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Systems of Ordinary Differential Equations > Linear Systems of Two Equations

8. x′′
tt = ax + by, y′′

tt = cx + dy.

System of two constant-coefficient second-order linear homogeneous differential equations.
The characteristic equation has the form

λ4 − (a + d)λ2 + ad − bc = 0.

1◦. Casead − bc ≠ 0.
1.1. Let(a − d)2 + 4bc ≠ 0. The characteristic equation has four distinct roots,λ1, . . . , λ4. The

general solution of the system in question is expressed as

x = C1be
λ1t + C2be

λ2t + C3be
λ3t + C4be

λ4t,

y = C1(λ2
1 − a)eλ1t + C2(λ2

2 − a)eλ2t + C3(λ2
3 − a)eλ3t + C4(λ2

4 − a)eλ4t,

whereC1, . . . ,C4 are arbitrary constants.
1.2. Solution with(a − d)2 + 4bc = 0 anda ≠ d:

x = 2C1

(
bt +

2bk

a − d

)
ekt/2 + 2C2

(
bt −

2bk

a − d

)
e−kt/2 + 2bC3te

kt/2 + 2bC4te
−kt/2,

y = C1(d − a)tekt/2 + C2(d − a)te−kt/2 + C3[(d − a)t + 2k]ekt/2 + C4[(d − a)t − 2k]e−kt/2,

whereC1, . . . ,C4 are arbitrary constants, andk =
√

2(a + d).
1.3. Solution witha = d ≠ 0 andb = 0:

x = 2
√

aC1e
√

a t + 2
√

aC2e
−
√

a t,

y = cC1te
√

a t − cC2te
−
√

a t + C3e
√

a t + C4e
−
√

a t.

1.4. Solution witha = d ≠ 0 andc = 0:

x = bC1te
√

a t − bC2te
−
√

a t + C3e
√

a t + C4e
−
√

a t,

y = 2
√

aC1e
√

a t + 2
√

aC2e
−
√

a t.

2◦. Casead − bc = 0 anda2 + b2 > 0. The original system can be rewritten in the form

x′′tt = ax + by, y′′tt = k(ax + by).

2.1. Solution witha + bk ≠ 0:

x = C1 exp
(
t
√

a + bk
)

+ C2 exp
(
−t
√

a + bk
)

+ C3bt + C4b,

y = C1k exp
(
t
√

a + bk
)

+ C2k exp
(
−t
√

a + bk
)

− C3at − C4a.

2.2. Solution witha + bk = 0:

x = C1bt
3 + C2bt

2 + C3t + C4,

y = kx + 6C1t + 2C2.
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