¯®ç«¥­­® áª« ¤ë¢ ï, ¯®«ãç¨¬ ¤¢ 

­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨ï
∂2U

∂t2
= a

xn

∂

∂x

(
xn ∂U

∂x

)
+ (b1c2 − b2c1)f(U), U = b1u + c1w;

∂2W

∂t2
= a

xn

∂

∂x

(
xn ∂W

∂x

)
− (b1c2 − b2c1)g(W ), W = b2u + c2w.

�â¨ ãà ¢­¥­¨ï ¢ ®¡é¥¬ á«ãç ¥ ¤®¯ãáª îâ ¯à®áâë¥ à¥è¥­¨ï ¢¨¤ 
U = U(t), W = W (x); U = U(x), W = W (t).

2. ∂2u

∂t2
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(bu − cw) + g(bu − cw),

∂2w

∂t2
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wf(bu − cw) + h(bu − cw).

1◦. �®ç­®¥ à¥è¥­¨¥:
u = ϕ(t) + cθ(x, t), w = ψ(t) + bθ(x, t),

£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ϕ′′tt = ϕf(bϕ− cψ) + g(bϕ− cψ),
ψ′′tt = ψf(bϕ− cψ) + h(bϕ− cψ),

  äã­ªæ¨ï θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î
∂2θ

∂t2
= a

xn

∂

∂x

(
xn ∂θ

∂x

)
+ f(bϕ− cψ)θ.

�«ï à¥è¥­¨ï íâ®£® ãà ¢­¥­¨¥ ¬®¦­® ¨á¯®«ì§®¢ âì ¬¥â®¤ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå.
2◦. �®ç­®¥ à¥è¥­¨¥:

u = ~ϕ(x) + c~θ(x, t), w = ~ψ(x) + b~θ(x, t),
£¤¥ äã­ªæ¨¨ ~ϕ = ~ϕ(x) ¨ ~ψ = ~ψ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ax−n(xn ~ϕ′x)′x + ~ϕf(b~ϕ− c~ψ) + g(b~ϕ− c~ψ) = 0,

ax−n(xn ~ψ′x)′x + ~ψf(b~ϕ− c~ψ) + h(b~ϕ− c~ψ) = 0,

  äã­ªæ¨ï ~θ = ~θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î
∂2~θ
∂t2

= a

xn

∂

∂x

(
xn ∂~θ

∂x

)
+ f(b~ϕ− c~ψ)~θ.

�«ï à¥è¥­¨ï íâ®£® ãà ¢­¥­¨¥ ¬®¦­® ¨á¯®«ì§®¢ âì ¬¥â®¤ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå.
3◦. �¬­®¦¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ ­  b,   ¢â®à®¥ | ­  −c ¨ á«®¦¨¬. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª
ãà ¢­¥­¨î

∂2ζ

∂t2
= a

xn

∂

∂x

(
xn ∂ζ

∂x

)
+ ζf(ζ) + bg(ζ)− ch(ζ), ζ = bu− cw, (1)

ª®â®à®¥ ¡ã¤¥¬  ­ «¨§¨à®¢ âì ¢¬¥áâ¥ á ¯¥à¢ë¬ ãà ¢­¥­¨¥¬ ¨áå®¤­®© á¨áâ¥¬ë
∂2u

∂t2
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(ζ) + g(ζ). (2)
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�à ¢­¥­¨¥ (1) ¬®¦­® à áá¬ âà¨¢ âì ®â¤¥«ì­®. �á«¨ ¨§¢¥áâ­® ­¥ª®â®à®¥ à¥è¥­¨¥ ζ = ζ(x, t)
ãà ¢­¥­¨ï (1), â® äã­ªæ¨î u = u(x, t) ¬®¦­® ­ ©â¨ ¯ãâ¥¬ à¥è¥­¨ï «¨­¥©­®£® ãà ¢­¥­¨ï (2),
  äã­ªæ¨ï w = w(x, t) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ w = (bu− ζ)/c.

�â¬¥â¨¬ âà¨ ¢ ¦­ëå à¥è¥­¨ï ãà ¢­¥­¨ï (1):
(i) � ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ (1) ¤®¯ãáª ¥â ¯à®áâà ­áâ¢¥­­®-®¤­®à®¤­®¥ à¥è¥­¨¥ ζ = ζ(t).

�®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ ¨áå®¤­®© á¨áâ¥¬ë ¢ ¤àã£®© ä®à¬¥ ¯à¨¢¥¤¥­® ¢ ¯. 1◦.
(ii) � ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ (1) ¤®¯ãáª ¥â áâ æ¨®­ à­®¥ à¥è¥­¨¥ ζ = ζ(x); ¯à¨ íâ®¬

á®®â¢¥âáâ¢ãîé¨¥ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (2) ¨¬¥îâ ¢¨¤ u = u0(x) +
∑

e−βntun(x),
u = u0(x) +

∑
cos(βnt)u(1)

n (x) +
∑

sin(βnt)u(2)
n (x).

(iii) �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï ζf(ζ) + bg(ζ) − ch(ζ) = k1ζ + k0 ãà ¢­¥­¨¥ (1) ï¢«ï¥âáï
«¨­¥©­ë¬

∂2ζ

∂t2
= a

xn

∂

∂x

(
xn ∂ζ

∂x

)
+ k1ζ + k0

¨ ¬®¦¥â à¥è âìáï ¬¥â®¤®¬ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå.gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde4101.pdf).

3. ∂2u

∂t2
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ eλuf(λu − σw),

∂2w

∂t2
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ eσwg(λu − σw).

1◦. �®ç­®¥ à¥è¥­¨¥:

u = y(ξ)− 2
λ

ln(C1t + C2), w = z(ξ)− 2
σ

ln(C1t + C2), ξ = x

C1t + C2
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

C2
1 (ξ2y′ξ)′ξ + 2C2

1λ−1 = aξ−n(ξny′ξ)′ξ + eλyf(λy − σz),
C2

1 (ξ2z′ξ)′ξ + 2C2
1σ−1 = bξ−n(ξnz′ξ)′ξ + eσzg(λy − σz).

2◦. �®ç­®¥ à¥è¥­¨¥ ¯à¨ b = a:

u = θ(x, t), w = λ

σ
θ(x, t)− k

σ
,

£¤¥ k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï
λf(k) = σe−kg(k),

  äã­ªæ¨ï θ = θ(x, t) ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬
∂2θ

∂t2
= a

xn

∂

∂x

(
xn ∂θ

∂x

)
+ f(k)eλθ.

�â® ãà ¢­¥­¨¥ à §à¥è¨¬® ¯à¨ n = 0, á¬. 3.2.1.1.gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde4102.pdf).

D2.5.2. �à®¨§¢®«ì­ë¥ äã­ªæ¨¨ § ¢¨áïâ ®â ®â­®è¥­¨ï ¨áª®¬ëå ¢¥«¨ç¨­.

1. ∂2u

∂t2
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf

(
u

w

)
,

∂2w

∂t2
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ wg

(
u

w

)
.

1◦. �¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
u = [C1 cos(kt) + C2 sin(kt)]y(x), w = [C1 cos(kt) + C2 sin(kt)]z(x),

£¤¥ C1, C2, k |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y =y(x) ¨ z =z(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ax−n(xny′x)′x + k2y + yf(y/z) = 0,

bx−n(xnz′x)′x + k2z + zg(y/z) = 0.

