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0.1. �« áá¨ä¨ª æ¨ï ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨

¢â®à®£® ¯®àï¤ª 
0.1.1. �à ¢­¥­¨ï á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨

0.1.1-1. �à¨¬¥àë ãà ¢­¥­¨©, ¢áâà¥ç îé¨åáï ¢ ¯à¨«®¦¥­¨ïå.

�ë¤¥«ïîâ âà¨ ®á­®¢­ëå â¨¯  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¢â®à®£®
¯®àï¤ª , à¥è¥­¨ï ª®â®àëå ¨¬¥îâ å à ªâ¥à­ë¥ ª ç¥áâ¢¥­­ë¥ à §«¨ç¨ï.

�à®áâ¥©è¨© ¯à¨¬¥à ãà ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯  | ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨:
∂w

∂t
− ∂2w

∂x2 = 0, (1)

£¤¥ ¯¥à¥¬¥­­ ï t ¨£à ¥â à®«ì ¢à¥¬¥­¨,   ¯¥à¥¬¥­­ ï x | ¯à®áâà ­áâ¢¥­­®© ª®®à¤¨­ âë.
�â¬¥â¨¬, çâ® ¢ ãà ¢­¥­¨¨ (1) ¨¬¥¥âáï â®«ìª® ®¤¨­ ç«¥­ á® áâ àè¨¬¨ ¯à®¨§¢®¤­ë¬¨.

�à®áâ¥©è¨© ¯à¨¬¥à ãà ¢­¥­¨ï £¨¯¥à¡®«¨ç¥áª®£® â¨¯  | ¢®«­®¢®¥ ãà ¢­¥­¨¥:
∂2w

∂t2
− ∂2w

∂x2 = 0, (2)

£¤¥ ¯¥à¥¬¥­­ ï t ¨£à ¥â à®«ì ¢à¥¬¥­¨,   ¯¥à¥¬¥­­ ï x | ¯à®áâà ­áâ¢¥­­®© ª®®à¤¨­ âë.
�â¬¥â¨¬, çâ® ç«¥­ë á® áâ àè¨¬¨ ¯à®¨§¢®¤­ë¬¨ ¢ ãà ¢­¥­¨¨ (2) ¨¬¥îâ à §­ë¥ §­ ª¨.

�à®áâ¥©è¨© ¯à¨¬¥à ãà ¢­¥­¨ï í««¨¯â¨ç¥áª®£® â¨¯  | ãà ¢­¥­¨¥ � ¯« á :
∂2w

∂x2 + ∂2w

∂y2 = 0, (3)

£¤¥ ¯¥à¥¬¥­­ë¥ x ¨ y ¨£à îâ à®«ì ¯à®áâà ­áâ¢¥­­ëå ª®®à¤¨­ â. �â¬¥â¨¬, çâ® ç«¥­ë á®
áâ àè¨¬¨ ¯à®¨§¢®¤­ë¬¨ ¢ ãà ¢­¥­¨¨ (3) ¨¬¥îâ ®¤¨­ ª®¢ë¥ §­ ª¨.

�î¡®¥ «¨­¥©­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨
¯¥à¥¬¥­­ë¬¨ á ¯®¬®éìî ¯®¤å®¤ïé¨å ¯à¥®¡à §®¢ ­¨© ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥­® ª ¡®«¥¥ ¯à®áâ®¬ã
ãà ¢­¥­¨î, ã ª®â®à®£® ¡ã¤¥â ®¤­  ¨§ âà¥å ª®¬¡¨­ æ¨© áâ àè¨å ¯à®¨§¢®¤­ëå, ãª § ­­ëå ¢ëè¥
¢ ª®­ªà¥â­ëå ¯à¨¬¥à å (1), (2) ¨ (3).

0.1.1-2. �¨¯ë ãà ¢­¥­¨©. �à ¢­¥­¨ï å à ªâ¥à¨áâ¨ª.
� áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¢â®à®£® ¯®àï¤ª  c ¤¢ã¬ï ­¥§ ¢¨á¨-
¬ë¬¨ ¯¥à¥¬¥­­ë¬¨*

a(x, y) ∂2w

∂x2 + 2b(x, y) ∂2w

∂x∂y
+ c(x, y) ∂2w

∂y2 = F
(
x, y, w,

∂w

∂x
,

∂w

∂y

)
, (4)

£¤¥ a, b, c | ­¥ª®â®àë¥ äã­ªæ¨¨ ®â x ¨ y, ¨¬¥îé¨¥ ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¤® ¢â®à®£®
¯®àï¤ª  ¢ª«îç¨â¥«ì­®.

�à ¢­¥­¨¥ (4) ¢ â®çª¥ (x, y) ¯à¨­ ¤«¥¦¨â ª

¯ à ¡®«¨ç¥áª®¬ã â¨¯ã, ¥á«¨ b2 − ac = 0;
£¨¯¥à¡®«¨ç¥áª®¬ã â¨¯ã, ¥á«¨ b2 − ac > 0;
í««¨¯â¨ç¥áª®¬ã â¨¯ã, ¥á«¨ b2 − ac < 0.

* �à ¢ ï ç áâì ãà ¢­¥­¨ï (4) ¬®¦¥â ¡ëâì ­¥«¨­¥©­®©. �« áá¨ä¨ª æ¨ï ¨ ¯à®æ¥¤ãà  ¯à¨¢¥¤¥­¨ï â ª¨å
ãà ¢­¥­¨© ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã ®¯à¥¤¥«ïîâáï â®«ìª® «¥¢®© ç áâìî ãà ¢­¥­¨ï.
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�«ï â®£®, çâ®¡ë ¯à¨¢¥áâ¨ ãà ¢­¥­¨¥ (4) ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã, ­ ¤® § ¯¨á âì ãà ¢­¥­¨¥
å à ªâ¥à¨áâ¨ª

a dy2 − 2b dx dy + c dx2 = 0,

ª®â®à®¥ à á¯ ¤ ¥âáï ­  ¤¢  ãà ¢­¥­¨ï

a dy − (
b +

√
b2 − ac

)
dx = 0, (5)

a dy − (
b−

√
b2 − ac

)
dx = 0, (6)

¨ ­ ©â¨ ¨å ®¡é¨¥ ¨­â¥£à «ë.

0.1.1-3. � ­®­¨ç¥áª¨© ¢¨¤ ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯ , b2 − ac = 0.

�à ¢­¥­¨ï (5) ¨ (6) ¢ íâ®¬ á«ãç ¥ á®¢¯ ¤ îâ ¨ ¨¬¥îâ ®¤¨­ ®¡é¨© ¨­â¥£à «

ϕ(x, y) = C.

�¥à¥å®¤ï ®â x, y ª ­®¢ë¬ ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬ ξ, η ¯® ä®à¬ã« ¬

ξ = ϕ(x, y), η = η(x, y),

£¤¥ η = η(x, y) | «î¡ ï ¤¢ ¦¤ë ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î
­¥¢ëà®¦¤¥­­®áâ¨ ïª®¡¨ ­  D(ξ, η)

D(x, y)
¢ à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨, ¯à¨¢¥¤¥¬ ãà ¢­¥­¨¥ (4) ª

ª ­®­¨ç¥áª®¬ã ¢¨¤ã
∂2w

∂η2 = F1
(
ξ, η, w,

∂w

∂ξ
,

∂w

∂η

)
. (7)

� ª ç¥áâ¢¥ äã­ªæ¨¨ η ¬®¦­® ¢ë¡à âì η = x ¨«¨ η = y.
�¨¤­®, çâ® ¯à¥®¡à §®¢ ­­®¥ ãà ¢­¥­¨¥ (7), ª ª ¨ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ (1), ¨¬¥¥â

â®«ìª® ®¤¨­ ç«¥­ á® áâ àè¥© ¯à®¨§¢®¤­®©.
� ¬¥ç ­¨¥. � ¢ëà®¦¤¥­­®¬ á«ãç ¥, ª®£¤  äã­ªæ¨ï F1 ­¥ § ¢¨á¨â ®â ¯à®¨§¢®¤­®© ∂ξw,

ãà ¢­¥­¨¥ (7) ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­®
¯¥à¥¬¥­­®© η, ¢ ª®â®à®¬ ξ ¨£à ¥â à®«ì ¯ à ¬¥âà .

0.1.1-4. � ­®­¨ç¥áª¨© ¢¨¤ ãà ¢­¥­¨© £¨¯¥à¡®«¨ç¥áª®£® â¨¯ , b2 − ac > 0.

�¡é¨¥ ¨­â¥£à «ë
ϕ(x, y) = C1, ψ(x, y) = C2

ãà ¢­¥­¨© (5) ¨ (6) ¡ã¤ãâ ¢¥é¥áâ¢¥­­ë¬¨ ¨ à §«¨ç­ë¬¨. �­¨ ®¯à¥¤¥«ïîâ ¤¢  à §«¨ç­ëå
á¥¬¥©áâ¢  ¢¥é¥áâ¢¥­­ëå å à ªâ¥à¨áâ¨ª.

�¥à¥å®¤ï ®â x, y ª ­®¢ë¬ ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬ ξ, η ¯® ä®à¬ã« ¬

ξ = ϕ(x, y), η = ψ(x, y),

¯à¨¢¥¤¥¬ ãà ¢­¥­¨¥ (4) ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã (¯¥à¢ ï ª ­®­¨ç¥áª ï ä®à¬ )

∂2w

∂ξ∂η
= F2

(
ξ, η, w,

∂w

∂ξ
,

∂w

∂η

)
.

�à¥®¡à §®¢ ­¨¥
ξ = t + z, η = t− z

¯à¨¢®¤¨â ¯®«ãç¥­­®¥ ãà ¢­¥­¨¥ ª ¤àã£®¬ã ª ­®­¨ç¥áª®¬ã ¢¨¤ã (¢â®à ï ª ­®­¨ç¥áª ï ä®à¬ )

∂2w

∂t2
− ∂2w

∂z2 = F3
(
t, z, w,

∂w

∂t
,

∂w

∂z

)
,

£¤¥ F3 = 4F2. �¥¢ ï ç áâì íâ®£® ãà ¢­¥­¨ï á â®ç­®áâìî ¤® ¯¥à¥®¡®§­ ç¥­¨© á®¢¯ ¤ ¥â á «¥¢®©
ç áâìî ¢®«­®¢®£® ãà ¢­¥­¨ï (2).
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������� 1
�« áá¨ä¨ª æ¨ï ãà ¢­¥­¨© c® ¬­®£¨¬¨ ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨.

�¨¯ ãà ¢­¥­¨ï (8) ¢ â®çª¥ x = x0 �®íää¨æ¨¥­âë ª ­®­¨ç¥áª®© ä®à¬ë (11)

� à ¡®«¨ç¥áª¨© (¢ è¨à®ª®¬ á¬ëá«¥) �®âï ¡ë ®¤¨­ ª®íää¨æ¨¥­â ci à ¢¥­ ­ã«î

�¨¯¥à¡®«¨ç¥áª¨© (¢ è¨à®ª®¬ á¬ëá«¥) �á¥ ci ®â«¨ç­ë ®â ­ã«ï ¨ ­¥ª®â®àë¥ ái ¨¬¥îâ à §­ë¥ §­ ª¨

�««¨¯â¨ç¥áª¨© �á¥ ci ®â«¨ç­ë ®â ­ã«ï ¨ ¨¬¥îâ ®¤¨­ ª®¢ë¥ §­ ª¨

0.1.1-5. � ­®­¨ç¥áª¨© ¢¨¤ ãà ¢­¥­¨© í««¨¯â¨ç¥áª®£® â¨¯ , b2 − ac < 0.
�¡é¨¥ ¨­â¥£à «ë ãà ¢­¥­¨© (5) ¨ (6) ¢ íâ®¬ á«ãç ¥ ¡ã¤ãâ ª®¬¯«¥ªá­® á®¯àï¦¥­­ë¬¨ ¨
®¯à¥¤¥«ïîâ ¤¢  á¥¬¥©áâ¢  ¬­¨¬ëå å à ªâ¥à¨áâ¨ª.

