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1. F
(
x, y(x), y(x + a)

)
= 0.

We assume thata > 0. Let us rewrite the equation to solve fory(x + a):

y(x + a) = f
(
x, y(x)

)
. (1)

1◦. First, we consider the equation on a discrete set of pointsx = x0 + ak, wherek is an integer.
Given the initial datay(x0), we can use (1) to find successivelyy(x0 + a), y(x0 + 2a), etc.

On solving the original equation fory(x), we obtain

y(x) = g
(
x, y(x + a)

)
. (2)

Assuming herex = x0 − a, we can findy(x0 − a) and then determiney(x0 − 2a) etc. likewise.
Thus, given initial data, the equation allows findingy(x) at all pointsx0 + ak, wherek =

0,±1,±2, . . .

2◦. Consider the case wherex in the equation varies continuously. We assume thaty(x) is a
continuous function defined arbitrarily on the half-open interval [0, a). On settingx = 0 in (1), we
obtainy(a).

Giveny(x) on [0, a], one can use (1) to obtainy(x) for x Î [a, 2a], then forx Î [2a, 3a], etc.
Remark.The casea < 0 is reduced with the substitutionz = x + a to an equation of the form

F
(
z + b, y(z + b), y(z)

)
= 0, whereb = −a > 0, which was considered above.
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