2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
u = [C1 exp(kt) + C2 exp(−kt)]y(x), w = [C1 exp(kt) + C2 exp(−kt)]z(x),
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£¤¥ C1, C2, k |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y =y(x) ¨ z =z(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ax−n(xny′x)′x − k2y + yf(y/z) = 0,

bx−n(xnz′x)′x − k2z + zg(y/z) = 0.

3◦. �ëà®¦¤¥­­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = (C1t + C2)y(x), w = (C1t + C2)z(x),
£¤¥ äã­ªæ¨¨ y = y(x) ¨ z = z(x) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ax−n(xny′x)′x + yf(y/z) = 0,

bx−n(xnz′x)′x + zg(y/z) = 0.

4◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = x
1−n

2 [C1Jν(kx) + C2Yν(kx)]ϕ(t), ν = 1
2 |n− 1|,

w = x
1−n

2 [C1Jν(kx) + C2Yν(kx)]ψ(t),
£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, Jν(z), Yν(z) | äã­ªæ¨¨ �¥áá¥«ï,   äã­ªæ¨¨
ϕ = ϕ(t), ψ = ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′tt = −ak2ϕ + ϕf(ϕ/ψ),
ψ′′tt = −bk2ψ + ψg(ϕ/ψ).

5◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = x
1−n

2 [C1Iν(kx) + C2Kν(kx)]ϕ(t), ν = 1
2 |n− 1|,

w = x
1−n

2 [C1Iν(kx) + C2Kν(kx)]ψ(t),
£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, Iν(z), Kν(z) | ¬®¤¨ä¨æ¨à®¢ ­­ë¥ äã­ªæ¨¨ �¥á-
á¥«ï,   äã­ªæ¨¨ ϕ = ϕ(t), ψ = ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ϕ′′tt = ak2ϕ + ϕf(ϕ/ψ),
ψ′′tt = bk2ψ + ψg(ϕ/ψ).

6◦. �®ç­®¥ à¥è¥­¨¥ ¯à¨ b = a:
u = kθ(x, t), w = θ(x, t),

£¤¥ k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï f(k) = g(k),   äã­ªæ¨ï
θ = θ(x, t) ®¯¨áë¢ ¥âáï «¨­¥©­ë¬ ãà ¢­¥­¨¥¬ �«¥©­  | �®à¤®­ 

∂2θ

∂t2
= a

xn

∂

∂x

(
xn ∂θ

∂x

)
+ f(k)θ.

�¡ íâ®¬ ãà ¢­¥­¨¨ á¬. �. �. �®«ï­¨­ (2001 b).
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde4103.pdf).

2. ∂2u

∂t2
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf

(
u

w

)
+ u

w
h

(
u

w

)
,

∂2w

∂t2
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wg

(
u

w

)
+ h

(
u

w

)
.

�®ç­®¥ à¥è¥­¨¥:
u = kθ(x, t), w = θ(x, t),

£¤¥ k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï f(k) = g(k),   äã­ªæ¨ï
θ = θ(x, t) ®¯¨áë¢ ¥âáï «¨­¥©­ë¬ ãà ¢­¥­¨¥¬

∂2θ

∂t2
= a

xn

∂

∂x

(
xn ∂θ

∂x

)
+ f(k)θ + h(k).

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde4104.pdf).
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3. ∂2u

∂t2
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ ukf

(
u

w

)
,

∂2w

∂t2
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ wkg

(
u

w

)
.

�¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

u = (C1t + C2)
2

1−k y(ξ), w = (C1t + C2)
2

1−k z(ξ), ξ = x

C1t + C2
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y = y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

C2
1ξ2y′′ξξ + 2C2

1 (k + 1)
k − 1

ξy′ξ + C2
1 (k + 1)

(k − 1)2 y = a

ξn
(ξny′ξ)′ξ + ykf

(
y

z

)
,

C2
1ξ2z′′ξξ + 2C2

1 (k + 1)
k − 1

ξz′ξ + C2
1 (k + 1)

(k − 1)2 z = b

ξn
(ξnz′ξ)′ξ + zkg

(
y

z

)
.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde4105.pdf).

D2.5.3. �àã£¨¥ á¨áâ¥¬ë.

1. ∂2u

∂t2
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(x, ukwm),

∂2w

∂t2
= b

xn

∂

∂x

(
xn ∂w

∂x

)
+ wg(x, ukwm).

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = e−mλty(x), w = ekλtz(x),
£¤¥ λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨¨ y = y(x) ¨ z = z(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ax−n(xny′x)′x −m2λ2y + yf(x, ykzm) = 0,

bx−n(xnz′x)′x − k2λ2z + zg(x, ykzm) = 0.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde4106.pdf).

2. ∂2u

∂t2
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(u2 + w2) − wg(u2 + w2),

∂2w

∂t2
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wf(u2 + w2) + ug(u2 + w2).

1◦. �¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ ¯® ¢à¥¬¥­¨ t:
u = r(x) cos

[
θ(x) + C1t + C2

]
, w = r(x) sin

[
θ(x) + C1t + C2

]
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ r = r(x) ¨ θ = θ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ar′′xx − ar(θ′x)2 + an

x
r′x + C2

1r + rf(r2) = 0,

arθ′′xx + 2ar′xθ′x + an

x
rθ′x + rg(r2) = 0.

2◦. �à¨ n = 0 áãé¥áâ¢ã¥â â®ç­®¥ à¥è¥­¨¥ ¢¨¤ 
u = r(z) cos

[
θ(z) + C1t + C2

]
, w = r(z) sin

[
θ(z) + C1t + C2

]
, z = kx− λt.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde4107.pdf).

3. ∂2u

∂t2
= a

xn

∂

∂x

(
xn ∂u

∂x

)
+ uf(u2 − w2) + wg(u2 − w2),

∂2w

∂t2
= a

xn

∂

∂x

(
xn ∂w

∂x

)
+ wf(u2 − w2) + ug(u2 − w2).

1◦. �®ç­®¥ à¥è¥­¨¥:
u = r(x) ch

[
θ(x) + C1t + C2

]
, w = r(x) sh

[
θ(x) + C1t + C2

]
,
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£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ r = r(x) ¨ θ = θ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ar′′xx + ar(θ′x)2 + an

x
r′x − C2

1r + rf(r2) = 0,

arθ′′xx + 2ar′xθ′x + an

x
rθ′x + rg(r2) = 0.

2◦. �à¨ n = 0 áãé¥áâ¢ã¥â â®ç­®¥ à¥è¥­¨¥ ¢¨¤ 
u = r(z) ch

[
θ(z) + C1t + C2

]
, w = r(z) sh

[
θ(z) + C1t + C2

]
, z = kx− λt.

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 c, http://eqworld.ipmnet.ru/en/solutions/syspde/spde4108.pdf).

D3. �¥«¨­¥©­ë¥ á¨áâ¥¬ë ®¡é¥£® ¢¨¤ 
D3.1. �¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨©, á®¤¥à¦ é¨¥ ¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ ¯® t

1. ∂u

∂t
= L[u] + uf(t, bu − cw) + g(t, bu − cw),

∂w

∂t
= L[w] + wf(t, bu − cw) + h(t, bu − cw).

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à («î¡®£® ¯®àï¤ª ) ¯® ¯à®-
áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ x1, . . . , xn, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î L[const] = 0.
1◦. �®ç­®¥ à¥è¥­¨¥:

u = ϕ(t) + c exp
[∫

f(t, bϕ− cψ) dt

]
θ(x1, . . . , xn, t),

w = ψ(t) + b exp
[∫

f(t, bϕ− cψ) dt

]
θ(x1, . . . , xn, t),

£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ϕ′t = ϕf(t, bϕ− cψ) + g(t, bϕ− cψ),
ψ′t = ψf(t, bϕ− cψ) + h(t, bϕ− cψ),

  äã­ªæ¨ï θ = θ(x1, . . . , xn, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î
∂θ

∂t
= L[θ].