�ãáâì ®¡é¨© ¨­â¥£à « ãà ¢­¥­¨ï (5) ¨¬¥¥â ¢¨¤

ϕ(x, y) + iψ(x, y) = C, i2 = −1,

£¤¥ ϕ(x, y) ¨ ψ(x, y) | ¢¥é¥áâ¢¥­­ë¥ äã­ªæ¨¨.
�¥à¥å®¤ï ®â x, y ª ­®¢ë¬ ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬ ξ, η ¯® ä®à¬ã« ¬

ξ = ϕ(x, y), η = ψ(x, y),
¯à¨¢¥¤¥¬ ãà ¢­¥­¨¥ (4) ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã

∂2w

∂ξ2 + ∂2w

∂η2 = F4
(
ξ, η, w,

∂w

∂ξ
,

∂w

∂η

)
.

�¥¢ ï ç áâì íâ®£® ãà ¢­¥­¨ï á â®ç­®áâìî ¤® ¯¥à¥®¡®§­ ç¥­¨© á®¢¯ ¤ ¥â á «¥¢®© ç áâìî
ãà ¢­¥­¨ï � ¯« á  (3).

0.1.2. �à ¢­¥­¨ï á® ¬­®£¨¬¨ ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨
� áá¬®âà¨¬ ãà ¢­¥­¨¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¢â®à®£® ¯®àï¤ª  c n ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­-
­ë¬¨ x1, . . . , xn ¢¨¤ 

n∑
i,j=1

aij(x) ∂2w

∂xi∂xj

= F
(
x, w,

∂w

∂x1
, . . . ,

∂w

∂xn

)
, (8)

£¤¥ aij | ­¥ª®â®àë¥ äã­ªæ¨¨, ¨¬¥îé¨¥ ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¯® ¢á¥¬ ¯¥à¥¬¥­­ë¬ ¤®
¢â®à®£® ¯®àï¤ª  ¢ª«îç¨â¥«ì­®, x = {x1, . . . , xn}. [�à ¢ ï ç áâì ãà ¢­¥­¨ï (8) ¬®¦¥â ¡ëâì
­¥«¨­¥©­®©. �«ï ª« áá¨ä¨ª æ¨¨ ­ã¦­  â®«ìª® «¥¢ ï ç áâì ãà ¢­¥­¨ï.]

�à ¢­¥­¨î (8) ¢ â®çª¥ x = x0 áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ª¢ ¤à â¨ç­ ï ä®à¬ 

Q =
n∑

i,j=1
aij(x0)ξiξj . (9)

�¢ ¤à â¨ç­ãî ä®à¬ã (9) ¯à¨ ¯®¬®é¨ ¯®¤å®¤ïé¥£® «¨­¥©­®£® ­¥¢ëà®¦¤¥­­®£® ¯à¥®¡à §®¢ ­¨ï

ξi =
n∑

k=1
βikηk (i = 1, . . . , n) (10)

¬®¦­® ¯à¨¢¥áâ¨ ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã

Q =
n∑

i=1
ciη

2
i , (11)

£¤¥ ª®íää¨æ¨¥­âë ci ¯à¨­¨¬ îâ §­ ç¥­¨ï 1, −1 ¨ 0. �¨á«® ®âà¨æ â¥«ì­ëå ¨ ­ã«¥¢ëå ª®íää¨-
æ¨¥­â®¢ ä®à¬ë (11) ­¥ § ¢¨á¨â ®â á¯®á®¡  ¯à¨¢¥¤¥­¨ï íâ®© ä®à¬ë ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã.

� â ¡«. 1 ãª § ­ë ®á­®¢­ë¥ ¯à¨§­ ª¨, ¯® ª®â®àë¬ ¯à®¨áå®¤¨â ª« áá¨ä¨ª æ¨ï ãà ¢­¥­¨©
c® ¬­®£¨¬¨ ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨.
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�ãáâì ¢á¥ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (8) ¯à¨ áâ àè¨å ¯à®¨§¢®¤­ëå ¯®áâ®ï­­ë: aij = const.
�¢®¤ï ­®¢ë¥ ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥ y1, . . . , yn ¯® ä®à¬ã« ¬ yi =

n∑
k=1

βikxk , £¤¥ βik |

ª®íää¨æ¨¥­âë «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï (10), ¯à¨¢®¤¨¬ ãà ¢­¥­¨¥ (8) ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã
n∑

i=1
ci

∂2w

∂y2
i

= F1
(
y, w,

∂w

∂y1
, . . . ,

∂w

∂yn

)
. (12)

�¤¥áì ci | â¥ ¦¥ á ¬ë¥ ª®íää¨æ¨¥­âë, çâ® ¨ ¢ ª¢ ¤à â¨ç­®© ä®à¬¥ (11), y = {y1, . . . , yn}.
� ¬¥ç ­¨¥ 1. �§ ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯  ¯à¨­ïâ® ¢ë¤¥«ïâì ãà ¢­¥­¨ï ¯ à ¡®-

«¨ç¥áª¨¥ ¢ ã§ª®¬ á¬ëá«¥ [ª®£¤  â®«ìª® ®¤¨­ ¨§ ª®íää¨æ¨¥­â®¢ ck à ¢¥­ ­ã«î,   ®áâ «ì­ë¥
ci ®¤¨­ ª®¢ë; ¯à¨ íâ®¬ ¢ ¯à ¢ãî ç áâì ãà ¢­¥­¨ï (12) ¤®«¦­  ¢å®¤¨âì ç áâ­ ï ¯à®¨§¢®¤­ ï
¯¥à¢®£® ¯®àï¤ª  ¯® ¯¥à¥¬¥­­®© xk].

� ¬¥ç ­¨¥ 2. �à ¢­¥­¨ï £¨¯¥à¡®«¨ç¥áª®£® â¨¯  ¢ á¢®î ®ç¥à¥¤ì ¤¥«ïâáï ­  ãà ¢­¥­¨ï ­®à-
¬ «ì­®£® £¨¯¥à¡®«¨ç¥áª®£® â¨¯  (ª®£¤  ¢á¥ ª®íää¨æ¨¥­âë ci ªà®¬¥ ®¤­®£® ¨¬¥îâ ®¤¨­ ª®¢ë¥
§­ ª¨) ¨ ã«ìâà £¨¯¥à¡®«¨ç¥áª®£® â¨¯  (¨¬¥¥âáï ¡®«ìè¥ ®¤­®£® ¯®«®¦¨â¥«ì­®£® ¨ ¡®«ìè¥ ®¤-
­®£® ®âà¨æ â¥«ì­®£® ª®íää¨æ¨¥­â  ci).

�®­ªà¥â­ë¥ ãà ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£®, í««¨¯â¨ç¥áª®£® ¨ £¨¯¥à¡®«¨ç¥áª®£® â¨¯®¢ á®
¬­®£¨¬¨ ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ ¡ã¤ãâ à áá¬ âà¨¢ âìáï ¤ «¥¥ ¢ à §¤. 0.2.
gr �¨â¥à âãà  ª à §¤¥«ã 0.1: �. �. � ¡¨ç, �. �. � ¯¨«¥¢¨ç, �. �. �¨å«¨­ ¨ ¤à. (1964, áâà. 21{30),

�. �. �®¡®«¥¢ (1966, áâà. 39{51), �. �. �¨å®­®¢, �. �. � ¬ àáª¨© (1972, áâà. 11{22), �. �. �¨æ ¤§¥ (1978,
áâà. 15{29), S. J. Farlow (1982, áâà. 174{182, 331{339), Zauderer (1983, áâà. 78{85, 91{97), D. Zwillinger
(1989, áâà. 22{29).

0.2. �á­®¢­ë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨
0.2.1. � ç «ì­ë¥ ¨ £à ­¨ç­ë¥ ãá«®¢¨ï. � ¤ ç  �®è¨. �à ¥¢ë¥ § ¤ ç¨
� ¦¤®¥ ãà ¢­¥­¨¥ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ®¯¨áë¢ ¥â ¡¥áª®­¥ç­®¥ ¬­®¦¥áâ¢® ª ç¥áâ¢¥­­®  ­ -
«®£¨ç­ëå ï¢«¥­¨© ¨«¨ ¯à®æ¥áá®¢. �â® ®¡áâ®ïâ¥«ìáâ¢® ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â®£®, çâ® ¤¨ää¥-
à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¨¬¥îâ ¡¥áª®­¥ç­®¥ ¬­®¦¥áâ¢® ç áâ­ëå à¥è¥­¨©. �®­ªà¥â­®¥ à¥è¥­¨¥,
®¯¨áë¢ îé¥¥ à áá¬ âà¨¢ ¥¬®¥ ä¨§¨ç¥áª®¥ ï¢«¥­¨¥, ¢ë¤¥«ï¥âáï ¨§ ¬­®¦¥áâ¢  ç áâ­ëå à¥è¥-
­¨© ¤ ­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á ¯®¬®éìî ­ ç «ì­ëå ¨ £à ­¨ç­ëå ãá«®¢¨©.

� «¥¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì «¨­¥©­ë¥ ãà ¢­¥­¨ï ¢ n-¬¥à­®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ Rn

¨«¨ ¢ ®âªàëâ®© (­¥ ¢ª«îç îé¥© £à ­¨æã) ¯à®áâà ­áâ¢¥­­®© ®¡« áâ¨ V ∈ Rn á ¤®áâ â®ç­®
£« ¤ª®© £à ­¨æ¥© S = ∂V .

0.2.1-1. �à ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯ . � ç «ì­®¥ ¨ £à ­¨ç­®¥ ãá«®¢¨ï.

� ®¡é¥¬ á«ãç ¥ «¨­¥©­®¥ ãà ¢­¥­¨¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¢â®à®£® ¯®àï¤ª  ¯ à ¡®«¨ç¥-
áª®£® â¨¯  á n ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ ¬®¦­® § ¯¨á âì â ª:

∂w

∂t
− Lx,t[w] = �(x, t), (1)

£¤¥

Lx,t[w] ≡
n∑

i,j=1
aij(x, t) ∂2w

∂xi∂xj

+
n∑

i=1
bi(x, t) ∂w

∂xi

+ c(x, t)w, (2)

x = {x1, . . . , xn},
n∑

i,j=1
aij(x, t)ξiξj > σ

n∑
i=1

ξ2
i , σ > 0.

�à ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯  ®¯¨áë¢ îâ ­¥ãáâ ­®¢¨¢è¨¥áï â¥¯«®¢ë¥, ¤¨ääã§¨®­­ë¥ ¨
¤àã£¨¥ ¯à®æ¥ááë, ª®â®àë¥ § ¢¨áïâ ®â ¢à¥¬¥­¨ t.

