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BBEAEHUE

Hacrosiias MoHorpadud nocpsiieHa OMMCAaHHIO METOAOB MNpo-
BEICHHA BbIYHMCIUTENbHBIX IKCIEPUMEHTOB B TEOPHHA NMOBEPXHOCT-
HbIX BOJIH. Teopus MOBEPXHOCTHBIX BOITH HOECATBHON XAIKOCTH HAX0-
AIMTCA Ha CTHIKE TAaKHUX NHCLUMIUTHAH, KAK MEXaHWKa CIUIOLUHBIX Cpef,
auddepeHLHaNbHbIE YPAaBHEHHUS, OKEAHONOTHS, @ TaK¥XKe BbIUMCIIH-
TeabHbIE METOABLL. Cpend paboT No BHIYHCIUTENLHOH MAaTEMATHKE
GonbmyIO YacTh 3aHAMAOT padoThl, NMOCBALLEHHbIE THIPORHHAMHKE
H, B YaCTHOCTH, MOBEPXHOCTHBIM BOJIHAM HAEaNIbHOH KHIKOCTH.
710 OOYCIOBIEHO B MEPBYH OYEpelb CIOXHOCTHIO NPOBEACHHA
YUC/EHHBIX pacyeToB B rujponnHaMuke. [Ins camoli THOPOAH-
HAMHKH H OKEaHOJIOrHM MPUMEHEHHE BbIYHCIMTENbHLIX METONOB
CTAJIO HE TOJBKO NMPHIOXKEHUEM, HO H HCTOYHHMKOM HOBBIX METOMOB
uccnenosanud. Ewe B 1973 r. B npefucnoBud K CBOEH, CTaBLICH yKe
knaccuueckod KkHure M.A. JlappenteeR u b.B. Hla6at [17] nucanm:
"Ileppoil H rNaBHO# NMPHYHHOH (MONOROCTH CUAPOAMHAMHKH. —
IIpum. aemopa) ABNsieTCS UCNONB30OBAHHE BO3MOXKHOCTEHN, KOTOphIE
OTKPBIJIHCh B CBSA3H C PA3BHTHEM 3JIEKTPOHHBIX BbLIYHCIHTEJBHbBIX
mMalgH. CTajH NOCTYNHBIMA HE TOJNBKO pacyeThl, pAHEE HEMBICIH-
MbI€ K3-3a HX CJIOXXKHOCTH, HO H IKCIIEPUMEHTbI HOBOTO THIa — IKCIe-
PHMEHTBI Ha BBIYACAATENBHBIX MallMHAX, HMEIOIUE PAN MpPEeAMY-
IECTB 110 CpaBHEHHUIO ¢ HATYpHBIMA". C 1973 r. cymecreeHHbI# npor-
pecc npou3omes Bo Bcex o0nacTsaX HayKd, OJHAaKO B KOMITLIOTEPHOM
cpepe ITOT Mporpecc NPOUCXOAK (M NMPOACXONUT!) IKCIIOHEHIAATIb-
HO ObICTpC. BO3MOXHOCTH V1Sl NpOBENSHHS BEIYHCIIMTENBHBIX 3KCIIE-
PUMEHTOB CYHIECTBEHHO BO3pociH. [Ipu 3TOM He TOJBKO CyllecT-
BEHHO MOBBICHJIOCH OBICTPOJEHCTBHE KOMITBIOTEPOB H YBENWUYHIACh
TOYHOCTBH PacyYeTOB, HO H CaMH BBIYHCJIHTEIbHbBIE 3KCIEPHMEHTHI
cTaji obumenocTynubiMHA. C Ipyrod cTOpOHbLI, HOBbIE BRIYHCIHTEb-
Hbi€ BO3MOXHOCTH NPENBABIAIOT HOBBIE TpeOOBaHHA K BbIYHCIIH-

5



TEJNLHbIM ANTOPUTMAaM H NporpaMMaMm, HCIOJNb3YEMBIM B YHCIEHHBIX
3KCINEPHMEHTAX.

B HacrodiueRt KHHre paccMOTpEeHbl MaTeEMaTHYECKHE MOJIEIH,
ONHCBIBAIOIHE JHHAMHKY HIealbHOH XHAKOCTH CO CBOOONHOH
MOBEPXHOCTBIO. ITHM MOJENSAM COOTBETCTBYIOT MEIKOMaclITabHbIE
SIBIICHHS B OKEAaHe.

K yncny OCHOBHBIX MOJYYEHHbIX HAMH PE3yJLTaTOB OTHOCHTCH
BO3MOKHOCTb NTOCTPOEHHSA BBIYUCIHUTENLHBIX 3KCNIEPHMEHTOB B TEO-
pHH IOBEPXHOCTHBIX BOJH, HMEIOLIKE OKA3aTeNbHYIO cany. Mbl pac-
CMaTpHBaeM METO/bI, NO3BOJAKINHE MONYyYaTh, C OMHOH CTOPOHBI,
KOHCTPYKTHBHO BBIYHCISEMYIO OLIEHKY BPEMEHH CYHIECTBOBaHHS pe-
IEHAH, ONMUCLIBAKOIHX IOBEPXHOCTHBIE BOJIHBL, a C IPYrol — HMEI0-
IHE JOKA3aTeNbHYIO CHIY.

[IpoBeneHne HATYPHBIX 3KCINEPHMEHTOB B OKEAHOIOTHH COIMps-
3KeHO ¢ OONbIUMMH MaTepHalbHBIMA H BDEMEHHEBIMH 3aTpaTtaMu. I1pH
3TOM MOTPEIIHOCTH A3MEPEHNN B HATYPHBIX 3KCIIEPHMEHTaX MOrYT
OBITL 3HAYMTENBHBIMU. [N MOOEeNHpPOBAHHA JHHAMUKH MOBEPX-
HOCTHbBIX BOJIH B OK€aHe Mbl HCIIOJIb3YEM TOYHbIE YPABHEHHSA THAPO-
MHHAMHKH, ONHMCHIBAIOUIHE [IBHXKEHHE HIEANbLHOH XKHIKOCTH CO CBO-
6onHo# nopepxHocTei0. KoneyHo, nNpH popMyTHpPOBaHHH MaTEMaTH-
YeCKO# NOCTAHOBKM MbI MOpa3syMeBaeéM MHOTI'O yIIPOLUAOLIMAX Mpea-
nmoaoxeHud. ONHAKO OKeaHOJOrHYeCcKas afeKBaTHOCTE 3THX MaTe-
MaTHYECKHAX MOJIe/IeH NoNTBEpPXKAeHa MHOMOYHCIIEHHBIMH HCCIIEOBa-
HUAMH. B OCHOBHOM HaMH paccMaTpHMBaeTCsa CIeAywoulas MOAEb:
IBYMEPHOE [BHXEHHE HAcalIbHOM (0€3 BA3ZKOCTH H KalMWUIAPHOCTH)
KHAKOCTHA ¢ OECKOHe4YHON rayOHMHOH B CBOOONHOH NMOBEPXHOCTHIO,
ABMKEHHAE [TPOMCXONUT B I10JIE TAXKECTH C HYJIECBbIM [aBJIIEHHEM Ha
cBOOOOHYIO MOBEPXHOCTL H NEPHONHYECKHMH rpaHHYHBIMM YCIIO-
BHSAMH. B TO Xe BpeMs HaMH He AellaeTcd HUKAKHX MpeanoioXeHuH
O BeNIAYHMHE OTKJIOHEHHMH NMOBEPXHOCTH, HE HMCNOJBL3YIOTCA HHKAKHE
MaJible NapaMeTphbl — H3Y4YalOTCAd NMOJHBIE HEJIHHEHHbIE YPAaBHCHHHA.

IlorsATAE BBLIYHCIHTEABHOIO 3KCINEPHMEHTA BO3HHKIIO B XOJi€
NPHMEHEHHAS KOMIBIOTEPHOH TEXHHMKM JJIs peHIeHHs 3afja4, BO3HH-
KaloOI[HX B €CTECTBEHHBIX H OOMIECTBCHHBIX HaykaX. Ecnu paHblie
OBLIO NOCTYMHO pemlaTh OTAEILHBIE YPABHECHHUSA, OIHChIBAKOLIHE (DH-
IAYESCKHHA MpolECC, TO CEHYac peanbHO NPOH3BONHTH MOJHOLEHHYIO
YHCIIEHHYHK peand3allii) CIOXHBIX mofiefied. bonee Toro, BLIYHCIH-
TEJBbHBIA 3KCOCPUMEHT MOXET HE TONbKO YHCIEHHO pealH30oBaTh
MOJIENIb, HO H HCCIENOBaTh ee KayecTBeHHbIE cBo#cTBa. IIpHHIH-
MHATBHBIM MOMEHTOM SIBIIIETCS TO, YTO COBpPEMEHHbIE KOMIBIOTEP-
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HbIE CPEACTBa MO3BOJAIOT NPOBOAUATh Ha OCHOBE BBIYHCIHTENbHBIX
IKCIIEPHMEHTOB [JOKa3aTeNbHbIE BhIYACHEeHUd. [JelCcTBUTENBHO, €Cli
B XOJI¢ YHCIIEHHOW pealH3aliM yAaloCh HAWTH HOBBIE 3(P(PEKTHI MO-
e/, TO HACKOJNBKO Mbl MOXKEM JOBEPATE Pe3ylbTaTaM MOLENHpPO-
BaHuA? OOBIYHO OBEPHE K pe3ynbTaTaM ofecneynBaeTcs OLEHKOH
NorpelHocTe BhlyAciennii. OQHaKO YyCTAaHOBJIEHHE KOHCTPYKTHB-
HBIX OLIEHOK MOIPELIHOCTENR 3a4YaACTYIO SABJISCTCA TEXHUYECKHA OYEHb
CJIOKHOH 3amadecH.

[Ipy H3y4eHHH MoOIenei, ONMMCHLIBAEMbIX HEJIHHEHHBIMH HUE-
(pepeHLHATIBHBIME YPABHEHUAMH, BAXKHbBIM SIBJISETCA BONPOC O Cylle-
CTBOBaHHH pEILIEHUI 3TUX YypaBHEHHA. Kak npaBuno, B TEOpHH HETH-
HEHHbIX YPAaBHEHHH OTHOCHTENBLHO HEC/IOXHO (HHOTJAa U CTaHJapT-
HBIMH METORAMH) MOXET ObITh YCTAHOBJIEHA JIOKANILHASA MO BPpEMEHH
pa3pelnMOCTb. 3TO O3HAYaeT, YTO TEOpeMa CYLIeCTBOBaHHUS rapaH-
THPYET pEeLISHHE JIHIIL HA HEKOTOPOM (MajloM) BpeMEeHHOM HHTEP-
BaJie, KOTOPbIH 4YacTO HEe MOXeT ObITh KOHCTPYKTHBHO OIpPENEJIEH.
Yro kacaeTcs ypaBHECHHH, ONKUCHIBAIOLLHX TeUYEHHE HIEaIbHOH XHJ-
KOCTH CO CBOOOJHOH MOBEPXHOCTLEQ, TO MJIsl HUX €CThb Psili U3BECTHBIX
pe3ynbTaTOB O JOKaNbHOM paspemmmoctd [23-25, 30, 32, 44 u np.].
B nacrosiueit MoHorpaduu paccCMaTPHBAKOTCA HE TOJLKO TEOPEMBI O
JOKabHOH pa3pelIMMOCTH YpaBHEHUH, OMHCHIBAIOIUX NUHAMHKY
MOBEPXHOCTHLIX BOJH MAEANbHOA XHAKOCTH, HO U NPABORUTCA OMH-
CaHHE METOJOB I KOHCTPYKTHBHOH OLIEHKH BPEMEHH CYLLUECTBO-
BaHMA 3THX pemieHHH. KOHCTpYKTUBHOCTE OLIEHKH O3HA4YaEeT, YTO OHA
JAAET OTBET ¢ TOYHOCThIO g0 yucna. [loMumo nonyyeHnss npubnuxKeH-
HbIX PELUEHHH IS MHTEPECYIOUIMX HAC YpPaBHEHHUMH, Mbl CIOCOOHBI
MOJYYHTb FapaHTHPOBAHHYIO OLEHKY BPEMEHH CylIeCTBOBAaHHSA
NMOBEPXHOCTHBIX BONH. Hano cka3zarb, YTO B TEOpUH NOBEPXHOCTHBIX
BOJIH BOMPOC 00 OLIEHKE BPEMEHH CYILIECTBOBAHUSA SIBISETCS BayKHbIM
H MaJIOH3Y4YEHHBIM.

ITpoBeaeHne YHMCIEHHBIX PACYETOB B TEOPHH MOBEPXHOCTHBIX
BOJTH HAE€ANBbHOH XHJKOCTH COINPSXKEHO CO MHOTHMH CIIOXHOCTSAMU,
OlHa H3 KOTOPBIX — BO3HHKHOBEHUE YHCIEHHOH HEYCTOHYUBOCTH B
XOfi¢ MpOBEAEHHS BLIYNCIUTENBHOTO 3KCNEPUMEHTA. XOTA TOYHBIE
YPAaBHCHHA, ONMHCLIBAIOLHE MOBEPXHOCTHLIE BOMHLI HACATLHOH XH-
KOCTH, H3BECTHBI ellle ¢ cepeaunbl XIX B., OHM OKa3aJIiCh BEChbMa
CIOXKHBIMH KakK 1151 TE{}E}ETH‘{ECK{}FD dHaJIH3a, TakK H JIJIA HPOBE:_IEEHHH
YHCIIEHHBIX pac4yeToB. Hamu paccMaTpMBaeTCsi CHCTEMa MHTETPO-
audpepeHIManbHbIX YPAaBHEHHH B KOH(OPMHBLIX MEPEMEHHBIX,
Ha3BaHHas ypaBHeHHAMH [IbA4E€HKO. DTH ypaBHEHHS OBLIH BBEJACHBI
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B paboTe [46] n oTaMualOTCH Ype3BbIYAHHO MPOCTON (C MaTeMaTH-
YeCKOH TOYKH 3peHHst) POpMOH, KOTOpas MO3BOJIHIA HE TOJLKO
NPOABHHYTHLCSA B TEOPETHYECKOM MX M3YUEHHUH, HO M pa3paboTaTh
oueHb 3((PEKTHBHbIE YHCIEHHbIE METO/bI. DTH YpaBHEHHS, KPOME
TOrO, MO3BOJSAIOT C BLICOKOW TOUYHOCTBIO MPOBOAHTHL pacyeThbl Ha
GonblIuX BpeMeHHbIX HHTepBanax. B yactHocTH, B paBote [46] npu-
BEEH BbIYHCIHNTENbHbIH 3KCIEPHMEHT, B KOTOPOM MOJEIHPOBaNOCh
pelueHUe, OMUCBIBAKOIIEE TAKOH HHTEPECHBIH U CJIOXKHBIA OKEaHONO-
ruyeckuit 3(ppeKkT, KaKk BOZHHKHOBEHHE BONHBI-YOUALBI.

M3noxum ganee cTpykTypy monorpacguu. ['naBa 1 nocur Beno-
MOraTenbHbid XapakTep. [1oCKonbKy B KHHI'Y BKAFOYEH CAOXKHBIA H
pa3HOpOIHbIH MATEPHAJT — OT TEOPHH HEJMHEHHBIX NHddepeHHaAb-
HbIX YPABHEHHH B YACTHBIX MIPOU3BOIHBIX 1O COBPEMEHHBIX METONOB
NporpaMMHpPOBAHHSA — TO B 3TOH [/1aBE KPAaTKO H3JIOXKEHBI OCHOBHbIE
onpenencHus U (pakTel, KOTOPLIE HENOCPEACTBEHHO KCNONB3YIOTCS B
KHHUTE.

OcHoBHbIE ypaBHEHHS BBOJATCS M pacCMaTPHBAIOTCA B Iuase 2.
PaccMoTpeHbl 001Me ypaBHEHHs THAPOGMHAMHKH HMAEAIbHOM XKH[I-
KOCTH CO CBOOOTHOH MOBEPXHOCTHIO, @ 3aTEM BbIBE[leHbI YPABHEHHUA B
KOH(POPMHBIX NepeMeHHbIX. [IpuBeieHbI TAKXKE TOYHbBIE NOCTAHOBKH
ypaBHeHHH [IbAYE€HKO U METOBI Nepexofa OT KOHQOPMHBIX Nepe-
MEHHBIX K (PU3HYECKUM. B KOHIE rnasbl JaHbl YpPaBHEHHS, ONHKCHI-
BAKOLIME CTAHOHAPHBIE BOJIHBI.

YpaBHeHus1, BBEICHHbIE B rNlaBe 2, H3y4yalOTCH B riase 3. 3[ech
pacCcMaTpHBAETCA KOPPEKTHOCTE ypaBHeHHH [IbA4eHKO, nOKa3bIBa-
FOTCS TEOPEMbl O CYHIECTBOBAHHH H €JHHCTBEHHOCTH 3THUX PELUEeHHH.
H3yyeHde ypaBHEHHH BeleTCS B ClNeUHANBHBIX IIKajlax aHaJIHTH-
yecKUX (pyHKuui. PaspelinMocTh ypaBHEHHH YCTaHABIMBAETCA C
nomowbio Teopembl Hupenbepra-Hucunsl. IIpn aTom moay4deHs!
TEOpPEMBI O CYIICCTBOBAHHHM aHATTUTHYECCKUX pENICHUH. AHaJIUTHYEC-
Kasg pa3speliiMOCTb HMEET psAfl NMPEeHMYIIECTB, HApPUMep, Ha ce
OCHOBE HaMH pa3paboTaHbl METONb! OLICHKH BPEMEHH CYLIeCTBOBA-
HHS pEeLUeHHH.

B rnase 4 pacCMOTpEHBI YHC/IEHHbIE METOMbI NIIs1 MPHOIHXKEH-
HOI'O pelleHns] ypaBHEHHH, OMUCHIBAIOMX MOBEPXHOCTHLIE BOJIHBI.
[lockonbky HAllK ypaBHEHUS MPEACTABNAIOT cOB0# 3BONIOLHOHHbBIE
ypaBHEHH, pa3pellieHHbIe OTHOCHTENLHO MPOU3BONHOM MO BpEMEHH,
TO U3JIOXKEHHE Mbl HAYHHAEM C PACCMOTPEHHSA METORA MPAMBIX IS
abCTPaKTHOrO YpaBHEHHS B INKalaX FMJIbOEPTOBBIX NMPOCTPAHCTB.
B nauane rnasbl NMpUBEfeHA NPHHUMNHAIbHAS CXEMa IS CBECHMUS
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3BOJIFOLMOHHOT'O YpaBHEHHS B aGCTPaKTHOM NMPOCTPAaHCTBE K CHCTE-
MaM OOBbIKHOBEHHBIX AH(epeHIHanbHbIX YpaBHEHHH € HCIIOIB30Ba-
HUEM aOCTpakTHBIX pAfnos Pypee B runsbepToOBOM NpOCTPaHCTBE.
[TockonbKy paccMaTpuBaeTCs LIKaNa rUabOEPTOBBIX MPOCTPAHCTB C
KOMMAaKTHbIM BIIOXXEHHEM, TO METOROM KOMMNaKTHOCTH OOOCHOBBI-
BA€TCA CXOMUMOCTb NPUOTHXEHHbIX PEIICHUHA K TOYHOMY PELICHHIO,
KOJIb CKOPO MOCNENHEE CYUECTBYET W €MHCTBEHHO Ha paccMaTpH-
BaeMOM BpeMeHHOM uHTepBase. Ilocne uanoxenusi abcTpakTHOM
CXeMbl MbI NMOKa3blBaeM, KaKk abCTpakTHbIe pe3yabTaThl NMpHME-
HAKOTCA [Nd ODOCHOBAHHMS YHCICHHBIX CXeM [/ YpaBHEHHH
Hbs4eHKO.