� ¬¥ç ­¨¥ 1. �®íää¨æ¨¥­âë «¨­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  L ¬®£ãâ § ¢¨á¥âì ®â ¯¥à¥¬¥­-
­ëå x1, . . . , xn, t.
2◦. �¬­®¦¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ ­  b,   ¢â®à®¥ | ­  −c ¨ á«®¦¨¬. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª
ãà ¢­¥­¨î

∂ζ

∂t
= L[ζ] + ζf(t, ζ) + bg(t, ζ)− ch(t, ζ), ζ = bu− cw, (1)

ª®â®à®¥ ¡ã¤¥¬  ­ «¨§¨à®¢ âì ¢¬¥áâ¥ á ¯¥à¢ë¬ ãà ¢­¥­¨¥¬ ¨áå®¤­®© á¨áâ¥¬ë
∂u

∂t
= L[u] + uf(t, ζ) + g(t, ζ). (2)

�à ¢­¥­¨¥ (1) ¬®¦­® à áá¬ âà¨¢ âì ®â¤¥«ì­®. �á«¨ ¨§¢¥áâ­® ¥£® ­¥ª®â®à®¥ à¥è¥­¨¥
ζ = ζ(x1, . . . , xn, t), â® äã­ªæ¨î u = u(x1, . . . , xn, t) ¬®¦­® ­ ©â¨ ¯ãâ¥¬ à¥è¥­¨ï «¨­¥©­®£®
ãà ¢­¥­¨ï (2); äã­ªæ¨ï w = w(x1, . . . , xn, t) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ w = (bu− ζ)/c].

� ¬¥ç ­¨¥ 2. �ãáâì L | ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¯® ®¤­®©
­¥§ ¢¨á¨¬®© ¯¥à¥¬¥­­®© x = x1 ¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥

∂

∂t

[
ζf(t, ζ) + bg(t, ζ)− ch(t, ζ)

]
= 0

(®­® ¨¬¥¥â ¬¥áâ®, ­ ¯à¨¬¥à, ª®£¤  äã­ªæ¨¨ f , g, h ­¥ § ¢¨áïâ ï¢­® ®â t). �®£¤  ãà ¢­¥­¨¥ (1) ¤®¯ãáª ¥â
â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ζ = ζ(z), £¤¥ z = kx− λt (k ¨ λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥).
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).
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2. ∂u

∂t
= L[u] + b2f(a1u + b1w) + b1g(a2u + b2w),

∂w

∂t
= L[w] − a2f(a1u + b1w) − a1g(a2u + b2w).

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­®© x («î¡®£®
¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â x ¨ t. �ç¨â ¥âáï, çâ®
L[const] = 0 ¨ a1b2 − a2b1 6= 0.

�¬­®¦ ï ãà ¢­¥­¨ï ­  ¯®¤å®¤ïé¨¥ ª®­áâ ­âë,   § â¥¬ ¯®ç«¥­­® áª« ¤ë¢ ï, ¯®«ãç¨¬ ¤¢ 
­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨ï

∂U

∂t
= L[U ] + (a1b2 − a2b1)f(U), U = a1u + b1w;

∂W

∂t
= L[W ]− (a1b2 − a2b1)g(W ), W = a2u + b2w.

(1)

�¯¥æ¨ «ì­ë© á«ãç © 1. �á«¨ L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à á ¯®áâ®-
ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, â® ãà ¢­¥­¨ï (1) ¤®¯ãáª îâ à¥è¥­¨ï â¨¯  ¡¥£ãé¨å ¢®«­

U = U(k1x− λ1t), W = W (k2x− λ2t),
£¤¥ km, λm | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ ¨áå®¤­®© á¨áâ¥¬ë ¡ã¤¥â ¯à¥¤áâ ¢-
«ïâì á®¡®© áã¯¥à¯®§¨æ¨î («¨­¥©­ãî ª®¬¡¨­ æ¨î) ¤¢ãå ¡¥£ãé¨å ¢®«­.

�¯¥æ¨ «ì­ë© á«ãç © 2. �á«¨ ª®íää¨æ¨¥­âë «¨­¥©­®£® ®¯¥à â®à  L § ¢¨áïâ â®«ìª® ®â x, â® ãà ¢­¥-
­¨ï (1) ¨¬¥îâ ¯à®áâë¥ à¥è¥­¨ï ¢¨¤ 

U = U(t), W = W (x); U = U(x), W = W (t).

� ¬¥ç ­¨¥. �­ «®£¨ç­ë¬ ®¡à §®¬ à áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤  «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥-
à â®à L § ¢¨á¨â ®â ­¥áª®«ìª¨å ¯à®áâà ­áâ¢¥­­ëå ¯¥à¥¬¥­­ëå x1, . . . , xn.

3. ∂u

∂t
= L1[u] + uf

(
u

w

)
,

∂w

∂t
= L2[w] + wg

(
u

w

)
.

�¤¥áì L1, L2 | ¯à®¨§¢®«ì­ë¥ «¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë («î¡®£® ¯®àï¤ª ) ¯®
¯¥à¥¬¥­­®© x á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨.
1◦. �®ç­®¥ à¥è¥­¨¥:

u = ekx−λty(ξ), w = ekx−λtz(ξ), ξ = βx− γt,

£¤¥ k, λ, β, γ |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y =y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

M1[y] + λy + yf(y/z) = 0, M2[z] + λz + zg(y/z) = 0,

M1[y] = e−kxL1[ekxy(ξ)], M2[z] = e−kxL2[ekxz(ξ)].
� áâ­®¬ã á«ãç î k = λ = 0 á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë.
2◦. �á«¨ ®¯¥à â®àë L1, L2 á®¤¥à¦ â â®«ìª® ç¥â­ë¥ ¯à®¨§¢®¤­ë¥, â® áãé¥áâ¢ãîâ à¥è¥­¨ï
á«¥¤ãîé¥£® ¢¨¤ :

u = [C1 sin(kx) + C2 cos(kx)]ϕ(t), w = [C1 sin(kx) + C2 cos(kx)]ψ(t);
u = [C1 exp(kx) + C2 exp(−kx)]ϕ(t), w = [C1 exp(kx) + C2 exp(−kx)]ψ(t);
u = (C1x + C2)ϕ(t), w = (C1x + C2)ψ(t),

£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (âà¥âì¥ à¥è¥­¨¥ ï¢«ï¥âáï ¢ëà®¦¤¥­­ë¬).
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

4. ∂u

∂t
= L[u] + uf

(
t,

u

w

)
,

∂w

∂t
= L[w] + wg

(
t,

u

w

)
.

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­ë¬ x1,. . . , xn

(«î¡®£® ¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â x1,. . . , xn, t:

L[u] =
∑

Ak1...kn
(x1, . . . , xn, t) ∂k1+···+knu

∂x
k1
1 . . . ∂x

kn
n

, (1)

£¤¥ k1 + · · ·+ kn > 1.
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1◦. �®ç­®¥ à¥è¥­¨¥:

u = ϕ(t) exp
[∫

g(t, ϕ(t)) dt

]
θ(x1, . . . , xn, t), w = exp

[∫
g(t, ϕ(t)) dt

]
θ(x1, . . . , xn, t), (2)

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ­¥«¨­¥©­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
¯¥à¢®£® ¯®àï¤ª 

ϕ′t = [f(t, ϕ)− g(t, ϕ)]ϕ, (3)
  äã­ªæ¨ï θ = θ(x1, . . . , xn, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î

∂θ

∂t
= L[θ].