�à ¢­¥­¨¥ (1) ­ §ë¢ ¥âáï ®¤­®à®¤­ë¬, ¥á«¨ �(x, t) ≡ 0.
� ¤ ç  �®è¨ (t > 0, x ∈ Rn). �à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î w, ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î

(1) ¯à¨ t > 0 ¨ ­ ç «ì­®¬ã ãá«®¢¨î
w = f(x) ¯à¨ t = 0. (3)
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�à ¥¢ ï § ¤ ç * (t > 0, x∈ V ). �à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î w, ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î
(1) ¯à¨ t > 0, ­ ç «ì­®¬ã ãá«®¢¨î (3) ¨ £à ­¨ç­®¬ã ãá«®¢¨î

�x,t[w] = g(x, t) ¯à¨ x ∈ S (t > 0). (4)
� ®¡é¥¬ á«ãç ¥ �x,t ¯à¥¤áâ ¢«ï¥â á®¡®© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯¥à¢®£®
¯®àï¤ª  ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬, ª®íää¨æ¨¥­âë ª®â®à®£® § ¢¨áïâ ®â x ¨ t. �á­®¢­ë¥
â¨¯ë £à ­¨ç­ëå ãá«®¢¨© ¡ã¤ãâ ®¯¨á ­ë ¤ «¥¥ ¢ à §¤. 0.2.2.

� ç «ì­®¥ ãá«®¢¨¥ (3) ­ §ë¢ ¥âáï ®¤­®à®¤­ë¬, ¥á«¨ f(x) ≡ 0. �à ­¨ç­®¥ ãá«®¢¨¥ (4)
­ §ë¢ ¥âáï ®¤­®à®¤­ë¬, ¥á«¨ g(x, t) ≡ 0.

0.2.1-2. �à ¢­¥­¨ï £¨¯¥à¡®«¨ç¥áª®£® â¨¯ . � ç «ì­ë¥ ¨ £à ­¨ç­®¥ ãá«®¢¨ï.
� áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¢â®à®£® ¯®àï¤ª  £¨¯¥à¡®«¨ç¥áª®£®
â¨¯  á n ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ ®¡é¥£® ¢¨¤ 

∂2w

∂t2
+ ϕ(x, t) ∂w

∂t
− Lx,t[w] = �(x, t), (5)

£¤¥ «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à Lx,t ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬ (2). �à ¢­¥­¨ï
£¨¯¥à¡®«¨ç¥áª®£® â¨¯  ®¯¨áë¢ îâ ­¥ãáâ ­®¢¨¢è¨¥áï ¢®«­®¢ë¥ ¯à®æ¥ááë, ª®â®àë¥ § ¢¨áïâ ®â
¢à¥¬¥­¨ t.

�à ¢­¥­¨¥ (5) ­ §ë¢ ¥âáï ®¤­®à®¤­ë¬, ¥á«¨ �(x, t) ≡ 0.
� ¤ ç  �®è¨ (t > 0, x ∈ Rn). �à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î w, ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î

(5) ¯à¨ t > 0 ¨ ­ ç «ì­ë¬ ãá«®¢¨ï¬
w = f0(x) ¯à¨ t = 0,

∂tw = f1(x) ¯à¨ t = 0.
(6)

�à ¥¢ ï § ¤ ç  (t > 0, x ∈ V ). �à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î w, ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î
(5) ¯à¨ t > 0, ­ ç «ì­ë¬ ãá«®¢¨ï¬ (6) ¨ £à ­¨ç­®¬ã ãá«®¢¨î (4).

� ç «ì­ë¥ ãá«®¢¨ï (6) ­ §ë¢ îâáï ®¤­®à®¤­ë¬¨, ¥á«¨ f0(x) ≡ 0, f1(x) ≡ 0.
� ¤ ç  �ãàá . �  å à ªâ¥à¨áâ¨ª å ãà ¢­¥­¨ï £¨¯¥à¡®«¨ç¥áª®£® â¨¯  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨

¯¥à¥¬¥­­ë¬¨ § ¤ îâáï §­ ç¥­¨ï ¨áª®¬®© äã­ªæ¨¨ w.

0.2.1-3. �à ¢­¥­¨ï í««¨¯â¨ç¥áª®£® â¨¯ . �à ­¨ç­ë¥ ãá«®¢¨ï.
� ®¡é¥¬ á«ãç ¥ «¨­¥©­®¥ ãà ¢­¥­¨¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¢â®à®£® ¯®àï¤ª  í««¨¯â¨ç¥áª®-
£® â¨¯  á n ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ ¬®¦­® § ¯¨á âì â ª:

−Lx[w] = �(x), (7)
£¤¥

Lx[w] ≡
n∑

i,j=1
aij(x) ∂2w

∂xi∂xj

+
n∑

i=1
bi(x) ∂w

∂xi

+ c(x)w, (8)

n∑
i,j=1

aij(x)ξiξj > σ
n∑

i=1
ξ2

i , σ > 0.

�à ¢­¥­¨ï í««¨¯â¨ç¥áª®£® â¨¯  ®¯¨áë¢ îâ ãáâ ­®¢¨¢è¨¥áï â¥¯«®¢ë¥, ¤¨ääã§¨®­­ë¥ ¨ ¤àã£¨¥
¯à®æ¥ááë, ª®â®àë¥ ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨.

�à ¢­¥­¨¥ (7) ­ §ë¢ ¥âáï ®¤­®à®¤­ë¬, ¥á«¨ �(x) ≡ 0.
�à ¥¢ ï § ¤ ç . �à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î w, ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î (7) ¨ £à ­¨ç-

­®¬ã ãá«®¢¨î
�x[w] = g(x) ¯à¨ x ∈ S. (9)

� ®¡é¥¬ á«ãç ¥ �x ¯à¥¤áâ ¢«ï¥â á®¡®© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯¥à¢®£® ¯®àï¤-
ª . � §«¨ç­ë¥ â¨¯ë £à ­¨ç­ëå ãá«®¢¨© ®¯¨á ­ë ¤ «¥¥ ¢ à §¤. 0.2.2.

�à ­¨ç­®¥ ãá«®¢¨¥ (9) ­ §ë¢ ¥âáï ®¤­®à®¤­ë¬, ¥á«¨ g(x) ≡ 0. �à ¥¢ ï § ¤ ç  (7){(9)
­ §ë¢ ¥âáï ®¤­®à®¤­®©, ¥á«¨ � ≡ 0, g ≡ 0.

* �à ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® ¨ £¨¯¥à¡®«¨ç¥áª®£® â¨¯®¢ ­¥à¥¤ª® ­ §ë¢ îâ á¬¥è ­-
­ë¬¨ § ¤ ç ¬¨.

2 �. �. �®«ï­¨­
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0.2.2. �¥à¢ ï, ¢â®à ï, âà¥âìï ¨ á¬¥è ­­ ï ªà ¥¢ë¥ § ¤ ç¨
�«ï «î¡ëå (¯ à ¡®«¨ç¥áª¨å, £¨¯¥à¡®«¨ç¥áª¨å ¨ í««¨¯â¨ç¥áª¨å) ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§-
¢®¤­ëå ¢â®à®£® ¯®àï¤ª  ¢ § ¢¨á¨¬®áâ¨ ®â ¢¨¤  £à ­¨ç­ëå ãá«®¢¨© (4) [á¬. â ª¦¥  ­ «®£¨ç­®¥
ãá«®¢¨¥ (9)] ¯à¨­ïâ® ¢ë¤¥«ïâì ç¥âëà¥ ®á­®¢­ëå â¨¯  ªà ¥¢ëå § ¤ ç. �«ï ¯à®áâ®âë §¤¥áì ®£à -
­¨ç¨¬áï á«ãç ¥¬, ª®£¤  ª®íää¨æ¨¥­âë aij ãà ¢­¥­¨© (1), (5) ¨¬¥îâ á¯¥æ¨ «ì­ë© ¢¨¤

aij(x, t) = a(x, t)δij , δij =
{ 1 ¯à¨ i = j,

0 ¯à¨ i 6= j.
� ª ï á¨âã æ¨ï ­ ¨¡®«¥¥ ç áâ® ¢áâà¥ç ¥âáï ¢ ¯à¨«®¦¥­¨ïå ¨ ¨á¯®«ì§ã¥âáï ¤«ï ®¯¨á ­¨ï
à §«¨ç­ëå ï¢«¥­¨© (¯à®æ¥áá®¢) ¢ ¨§®âà®¯­ëå áà¥¤ å.

�¥à¢ ï ªà ¥¢ ï § ¤ ç . �  £à ­¨æ¥ ®¡« áâ¨ S äã­ªæ¨ï w(x, t) ¯à¨­¨¬ ¥â § ¤ ­­ë¥
§­ ç¥­¨ï:

w(x, t) = g1(x, t) ¯à¨ x ∈ S. (10)
�â®à ï ªà ¥¢ ï § ¤ ç . �  £à ­¨æ¥ ®¡« áâ¨ S § ¤ ¥âáï ¯à®¨§¢®¤­ ï ¯® (¢­¥è­¥©) ­®à¬ «¨:

∂w

∂N
= g2(x, t) ¯à¨ x ∈ S. (11)

� § ¤ ç å â¥¯«®¯¥à¥­®á , £¤¥ w | â¥¬¯¥à âãà , «¥¢ ï ç áâì £à ­¨ç­®£® ãá«®¢¨ï (11) ¯à®¯®àæ¨-
®­ «ì­  â¥¯«®¢®¬ã ¯®â®ªã, ¯à¨å®¤ïé¥¬ãáï ­  ¥¤¨­¨æã ¯®¢¥àå­®áâ¨ S.

�à¥âìï ªà ¥¢ ï § ¤ ç . �  £à ­¨æ¥ ®¡« áâ¨ S § ¤ ­  «¨­¥©­ ï á¢ï§ì ¬¥¦¤ã ¨áª®¬®©
äã­ªæ¨¥© ¨ ¥¥ ¯à®¨§¢®¤­®© ¯® ­®à¬ «¨:

∂w

∂N
+ k(x, t)w = g3(x, t) ¯à¨ x ∈ S. (12)

�¡ëç­® ¯à¨­¨¬ ¥âáï, çâ® k(x, t) = const. � § ¤ ç å ¬ áá®¯¥à¥­®á , £¤¥ w | ª®­æ¥­âà æ¨ï,
£à ­¨ç­®¥ ãá«®¢¨¥ (12) ¯à¨ g3 ≡ 0 ®¯¨áë¢ ¥â ¯®¢¥àå­®áâ­ãî å¨¬¨ç¥áªãî à¥ ªæ¨î ¯¥à¢®£®
¯®àï¤ª .

�¬¥è ­­ë¥ ªà ¥¢ë¥ § ¤ ç¨. � íâ®¬ á«ãç ¥ ­  à §­ëå ãç áâª å £à ­¨æë S § ¤ îâáï ãá«®¢¨ï
à §«¨ç­ëå â¨¯®¢, ¯¥à¥ç¨á«¥­­ëå ¢ëè¥.

�à¨ g1 ≡ 0, g2 ≡ 0, g3 ≡ 0 á®®â¢¥âáâ¢ãîé¨¥ £à ­¨ç­ë¥ ãá«®¢¨ï (10), (11), (12) ¡ã¤ãâ
®¤­®à®¤­ë¬¨.
gr �¨â¥à âãà  ª à §¤¥«ã 0.2: �. �. � ¡¨ç, �. �. � ¯¨«¥¢¨ç, �. �. �¨å«¨­ ¨ ¤à. (1964), �. �. �¨å®­®¢,

�. �. � ¬ àáª¨© (1972).