Bo BTOpOIt YacTu rnasel 4 paccMOTpeHa obmas cxeMa AoKa3a-
TEJILCTBA CXONUMOCTH YHCIIEHHOM CXeMBI Ha OCHOBAaHHHA HIEH TEOpPHH
perynspu3zanuu HEKOppeKTHBIX 3agay A.H. Tuxonosa. M3noxeHnHas
CXeMa MOXET ObITh HCMONB30BAHA HE TONBKO B CIyYae pelleHHi H3
AHATUTHYECKOro Kjlacca, HO H [/ PEIUEHHH H3 KJacCOB KOHEYHOM
rnagkoctd. OOy cxeMy Mbl NpPHMeEHsEM ANd OOOCHOBaHHSA
METOAOB YUCIICHHOI'O pEIlleHUs, MOCTPOEHHbIX HA HCMOJIb30BAaHHH
KyOnuyeckux crimailHoB. Kak u3BecTHO, Kybuueckue CcriaaliHbl
00JIafnaoT XOPOLIMMH annpoOKCHMAUHOHHBIMA CBOHCTBaMH. ONHAKO
HCNONBb30BAHHE CILIAWHOB N/ AUCKPETH3aLMUd NPOCTPAHCTB B
HHTerpofud epeHIHANLHbIX YPaBHEHAAX CTAJKHBAETCA C PAJOM
CJIOKHOCTEH. HaMH npHBefleH NMPOCTOH, HO HE OYEHb H3BECTHBIM
pe3yJabTaT O CBs3M NEPHOAHYECKHX claiHOB ¢ panaMu Pypee. Ha
OCHOBaHHH 3TOTO pe3ynbTaTa IMOKa3aHo, KaK MOXHO YCTOWYHBO
BBIYUCHATE oneparop ['unbpbepra, 4TO HEOOGXOAUMO 1A NOCTPOEHUS
SIBHBIX YHCIIEHHBIX CXEM.

B rnase 5 paccMOTpeHbl NpaKTHYECKHE BOMPOCH] TPOrPAMMHPO-
BaHHA YHCJICHHBIX METOMNOB, MOCTPOEHHBIX B riase 4. Peanunzauus
YHCJIEHHbIX METOIOB B MaTEMaTHYECKOU rUIPOONHAMMKE MPENCTaB-
nsgetT cobod CNOXHYK 3afgady. B 3Tux 3amayax BCTpEYaeTcs H
YHCNEHHAsA HEYCTOHYMBOCTh, H OGONbIIAS pPAa3MEPHOCThL CHCTEM
ypaBHEHdH, U GonbplIas NIHTETBHOCTh CYETA, H MHOTHE [pYyrHe
H3BECTHLIE H HEOXHMJaHHbIE TPYAHOCTH. [ToaTOMYy H3NM0XHUTE (AYCTH
faxe H 00OOCHOBAHHBLIH) YHCICHHBIM METOH, C HALIeH TOYKH 3pEHNH,
HEJOCTATOYHO, — HEOOXOMMMO NMPHBECTH NpHMepb! (paboTaruue!)
nporpaMMm. B rnase 5 Mbl nogpo6HO paccMaTpuBaeM NOCTPOEHHE
NPOrpaMM H NPABOLMM KOMMEHTHPOBAHHbIE JHCTHHIH OCHOBHBIX
noanporpaMM. Pasymeercd, yuuTbiBas GONbIIOH 0OBEM TEKCTOB
MPOrpamMM, Mbl HE NpPENIonaraeM, 4YTo YHTATEb JOXKEH BOCIPOH3-
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BOAMTE COTHH KOMAaH[ M3 KHHTd H OTChIIaeéM €ro Ha cadT
http://www calcs.ru/, cneiuanbHO pa3pabOTaHHbIH aBTOPOM VISt 9THX
neneii. Ha 3TOM caiiTe MOKHO HaWTH HCXOHBIE TEKCTBI POTpaMM, a
TaKKe OTKOMITHTHPOBAHHbIE BEPCHH BCEX MpOrpamMM, YNIOMHHAEMbIX
B kuure. Tam Ke pasMemeHbl H pe3yabTaThl pacueTOB. 3aMETHM, YTO
K TeXHHKE IOCTPOECHHS NpOrpaMM B 3BOJIOLHOHHEIX 3afjayax 'Epo-
MHHAMUKH NpPeNbsBNAIOTCA CEPbE3HbIE tpeboBaHus. Begb HEONTH-
MaJIbHO NIOCTPOEHHas NporpaMMa MOXeT 3HAYUTE/IbHO YBEJIHYHTD
BpeMs pacyeTa. A y4HTbIBas, UTO MHOTHE 3afa4H rHpOAUHAMUKH
TpeOYIOT ANHTEIbHbIX PacyCTOB (B Te4EHUE HEMAEIb, MECALEB, A
HHOrIA ¥ JET), CTAHOBUTCA MOHATHBLIM, YTO CO3[JaHHE NpOrpamMm Ajis
YHC/IEHHBIX PAacUeTOB 3afa¥a OTHIOAb HE TEXHUYECKas.

OCHOBHbIE pe3yJbTaThl HAIIMX MCCIENOBAHHH NPHBEACHbI B
rnaBe 6. Ecnu panee paccMaTpuBanoch OOOCHOBAaHHE YHCJICHHBIX
CXEM, TO 3[ECh H3JI0KEHbI KOHCTPYKTHBHBIE METO/IbI OLICHKH BpEME-
HH CylUIeCTBOBAHHA PELICHMH, ONMHCHIBAIOLIMX NHHAMHAKY MOBEPXHOCT-
HbIX BOJH B OKeadHe. HamoM#uM, YTO TeOpeMbl CYLIECTBOBaHHS
rapaHTUPYIOT CYIECTBOBAHHE PELICHHH UMb HA TOCTATOYHO MaJIOM
BpeMEHHOM oTpe3Ke. [Ipy 9TOM HH BBIBOJ] 3THX TEOPEM, HH METON HX

NOKa3aTeNLCTBA HE MO3BOJISET, KaK MPABAIIO, H3BJIEYb HH(OPMALHIO
O BEeJIMYMHE BPEMEHHOIrO HHTEPBaJa, Ha KOTOPOM CYILIECTBYET pelle-
ue. C IpYyroil CTOPOHBI, OOpYIIEHHEE NOBEPXHOCTHBIX BOJIH /WK
obpa3zoBaHHe OCOOEHHOCTEH 3a KOHEYHOEe BpeMs — OOBIYHOE sABIE-
ure. [103TOMY KOHCTPYKTHBHas OLIEHKAa BPEMEHH CylCCTBOBaHMSA
pelleHnl ABIsETCA NPHHLIUMHANBPHO BaXHbBIM MOMEHTOM B T€OpUH
NOBEPXHOCTHBLIX BOJIH.

OCHOBHOH LIEJibIO HALLMX HCCIENOBAHUN AB/IANOCH OTCIEKHUBAHUE
noBEeNCHAS WHANBHAYaJbHbIX peuieHuit. OTcrexuBaHue npo-
M3BOMATCSA NyTEM YHCIEHHOrO MOfeNnupoBaHus. TYT MbI BcTpedaeMcA
¢ MPHHIUNHANBHBIMA TPYRHOCTAMHE. [Ipr MOnenMpOBaHHK nuppe-
pEHIHANLHBIX YPABHEHHUMA B YaCTHBIX MPOM3BOAHBIX MOXHO paccMaT-
pHBaThb TONbKO KOHEYHOMEpPHbIE CHCTEMBI, TOYHEE, NMCKPETHBIC
aHAJIOrd KOHEYHOMEPHLIX ypaBHeHH. HaM ke HeoOXxonmuMo nyTeMm
BBIYHCIMTEIBHOIO IKCHEPAMEHTA MONYYATh HH(POPMALMIO O NMOBE-
nennn GeckoneyHoMepHol cucremsl. [Ipu TakoM mopgxone Mbl HE
MOXEM alpHOpH CIeNaTh BHIBOJ O BPEMEHH CyLIECTBOBAaHHS peLie-
HHH, HO MOXEM [0Ka3aTeNbHO MOATBEPAHTEL Pe3yAbTAThl BHITHCITH-
TEeNbHOrO 3KCIEpPHMEHTA. TeXHUYECKH 3TO BBITTIANHT CIEAYHOLHAM
00pa3oM: 3a1aBasich Ha4aJIbHBIMH YCIOBUSIMH, MPHMEHAEM 4HCIEH-
HbIE METORBI IISl HAXOXKICHHs NPUONIKEHHbIX PEIEHHN H MOMYTHO
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BLIMHCIISAEM ONMPENIENEHHBIE OLIEHOYHbIE (PyHKIHOHanb!. M3 pacecMoT-
PEHHS XONa NMOBEAEHUA 3THX (PYHKIIHOHAIIOB, KOTOPLIE BhIYHCIISIIOTCS
KOHCTPYKTHBHO O 4HC/a N0 NPHONHKEHHBIM pEIIEHHSAM, MOXHO
ONPEACIHTE FapAaHTHPOBAHHYIO BPEMEHHYIO PAHHIYY IPOBENEHHS
BBIYHCIIHTENBHOTO IKCIIEPHMEHTA.

OTMeTHM, YTO XOTS M3HAYaJbHO HAMH M3y4alcs BONPOC 0O
OLICHKC BPEMEHH CYLIICCTBOBAHMS PEIUICHUH, OMUCHIBAIOLIMX MMOBEPX-
HOCTHBIE BOJIHbI, HAIIH pPEe3yiabTaThl OTHOCATCA K OOIMM 3BOJIO-
UHOHHbLIM cHcTeMaM Komu-Kosanesckoit. 1 pesyabTaThl, u3no-
KEHHbIE B INMaBe 6, MPENCTaBASIOT HHTEpEC /s MHPOKOro Kiacca
HEJIHHEMHBIX 3BOJTIOLMOHHBIX YPaBHEHHIL.

B rnaBe 7, 3aKn104ATENbHON, HAMM NPOBENEHBI BHIYHCIUTENb-
HBIC ONBITHI C HCMOJ/IL30BaHHEM BCEX pa3paboTaHHbIX paHee METONOB
H I pa3iW4vHbIX HavyalbHBIX JaHHBIX. B Tex BBIYHCIHTENbHBIX
IKCNEPHUMEHTAX, B KOTOPBIX rMoOanbsHOrO NO BPEMEHH PELIEHUs] HE
CYMECTBYET, OUEHHUBANIOCh BPCMA CYIIECTBOBAHHSA 3THX pEIICHHM.
B nHauane kaxpgoro 3KCNEPUMEHTA OOCYXNAITCA B NPHBOASTCS
TOYHBIC MApaMETPbI, NPH KOTOPBLIX Mpou3BoAwics pacuer. XOJ
pactieTa WIIICTPHPOBaH rpadpukamMu npoduneil NOBEPXHOCTHLIX
BOJTH, @ TaKXK€E CNEKTPOB pelieHuid. I'ne 310 Heo6XORUMO, MPHBENEHBI
rpayMKy U3MEHEHHS IHEPIHH B XOJIE pacyeTa, H, €CAK MPOBOANATCS
OLICHKa BPEMEHH CYIIIECTBOBAHMS PEILEHHA, TO rPahUKK OLIEHOYHOrO
(pyHKIMOHaJA.

Ilepsblii, caMbiil IPOCTOI BBIMHCITUTEILHBIMN IKCMIEPUMEHT — 3TO
MOZRENHPOBAHHE CTOSA4HMX BOJH. Ero nensio sBnsierca mposepka
nporpamm pacyieta. CleylOmBH BbIYUCIUTEIbHBIA IKCHEPHMEHT
MONECIHPYET CTaOHOHAapHbIE BOMHBI. CTaLMOHAPHBIE BOJHBI OTHO-
CATCS K YHCNY Hanbonee H3y4EHHBIX PEXHMOB TEUYEHHS HAEaNbHON
XHUAKOCTH €O cBOOONHOW noBepxHocThio. Haj cranmoHapHBIME
BOIHAMH MbI MPDOBOJMM BbIMHCIHTEIbHbIH 3KCIEPUMEHT, POBOAS
pacyeTel Ha OONbLWIOM BpeMEHHOM MHTEpPBaje, COOTBETCTBYIOLIEM
npamMepHo 1000 nepuopoB craumoHapusix BonH. B xome 3Toro
IKCHCPUMEHTA OBLIO MOJNYYEHO MOATBEpXKAeHUE 3(hPeKTHBHOCTH
YHCJICHHBIX METONIOB, OCHOBAHHLIX Ha ypaBHeHHAX [{bAYEHKO.

Cnenyrwouue BBIYHCIATENbHbIE 3KCIIEPHMEHTHI MOCBSAIEHBI
HCCIENOBAaHHIO BOJIH, KOTOPbIE OOPYILUHBAOTCS 332 KOHEYHOE BPEMS.
Hamu ncenenyercs uspecTHslit npuMep, npuBeneHHbIN B paboTe [46];
Mbl HE TOJIBLKO CTPOHM 4YHCIEHHBIE PEHICHMS, HO M MPOBOJHUM
AOKa3aTeNbHYIO OLEHKY BPEMEHH CYLECTBOBAHUA PEIICHHS, ONHCHI-
BaIOLYH) OOpYIIEHHE NOBEPXHOCTHOM BOJHbL.
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B koHue riaaspl 7 ONMcaH BBIYHCIAHTEIbHbIH 9KCHCPUMEHT, Ka-
carouriicss HeycToiuuBocti Penes—Teinopa. 310 TeueHUe HAcaNb-
HOH KHUAKOCTH CO CBOOOHON MOBEPXHOCTBIO B YCIIOBAKA OTPHUATENb-
HOrO YCKOpeHHsi CBOOOHOrO MafeHUsl He HMEET MPSMOro OTHOLICHHA
K 3a1ayaM OKEeaHOJIOTHMH, Of{HAKO SBISAETCS MPeKpacHO# NMPOBEPKOH
npefnaraeMbIX HaMd METOJOB HCCIEOBaHKs BPEMEHHK CYLIECTBOBA-
HHA IOBEPXHOCTHBIX BOJIH.

MHOrHe MaTepualnbl, IPHBEACHHLIE B HACTOALIEH KHUFE, ABIS-
FOTCS 4acThIO roJOBOTO cnenKypcea " KoMneioTepHOE MOIE/IHPOBAHHE
HeJIMHEAHBIX BOMHOBBIX [IPOLECCOB”, YATAEMOTO aBTOpOM B PoccHi-
CKOM YHHBEPCHTETE APYKObI HApPOAOB MJIs1 CTYACHTOB MATOrO Kypca
¢akynpTeTa PU3NKO-MATEMATHYECKHX M ECTECTBEHHBIX HAYK.

Baaropapuoctu. Ilpexne Bcero, aBTop BbipaxaeT ray0oKyro
GnarogapHocTh akageMuky Brnagumupy EsrenbeBnuy 3axapoBy 3a
NOCTAHOBKY 3aJa4i, OCTOSHHOS BHHMaHHE K padoTe W pAl BaXKHbIX
zameqannil. Umenno 3nakoMmcTBo ¢ B.E. 3axapoBbiM NpHBENO
aBTOpa B YJMBHTE/BHBIH MHUD FHIPONMHAMHKH CBOGOJHOH MOBEPX-
HOCTH.

Mos pabGoTa He TOJBKO OCHOBBIBAETCA Ha YpaBHEHHAX, MOIYICH-
HBIX JOKTOpOM (PH3IHKO-MaTeMaTAYecKHX HayK A.H. [Ipa4eHKO, HO H
Ha MOCTOSHHOW COBMeCTHO# ¢ HHM pabore. KoMneTeHTHas H ApPY-
KeCTBeHHas NMOJIEPKKa He pa3 OKa3blBajla CaMOE CEpPbE3HOE BIHA-
HHe Ha MO0 paboTy, 3a YTO ABTOp BhIpaXKaeT MCKPEHHIOKO Onaro-
[AapHOCTbD.

Pab6ora Hag XHHroi NpoXonuia B APYKECTBEHHOM KOIEKTHBE
naGopaTopuu HENHHEHHBIX BOMHOBBIX mpoueccoB HMHCTHTYTa
okeanonorun uM. [L.I1. HlapumioBa PAH. 3a none3xsie coBeThl, MO]-
NEPXKY H fo6poe OTHOLIEHHE A NMpuHOMmYy 61aropapHoOCTh KOMIEK-
tuBy, ocoberno H.I'. Koxenynosoit, b.H. ®unomkuny, C.H. baay-
nuny, H.JI. Fanepkunoit, B.B. 'eormkaesy, B.H. Ulpupe. ABTOp
TakK)Xe MMeJ BO3MOXKHOCTh OOIIATLCA C KOJJIEKTHBOM Kagenpbl
nucpepeHIMATbHBIX YPaBHEHAN 1 MaTeMaThn4ieckoi ¢usnku Poc-
CHICKOro YHHBEPCHTETA APYXKObl HAponoB M OyarofapeH 4leHaMm
aroit kacenpsl: JI.LE. PoccoBckomy, O.9. 3yGunesuuy, ILJI. I'ype-
suay, E.M. Bapponomeeny, A.M. Cenuuxomy, M.A. Ckpabuny,
M.®. Cyxununy, A.B. KpacnocnoGoauesy, E.M. borosckomy, 3a
MHOTOUYHC/IEHHBIE U TIOJIE3HbIE OOCYXKACHUS.

OTtnenbpHas raybokass U HCKpeHHSAS OlarofapHOCTb MOEMY
flepBOMY YYHUTEIIO — npodeccopy AlleKcaHapy JIeOHUIOBH Y Cky-
fauepckoMy. Ero yuacTne B MOEH XH3HHU H NMOCTOSHHAs MOAAEPXKKA
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NO3BOJIMIN MHE CTaThb MATEMATUKOM H, B YACTHOCTH, HAMMCATH 3TY
KHUry. MHOroneTHee COTPYRHMYECTBO, NOCTOSHHOE BHHMAHHE H
ApPY-KEeCKHE OTHOLIEHHA OKA3alH HA MEHSA CAMOE CEPbEe3HOE BIIMSIHHE.

51 oueHb MpH3HATENEH TAaKXeE YYEHOMY cekpeTapro MIHCTHTYTaA
okeaHonoruu uMm. ILII1. lHnpwoBa PAH M.M. MapuHoii 32 Mopanb-
HYIO MTONAEPXKY B [POLIECCE MOATOTOBKH PYKONMHCH K H3MAHHIO.

A Gnaropapen M.A. Ckpsa0uHY 3a HEOUEHHUMYIO MOMOLUIL B
KOMNBIOTEPHOH BEPCTKE TEKCTA PYKOITHCH.

[Ipy HaMMCaHUK KHUTH 5 UMEN HEOTPaHHYEHHYIO BO3MOXKHOCTh
NONB30BATECAd KOMIILIOTEPHBIMA MOIIHOCTAMH HHGOPMaLHOHHONA
KOMMNaHuH "JKoMaIl", 3a YTO 5 BbIPAXKalo PYKOBOJACTBY KOMITAHHYU H
mu4Ho MLIO. JIbiceHKOBOM HCKPEHHIOK GIarofapHOCTb.

Pabora BeinmonneHa npu ¢HHHAHCOBOH MNONJEpPXKKE TPaHTOB
POPH Ne 07-05-00648-a, Ne 07-05-92211-HLIIHHJI-a u INTAS Ref.
Nr 05-1000008-8014.

ABTOp C OnarofapHOCTBIO NpPUMET JIOObIe 3aMevyaHHs |
MOXKENaHUA MO 3JIEKTPOHHBIM afgpecam: http://www.shamin.ru/,
roman@ shamin.ru.



I'hnaal

OCHOBHOMW UHCTPYMEHTAPUM

1.1. DAeMeHTHI PYHKIIHOHAABHOIO aHaAHM3aA

OCHOBHLIMH MOHATHAMH (PYHKIIHOHA/ILHOIO aHann3a fBAAIOTCA
noHATHS (PYHKUHNOHANLHEIX npocTpaHcTs. [IpuBefeM OCHOBHbIE
Onpene/ICHHs.