2◦. �à¥®¡à §®¢ ­¨¥
u = a1(t)U + b1(t)W, w = a2(t)U + b2(t)W,

£¤¥ an(t), bn(t) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ (n = 1, 2), ¯à¨¢®¤¨â ª ãà ¢­¥­¨î  ­ «®£¨ç­®£® ¢¨¤ 
¤«ï U , W .

� ¬¥ç ­¨¥. �®íää¨æ¨¥­âë ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  (1) ¬®£ãâ § ¢¨á¥âì â ª¦¥ ®â ®â­®-
è¥­¨ï ¨áª®¬ëå äã­ªæ¨© u/w (®¯¥à â®à ¢ íâ®¬ á«ãç ¥ ¡ã¤¥â ª¢ §¨«¨­¥©­ë¬), â. ¥. Ak1...kn

=
= Ak1...kn

(x1, . . . , xn, t, u/w). � íâ®¬ á«ãç ¥ â ª¦¥ áãé¥áâ¢ã¥â à¥è¥­¨¥ ¢¨¤  (2), £¤¥ äã­ªæ¨ï ϕ = ϕ(t)
®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ (3),   äã­ªæ¨ï θ = θ(x1, . . . , xn, t) ã¤®¢«¥-
â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î

∂θ

∂t
= L◦[θ].

�¤¥áì ¨á¯®«ì§®¢ ­® ®¡®§­ ç¥­¨¥ L◦ = L|u/w=ϕ.
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004, http://eqworld.ipmnet.ru/en/solutions/syspde/spde5203.pdf).

5. ∂u

∂t
= L[u] + uf

(
u

w

)
+ g

(
u

w

)
,

∂w

∂t
= L[w] + wf

(
u

w

)
+ h

(
u

w

)
.

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­ë¬ x1,. . . , xn

(«î¡®£® ¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â x1,. . . , xn, t:

L[u] =
∑

Ak1...kn
(x1, . . . , xn, t) ∂k1+···+knu

∂x
k1
1 . . . ∂x

kn
n

,

£¤¥ k1 + · · ·+ kn > 1.
�ãáâì λ | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï

g(λ) = λh(λ).
1◦. �®ç­®¥ à¥è¥­¨¥ ¯à¨ f(λ) 6= 0:

u(x, t) = λ

(
exp[f(λ)t]θ(x1, . . . , xn, t)− h(λ)

f(λ)

)
, w(x, t) = exp[f(λ)t]θ(x1, . . . , xn, t)− h(λ)

f(λ)
,

£¤¥ äã­ªæ¨ï θ = θ(x1, . . . , xn, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î
∂θ

∂t
= L[θ].

2◦. �®ç­®¥ à¥è¥­¨¥ ¯à¨ f(λ) = 0:
u(x, t) = λ[θ(x1, . . . , xn, t) + h(λ)t], w(x, t) = θ(x1, . . . , xn, t) + h(λ)t,

£¤¥ äã­ªæ¨ï θ = θ(x1, . . . , xn, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î ¨§ ¯. 1◦.

6. ∂u

∂t
= L[u] + uf

(
w

u

)
− wg

(
w

u

)
+ u√

u2 + w2
h

(
w

u

)
,

∂w

∂t
= L[w] + wf

(
w

u

)
+ ug

(
w

u

)
+ w√

u2 + w2
h

(
w

u

)
.

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­®© x («î¡®-
£® ¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â x. �ç¨â ¥âáï, çâ®
L[const] = 0.

�®ç­®¥ à¥è¥­¨¥:
u = r(x, t) cos ϕ(t), w = r(x, t) sin ϕ(t),
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£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯à¥¤¥«ï¥âáï ¨§ ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = g(tg ϕ),
  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î

∂r

∂t
= L[r] + rf(tg ϕ) + h(tg ϕ). (1)

� ¬¥­ 
r = F (t)

[
Z(x, t) +

∫
h(tg ϕ) dt

F (t)

]
, F (t) = exp

[∫
f(tg ϕ) dt

]

¯à¨¢®¤¨â (1) ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂Z

∂t
= L[Z].

� ¬¥ç ­¨¥. �¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à L ¬®¦¥â § ¢¨á¥âì ®â ­¥áª®«ìª¨å ¯à®áâà ­áâ¢¥­-
­ëå ¯¥à¥¬¥­­ëå x1, . . . , xn.

7. ∂u

∂t
= L[u] + uf

(
w

u

)
+ wg

(
w

u

)
+ u√

u2 − w2
h

(
w

u

)
,

∂w

∂t
= L[w] + wf

(
w

u

)
+ ug

(
w

u

)
+ w√

u2 − w2
h

(
w

u

)
.

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­®© x («î¡®-
£® ¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â x. �ç¨â ¥âáï, çâ®
L[const] = 0.

�®ç­®¥ à¥è¥­¨¥:
u = r(x, t) ch ϕ(t), w = r(x, t) sh ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯à¥¤¥«ï¥âáï ¨§ ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = g(th ϕ),
  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î

∂r

∂t
= L[r] + rf(th ϕ) + h(th ϕ). (1)

� ¬¥­ 
r = F (t)

[
Z(x, t) +

∫
h(th ϕ) dt

F (t)

]
, F (t) = exp

[∫
f(th ϕ) dt

]

¯à¨¢®¤¨â (1) ª «¨­¥©­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨
∂Z

∂t
= L[Z].

� ¬¥ç ­¨¥. �¬¥¥âáï â ª¦¥ à¥è¥­¨¥ ¢¨¤ 
u = r(x, t) sh ϕ(t), w = r(x, t) ch ϕ(t).

8. ∂u

∂t
= L[u] + uf

(
t,

u

w

)
+ u

w
h

(
t,

u

w

)
,

∂w

∂t
= L[w] + wg

(
t,

u

w

)
+ h

(
t,

u

w

)
.

�¤¥áì L | «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à, ®¯¨á ­­ë© ¢ ãà ¢­¥­¨¨ D3.1.4.
�®ç­®¥ à¥è¥­¨¥:

u = ϕ(t)G(t)
[
θ(x1, . . . , xn, t) +

∫
h(t, ϕ)
G(t)

dt

]
, G(t) = exp

[∫
g(t, ϕ) dt

]
,

w = G(t)
[
θ(x1, . . . , xn, t) +

∫
h(t, ϕ)
G(t)

dt

]
,

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ­¥«¨­¥©­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
¯¥à¢®£® ¯®àï¤ª 

ϕ′t = [f(t, ϕ)− g(t, ϕ)]ϕ,
  äã­ªæ¨ï θ = θ(x1, . . . , xn, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î

∂θ

∂t
= L[θ].

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).
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9. ∂u

∂t
= L[u] + uf

(
t,

u

w

)
ln u + ug

(
t,

u

w

)
,

∂w

∂t
= L[w] + wf

(
t,

u

w

)
ln w + wh

(
t,

u

w

)
.