0.3. �¢®©áâ¢  ¨ ç áâ­ë¥ à¥è¥­¨ï «¨­¥©­ëå ãà ¢­¥­¨©
0.3.1. �¨­¥©­ë¥ ®¤­®à®¤­ë¥ ãà ¢­¥­¨ï

0.3.1-1. �à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï.
�«ï ªà âª®áâ¨ ¢ ¤ ­­®¬ à §¤¥«¥ «¨­¥©­ë¥ ®¤­®à®¤­ë¥ ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨
¡ã¤¥¬ § ¯¨áë¢ âì â ª:

L[w] = 0. (1)
�«ï «¨­¥©­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  ¯ à ¡®«¨ç¥áª®£® ¨ £¨¯¥à¡®«¨ç¥áª®£® â¨¯®¢ «¨­¥©-
­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à L[w] ®¯à¥¤¥«ï¥âáï á®®â¢¥âáâ¢¥­­® «¥¢®© ç áâìî ãà ¢­¥­¨©
(1) ¨ (5) ¨§ à §¤. 0.2.1. � «¥¥ áç¨â ¥âáï, çâ® ãà ¢­¥­¨¥ (1)|¯à®¨§¢®«ì­®¥ «¨­¥©­®¥ ®¤­®à®¤­®¥
ãà ¢­¥­¨¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ «î¡®£® ¯®àï¤ª  ¯® ¯¥à¥¬¥­­ë¬ t, x1, . . . , xn á ¤®áâ â®ç­®
£« ¤ª¨¬¨ ª®íää¨æ¨¥­â ¬¨.

�¨­¥©­ë© ®¯¥à â®à L ®¡« ¤ ¥â á¢®©áâ¢ ¬¨
L[w1 + w2] = L[w1] + L[w2],
L[Aw] = AL[w], A = const.

�à®¨§¢®«ì­®¥ «¨­¥©­®¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ (1) ¨¬¥¥â âà¨¢¨ «ì­®¥ à¥è¥­¨¥ w ≡ 0.
�ã­ªæ¨ï w ­ §ë¢ ¥âáï ª« áá¨ç¥áª¨¬ à¥è¥­¨¥¬, ¥á«¨ ®­  ¯à¨ ¯®¤áâ ­®¢ª¥ ¢ ãà ¢­¥­¨¥

(1) ®¡à é ¥â ¥£® ¢ â®¦¤¥áâ¢® ¨ ¢á¥ ¥¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥, ª®â®àë¥ ¢å®¤ïâ ¢ ãà ¢­¥­¨¥
(1), ­¥¯à¥àë¢­ë (¤ ­­®¥ ¯®­ïâ¨¥ ­ ¯àï¬ãî á¢ï§ ­® á à áá¬ âà¨¢ ¥¬®© ®¡« áâìî ¨§¬¥­¥­¨ï
­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå). � «¥¥ ¢¬¥áâ® óª« áá¨ç¥áª®¥ à¥è¥­¨¥ô ®¡ëç­® ¡ã¤¥¬ ¯¨á âì ¯à®áâ®
óà¥è¥­¨¥ô.
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0.3.1-2. �á¯®«ì§®¢ ­¨¥ ç áâ­ëå à¥è¥­¨© ¤«ï ¯®áâà®¥­¨ï ¤àã£¨å ç áâ­ëå à¥è¥­¨©.
�â¬¥â¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  ç áâ­ëå à¥è¥­¨© «¨­¥©­ëå ®¤­®à®¤­ëå ãà ¢­¥­¨©.

1◦. �ãáâì w1 = w1(x, t), w2 = w2(x, t), . . . , wk = wk(x, t) | «î¡ë¥ ç áâ­ë¥ à¥è¥­¨ï
®¤­®à®¤­®£® ãà ¢­¥­¨ï (1). �®£¤  «¨­¥©­ ï ª®¬¡¨­ æ¨ï

w = A1w1 + A2w2 + · · ·+ Akwk (2)
á ¯à®¨§¢®«ì­ë¬¨ ¯®áâ®ï­­ë¬¨ A1, A2, . . . , Ak â ª¦¥ ï¢«ï¥âáï à¥è¥­¨¥¬ ¤ ­­®£® ãà ¢­¥­¨ï
(¢ ä¨§¨ª¥ íâ® á¢®©áâ¢® ­ §ë¢ îâ ¯à¨­æ¨¯®¬ «¨­¥©­®© áã¯¥à¯®§¨æ¨¨).

�á«¨ ¨¬¥¥âáï ¡¥áª®­¥ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì à¥è¥­¨© {wk}, â® àï¤
∞∑

k=1
wk ­¥§ ¢¨á¨¬®

®â ¥£® áå®¤¨¬®áâ¨, ­ §ë¢ îâ ä®à¬ «ì­ë¬ à¥è¥­¨¥¬. �á«¨ à¥è¥­¨ï wk ª« áá¨ç¥áª¨¥, àï¤
áå®¤¨âáï à ¢­®¬¥à­® ¨ ¥£® áã¬¬  ¨¬¥¥â ­¥®¡å®¤¨¬ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥, â® áã¬¬  àï¤ 
¡ã¤¥â ª« áá¨ç¥áª¨¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1).

2◦. �ãáâì ª®íää¨æ¨¥­âë ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  L ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨ t. �á«¨
ãà ¢­¥­¨¥ (1) ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥ ~w = ~w(x, t), â® à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï (1) ¡ã¤ãâ â ª¦¥
ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ íâ®© äã­ªæ¨¨ ¯® ¢à¥¬¥­¨*

∂ ~w
∂t

,
∂2 ~w
∂t2

, . . . ,
∂k ~w
∂tk

, . . .

3◦. �ãáâì ª®íää¨æ¨¥­âë ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  L ­¥ § ¢¨áïâ ®â ¯à®áâà ­áâ¢¥­­ëå
¯¥à¥¬¥­­ëå x1, . . . , xn. �á«¨ ãà ¢­¥­¨¥ (1) ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥ ~w = ~w(x, t), â® à¥è¥­¨ï¬¨
ãà ¢­¥­¨ï (1) ¡ã¤ãâ â ª¦¥ «î¡ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ®â íâ®£® à¥è¥­¨ï ¯® ¯à®áâà ­áâ¢¥­­ë¬
¯¥à¥¬¥­­ë¬:

∂ ~w
∂x1

,
∂ ~w
∂x2

,
∂ ~w
∂x3

,
∂2 ~w
∂x2

1
,

∂2 ~w
∂x1∂x2

, . . . ,
∂k+m ~w
∂xk

2∂xm
3

, . . .

�á«¨ ª®íää¨æ¨¥­âë ®¯¥à â®à  L ­¥ § ¢¨áïâ â®«ìª® ®â ®¤­®© ¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®©,
­ ¯à¨¬¥à x1, ¨ ãà ¢­¥­¨¥ (1) ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥ ~w = ~w(x, t), â® à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï
¡ã¤ãâ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ®â äã­ªæ¨¨ ~w ¯® ¯¥à¥¬¥­­®© x1:

∂ ~w
∂x1

,
∂2 ~w
∂x2

1
, . . . ,

∂k ~w
∂xk

1
, . . .

4◦. �ãáâì ª®íää¨æ¨¥­âë ®¯¥à â®à  L ¯®áâ®ï­­ë ¨ ãà ¢­¥­¨¥ (1) ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥
~w = ~w(x, t). �®£¤  à¥è¥­¨ï¬¨ ¤ ­­®£® ãà ¢­¥­¨ï ¡ã¤ãâ â ª¦¥ «î¡ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ®â
íâ®£® à¥è¥­¨ï ¯® ¢à¥¬¥­¨ ¨ ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ (¢ª«îç ï ¨ á¬¥è ­­ë¥ ¯à®¨§¢®¤-
­ë¥):

∂ ~w
∂t

,
∂ ~w
∂x1

,
∂2 ~w
∂x2

2
,

∂2 ~w
∂t∂x1

, . . . ,
∂k ~w
∂xk

3
, . . .

5◦. �ãáâì ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) § ¢¨á¨â ®â ¯ à ¬¥âà  µ, â. ¥. ~w = ~w(x, t; µ),  
ª®íää¨æ¨¥­âë ®¯¥à â®à  L ­¥ § ¢¨áïâ ®â íâ®£® ¯ à ¬¥âà  (­® ¬®£ãâ § ¢¨á¥âì ®â ¢à¥¬¥­¨ ¨
¯à®áâà ­áâ¢¥­­ëå ¯¥à¥¬¥­­ëå). �®£¤  ¤àã£¨¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1) ¬®¦­® ¯®«ãç¨âì ¯ãâ¥¬
¤¨ää¥à¥­æ¨à®¢ ­¨ï ¤ ­­®£® à¥è¥­¨ï ¯® ¯ à ¬¥âàã µ:

∂ ~w
∂µ

,
∂2 ~w
∂µ2 , . . . ,

∂k ~w
∂µk

, . . .

�ãáâì ¯®áâ®ï­­ë¥ µ1, µ2, . . . , µk ¯à¨­ ¤«¥¦ â ®¡« áâ¨ ¤®¯ãáâ¨¬ëå §­ ç¥­¨© ¯ à ¬¥âà  µ.
�®£¤  áã¬¬ 

w = A1 ~w(x, t; µ1) + A2 ~w(x, t; µ2) + · · ·+ Ak ~w(x, t; µk), (3)
£¤¥ A1, A2, . . . , Ak | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ï¢«ï¥âáï à¥è¥­¨¥¬ «¨­¥©­®£® ®¤­®à®¤-
­®£® ãà ¢­¥­¨ï (1). �ª § ­­ ï áã¬¬  ¬®¦¥â á®¤¥à¦ âì ª ª ª®­¥ç­®¥, â ª ¨ ¡¥áª®­¥ç­®¥ ç¨á«®
á« £ ¥¬ëå.

6◦. �àã£®© íää¥ªâ¨¢­ë© á¯®á®¡ ¯®áâà®¥­¨ï ç áâ­ëå à¥è¥­¨© § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬.
� áâ­®¥ à¥è¥­¨¥ ~w(x, t; µ), § ¢¨áïé¥¥ ®â ¯ à ¬¥âà  µ (ª ª ¨ à ­¥¥, áç¨â ¥âáï, çâ® ª®íää¨-
æ¨¥­âë ®¯¥à â®à  L ­¥ § ¢¨áïâ ®â µ) á­ ç «  ã¬­®¦ ¥âáï ­  ¯à®¨§¢®«ì­ãî äã­ªæ¨î ϕ(µ),

* �¤¥áì ¨ ¤ «¥¥ ¯à¥¤¯®« £ ¥âáï, çâ® ç áâ­®¥ à¥è¥­¨¥ ~w ¤®áâ â®ç­®¥ ç¨á«® à § ¤¨ää¥à¥­æ¨àã¥¬® ¯®
á®®â¢¥âáâ¢ãîé¨¬ ¢à¥¬¥­­®© ¨«¨ ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ (¨«¨ ¯ à ¬¥âà ¬).
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������� 2
�¨­¥©­ë¥ ®¤­®à®¤­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï á ç áâ­ë¬¨

¯à®¨§¢®¤­ë¬¨, ª®â®àë¥ ¤®¯ãáª îâ à¥è¥­¨ï c à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨.

