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1.8.9. �à ¢­¥­¨ï ¢¨¤  s(x) ∂w

∂t
= ∂

∂x

[
p(x) ∂w

∂x

]
− q(x)w + �(x, t).

�à ¢­¥­¨ï íâ®£® ¢¨¤  ç áâ® ¢áâà¥ç îâáï ¢ â¥®à¨¨ â¥¯«®- ¨ ¬ áá®¯¥à¥­®á  ¨ å¨¬¨ç¥áª®©
â¥å­®«®£¨¨. � «¥¥ áç¨â ¥âáï, çâ® äã­ªæ¨¨ s, p, p′x, q | ­¥¯à¥àë¢­ë, s > 0, p > 0 ¨ x1 6 x 6 x2.

1.8.9-1. �¡é¨¥ ä®à¬ã«ë ¤«ï à¥è¥­¨ï «¨­¥©­ëå ­¥®¤­®à®¤­ëå ªà ¥¢ëå § ¤ ç.
�¥è¥­¨¥ ¤ ­­®£® ãà ¢­¥­¨ï á ­ ç «ì­ë¬ ãá«®¢¨¥¬

w = f(x) ¯à¨ t = 0 (1)
¨ ¯à®¨§¢®«ì­ë¬¨ «¨­¥©­ë¬¨ ­¥®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

a1∂xw + b1w = g1(t) ¯à¨ x = x1,

a2∂xw + b2w = g2(t) ¯à¨ x = x2
(2)

¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ áã¬¬ë

w(x, t) =
∫ t

0

∫ x2

x1

�(ξ, τ)G(x, ξ, t− τ) dξ dτ +
∫ x2

x1

s(ξ)f(ξ)G(x, ξ, t) dξ +

+ p(x1)
∫ t

0
g1(τ)�1(x, t− τ) dτ + p(x2)

∫ t

0
g2(τ)�2(x, t− τ) dτ. (3)

�¤¥áì ¬®¤¨ä¨æ¨à®¢ ­­ ï äã­ªæ¨ï �à¨­  ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

G(x, ξ, t) =
∞∑

n=1

yn(x)yn(ξ)
‖yn‖2 exp(−λnt), ‖yn‖2 =

∫ x2

x1

s(x)y2
n(x) dx, (4)

£¤¥ λn ¨ yn(x) | á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ § ¤ ç¨ �âãà¬  | �¨ã¢¨««ï
¤«ï «¨­¥©­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª :

[p(x)y′x]′x + [λs(x)− q(x)]y = 0,

a1y
′
x + b1y = 0 ¯à¨ x = x1,

a2y
′
x + b2y = 0 ¯à¨ x = x2.

(5)

�ã­ªæ¨¨ �1(x, t) ¨ �2(x, t), ¢å®¤ïé¨¥ ¢ ¯®¤ë­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï ¤¢ãå ¯®á«¥¤­¨å á« £ -
¥¬ëå ¢ à¥è¥­¨¨ (3), ¢ëà ¦ îâáï ç¥à¥§ äã­ªæ¨î �à¨­  (4). �®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ¡ã¤ãâ
ãª § ­ë ¤ «¥¥ ¯à¨ ¨áá«¥¤®¢ ­¨¨ ª®­ªà¥â­ëå ªà ¥¢ëå § ¤ ç ¢ à §¤. 1.8.9-3 | 1.8.9-7.