�¤¥áì L | «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à, ®¯¨á ­­ë© ¢ ãà ¢­¥­¨¨ D3.1.4.
�®ç­®¥ à¥è¥­¨¥:

u(x, t) = ϕ(t)ψ(t)θ(x1, . . . , xn, t), w(x, t) = ψ(t)θ(x1, . . . , xn, t),
£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨©

ϕ′t = ϕ[g(t, ϕ)− h(t, ϕ) + f(t, ϕ) ln ϕ],
ψ′t = ψ[h(t, ϕ) + f(t, ϕ) ln ψ],

(1)

  äã­ªæ¨ï θ = θ(x1, . . . , xn, t) ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬
∂θ

∂t
= L[θ] + f(t, ϕ)θ ln θ. (2)

�á«¨ ¨§¢¥áâ­® à¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï (1), â® à¥è¥­¨¥ ¢â®à®£® ãà ¢­¥­¨ï ¬®¦­® ­ ©â¨
¯ãâ¥¬ § ¬¥­ë ψ = eζ (®­® á¢®¤¨âáï ª «¨­¥©­®¬ã ãà ¢­¥­¨î ¤«ï ζ). �á«¨ L | ®¤­®¬¥à­ë©
®¯¥à â®à (n = 1) á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨ f = const, â® ãà ¢­¥­¨¥ (2) ¨¬¥¥â à¥è¥­¨¥
â¨¯  ¡¥£ãé¥© ¢®«­ë θ = θ(kx− λt).gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 b).

10. ∂u

∂t
= L[u] + uf(au + bw) − bg

(
w

u

)
,

∂w

∂t
= L[w] + wf(au + bw) + ag

(
w

u

)
.

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­®© x («î¡®£®
¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â x.

�®ç­®¥ à¥è¥­¨¥:
u = br(x, t) cos2 ϕ(t), w = ar(x, t) sin2 ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = 1
sin 2ϕ

g

(
a

b
tg2 ϕ

)
, (1)

  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î
∂r

∂t
= L[r] + rf(abr). (2)

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®© ä®à¬¥∫
sin(2ϕ)dϕ

g(ab−1 tg2 ϕ)
= t + C.

�â¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (2) ¤®¯ãáª ¥â áâ æ¨®­ à­®¥ à¥è¥­¨¥ r = r(x). �á«¨ L | «¨­¥©­ë©
¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, â® ãà ¢­¥­¨¥ (2) ¤®¯ãáª ¥â
â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë r = r(kx− λt), £¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

� ¬¥ç ­¨¥. �ª § ­­®¥ à¥è¥­¨¥ «¥£ª® ®¡®¡é ¥âáï ­  á«ãç ©, ª®£¤  «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë©
®¯¥à â®à L § ¢¨á¨â ®â n ¯à®áâà ­áâ¢¥­­ëå ¯¥à¥¬¥­­ëå x1, . . . , xn.

11. ∂u

∂t
= L[u] + uf(u2 + w2) − wg

(
w

u

)
,

∂w

∂t
= L[w] + wf(u2 + w2) + ug

(
w

u

)
.

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­®© x («î¡®£®
¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â x.

�®ç­®¥ à¥è¥­¨¥:
u = r(x, t) cos ϕ(t), w = r(x, t) sin ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = g(tg ϕ), (1)
  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

∂r

∂t
= L[r] + rf(r2). (2)
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�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®© ä®à¬¥∫
dϕ

g(tg ϕ)
= t + C.

�â¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (2) ¤®¯ãáª ¥â áâ æ¨®­ à­®¥ à¥è¥­¨¥ r = r(x). �á«¨ L | «¨­¥©­ë©
¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, â® ãà ¢­¥­¨¥ (2) ¤®¯ãáª ¥â
â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë r = r(kx− λt), £¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

� ¬¥ç ­¨¥. �ª § ­­®¥ à¥è¥­¨¥ «¥£ª® ®¡®¡é ¥âáï ­  á«ãç ©, ª®£¤  «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë©
®¯¥à â®à L § ¢¨á¨â ®â n ¯à®áâà ­áâ¢¥­­ëå ¯¥à¥¬¥­­ëå x1, . . . , xn.

12. ∂u

∂t
= L[u] + uf(u2 − w2) + wg

(
w

u

)
,

∂w

∂t
= L[w] + wf(u2 − w2) + ug

(
w

u

)
.

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­®© x («î¡®£®
¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â x.

�®ç­®¥ à¥è¥­¨¥:
u = r(x, t) ch ϕ(t), w = r(x, t) sh ϕ(t),

£¤¥ äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

ϕ′t = g(th ϕ), (1)
  äã­ªæ¨ï r = r(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

∂r

∂t
= L[r] + rf(r2). (2)

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®© ä®à¬¥∫
dϕ

g(th ϕ)
= t + C.

�â¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (2) ¤®¯ãáª ¥â áâ æ¨®­ à­®¥ à¥è¥­¨¥ r = r(x). �á«¨ L | «¨­¥©­ë©
¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, â® ãà ¢­¥­¨¥ (2) ¤®¯ãáª ¥â
â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë r = r(kx− λt), £¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

� ¬¥ç ­¨¥. �ª § ­­®¥ à¥è¥­¨¥ «¥£ª® ®¡®¡é ¥âáï ­  á«ãç ©, ª®£¤  «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë©
®¯¥à â®à L § ¢¨á¨â ®â n ¯à®áâà ­áâ¢¥­­ëå ¯¥à¥¬¥­­ëå x1, . . . , xn.

13. F1

(
w,

∂w

∂x
, . . . ,

∂mw

∂xm
,

1
uk

∂w

∂t
,

1
u

∂u

∂x
, . . . ,

1
u

∂nu

∂xn

)
,

F2

(
w,

∂w

∂x
, . . . ,

∂mw

∂xm
,

1
uk

∂w

∂t
,

1
u

∂u

∂x
, . . . ,

1
u

∂nu

∂xn

)
.

�®ç­®¥ à¥è¥­¨¥:
w = W (z), u = [ϕ′(t)]1/kU(z), z = x + ϕ(t),

£¤¥ äã­ªæ¨ï ϕ(t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, èâà¨å ®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® t,   äã­ªæ¨¨
W (z) ¨ U(z) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

F1

(
W, W ′

z, . . . , W (m)
z ,

W ′
z

Uk
,

U ′z
U

, . . . ,
U

(n)
z

U

)
,

F2

(
W, W ′

z, . . . , W (m)
z ,

W ′
z

Uk
,

U ′z
U

, . . . ,
U

(n)
z

U

)
.

gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).

14. ax
∂u

∂x
+ ay

∂u

∂y
= F1

(
u, w,

∂u

∂x
,

∂u

∂y
,

∂w

∂x
,

∂w

∂y
,

∂2u

∂x2 ,
∂2u

∂y2 ,
∂2w

∂x2 ,
∂2w

∂y2

)
,

ax
∂w

∂x
+ ay

∂w

∂y
= F2

(
u, w,

∂u

∂x
,

∂u

∂y
,

∂w

∂x
,

∂w

∂y
,

∂2u

∂x2 ,
∂2u

∂y2 ,
∂2w

∂x2 ,
∂2w

∂y2

)
.

�¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
u(x, y) = U(z), w(x, y) = W (z), z = k1x + k2y,

£¤¥ k1, k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ U = U(z) ¨ W = W (z) ®¯¨áë¢ îâáï
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

azU ′z = F1
(
u, w, k1U

′
z, k2U

′
z, k1W

′
z, k2W

′
z, k2

1U ′′zz, k2
2U ′′zz, k2

1W ′′
zz, k2

2W ′′
zz

)
,

azW ′
z = F2

(
u, w, k1U

′
z, k2U

′
z, k1W

′
z, k2W

′
z, k2

1U ′′zz, k2
2U ′′zz, k2

1W ′′
zz, k2

2W ′′
zz

)
.
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D3.2. �¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨©, á®¤¥à¦ é¨¥ ¢â®àë¥ ¯à®¨§¢®¤­ë¥ ¯® t

1. ∂2u

∂t2
= L[u] + uf(t, au − bw) + g(t, au − bw),

∂2w

∂t2
= L[w] + wf(t, au − bw) + h(t, au − bw).

