Systems of Ordinary Differential Equations > Linear Systems of Two Equations

1. =, =ax+by, y,=cx+dy.

System of two linear homogeneous first-order constant-coefficient ordinary differential equations.
The characteristic equation is written as

N =(a+dX+ad-bc=0 ()
and its discriminant is
D = (a - d)? + 4be. )
Consider several cases.
1°. Caseud — bc # 0. The origin of coordinates; = y = 0, is the only stationary point; it is:
anodeifD =0;
anode ifD >0, ad-bc>0;
asaddleifD >0, ad-bc<0;
afocusifD <0, a+d#0;
acenterifD <0, a+d=0.

1.1. LetD > 0. The characteristic equation (1) has two distinct real rodtsand \,. The
general solution of the system in question is expressed as

x = Clbeklt + Czbekzt,
y = C1(\ — a)e™ + Co(\2 — a)e™?,

whereC; andC) are arbitrary constants.
1.2. LetD < 0. The characteristic equation (1) has two complex conjugate rdgjiss o £ i(.
The general solution of the system in question is given by

x = be?t [C1 sin(Bt) + C2 cos@t)],
y =e”{[(c — a)C1 - BCo]sin(Bt) +[BCy + (o — a)C2 cosBt)],

whereC; and(C’, are arbitrary constants.
1.3. LetD =0anda # d. The characteristic equation (1) has two equal real rogts, \,. The
general solution of the system in question is written as

r=2b( Cr + C2 +Cot exp a—+dt -
a—d 2

v =[(d=a)Cy +Cy +(d - a)Cat] exp(a—;dt) ,

whereC; and(C’, are arbitrary constants.
1.4. Leta =d # 0 andb = 0. Solution:

x=Cre™,  y=(cOrt + Cp)e™.
1.5. Leta =d # 0 andc = 0. Solution:
x = (bCit + Cr)e,  y=Cre™.

2°. Casend - be = 0anda? + b > 0. The whole straight linex + by = 0 consists of singular points.
The original system of differential equations can be rewritten as

Ty =ax+by, vy =k(ax+by).
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2.1. Leta + bk # 0. Solution:
x =bCy+ Coe ™My = —aCy + kCpe @M,
2.2. Leta + bk = 0. Solution:
x = Cy(bkt — 1) +bCot, vy = k?bCit + (bk>t + 1)Co.
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