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Abstract. In [4] the authors proposed a collocation algorithm for approximating the minimal norm
least-squares solution of first kind integral equations with continuous reproducing kernel. The convergence of
the approximate solutions sequence is proved under the assumption that all the sets of collocation functions
are linearly independent. In this paper we replace the above assumption by a weaker one and prove that
the corresponding sequence of approximations still converges to the minimal norm solution of the initial
equation.

1 Introduction

We shall use through the whole paper the notations and results from [4] (including those refering
to the construction and properties of reproducing kernel Hilbert spaces (RKHS)). For a linear
operator A, N(A) and R(A) will denote the null space and range of A, respectively. Moreover, by

span{vy,..., v, we shall denote the linear subspace spanned by the family {v1,...,v,} from a
given vector space. L? will be the real Hilbert space L?([0,1]) with the scalar product (-,-) and the
associated norm || - ||, respectively. Let K : L? — L? be the integral operator

Ka(t) = /0 k(t, 5)2(s)ds, (1)

with the kernel k : [0,1] x [0,1] — IR and y € L? a given function. We consider the first kind
integral equation: find z € L? such that

Ka(t) = y(t), vt € [0,1]. 2)

If T, = {t1,...,tm} is the set of collocation points in [0, 1], we consider the collocation formulation
of (2): find x € L? such that

Kx(t;) =y(t;), Yi=1,...,m. (3)

For t; € T}, we define k;, : [0,1] — IR and g; by
ke, (s) = k(ti,s), Vs € [0,1], s =y(t;), i=1,...,m. (4)
Then, the equation (3) can be written as
Cnx =17, (5)
where § € IR™ and C,, : L? — IR™ are defined by
(kt,, 2) (1

Cnz = . ,
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If
y € R(K), (7)

let % be the minimal norm least-squares solution of (2) and 2%5 the similar one for (5), given by

el = Ky, L% = Cihy, (8)

m

where by A1 we shall denote the Moore-Penrose pseudoinverse of a linear operator A (see e.g. [3]).
The following assumption was used in [4].
Assumption Al. The set of collocation functions defined by the collocation points in T,,, i.e.

(ke i=1,...,m} 9)

is linearly independent, ¥ m > 1.

Let A,, be defined
A, = sup ( inf |(t—ti)|> . (10)

te[0,1] \ti€Tm

The following result is proved in [4] (Theorem 3.1, partial statement).
Theorem 1.Under the above assumption A1, if (7) holds, the reproducing kernel Q(t,t'), defined

by
1
Q. 1) :/ k(t, $)k(t, s)ds, £,¢' € [0,1] (11)
0
is continuous and
lim A, =0, (12)
then
Alim | &S — 219 ||= 0. (13)

2 Convergence proof for y € R(K)
We shall firstly replace the assumption A1l by a weaker one. In this sense, we denote by
X = span{ks, t € T, } (14)

the finite dimensional vector subspace of collocation functions defined by the set T,,, (see (4)) and
by dim(X,,) its dimension.
Assumption WAL. It exists a sequence of positive integers 0 < mi < mg < -+ < mp < Mpy1 <
- such that
dim(Xp,) < dim(Xn,,,,), Yp > 1. (15)

Remark 1. From the definition of Ty, = {t1,...,tm} C [0,1] (see also [4]) we have T, C
Trt1,Vm > 1, which means that X,, C Xp,11,Ym > 1. Thus, the above assumption WAL tells us
that the number of linearly independent functions k; in the subspaces X,, tends to infinity, but not
all the functions in each X,, are linearly independent, as in the assumption Al.
Remark 2. Assumption WAL together with (12) ensures the fact that the set {Q¢,t € |J,,»1 Tm}
is dense in the reproducing kernel space Kq with respect to the (-,-)o (see [4]). a
Remark 3. In [4] it is proved that, under the assumption A1 the minimal norm solution x5 from
(8) is given by

ktl

xﬁLS = (gla cee »gm)Q;zl : ) (16)

m



where Q. is the Gram matrixz of the linearly independent system {ks,t € Ty, }.
Under our weaker assumption WAL, the set {k:,t € T}, } is no more linearly independent, thus the
associated Gram matrix @Q,,, defined by