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à («î¡®£® ¯®àï¤ª ) ¯® ¯à®-
áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ x1, . . . , xn, ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â x1, . . . , xn, t.
�ç¨â ¥âáï, çâ® L[const] = 0.
1◦. �®ç­®¥ à¥è¥­¨¥:

u = ϕ(t) + aθ(x1, . . . , xn, t), w = ψ(t) + bθ(x1, . . . , xn, t),
£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ϕ′′tt = ϕf(t, aϕ− bψ) + g(t, aϕ− bψ),
ψ′′tt = ψf(t, aϕ− bψ) + h(t, aϕ− bψ),

  äã­ªæ¨ï θ = θ(x1, . . . , xn, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î
∂2θ

∂t2
= L[θ] + f(t, aϕ− bψ)θ.

2◦. �¬­®¦¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ ­  a,   ¢â®à®¥ | ­  −b ¨ á«®¦¨¬. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª
ãà ¢­¥­¨î

∂2ζ

∂t2
= L[ζ] + ζf(t, ζ) + ag(t, ζ)− bh(t, ζ), ζ = au− bw, (1)

ª®â®à®¥ ¡ã¤¥¬  ­ «¨§¨à®¢ âì ¢¬¥áâ¥ á ¯¥à¢ë¬ ãà ¢­¥­¨¥¬ ¨áå®¤­®© á¨áâ¥¬ë
∂2u

∂t2
= L[u] + uf(t, ζ) + g(t, ζ). (2)

�à ¢­¥­¨¥ (1) ¬®¦­® à áá¬ âà¨¢ âì ®â¤¥«ì­®. �á«¨ ¨§¢¥áâ­® ­¥ª®â®à®¥ à¥è¥­¨¥ ζ = ζ(x, t)
ãà ¢­¥­¨ï (1), â® äã­ªæ¨î u = u(x1, . . . , xn, t) ¬®¦­® ­ ©â¨ ¯ãâ¥¬ à¥è¥­¨ï «¨­¥©­®£®
ãà ¢­¥­¨ï (2); äã­ªæ¨ï w = w(x1, . . . , xn, t) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ w = (au− ζ)/b.

�â¬¥â¨¬ âà¨ ¢ ¦­ëå á«ãç ï, ª®£¤  ãà ¢­¥­¨¥ (1) ¤®¯ãáª ¥â â®ç­ë¥ à¥è¥­¨ï:
(i) �à ¢­¥­¨¥ (1) ¢á¥£¤  ¤®¯ãáª ¥â ¯à®áâà ­áâ¢¥­­®-®¤­®à®¤­®¥ à¥è¥­¨¥ ζ = ζ(t).
(ii) �ãáâì ª®íää¨æ¨¥­âë ®¯¥à â®à  L ¨ äã­ªæ¨¨ f , g, h ­¥ § ¢¨áïâ ï¢­® ®â t. �®£¤ 

ãà ¢­¥­¨¥ (1) ¤®¯ãáª ¥â áâ æ¨®­ à­®¥ à¥è¥­¨¥ ζ = ζ(x1, . . . , xn).
(iii) �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï ζf(t, ζ)+bg(t, ζ)−ch(t, ζ) = k1ζ +k0 ãà ¢­¥­¨¥ (1) ï¢«ï¥âáï

«¨­¥©­ë¬. �á«¨ L|®¯¥à â®à á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, â® ¤«ï ¯®áâà®¥­¨ï ¥£® à¥è¥­¨©
¬®¦­® ¨á¯®«ì§®¢ âì ¬¥â®¤ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå.gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004, http://eqworld.ipmnet.ru/en/solutions/syspde/spde5301.pdf).

2. ∂2u

∂t2
= L[u] + b2f(a1u + b1w) + b1g(a2u + b2w),

∂2w

∂t2
= L[w] − a2f(a1u + b1w) − a1g(a2u + b2w).

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­®© x («î¡®£®
¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â x ¨ t. �ç¨â ¥âáï, çâ®
L[const] = 0 ¨ a1b2 − a2b1 6= 0.

�¬­®¦ ï ãà ¢­¥­¨ï ­  ¯®¤å®¤ïé¨¥ ª®­áâ ­âë,   § â¥¬ ¯®ç«¥­­® áª« ¤ë¢ ï, ¯®«ãç¨¬ ¤¢ 
­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨ï

∂2U

∂t2
= L[U ] + (a1b2 − a2b1)f(U), U = a1u + b1w;

∂2W

∂t2
= L[W ]− (a1b2 − a2b1)g(W ), W = a2u + b2w.

(1)

�¯¥æ¨ «ì­ë© á«ãç © 1. �á«¨ L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à á ¯®áâ®-
ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, â® ãà ¢­¥­¨ï (1) ¤®¯ãáª îâ à¥è¥­¨ï â¨¯  ¡¥£ãé¨å ¢®«­

U = U(k1x− λ1t), W = W (k2x− λ2t),
£¤¥ km, λm | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ ¨áå®¤­®© á¨áâ¥¬ë ¡ã¤¥â ¯à¥¤áâ ¢-
«ïâì á®¡®© áã¯¥à¯®§¨æ¨î («¨­¥©­ãî ª®¬¡¨­ æ¨î) ¤¢ãå ¡¥£ãé¨å ¢®«­.

43 �. �. �®«ï­¨­, �. �. � ©æ¥¢
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�¯¥æ¨ «ì­ë© á«ãç © 2. �á«¨ ª®íää¨æ¨¥­âë «¨­¥©­®£® ®¯¥à â®à  L § ¢¨áïâ â®«ìª® ®â x, â® ãà ¢­¥-
­¨ï (1) ¨¬¥îâ ¯à®áâë¥ à¥è¥­¨ï ¢¨¤ 

U = U(t), W = W (x); U = U(x), W = W (t).

� ¬¥ç ­¨¥. �­ «®£¨ç­ë¬ ®¡à §®¬ à áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤  «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥-
à â®à L § ¢¨á¨â ®â ­¥áª®«ìª¨å ¯à®áâà ­áâ¢¥­­ëå ¯¥à¥¬¥­­ëå x1, . . . , xn.

3. ∂2u

∂t2
= L1[u] + uf

(
u

w

)
,

∂2w

∂t2
= L2[w] + wg

(
u

w

)
.

�¤¥áì L1, L2 | ¯à®¨§¢®«ì­ë¥ «¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë («î¡®£® ¯®àï¤ª ) ¯®
¯¥à¥¬¥­­®© x á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨.
1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ¤¢ãå ¡¥£ãé¨å ¢®«­ á à §­ë¬¨ áª®à®áâï¬¨:

u = ekx−λty(ξ), w = ekx−λtz(ξ), ξ = βx− γt,

£¤¥ k, λ, β, γ |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y =y(ξ) ¨ z = z(ξ) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

γ2y′′ξξ + 2λγy′ξ + λ2y = M1[y] + yf(y/z), γ2z′′ξξ + 2λγz′ξ + λ2z = M2[z] + zg(y/z),
M1[y] = e−kxL1[ekxy(ξ)], M2[z] = e−kxL2[ekxz(ξ)].