Onpenenenne 1.1. Tlycts B MHHEAHOM MpOCTpaHcTBe E 3ajaHa
HOpMa, T.€. AJIsl KAXKIOTO 3/1eMeNTa U € E CyLecTBYET BEIIECTBEHHOS
yncno llull;, Ha3bIBaeMOe HOPMOH, KOTOpasi YAOBJAETBOPAET CINENYO-
[I{AM CBOUCTBAM:

L. lullz = 0, npuuem liull; = 0, nuwe ecnua u = 0,

2. “H + E’IiEE:-. IIH"E + “L’"E,
3. Il = A lall.

Mgei 6yneM roBOpUTL O CXOAHMOCTH [TOCIEA0BATEIbHOCTH B HOD-
MHPOBAHHOM TMPOCTPAHCTBE COrMIACHO CIEAYIOIIEeMY ONpEeNEHHEO.

Onpenenenne 1.2. IlocnenosaTeNbHOCTE U, CXONHTCA K U B
npocrpatcTse E, ecnu liu,— ully — 0, npu k — oo,

B cnyuwae, Korga Kaxpjas (pyHmaMeHTalnbHas NOCNEJOBATE]Ib-
HocTk B E HMeeT B £ npepen, TO Takoe NpPOCTPAHCTBO HA3bIBAETCA
MOJHBIM HOPMHPOBAHHBIM MPOCTPAHCTBOM, HJIH OaHAXOBBIM HPOCT-
paHcTeoM. [IpumepoM GaHaxoBOro MPOCTPAHCTBA ABJAECTCHA NPOCT-
PAHCTBO HenpepsiBHO AntdepeHUnpyeMblX Ha [a, b} dyHKuuA. ITH
npoctpaHcTsa 0603Ha4daTes C “{a, b]. HopMa B 3TMX NpOCTpaHCTBAxX
OBBIYHO BBOJHTCA MO hopMyIIe

i
”f”c“m.b] = gllﬂittf{-‘i)]+ ; max

f”]{-’:}i*

= x€la.b|

Yaue 6aHaxOBbIX NMPOCTPAHCTB Mbl OyOeM HCIMOJMB30BaTh T'Ub-
GepTOBbI MPOCTPAHCTBA.
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Onpenenenne 1.3. JInneitnoe npocrpancrso H HasbiBaeTcs
THIbOEPTOBBIM NPOCTPAHCTBOM, €CNIH KAXKAOH Nape 3J1eMEHTOB i, U
MOXHO COMOCTaBHTE KOMILIEKCHOE YHCIIO, HA3bIBAEMOE CKAISIPHBIM
npou3BEeeHUEM. JTO npou3BefieHne o6o3HayaeTcs (4, U)y M YIO-
BJIETBOPSAET CIENYIOLLMM CBOHCTBAM:

1‘ (u!ﬂ)h" ={E"!H)H;

2. (uy + Uy, V)= (uy, 0)y+ (up, V),

3. (Au, 0)yy = (u, V)5

4. (v, u)y = 0, npuyem (&, u) = 0 Torna ¥ TONBLKO TOrAa, KOrNA
u=0.

Hucno (u, u)y = llull, seasercs wopmoit 8 H, u npocrpancrso H
ABMAETCA MONHLIM NMPOCTPAHCTBOM OTHOCHTEIBHO HOpMBI I - Il

Mb! OyaeM paccMaTpHBaTh HCKIIIOYHTENBHO cenapabesibHbIe
CHNBOEPTOBLI NPOCTPAHCTBA, T.€. MPENNoJaraTh CylUIECTBOBAHHE
CYETHOTO, BCIOAY INIOTHOTO MHOXecTBa. [IpmMepoM runnGeproBa
MPOCTPAHCTBa ABJSETCA MPOCTPAHCTBO, 0003HayaeMoe L,(a, b), coc-
Tosilliee U3 (PYHKUMH, AHTerpupyeMbix no JleGery B kpagpate. Cka-
JIIPHOC NMPOH3BEICHHE B 3TOM MPOCTPAHCTBE BBOAKTCA 1O thopMyie

b
(f&g)fq[u,b} :J f(-f)m "ir

B rune6epToBOM NPOCTPAHCTBE MOXHO BBECTH TIOHSTHE OPTOTO-
HaNbHOCTH. JNIEMEHTHI U M ¥ HA3bIBAKOTCS OPTOrOHANLHBIMH, eCIH
(H, E-'} H= 0.

[IpuHUMTHANTLHEIM MOMEHTOM B TEOPHH THILGEPTOBBIX MPO-
CTPaHCTB SABNAIOTCA abcTpakTHbIe psanbl Pypee. B ganpheiimeMm cio-
BO "a0CTpakTHBIA" no oTHoWmEeHHO K panamM Pypre u Koadduuu-
eHTram Pypbe Mbl Gynem onyckatb. B GeckoHeuHOMEpHBIX rHILGEp-
TOBLIX NPOCTPAHCTBAX (TakMX Kak L,) cymecrsyeT (He eAHHCTBEH-
Hasi!) cHCTeMa OpPTOTrOHAJILHBIX 3JIEMEHTOB C ENMHHYHON HOPMOH,
Ha3bIBaéMash OPTOHOPMHPOBAaHHBIM 6a3ncoM. O6o3HauuM depes e,

NOCNIEN0BATENLHOCTD, COCTABIAIOIIYI0 OPTOHOPMHPOBAHHBIA Ga3HC.
Torpa pns moboro u € H uncna ¢, = (u, e,)y Ha3bIBAIOTCA K03 u-

uueHTamMi Pypee. Psp 2 c.€, cxonurca B H x u. bonee Toro, umeer
k=0
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mecTo paseHCTBO [TapceBans:

i, =Y el
k=0

XoTsi B ORHOM rHL6EpTOBOM MPOCTPAHCTBE MOXHO pacCMaTpHBAaTh
pa3/HYHble OPTOHOPMHPOBaHHLIE 0a3HChI, CAMO Pa3N0XKeHHE B Pl
dypre eqUHCTBEHHO.

[puMepaMi (PYHKUMOHANBHBIX APOCTPAHCTB, HCIONbL3YEMbIX
HaMM B HAacTOsILEH KHure, ansioTcs npocrpaictea Cobonesa. IIpo-
crpascrBa CoGonesa Guinu BBEleHb! B padoTe [29]. Mbl H310XKHM
onpefeNieHnst ITHX MPOCTPAHCTB, CIEAys NPEKPacHOMY y4eOHHKY
[18].

[ycte Q — orpaHM4YeHHas BHINMyKJaas 00JacTh HA MIOCKOCTH.
PaccmoTpnM (yHKIHIO Q(x, y) B3 npoctpanctea C*(Q). B mHo-

KecTBe 3THX (PYHKIHA BBEEM HOPMY 1O hopmyie

1/ p

ol =| [ toceassy+ 3 [ |22 sty
Q h+l;=k 0 |a'rlay1|

Mul [ONy4aeM HOpPMMPOBaHHOe (HO HE TOJHOE) MPOCTPaHCTBO.
[TononHeHHe 3TOro MPOCTPAHCTBA MO 3TOM HOPME Ha3bIBAETCH

npocrpancTBoM Cobonesa u 0603HaYaETCH W:(Qy B cnydae p=2
NpOCTPaHCTBO W;(Q) aBJsgeTcd rUnbOEepPTOBLIM MPOCTPAHCTBOM.

ByneM mnpBAEpXHBaThCs CTaHJapTHOrO obo03Ha4YeHH W; (Q) =

= HYQ). B kauecTBe obnactu Q MOXHO GpaTh ofnactu u3 Gonee
mMpoKoro kKinacca. Takxke OygeM HCIONBL30BaTH IMPOCTPAHCTBA
Co6onesa (yHKIHI, ONIpeeIeHHbIX HAa OTPE3KE.

[TockonbKy 3aflayl MaTEeMaTHYECKOH IHAPONHMHAMUKH ONMCHI-
BatoTcd JudepeHyHanbHbIME YPABHEHAAMYH B YaCTHBIX MPOA3BOA-
HBIX, TO 4acTO MBI OylIEM HCNONIL30BaTh (PYHKUWM, 3a[aHHBIE HA
otpeske [a, b] co 3HAUEeHHAMH B 6aHAXOBBIX MPOCTPAHCTBAX.

Mycts H - npou3BonbHOE GaHaxXoBO (4acTO TWibOEpPTOBO)
npocTpaHcTBO. OGBIYHO B HAIMX 3ajladaX 3TO NPOCTPAHCTBO CaMo
6yneT PyHKIMOHATLHBIM IPOCTPAHCTBOM. epes C'(la, b]; H) 6ynem
0603Ha4aTh MPOCTPAHCTBO (yHKuUMi, 3amaHHBIX Ha [a, b] co
3HaueHHSMH B mpocTpaHcTBe H U HenpepbIBHO AH((PEpeHIHPYEMbIX
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BIUIOTH A0 k-ro nopsaaka. HopMy B 3TOM MPOCTPaHCTBE Mbl BBEJEM IO
(opmyne

||f||cg dam T max ||f(.r)ﬂH + max ||fﬂ‘.-(x)“

Yepes Ly(a, b; H) 6ynem 06030a4aTh MPOCTPAHCTBO (PYHKLHH,
3aflaHHbIX Ha [a, b] ¥ uHTErpUpYeMbIX B cTeneHH p no Jlebery co
3Ha4YeHHsIMH B npoctpancTee H. HopMy onpenensieMm no opmyne

I/p

b
e, by = j [|Lf (ol dx

Onepauun guddepeHIMPOBAHASA H HHTErPUPOBaHHUS (PYHKHHH CO
3HaYeHHSIMH B 6aHaAXOBOM NPOCTPAHCTBE ONPENEIIAOTCH aHANIOMHYHO
YUCJIOBbIM (DYHKIHSAM.

[TepeiineM Tenepb K ONMpeAeNeHHIO) ONEPaToOpoB B GaHAXOBBIX
npocrpaHcTBax. Iloxg omeparopom A: H, — H,; Mbl NOHHMaEM
orobpaxKeHHe, 3aJaHHoe Ha npocTpa’cTse M| cO 3HayeHHusMH B Npo-
crpancTee H,. Ecnv 1711 onepaTopa BBIMTOIHEHO paBEHCTBO

AAu+v)=AAu + Av

st 100bIX u, v u3 H, u moboro A € C, To oneparop A Ha3bIBaeTCA
JMTHHEHHBIM.

Onpenenenne 1.4. Onepatop A Ha3bIBaeTCs HENPEPLIBHBIM, ECIH
H3 u;, —> u, k— oo B npoctpadcTee H; cnefyeT, 4To Auy, — Au, k — o0
B H,.

Insd NUHEHHBIX ONEpPaTOpPOB HEMNPEPbIBHOCTH 3KBHBAJICHTHA
OrpaHHYE€HHOCTH, T.€. KOHEYHOCTH BEITHIHHbI

jAl=" sup  |Auf,, .

”EHh"”"Ht =1

JTa BEIHYMHA, BBENEHHAsN /15 JTHHEAHBIX ONEPaTOpPOB, Ha3bIBaCTCA
HOPMO# JIHHEHHOTO OTPaHM4EHHOTO OIEpaTopa.

Ecan npocrpandcteo H, coBnafgaeTr ¢ NpPOCTPAHCTBOM YHCEN
(KOMILIEKCHBIX), TO TaKOH OllEpaTOp Ha3bIBAETCA (PYHKIHOHAIOM.
CooTBeTCTBEHHO, BBOATCH MOHATHA HENPEPLIBHOCTA H JIMHEHHOCTH
n71s1 PYHKIHOHANIOB.

Eme ogHo mousiTHE U3 (PYHKIHOHAIILHOIO AHAIH3a, KOTOPOE MBI

PacCMOTPHM, 3TO KOMIIAKTHOCTb.
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Ounapenenenne 1.5. MHoXecTBo M, pacnonoxeHHoe B 6aHaXOBOM
npocTpaHcTse H, Ha3bIBAETCs NPERKOMNAKTHBIM, €CJIW BCAKas
MOCNEHOBATENBHOCTD 3JIEMEHTOB 3TOTO MHOXECTBA COHNEPXHUT
CXOMALIYIOCH NIOANOCAENOBATEIbHOCTD.

Onpenenenne 1.6. 3aMxHyTOE NMpPEegKOMNAKTHOE MHOXECTBO
Ha3bIBACTCA KOMIIAKTHBIM.

Huorpa Ans KpaTKocTH Mbi OygeM KOMIAKTHOE MHOXECTBO
Ha3bIBaTh KOMITAKTOM.

B xOHeYHOMEPHBIX NMPOCTPAHCTBAX KOMIIAKTHOCTh 3KBHBAJIEHTHA
3aMKHYTOCTH H OTPaHMYEHHOCTH, OfHAKO B OECKOHEYHOMEPHBIX
NpOCTpPaHCTBax 3TO HeBepHO. [IpHBENEM NpHMEpP KOMIIAKTHOIO MHO-
*KecTBa B DaHaXOBbLIX NPOCTPAaHCTBAX.

PaccMoTpuM B 6aHaxosoM npoctpancTee C[0, 1] MHOXeECTBO

M ={f € C10,1):[f(x)|<1, |F(x)|<1, xe[O0, 1]}

2T0 MHOXecTBO OyNeT KOMNaKTHbIM B npocrpaxcree C[0, 1].
OnHako B NMPOCTPaHCTBE C'[0, 1] 3TO MHOXECTBO OrpaHuyeHo,
3aMKHYTO, HO HE KOMIIAKTHO. KOMNAaKTHOCTh HMEET NPHHUMITHANb-
HOE 3HAY€HHE JJs JO0Ka3aTelbCTBa TEOPEM O CYIeCTBOBAHHH
pelneHAd 1 06GOCHOBAHUH YHCIEHHBIX METOMOB.

1.2. JAeMeHTsI YHCAEHHBIX METOAOB

BriuHCIHTE/IbHBIE 3KCOEPHMEHTHI OMUPAIOTCA HAa YHUCJIEHHBIE
MeTOAbl. TeopHs YHCIEHHBIX METOHNOB NpefcTaenseT coboi ypes-
BbIYAHHO OOLIHPHYIO 06/acTh COBpEMEHHON MaTeMaTHKH. [1nsa ynoo-
CTBa YHTaATEeNeHd Mbl MPHBEAEM JIHHIb CAMbIE€ NMPOCTBIE aJrOPHUTMBI,
KOTOpPbIE HCNOMb3YIOTCS B HACTOAIICH KHUTE.

[Ipusenem cxemy Meropna PyHre—Kyrra 4-ro nopsaaka pns
NpUONHKEHHOTO pelleHus 3aga4yd Koum ans cucreMsl OOBIKHOBEH-
HbIX OB depcHIMANBHBIX YpaBHeHHA. PaccMoTpEM criegyroiyio
3agavy Koim:

u'(t)y=Fu, n, t>0
(1.1)
u(0) = u,

rpe MckoMast (PYHKIMSA — BEKTOPHO3HAa4YHaA (DYHKLHA Pa3MEPHOCTH N,
npapas 4acThb F — orobpaxenne u3 R™' B R", HauanbHoe ycnoBue —

up € R". Ilpepnonoxum, yro npasasg yacte F aBnseTcs pyHKUHENH,
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HenpepLIBHON N0 NepeMeHHOM ¢ i HenpepbiBHO AU e peHuHpyeMOH
110 NepBbIM n nepeMeHHbIM. Torfa TeopeMsl CyIeCTBOBAHUA U3 TEO-
pud 06GbIKHOBeHHBIX A pepeHInanbHbIX YpaBHEH)H FAPDAHTHPYIOT
CYLIECTBOBaHME €IMHCTBEHHOro pewenns Ha orpeske [0, T], rae
T > 0 onpeaenseTcs Ha4YaJbHLIM YCIIOBHEM H CBOHCTBAMH (PYHK-

uuu F.
Yepes T 0603HaynM miar no nepemeHHo t. COOTBETCTBEHHO,

t,, = mt, m=0,... [IpennonoxuM, 4TO Ha pacCCMaTPHBAacMOM HHTEPBa-
ne CyLECTBYET eAMHCTBeHHOe peilcHue 3afgaun (1.1). JucneHHbIE
pelueHusi 6yaeM Moay4ars NO CAEAYIOLHM GopMyIaM:

W (t,) = U (1, ) + V6K, + 2k + 2k; + ky);
ky = Fu" (ty)s B )i

ky = Fu™(t,.)) + T2ky, t,) + T/2);
(1.2)
k] - F(HN(IIH—I) + ﬁzk?! rm—l + Tﬂ);

ky = F™(t,_,) + Ths, 1,y + T);

m=1, ..

[IpuBeficHHas cxema ABISETCS Hambojlee yNOTpeOHTENbHOH B
npakTHYeckux pacyerax. (OTHocuTenbHo ¢pa3ssl "Hambosee
ynorpeburensubiit” cM. [13, c. 359-360].) Mbr Takxke GygeM MoOJMb-
30BAThCH HCKJIHOYHUTENIBHO 3TOH CXEMOH.

HNpyro# "paGouel yomwagKoi" B HameM MONCIHPOBAHHU ABNA-
eTca RHCKpeTHoe mpeobpasosaHne Pypne. PaccmMoTpuM QyHKUHIO
fix) 3apauHyo Ha orpeske [0, 2m], Takymw, uyro f(0) = f2n).
PaccMOTpHM paBHOMepHYIO ceTKy Ha orpe3ke [0, 2x], cocTosiyo 3
N Touek: x, = 2nn/N, rie 0 =< n < (N - 1). PaccMoTpEM 3Ha4YCHMA
dbyukuan f Ha cerke, nonoxus f, = flx,). Torga HHCKPETHBIM
npeoGpazobaineM Pyphe oT PYHKUMH, 3aJaHHON HA PaBHOMEPHOH
ceTke, OyIEM Ha3bIBaTh MHOXKECTBO (dg, 4, ..., Gy1), ONPEREICHHOE
1ro opMyne (npsimoe npeobpasosanne Pyphe)

N-1
a, =+11-’_Z f. exp(—ikx,), k=0, 1, .., (N-1),
n=0

rne x, = 2%/N. OOpatrHoe NTHCKpeTHOe mpeoOpa3oBaHRe Pyppe
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BOCCT2HABJIMBAET MHOXECTBO (fy, f1, ..., fy-1) IO PoOpMynaM
N-1]
f,=Y acexplikr,), n=0, 1, ... (N-1).
k=0

Ecnu urcino N fBAAETCH CTENEHbIO NBOHKH, TO /I BBIMTOJITHEHHSA
npsMoro W OGpaTHOro AUCKpeTHOro npeobpaszoBanus Pyphe
CYIECTBYET anroput™ GeicTporo npeobpasosanus ®ypoe (BI1P).
Moppo6uoe u3noxenne Merona BIIP BLIXOAUT 32 paMKi HacTOsIEd
KHUTCH, OH JOCTATOYHO MORpoOHO OCBEeUEH BO MHOTHX Yy4eOHbIX
nocobusix ¥ MoHorpacduax (Hanpuamep [7, 28]). CymecTsyeT Takxe
MHOTO MHTEPHET-PEeCYpcoB, nocesieHHbix bIIP, copepxamux He
TOJILKO TEOPETAYECKOE H3NOXKEHAE, HO H TOTOBbIE NOANPOTrPAMMBI
(nanpumep, http://fwww. fftw.org/).

1.3. HayyHoe nporpaMMHpOBaHHe

ITepBOHa4albHO MpOrpaMMHPOBaHHE MPEAHa3HAYaAIOCh A pe-
LIEHHS HAYYHBIX H HHXeHepHbIX 3afa4. OfHaKko B HACTOsLIEE BpeMs
Hay4HOE€ NpPOrpaMMHPOBaHKE — laJIEKO HE CaMOe IIaBHOE Hampas-
neHue nNporpaMMHpoBaHMs (computer science). MHOrHe nmporpam-
MHACTbI M3HA4YaJbHO OPHEHTHPOBaHbl Ha CHCTEMHOE HJIH Ha elle
Gonee pacnpOCTPaHEHHOE NPHUKJIagHOe mporpamMmupoBaHue. Ilo
HapieMy MHEHHIO, HICOJIOTHs HAYYHOIrO IPOrpaMMHPOBaHHSA CYIIIECT-
BEHHO OTJIHYAETCA OT HACONOrHA NPHKIATHOTO NMPOrpaMMHPOBAHMA.