1.8.9-2. �¡é¨¥ á¢®©áâ¢  § ¤ ç¨ �âãà¬  | �¨ã¢¨««ï (5).
1◦. �ãé¥áâ¢ã¥â ¡¥áª®­¥ç­®¥ ¬­®¦¥áâ¢® á®¡áâ¢¥­­ëå §­ ç¥­¨©. �á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï
¢¥é¥áâ¢¥­­ë ¨ ¬®£ãâ ¡ëâì ã¯®àï¤®ç¥­ë λ1 <λ2 <λ3 < · · ·, ¯à¨ç¥¬ λn→∞ ¯à¨ n→∞ (¯®íâ®¬ã
¬®¦¥â ¡ëâì «¨èì ª®­¥ç­®¥ ç¨á«® ®âà¨æ â¥«ì­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨©). � ¦¤®¥ á®¡áâ¢¥­­®¥
§­ ç¥­¨¥ ¨¬¥¥â ªà â­®áâì 1.
2◦. �®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ®¯à¥¤¥«ïîâáï á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® ¬­®¦¨â¥«ï. � ¦¤ ï
á®¡áâ¢¥­­ ï äã­ªæ¨ï yn(x) ¨¬¥¥â ¢ ®âªàëâ®¬ ¨­â¥à¢ «¥ (x1, x2) à®¢­® n− 1 ­ã«¥©.
3◦. �®¡áâ¢¥­­ë¥ äã­ªæ¨¨ yn(x) ¨ ym(x) ¯à¨ n 6= m ®àâ®£®­ «ì­ë ¬¥¦¤ã á®¡®© á ¢¥á®¬ s(x)
­  ®âà¥§ª¥ x1 6 x 6 x2: ∫ x2

x1

s(x)yn(x)ym(x) dx = 0 ¯à¨ n 6= m.

4◦. �à®¨§¢®«ì­ ï äã­ªæ¨ï F (x), ¨¬¥îé ï ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî ¨ ã¤®¢«¥â¢®àïîé ï
£à ­¨ç­ë¬ ãá«®¢¨ï¬ § ¤ ç¨ �âãà¬  | �¨ã¢¨««ï, à §« £ ¥âáï ¢  ¡á®«îâ­® ¨ à ¢­®¬¥à­®
áå®¤ïé¨©áï àï¤ ¯® á®¡áâ¢¥­­ë¬ äã­ªæ¨ï¬:

F (x) =
∞∑

n=1
Fnyn(x), Fn = 1

‖yn‖2

∫ x2

x1

s(x)F (x)yn(x) dx,

£¤¥ ä®à¬ã«  ¤«ï ‖yn‖2 ¯à¨¢¥¤¥­  ¢ (4).
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5◦. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨©
q(x) > 0, a1b1 6 0, a2b2 > 0 (6)

®âà¨æ â¥«ì­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© ­¥â. �á«¨ q≡ 0, b1 = b2 = 0, â® ­ ¨¬¥­ìè¨¬ á®¡áâ¢¥­­ë¬
§­ ç¥­¨¥¬ ¡ã¤¥â λ1 = 0, ª®â®à®¬ã ®â¢¥ç ¥â á®¡áâ¢¥­­ ï äã­ªæ¨ï ϕ1 = const. � ®áâ «ì­ëå
á«ãç ïå ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (6) ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯®«®¦¨â¥«ì­ë.
6◦. �«ï á®¡áâ¢¥­­ëå §­ ç¥­¨© á¯à ¢¥¤«¨¢   á¨¬¯â®â¨ç¥áª ï ä®à¬ã«  ¯à¨ n →∞:

λn = π2n2

�2 + O(1), � =
∫ x2

x1

√
s(x)
p(x)

dx. (7)

� à §¤. 1.8.9-3 | 1.8.9-7 ¡ã¤ãâ ®¯¨á ­ë â ª¦¥ á¯¥æ¨ «ì­ë¥ á¢®©áâ¢  § ¤ ç¨ �âãà¬  |
�¨ã¢¨««ï, ª®â®àë¥ § ¢¨áïâ ®â ¢¨¤  £à ­¨ç­ëå ãá«®¢¨©.

� ¬¥ç ­¨¥. �à ¢­¥­¨¥ (5) á¢®¤¨âáï ª á«ãç î p(x) ≡ 1, s(x) ≡ 1 á ¯®¬®éìî ¯®¤áâ ­®¢ª¨

ζ =
∫ √

s(x)
p(x)

dx, u(ζ) =
[
p(x)s(x)

]1/4
y(x).