N0 �¨¤ ãà ¢­¥­¨ï (1) �¨¤ ç áâ­ëå à¥è¥­¨©

1 �®íää¨æ¨¥­âë ãà ¢­¥­¨ï
¯®áâ®ï­­ë

w(x, t) = A exp(λt + β1x1 + · · ·+ βnxn),
λ, β1, . . . , βn á¢ï§ ­ë  «£¥¡à ¨ç¥áª¨¬ á®®â­®è¥­¨¥¬

2 �®íää¨æ¨¥­âë ãà ¢­¥­¨ï
­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨ t

w(x, t) = eλtψ(x),
λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, x = {x1, . . . , xn}

3 �®íää¨æ¨¥­âë ãà ¢­¥­¨ï ­¥ § ¢¨áïâ
®â ¯¥à¥¬¥­­ëå x1, . . . , xn

w(x, t) = exp(β1x1 + · · ·+ βnxn)ψ(t),
β1, . . . , βn | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥

4 �®íää¨æ¨¥­âë ãà ¢­¥­¨ï ­¥ § ¢¨áïâ
®â ¯¥à¥¬¥­­ëå x1, . . . , xk

w(x, t) = exp(β1x1 + · · ·+ βkxk)ψ(t, xk+1, . . . , xn),
β1, . . . , βk | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥

5
L[w] = Lt[w] + Lx[w],

®¯¥à â®à Lt § ¢¨á¨â â®«ìª® ®â t,
®¯¥à â®à Lx § ¢¨á¨â â®«ìª® ®â x

w(x, t) = ϕ(t)ψ(x),
ϕ(t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î Lt[ϕ] + λϕ = 0,
ψ(x) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î Lx[ψ]− λψ = 0

6
L[w] = Lt[w] + L1[w] + · · ·+ Ln[w],

®¯¥à â®à Lt § ¢¨á¨â â®«ìª® ®â t,
®¯¥à â®à Lk § ¢¨á¨â â®«ìª® ®â xk

w(x, t) = ϕ(t)ψ1(x1) . . . ψn(xn),
ϕ(t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î Lt[ϕ] + λϕ = 0,

ψk(xk) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î Lk[ψk] + βkψk = 0,
λ + β1 + · · ·+ βn = 0

7
L[w] = f0(x1)Lt[w] +

n∑
k=1

fk(x1)Lk[w],

®¯¥à â®à Lt § ¢¨á¨â â®«ìª® ®â t,
®¯¥à â®à Lk § ¢¨á¨â â®«ìª® ®â xk

w(x, t) = ϕ(t)ψ1(x1) . . . ψn(xn),
Lt[ϕ] + λϕ = 0,

Lk[ψk] + βkψk = 0, k = 2, . . . , n,

f1(x1)L1[ψ1]− [
λf0(x1) +

n∑
k=2

βkfk(x1)
]
ψ1 = 0

8
L[w] = ∂w

∂t
+ L1,t[w] + · · ·+ Ln,t[w],

£¤¥ Lk,t[w] =
mk∑
s=0

fks(xk, t) ∂sw

∂xs
k

w(x, t) = ψ1(x1, t)ψ2(x2, t) . . . ψn(xn, t),
∂ψk

∂t
+ Lk,t[ψk] = λk(t)ψk , k = 1, . . . , n,

λ1(t) + λ2(t) + · · ·+ λn(t) = 0

  § â¥¬ ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¨­â¥£à¨àã¥âáï ¯® ¯ à ¬¥âàã µ ¯® ­¥ª®â®à®¬ã ®âà¥§ªã [α, β].
� à¥§ã«ìâ â¥ ¯®«ãç îâ ­®¢ãî äã­ªæ¨î

∫ β

α

~w(x, t; µ)ϕ(µ) dµ,

ª®â®à ï â ª¦¥ ï¢«ï¥âáï à¥è¥­¨¥¬ ¨áå®¤­®£® «¨­¥©­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï.
�¢®©áâ¢ , ®¯¨á ­­ë¥ ¢ ¯¯. 1◦{6◦, ¯®§¢®«ïîâ ¯®«ãç âì á ¯®¬®éìî ®¤­¨å ç áâ­ëå à¥è¥­¨©

¤àã£¨¥ ç áâ­ë¥ à¥è¥­¨ï «¨­¥©­ëå ®¤­®à®¤­ëå ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨.

0.3.1-3. �¥è¥­¨ï á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨.

�­®£¨¥ «¨­¥©­ë¥ ®¤­®à®¤­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¨¬¥îâ
à¥è¥­¨ï, ª®â®àë¥ ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢. � ª¨¥
à¥è¥­¨ï ­ §ë¢ îâ à¥è¥­¨ï¬¨ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨.

� â ¡«. 2 ãª § ­ë ­ ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¥ â¨¯ë «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨© á® ¬­®£¨¬¨ ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨, ª®â®àë¥ ¤®¯ãáª îâ à¥è¥­¨ï c
à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨. �¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ ç áâ­ëå à¥è¥­¨©, á®®â¢¥âáâ¢ãîé¨å
à §«¨ç­ë¬ §­ ç¥­¨ï¬ ¯ à ¬¥âà®¢ à §¤¥«¥­¨ï λ, β1, . . . , βn, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ à áá¬ â-
à¨¢ ¥¬ëå ãà ¢­¥­¨©. �«ï ªà âª®áâ¨ ¢¬¥áâ® «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯¨è¥âáï
®¯¥à â®à.
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� á«ãç ¥ ãà ¢­¥­¨© á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ (á¬. ¯¥à¢ãî áâà®ªã â ¡«. 2) ¯ à ¬¥âàë
à §¤¥«¥­¨ï ¤®«¦­ë ã¤®¢«¥â¢®àïâì  «£¥¡à ¨ç¥áª®¬ã ãà ¢­¥­¨î

D(λ, β1, . . . , βn) = 0, (4)
ª®â®à®¥ ¯®«ãç ¥âáï ¢ à¥§ã«ìâ â¥ ¯®¤áâ ­®¢ª¨ ¤ ­­®£® à¥è¥­¨ï ¢ ãà ¢­¥­¨¥ (1). � ä¨§¨ç¥áª¨å
¯à¨«®¦¥­¨ïå ãà ¢­¥­¨¥ (4) ®¡ëç­® ­ §ë¢ îâ ¤¨á¯¥àá¨®­­ë¬ ãà ¢­¥­¨¥¬. �î¡ë¥ n ¨§ n + 1
¯ à ¬¥âà  à §¤¥«¥­¨ï ¢ (4) ¬®¦­® áç¨â âì ¯à®¨§¢®«ì­ë¬¨.

�â¬¥â¨¬, çâ® ãà ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨¬¥îâ â ª¦¥ ¡®«¥¥ á«®¦­ë¥
à¥è¥­¨ï, ãª § ­­ë¥ ¢® ¢â®à®© ¨ âà¥âì¥© áâà®ª å â ¡«. 2 (á¬. ¯®á«¥¤­¨© áâ®«¡¥æ).

� ¢®áì¬®© áâà®ª¥ â ¡«. 2 à áá¬®âà¥­ á«ãç © ­¥¯®«­®£® à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå, ª®£¤ 
à¥è¥­¨¥ à §¤¥«ï¥âáï ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ x1, . . . , xn, â® ­¥ à §¤¥«ï¥âáï ¯®
¢à¥¬¥­¨ t.

� ¬¥ç ­¨¥. �«ï áâ æ¨®­ à­ëå ãà ¢­¥­¨©, ª®â®àë¥ ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨ t, ¢ 1, 6 ¨ 7
áâà®ª å â ¡«. 2 á«¥¤ã¥â ¯®«®¦¨âì λ = 0, Lt[w] ≡ 0, ϕ(t) ≡ 1.

0.3.1-4. �¥è¥­¨ï ¢ ¢¨¤¥ ¡¥áª®­¥ç­®£® áâ¥¯¥­­®£® àï¤  ¯® ¯¥à¥¬¥­­®© t.

1◦. �à ¢­¥­¨¥
∂w

∂t
= M [w],

£¤¥ M | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® («î¡®£®) ¯®àï¤ª ,
§ ¢¨áïé¨© â®«ìª® ®â ¯à®áâà ­áâ¢¥­­ëå ¯¥à¥¬¥­­ëå, ¨¬¥¥â ä®à¬ «ì­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ àï¤ 

w(x, t) = f(x) +
∞∑

k=1

tk

k!
Mk[f(x)], Mk[f ] = M

[
Mk−1[f ]

]
,

£¤¥ f(x) | ¯à®¨§¢®«ì­ ï ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï. �â® à¥è¥­¨¥ ã¤®¢«¥â¢®àï¥â
­ ç «ì­®¬ã ãá«®¢¨î w(x, 0) = f(x).

2◦. �à ¢­¥­¨¥
∂2w

∂t2
= M [w],

£¤¥ M | «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à, ®¯¨á ­­ë© ¢ ¯. 1◦, ¨¬¥¥â ä®à¬ «ì­®¥
à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå àï¤®¢

w(x, t) =
∞∑

k=0

t2k

(2k)!
Mk[f(x)] +

∞∑

k=0

t2k+1

(2k + 1)!
Mk[g(x)],

£¤¥ f(x) ¨ g(x) | ¯à®¨§¢®«ì­ë¥ ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ äã­ªæ¨¨. �â® à¥è¥­¨¥
ã¤®¢«¥â¢®àï¥â ­ ç «ì­ë¬ ãá«®¢¨ï¬: w(x, 0) = f(x), ∂tw(x, 0) = g(x).

0.3.2. �¨­¥©­ë¥ ­¥®¤­®à®¤­ë¥ ãà ¢­¥­¨ï

0.3.2-1. �à®áâ¥©è¨¥ á¢®©áâ¢  «¨­¥©­ëå ­¥®¤­®à®¤­ëå ãà ¢­¥­¨©.
�«ï ªà âª®áâ¨ «¨­¥©­ë¥ ­¥®¤­®à®¤­ë¥ ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¡ã¤¥¬ § ¯¨áë¢ âì
â ª:

L[w] = �(x, t), (5)
£¤¥ «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à L ®¯¨á ­ ¯®á«¥ ãà ¢­¥­¨ï (1).

�â¬¥â¨¬ ¯à®áâ¥©è¨¥ á¢®©áâ¢  ç áâ­ëå à¥è¥­¨© ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (5).
1◦. �á«¨ ¨§¢¥áâ­® ç áâ­®¥ à¥è¥­¨¥ ~w�(x, t) ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (5) ¨ ç áâ­®¥

à¥è¥­¨¥ ~w0(x, t) á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï (1), â® áã¬¬ 
A~w0(x, t) + ~w�(x, t),

£¤¥ A | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (5). �¯à -
¢¥¤«¨¢® ¡®«¥¥ ®¡é¥¥ ãâ¢¥à¦¤¥­¨¥: ®¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (5) ï¢«ï¥âáï áã¬-
¬®© ®¡é¥£® à¥è¥­¨ï á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï (1) ¨ «î¡®£® ç áâ­®£® à¥è¥­¨ï
­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (5).
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2◦. �ãáâì w1 ¨ w2 | à¥è¥­¨ï «¨­¥©­ëå ­¥®¤­®à®¤­ëå ãà ¢­¥­¨© á ®¤¨­ ª®¢®© «¥¢®© ¨
à §­ë¬¨ ¯à ¢ë¬¨ ç áâï¬¨, â. ¥.

L[w1] = �1(x, t), L[w2] = �2(x, t).
�®£¤  äã­ªæ¨ï w = w1 + w2 ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï

L[w] = �1(x, t) + �2(x, t).

0.3.2-2. �ã­¤ ¬¥­â «ì­ë¥ ¨ ç áâ­ë¥ à¥è¥­¨ï áâ æ¨®­ à­ëå ãà ¢­¥­¨©.
� áá¬®âà¨¬ «¨­¥©­®¥ áâ æ¨®­ à­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª 

Lx[w] = �(x). (6)
�¤¥áì Lx | «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® («î¡®£®) ¯®àï¤ª  ®¡é¥£® ¢¨¤ ,
ª®íää¨æ¨¥­âë ª®â®à®£® § ¢¨áïâ ®â x, £¤¥ x ∈ Rn.

