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2. y(x + 1) –ay(x) = f (x).

First-order constant-coefficient linear nonhomogeneous difference equation.

1◦. Solution:
y(x) = Θ(x)ax + ȳ(x),

whereΘ(x) = Θ(x + 1) is an arbitrary periodic function with unit period, and ¯y(x) is any particular
solution of the nonhomogeneous equation.

2◦. Fora = 1 andf (x) =
n∑

k=0
bkxn, the nonhomogeneous equation has a particular solution

y(x) =
n∑

k=0

bk

k + 1
Bk+1(x),

whereBk(x) are the Bernoulli polynomials.
The first six polynomials are:

B0(x) = 1, B1(x) = x − 1
2 , B2(x) = x2 − x + 1

6 , B3(x) = x3 − 3
2 x2 + 1

2 x,

B4(x) = x4 − 2x3 + x2 − 1
30 , B5(x) = x5 − 5

2 x4 + 5
3 x3 − 1

6 x.

The generating function is

text

et − 1
≡

n∑

k=0

Bk(x)
tn

n!
(|t| < 2π).

3◦. Fora ≠ 1 andf (x) =
n∑

k=0
bkxn, the nonhomogeneous equation has a particular solution ¯y(x) =

n∑
k=0

Akxn, where the constantsAk are found by the method of undetermined coefficients.

4◦. Forf (x) =
n∑

k=1
bkeλkx, the nonhomogeneous equation has a particular solution

ȳ(x) =





n∑

k=1

bk

eλk − a
eλkx if a ≠ eλm ,

bmxeλm(x−1) +
n∑

k=1, k≠m

bk

eλk − a
eλkx if a = eλm ,

wherem = 1, . . . , n.

5◦. Forf (x) =
n∑

k=0
bk cos(βkx), the nonhomogeneous equation has a particular solution

ȳ(x) =
n∑

k=0

bk

a2 + 1 − 2a cosβk

[
(cosβk − a) cos(βkx) + sinβk sin(βkx)

]
.

6◦. Forf (x) =
n∑

k=1
bk sin(βkx), the nonhomogeneous equation has a particular solution

ȳ(x) =
n∑

k=1

bk

a2 + 1 − 2a cosβk

[
(cosβk − a) sin(βkx) − sinβk cos(βkx)

]
.
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