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15. y(x + n) + an–1y(x + n – 1) + . . . + a1y(x + 1) + a0y(x) = 0.

nth-order constant-coefficient linear homogeneous difference equation.
Let us write out the characteristic equation:

λn + an−1λ
n−1 + . . . + a1λ + a0 = 0. (1)

Consider the following cases.

1◦. Suppose the rootsλ1, λ2, . . ., λn of equation (1) are all real and distinct. Then the general
solution of the original finite-difference equation has the form

y(x) = Θ1(x)λx
1 + Θ2(x)λx

2 + . . . + Θn(x)λx
n, (1)

whereΘ1(x), Θ2(x), . . ., Θn(x) are arbitrary periodic functions with unit period,Θk(x) = Θk(x+ 1),
k = 1, 2, . . . , n.

ForΘk(x) ≡ Ck, it follows from (2) that there is a particular solution

y(x) = C1λ
x
1 + C2λ

x
2 + . . . + Cnλx

n,

whereC1, C2, . . . , Cn are arbitrary constants.

2◦. Suppose there arem equal real roots,λ1 = λ2 = · · · = λm (m ≤ n), the other roots being all real
and distinct. Then the solution of the functional equation is given by

y =
[
Θ1(x) + xΘ2(x) + · · · + xm−1Θm(x)

]
λx

1 +
+ Θm+1(x)λx

m+1 + Θm+2(x)λx
m+2 + · · · + Θn(x)λx

n.

3◦. Suppose there arem equal complex conjugate roots,λ = ρ(cosβ ± i sinβ) (2m ≤ n), the other
roots being all real and distinct. Then, ifΘn(x) ≡ constk, the solution of the functional equation is
expressed as

y = ρx cos(βx)(A1 + A2x + · · · + Amxm−1) +

+ ρx sin(βx)(B1 + B2x + · · · + Bmxm−1) +
+ Cm+1λ

x
m+1 + Cm+2λ

x
m+2 + · · · + Cnλx

n,

whereA1, . . . , Am, B1, . . . , Bm, C2m+1, . . . , Cn are arbitrary constants.
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