Yro BKAAABIBAIOT B MOHATHE "HAy4YHOE NMpOrpaMMHpOBaHHe"?
Ipexpe Bcero, 3To NpOorpaMMUpOBaHKEe, KOTOPOE OPHEHTHPOBAHO
Ha 3(p(PeKTHBHOE B KOPPEKTHOE pEllieHHE MOCTAaB/ICHHOH 3afavH.
MOXHO BO3pa3HTh, YTO 3TH TPeOOBaHHA NPENbABIAKTCA KO BCEM
nporpaMMHbIM cpeicTBaM. OIHaKo BONPOC — B IPHOPHTETE KPHTE-
pues. CxaxeM, ecnn orcHas nporpaMMa Ha o6paboTKy onepanuu
Gynet 3atpaumBaTh He 0,25 ¢, a 1 ¢, TO 3TO HEe TaK KPHTHYHO, KaK,
CKaXKeM, [POBEJIeHne pacyeTa B TeUeHUA HeleId WK Mecsina. To xe
caMO€ OTHOCHTCS K KOPPEKTHOCTH BBINOJIHEHHs nmporpamMmai. OfHO
1eN10, Koraa "3aBHCHET" KOMIBIOTEPHAas HIpa, H COBCEM JpYroe, eC/H
B Xofe BblUHCIeHHH OyaeT omubKa, KOTopas NPHBEAET K HEBEPHBIM
BLIBOJIaM WIH TEXHOIOTHYECKHUM KaTacTpodam.

HM3noxeHue UACONOrAd HAy4YHOTO NPpOrpaMMHPOBAHHUA NICXKHT B
CTOPOHE OT TE€Mbl HAaCTOSMICH KHHUIH, TO3TOMY OrpaHHYMMCA JTHIIb
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HEKOTOPBLIMH MOMEHTAMH, KOTOPbIE CIEAYET HMETh B BHIY, IPHCTY-
nas K NporpaMMHpOBaHMIO HAYYHBIX 3a71aY.

OTnensiiTe HAYYHYIO YACTh OT HHTep(eHCHOH. Mbl NPHU3bIBAEM
NpHAEPIXXUBATHLCA PAaBHNa: OIHA MPOrpaMMa NPOU3BOANT YHCIIEHHBIN
pacudeT, COXpaHsAsl pe3ynbTaThl pacyeTa, a Apyras nporpamma
OCYILUECTBIIAET BH3YAJIH3aNHIO NMOJTYYEHHBIX IaHHBIX.

OnTuMH3BpYiTE TeKeThl nporpaMM. O4eHb 4acTO HeOOJbINOE
H3IMEHEHHE B TEKCTE MpOrpaMMbl MO3BOJISET KapAMHAIBHO YBEIH-
YATh CKOPOCTh pacyeToB. ONTHMH3HPYIOUIHA KOMIIHJIATOP HE BCE-
CHIIEH.

He ncnonb3yiiTe BHEUIHHE MOANPOrpaMMbl H GoabIIRe OHONHO-
TeKH. 3a UCKJIFOYEHHEM OCOOBIX Cly4YaeB cTapadTech APOrpaMMHpPO-
BaTh MCMOJb3yEMBIE aNITOPUTMbI caMH. BO-NEPBERIX, 3TO AaCT HCYEP-
nblBaroIllece MOHUMAaHHE CaMOro YHCIEHHOrO METOMa, a, BO-BTOPBIX,
peanu3ys "Iast cebs”, MOXKHO fOOHTHCS HAUNYYILEro pe3yabTara.

KepTByHTe YHHBEpPCANbHOCTHLIO B YrOAY 3¢ eKTHBHOCTH. Y HH-
BEpCaNbHOCTb — OfHO M3 CaMbiX JIOOUMBIX JOCTUXKEHHH NPOrpaM-
MHPOBaHH, HO [J1 HAY4YHOrO NPOrpaMMHpPOBAaHAA NOCTPOEHHE YHH-
BEpCAJIbHBIX MPOrPaMMHLIX KOMIUIEKCOB ONPaBAaHO He BCEraa.

Hcnoab3ynre coppeMenHble KOMAKIATOPLIL. [[a1€K0 HE BCe MOX-
HO ONTHUMHM3HPOBATH "PYKaMH — COBPEMEHHbIE ONTHMH3HPYHOLIHAE
KOMITAIIITOPbI MOT'YT CEPBLE3HO YBEITHUYHTE CKOPOCTh.

1.4. SI3pIKHM NpOorpaMMHUPOBaHHSA

nst NpoBeaeHHS BbIYUCIUTEIbHbIX 3KCIIEPHMEHTOB Mbl HCIIOJIb-
30BajiM A3bIK nporpamMmupoBanud C++ I pa3pabOTKH Hay4YHBIX
nporpamM, u Borland Delphi 7.0 pnst nporpamm, obecnevynBaBIIHX
BH3yanu3anuio. Eciu BeidOp A3bIKa nporpaMMHpOBaHUs [1J1s BA3Yya-
JH3a0HH MOXKET OCYLIECTBISTLCA OTHOCHTENBHO MNPOHM3BOIBHO, TO
BbI0Op si3blKa C++ B KauecTBe OCHOBHOTO CIEYET MOTHBHPOBATD.

M3naBHa sA3bIKOM I HAy4YHBLIX pacdeToB sBissics PopTpaH.
ﬂEﬁETBHTE:thHD, ITOT A3BIK AMECT MHOI'O NpEHMYILLCCTE, HO €IC
Donble HEONOCTATKOB, TAKHX KaK:

NPHHALIEXKHOCTh K A3bIKaM CTApOro MOKOJICHHHA. ITOT fA3BIK
Ob1n1 pa3paboraH Ha 3ape KOMNOBIOTEPHOH 3phbl, HO3ITOMY MHOTHE
BaXKHbIC TEXHOJIOTHH MPOTPaMMHPOBaHMs, TAKHE KaK MONYIbHOCTD,
KOHTPOJIbL THIIOB H Ap., B HEM HC pCalin30BaHLbL. 3TO IMPpHBOOHT K
olMOKaM U TPYAHOCTSM IIPH NPOrpaMMHUPOBaHNH,;
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thH3HYECKaA CTAPOCTH MHOTHX OHOAHOTEK moanporpamm. Ilpo-
rpecc B KOMNbOTEPHOH cpepe nmpoucxoouT KpaiHe Gbictpo. [o-
3TOMY OMONHOTEKH, pa3paboTaHHbie RS paHHUX DBM, MoryT ObITh
6ecrnonesHsl;

OTCYTCTBHE MOOHIBHOCTH. HecMOTps Ha CylIecTBYHOLIHE CTaH-
AapThl A3bIKa, KOHKPETHBIE €ro peanH3aldd CYIEeCTBeHHO OT/IH-
YaKoTCH.

Bri6op si3bika C++ MOTHBHPYETCH CleRYHOLWHMH (pakTOpaMH:

HCTHHHARA MOOHABHOCTD. [IpH3HAHO, YTO HCXONHBIE TEKCThI Ha
craHnapTHOM C++ ABNs0TCS MOOHALHBIMH H HAUMEHEE 3aBHCHMbIMH
oT nnatdopmbl, Ha KOTOpoH 6bUIK co3gaHbl. B 4acTHOCTH, €CIH
NPUBEAEHb! HCXOMHbIE TEKCThI, TO HET HEOOXONMMOCTH OrOBapHBaTh,
B KaKOK cpefie OHU ObUIH CO3M1aHbl;

pacnpocrpanennocts OC Linux. B cBob6onHo pacnpocTpaHsieMon
onepaldoOHHOH CHCTEME CYIHECTBYET OTJIHYHLIH ONTHMHU3HPYHOILIAH
koMnuasaTop C++. He cekper, 4To MHOrHe Hay4HbIE YUYPEXKAECHHA H
YHABEPCHTETBE, 0COOeHHO EBponsl, Hcnonb3yroT Linux, B KOTOPYIO
C++ BXOIHT KaK OpraHH4ecKas 4acTh;

3thPeKTHBHOCTH A3BIKA. BONBIIMHCTBO H3BECTHBIX KOMITHIATO-
POB IpPYrHX A3bIKOB 3HAYMTEBLHO NPOUTPbLIBAIOT B CKOPOCTH BBINOJI-
HEHHs MpOrpaMM H3BECTHLIM KoMnunsTopaM C++.



I'Aagpa 2

OCHOBHBIE YPABHEHN1,
OITUCBIBAIOIIIME IMOBEPXHOCTHBIE
BOAHBI B OKEAHE

2.1. YpaBHEeHHS ABH)KEHH T HACAABHOH JKHAKOCTH

OcHOBHOH NpeAMET Hallero HCcllefOBaHus — H3Y4YeHHE IBHXKEHHA
(TeyeHHd) HACAaNBHOH XHUAKOCTH CO CBOOOQHOH NMOBEPXHOCTHIO.
C (pH3HKO-XMMHYECKOHA TOYKH 3pEeHHUs, XHAKOCTh NMPENCTABISET
co00H OYeHb CIIOXHBIH O0BEKT, HO Hac OyAyT HHTEpEeCcOBaTh JIHIb
MEXaHHYCCKHE CBOMCTBA KHOKOCTH. Kak 3T1O HPHHHT'U B MaTcMa-
THYECKOH THAPOJMHAMMKE, Mbl BBIHYXICHBI CAeJaTh pPAN YIpPO-
IHaoIUX npeanoioxeHuit. Bo-neperix, 6yaeM cuuTaTh XHAKOCTH
CIUTOILHOM Cpeoil B ONUCHIBATH COCTOSIHHE XUIKOCTH, 3aHUMAOLLEH

obvem Q ¢ R3, ¢ nomouib0 NOAA CKOPOCTEMH: o(x) = (2" (x), o%(x),

Uj(x)}, x = (x, X, x;3) € Q. Kak npasuno, peub Oyner HATH O
HeCTallHOHAPHOM TEYEHHUH XHAKOCTH, MO3TOMY MOJIe CKOPOCTEH
OygeTr 3aBHCETH OT BpeMeHH: 0 =0(x, t); o6beM obmacTH Takxke
MOJXET 3aBHCETH OT BpeMeHH (B YaCTHOCTH, B 3ajjadyax co CBOOONHOH
NMOBEPXHOCTHIO): O = Q(f). Bo-BTOpHIX, OYAEM CUHTATh XHAKOCTH
HeCKuMaeMoil. B TepMHHaX mons CKOpocTel aToT pakT BbipaXKaeTcs

dopmynoi

diva(x,)=v, +v, +v) =0, xeQ). (2.1)

C ¢u3myeckod TOUYKH 3pEHHS, MOpPCKast BOoa ABnseTCsS MpakTH-
YeCKH HECKMMAEMOl XUAKOCThIO. C MaTeMaTHYECKOH TOYKH 3peHNus,
ycnoBHe (2.1) BbI3BIBAST 3HAYMTENBHBIE TPYNHOCTH, B 4aCTHOCTH,
[IpH IPOBEJEHAH YHCIIEHHBIX PacYeTOB.

Hacrospe XUAKOCTH, TaKHe KakK MOpCKas BOAa, obnagaroT
BA3KOCTbIO. BBeieHHE BA3KOCTH B MOJIENTH, ONHChIBAIOIIIHE TCYCHHE
JKHEKOCTH, [TIO3BOJSET YYECTEL IOTEPH 3HEPTHH B Npoliecce NBICKEHHA
(HarpuMep, Mepexo KHHETHYECKOH IHEPTrHM B TEMIOBYIO). [lnsd He-
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KOTOPBIX XXHIKOCTEH, HAIPHMEP IMHLEPHHA, PACCMOTPEHHE BA3ZKOCTH
B MaTeMaTH4YECKOH MOJENH ABNAETCS HEOOXOMUMBIM, /I MOPCKOH
BOMbI KOI((PHLUHEHT BA3ZKOCTH SABIAETCA BEChbMa MalbIM, B NpHU
H3y4YE€HHH ITOBEPXHOCTHBIX BOJIH HM MOXHO npeHeOpeuyb. C Mma-
TEMATHYECKON TOYKH 3pPEHHUS, THHAMHKA HEBA3KOHN XHIKOCTH Cy-
IIECTBEHHO OTIHYAETCs OT JHHAMMKR BS3KOH XKHUAKOCTH. C BbIUHC-
JTUTENBHOH TOYKH 3PEHHSA, BA3ZKOCTL (MM €€ OTCYTCTBHE) TaKXkKe
OKa3bIBAET CYLIECTBEHHOE BIHMSIHUE HA MOCTPOCHHE YHCIEHHBIX CXEM.
MurI GyfieM paccMaTpHBaTh B OCHOBHOM H€alIbHblE XKHAKOCTH.

[IrHAMHKa HACaJbHOH XHOKOCTH ONUCHLIBAETCA CHCTEMOR ypaB-
HEeHHH Junepa:

u,]+u'ul +u1ul -I-HEH:[ +p,, = F'(x,1);
u +uu +u’ u +uu , P, -FI(I,I);

3

w +u'u +.!ﬁu!3 +H3u$3+px = F(x,t); (2.2)

zﬂl + :{fz + 1133 =0,
(x, 1) e Q1

rne F{x, N=(F', F?, F*) - pHeumnsisi cana NCHUCTBYIOIAA HA XKHI-
KOCTb; CKansApHas ¢pyHKuus p(x, 1) — naBnenue. [[apneHue KupKoCTH
ABIACTCSH HEH3BECTHOH (pyHKUHeEH B aTON cHcTeMe. I10CKONbKY MBI
paccMaTpPHBAEM HECXKHMAEMYIO XXHIKOCTh, TO CMbICJ [aBJICHUA KU/ -
KOCTH HYXKAaeTcd B KOMMEHTApHH. MOXHO noKa3aTh, YTO "C TOYKH
3peHAs aHAIATHYECKOH MEXAaHWKH, THAPOAHHAMHYECKOE JaBJ/iIEHUE
npejcTapiseT cOOOH peaklHIO NPOTHE YCIOBHSA HEC)KHMAEMOCTH..."
(eMm. [11, 12, rn. 3]). DTra TpakTOBKa BO3MOXHa NPH BBIBOJE
ypaBHeHHH JiNlepa W3 BapHAIHOHHOTO NpHHUANAa [aMHIbTOHA.
IMonpoGHoe H3noXeHHe MOXKHO HalTH B 3aMeyaTe/lbHOH KHure [11].

CucteMma ypaBHeHni Jiinepa (2.2) gonkHa OGbITH HONOJHEHA
rpaHHYHBIMA ¥ HayalbHbIMH yenoBusMu. [IpennonoxuM, uTo o6bseM
AKHAKOCTH OCTacTCH HEeH3MeHHLIM BO BPEMEHH H ﬂT‘pﬂHH'—IEH I'pﬂ-
HHLEH, CKBO3b KOTOPYIO XHJAKOCTh HE MOXET NPOTEKaTh, ITY
rpanany 06o3HayuM I'. Bygem cumTats, 4T0 noBepxHOCTh I HE IMeeT
camomnepeceydeHrdl. 3a MCKNOYEHHEM CHEN¥aJIbHO OTOBOPEHHBIX
cnydyaeB OyfgeM mnpepnonarats, 4rQ nosBepxHocTh I sBAseTca
KyCO4YHO-rnagkoll H npd mourm Bcex x € I ompepenen BeKTOp

BHeluHed HopMand n(x). YcnoBue HENpPOTEKAHHA IPaHHLbI O3HA-
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JaeT, YTO HOPMallbHas CKOPOCTh Ha IPaHHLE paBHa HYJIIO:

(n(x),v(x, I))nj, xel. (2.3)

I'panu4hbie ycoBHA Ha CBOGONHON MPaHHIE CYLECTBEHHO OTIIH-
YarTCA OT YCJIOBHH HENPOTEKAHUA. ITH YCNOBHS Mbl MOJPOOHO
o0CyIHM 4YYyTh no3xe. 3aMETHM, YTO B Cly4ae BSI3KOH XHIKOCTH
HY>XHO pacCMaTpHBaTh HE TOJNBKO Apyrue ypasueuus (Hasbe—CToK-
ca), HO W pyrue rpaHuyHbie ycnosus. [Ipu pPacCMOTpEeHHH 3afay
FAIPONHHAMHKH, BO3HHKAIIIHX B 3a/la4yaX OKeaHONOruH, obaacTu,
3aHAMAEMbIE XHKOCTBIO, YaCTO HMEIOT OrPOMHBIE pa3Mepsbl, NO-
3TOMY MPH YHCAEHHOM MOMNENHPOBAHHM YIOOHO HCIONB30BaATh II€-
pHOOMYECKHE MPAaHHYHEIE YCIIOBHS.

HecmoTps Ha TO uTO B ccTeMy (2.2) He BXOQUT NPOM3BOIHASA MO
BPEMCHH OT NaBJICHHUA, YpaBHEHHS JDANepa ABISAIOTCH 3BOJIOLHOHHON
CHCTEMOMH C BBIJIEJICHHON NEPEMEHHOM ¢, O3Hauarome Bpems. Ilpn
H3YUCHHH TMHAMHKH 3BOJIIOLHOHHBIX CHCTEM HeOOXOQHUMO 3a1aBaTh
HaYajbHbIE YCJIIOBHS

2(x,0) = vy(x);
xe Q. (2.4)
p(.r, O) =pﬂ(x}1

[ockoneky naBnenue p(x, t)) MOXET GbITH ONPEAENEHO MO MOJO
CKOPOCTEH (X, t,) NPH HUKCUPOBAHHOM f,, TO HAUAIBHBIE YCIOBHS
(2.4) ponxHsbI YAOBJIETBOPATE COOTBETCTBYIOIUM YCIOBHSM COTJIa-
COBaHHS.

Cucrema ypapHeHuit Ditlepa npeacrasnser coGoi CIOXKHYIO
MaTEMaTHYECKYIO 3alayy KakK B NJaHe JOKAa3aTelnbCTBa TEOPEM O
CYMICCTBOBAHHHA H EARHCTBEHHOCTH PEIICHHH 3TOW CHCTEMBI, TaK H C
BBIMHCIIMTE/IBHOM TOYKH 3peHus. B nBymMepHOoM ciyqae pesynbTaTe! 0
Pa3peluMMOCTH ypaBHeHH# Jijiepa nony4yeHsl B pabotax [33, 36].
B TpexMepHOoM cny4ae MO HAacTOSAILIEr0 MOMEHTA pe3ynbTaThl O
rno0anbHOM (MO BpeMEHH) pa3pelliMMOCTH YpaBHEHHA Jiiepa He

H3BECTHBI. CylIECTBOBaHHE PELIEHHH HAa JOCTATOYHO MaAOM Bpe-
MEHHOM HHTEpBaJleé B TPEXMEPHOM CJIyyae pacCMaTpPHUBAJIOCh B pa-

Borax [8, 39].
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2.2. AByMepHoOe Te4YeHHe

IByMepHBIii cly4ail CYIIECTBEHHO OTIIHYAETCs OT TPEXMEPHOTO
cnyvas. B ByMEpHO# CHTyalH¥ Mbl MOXEM BBECTH ApYrue nepe-
MEHHBbIE, 3HAaYHTEeJIbHO GoJiee MOAXOASHIHE A1f YHCICHHOrO CYeTa.