�ã­¤ ¬¥­â «ì­ë¬ à¥è¥­¨¥¬, á®®â¢¥âáâ¢ãîé¨¬ ®¯¥à â®àã Lx, ­ §ë¢ ¥âáï ®¡®¡é¥­­ ï
äã­ªæ¨ï* E = E (x, y), ª®â®à ï ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î á® á¯¥æ¨ «ì­®© ¯à ¢®© ç áâìî

Lx[E ] = δ(x− y). (7)
�¤¥áì δ(x) | n-¬¥à­ ï ¤¥«ìâ -äã­ªæ¨ï, ¢¥«¨ç¨­  y = {y1, . . . , yn} ¢å®¤¨â ¢ ãà ¢­¥­¨¥ (7) ª ª
n-¬¥à­ë© á¢®¡®¤­ë© ¯ à ¬¥âà. �ç¨â ¥âáï, çâ® y ∈ Rn.

�á­®¢­ë¥ á¢®©áâ¢  n-¬¥à­®© ¤¥«ìâ -äã­ªæ¨¨:
1. δ(x) = δ(x1)δ(x2) . . . δ(xn),

2.

∫

Rn

�(y)δ(x− y) dy = �(x),

£¤¥ δ(xk)|®¤­®¬¥à­ë¥ ¤¥«ìâ -äã­ªæ¨¨, �(x)|«î¡ ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï, dy=dy1 . . . dyn.
�«ï ãà ¢­¥­¨© á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ¢á¥£¤  áãé¥-

áâ¢ã¥â. �£® ¬®¦­® ­ ©â¨ á ¯®¬®éìî n-¬¥à­®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥ [á¬. �. �. �« ¤¨¬¨à®¢
(1971, áâà. 192{194)].

� áâ­®¥ à¥è¥­¨¥ «¨­¥©­®£® áâ æ¨®­ à­®£® ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (6) ¤«ï ¯à®¨§¢®«ì­®©
­¥¯à¥àë¢­®© äã­ªæ¨¨ �(x) ¢ëà ¦ ¥âáï á ¯®¬®éìî äã­¤ ¬¥­â «ì­®£® à¥è¥­¨ï E = E (x, y)
¢ ¢¨¤¥ ¨­â¥£à « 

w(x) =
∫

Rn

�(y)E (x, y) dy. (8)

� ¬¥ç ­¨¥ 1. �ã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ E ­¥ ¥¤¨­áâ¢¥­­®, ®­® ®¯à¥¤¥«ï¥âáï á â®ç­®áâìî
¤® á« £ ¥¬®£® w0 = w0(x), ï¢«ïîé¥£®áï ¯à®¨§¢®«ì­ë¬ à¥è¥­¨¥¬ ®¤­®à®¤­®£® ãà ¢­¥­¨ï
Lx[w0] = 0.

� ¬¥ç ­¨¥ 2. �«ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ äã­¤ -
¬¥­â «ì­®¥ à¥è¥­¨¥ ¨¬¥¥â ¢¨¤ E (x, y) = E (x− y).

� ¬¥ç ­¨¥ 3. � áâ® ¯¥à¥¤ ¯à ¢ë¬¨ ç áâï¬¨ ãà ¢­¥­¨© (6) ¨ (7) áâ ¢ïâ §­ ª ó¬¨­ãáô.
� íâ®¬ á«ãç ¥ ®áâ ¥âáï á¯à ¢¥¤«¨¢®© ä®à¬ã«  (8).

� ¬¥ç ­¨¥ 4. � áâ­®¥ à¥è¥­¨¥ «¨­¥©­ëå ­¥áâ æ¨®­ à­ëå ­¥®¤­®à®¤­ëå ãà ¢­¥­¨© ¬®¦-
­® ¢ëà §¨âì ç¥à¥§ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨, á¬. à §¤. 0.6.
gr �¨â¥à âãà  ª à §¤¥«ã 0.3: �. �¥à¬ ­¤¥à (1965, 1986), �. �®à­, �. �®à­ (1968), �. �. �« ¤¨¬¨à®¢

(1971, 1976), �. �. �¨å®­®¢, �. �. � ¬ àáª¨© (1972), D. Zwillinger (1989), �. �. �®«ï­¨­, �. �. �ï§ì¬¨­,
�. �. �ãà®¢, �. �. � §¥­¨­ (1998).

0.4. �¥â®¤ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå
0.4.1. �¡é¥¥ ®¯¨á ­¨¥ ¬¥â®¤  à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå

0.4.1-1. �å¥¬  à¥è¥­¨ï «¨­¥©­ëå ªà ¥¢ëå § ¤ ç ¬¥â®¤®¬ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå.
�­®£¨¥ «¨­¥©­ë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ à¥è îâáï ¬¥â®¤®¬ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå.
�  à¨á. 1 ¨§®¡à ¦¥­  áå¥¬  ¯à¨¬¥­¥­¨ï íâ®£® ¬¥â®¤  ¤«ï à¥è¥­¨ï ­¥áâ æ¨®­ à­ëå ªà ¥¢ëå
§ ¤ ç, ®¯¨áë¢ ¥¬ëå «¨­¥©­ë¬¨ ®¤­®à®¤­ë¬¨ ãà ¢­¥­¨ï¬¨ ¢â®à®£® ¯®àï¤ª  ¯ à ¡®«¨ç¥áª®£®

* �¥®à¨ï ®¡®¡é¥­­ëå äã­ªæ¨© ¨§« £ ¥âáï ¢ ª­¨£ å �. �. �« ¤¨¬¨à®¢  (1971, 1976).
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�¨á. 1. �å¥¬  à¥è¥­¨ï «¨­¥©­ëå ªà ¥¢ëå § ¤ ç ¬¥â®¤®¬ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå (¤«ï ãà ¢­¥­¨© ¯ à ¡®-
«¨ç¥áª®£® â¨¯  äã­ªæ¨ï F2 ­¥ § ¢¨á¨â ®â ψ′′tt ¨ Bn = 0).
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¨ £¨¯¥à¡®«¨ç¥áª®£® â¨¯®¢* á ®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ ¨ ­¥®¤­®à®¤­ë¬¨ ­ ç «ì-
­ë¬¨ ãá«®¢¨ï¬¨. �«ï ¯à®áâ®âë à áá¬ âà¨¢ îâáï § ¤ ç¨ á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨
x ¨ t, £¤¥ x1 6 x 6 x2 ¨ t > 0.

� ¤ ç¨, ª®â®àë¥ ¬®¦­® à¥è¨âì ¬¥â®¤®¬ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå ¯® ãª § ­­®© áå¥¬¥, ®¯¨-
áë¢ îâáï «¨­¥©­ë¬¨ ®¤­®à®¤­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå
¢â®à®£® ¯®àï¤ª 

α(t) ∂2w

∂t2
+ β(t) ∂w

∂t
= a(x) ∂2w

∂x2 + b(x) ∂w

∂x
+

[
c(x) + γ(t)

]
w (1)

á «¨­¥©­ë¬¨ ®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨
s1∂xw + k1w = 0 ¯à¨ x = x1,

s2∂xw + k2w = 0 ¯à¨ x = x2
(2)

¨ ¯à®¨§¢®«ì­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
w = f0(x) ¯à¨ t = 0, (3)

∂tw = f1(x) ¯à¨ t = 0. (4)
�«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯ , ª®â®àë¬ á®®â¢¥âáâ¢ã¥â α(t) ≡ 0 ¢ (1), ¢ëáâ ¢«ï¥âáï

â®«ìª® ®¤­® ­ ç «ì­®¥ ãá«®¢¨¥ (3).
�¯¨è¥¬ â¥¯¥àì ¡®«¥¥ ¯®¤à®¡­® ®á­®¢­ë¥ íâ ¯ë ¯à¨¬¥­¥­¨ï ¬¥â®¤  à §¤¥«¥­¨ï ¯¥à¥¬¥­-

­ëå. �ã¤¥¬ áç¨â âì, çâ® ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (1) ¨ £à ­¨ç­ëå ãá«®¢¨© (2) ã¤®¢«¥â¢®àïîâ
ãá«®¢¨ï¬:

α(t), β(t), γ(t), a(x), b(x), c(x) | ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨,

α(t) > 0, 0 < a(x) < ∞, |s1|+ |k1| > 0, |s2|+ |k2| > 0.

0.4.1-2. �®¨áª ç áâ­ëå à¥è¥­¨©. �®«ãç¥­¨¥ ãà ¢­¥­¨© ¨ £à ­¨ç­ëå ãá«®¢¨©.
�¥â®¤ ®á­®¢ ­ ­  ¯®¨áª¥ ç áâ­ëå à¥è¥­¨© ãà ¢­¥­¨ï (1) ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå
 à£ã¬¥­â®¢

w(x, t) = ϕ(x) ψ(t). (5)
�®á«¥ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå ¨ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© ¤«ï äã­ªæ¨© ϕ = ϕ(x) ¨
ψ = ψ(t) ¯®«ãç¨¬ «¨­¥©­ë¥ ®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï

a(x)ϕ′′xx + b(x)ϕ′x + [λ + c(x)]ϕ = 0, (6)
α(t)ψ′′tt + β(t)ψ′t + [λ− γ(t)]ψ = 0, (7)

¢ ª®â®àë¥ ¢å®¤¨â á¢®¡®¤­ë© ¯ à ¬¥âà λ. � ®¡®§­ ç¥­¨ïå, ¯à¨­ïâëå ­  à¨á. 1, ãà ¢­¥­¨ï (6) ¨
(7) § ¯¨áë¢ îâáï â ª: ϕF1(x, ϕ, ϕ′x, ϕ′′xx) + λϕ = 0 ¨ ψF2(t, ψ, ψ′t, ψ

′′
tt) + λψ = 0.

�®¤áâ ¢¨¢ (5) ¢ (2), ¯®«ãç¨¬ £à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï äã­ªæ¨¨ ϕ = ϕ(x):
s1ϕ

′
x + k1ϕ = 0 ¯à¨ x = x1,

s2ϕ
′
x + k2ϕ = 0 ¯à¨ x = x2.

(8)

�¨­¥©­®¥ ®¤­®à®¤­®¥ ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (6) ¢¬¥áâ¥ á «¨­¥©­ë¬¨
®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (8) ¯à¥¤áâ ¢«ï¥â á®¡®© § ¤ çã ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï.

