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Supposeu = u(x, t), w = w(x, t) is a solution of the system. Then the functions

u1 = Au(±x + C1, t + C2), w1 = Aw(±x + C1, t + C2);

u2 = exp(λx + aλ2t)u(x + 2aλt, t), w2 = exp(λx + aλ2t)w(x + 2aλt, t),

whereA, C1, C2, andλ are arbitrary constants, are also solutions of this equations.

1◦. Multiplicative separable solution:

u = [C1 sin(kx) + C2 cos(kx)]ϕ(t),

w = [C1 sin(kx) + C2 cos(kx)]ψ(t),

whereC1, C2, andk are arbitrary constants, and the functionsϕ = ϕ(t) andψ = ψ(t) are determined
by the system of ordinary differential equations

ϕ′t = −ak2ϕ + ϕf (ϕ/ψ),

ψ′t = −ak2ψ + ψg(ϕ/ψ).

2◦. Multiplicative separable solution:

u = [C1 exp(kx) + C2 exp(−kx)]U (t),

w = [C1 exp(kx) + C2 exp(−kx)]W (t),

whereC1, C2, andk are arbitrary constants, and the functionsU = U (t) andW = W (t) are determined
by the system of ordinary differential equations

U ′
t = ak2U + Uf (U/W ),

W ′
t = ak2W + Wg(U/W ).

3◦. Degenerate solution:
u = (C1x + C2)U (t),

w = (C1x + C2)W (t),
whereC1 andC2, and the functionsU = U (t) andW = W (t) are determined by the system of
ordinary differential equations

U ′
t = Uf (U/W ),

W ′
t = Wg(U/W ).

This autonomous system can be integrated, since it is reduced, on eliminatingt, to a homogeneous
first-order equation (the corresponding systems of Items1◦ and2◦ can be integrated likewise).

4◦. Multiplicative separable solution:

u = e−λty(x), w = e−λtz(x),

whereλ is an arbitrary constant and the functionsy = y(x) andz = z(x) are determined by the system
of ordinary differential equations

ay′′xx + λy + yf (y/z) = 0,

az′′xx + λz + zg(y/z) = 0.

5◦. Solution(generalizes the solution of Item3◦):
u = ekx−λty(ξ), w = ekx−λtz(ξ), ξ = βx − γt,

wherek, λ, β, andγ are arbitrary constants, and the functionsy = y(ξ) andz = z(ξ) are determined
by the system of ordinary differential equations

aβ2y′′ξξ + (2akβ + γ)y′ξ + (ak2 + λ)y + yf (y/z) = 0,

aβ2z′′ξξ + (2bkβ + γ)z′ξ + (bk2 + λ)z + zg(y/z) = 0.

To the special casek = λ = 0 there corresponds a traveling-wave solution. The case ofk = γ = 0 and
β = 1 corresponds to the solution of Item3◦.
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6◦. Solution of point-source type:

u = exp

(
−

x2

4at

)
ϕ(t), w = exp

(
−

x2

4at

)
ψ(t),

where the functionsϕ = ϕ(t) andψ = ψ(t) are determined by the system of ordinary differential
equations

ϕ′t = −
1
2t

ϕ + ϕf
( ϕ

ψ

)
,

ψ′t = −
1
2t

ψ + ψg
( ϕ

ψ

)
.

7◦. Functional separable solution:

u = exp
(
kxt + 2

3 ak2t3 − λt
)
y(ξ),

w = exp
(
kxt + 2

3 ak2t3 − λt
)
z(ξ),

ξ = x + akt2,

wherek andλ are arbitrary constants, and the functionsy = y(ξ) andz = z(ξ) are determined by the
system of ordinary differential equations

ay′′ξξ + (λ − kξ)y + yf (y/z) = 0,

az′′ξξ + (λ − kξ)z + zg(y/z) = 0.

8◦. Let k is a root of the algebraic (transcendental) equation

f (k) = g(k). (1)

Solution:
u = keλtθ, w = eλtθ, λ = f (k),

where the functionθ = θ(x, t) satisfies the linear heat equation

∂θ

∂t
= a

∂2θ

∂x2 .

9◦. Periodic solution:

u = Ak exp(−µx) sin(βx − 2aβµt + B),

w = A exp(−µx) sin(βx − 2aβµt + B),
β =

√
µ2 +

1
a

f (k),

whereA, B, andµ are arbitrary constants, andk is a root of the algebraic (transcendental) equa-
tion (1).

10◦. Solution:

u = ϕ(t) exp

[∫
g(ϕ(t)) dt

]
θ(x, t), w = exp

[∫
g(ϕ(t)) dt

]
θ(x, t),

where the functionϕ = ϕ(t) is determined by the separable nonlinear first-order ordinary differential
equation

ϕ′t = [f (ϕ) − g(ϕ)]ϕ, (2)

and the functionθ = θ(x, t) satisfies the linear heat equation

∂θ

∂t
= a

∂2θ

∂x2 .

To the particular solutionϕ = k = const of equation (2) there corresponds the solution of Item8◦.
The general solution of equation (2) is written out in implicit form as

∫
dϕ

[f (ϕ) − g(ϕ)]ϕ
= t + C.
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11◦. The transformation
u = a1U + b1W , w = a2U + b2W ,

wherean andbn are arbitrary constants (n = 1, 2), leads to an equation of the similar form forU
andW .
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