� áâ­®¬ã á«ãç î k = λ = 0 á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë.
2◦. �¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

u = [C1 sin(kt) + C2 cos(kt)]ϕ(x), w = [C1 sin(kt) + C2 cos(kt)]ψ(x),
£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ ϕ = ϕ(x) ¨ ψ = ψ(x) ®¯¨áë¢ îâáï
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

L1[ϕ] + k2ϕ + ϕf(ϕ/ψ) = 0,

L2[ψ] + k2ψ + ψg(ϕ/ψ) = 0.

3◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
u = [C1 sh(kt) + C2 ch(kt)]ϕ(x), w = [C1 sh(kt) + C2 ch(kt)]ψ(x),

£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ ϕ = ϕ(x) ¨ ψ = ψ(x) ®¯¨áë¢ îâáï
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

L1[ϕ]− k2ϕ + ϕf(ϕ/ψ) = 0,

L2[ψ]− k2ψ + ψg(ϕ/ψ) = 0.

4◦. �ëà®¦¤¥­­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
u = (C1t + C2)ϕ(x), w = (C1t + C2)ψ(x),

£¤¥ C1, C2 |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ ϕ = ϕ(x) ¨ ψ = ψ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

L1[ϕ] + ϕf(ϕ/ψ) = 0, L2[ψ] + ψg(ϕ/ψ) = 0.

� ¬¥ç ­¨¥ 1. �®íää¨æ¨¥­âë ®¯¥à â®à®¢ L1, L2 ¨ äã­ªæ¨¨ f , g ¢ ¯¯. 2◦{4◦ ¬®£ãâ § ¢¨á¥âì ®â x.
� ¬¥ç ­¨¥ 2. �á«¨ ®¯¥à â®àë L1, L2 á®¤¥à¦ â â®«ìª® ç¥â­ë¥ ¯à®¨§¢®¤­ë¥, â® áãé¥áâ¢ãîâ à¥è¥­¨ï

á«¥¤ãîé¥£® ¢¨¤ :

u = [C1 sin(kx) + C2 cos(kx)]U(t), w = [C1 sin(kx) + C2 cos(kx)]W (t);
u = [C1 exp(kx) + C2 exp(−kx)]U(t), w = [C1 exp(kx) + C2 exp(−kx)]W (t);
u = (C1x + C2)U(t), w = (C1x + C2)W (t),

£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (âà¥âì¥ à¥è¥­¨¥ ï¢«ï¥âáï ¢ëà®¦¤¥­­ë¬).
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004, http://eqworld.ipmnet.ru/en/solutions/syspde/spde5302.pdf).
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4. ∂2u

∂t2
= L[u] + uf

(
t,

u

w

)
,

∂2w

∂t2
= L[w] + wg

(
t,

u

w

)
.

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­ë¬ x1, . . . , xn

(«î¡®£® ¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â ¯à®áâà ­áâ¢¥­-
­ëå ¯¥à¥¬¥­­ëå.

�®ç­®¥ à¥è¥­¨¥:
u = ϕ(t)θ(x1, . . . , xn), w = ψ(t)θ(x1, . . . , xn),

£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï ­¥«¨­¥©­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª 

ϕ′′tt = aϕ + ϕf(t, ϕ/ψ),
ψ′′tt = aψ + ψg(t, ϕ/ψ),

a | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï θ = θ(x1, . . . , xn) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã áâ æ¨®-
­ à­®¬ã ãà ¢­¥­¨î

L[θ] = aθ.gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004, http://eqworld.ipmnet.ru/en/solutions/syspde/spde5303.pdf).

5. ∂2u

∂t2
= L[u] + uf

(
u

w

)
+ g

(
u

w

)
,

∂2w

∂t2
= L[w] + wf

(
u

w

)
+ h

(
u

w

)
.

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­ë¬ x1,. . . , xn

(«î¡®£® ¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â x1,. . . , xn, t.
�®ç­®¥ à¥è¥­¨¥:

u = kθ(x1, . . . , xn, t), w = θ(x1, . . . , xn, t),
£¤¥ k | ª®à¥­ì  «£¥¡à ¨ç¥áª®£® (âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï g(k) = kh(k),   äã­ªæ¨ï
θ = θ(x, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î

∂2θ

∂t2
= L[θ] + f(k)θ + h(k).

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004, http://eqworld.ipmnet.ru/en/solutions/syspde/spde5304.pdf).

6. ∂2u

∂t2
= L[u] + au ln u + uf

(
t,

u

w

)
,

∂2w

∂t2
= L[w] + aw ln w + wg

(
t,

u

w

)
.

�¤¥áì L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯¥à¥¬¥­­ë¬ x1, . . . , xn

(«î¡®£® ¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì ®â ¯à®áâà ­áâ¢¥­-
­ëå ¯¥à¥¬¥­­ëå.

�®ç­®¥ à¥è¥­¨¥:
u = ϕ(t)θ(x1, . . . , xn), w = ψ(t)θ(x1, . . . , xn),

£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï ­¥«¨­¥©­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª 

ϕ′′tt = aϕ ln ϕ + bϕ + ϕf(t, ϕ/ψ),
ψ′′tt = aψ ln ψ + bψ + ψg(t, ϕ/ψ),

b | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï θ = θ(x1, . . . , xn) ã¤®¢«¥â¢®àï¥â áâ æ¨®­ à­®¬ã
ãà ¢­¥­¨î

L[θ] + aθ ln θ − bθ = 0.gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004, http://eqworld.ipmnet.ru/en/solutions/syspde/spde5305.pdf).

D3.3. �¨áâ¥¬ë, á®¤¥à¦ é¨¥ ¯à®¨§¢®«ì­®¥ ç¨á«® ãà ¢­¥­¨©

1. ∂

∂t

[
u + G(w1, . . . , wn)

]
+ ∂u

∂x
= 0,

∂wk

∂t
= Fk(w1, . . . , wn)u, k = 1, . . . , n.

�â  á¨áâ¥¬  ¨§ n+1 ãà ¢­¥­¨ï ®¯¨áë¢ ¥â £«ã¡®ªãî ä¨«ìâà æ¨î ¬­®£®ª®¬¯®­¥­â­®© áãá¯¥­§¨¨
ç áâ¨æ ¢ ¯®à¨áâ®© áà¥¤¥ á ãç¥â®¬ ¨§¬¥­¥­¨ï ¥¥ ¯à®­¨æ ¥¬®áâ¨ (®¡ãá«®¢«¥­­®© § å¢ â®¬ ç áâ¨æ
¯®à¨áâ®© áà¥¤®©).

�§ ¯®á«¥¤­¨å n ãà ¢­¥­¨© ¨¬¥¥¬
1

F1(w1, . . . , wn)
∂w1
∂t

= · · · = 1
Fn(w1, . . . , wn)

∂wn

∂t
= u. (1)

43*
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�é¥¬ â®ç­ë¥ à¥è¥­¨ï à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ¢ ¢¨¤¥
w1 = w1(wn), . . . , wn−1 = wn−1(wn), (2)

â. ¥. ¯à¥¤¯®« £ ¥¬, çâ® äã­ªæ¨¨ w1, . . . , wn−1 ¬®£ãâ ¡ëâì ¢ëà ¦¥­ë ç¥à¥§ wn. �§ (1) ¨ (2)
¯®«ãç¨¬  ¢â®­®¬­ãî á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

dwk

dwn

= Fk(w1, . . . , wn)
Fn(w1, . . . , wn)

, k = 1, . . . , n− 1. (3)

� «¥¥, áç¨â ï, çâ® à¥è¥­¨¥ á¨áâ¥¬ë (3) ¯®«ãç¥­® ¨ § ¢¨á¨¬®áâ¨ (2) ¨§¢¥áâ­ë, ¯®¤áâ ¢¨¬ ¨å ¢
¨áå®¤­ãî á¨áâ¥¬ã. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ ¨§ ¤¢ãå ãà ¢­¥­¨©

∂

∂t

[
u + g(wn)

]
+ ∂u

∂x
= 0,

∂wn

∂t
= fn(wn)u,

(4)

£¤¥
g(wn) = G

(
w1(wn), . . . , wn−1(wn), wn

)
, fn(wn) = Fn

(
w1(wn), . . . , wn−1(wn), wn

)
.