0.4.1-3. �¥è¥­¨¥ § ¤ ç¨ ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï. �àâ®£®­ «ì­®áâì á®¡áâ¢¥­­ëå äã­ªæ¨©.
�ãáâì ~ϕ1 = ~ϕ1(x, λ) ¨ ~ϕ2 = ~ϕ2(x, λ) | «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ ç áâ­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (6).
�®£¤  ®¡é¥¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ «¨­¥©­®© ª®¬¡¨­ æ¨¨

ϕ = C1 ~ϕ1(x, λ) + C2 ~ϕ2(x, λ), (9)
£¤¥ C1 ¨ C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

�®¤áâ ¢¨¬ à¥è¥­¨¥ (9) ¢ £à ­¨ç­ë¥ ãá«®¢¨ï (8). � à¥§ã«ìâ â¥ ¤«ï ®¯à¥¤¥«¥­¨ï ª®íää¨æ¨-
¥­â®¢ C1 ¨ C2 ¯®«ãç¨¬ «¨­¥©­ãî ®¤­®à®¤­ãî  «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã

ε11(λ)C1 + ε12(λ)C2 = 0,

ε21(λ)C1 + ε22(λ)C2 = 0,
(10)

* �¥â®¤ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå ¨á¯®«ì§ã¥âáï â ª¦¥ ¤«ï à¥è¥­¨ï áâ æ¨®­ à­ëå ªà ¥¢ëå § ¤ ç, ®¯¨áë-
¢ ¥¬ëå «¨­¥©­ë¬¨ ãà ¢­¥­¨ï¬¨ í««¨¯â¨ç¥áª®£® â¨¯  [á¬. �. �. �®«®¦¨© (1964, áâà. 417{422), �. �. �à-
á¥­¨­ (1974, áâà. 117{120)].
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£¤¥ εij(λ) =
[
si(~ϕj)′x + ki ~ϕj

]
x=xi

. �â®¡ë á¨áâ¥¬  (10) ¨¬¥«  ­¥âà¨¢¨ «ì­ë¥ à¥è¥­¨ï, ¥¥
®¯à¥¤¥«¨â¥«ì ¤®«¦¥­ ¡ëâì à ¢¥­ ­ã«î:

ε11(λ)ε22(λ)− ε12(λ)ε21(λ) = 0. (11)
�¥è ï âà ­áæ¥­¤¥­â­®¥ ãà ¢­¥­¨¥ (11) ­ å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï λ = λn , £¤¥ n = 1, 2, . . .
�à¨ íâ¨å §­ ç¥­¨ïå áãé¥áâ¢ãîâ ­¥âà¨¢¨ «ì­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (6):

ϕn(x) = ε12(λn)~ϕ1(x, λn)− ε11(λn)~ϕ2(x, λn), (12)
ª®â®àë¥ ­ §ë¢ îâáï á®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ (íâ¨ äã­ªæ¨¨ ®¯à¥¤¥«ï¥âáï á â®ç­®áâìî ¤®
¯®áâ®ï­­®£® ¬­®¦¨â¥«ï).

�«ï ã¤®¡áâ¢  ¤ «ì­¥©è¥£®  ­ «¨§  ãà ¢­¥­¨¥ (6) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥
[p(x)ϕ′x]′x + [λρ(x)− q(x)]ϕ = 0, (13)

£¤¥ äã­ªæ¨¨ p(x), q(x), ρ(x) ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬

p(x) = exp
[∫

b(x)
a(x)

dx
]
, q(x) = − c(x)

a(x)
exp

[∫
b(x)
a(x)

dx
]
, ρ(x) = 1

a(x)
exp

[∫
b(x)
a(x)

dx
]
.

(14)
�§ ¨áå®¤­ëå ¯à¥¤¯®«®¦¥­¨© (á¬. ª®­¥æ à §¤. 0.4.1-1) á«¥¤ã¥â, çâ® p(x), p′x(x), q(x), ρ(x) |
­¥¯à¥àë¢­ë¥ äã­ªæ¨¨, p(x) > 0, ρ(x) > 0.

�â­®á¨â¥«ì­® § ¤ ç¨ ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï (13), (8) ¨§¢¥áâ­® á«¥¤ãîé¥¥:
1. �á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï λ1, λ2, . . . ¢¥é¥áâ¢¥­­ë ¨ λn → ∞ ¯à¨ n → ∞. (�®íâ®¬ã

¬®¦¥â ¡ëâì «¨èì ª®­¥ç­®¥ ç¨á«® ®âà¨æ â¥«ì­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨©.)
2. �¨áâ¥¬  á®¡áâ¢¥­­ëå äã­ªæ¨© ϕ1(x), ϕ2(x), . . . ï¢«ï¥âáï ®àâ®£®­ «ì­®© ­  ®âà¥§ª¥

x1 6 x 6 x2 á ¢¥á®¢®© äã­ªæ¨¥© ρ(x), â. ¥.
∫ x2

x1

ρ(x)ϕn(x)ϕm(x) dx = 0 ¯à¨ n 6= m. (15)

3. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨©
q(x) > 0, s1k1 6 0, s2k2 > 0, (16)

®âà¨æ â¥«ì­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© ­¥â. �á«¨ q≡ 0, k1 = k2 = 0, â® ­ ¨¬¥­ìè¨¬ á®¡áâ¢¥­­ë¬
§­ ç¥­¨¥¬ ¡ã¤¥â λ1 = 0, ª®â®à®¬ã ®â¢¥ç ¥â á®¡áâ¢¥­­ ï äã­ªæ¨ï ϕ1 = const. � ®áâ «ì­ëå
á«ãç ïå ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (16) ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯®«®¦¨â¥«ì­ë [¯¥à¢®¥ ­¥à -
¢¥­áâ¢® ¢ (16) ¢ë¯®«­ï¥âáï, ¥á«¨ c(x) 6 0].

� à §¤. 1.8.9 ¯à¨¢¥¤¥­ë ­¥ª®â®àë¥ ä®à¬ã«ë ¤«ï ®æ¥­ª¨ á®¡áâ¢¥­­ëå §­ ç¥­¨© λn ¨
á®¡áâ¢¥­­ëå äã­ªæ¨© ϕn(x).

0.4.2. �¥è¥­¨¥ ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® ¨
£¨¯¥à¡®«¨ç¥áª®£® â¨¯®¢

0.4.2-1. �¥è¥­¨¥ ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯ .

�«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯  ¢ (1) ¨ (7) á«¥¤ã¥â ¯®«®¦¨âì α(t) ≡ 0. �à®¬¥ â®£® ¡ã¤¥¬
áç¨â âì, çâ® β(t) > 0, γ(t) < min λn.

�­ ç «  ­ å®¤¨¬ à¥è¥­¨ï ãà ¢­¥­¨ï (7), á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥­­ë¬ §­ ç¥­¨ï¬ λ = λn

¨ ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ ­®à¬¨à®¢ª¨ ψn(0) = 1:

ψn(t) = exp
[∫ t

0

γ(ξ)− λn

β(ξ)
dξ

]
. (17)

�¥è¥­¨¥ ¨áå®¤­®© ­¥áâ æ¨®­ à­®© ªà ¥¢®© § ¤ ç¨ (1){(3) ¤«ï ãà ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£®
â¨¯  ¨é¥âáï ¢ ¢¨¤¥

w(x, t) =
∞∑

n=1
Anϕn(x) ψn(t), (18)

£¤¥ An | ¯®áâ®ï­­ë¥ ª®íää¨æ¨¥­âë,   äã­ªæ¨¨ wn(x, t) = ϕn(x) ψn(t) ¯à¥¤áâ ¢«ïîâ á®¡®©
ç áâ­ë¥ à¥è¥­¨ï ¢¨¤  (5), ª®â®àë¥ ã¤®¢«¥â¢®àïîâ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (2). � á¨«ã ¯à¨­æ¨¯ 
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«¨­¥©­®© áã¯¥à¯®§¨æ¨¨ àï¤ (18) â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ ¨áå®¤­®£® ãà ¢­¥­¨ï á ç áâ­ë¬¨
¯à®¨§¢®¤­ë¬¨, ã¤®¢«¥â¢®àïîé¨¬ £à ­¨ç­ë¬ ãá«®¢¨ï¬.

�«ï ®¯à¥¤¥«¥­¨ï ª®íää¨æ¨¥­â®¢ An ¯®¤áâ ¢¨¬ àï¤ (18) ¢ ­ ç «ì­®¥ ãá«®¢¨¥ (3). � à¥§ã«ì-
â â¥ ¨¬¥¥¬

∞∑
n=1

Anϕn(x) = f0(x).

�¬­®¦¨¬ ®¡¥ ç áâ¨ íâ®£® à ¢¥­áâ¢  ­  ρ(x)ϕn(x) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¯®
x ­  ®âà¥§ª¥ x1 6 x 6 x2. �ç¨âë¢ ï á¢®©áâ¢  (15), ­ å®¤¨¬ ª®íää¨æ¨¥­âë

An = 1
‖ϕn‖2

∫ x2

x1

ρ(x)ϕn(x)f0(x) dx, ‖ϕn‖2 =
∫ x2

x1

ρ(x)ϕ2
n(x) dx. (19)

�®à¬ã«  ¤«ï ®¯à¥¤¥«¥­¨ï ¢¥á®¢®© äã­ªæ¨¨ ρ(x) ¯à¨¢¥¤¥­  ¢ (14).
�®à¬ã«ë (18), (12), (17), (19) ¤ îâ ä®à¬ «ì­®¥ à¥è¥­¨¥ ­¥áâ æ¨®­ à­®© ªà ¥¢®© § ¤ ç¨

(1){(3) ¯à¨ α(t) ≡ 0.
�à¨¬¥à 1. �ãáâì β(t) = 1 ¨ γ(t) = 0. �®¤áâ ¢«ïï íâ¨ §­ ç¥­¨ï ¢ ä®à¬ã«ã (17), ¨¬¥¥¬

ψn(t) = exp(−λnt). (20)
�á«¨ äã­ªæ¨ï f0(x) ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï
(á¬. à §¤. 0.4.2-3), â® àï¤ (18) áå®¤¨âáï ¨ ¤®¯ãáª ¥â ¯®ç«¥­­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ (®¤­®ªà â­®¥ ¯® t ¨
¤¢ãªà â­®¥ ¯® x). �®à¬ã«ë (18), (12), (19), (20) ¢ íâ®¬ á«ãç ¥ ¤ îâ ª« áá¨ç¥áª®¥ £« ¤ª®¥ à¥è¥­¨¥ § ¤ ç¨
(1){(3). [�á«¨ £« ¤ª®áâì äã­ªæ¨¨ f0(x) ¬¥­ìè¥ ãª § ­­®© ¨«¨ ­¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï á®£« á®¢ ­¨ï, â®
àï¤ (18) ¬®¦¥â áå®¤¨âáï ª à §àë¢­®© äã­ªæ¨¨ ¨ ¡ã¤¥â ¤ ¢ âì â®«ìª® ®¡®¡é¥­­®¥ à¥è¥­¨¥.]

0.4.2-2. �¥è¥­¨¥ ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© £¨¯¥à¡®«¨ç¥áª®£® â¨¯ .

�«ï ãà ¢­¥­¨© £¨¯¥à¡®«¨ç¥áª®£® â¨¯  à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (1){(4) ¨é¥âáï ¢ ¢¨¤¥

w(x, t) =
∞∑

n=1
ϕn(x)

[
Anψn1(t) + Bnψn2(t)

]
. (21)

�¤¥áì An ¨ Bn | ¯®áâ®ï­­ë¥ ª®íää¨æ¨¥­âë,   ψn1(t), ψn2(t) | ç áâ­ë¥ à¥è¥­¨ï «¨­¥©­®£®
ãà ¢­¥­¨ï (7) ¤«ï äã­ªæ¨¨ ψ (¯à¨ λ = λn), ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

ψn1(0) = 1, ψ′n1(0) = 0; ψn2(0) = 0, ψ′n2(0) = 1. (22)

�®¤áâ ¢¨¬ à¥è¥­¨¥ (21) ¢ ­ ç «ì­ë¥ ãá«®¢¨ï (3){(4). � à¥§ã«ìâ â¥ ¨¬¥¥¬
∞∑

n=1
Anϕn(x) = f0(x),

∞∑
n=1

Bnϕn(x) = f1(x).

