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2.
∂2u

∂t2
= L1[u] + uf

(
u

w

)
,

∂2w

∂t2
= L2[w] + wg

(
u

w

)
.

Here,L1 andL2 are arbitrary linear differential operators (of any order) inx with constant coeffi-
cients. It is assumed thatL1[const]= 0 andL2[const]= 0.

1◦. Solution in the form of the product of two waves traveling at different velocities:

u = ekx−λty(ξ), w = ekx−λtz(ξ), ξ = βx − γt,

wherek, λ, β, andγ are arbitrary constants, and the functionsy = y(ξ) andz = z(ξ) are determined
by the system of ordinary differential equations

γ2y′′ξξ + 2λγy′ξ + λ2y = M1[y] + yf (y/z), γ2z′′ξξ + 2λγz′ξ + λ2z = M2[z] + zg(y/z),

M1[y] = e−kxL1[ekxy(ξ)], M2[z] = e−kxL2[ekxz(ξ)].

To the special casek = λ = 0, there corresponds a traveling-wave solution.

2◦. Periodic multiplicative separable solution:

u = [C1 sin(kt) + C2 cos(kt)]ϕ(x), w = [C1 sin(kt) + C2 cos(kt)]ψ(x),

whereC1, C2, andk are arbitrary constants and the functionsϕ = ϕ(x) andψ = ψ(x) are determined
by the system of ordinary differential equations

L1[ϕ] + k2ϕ + ϕf (ϕ/ψ) = 0,

L2[ψ] + k2ψ + ψg(ϕ/ψ) = 0.

3◦. Multiplicative separable solution:

u = [C1 sinh(kt) + C2 cosh(kt)]ϕ(x), w = [C1 sinh(kt) + C2 cosh(kt)]ψ(x),

whereC1, C2, andk are arbitrary constants and the functionsϕ = ϕ(x) andψ = ψ(x) are determined
by the system of ordinary differential equations

L1[ϕ] − k2ϕ + ϕf (ϕ/ψ) = 0,

L2[ψ] − k2ψ + ψg(ϕ/ψ) = 0.

4◦. Degenerate multiplicative separable solution:

u = (C1t + C2)ϕ(x), w = (C1t + C2)ψ(x),

whereC1 andC2 are arbitrary constants and the functionsϕ = ϕ(x) andψ = ψ(x) are determined
by the system of ordinary differential equations

L1[ϕ] + ϕf (ϕ/ψ) = 0, L2[ψ] + ψg(ϕ/ψ) = 0.

Remark 1. The coefficients of the operatorsL1, L2 and the functionsf , g in Items2◦–4◦ can
depend onx.

Remark 2. If L1 andL2 contain only even derivatives, there are solutions of the form

u = [C1 sin(kx) + C2 cos(kx)]U (t), w = [C1 sin(kx) + C2 cos(kx)]W (t);

u = [C1 exp(kx) + C2 exp(−kx)]U (t), w = [C1 exp(kx) + C2 exp(−kx)]W (t);

u = (C1x + C2)U (t), w = (C1x + C2)W (t),

whereC1, C2, andk are arbitrary constants (the third solution is degenerate).
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