�¢¥¤ï ¢ (4) ­®¢ãî § ¢¨á¨¬ãî ¯¥à¥¬¥­­ãî

w = g(wn) ≡ G
(
w1(wn), . . . , wn−1(wn), wn

)
,

¯®«ãç¨¬ á¨áâ¥¬ã D1.2.1, ¢ ª®â®à®© äã­ªæ¨ï f = f(w) § ¤ ¥âáï ¯ à ¬¥âà¨ç¥áª¨

f = g′(wn)fn(wn), w = g(wn),
£¤¥ wn à áá¬ âà¨¢ ¥âáï ª ª ¯ à ¬¥âà.

� ¬¥ç ­¨¥. �¥è¥­¨ï ãª § ­­®£® ¢¨¤  ¢®§­¨ª îâ, ­ ¯à¨¬¥à, ¢ § ¤ ç å á ­ ç «ì­ë¬¨ ¨ £à ­¨ç­ë¬¨
ãá«®¢¨ï¬¨

w1 = · · · = wn = u = 0 ¯à¨ t = 0,

u = 1 ¯à¨ x = 0.

� íâ®¬ á«ãç ¥ á¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (3) ¤®«¦­  ¡ëâì ¤®¯®«­¥­  á«¥¤ãî-
é¨¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨:

w1 = · · · = wn−1 = 0 ¯à¨ wn = 0.

gr �¨â¥à âãà : P. Bedrikovetsky (2006).

2. ∂um

∂t
= L[um] + umf(t, u1 − b1un, . . . , un−1 − bn−1un) +

+ gm(t, u1 − b1un, . . . , un−1 − bn−1un), m = 1, . . . , n.
�â  á¨áâ¥¬  á®¤¥à¦¨â n + 1 ¯à®¨§¢®«ì­ãî äã­ªæ¨î f , g1, . . . , gn, ª®â®àë¥ § ¢¨áïâ ®â n  à£ã-
¬¥­â®¢; L | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥-
¬¥­­ë¬ x1, . . . , xn («î¡®£® ¯®àï¤ª  ¯® ¯à®¨§¢®¤­ë¬), ª®íää¨æ¨¥­âë ª®â®à®£® ¬®£ãâ § ¢¨á¥âì
®â x1, . . . , xn, t. �ç¨â ¥âáï, çâ® L[const] = 0.

�®ç­®¥ à¥è¥­¨¥:

um = ϕm(t) + exp
[∫

f(t, ϕ1 − b1ϕn, . . . , ϕn−1 − bn−1ϕn) dt
]
θ(x1, . . . , xn, t).

�¤¥áì äã­ªæ¨¨ ϕm = ϕm(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨©

ϕ′m = ϕmf(t, ϕ1 − b1ϕn, . . . , ϕn−1 − bn−1ϕn) + gm(t, ϕ1 − b1ϕn, . . . , ϕn−1 − bn−1ϕn),
£¤¥ m = 1, . . . , n, èâà¨å ®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® t,   äã­ªæ¨ï θ = θ(x1, . . . , xn, t)
ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î

∂θ

∂t
= L[θ].

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004, http://eqworld.ipmnet.ru/en/solutions/syspde/spde5401.pdf).
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3. ∂um

∂t
= L[um] + umfm

(
t,

u1
un

, . . . ,
un−1

un

)
+ um

un
g
(
t,

u1
un

, . . . ,
un−1

un

)
,

∂un

∂t
= L[un] + unfn

(
t,

u1
un

, . . . ,
un−1

un

)
+ g

(
t,

u1
un

, . . . ,
un−1

un

)
.

�¤¥áì m = 1, . . . , n− 1; á¨áâ¥¬  á®¤¥à¦¨â n + 1 ¯à®¨§¢®«ì­ãî äã­ªæ¨î f1, . . . , fn, g, ª®â®àë¥
§ ¢¨áïâ ®â n  à£ã¬¥­â®¢; L | «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë©, ®¯¨á ­­ë© ¢ á¨áâ¥¬¥ D3.3.1.

�®ç­®¥ à¥è¥­¨¥:

um = ϕm(t)Fn(t)
[
θ(x1, . . . , xn, t) +

∫
g(t, ϕ1, . . . , ϕn−1)

Fn(t)
dt

]
, m = 1, . . . , n− 1,

un = Fn(t)
[
θ(x1, . . . , xn, t) +

∫
g(t, ϕ1, . . . , ϕn−1)

Fn(t)
dt

]
,

Fn(t) = exp
[∫

fn(t, ϕ1, . . . , ϕn−1) dt
]
,

£¤¥ äã­ªæ¨¨ ϕm = ϕm(t) ®¯¨áë¢ îâáï ­¥«¨­¥©­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì-
­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª 

ϕ′m = ϕm[fm(t, ϕ1, . . . , ϕn−1)− fn(t, ϕ1, . . . , ϕn−1)], m = 1, . . . , n− 1,

  äã­ªæ¨ï θ = θ(x1, . . . , xn, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î
∂θ

∂t
= L[θ].

gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004, http://eqworld.ipmnet.ru/en/solutions/syspde/spde5402.pdf).

4. ∂um

∂t
= L[um] +

n∑

k=1
ukfmk

(
t,

u1
un

, . . . ,
un−1

un

)
, m = 1, . . . , n.

�¨áâ¥¬  á®¤¥à¦¨â n2 ¯à®¨§¢®«ì­ëå äã­ªæ¨© fmk = fmk(t, z1, . . . , zn−1), § ¢¨áïé¨å ®â ®â­®-
è¥­¨© ¨áª®¬ëå ¢¥«¨ç¨­ ¨ ¢à¥¬¥­¨; L | «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à, ®¯¨á ­­ë© ¢
á¨áâ¥¬¥ D3.3.1.

�®ç­®¥ à¥è¥­¨¥:
um(x1, . . . , xn, t) = ϕm(t)F (t)θ(x1, . . . , xn, t), m = 1, . . . , n,

F (t) = exp
[∫ n∑

k=1
ϕk(t)fnk(t, ϕ1, . . . , ϕn−1) dt

]
, ϕn(t) = 1,

£¤¥ äã­ªæ¨¨ ϕm = ϕm(t) ®¯¨áë¢ îâáï ­¥«¨­¥©­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì-
­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª 

ϕ′m =
n∑

k=1
ϕkfmk(t, ϕ1, . . . , ϕn−1)− ϕm

n∑

k=1
ϕkfnk(t, ϕ1, . . . , ϕn−1), m = 1, . . . , n− 1,

  äã­ªæ¨ï θ = θ(x1, . . . , xn, t) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ãà ¢­¥­¨î
∂θ

∂t
= L[θ].

gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. �ï§ì¬¨­  (2006).