(Qm)zg = <kti7kt]‘>7 VZ?] = 17' -, m (17)

is no more invertible. Thus, in order to compute 2% from (8), we need some auxiliary results which
shall be presented in what follows.
Lemma 1. Let (H,(-,-)) be a real Hilbert space, x € H an arbitrary element, V,, a finite di-
mensional subspace Vi, = span{vy,...,v;m}t C H, the m x m matric G, and b € R™ defined
by

(Gm)ij = (vj,v3), b = (2, v5). (18)

Then, the orthogonal projection of x onto V,,, denoted by Py, (x) is given by

m
Py, (z) =) afSv;, (19)
j=1

¥ (af?..

where « okt e R™ is the minimal norm solution of the system

G =b. (20)

Proof. It is clear that the system (20) is consistent and Py, (x) is of the form (19). By using the
well known characterization of projection, i.e. © — Py, (2) L V,,, we obtain that the coefficients
vector o™ from (19) must be a solution of (20). Because the system {vy,---,v,,} is arbitrary, the
Gram matrix G, is symmetric and positive semi-definite, but not more invertible. Thus, the set of
all solutions of (20) is given by (see e.g. [1])

S(Gm;b) = {a™¥ 4w, w € N(Gp)}, (21)

where
o =Gt (22)

is the minimal norm one. If a = a®¥ +w € S(G,,;b) is an arbitrary solution, we have

(%1 (&1 U1
Zajvj =a . = (%) . +w' . . (23)
j=1 : : .
Um Vi Um
U1
Lety =w' | . | =", wjv;. Because w € N(Gp,), we obtain
U,
m m
Z(wjvjavi) = (ijvj7vi) = (yvUi) :07 Vi = yeeey M0 (24)
j=1 j=1

But y € V;,, , thus using (24) we obtain y = 0, which means that
m m
V a€ S(Gn;:b), Zozjvj = Zafsvj (25)
j=1 j=1

and the proof is complete.
Lemma 2. The minimal norm solution of the system (5) belongs to the subspace X, from (14).
Proof. Let C}, : IR™ — L? be the adjoint of C,,, from (6), defined by

(Copv,2) = (0,C%2), ¥ z€ R™, ve L (26)



where by (-,-)2 we denoted the Euclidean scalar product in IR™. By a simple computation using
(6) and (26), we obtain that
R(C}) = Xm. (27)

Let é’m : R(C?,) — R(Cy,) be the restriction of C,, to the subspace R(C},) C L% Then (see e.g.
[1]) Cyy, is bijective and the Moore-Penrose pseudoinverse of C,, is defined by Cf, : R™ — R(C},),

Clz=Crl(z), ¥V 2=2 @z € R(Cp)® R(Cp)* = R™. (28)

Thus, for z1° from (8) we get (also using (28))

oS = O € R(CL) = Xim

and the proof is complete.
According to the above Lemma 2, let 2% € X,,, be given by (see (14))

xks = Zaj k- (29)
j=1
From (5) and (29) we obtain that the vector o = (v, ..., )" € IR™ must be a solution of the
(consistent) system
Qm - =17, (30)

with @, from (17). But, as in the proof of Lemma 1 before, we show that for any solution
a = oS +wof (30) (with " = Q7 w € N(Qn) ) we obtain 37" | ajky, = Y27, af®k;,, which
means that x25 from (29) will be given by (see (16))

ke,
S = (g || (31)
ko,
Then, we obtain as in [4] that
Q,
Kebd = G i) |- | (3)
Qu.
where the functions Q;, with ¢ € [0, 1] are defined with the reproducing kernel Q(t,t") by
Q+(s) =Q(t,s), ¥V s€]0,1]. (33)
Moreover, the following properties hold (see (17) and [4]):
(Qr,,Qu,)q = (ke key) = (Qum)ij (34)
(Qe,2)g =2(t), ¥V z€Kg, te][0,1], (35)

where g is R(K) organized as a Hilbert space with reproducing kernel Q(¢,¢'). Then, as in the
proof of Theorem 3.1 from [4] we obtain that

lag® — ot =] Kag® — Kot o= Ky —y llq - (36)

m

Thus (see also Remark 2 before), the only things that have to be proved are the following:

Kzlk% = Pr, (y), (37)

m

where Pr, (y) is the projection of y in K¢ onto the vector subspace generated by the set {Qy,t € T}, }
and that

JJim = Pr, () lo=0. (39)



For (37), by replacing in Lemma 1 (H, (-, -)) with (Kg, (-, )g) and V,,, with span{Q,, t € T,,,}, we
obtain that

m

Pr,(y) =Y ol Q. (39)

j=1

with % € IR™ the minimal norm solution of the system

Qma™® = (40)
and the m x m matrix Q,, given by (see (17), (39), (34))
(Qm)ij = (@, Qr.)Q = (Qm)ij- (41)
But, from (39)-(41) and Lemma 1 it results that o* is the minimal norm solution of (30), i.e.
oS = Qi (42)

which together with (32) and (39) gives us (37).
For (38), let € > 0 be arbitrary fixed and we € span{Qy, t € UU,,>, T} such that (see Remark 2)

ly—wellq < e (43)
But
P
we=Y - Qu, t'€Tp, I=1,....p. (44)
1=1
Thus, if we define m, > 1 by
me = max{ma,...,mp}, (45)
then t' € T},,., VI =1,...,p, so
we € Thpy, . (46)

From (46) it results that

ly—Pr,. % lle < ly—wello < e (47)
Now, if
m > me (48)
we have that T,,,. = {t1,...,¢tm.} C Tm = {t1,...,tm} and thus
Spa/n{Qtl PRI 7th5} C Spa‘n{Qtla sy th}a
which means that
ly—Pr,lle < ly—Pr..Wle < e (49)

Then, (38) directly holds from (47)-(49).
In this way we proved the following result.
Theorem 2. Under the hypothesis of Theorem 1 and if the assumption A1l is replaced by WAL,
then (13) holds.
1

3 Convergence proof for y € R(K) ® R(K)
In this case, in [4] the authors considered instead of (2), its normal equation

Qz = w, (50)
where Q = K*K,w = K*y and K* the adjoint of K from (1). Because of the equality (see [3], [4])

Qtw = K"y, (51)



it results that the equations (2) and (50) have the same minimal norm solution z** from (8). Then,
if S,y = {s1,...,8m} C [0,1], is the set of collocation points, we replace (3) by the problem: find
x € L? such that

i (Qm(s,) - w(sl))2 = min! (52)

i=1
Let then g, : [0,1] — IR, @ € IR™ be given by (see (4))
G () = Qlsist), t€ [0,1], = (w(s1), ..., w(sm))". (53)
If Y., = span{qs,,--.,qs,, }, we shall replace authors’ assumption
“the set {qsy,---,qs,, + s linearly independent ¥Ym > 17 by the following weaker one.

Assumption GWAL. [t exists a sequence of positive integers
0<mi <mg<---<my <mpy1 <--- such that

dim(Yy,,) < dim(Yp,,,,),Vp > 1. (54)

P

Then, if P,, is the m x m symmetric and positive semi-definite matrix defined by

(PTTL)ij = <qu-7q~si>7 Vl,j = la“'amv (55)
as in Section 2 we can show that the minimal norm solution #%° of (52) is given by
ErS = (W, .. ) Pl (s ) (56)

We shall also suppose that for A,, defined by

A,, = sup ( inf |(s—s; ) 57)
Sup Jinf | )| (
the following holds _

lim A, =0. (58)

m— 00
Then, by using similar arguments as those in the above Section 1 we can prove the following result
(see Theorem 4.1 from [4]).

Theorem 3. Under the assumption GWAL, if y € R(K) ® R(K)™, the reproducing kernel

1
P(s,s) z/ Q(5,u)Q(s',u)du, 5,5 € [0,1]
0
is continuous and (57) holds, then

im | #57 — 2" =0 (59)
Ap—s
Remark 4. Concerning practical applications of the above result we refer at the paper [2] in which,
in the framework of systems arising from the discretization of boundary value problems, the author
extends the initial (linearly independent) set of approximation functions, by some linear combination
of them in order to improve the condition number of the system matriz. Work is in progress for
applying this technique to the above described collocation algorithm.
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