IMpernonoxum, yto 2* = 0, p, =0, F’ =0 Toraa uMeem CHCTEMY

ypaBHEHHH

U, +ulu +u’u , Py = F'(x,1);

2

u +uu +mz:.1:I +pI2-F?(,r,I); (x,1) e O(1). (2.5)

u' +u =),

Bsenem BUXph 0 popMyJIe
E= ui — ull : (2.6)
Tenepb HCKNIOYMM AABIEHAE H3 CHCTEMbI YPaBHEHHUH (2.5), yuH-

THIBasg, 4TO P, . =P, - MBIl NpeANonaraeM, 4To BCe b yHKLUHH

061a0al0T HYXHOH rAagKocThio. [ aTOro nmeppoe ypaBHCHHE
macddepeHUMpYEM MO MEPEMEHHOH X;, BTOPOE — MO X; ¥ BBIYTEM
nepsoe ypaBHeHne H3 BToporo. [lonyuuMm ofHO ypanueune:

E +u, §+HE‘, +ul ﬁ+u2§x2-F'

Teneps, yUMThIBas YPAaBHEHHE HECXKHMAEMOCTH XKHIKOCTH, UME-
eM YpaBHECHHE

E+u't, +u’t, =F —F.. (2.7)

£

NIns pemenns ypasHeHus (2.7) HeoOXoOuUMO YMETH
BOCCTAHABJIMBATH BEKTOp ckopocth i mo sBuxpio §. C 310 Henbio
BeefieM (PYHKLHIO TOKa Y(x, f) cnenyomuM oopa3oM:

1'I"l,l'z =u ';'

X (2.8)
v, =-u.

MudpdepeHUHpyeM NEPBOE COOTHOLIEHUE MO X;, @ BTOPOE N0 X,
mocje 4ero, CKinambiBas 3TH ypaBHEHHs, MOJy4aeM YpaBHEHHC
Jlannaca

—ﬂljl = E_, (29)
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C ypasnennem Jlannaca (2.9) Hy>XXHO cBS3aTh COOTBETCTBYIOMIHE
rpaHUYHBIC YCIOBHSA, HANPUMEP NEPHONHYECKHE, MOCIE YEro 3Ty
3a7ilaqyy MOXHO PEelnTh (YMCIICHHO, a HHOrNa A aHanuTH4Yeckn). [Tpn-
BEAEM ANA CAy4Yast MEPHOAMYECKHX YCIOBHH TeOpeMy O pa3pelin-
MOCTH 3TOH 3aJayH.

[tycre Q = (0, 2x) x (0, 21) ectr KkBagpar. [IpexnonoxamM, 4To
TEYCHHE HAIlECH XHAKOCTH 2N-NEpHOAHYHO IO NMEPEMEHHBIM X|, X,
TOrAa ypaBHeHue (2.9) paccMaTpHBaOT ¢ 2N-NEPUOAHYECKHAME YCIIO-

BHSAMH MO IEPEMEHHBIM X, X;.

Teopema 2.1. lTycme ¢ynuxkyun & € L ,(Q) maxan, umo
I E(x)dx =0, moz2da cywecmeyem eduncmeennan PYHKUUA
Q

v € H(Q) maxas, umo I y(x)dx =0, yoosaemsopsarowan ypasHe-

Q
HWo (2.9) u ycaosuam 2n-nepuoduHOCMU NO NePeMeHHbIM X, Xy.

lloka3aTenbCcTBO TEOpEeMbl MOXET ObITh NOJAYYEHO NMYTEM pas3-
noxeHusaA ¢pyukuun & B psag Pypbe no COGCTBEHHBIM (DYHKIHAAM

oneparopa Jlamnaca ¢ neproRHYECKIME YCITOBHAMA.

2.3. [loBepXHOCTHBIE BOAHBI
HMACAABHOHU JXMAKOCTH

PaccMoTpEM ByMepHOE TeyeHHE HIealbHOH XHIKOCTH CO CBO-
6onHo# rpaHunei u GeCKOHEYHO rIyOOKHM IHOM. Konkpethee,
IIyCTh HACANbLHAsA HEeCXKHMaeMad KHAKOCTL 3aHHMaeT obnactes B
JIOCKOCTH (X, ¥), OFPaHAYEHHYI0 CBOOONHOM MOBEPXHOCTHIO:

—co <y <N(x, 1);
—co << x <o, >0
byneM CYHTaTb, YUTO ABMXKEHHE XKHAKOCTH SBASETCS MOTEHIH-

allbHBIM, T.€. cylecTByeT pyHkuna ®(x, y, f) Takas, 4YTO noje cKo-
pocreit v 3apaetcs no gpopmyne

o(x, y,t) = V®(x, y,1).

M3 ycnopus necxknMaemoctr xupgkoctu (divo =0) ClegyeT, 4To
NOTEHLHAJI CKOPOCTEH YNOBIETBOPAET ypaBHeHuIo Jlannaca:

A®(x, y, )=0. (2.10)
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ByneM paccMaTpHUBaTh ABIXKEHHE XKHAKOCTH B OfITHOPOJHOM MOJE
TSDKECTH C YCKOpPEHHEM CBOOONHOIO NajeHHs g.

Ypapuenne (2.10) sBaseTcs NpoCTEHIINM JIHHEHHBLIM ypaBHE-
HHEM B YaCTHBIX MPOH3BOMHBLIX, OHAKO Oocodas CIOXHOCTh B M3Y-
yeHHH MOBEPXHOCTHBIX BOJIH 3aKJIIOYAECTCS B HEIHHEHHBIX FPaHHY-
abix yerosusix. Tem Gonee, 4To Hew3BecTHOMN (M HCKOMOR) (yHKIHEH
4BISETCH HE TOJBLKO MOTEHUHMAN CKOPOCTEH, HO Npoduib BOIHBL —
cBOGOIHAS TOBEPXHOCTh, KOTOpasi 3agaeTcs PyHKUMH N(x, ).

PaccMOTpHM rpaHHYHBIE YCIIOBHS.

Bo-nepBbiX, 3TO TaK HA3bIBAEMOE KHHEMATHYECKOE YCIIOBHE:!

{Tl]' +¢;nx — ¢1) y=x.f) =10. (21 1)
Bo-BTOpBIX, 3TO JHHAMHYECKOE YCIIOBHE
[113, +l| vo| + gy] = 0. (2.12)
2 y="m{x.t)

Ycnosue (2.12) o3nauaeT, YTO faBieHue Ha CBOOONHOH MOBEPXHOCTH
nomkHo ObITh paBHO HYJII0. HanomHuM, 4TO MBI paccMaTpHBaeM
HCKJTIOUATEIbHO IPaBHTALHOHHBIE IOBEPXHOCTHBIE BONHBL. Ha ca-
MOM Jeje HeoOGXOOHMO YYMThIBAThH BeTpOBOe BONHEHHe. OOHAaKO
MATEMATHYECKOE MOJIEJIHPOBAHAE BETPOBOrO BOJIHEHHMA HE MOXKET
ObITH MPOBEEHO B TAKOH MOJHOTE, Kak paccCMaTpHBaEMbIC B KHHIEC
monend. (OTHOCHTENBHO BETPOBOTO BOJIHEHAS cM. paboTsl [16, 27] 1
MpHBECHHYIO B HAX OBOnBorpaguio.)

B-TpeTbHX, Ha AHE JOJDKHO OBITh BbINOJIHEHO YCIIOBHE HEIPO-
TeKaHWs, T.€. BEPTHKAIbHAS KOMIOHETa CKOPOCTH ¥7 NOJIKHA OBbITH
paBHa HYJIO [IPH y —> —oo!

ey

¥

=0. (2.13)

Y=

Mo nepeMeHHOM x MbI OyfleM pacCMaTpHUBaTh NEPHONHYIECKHE
kpaeBble ycnoBust. [TockoabKy Mbl paccMaTpiBaeM HECTALMOHAPHYIO
3afayvy, TO HEOOXOAMMO 3alaTh HaYabHbIE YCIOBHA st O U T):

q) |;=[] = m[}{-’ts }’), {2 14}

n| _, = No(). | (2.15)
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3anaya (2.10)~(2.15) npepcraBnser co6oii 3aMKHYTYIO CHACTEMY
ypaBHEHHH. B paznnunbix GyHKUMOHANBHLIX Kjaccax 3Ta 3ajaya
H3y4yajacb BO MHOTHX paborax. PaccmarpuBanuch Takxke ee 0606-
INCHAS HA TpeXMepHBIH cnyyad. He nperennys Ha nmonnoty 6mbiuo-
rpapU4YeCKHX CCHUIOK, NMEPEYHCHMM /Kb HEKOTOpPble paboThI:
[23-25, 44, 34], B KOTOpBIX HOKa3aHA KOPPEKTHOCTH 3anaqn (2.10)-
(2.15); B yaCTHOCTH, CyIlleCTBOBAHME PELIEHHI HA JOCTATOMHO MaJIOM
BPCMCHHOM HHTCpBANCE.

PeanbHble H yACIEHHBIE IKCTIEPHUMEHTBI YOENKTEALHO NOKA3bI-
BalOT, YTO SABJCHHE OOpPYIUECHUA BOJH W/UMM oOpa3oBaHHe OCOOEH-
HOCTEH 32 KOHEYHOE BpeMsl BO3HUKAET /15 GonbmmHcTRa BOMH. [lo-
aTOMY MpobJieMa OLIEHKH BPEMEHHU CYIIIECTBOBAHMS PEIIEHHMA, ONACHI-
BAaKOIHX HEJUHEHHYIO HHHAMMKY NOBEPXHOCTHBIX BOIH SIBISETCS
NPHHUHTHATLHOM.

Cucrema (2.10)—(2.15) sasnsercs KOHCEPBAaTHBHOM, T.€. COXpa-
HAIOIIEH MOJHYIO MEXaHM4ecKylo sHepruio. [lonHas 3meprusi co-
CTOMT H3 CyMMbl KRHETHYECKOH T M noreHumannbHoii U sHepruii.
Ilpusenem popmyinibi 119 X BLIYUCTEHHUS:

121 n(x.r) )
T:EJ dx i |V |*dy,

0
2r
U:EJ' 02 (x. )dx.
2 0

Ypo6uo BeectH Benuunny W(x, 1) = Ox, n(x, 1), 1), KOTOpas

ABJIAETCA 3HAYCHHEM NOTEHIMANa Ha CBOOOAHOM MOBEPXHOCTH [9].
B paGore [10] 6b110 ycranosnewo, 4yro nepemennsie 1 u ¥ ABIAIOTCS

KAHOHHYCCKH CONpAXXEHHBIMH BEJIHYHAHAME, T.E.

o _8H.
at S’
oV _OH
a o’

rne ramMmunbTOHNAaH H coBmagaeT ¢ nojHoil JHEPrHen XKHOKOCTH
H=T+U.
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2.4. Kondopmubie nepeMeHHbIE,
ypasaenus [IbA4€HKO

3anaua (2.10)—~(2.15) sBAsieTCa QOCTATOYHO CJIOKHOH [N HENO-
cpencrseHHoro mi3yuenus. Cnenys pabore [9], nepenuiieM ee B
npyrax o6osHauenusx. CosepunM KOHGOPMHOE otobpaxeHHe
06NMacTH, 3aHMMAEMOl XHLKOCTBIO B MJOCKOCTH (X, y), B MONY-
IIOCKOCTB B IEPEMEHHBIX (&, v):

O<cu<?2n, —oo<upu<l.

[Mocne npeobpa3oBaHus MOBEPXHOCTH 1(x, ) MOXET ObITH TIPEN-
CTaBJiEHa B IapaMETPHYECKOM BHE!

y=y(u,t), x=u+x(ut),

rae x(u, t) ¥ y(u, t) cBs3anbl onepaTopoM ['mibbepra:
y=H[x], x=-HIyl

n
1 , u —u ,
H[f](u)z—v.p,_[ fu )ctg( ]du.
2T 2
D
B pa6ore [9] nokasaHo, 4TO nepemenHble y(u, 1) u ¥(u, 1) noa-
HOCTBIO OMHCBLIBAKT ABKXKEHHUE KHIKOCTH H MONYHHSIOTCA CICIYHO-
el cucTeMe HHTerpoaudepeHIHANbHbBIX YpaBHEHHH:

_ H['Y,]| = HIY.],

}*f—y,.H[ 7 ]xu———J ; (2.16)
2 2

¥, = -2 ”’{f}q"ﬂ]} +H|:—~—H{_T“1]‘P.. +—LHIT LH{Y, - gy, 217)

me J=x.+ y2 — aKoOHaH OTOOPAKEHMS.

Kak oka3anoch {cM. [46]), ypasrerns (2.16), (2.17) MOXHO nepe-
nucaThb B 6onee ynobHo# dopme.
O6pa3syeM napy KOMIUIEKCHbIX (yHKIu# z(w, ) = x(w, ) + iy(w, 1)
u T(u, ) = W(u, O + iH[W(x, )], roe w = u + iv. BBepeM HOBLIE Nepe-
merHbIe R(w, D 1 V(w, 1) no cnenyrompm popMynam:
R(w,r)=-L; V(w,t)=i—r—[1.
z z

W W
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OyHkuuK R 1 V aHaMATHYHEL B HEXKHEH MTOJYIVIOCKOCTHE H Y0B-
NEeTBOPSIOT CIAEAYIOLIHM YCAOBHAM:;

Riw,t)>1, |w|oe, Imwso;
Viw,t) =0, |w|—}ﬂ-=f, Imw=20.
Kak nokasaxo B paGote [46], ¢pyukuun R u V yHoBIeTBOPAIOT
cnepyrolled cucteMe HHTerponuddepeHUManbHbIX YpaBHEHHIL:
R, = i(UR, - U,R), (2.18)
Vi=i(UV, - B R)+ g(R-1), (2.19)

raoe U=P(VR+VR), B= P(VV), P= ;—;-(I +iH) - mHTErpanbHbIA

ONepaTop. JTH YpaBHEHHS HA3LIBAIOTCA YpaBHEHHAMH [IbSYEHKO.
YpaBHenus (2.18), (2.19) cnpaBeanusbl B HIKHEH MoNyIjioc-

KOCTH KOMINEKCHOH o6GyacTH, OfHAKO Hac OyAyT HHTepecOBaTh

pelweHNs JIMIIbL HAa BeleCTBEHHON ocH npu v = (. [IpuBegeM OKOH-

4aTeNbHYIO NOCTAHOBKY 3aJayn:
Ry(u, t) = i(U(u,t )R (u, 1) — U, (e, HR(u, 1);
Vilu, 1) = (UG, DV, (u, 1) - B,(u, )R(u, 1)) + g(R(u, £) — 1);
O<u<2n, O0<t<T (2.20)
R(0,)=R(2m, 5, VO,H=V(2r 1), 0<t<T;
R(u, 0y =Ry(u), V(u,0)=Vy(u), 0<u<?2m.

Pewrast cucremy (2.20), mbi nonyuaem yHkuun R(u, t) 1 V(u, o).
ITokaxeM, Kak ¢ NOMOIMEBIO ITHX PYHKLHE BOCCTAHOBHTSH CBOGONHYIO

MOBEPXHOCTbL M 3HAYCHHUE MMOTEHIHANa Ha CBOOONHON MOBEPXHOCTH.
Bocnonbsyemcs cinenyromumM npefcTasieHAeM 1J1s ¢pysxumit R, V:

R ) =1+ r(te™;
k=]

V(u,1) = i v, (t)e ™.

k=1
Torpa pns ¢ynxkuun 1/R mMeeT MecTo npepcraBieHne

R < .
—=1+) ¢ lt)e™.
R k=1
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3HaqyeHust KO3 PUUHEHTOB ¢ HECTIOXKHO NONYYHTh PEKYPPEHTHO
B3 COOTHOLICHHSA

[1 +i ck{t)e'fh][l+i Q(I)e'“‘”]: 1.
k=1 k=l

YMHOXEHUEM PAAOB MOXKHO NOJIYYHTh Pa3/I0XKCHHE

_; V(u.t) _ 2 d, (e ™.
R k=1

Tenepb BoccTaHOBAM (DYHKLHIO z(u, f) CIENYIOLIHM 00pa3oM:

N 1 — ikt
}r — + —— t .
Z(ut)=u ;ﬂ m c,(t)e
a pyuxumro [(x, 7) no popmyne
Lol 1 “.k
[M{u,t)= E —d, (e ™.
(u,1) < ik ;_-( Je

CBO6GOAHYIO MOBEPXHOCTH NOJIYYHM KaK reOMETPHUYECKOE MECTO
TOYEK MO CHENyoleMy NpaBrIy:

() = {(Rez(u, ), Imz(u, 0): ue€ (0,2n)}.

3HaYeHHE NOTEHIHANa Ha CBOGOHOH NOBEPXHOCTH HAXOAHUTCH TIO

copmyne
W(u, 1) = Rell(u, ).

2.5. CtanpoHapHbIe BOAHBI

Cpens MOBEPXHOCTHBIX BOJIH HapOosee HCCIENOBaHHBIMHA ABJIA-
JOTCSL CTallMOHapHbie BOJMHBI. CTallMOHApHbIE BOAHBI H3Y4YamHCk BO
MHOTHX pa6GoTax, cpefi KOTOpbIX OTMETHM OCHOBOMONAraoune —
[20, 21, 37, 41]. [Ina onpeneneHdsi NPOQHIs CTalJHOHAPHLIX BOJIH
npuBefieM YPaBHEHHS B KOH(POPMHBIX IIEPEMEHHBIX, PaCCMOTPEHHBIX
BbILIIE.

[TapameTpamMu B CAMMETPHUYECKHX CTAlHOHAPHBIX BONH ABJIA-
IOTCS NEPHOJI, KOTOpbI Mbl GyfAeM CYHTaTh paBHbIM 27/k, TAE
k — menoe 4YMCHO, W MOCTOSHHAS CKOPOCTh CTAllHOHAPHOM BOJIHBI,
KOTOpYIO 0003HAYHM C.
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INpoduns cranuoHapHO# BONMHBI OyieM HCKATh B BHAE
y=a,= z a_cosnku.
n=|

BBeneMm 00603HauyeHue

Kaxk nokazaro B pa6ore [9], ko3 puLHEHTE! @, YIOBAETBOPSIOT
CIIERYHOLLEH CHCTEME HETHHEWHBIX YPAaBHEHHH C MapaMeTpoM A:

[1 LIC +S""‘”)]ﬂmam,; 2.21)

S

m-m+l

{}'2 _gS }ﬂn — %i [l + Sn(sm +Sm+u)]a a + (2.22)

" m=| SﬂtSm-I-ﬂ e
Y (14280t | o0,
4 m=1 SmSn-m

Kosddpuument a; Boiuncnsercs no popmyne

l v g’
- E —n 2.23
“o 2 S,, ( )

n=1

[TapaMeTp A cBsi3aH CO CKOPOCTHIO CTALMOHAPHOM BOJIHbI C ClIe-

AYIOIIHM 00pa3om:
A? =[] -2<l— >]c2, - (2.24)

i€ yrInoBbi€ CKOOKH O3HA4ar0T YCPENHEHNE 110 NIEPHOAY.

ITocne pemenns cucremsl ypaBHeHni (2.21)—(2.23) vaxonum y,
a COOTBETCTBEHHO ¥ Z = u — H[y] + y. 3Has z u mapameTp A, MOXHO U3
COOTHOMIEHHH (2.24) HallTH CKOPOCTE c.

ITocne Toro kak HaiigeH npodune CTaAHOHAPHOM BONMHEI, MOXHO
HaHTH ¥ 3HaYCHME NIOTEHIHANA Ha rpaHnue u3 ¢opmynsl (cMm. [9])

cy, = H¥,. (2.25)

l
2]
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H3secTHO, 4TO pemeHne cacreMsl (2.21)—(2.22) cymecrsyer He
nns Bcex 3HadeHdd napamerpa. Eule B pabore Crokca [41] Obin
NoNy4eH pe3ynbTaT O NpefenbHOX BoJHE. FIM ObLIO MOKa3aHo, 4To
Npu YBEMWYEHHH CKOPOCTH CTAlHOHAPHbIX FPABHTAaLIHOHHBIX BOJH
MPOMCXOIMT 3a0CTPEHuUE rpebHel u o6pa3yeTcs yrod, pasHblid 120°.