�¬­®¦¨¬ íâ¨ à ¢¥­áâ¢  ­  ρ(x)ϕn(x) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯®«ãç¥­­ë¥ ¢ëà ¦¥­¨ï ¯® x ­  ®âà¥§ª¥
x1 6 x 6 x2. �ç¨âë¢ ï á¢®©áâ¢  (15), ­ å®¤¨¬ ª®íää¨æ¨¥­âë àï¤  (21):

An = 1
‖ϕn‖2

∫ x2

x1

ρ(x)ϕn(x)f0(x) dx, Bn = 1
‖ϕn‖2

∫ x2

x1

ρ(x)ϕn(x)f1(x) dx, (23)

£¤¥ ä®à¬ã«  ¤«ï ¢ëç¨á«¥­¨ï ¢¥«¨ç¨­ë ‖ϕn‖ ¯à¨¢¥¤¥­  ¢ (19).
�®à¬ã«ë (21), (12), (23) ¤ îâ ä®à¬ «ì­®¥ à¥è¥­¨¥ ­¥áâ æ¨®­ à­®© ªà ¥¢®© § ¤ ç¨ (1){(4)

¯à¨ α(t) > 0.
�à¨¬¥à 2. �ãáâì α(t) = 1, β(t) = γ(t) = 0, λn > 0. �¥è¥­¨ï ãà ¢­¥­¨ï (7), ã¤®¢«¥â¢®àïîé¨¥

ãá«®¢¨ï¬ (22), ¨¬¥îâ ¢¨¤

ψn1(t) = cos
(√

λn t
)
, ψn2(t) = 1√

λn

sin
(√

λn t
)
. (24)

�á«¨ äã­ªæ¨¨ f0(x) ¨ f1(x) ¨¬¥îâ á®®â¢¥âáâ¢¥­­® âà¨ ¨ ¤¢¥ ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¨ ¢ë¯®«­¥­ë
ãá«®¢¨ï á®£« á®¢ ­¨ï (á¬. à §¤. 0.4.2-3), â® àï¤ (21) áå®¤¨âáï ¨ ¤®¯ãáª ¥â ¤¢ãªà â­®¥ ¯®ç«¥­­®¥ ¤¨ää¥à¥­-
æ¨à®¢ ­¨¥. �®à¬ã«ë (21), (12), (23), (24) ¢ íâ®¬ á«ãç ¥ ¤ îâ ª« áá¨ç¥áª®¥ £« ¤ª®¥ à¥è¥­¨¥ § ¤ ç¨ (1){(4).
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0.4.2-3. �á«®¢¨ï á®£« á®¢ ­¨ï £à ­¨ç­ëå ¨ ­ ç «ì­ëå ãá«®¢¨©.

�à ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯ , α(t)≡ 0. �ãáâì äã­ªæ¨ï w ¨¬¥¥â ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî
¯® t ¨ ¤¢¥ ­¥¯à¥àë¢­ëå ¯à®¨§¢®¤­ëå ¯® x ¨ ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (1){(3). �®£¤  ¤®«¦­ë
¢ë¯®«­ïâìáï ãá«®¢¨ï á®£« á®¢ ­¨ï £à ­¨ç­ëå ãá«®¢¨© (2) ¨ ­ ç «ì­®£® ãá«®¢¨ï (3):

[s1f
′
0 + k1f0]x=x1 = 0, [s2f

′
0 + k2f0]x=x2 = 0. (25)

� ¤¢ãå á«ãç ïå ¤®«¦­ë ¢ë¯®«­ïâìáï â ª¦¥ ¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï á®£« á®¢ ­¨ï
[a(x)f ′′0 + b(x)f ′0]x=x1 = 0 ¯à¨ s1 = 0,

[a(x)f ′′0 + b(x)f ′0]x=x2 = 0 ¯à¨ s2 = 0.
(26)

�¤¥áì èâà¨å ¬¨ ®¡®§­ ç¥­ë ¯à®¨§¢®¤­ë¥ ¯® x.
�à ¢­¥­¨ï £¨¯¥à¡®«¨ç¥áª®£® â¨¯ . �ãáâì äã­ªæ¨ï w ï¢«ï¥âáï ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥-

à¥­æ¨àã¥¬ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1){(4). �®£¤  ¤®«¦­ë ¢ë¯®«­ïâìáï ãá«®¢¨ï (25) ¨ (26), ª ª®â®-
àë¬ á«¥¤ã¥â ¤®¡ ¢¨âì ãá«®¢¨ï á®£« á®¢ ­¨ï £à ­¨ç­ëå ãá«®¢¨© (2) ¨ ­ ç «ì­®£® ãá«®¢¨ï (4):

[s1f
′
1 + k1f1]x=x1 = 0, [s2f

′
1 + k2f1]x=x2 = 0.

0.4.2-4. �¨­¥©­ë¥ ­¥®¤­®à®¤­ë¥ ãà ¢­¥­¨ï á ­¥®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨.

�à ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯ , α(t) ≡ 0. �¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨, ®¯¨áë¢ ¥¬®© «¨­¥©­ë¬
®¤­®à®¤­ë¬ ãà ¢­¥­¨¥¬ ¯ à ¡®«¨ç¥áª®£® â¨¯  (1) á «¨­¥©­ë¬¨ ®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨
ãá«®¢¨ï¬¨ (2) ¨ ­¥®¤­®à®¤­ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬ (3), ¤ ¥âáï ä®à¬ã« ¬¨ (18), (12), (17), (19).
�â® à¥è¥­¨¥ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

w(x, t) =
∫ x2

x1

G(x, y, t, 0)f0(y) dy.

�¤¥áì G(x, y, t, τ) | äã­ªæ¨ï �à¨­ , ª®â®à ï ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

G(x, y, t, τ) = ρ(y)
∞∑

n=1

ϕn(x)ϕn(y)
‖ϕn‖2 ψn(t, τ), (27)

£¤¥ ψn = ψn(t, τ) | à¥è¥­¨¥ ãà ¢­¥­¨ï (7) ¯à¨ α(t) ≡ 0, λ = λn, ª®â®à®¥ ã¤®¢«¥â¢®àï¥â
­ ç «ì­®¬ã ãá«®¢¨î

ψn = 1 ¯à¨ t = τ.

�ã­ªæ¨î ψn(t, τ) ¬®¦­® ­ ©â¨ ¯® ä®à¬ã«¥ (17), £¤¥ ­¨¦­¨© ¯à¥¤¥« ¨­â¥£à¨à®¢ ­¨ï ¤®«¦¥­
¡ëâì à ¢¥­ τ (¢¬¥áâ® ­ã«ï).

�¥è¥­¨¥ ¡®«¥¥ ®¡é¨å ªà ¥¢ëå § ¤ ç, ®¯¨áë¢ ¥¬ëå á®®â¢¥âáâ¢ãîé¨¬¨ «¨­¥©­ë¬¨ ­¥®¤-
­®à®¤­ë¬¨ ãà ¢­¥­¨ï¬¨ á ­¥®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨, ¯à®é¥ ¢á¥£®
¯®«ãç¨âì á ¯®¬®éìî äã­ªæ¨¨ �à¨­  (27) ¯® ä®à¬ã«¥ (6) ¨§ à §¤. 0.7.1.

�à ¢­¥­¨ï £¨¯¥à¡®«¨ç¥áª®£® â¨¯ . �¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨, ®¯¨áë¢ ¥¬®© «¨­¥©­ë¬ ®¤­®-
à®¤­ë¬ ãà ¢­¥­¨¥¬ £¨¯¥à¡®«¨ç¥áª®£® â¨¯  (1) á «¨­¥©­ë¬¨ ®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®-
¢¨ï¬¨ (2) ¨ ¯®«ã®¤­®à®¤­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (3){(4) ¯à¨ f0(x)≡ 0, ¤ ¥âáï ä®à¬ã« ¬¨
(21), (12), (23) ¯à¨ An = 0 (n = 1, 2, . . .). �â® à¥è¥­¨¥ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

w(x, t) =
∫ x2

x1

G(x, y, t, 0)f1(y) dy.

�¤¥áì G(x, y, t, τ) |äã­ªæ¨ï �à¨­ , ª®â®à ï ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (27), £¤¥ ψn = ψn(t, τ) |
à¥è¥­¨¥ ãà ¢­¥­¨ï (7) ¤«ï äã­ªæ¨¨ ψ ¯à¨ λ = λn, ª®â®à®¥ ã¤®¢«¥â¢®àï¥â ­ ç «ì­ë¬ ãá«®¢¨ï¬

ψn = 0 ¯à¨ t = τ, ψ′n = 1 ¯à¨ t = τ.

� ç áâ­®¬ á«ãç ¥ α(t) = 1, β(t) = γ(t) = 0 ¨¬¥¥¬ ψn(t, τ) = λ
−1/2
n sin

[
λ

1/2
n (t− τ)

]
.

�¥è¥­¨¥ ¡®«¥¥ ®¡é¨å ªà ¥¢ëå § ¤ ç, ®¯¨áë¢ ¥¬ëå á®®â¢¥âáâ¢ãîé¨¬¨ «¨­¥©­ë¬¨ ­¥®¤-
­®à®¤­ë¬¨ ãà ¢­¥­¨ï¬¨ á ­¥®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨, ¯à®é¥ ¢á¥£®
¯®«ãç¨âì á ¯®¬®éìî äã­ªæ¨¨ �à¨­  (27) ¯® ä®à¬ã«¥ (14) ¨§ à §¤. 0.7.2.
gr �¨â¥à âãà  ª à §¤¥«ã 0.4: �. �. �¥âà®¢áª¨© (1961), �. �. � ¡¨ç, �. �. � ¯¨«¥¢¨ç, �. �. �¨å«¨­ ¨

¤à. (1964), E. Butkov (1968), �. �. �¨å®­®¢, �. �. � ¬ àáª¨© (1972), D. Zwillinger (1989).
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0.5. �¥â®¤ ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨©
0.5.1. �á­®¢­ë¥ ¨­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï
�«ï à¥è¥­¨ï «¨­¥©­ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ è¨à®ª® ¨á¯®«ì§ãîâáï à §«¨ç­ë¥ ¨­â¥-
£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï.

�­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨¬¥îâ ¢¨¤

~f(λ) =
∫ b

a

ϕ(x, λ)f(x) dx.

�ã­ªæ¨ï f(x) ­ §ë¢ ¥âáï ®à¨£¨­ «®¬, ~f(λ) | ¨§®¡à ¦¥­¨¥¬ äã­ªæ¨¨ f(x), ϕ(x, λ) | ï¤à®¬
¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï. �à¥¤¥«ë ¨­â¥£à¨à®¢ ­¨ï a ¨ b | ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  (®¡ëç-
­® a = 0, b = ∞ ¨«¨ a = −∞, b = ∞).

�®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ®¡à é¥­¨ï

f(x) =
∫

L
ψ(x, λ)~f(λ) dλ

¯®§¢®«ïîâ ¯® § ¤ ­­®¬ã ¨§®¡à ¦¥­¨î ~f(λ) ¢®ááâ ­®¢¨âì ®à¨£¨­ « f(x). �®­âãà ¨­â¥£à¨à®¢ -
­¨ï L ¬®¦¥â «¥¦ âì ª ª ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨, â ª ¨ ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨.

� ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¥ ¨­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï ãª § ­ë ¢ â ¡«. 3 (®¡ ®£à ­¨ç¥-
­¨ïå, ­ ª« ¤ë¢ ¥¬ëå ­  äã­ªæ¨¨ ¨ ¯ à ¬¥âàë ¯à¥®¡à §®¢ ­¨©, á¬. ