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Solution of Linear Integral and Functional Equations
With Special Right-Hand Side

Here we describe some approaches to the construction of solutions of linear integral and functional
equations with special right-hand side. These approaches are based on the application of auxiliary
solutions that depend on a free parameter.

1. The General Scheme
Consider a linear equation, which we shall write in the following brief form:

whereL is a linear operator (integral, functional, differential, etc.) that acts with respect to the
variablez and is independent of the parameigrnd fy(x, A) is a given function that depends on
the variabler and the parametey.

Suppose that the solution of Eqg. (1) is known:

y =y(z, A). )
Let M be a linear operator (integral, functional, differential, etc.) that acts with respect to the

parameten and is independent of the varialte Consider the (usual) case in whithcommutes
with L. We apply the operatdvl to Eq. (1) and find that the equation

L{w] = far(@),  far(@) =M [folz, N)], ©)
has the solution
w=M [y(x, )\)] @
By choosing the operatdvl in a different way, we can obtain solutions for other right-hand
sides of Eq. (1). The original functiofy(x, A) is called thegenerating functiorfior the operatot..
Examples of linear operatord:

n

_ 0
Mly] = G

y(x, \) operator of differentiation with respect to parameter

b
Mly] = / ©(A)y(xz, A) dX integration operator with respect to parameter

wherep()) is an arbitrary function.

2. A Generating Function of Exponential Form
Consider a linear equation with exponential right-hand side
L [y] =" )

Suppose that the solution is known and is given by formula (2). In Table 1 we present solutions
of the equatiorL [y] = f(x) with various right-hand sides; these solutions are expressed via the
solution of Eq. (5).

Remark 1. When applying the formulas indicated in the table, we need not know the left-
hand side of the linear equation (5) (the equation can be integral, differential, etc.) provided that a
particular solution of this equation for exponential right-hand side is known. Itis only of importance
that the left-hand side of the equation is independent of the parammeter

Remark 2. When applying formulas indicated in the table, the convergence of the integrals
occurring in the resulting solution must be verified.
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Solutions of the equatioh [y]

TABLE 1

= f(x) with generating function of the exponential form

No | Right-Hand Sidef(z) Solutiony Solution Method
AT y(x, ) Original Equation
AeM® +. .+ Ae Ary(z, M) +- -+ Apy(z, ) Follows from linearity
0 Follows from linearity
3 Az +B A% [y(x' )‘)} o TBY(.0) | and the results of row No 4
Az™, o Follows from the results
4 n=0,12, A{ IA™ {y(z’ /\)} })\=0 of row No 6 forA =0
A e Integration with respect
5 —7q @70 A/o e y(w, ~A)dA to the parametek
Az™er®, " Differentiation with respect
6 n=012 ... 8)\n {y(m /\)} to the parametek
7 a” y(z,Ina) Follows from row No 1
Linearity and relations
8 Acoshfz) 3 Aly(z, A) +y(z, -N)] to theyexponential
: Linearity and relations
9 Asinh(\z) 3 ALY, N) = y(w, -N)] to theyexponential
Differentiation with respect
Ax™ coshz), 1, 0" -
10 _ sA——[yz, A T, =\ to A\ and relation
m=135, ... onm Ly, A) = u ) to the exponential
m Differentiation with respect
1 Ax_ ZC%S%M), 1A o™ [y(z, X) +y(z, -N)] to A and relation
m=e%0... oA™ to the exponential
. Differentiation with respect
Ax™ sinh(\z), 1, 0" :
12 _ SA——[y(z, \) +y(z, -\ to A and relation
m=135 ... oA™ Loz, A)+3( ) to the exponential
. Differentiation with respect
Axz™ sinh(\z), 1, 0" :
13 _ sA——[y(z, A T, —A to A and relation
m=246,.. onm Ly, A) = o )] to the exponential
. Selection of the real
14 Acos(x) A Re[y(x, zﬁ)] part for\ = i3
. Selection of the imaginar
15 Asin(Bx) Alm[y(z, iB)] part for \ = i3 ginary
n Differentiation with respect
16 A_:LlC(Z)SS@CC), A Re{ o [y(r A)} } to A and selection of the real
n=123... A=if part for\ =i
A" i Differentiation with respect
17 —Il sin(éé’x), A Im{ o [ (x, )\)} } to )\ and selection of the
n=449... A=iB imaginary part for\ = i3
© . Selection of the real
18 Ael* cos@Br) A Re[y(x, et zﬁ)] part for\ = y +ig
P : Selection of the imaginar
19 Aet sin(3z) Alm[y(z, p+ib)] partforr=itig Y
n P Differentiation with respect
20 Ax_ei 2003?‘ 0z). A Re{ B [y(x, )\)} } to A and selection of the real
n=123 ... A A=p+if part for\ =y +if3
nopT i (A " Differentiation with respect
21 A:v_elﬂ 25|g(8¢), A Im{ X [y(x A)} } to A and selection of the
= aS... x=p+if | imaginary part for\ = p +i3




Example 1. We seek a solution of the linear integral equation with exponential right-hand side

s+ [ K- ou0de = (6)
xT
in the form
y(z, \) = ke ™ @)
by the method of indeterminate coefficients. Then we obtain
@N=pege™  BW=1+ [T K d (&)
y(z, = ——e"", = -z)e Z.
B() 0
It follows from row 3 of Table 1 that the solution of the integral equation
y(@) + / K(z - t)y(t) dt = Aw ©)
x
can be obtained by differentiating the solution of (8) with respect to the paramefénally, we obtain
@) A AC
T)= —x~ —,
=Dt 2

D=1+/OOK(—z)dz, CZ/oozK(—z)dz.
0 0

For such a solution to exist, it is necessary that the improper integrals of the funitien$ andz K (-z) exist. This
holds if the functionk (-z) decreases more rapidly thaf? asz — co. Otherwise a solution can be nonexistent. It is of
interest that for functiong(-z) with power-law growth ag — oo in the case\ < 0, the solution of Eq. (6) exists and is
given by formula (8), whereas Eq. (9) does not have a solution. Therefore, we must be careful when using formulas from
Table 1 and verify the convergence of the integrals occurring in the solution.

It follows from row 15 of Table 1 that the solution of the equation

y(z) + / K(z - t)y(t) dt = Asin(\xz) (10)
is given by the formula

y(z) = [Bcsin(\z) - Bscos(z)],

A
BZ + BZ

Be=1+ /00 K(-z)cos\z)dz, Bs= /00 K(-2)sin(\z) dz.
0 0

Example 2. Consider the linear functional difference equation with exponential right-hand side
y(z +2) +ay(z + 1) +by(x) = .
We can find its solution in the form of (7) utilizing the method of indeterminate coefficients. After some calculations we find
y(x,\) = Wle’\-l-be)\zl
It follows from row 3 of Table 1 that the solution of the difference equation
y(x +2) +ay(z +1) +by(z) = Az

has the form
a+2b

x
a+b+1l (a+b+1)2°

y(z) =
Example 3. Consider the integral equation
Ay() + / Qe +1)ePy(t) dt =, (11)

where@ = Q(z) and f(z) are arbitrary functions and andg are arbitrary constants satisfying some constraints.
The solution of this equation in contrast to examples 1 and 2 cannot be found in the form of(7).
Denote the left hand side of (11) lhy[y(x)] (see equation of (5)).
On substituting
y=er®, (12)

into the left-hand side of Eq. (33), after some algebraic manipulations we obtain

L[eX] = AeM +g(\)e ™=, where g()) = / Q)N dz. (13)
-0
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Substitutingh for —=A — 3 in Eq. (13), we obtain

L [eO*9)2] = 4”92 4 g(=) - B)e=. (14)
Let us multiply Eq. (13) byA and Eq. (14) by-¢()\) and add the resulting relations. This yields
L [Ae® = g(N)e D] = [A% - g(\)g(-) - B)]e™*. (15)

On dividing Eq. (15) by the constart? — g(\)g(-X — 8), we have
Ae/\cc — q()\)e_(>‘+6)z e
—_— -e
AZ - g(Na(-X - B)
This yields that the solution of original equation is defined by the formula

Ae?® — g(\)e MOz
AZ=q(N)g(-A-p)

(16)

y(x, A) =

3. Power-Law Generating Function
Consider the linear equation with power-law right-hand side
L [y] = 2. 7)

Suppose that the solution is known and is given by formula (2). In Table 2, solutions of the equation
L [y] = f(z) with various right-hand sides are presented which can be expressed via the solution of

Eq. (17).