Ypasuenus (2.21)—(2.23) npeactaBnsitoT coO00# GeCKOHEUHYIO
CHCTEMY HENTHHEHHBLIX ypaBHEHHH. PelIeHUs1 3TUX YPaBHEHMIA ABISA-
oTca Koaphuunenramu Pypoe. B ciyyae 1OKpUTHYECKOrO 3Ha4Ye-
HHS CKOPOCTH Npoduiib NOBEPXHOCTHOH BOJIHBI ABIAETCSH aHAJIHTH-
yeckol (yHkuuei, 1 KoapdHuHeHThl psga Pypbe CTPeMSATCA K
HYII0 ¢ IKCNOHEHUHaAbHOH ckopocThio. floaromy pns npubin-
XEHHOro peitenus ypasuenni (2.21)-(2.23) MOXHO Nonoxuth a, =0
npk 1 > N 1 IOCTaTO4YHO GONABIIOrO 3Ha4YEHUs N.

Ypaeuenns (2.21)+2.23) 3anucadsl B hopMe, yI0oOHOR A1 pe-
[IeHHS HTEepalHOHHBIMH METONaMH, OJHAKO Ha 3TOM NyTH BO3HH-
KAKOT BbIYACJIHTENbHBIE TPYAHOCTH. B pa3fene 5.2 Mbl Mpeanoxum
YCTOMYHBbIE aJICOPUTMBI [N YHCISHHOIO PEILIEHNs 9THX YPaBHEHHH,



IT'AraBa 3

KOPPEKTHOCTb YPABHEHUU

3.1. [lIKaAsl QYHKIIMOHAABHBIX IIPOCTPAHCTB

HMycts Q, = {w=u +iv: 0 <u < 2x, |v| < s} - obnacts B C,
0 < 5 < oo, Baegem wKkany 6aHaxoBbiX NpocTpaHcTs E, ClnenyomuM
obpa3oM: npocrpancTBO £, COCTOHT U3 CyXeHui Ha (, PyHKUHH,
aHanuTH4YecKHx B nosoce {w € C: | Imw | < 5}, 2r-nepuoguyeckux no
MepeMEHHOM 4 H BELIECTBEHHBIX MpH ¥ = (), ¢ KOHEYHOM HOPMO

1/2
I £, =[ﬁ"|£||f "il'(ﬂjn:}] ’

rue H'(0,27) — npoctpancTo CoGonesa nepsoro nopsigka. [ns yno6-
CTBa HM3JIOXKEHHA HOpPMY B mpocrtpaHcrse E, Oynem o0003HauaTh

yepes |- | .
Jemma 3.1. ITycmv f, g € E, mo2dafg € E, u | fg], <

=c| 7l lel,.

Moxa3arenbcTBo. OLEHHM HOpMY " fg ||15 :

2 2 s 12 ’
| 2], < sup(ll 121020 1 L2 020 H1E 12, 00 )

|or|=s

OueHHM OTHAEILHBIE CIATAEMbIE C MOMOILBIO TEOPEMBI BIOXKEHHA
CoboneBa:

. 7 2 2 2
I?Ili" /g " L;(0.2m) Sa Ifltls[i" f “Lzm.zn}“ g "C{ﬂ.zni = ':3" f “f ||g E*"
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- OcTanbHbl€ CllaraéMel€ OLEHHBAIOTCA aHAJIOTHYHO!

SUP"fS“Lz{uzn) ::C:!IE“P"f ﬂh(ugm"'gﬂcmzm{“‘:4"3"" "3“

| rr|=s

<c| fI Nel;- m

sup f2’ ||’ Ly(0.2m) = Cs |5“P|| f“cw 2%|

|ef<s

Jlemma 3.2. Ilycrs fi, fo, g1, &2 npuradaexam wapy paouycom
M > 0 6 npocmpancmee E,. Toz0a umeem mecmo HepaseHcmso

| g - figo < (1 £ - £, +l & -2 1,)-

oka3zareascTBo. B ciuny nemmsl 3.1 umeem

| fig: = fog: =1 £i81 - fig2 + fig2 ~ g |, <[ fi& — 82, +
Hh- el <cm(|£i- £, +le -z1,)

PaccmoTtpum oneparop I'mneGepTa, KOTOpbI, HAMOMHKM, [JIA It€-
PHONMYECKUX (DYHKIIMA BBOJHUTCA CIENYIOIHM 00pa3oM:

In r
H{f}(u)=;—nv.p.j f(u’)etg(” > ”]du’.
0

Jlemma 3.3. Onepamop luavbepma Henpepwvisern 8 npocmpaH-
cmee E;u [H f| =] f|l, awoboiife E

Toxa3zareascrso. Ilycts fe E,, Torna nas Hopmsl || f || #Meem

creaylollee MpeNcTaBIeHHeE:
18-l § aereriar)
!'r k=—oo

rage fir— cyTh Koadduunedtsl Pypoe. [Mockonbky Hle*] =
= jsign(k)e™, TO

IHf| sup(z (1+k*Y ™ |- isign(k) f; | ]_||f||_f. u

t |=Es

k=—o0

BeeneM npoctpaHcTBo E, cocrosiliee U3 PyHKUHH, aHAIMTH-
qecknx B obnactu [l = (w=u +ive C:0<u <2x, |v|<s} u
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2M-nepHONMYECKUX MO MEPEMEHHOH 4 CO CKaJSIPHbLIM TpPOH3BE-
NEHHEM:

3

(f.8); =] fowpiwiaw.

TpocTtpancreo E, SBNSETCA THABOEPTOBBIM MPOCTPAHCTBOM {CM. [6,

reopeMma 1, rn. 1]). Ouesunno, uro roxenne E, C E, sensercs
HenpepbIBHBIM. C Apyro#i cTopoHsl, A moobIX s' > 0 1 5 > s’ uMeeT

MECTO HenpepbiBHOE BroxeHune £ C E ..

3.2. CyniecrBoBaHHe H EAMHCTBEHHOCTb pellleHN

PacnuiieM ypasuenns (2.20) B semiecteeHHO# ¢popme nmpu v = 0.
[lycte R = R, + iR, V=V, + iV,, TOorna uMeeM cucreMy ypaBHeHHH:

f;?l =U/R, +U;R - U R, —-U,R;;
R,=U,R/ +U,R, -UR +U}Ry;
V. = BR, + BiR, - U,V; - U,V/+ g(R, -1);
V, =U,V/+U,V; — BR, + B,R, + gR,:

(3.1)

rgc U| - R|V{ + REVE; UE = H[R,V, + REVE]; Blzé(viz"'lvzz);

1
%=EHHF+€].

3anuiem ypasuenns (3.1) B BexTopHoit popme. Uepes E; 0603-

4
Ha4yuM npocrpadcreo [[ £, rae [] o3HayaeT npamoe npon3seneHne

=1
npocTpaHcTB. BBegem oroGpaxenue F: E! - E!, nopox-
NeHHOEe mnpaBOW 4acTtbio ypaBHeHHHA (3.1). BBegem Takxke
o6osuauenne W = [R,, R,, V|, V,]". Torna umeem CIIEAYIOILYIO 3alUCh
YpaBHEHHH:

W=F(W). (3.2)
YpasueHue (3.2) 6ygeM paccMaTpUBaTh C HAYaIbHBIM YC/IOBREM
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H Kpa€BbIMH YCIIOBHAMH
Rlﬂ'= 1, RH}*—'O, V]l]:ﬂ! V;_rﬂ - 'D, (34)

rne R o, R Vig» Vap — KO3 uunenTs! ®ypoe pyuxkumii R, R,, V), Vs,
cooTBeTCcTBYIOWME k = 0.

Onpepenenne 3.1. ®yukuua W(1) = [R(D), Ry(1), Vi), V. (DT,
apanuTAunas Ha [0, T) co 3Hauenusama B E., (s > 0), Ha3bIBaeTCs
aHAJIMTHYHBLIM pelleHueM 3afauu (3.2)-(3.4), ecnu W ynosneTBopsaeT
(3.2)-(3.4).

Teopema 3.1. [Tycme W, € E_.fl u W, yoosaemesopaem Wcao8uim
(3.4), moz0a daa a0boz0 s, € (0, 5,) cywecmsyem T = T(s,) maxoe,
umo npu t € (0, T) cyuwyecmeyem eOuHcmeerHHOE GHAAUMU1ECKOE

peiuerue 3a0a4u (3.2)—(3.4).
Joxa3zareibcrBo. BoiGepeM NPOH3BONbHBbIE 5, §' TakKHe, YTO

0<s <s<s,. HNyere W, W,eE] n |W | . <M, |W,]. <M.
TlokaxeMm, uTo onepatop F ynOBIETBOPSET YCIOBHIO

"“’1'%"5;‘

s—3

| FOW) = FOWy) | o < c(M) (3.5)

dyukumus f € E; MoxeT ObITh IpefcTaBleHa psagoM Pypbe

f(w)= Z }ie'“, Torga f'(w)= Z (Ek)ﬂe‘k”. Yuursipas, 4TO
k= k=—on

dyukmus Imf = 0 npu v = 0, umeem f, =f,. B cuny onenkm

2| k € 2| k
k2l E{—-—})—:e ¥k cnepyer, uro
s—5

| £,

;EC'I *
5 #

5§—3

| £

Otcrona 1 13 nemum 3.2, 3.3 cnepyert (3.5).
PaccMOTpHM BCIIOMOTaTENBHYIO 3aady OTHOCHTeNbHO W, B E| =

W, = F(W, + W); (3.6)
W.(0) =0. (3.7)
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B cuny ouenku (3.5) kK 3apade (3.6), (3.7) npumenuma TeopeMa
Hupenbepra—Hucunsi {22, c¢. 220]. BenegerBue 3TOH TeOpEMBI
cymectsyer 1T = T(s;) > 0 takoe, yro npu t € (0, T) cymecrByer
ENWHCTBEHHOE aHaJIMTUYECKOe pelleHHue 3apayvM (3.6), (3.7). Toraa
pyakuns W(r) = W, (1) + W, GyneT aHaNHTHYECKHM pelIeHHEM 3afa4Hl
(3.2), (3.3). Hyxno nokasate, 4TO (pyHKUHs W ynoBIeTBOpSET
ycnoBHio (3.4). I1o ycnosuro TeopeMbl HadansHoe ycnosue W, ynos-

J1E€TBOPAET 3TOMY YCIOBHIO, HO C APYrOH CTOPOHBI, IYCTb A € E_:‘ ,
Torga ansl PyHkuuu B = F(A) € E:. HMeeT MECTO

Bm = 0, BE{} = 0, 83[} - D.,, Bqﬂ = 0.

Cnenosarensho, pyukuus W ygosneropsiet ycinosuio (3.4).

B npunoxeHusx npu YHUCIEHHOM MoAeNupoBaHMHA yHOOHO pa-
f0TaTh C pELICHHAMH Ha BELECTBEHHOR ocH B npocTpaHcTBax Cobo-
nesa. ITycrs Q = (0, 21) x (0, T), 0 < T < o0 — OpAMOYrONbHUK B RZ.
CnencrBueM TeopemMsl 3.1 sBaseTcs CIEQyowas Teopema.

Teopema 3.2. I[Tycme [R,, R,, V|, V5] — anasumuueckoe pewierue
npu t e [0, T], mozdanpuv=0 R, R,, V,, V, € H(Q) daa aobozo
k=1.



I'raBa 4

YUCAEHHBIE METOABI PACYHETA
NMOBEPXHOCTHbBIX BOAH

4.1. AGCTpaKTHBIA MPOEKI[MOHHBINA METOA

4.1.1. OnncanHe aOCTPAKTHOrO NMpoeKUHOHHOrO Meroaa. CHc-
teMa (2.20) siBisieTcs 3BONOUMOHHON CHCTeMOH BHTerpoguddepeH-
LHaJbHLIX YPABHECHHH, pa3pelleHHOH OTHOCHTEJIbHO NPOH3BOIHbLIX
no spemeHu. PaccMaTpuBaemast cucreMa npepcrasisieT coboi 0ecko-
HEYHOMEPHYIO cucTeMy. Ins npuONHXEHHOro pemeHus TOH CH-
CTEMBI HEOOXORMMO ITPOH3BECTH AUCKPETH3AUMIO (PYHKUHOHAIbLHOTO
NpOCTPaHCTBA, KOTOPOMY NMpHHAAIEXHUT peuliecHue. B HacTosmeM
pasfiesie Mbl pacCMOTPHM aOCTPaKTHBIH NPOSKIHOHHLIA METO[, 4 B
Manb-HEeHIIeM NPABEAEM KOHKPETHBIE METO/BI JHCKPETH3ALAH.

[Tycre H, V aBnsgiorcs KOMILIEKCHBIMHA OaHAXOBbLIMH MPOCTpPaH-
crBaMHi. IIpeanonoxXxuM, 4ToO UMEET MECTO HENPEPLIBHOE BJIOXKEHHE
V < H. [IpepnonoxuM Takxe, 4To s Jodoro N > 0 cymecrsyeT V-
MepHoe nopnpocrpactso H' — H Takoe, uro H' < W, rne W-

6aHaxOBO IIPOCTPAHCTBO, KOMNAKTHO BloXxeHHoe B V. Yepes Py : H
— H" o6o3nauuM mpoekTop. BBeneM HenmpepbiBHbIA, BOOOLIE
roBOpsi, HENNHHEHHBIH, ONIEPATOP

d: Vo H.

PaccmoTpum abeTpakTayro 3afady Kowmn nns puddpepeHunans-
HOTO ypaBHEHHsI B 6aHaXOBOM NPOCTpaHCTBe H:

h()=h(t), >0,

(4.1)
h(0)=9, ¢eV.

Oupenenenne 4.1. Pynkums h € c'([o, T1; W, YOOBIETBOPAOLIAA
(4.1), Ha3BIBaeTCs pemendeM 3agayn (4.1) Ha oTpeske [0, T7.
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PaccMOTpuM KOHEYHOMEPHYIO aNNpoKCcHManHIo s 3anaun (4.1)
U1 PYHKIHK We HY

hY(t)y= P, AR" (1), t>0,
¥ (0) = Pyo. (4.2)

3agaya (4.2) apnsetca 3anaveil Komu nna cucreMnl 0OBIKHO-
BEHHBIX AH()¢epeHnnanbHbIX ypaBHeHAd N-ro nopsanka. [leicrsu-
TesibHO, PYHKIUS hY(f) NpHHAANEXUT KOHEYHOMEPHOMY MPOCTpPaH-
ctey H npm (pUKCHpOBaHHOM ?. B KoHeyHOMEpHOM nMpocTpaHCTBE

MOXXHO BBECTH Oazuc. OB03Ha4uM A8 npocrpancTBa A 6a3uc yepes

N N
e, .5, ....ey }. TIOCKOBKY MbI HE IPEANONATaH, 9TO MPOCTPRHCTBO

ABNACTCA THILGEPTOBBIM, TO Ga3MCHBIE INMEMEHTEHI ¢, , BOOOIIE

rosopsi, 3aBucatT ot N. ITostomy ans dyskuuu A umeer mMecto cie-
yrolliee MpeacTaBiIeHue:

N
hY=Y h el
k=1

CnepnoBarensHo, ¢yukuus hY MONHOCTLIO 3ajaeTcid HabOOpPOM

YHCIIOBLIX (DYHKIHIA {h”(r),%”[r),...,hﬂ(r)}.

B nanbHeiimem 3agavya Ko a1s cucreMbl 0ObIKHOBEHHBIX (-
(epeHUHaNbHBIX YPaBHEHHH PElIaeTCd YUCIEHHO, KaK MPaBHIIO,
CTaHJapTHLIMH METOfaMH, HanpuMep Metogamu Pyure—Kyrra. [lns
HEJIMHEWHBIX 3aflay HMeeT CMbICI MOJbL30BAThCA SIBHBIMH H OJHO-
IIaroBbIMH METONAMH. ITH METOAbI TPEOYIOT BBIYHCIEHHS MPaBbIX
yacTen ypasHeHus (4.2) 6Ge3 HeoGXONMMOCTH pelllaTh CHCTEMbI
(IMHEHHBIX WX HENHHEHHBIX) ypaBHeHHH. Peanusanuio 3THX METO-
OB Mbl OOCYIIHM B riase 5.

4.1.2. O6ocHoBanue aGCTPAKTHOrO NMPOEKUMHOHHOTO METOfa.
Jloka3piBaTh CXOQHMOCTb NPUONMKEHHBIX PEMIEHHKH, MOMYYEHHBIX C
MOMOIbIO MPOEKLHMOHHOrO MeTofa, 6yneM B MpeanoOXeHuH Cy-
IIECTBOBAHMs pEIICHHS OCHOBHOM 3ajaud (4.1). [Tocnenusas oroBopka
NPHHUHITHAIBHA AN HAaLIEero M3NOXEHHs, NMOCKONLKY Hall npubin-
XKEHHBIH METO]| HE M03BOSET JOKa3bIBaTh CYLIECTBOBAHHA PELUCHMIL.

Teopema 4.1. Ilpednoasoxcum, wmo na ompeske [0, T] cywecmn-
gyem eduncmeenHoe pewenue h 3adaqu (4.1) maxoe, wmo h(t)e W

npu t€ [0, T]. Hycme maxxe na ompesxe [0, T)| cyuwecmeyrom
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eduncmeennbie pewenun hY zaoa4u (4.2) npu ecex N > 0 maxue, wmo
hN npunadaexcam 02paHUYEHHOMY MHOXcecmay npocmparncmea W.
Toz0a npubauxennvie pewtenusn hN cxooamca k pewenuio h e
npocmparcmee C([0,T}; H), m.e.
lim | 2" — A =0. (4.3)
N300 CU0,TI:H)

[loka3aTenbcTBo. BeeneM (hyHKIMOHAN HEBSA3KH s 3aj1a4k (4.1)
clIeyoUEM 00pa3soM:

J(h) = h(r)-tp-f.sﬂh(x)ds
0

Cii0.T |.H)

Srot dpynkuuonan onpepenen Ha BceMm C([0, T]; V), u nerko
BUIETh, YTO OH ABJIAETCH HENMpPEPBbIBHbIM Ha 3TOM mpocTpaHcTse. [pu
3TOM JIerKo BHAETH, YTO eciu h' — peweHue 3agaum (4.1), 1O
J (h*) = 0. B nanbHeiiieM Mbl MOKaXxeM ¥ 00OpaTHOE, €ClTH /1 HEKO-
toporo h € C([0,T]; V) dyrkuuonan J(h) = 0, To dyHKUHA h ABNAETCS
pelieHHeM 3aauu (4.1).

[MocnenoBatenbHOCTh AV(f) NEXUT B OTPaHHYEHHOM MHOXECTBE
npoctpanctea W npn Becex t € [0, T]. TTockonbky npocrpaHcTeo W
KOMOAKTHO BJIOXEHO B V, TO B CHIIy 0000LIEHHON TeopeMbl Aplena
[14, Teopema 7, ri. 2] nociaenoBaTeNbHOCTb AN gBNSETCS MPERKOM-
nakTHo#i B mpoctpascree C([0, T]; V), u, cnegoBaTenbHO, H3 ITOH

N
NOC/IENOBATENBHOCTH MOXHO H3BJIeYb MOANOCIEAOBATENBHOCTD A™ ™,

cxonsmyrocsa B V. O6Go3HauuM IpeAen 3TOoi MORMOCNefOBaTENb-
HocTH yepe3 h°. B cuny HenpepriBHOCTH (pyHKUmMOHana J HMeeM

lim J(h"")Y=J(h'). Tlokaxkem, uto J(h")=0. JeHcTBHTENLHO,

m—yen
HMEEM

-—
—

Nem - Nm i — Nt
J(k") = max |1 (1)~ @ {ﬂh (s)ds

H

f f
Py -0+ I Py ARm (5)ds — J Ahn (s)ds|l =<
0 0

H

ﬂmaxﬂP - " + max
tl0,T] ] PR s

}( P, sth""(s)—sth"" (s))ds
0

H
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OueHHM BTOpOE Claraemoe:

I

ax | [ (B, sth™ () —sth™ (s))ds

I'EIEI T|

H

=

= max j{r‘ Py )sAh™ (s)ds

re|0, TE

}:ﬂh”"(s)" ds.

H ref, Tjﬂ

N
[Tockoneky s¢h™™ npHHagIEXHT OTPAaHUYEHHOMY MHOXECTBY B H,

TO paBHOMepHO 1o t € [0,T] umeem lim H(.’ P, )ﬂh” (t)" =),

i —pea

CnepgoBaTenbHO,

lim J(h"")=0.