�à¨ íâ®¬ £à ­¨ç­ë¥ ãá«®¢¨ï ¯à¥®¡à §ãîâáï ¢ £à ­¨ç­ë¥ ãá«®¢¨ï  ­ «®£¨ç­®£® ¢¨¤ .

1.8.9-3. �¥à¢ ï ªà ¥¢ ï § ¤ ç  (á«ãç © a1 = a2 = 0, b1 = b2 = 1).
�¥è¥­¨¥ ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (1) ¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

w = g1(t) ¯à¨ x = x1,

w = g2(t) ¯à¨ x = x2

¤ ¥âáï ä®à¬ã« ¬¨ (3){(4), £¤¥

�1(x, t) = ∂

∂ξ
G(x, ξ, t)

∣∣∣
ξ=x1

, �2(x, t) = − ∂

∂ξ
G(x, ξ, t)

∣∣∣
ξ=x2

.

�â¬¥â¨¬ ­¥ª®â®àë¥ á¯¥æ¨ «ì­ë¥ á¢®©áâ¢  § ¤ ç¨ �âãà¬  | �¨ã¢¨««ï:
1◦. �à¨ n → ∞ ¤«ï ®æ¥­ª¨ á®¡áâ¢¥­­ëå §­ ç¥­¨© λn ¬®¦­® ¨á¯®«ì§®¢ âì  á¨¬¯â®â¨ªã (7).
�à¨ íâ®¬ ¤«ï á®¡áâ¢¥­­ëå äã­ªæ¨© yn(x) á¯à ¢¥¤«¨¢  ä®à¬ã« 

yn(x)
‖yn‖

=
[

4
�2p(x)s(x)

]1/4
sin

[
πn

�

∫ x

x1

√
s(x)
p(x)

dx

]
+ O

( 1
n

)
, � =

∫ x2

x1

√
s(x)
p(x)

dx.

2◦. �à¨ q > 0 ¤«ï ­ ¨¬¥­ìè¥£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¨¬¥¥â ¬¥áâ® ®æ¥­ª  á¢¥àåã (¯à¨­æ¨¯
�í«¥ï):

λ1 6

∫ x2

x1

[
p(x)(z′x)2 + q(x)z2]

dx

∫ x2

x1
s(x)z2 dx

, (8)

£¤¥ z = z(x) | «î¡ ï ¤¢ ¦¤ë ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬
z(x1) = z(x2) = 0. �­ ª à ¢¥­áâ¢  ¢ (8) ¤®áâ¨£ ¥âáï ¯à¨ z = y1(x), £¤¥ y1(x) | á®¡áâ¢¥­­ ï
äã­ªæ¨ï § ¤ ç¨ �âãà¬  | �¨ã¢¨««ï, á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥­­®¬ã §­ ç¥­¨î λ1. �«ï
¯®«ãç¥­¨ï ª®­ªà¥â­ëå ®æ¥­®ª ¢ ¯à ¢®© ç áâ¨ (8) ¬®¦­® ¯®«®¦¨âì z = (x − x1)(x2 − x) ¨«¨
z = sin

[
π(x− x1)
x2 − x1

]
.

3◦. �ãáâì ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 
0 < pmin 6 p(x) 6 pmax, 0 < qmin 6 q(x) 6 qmax, 0 < smin 6 s(x) 6 smax.

�®£¤  ¤«ï á®¡áâ¢¥­­ëå §­ ç¥­¨© á¯à ¢¥¤«¨¢ë ¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨:
pmin
smax

π2n2

(x2 − x1)2 + qmin
smax

6 λn 6 pmax
smin

π2n2

(x2 − x1)2 + qmax
smin

.