TABLE 2
Solutions of the equatioh [y] = f(x) with generating function of power-law form
No | Right-Hand Sidef(z) Solutiony Solution Method
1 e ylx, \) Original Equation
2 S Apa® 3 Apy(, k) Follows from linearity
k=0 k=0
0 Follows from linearity and
3 Alnz+ B Aﬁ [y(x’ )‘)} A=0 + By(z,0) from the results of row No 4
Aln" o Follows from the results
’ A =—— A
4 n=0,12... {8)\" {y(m )}}A:O ofrowNo5forA =0
5 Az In" z, 4 o \ Differentiation
n=012 ... oA {y(x ’ )] with respect to the parametar
. Selection of the real
6 Acos(@Inz) ARe[y(z, iB)] part for) = i3
. . Selection of the imaginary
7 Asin@GInx) Alm[y(x, zﬁ)] part for \ = i3
Selection of the real
L ,
8 Azt cos(GInx) A Re[y(x, e+ zﬁ)] part forA = u +i
: . Selection of the imaginary
y%
9 Axt sin@@In z) Alm[y(x, ;L+zﬂ)] part for\ = 11+

Example 4. We seek a solution of the equation with power-law right-hand side

y(x) +l/: %K(é)y(t)dt =z

in the formy(z, \) = kx> by the method of indeterminate coefficients. We finally obtain

y(z, \) =

1
RS
1+ B())

B(\) = /01 K@)t dt.



It follows from row 3 of Table 2 that the solution of the equation with logarithmic right-hand side
1 t
(@) +/ 7K(7>y(t) dt = Alnz
0o T x

has the form

A Al
y(x) = Inz - ,
1+1o 1+ Iy

1 1
10:/ K(¢) dt, Ilz/ K(t)Intdt.
0 0

4. Generating Function Containing Sines and Cosines

Consider the linear equation
L [y] = sin(\x).

(18)

We assume that the solution of this equation is known and is given by formula (2). In Table 3,
solutions of the equatioh [y] = f(x) with various right-hand sides are given, which are expressed

via the solution of Eq. (18).
Consider the linear equation

L [y] = cos@x).

(19)

We assume that the solution of this equation is known and is given by formula (2). In Table 4,
solutions of the equatioh [y] = f(x) with various right-hand sides are given, which are expressed

via the solution of Eq. (19).

TABLE 3

Solutions of the equatioh [y] = f(z) with sine-shaped generating function

No | Right-Hand Sidef(x)

Solutiony

Solution Method

1 sin(\z)

y(w, )

Original Equation

2 S Ay sin(vz)

> Ay, i)
k=1

Follows from linearity

k=1
Ax™, el gm Follows from the results
3 m=1,3,5, ... AL 2 [mmy(x' )‘)}Azo of row 5 forA =0
Az™ sin(\x), m g™ Differentiation
4 m=24F6,... A-D) 2 onm y(z, A) with respect to the parametar

Azx™ cos\x), m=1 g™ Differentiation with respect
5 m=1,35,... ACD 2 v ) to the parametek
. , ) Relation to the hyperbolic
6 sinh(Gx) —iy(z,i0) sine,\ = igp
m ma2 r am Differentiation with respect
7 t_ ;'T%x)’ )" [iy(x )\)} to A and relation to the
m=2,4,6,... oA™ A=if3 hyperbolic sineA =i




TABLE 4

Solutions of the equatioh [y] = f(z) with cosine-shaped generating function

No | Right-Hand Sidef(x)

Solutiony

Solution Method

1 cosQ\x)

y(x, )

Original Equation

2 > Aj cosQx)
k=1

> Apy(x, Ar)
=]

Follows from linearity

0| metBa.. | AVE[Tuen], | Folmronhers
4 nil i”;cgsg\x) A(_l)% ;\lmy(z » A) with res%gf(scrt%nttglae}iggramemr
5 n;4 27’1’S|3n(g\x) . A(_l)mTﬂ aa;n y(@, A) with resggfceirt%ntt;]a;iggramemr
6 cosh@z) (. if) Relati(?ons;[r? e'[’r;\ezhlyﬁperbolic
e | pE ]| e
U A=if hyperbolic cosine) =i
Exersises

1. Find solutions to the integro-differential equation

ay
dx
for the following functions:

/ My ) de = f(2),

x

(@) fla)=e,
() f(x) = Az,

k>0

(c) f(z)=Asin(kzx).
2. Find solutions to the differential-difference equation

@) 4 o+ 1)+ by@) = F(2)
dx

for the following functions:
(@) flx)=e,
O f(x) = Ax.
3. Find solutions to the integro-differential equation

L dy(@) +/ ;K(é)y(t) dt = f(x)
T

dx

for the following functions:
(@) f(z) =2,
® f(x)=Alnz.
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