[TokaxeM, uro ecnu J(h') =0, To h* ecTh pemienne 3agauu (4.1).
HedcTBUTENBLHO, HMEEM

B (1) = I sth’ (s)ds + . (4.4)

B npasoit yactu (4.4) - ¢yHKunsa, HenpepbiBHO RudpepeH-
HHpyeMas IO f CO 3HAYCHUAMH B V, cnegoBaTtenbHo, pyHkuus h'(r)
npuHamIexuT npocrpauctey C ([0, T1; V). Iuddepenuupya (4.4),
Mbl BHIUM, 4TO A~ yaoBieTBopseT ypaBHeHHIO (4.1). HenocpencrseH-
HO npoeepsieTcs, uro h'(0) =

ITokaxeM Tenepb, YTO U caMa nocienoBaTelbHOCTb {AY} CXO-

- *
nuTcs K k'. B camoM pene, uMeeMm lim “ hY — = (. IlycTh
fraed C([0,T]:H)
—_— * . N
lim ”h” —h = hm " h P — . B cuny KOMIakTHOCTH

N
sroxeuus C ([0, T]: V) C C([0, T); H) MoxHO cuHMTaTh, 9TO h °
cxonuTcA K HekoTopoit dyukuun v*. Paccy:kneHusMu, aHaNOrH4-
HBIMH BBIIIE, MONYy4YaeM, YTO ¥° SBISETCH pelneHdeM 3afaud (4.1).

OnHako, cornacHo IMpeAmoJioKeHuio, 3amada (4.1) uMeer
ENHHCTBEHHOE peleHue, ciaegoBarenbHo, v =h". [loatomy

lim “ hY =0. N
N—oe C(0. T, H)
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TeopeMa 4.1 cofiepXUT pa3HYHBIE YCIOBHHA, KOTOpPbIE MO-
ryT NMOKa3aTbCsd aOCTPaKTHbBIMH H TPYAHONPOBEPSAEMbIMH, OfHA-
KO B cayyae 3apgaud (2.20) B cuny TeopeMnl 3.1 3TH ycloBHSHA
BbIMIONIHEHBI.

4.2. IIpuMeHeHHEe MPOEKIIHOHHOTO METOAA

OnumieM NpoOeKUMOHHBLIA MeTon Ansg 3apadu (2.20) ¢ Ucnosb-
3oBaHueMm psanoB Pypee. Ilycre N = 1 — ¢pukCHpOBaHHOE YHCIIO

pa3MepHOCTH NpHONwXKeHHOH 3agayu. IlpubnuxeHurvie perCHHA
6ynem UCKaTh B BHJIE

N
RV(ut)y=1+ z FkN(I]E’_mﬂ;
k=1

(4.5)

N
Vit =Y o (e ™.
k=1

Hicnons3oBaHHe TpeAcTaBlIeHiA B BUAEe KOHEYHBIX cyMM Pypbe
(4.5) aMeeT cylleCcTBEHHbIE MpeHMyliecTBa. [edCTBUTENBHO, MYCTh

N N
f= z f.e™, Torna f, = 2 (—ik) f.e™™*. Eme 6onee a¢pheKTUBHO
k=1 k=I

N
BeIYHCHseTca oneparop P. [lna g= Z g€
k=-N

*e pmeem Plg] =g—2"+

N

+z g.e . BeegeM GuHapHyI0 onepauuio "*", KOTOpas ABIAETCS
k=1

3aMKHYTOH [ MHoXecTBa ¢yHkuui Buga (4.5). Ilycrs

N N
A= z akE"m", B= Z bkf_"k". Torma pmis C=AB HMeeMm
k=—-N

k==N

IN
C= Z EkE_ik". Onepanuro ''+" BBEAeM clepyroimuM obpa3zoM:
k=-2N

N .
A*B= Y ce™, rne ¢, — xoapduuuenrs Pypre pynkuun C.
k=—N
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[Tpubnuxennsie pewenns R" u V" 6ynem uckatep kak peuleHus
CHCTEMBI YpaBHECHHH

RY =i(U" * RN —UN x RV);
V¥ =iU" xV¥ ~BY « R¥ )+ g(R" 1), (4.0)

rie UY =P(VY * RN + VNV« RY), B=P(V" xVV).
[TokaxkeM, 4TO ONMHCAHHBIA METOI YKJIaAbIBAeTCd B CXEMY,

pacCMOTpeHHyr0 B pasfene 4.1. Jlns 3TOro MCnoib3yem LIKadbl
0aHaXOBBIX IPOCTPAHCTB, BBEIEHHbIE B pasgene 3. 1. ITycTe Bayansb-

HBIC YCTIOBUA MPHHAMIEXAT NPOCTPAHCTBY E,, Toraa BhiGepeMm

moboe s, u3 unrepsana (0, 5;). B kauectse npocrpanctsa H Bo3bMeEM
E,, B Kayectse V - npoctpancTso E. . [o onpepeneHnio mKanbl

Ej PYHKIIMA U3 [IpOCTpaHCTBa Ef MOI'YT ObITh [IpeaCcTaBJIEHBI Pi-

Ramu Pypbe. CrefoBaTeNnbHO, 3a MPOEKLUHUOHHbIA onepaTop Py
BO3bMEM OMNEPATOpP NPOEKTUPOBAHHA HAa KOHEYHbIE CYMMBI PSANIOB
Pypbe MO TPUroHOMeTpHYeCcKMM Ga3ucHBIM (hyHKUHMSM ets, IMeHHO
TaKO€ NMpOEKTHPOBAHME UCNONB30BaHO B pa3pene 4.6. Hakonen, B
Kadecrse npocrpanctsa W Bo3sbMem mnpocTpaHcTRO Eﬁ, roe
$2 < $§' <s;. YToObI rapaHTHPOBATE, YTO ¢dyukuuu h¥(t) ocraercsa B
OrpaHHY€HHOM MHOXecTBe npocrtpaHcTBa W npu Bcex te (0, 7),

OyneMm TpeGoBaTh, YTOOBI NMPHGIHKEHHbIE pelueHns YAOBJICTBOPAIH
YCJIOBHSIM THIIA

7Y () |< Me%;

|0 ()| < M2,

rpe M > 0. 3ameTuMm, 4TO NpH NPAaKTHYECKOM NPHMEHEHHH MpOEK-
HHOHHOIO METOJA CIEAHTD 3a 3TUMH YCIOBUAMH HET HEOOXOOUMOCTH,

MOCKOJIBKY Cly4yad BbIXOfa peHIeHMsT W3 [IKalbl Ef JIerko
OOHApYXHBAETCS B XO[€ BbIYUCIIEHHIA.
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4.3. [IppMeHeHHe TEOPHH peryAsipu3annu

PaccMOTpEHHBIN MPOEKUHOHHBIN METOJ ABAscTCa Hambonee
3¢hheKTHBHLIM [ PelIeHusi CHCTEMbl ypaBHeHui (2.20). I1puHUR-
MHAATBHBLIM [IJIS TOKAa3aTeIbCTBA CXOOUMOCTH MPOEKIIMOHHOTO METOAA
6bI10 Henonb3oBaHud Ga3zuca ®ypee. B HacTofmeM pasnene Mbl
npuBegeM o600IeHNe MPOEKUHOHHOrO METONa ¢ HCMO/Ib30BaHUEM
HAed O peryispH3alui HEKOPPEKTHBIX 3aja4. Ito obobimeHue
NO3BOJAET CTPOHTL pa3jH4HblE NMPOECKIHOHHBbIE METO[bI, B 4acT-
HOCTH Ha HEpaBHOMEPHOH CETKE.

B panbHe#ieMm 6ygeM npennonarars, 4to Ry, Vo € L (0, 2mi).

BeefieM (hpyHKUHOHAN HEBA3KHA AN 3aga4n (2.20):

JRV)=||R —i(UR,~UR)|, o, +|V.—iUV, - B,R) - g(R-1),

Ly (Q) lﬂl

T " R1I='D - Rﬂ"L,m,!m +" Piﬂﬂ - VU"LI{[}.EEJ’

rae ¢yukuun U n B onpegeneHsl BhILIE.

171
Yepez W, (Q) o603HaunM npoctpaHcTso Cobonesa ¢ 2n-nepuo-
MMYECKHMH YCIIOBHSIMH I10 NNEPEMEHHOM u.

Jlemma 4.1. Pynkyuonan J Henpepwviger Ha ﬁﬂ(Q) x W, (0).

Nokazarenscrso. [lycrs R,V eW/(Q), R*-SRV -V B
lai’j (Q) npHu k — co. B cuny HenpepeIBHOCTH onepaTopa augpepeH-
uaposanmsi D W, (Q)— L,(Q), umeem

F—R|, . =0; lim|V*-V]

Ly k —o0

lim

k—poo

Mycre W' =R*V'*+V'R* mu W=RV+VR D3rtu ¢ynkuun
MpUHAJIEXaT THILOEPTOBY MPOCTPAHCTBY W) (Q). B cany menpe-

L|{Q}

pbIBHOCTH oneparopos pupdepeHurpoBanus D ﬁ*;_,'(Q} — L,(Q), u

D, %‘(Q}—arl,z(Q), TeopeMbl Jlebera o npegelbHOM NEPEXOAE H
HepaBeHCTBa ['enbiepa uMeem

limHW" wﬂ

k —300 W{QJ

=Elm (I wk _le +|Drwk _Drwll +| Dﬂwk —DHWF}JHJ.F:G.
Q
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L

IIpencraBuM pyHKUHFO Wk g Buge W* = Z c,f,(r}ef"‘", rae pan

m=—oo
cxoputcst B npoctpanctee W, (Q). Tlpumenss x WX onepatop P,
BHIMIM, 4TO

] - -
U =Ec§(r)+ D ch(ne™.

Ml ==—00
Jluneiinblil onepatop P HenpepbiBen B mpoctpancTBe W, (Q),

noatomy U* — Us W, (Q) npr k — oo,
[Tockonbky

|utr:]
|
10 UR' > UR,,U*R* > U.R 8 L,(Q) nps k — o,

AHanoruuHo gokassiBaetcs, uro U*V* — UV, B*R* — B ,R upn
k — oo,

o =<1V, 0| R:
L[f'ﬂ'] La(Q)

i
Ujﬁ*”ml <[ U

L, (@)’

L A
Ly (@2} La(Q)

Onpenenenne 4.2. IMapy ¢pyuxkumit R*,V' € W/(Q) Hazosem

pemeHneM 3agaun (2.20), ecnir J(R™, V") =0.

Hoka3aTenbCTBO CXONMMOCTH NMPUONHXXEHHOH cXeMbl OyAeM
MPOBONHTbL METONOM MHHMUMH3alLuu HeBasku. Ilpm sTom Oyayr
HCMONB30BaThCA pe3ynabTaThl Teopud perynspu3aunn A.H. Tuxo-
HOBAa HEKOPDPEKTHBIX 3afay. B manwvHeitimem GygeM mpepmnosaraThb
CYLIECTBOBAHHE W €JHHCTBEHHOCTE MMaAKoro peieHus 3agaun (2.20).

[peanonoxenne 4.1. ITycte R;, V, TaKOBbI, 4TO CYIIECTBYET

eAMHCTBEHHOE pelieHne 3apayn (2.20), o6o3nayaemoe R*, V', roe R’

n V' npunagnexxar W, (Q).

2

Beeyiem dynkumonan Q(R,V)=|| R"fi*; - +|V ||'ﬁ,21 (o) OTIPENEIIEH-

" 2
HbIA Ha Bcem W, (Q).
Jemma 4.2. Pyuxyuonan Q asasemea cmabusuzamopom 04A

3adauu (2.20), m.e. sbinoanenvt caedyroujue ycaosua;
1) Q(R, V) = 0;

2) muoncecmeo Qu={(R,V): R VeWXQ).,QURV)<M) se-
AAEMCA NPeOKOMNAKMHbBIM 6 E"VJ(Q)}{ bﬁ‘{Q}, m.e. u3 awboi
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nocaeoosameabHOCMu U3 QM MOXCHO U38Aa€4b hoonocaeoosamenb-

HOCMb, CXOORAWYIOCA 6 ﬁ{" (Q) x WJ{Q};

3)R", V' npunadaencam o6aacmu onpedesenun Q.
Jokazarenscrso. [IyHkT 1 cnepyet u3 onpegenenus {2, NyHKT 2

CNENyET H3 TCOPCMEI] PEHHHIE—KUHIIPE[HUBE O KOMI2KTHOCTH BJNO-

xxeHus npoctpadHcTs CoGonesa [29], nyHkT 3 cnegyer U3 npeano-
noxenus 4.1. B

[IpuBenem abCTPaKTHYIO npuﬁnnmeunyw CXeMy, a MMOTOM pac-
CMOTPHM CrIOCO0bI €€ KOHCTPYKTHBHOH pealu3auun.

O6o3naunm Q = Q(R", V'). Beeaem e 4nCIOBbIE NOCIEIOBA-
tensHocTh ¢ > 0, B, > 0, oy, — 0, B,— 0. BeeeM MHOXeCTBO

Q, ={(RV):RVeW (Q), URV)<Q +B,}.
[TocnenoBaTensHocTs { R, V,} 6GyneM onpegensare U3 ycIoBUil

J(R,VY<J, +o,, k=1,2,.., (4.7)
rae J, =inf J(R, V).
Q,

Teopema 4.2, [Tycmb ebinoanero npeonoaoxerue 4.1, mozoa

I!imJ(R,ﬂ)=U;

Hr“ TQ}

k—yeo

=(.
I-'I-" (@)

k =300

Jdoka3zaTeabcTBO. Y TBEPXKACHHE TEOPEMbI CIIEAYET W3 TEOPEMBI
1, § 7, rnaBe1 2 pa6otsi [5]. W

Cxema (4.7) aBisieTcd HE BIIOJIHE KOHCTPYKTHBHOWM, MOCKONIBKY
Heu3BecTHO 3HaueHue (Q°. TeM He MeHee CyLECTBYKT KOHCTPYK-
THBHbIE METOfbl peanu3aliH 3Ton cxemsl (cm. [S . 3, § 7, rnn. 2]).
[lna yaobcTBa YHTATENS NMPUBEJEM TaKYIO CXEMY, CIIERYS H3I0XKEHHIO
[5], nna 3apayum (4.7).

Eyﬂem npe;mmlara'rh 4YTO M3BECTHO Takoe 4ucno M, yro

, V') < M. B xauecTBe HayanbHOro NPUGIMXEHNS IPOU3BOTb-

HO 3afaguM 4Hcho Y,>0 u dyHkuua R, V, EWE{Q) IlycTs

yxe cpenaHo (n— 1) waroB u Haipgens! Y, , 1 R _ .,V _ € WE(Q).
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IMonoxum y,=2"y,_,, a R,,V, HaiiieM Kak peumieHne ciegyrome
IKCTpEMaIbHON 3afa4n:

J' =inf J(RV)< J(R,.Y, ysJ +7v,,
M .

|

rae (R,,V.))eQ,.Q, ={(RV):R Ve ﬁ";(Q), Q(R, V)= M)}.
Ilanee nposepseM HEPABEHCTBO
J(R,V.)>Y,. (4.8)

Ecnu HepaBeHcTBO (4.8) He BBINONIHEHO, TO NOBTOPSEM MPOLIECC.
Kak nokaszaHo B [5], HepaBeHcTBO {4.8) BhINOIHUTCH 00A3aTENBLHO,

ecu TonbkO Q' #0. Cnyuait Q =0 COOTBETCTBYET TPHBHAILHOMY
peliieHNIo, KOTOPOE HEBO3MOXKHO B 3anaue (2.20).

Mrak, nycts npu n = N, BbINONHEHO HepaBeHCTBO (4.8). faib-
HedluHe npHONuxXenus OyfeM HCKaTh C NOMOIIbID KPYTOro HTepa-

UHOHHOro mnpouecca. Ilonoxmm w,,=2"M,y,, = Z'E"H’TN‘},
n= 01 ].-_. reey

Qy, ={(RV):R,VeW,(Q), QR,V)<®,,,)}.

Ha#tnem R, ,, V, , 1 ﬁ'ﬂ_ﬂ, f’ﬂ.n KaK pelleHHs 3ajay:

Jon=Inf JRVIS IR, Vo) <Jon +You

i

Jy = Lnf JRWVYSIWR,,. Vo V<Jsy + Yo
M

H pH KaxpgoM n =0, 1, ... Gynem npoBepaTk HepaBeHCTBO

J(&],H’ v;].ﬂ'] - 'f(Rl]_ni i}{Lu) > Yﬂ.ﬂ!'

H3sectHo [5], yTo HaligeTca Takoit HoMmep n; (k= 0), 4TO 3TO
HEPABEHCTBO BbITIOJIHHTCS.
MonoxuM ®, =@, . , Vi =Yiu- R =Ri s Vi = Vi, - Crenyro-

[IIHE HIArd NOBTOPAIOTCS CO 3HAYEHHAMH W, , K ¥, .

@01 =0, +(M—®,)27";
1iern =V 270 (4.9)
n= 0,12,..
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IMonoxum &, ={(R,V):R Ve W (0),Q(R, V)=w,,}; npn

cpmu:npoaaﬁﬂnu k waripem R, .V, .. R, ..V, . TakHe, 9TO

II'If J(R V} = J( k.n* ﬂn)"‘{:‘ J:n T YI.’J:;
(4.10)
I = Elf JIRVY<IR, .V, )SJy+Yi 0
M

1 npH KaxaoMm n =0, 1, ... Gynem npoBepsTh HEPaBEHCTBO
J( k.n? Vk,n)_ ‘I(Ek.n* ‘Ti’ﬂ) > Yk.n'

IMTocne Toro xak Oyner HaWJEH rm,, NEPECYHTHIBAEM IO CXEME
(4.9), (4.10). ITocnenosarensHOCTL Ry, V; CXOQHTCA K pPELUIEHHIO B
cMbiClie Teopemsl 4.2.

Hamu Obina onucaHa cxema AJist BRIYHCIEHHS NMPHOIMKEHHOr O
petieHus. OaHAKO 3Ta cXeMa TpeOyeT HaXOANTh YCIOBHBIA 3KCTpe-
mMyM (PYHKIIMOHANA, YTO SIBJAETCA TEXHHYECKH CIOXHOH 3afjaueH.
Onumem 3¢ deKTHBHYIO peanu3anuio peueHus 3anayu (4.10). Hns
TOoro OygeM HCMOJb30BaTh AMMPOKCAMALMIO PEIIEHHA TIaJKUMH
CIIaHaMH.

[Mycte B oOnactu Q 3agaH KOHEYHBId HaOOp HecOBMagaroLIHX
TOYEK X[, X3, ..., Xy B B KAXJOH TO4YKe X; 3afjaHO 49HCIo y;. IlocraBum

il ik T 2
3afa4y OTLICKaHHS HHTEPIONALMHOHHBIX cyaidH-pykumi 6 € Wy (Q)
U3 YCJIOBHSA

min {j{lﬁm F+2]|o, | +|0, F)dudr}, (4.11)

olx; )=y¥; 0

3agauya (4.11) umeer enquHCTBEeHHOE pelueHne, OGonee TOro,
CYILECTBYIOT OYeHb 3(p(eKTHBHBIE METOABI NMOCTPOEHHUS CIIalHa ©

no Habopy To4ek {(x; y)} (cm. [1, 4]).
Nnsa xkaxporo N > 0 3acukcupyemM ONpeaeiecHHY0 CHCTEMY TOUYEK

Sy =1{%,-.xy}CQ Takmm obpa3zoM, 4ToOel Sy 0Opa3oBbiBana
En-CETh, £y — 0 pu N — <o, Yepes Oy 0603HaYNM MHOXKECTBO BCEX
cnnaiH-(pYHKLUMHA, NocTpoeHHBIX Ha ceTke Sy. Ilo onmpepenenuto

©, c W2(Q). Beenem otobpaxenne Qy : W, (Q) — ©, no crnenyro-

eMy MpPaBHAY: (PYHKIHS K3 ﬁr’f(Q} CY>KaeTcs Ha CETKY Sy, 4TO
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BO3MOXHO B CHNy TeopeMbl BlioxeHus Cobonesa, a 3aTeM CTPOUTCS
ciiaiin no npasuny (4.11). Ina noboit pyHKuun f € w;(g) HMEET
mecTo [4, § 4.3]

im 5 -Quf bz =0 412

P YHKIHOHANBHOE NMPOCTPAHCTBO By ABNAETCS KOHEYHOMEPHBIM,
a cnefloBaTesibHO, NPUCONHBIM AJIS NpoBeneHus BbiudcneHdd. [Toka-
KeM, 4YTO C MOMOLILI arnmnapaTta CIVIaiHOB MOXHO OCYILIECTBHTH
arMmpoOKCHMALHIO 3KCTpEMANBHBIX 3aay.