4◦. � ¨­¦¥­¥à­ëå à áç¥â å ¤«ï ®¯à¥¤¥«¥­¨ï á®¡áâ¢¥­­ëå §­ ç¥­¨© ¬®¦­® ¨á¯®«ì§®¢ âì
¯à¨¡«¨¦¥­­ãî ä®à¬ã«ã

λn = π2n2

�2 + 1
x2 − x1

∫ x2

x1

q(x)
s(x)

dx, � =
∫ x2

x1

√
s(x)
p(x)

dx. (9)
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�â  ä®à¬ã«  ®¡¥á¯¥ç¨¢ ¥â â®ç­ë© à¥§ã«ìâ â ¯à¨ p(x)s(x) = const, q(x)/s(x) = const (¢ ç áâ-
­®áâ¨, ¯à¨ ¯®áâ®ï­­ëå ª®íää¨æ¨¥­â å ãà ¢­¥­¨ï p = p0, q = q0, s = s0) ¨ ¤ ¥â ¯à ¢¨«ì­ãî
 á¨¬¯â®â¨ªã (7) ¤«ï «î¡ëå p(x), q(x), s(x). �à®¬¥ â®£®, ¯à¨ p(x) = const, s(x) = const ä®à¬ã« 
(9) ¤ ¥â ¯à ¢¨«ì­ëå ¤¢  ¯¥à¢ëå ç«¥­  à §«®¦¥­¨ï ¯à¨ n → ∞ [áª § ­­®¥ á¯à ¢¥¤«¨¢® â ª¦¥
¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï p(x)s(x) = const].
5◦. �ãáâì p(x) = s(x) = 1 ¨ äã­ªæ¨ï q = q(x) ¨¬¥¥â ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî. �á¨¬¯â®â¨-
ç¥áª¨¥ ä®à¬ã«ë ¤«ï á®¡áâ¢¥­­ëå §­ ç¥­¨© λn ¨ á®¡áâ¢¥­­ëå äã­ªæ¨© yn(x) ¯à¨ n →∞:
√

λn = πn

x2−x1
+ 1

πn
Q(x1, x2) + O

( 1
n2

)
,

yn(x) = sin πn(x−x1)
x2−x1

− 1
πn

[
(x1−x)Q(x, x2) + (x2−x)Q(x1, x)

]
cos πn(x−x1)

x2−x1
+ O

( 1
n2

)
,

£¤¥
Q(u, v) = 1

2

∫ v

u

q(x) dx. (10)

1.8.9-4. �â®à ï ªà ¥¢ ï § ¤ ç  (á«ãç © a1 = a2 = 1, b1 = b2 = 0).
�¥è¥­¨¥ ¢â®à®© ªà ¥¢®© § ¤ ç¨ á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (1) ¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

∂xw = g1(t) ¯à¨ x = x1,

∂xw = g2(t) ¯à¨ x = x2

¤ ¥âáï ä®à¬ã« ¬¨ (3){(4), £¤¥
�1(x, t) = −G(x, x1, t), �2(x, t) = G(x, x2, t).

�â¬¥â¨¬ ­¥ª®â®àë¥ á¯¥æ¨ «ì­ë¥ á¢®©áâ¢  § ¤ ç¨ �âãà¬  | �¨ã¢¨««ï:
1◦. �à¨ q > 0 ¤«ï ­ ¨¬¥­ìè¥£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¨¬¥¥â ¬¥áâ® ®æ¥­ª  á¢¥àåã (8),
£¤¥ z = z(x) | «î¡ ï ¤¢ ¦¤ë ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬
z′x(x1) = z′x(x2) = 0. �­ ª à ¢¥­áâ¢  ¢ (8) ¤®áâ¨£ ¥âáï ¯à¨ z = y1(x), £¤¥ y1(x) | á®¡áâ¢¥­­ ï
äã­ªæ¨ï § ¤ ç¨ �âãà¬  | �¨ã¢¨««ï, á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥­­®¬ã §­ ç¥­¨î λ1.
2◦. �ãáâì p(x) = s(x) = 1 ¨ äã­ªæ¨ï q = q(x) ¨¬¥¥â ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî. �á¨¬¯â®â¨-
ç¥áª¨¥ ä®à¬ã«ë ¤«ï á®¡áâ¢¥­­ëå §­ ç¥­¨© λn ¨ á®¡áâ¢¥­­ëå äã­ªæ¨© yn(x) ¯à¨ n →∞:

√
λn = π(n− 1)

x2 − x1
+ 1

π(n− 1)
Q(x1, x2) + O

( 1
n2

)
,

yn(x) = cos π(n− 1)(x− x1)
x2 − x1

+ 1
π(n− 1)

[
(x1 − x)Q(x, x2) +

+ (x2 − x)Q(x1, x)
]

sin π(n− 1)(x− x1)
x2 − x1

+ O
( 1

n2

)
,

£¤¥ äã­ªæ¨ï Q(u, v) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (10).

1.8.9-5. �à¥âìï ªà ¥¢ ï § ¤ ç  (á«ãç © a1 = a2 = 1, b1 6= 0, b2 6= 0).
�¥è¥­¨¥ âà¥âì¥© ªà ¥¢®© § ¤ ç¨ á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (1) ¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (2) ¯à¨
a1 = a2 = 1 ¤ ¥âáï ä®à¬ã« ¬¨ (3){(4), £¤¥

�1(x, t) = −G(x, x1, t), �2(x, t) = G(x, x2, t).
�ãáâì p(x) = s(x) = 1 ¨ äã­ªæ¨ï q = q(x) ¨¬¥¥â ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî. �á¨¬¯â®â¨-

ç¥áª¨¥ ä®à¬ã«ë ¤«ï á®¡áâ¢¥­­ëå §­ ç¥­¨© λn ¨ á®¡áâ¢¥­­ëå äã­ªæ¨© yn(x) ¯à¨ n →∞:
√

λn = π(n− 1)
x2 − x1

+ 1
π(n− 1)

[
Q(x1, x2)− b1 + b2

]
+ O

( 1
n2

)
,

yn(x) = cos π(n− 1)(x− x1)
x2 − x1

+ 1
π(n− 1)

{
(x1 − x)

[
Q(x, x2) + b2

]
+

+ (x2 − x)
[
Q(x1, x)− b1

]}
sin π(n− 1)(x− x1)

x2 − x1
+ O

( 1
n2

)
,

£¤¥ äã­ªæ¨ï Q(u, v) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (10).

10 �. �. �®«ï­¨­
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1.8.9-6. �¬¥è ­­ ï ªà ¥¢ ï § ¤ ç  (á«ãç © a1 = b2 = 0, a2 = b1 = 1).
�¥è¥­¨¥ á¬¥è ­­®© ªà ¥¢®© § ¤ ç¨ á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (1) ¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

w = g1(t) ¯à¨ x = x1,

∂xw = g2(t) ¯à¨ x = x2

¤ ¥âáï ä®à¬ã« ¬¨ (3){(4), £¤¥

�1(x, t) = ∂

∂ξ
G(x, ξ, t)

∣∣∣
ξ=x1

, �2(x, t) = G(x, x2, t).

�â¬¥â¨¬ ­¥ª®â®àë¥ á¯¥æ¨ «ì­ë¥ á¢®©áâ¢  § ¤ ç¨ �âãà¬  | �¨ã¢¨««ï:
1◦. �à¨ q > 0 ¤«ï ­ ¨¬¥­ìè¥£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¨¬¥¥â ¬¥áâ® ®æ¥­ª  á¢¥àåã (8), £¤¥
z = z(x) | «î¡ ï ¤¢ ¦¤ë ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ z(x1) = 0
¨ z′x(x2) = 0. �­ ª à ¢¥­áâ¢  ¢ (8) ¤®áâ¨£ ¥âáï ¯à¨ z = y1(x), £¤¥ y1(x) | á®¡áâ¢¥­­ ï äã­ªæ¨ï
§ ¤ ç¨ �âãà¬  | �¨ã¢¨««ï, á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥­­®¬ã §­ ç¥­¨î λ1.
2◦. �ãáâì p(x) = s(x) = 1 ¨ äã­ªæ¨ï q = q(x) ¨¬¥¥â ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî. �á¨¬¯â®â¨-
ç¥áª¨¥ ä®à¬ã«ë ¤«ï á®¡áâ¢¥­­ëå §­ ç¥­¨© λn ¨ á®¡áâ¢¥­­ëå äã­ªæ¨© yn(x) ¯à¨ n →∞:

√
λn = π(2n− 1)

2(x2 − x1)
+ 2

π(2n− 1)
Q(x1, x2) + O

( 1
n2

)
,

yn(x) = sin π(2n− 1)(x− x1)
2(x2 − x1)

− 2
π(2n− 1)

[
(x1 − x)Q(x, x2) +

+ (x2 − x)Q(x1, x)
]

cos π(2n− 1)(x− x1)
2(x2 − x1)

+ O
( 1

n2

)
,

£¤¥ äã­ªæ¨ï Q(u, v) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (10).

1.8.9-7. �¬¥è ­­ ï ªà ¥¢ ï § ¤ ç  (á«ãç © a1 = b2 = 1, a2 = b1 = 0).
�¥è¥­¨¥ á¬¥è ­­®© ªà ¥¢®© § ¤ ç¨ á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (1) ¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

∂xw = g1(t) ¯à¨ x = x1,

w = g2(t) ¯à¨ x = x2

¤ ¥âáï ä®à¬ã« ¬¨ (3){(4), £¤¥

�1(x, t) = −G(x, x1, t), �2(x, t) = − ∂

∂ξ
G(x, ξ, t)

∣∣∣
ξ=x2

.

�â¬¥â¨¬ ­¥ª®â®àë¥ á¯¥æ¨ «ì­ë¥ á¢®©áâ¢  § ¤ ç¨ �âãà¬  | �¨ã¢¨««ï:
1◦. �à¨ q > 0 ¤«ï ­ ¨¬¥­ìè¥£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¨¬¥¥â ¬¥áâ® ®æ¥­ª  á¢¥àåã (8), £¤¥
z = z(x) | «î¡ ï ¤¢ ¦¤ë ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ z′x(x1) = 0
¨ z(x2) = 0. �­ ª à ¢¥­áâ¢  ¢ (8) ¤®áâ¨£ ¥âáï ¯à¨ z = y1(x), £¤¥ y1(x) | á®¡áâ¢¥­­ ï äã­ªæ¨ï
§ ¤ ç¨ �âãà¬  | �¨ã¢¨««ï, á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥­­®¬ã §­ ç¥­¨î λ1.
2◦. �ãáâì p(x) = s(x) = 1 ¨ äã­ªæ¨ï q = q(x) ¨¬¥¥â ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî. �á¨¬¯â®â¨-
ç¥áª¨¥ ä®à¬ã«ë ¤«ï á®¡áâ¢¥­­ëå §­ ç¥­¨© λn ¨ á®¡áâ¢¥­­ëå äã­ªæ¨© yn(x) ¯à¨ n →∞:

√
λn = π(2n− 1)

2(x2 − x1)
+ 2

π(2n− 1)
Q(x1, x2) + O

( 1
n2

)
,

yn(x) = cos π(2n− 1)(x− x1)
2(x2 − x1)

+ 2
π(2n− 1)

[
(x1 − x)Q(x, x2) +

+ (x2 − x)Q(x1, x)
]

sin π(2n− 1)(x− x1)
2(x2 − x1)

+ O
( 1

n2

)
,

£¤¥ äã­ªæ¨ï Q(u, v) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (10).
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(1997), �. �. �¨­®ªãà®¢, �. �. � ¤®¢­¨ç¨© (2000), �. �. �®«ï­¨­ (2000 a, c).