PaccMoTpuM 3agavy moncka MHHUMHU3HPYIOILEH OCIE0BATEb-

HOCTH IJIA 3aJa4dH
inf J(R.V)=0. (4.13)

Wy ()
Brepnem nocneqoBaTe/ILHOCTE KOHEYHOMEPHBIX 3a1a4
[y = inf J(R,V), N=1,2,.. (4.14)

Teopema 4.3. [Tocaedosameabrocmb 3a0ax (4.14) annpokcu-
mupyem 3adaxy (4.13) no gpynxyuu, m.e. lim I, =0.

N =

Hokazarenscrso. Ilycts R, Ve ﬁf’f(Q}, TOrMa B CHAY JEM-
MBI 4.1 1 cooTHOLIeHns (4.12) umeer Mecto lim (J(Qy(R),Qy(V)) -
N—yoo

—J(R,V))=0. 13 atoro pasencTBa no teopeme 1.1 u3 rnassl 3 [J])
cnenyert, uro lim /, =0. W

M=o

Pemenue 3anaum (4.14) npu dpukcupoBaHHoM N MOXKeET ObIThb
a(ppeKTUBHO HalfleHO cneayroluM obpa3oM. CHayasia HaXxXolUM C
NOMOILbIO Pa3HOCTHLIX METONIOB petueHue 3apayuu (2.20) [9], a 3aTem
MO 3HAYECHUAM B y3JlaX CETKH CTPOHM criaiH. Hy>XHOH TOYHOCTH
pemienus 3agadu (4.14) Bcerga MOXHO AOOUTHCA BbBIOOpPOM COOT-
BETCTBYIOLIEH CETKH.

HTak, nycTh HaiifleHo npHONMWXeHHoe pelneHue Ry, Vy 3amavyd
(4.13). IlpencraBuM 3TO NpHONHKEHHOE peLlIeHHE B BUMIE PANOB

Ry = 2 rf(n)e™:

k= —oo

k ek

Vy= Y o*()e™.
k=—eo
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B cxeMme, oflucaHHOW Bblllie, HAM HYXHO pellaTh 3aga4yd THMA
(4.13) c orpaHHHeHHUAMHU

Q(R,. V)< M. (4.15)

Ecnu HepaBeHCTBO (4.15) He BBINONHEHO M5 pEUIEHUs 3a0a4n
(4.13), Torna nony4yum petuenne 3agadn (4.13), (4.15) ¢ noMoubio

oneparopos T,, : W, (Q) — ﬁr"f(Q) no gopmyie

TH i .ﬂ:f_ik!t — i lkﬁ:e-rﬁu‘

=—on k=—on

rae K03 HIEEHTHI A, paBHbI eIHHHLE npH ManeiX | k | w 6pIcTpPO
yobiBaloT npu Gonblux | k |. B cuny rnagkoctu peluenuit koaghdu-
UMEHTHI Y, ¥ * yObIBAIOT MO COOTBETCTBYIOLIMM HOPMaM JOCTaTOYHO
beicTpo ¢ poctom | k|. CneposarensHo, oneparop Ty, MOXHO BbIO-
paTh TaKkuM 00pa3oM, 4ToObl yIOBJIIETBOPHTL yCOBHIO (4.15).

4.4. IIlppMeHeHHe CnNAaifH-aNNnpoKCHMAal UK

Ons opraHH3anyi cYeTa METORAOM MNPSAMbIX, ONHCAHHBIM B
pa3gese 4.1, OCHOBHbIM MOMEHTOM SIBJASIETCH CIOCOD IHCKpETHA3aLKHH
IPOCTPAHCTBEHHBIX NepeMEHHBIX. Boiie Mbl nofpo6HO paccMaTpu-
Bald METONbI AUCKPETH3aUUK Ha OCHOBe paAfoB Pypre. K ToMY ecTh
MHOTrO OcHoBaHuid. Hamm mckoMbie pemenusi (Mo mpocTpaHCT-
BEHHbIM NNEpEMEHHbIM) ABJIAIOTCS NEPHOIUYECKHMH aHATHTHYECKUMH
(byHkuusiMu. XOpOIMO H3BECTHO, YTO AJisi TAKHX (PYHKIUHH ONTH-
MaJbHBIM CHOCO00M TabynHpOBaHHA SBAAETCH HCNONb30BaHHE
ko3agrduunentoB Pypse [2]. [leiicTBaTENBHO, KO2DDHIUEHTH] PANOB
Pypbe A TakuXx QYHKUHA MO MOAymi0 YOLIBAIOT MO IKCIIOHEH-
LIHAJIBHOMY 3aKOHY, a 3TO 3HA4HT, YTO OOpBIBas psfbl, Mbl JONycC-
KaeM, BOOOIIIe roBops, HEGOMbIIYIO OIHOKY.

HpyraM nNpuHUMNAATEHBIM MOMEHTOM, MHKTYIOUIAM TPUMEHEHHE
psinoB ®yphe, ABIAAETCH HEOOGXONMMOCTH BHIYHCASATH ONEPATOP
laneGepra. Onepatop Manwbepra npepcraBasieT coGoit cUHryasp-
HbIH HHTErpaibHbIA ONEpaTop, KOTOPLIA BBIPAXKAETCH YEpE3 HH-
Terpaj B CMbIC/IE IIABHOrO 3HaYeHHs. Brruncnenue 3Toro unrerpana
OoT (YHKUHH, 3aaHHOH 3HaYEHUSMH HA CEeTKE MNPHBOJHUT K
CEPLE3HBIM BBIYHC/IHTENLHBLIM NpobGaeMaM. Beiuncnenne oneparopa
MansGepra oT GyHKIHUK, 3anaHHON panoM Pypbe, ABNSETCS OYEHBb
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npocTbiM. Boruncnenue npou3BOgHBIX TaKXe BHITCAHO NPOH3BOAATH
Yyepes pagbi Pypoe.

HecmoTpa Ha MHOTHE IOCTOHHCTBA KHCKPETH3AUME C MOMOIBIO
panos Pypbe, y 3TOr0 METOAA UMEIOTCA H Cepbe3Hble HEAOCTATKH,
OHH H3 KOTOPbIX 3aK/IOYaeTCs B TOM, YTO peanulys pa3noxeHHe B
pan Pypbe yepe3 fUCKpeTHoe npeobpaszoBanue Pypbe, Mbl BbIHYX-
JleHbl paccCMaTpHUBaTh (PYHKIMH, 3alaHHblIe Ha PaBHOMEPHON CETKE.
Kpome Toro, gocroukcrea psinoe Pypbe 6biCTpO TaloOT B clydae,
KOrja rilagkocte (PyHKUHH HayuHaeT Hapymatbcd. Ecnu B xope
BBIYHCIIEHHHA Y PELLICHHS BO3HHKHET OCOOEHHOCTB XOTA ObI B OHOH
TOYKE, TO CXONUMOCTL psAnoB Pypbe pe3ko uamenntcs. [Ipu sTom
PHAETCA YBEJHYHBATH PABHOMEPHYIO CETKY KakK BOJIH3H CHHIYIAP-
HOH TOYKH, TaK U Ha [JIaAKHX y4acTKax pemeHus. O4eBHIHO, YTO MJIs
pabOoTbl C pEelIEHUAMH, HMEIOLIUME TOYKH HapYILUEHHA TNIaAKOCTH,
nenecoodpasHO HCNONb30BaTh HEpaBHOMEpPHbIe ceTkH. s aToro
norpedyeTcss HCMNOJNb30BaTh ApYrue crnocobbl MUCKPETH3AUHNH pe-
[IIEHHH.

B sToMm pa3pgene mMbl pacCMOTPMM METOMbLI AMCKpPETH3aLMM Ha
OCHOBE KYOHYECKHMX CIUTafHOB C NEPHOTHYESCKHUMHE YCITOBHAMH. Takue
CIIAHHBI OBbIM pacCMOTpPEHb! HAMH PaHEE C TEOPETHYECKOW TOYKH
3peHHs, a cedyac NnokKaxeM HX NpuMeHeHHe Ha npakrtuke. Kybnuec-
KHE CI1afHbl ObUIH BbIOpaHbl HAMH [O CNERYIOINAM OpAYHHAM:

— CYWIECTBYIOT 3(peKTHBHbIE H IKOHOMHYHBIE CNOCOOLI MOCT-
poeHHs KYOHYECKHX CILUTalHOB (METO NMPOTrOHKH);

— XOpOIIIHE anMpoKCHMATHBHLIE CBOUCTBA;

— YHUCJIEHHAS] YCTOWYMBOCTD NPH BLIYHCIAEHKH TApaMeTpPOB;

— BO3MOXHOCTh KOPPEKTHO BbIYHCISTHL MPOU3BOMHbBIE U ONEpa-
Top I'unsbepra.

Muorue u3 3THX (M ApPYIrHX) NPHUSATHBIX CBOMCTB KYOHYECKHX
CIJIaHHOB XOPOLIO W3BECTHbI U ONMUCAHbI B COOTBETCTBYIOIEH JIHTE-
parype [1l, 4]. Ognako KyOMYecKkHe CIUIalHBI C NEPHOANYECKHMH
YCNOBHAMHE MOXHO HCNUONB30BaTh H AJA BbIYHCIEHHS ONEpaTopa
Funbbepra. Tounee, KyGuyeckuit crtaitn (TONBKO ANS NEePHONH-
YeCKHX ycnoBuH!) nonyckaet ¢opMy 3anucu B Buzie psaa Pypbe, rane
K03(p(pHIMEHTHI BLIpPaXalOTCA Yepes napaMeTpsl crnnaitna. [Tpusuy-
NdajNbHbIM MOMEHTOM SIBIISIETCA TO, YTO CIUIAalH MOXeT ObITh 3afaH
Ha NMPOH3BOJILHOH CETKE, B TOM YHC/IE B HEPABHOMEDPHOM.

MEI pacCMOTpPUM JIHILIL CaMbi€ NMPOCThHIE onpeneneHus U (hakThbi
M3 TEOPHH CrladiHoOB. B 4yacTHocTH, OyieM monb30BaThCHd H3BECT-
HbIMH TEOPEMAaMH O CYUIECTBOBAHHH H €[JHHCTBEHHOCTH KyOHUECKHX
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CIUIafiHOB ¢ MEPHONHYECKHMH YCIOBHSIMH CeTKaMH 0e3 KpaTHbIX
y3J10B, KOIJla CIUTAa#H OFHO3HAYHO 3afacTCsl CBOMMH 3HAYEHHSAMH B
y3nax ceTKH. [Ipy 3TOM MOXHO BBIYHCIHTD JI006bIE KO3((PHIIHEHTEI
KyOH4YECKOro MHOTOWIEHA MEXKAY Y3/I0BbIMH TOYKaMH.

PaccMOTpHM METOJl IUCKPETH3ALMH C MOMOLWLIO cruaiHoB. [1as
nw6oro N > 0 3acduxcupyem pazbuenue orpeska [0, 2x}:

AV :0=u) <u’ <..<uy_ <uy =2m.

MebI He TpeOyeM OT ceTKH paBHOMepHOCTH. [Ipu ypennueHHH
napaMeTpa HACKpeTH3auud N Mbl Takxke He TpebyeMm, 4TOOBI

pas6uennst AV 6pinu BroxenabiMa. Yepes | A¥| 0603HauuM fHaMeETp
pa3Guenns, T.e. BeNmuuHy maxfu, —u,  :k=1,..,N}, Yepes §" -
eBKJIHIOBO MPOCTPAHCTBO BEKTOPOB, COCTOALMX M3 N KOMIUIEKCHBIX

ymcen. DneMenThl s € S" GyIeM HHTEPIPETHPOBATH KaK KyGU4ECKHE
CIUTafiHbI C MEPHOAMYECKHUMHM YCIOBHAMH, 3alaHHble Ha ceTKe AV H

NpHHUMAOLIHE 3HAUEHHS B y3/1aX CETKH
:c(uf} =5, k=1,..N.

[Tpu aTOM Ge3 oroBopoK OyAeM CUHTaTh JJIEMEHTEI SV pynxumamuy,

jagaHHbIMH Ha [0, 27], npuHueMm s¥ < C?10,2x). [Tycte 3apaH
NPOHM3BOJILHBIH HENIPEPbLIBHBIM ONIEPATOP

T: C*0,2n] = C[0,2x],

Torga mox 3amucbio Ts=5, rme s € sV, OynmeM MOHHMAThL YHCIOBOM

BEKTOp § € S", 3afaHHbIi 3HAYEHAAMH HENMPEPbIBHOM (PYHKLHH (HO
yxe He crunaiHal) flu) = Ts(u) Ha ceTke AY. ApudMeTHYECKHE Onepa-
MM MeXNy CIVIaiHaMH, a TakXe npubaBlieHHe KOHCTAHThI OMNpe-
NeuM OYEeBHEHBIM OOpa3oM Kak IMOKOMMOHEHTHYIO OMNEpalHio
MEXTY 3HaUYCHHUAMH BEKTOPOB M3 sV,

BBegeM onepaTtop npoeKTHpoBaHHA (PYHKUHE U3 IPOCTpaHCTBa
C [0, 2%] B mpOCTpaHCTBO CIUIAHHOB S ciefyomuM obpa3om:

P f(uy=(f(ul), fd), ... fFlup )’

3ameTaM, 4TO, BOOOLIE roBops, Mbl He TpeOyeM OT (PYHKIEH
NEepHOANYHOCTH, ITOCKOJMBKY CIUIalH (HEpUOANYECKHA) MOXET OBITh
NOCTPOEH Mo N60oMy BEKTOpPY B3 N 4Hcel.

Cucrtema unrerpoaudepeHIHANIbHbIX YpaBHeHHHA (2.20) MoXxeT
ObITH ANMPOKCHMHPOBAHA CIEAYIOLIEd CHCTEMOH OOBLIKHOBEHHBIX
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aucpepeHIHaNbHbIX YpaBHEHHH:
RY =i(U"RY —~UNR"Y);

v =i U"vY -B"R")+ g(R" -1); t>0. (4.16)
u" =pP(V"R" +V"R");
B=P(V"V™M),

YpaBHenus (4.16) Heo6XoaUMO ONONHHTL HaYalbHBIME YCIIO-
BHSAMM:

R (0)= P Ry (u);
VH(O} — PSHVQ(“)- (4*17}

[Tpu duKkcHEpoBaHHOM ¢ pemieHns cucTeMsl (4.16), (4.17) nurep-
[IPETHPYIOTCA KaK CIVIaHb] H3 IPOCTPaHCTBa S
[TycTs Ha BpeMeHHOM oTpe3ske [0, T] cymecTByeT egHHCTBEHHOE

pewenne cacTembl (2.20), a pasbueHne TakoBo, 4To lim | A" |= 0 npm
—»eo

N — oo, Torga npabanxeHnble pemeHns 3afauu Komn (4.16), (4.17)
cTpeMsaTCd K PEemieHHssM COOTBETCTByrome# cucremsl (2.20). Ito
clieflyeT M3 CBOMCTB CXOOHMOCTH KyOHYECKHX CIJIaHHOB M pe3ylib-
TaTOB pa3fgena 4.3.

[pu yucnenHoM pemennd 3anayn Kommu (4.16), (4.17) siBHbIMH
meTogaMud Pynre—KyTTa, HaM NMOHagoOHTCA BBLIYHCAATL MPaBYIO
yacTb ypaBHeHHA (4.16). [Ipn a3ToM BBEIYMC/IEHHH MBI BCTpeUaeMcs C
apuMETHUYECKHMHA OMNMEepalHusMH, ONHOKpaTHbIM AuddepeHLH-
poBaHHeM, a Takxe oneparopom I'mapbepra. Ecnu ¢ apudpmeTryec-
KMMH ONepaudsiMH 4 nuddepeHIHPOBAHAEM C NIOMOIbIO CTUIANHOB
npoGieM He BO3HAKAET, TO aJIFOPUTM BLIYHCICHHS oneparopa I'nns-
6epra cnenyeT OoroBOpHTh 0co00.

Jlerko BeI4yHCIRTE onepatop 'unebepra oT (pyHKIHM, pa3nokKeH-
Heix B psanbl Pypre. [ToaToMy cHavamna mokaxeMm, Kak KyOM4YeCKHH
CTaiH ¢ NEPHOIAYECKHMH YCIIOBHAMH MOXKET ObITh BbIpaXeH 4Yepes

kO3 PpuLHEHTI PypLe.
Besenem nepuonnyeckyto Ha [0, 2x] dpyuxkuuio D (u) no popmyie

D(u) = z cos kit -

4
k=0 k
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Ins npoH3BOJBLHOrO CIUJIalHA § € S MoxHO OTHO3Ha4YHO BBIYHC-
JIATh pa3pbiBbl TPETHEH NPOM3BONHOH B y3i1ax ceTKH. IIOCKOJABKY
MEXKNY Y3JIaMH CETKH CIIaHH SIBJIAETCH MHOTOYJIEHOM TpEeThed
CTENEHH, TO TPETHH NPOU3BOJAHAS MEXY Y3JlaMH €CTh KOHCTaHTA.
BeeneM 0603HaYEHHAS:

B, =s"(u +0)—s""(u -0), i=i,..,N;
In

B, = I s(u)du.

0

Oka3sbiBaeTcs, pa3pbiBbl TPeTbel MPON3IBOIHOM B y3/1aX 3afaloT
cnnafdH ¢ TOYHOCTBIO OO HHTErpana mno orpe3ky [0, 2w]. B cuny

cnencteusi 1.1.6. u3 rnasbi 1 paGote! [15] xyOuuecknit crutaiil ¢ ne-
pHRONHYECKHMH YCIIOBHAMH MOXKET OBITH IpeEfAcTaBieH 1no dopMmyne

s(u) =By + ) B, D(u—u,). (4.18)
i=1

[Ipu aTom

PaccmoTpuMm peiicteue oneparopa ['mnbbepra Ha crutaiH, npen-
cTaBlIeHHBbIH popMmynod (4.18). B cany nrHeHOCTH nMeeM

N
H[si(w)= Y B, H[D}(u - u;).
=l

®yuxknua H[D] yxe MoxeT ObITh JIErKO BbIYHCIIEHA, TOCKONBKY
aapo D npenctaBieHo pagoM Pypbe. [IeACTBHTENBHO,

N .
H[D]=-Y sinku. (4.19)
ok

B peanbHbIX BLIYHCIEHHAX, pa3yMeeTcs, psf (4.19) nonxkeH OvITh
3aMEHEH KOHSYHOH CYMMOH.

3ameTUM, YTO YHACIEHHOe pelienune 3agayd (2.20) ¢ MOMOIULIO
CINadHOB TPeOyeT 3HAYHTEILHO OONbIIEro HCKYCcCTBa OT BBIYHCIIH-
TEJIS HEXKEJIH C HCOOIb30BaHHEM pANOB Pypbe. OOHAKO 3TO MOXET
O6bITh HEOOXONEMBIM [IJ151 BEIYACIIEHHUS PEXKHMOB OOpYLUEHUS OBEPX-
HOCTHBIX BOJIH B oOpa3oBaHusi OCOOEHHOCTEH Ha MOBEPXHOCTH
BOJIHbI.
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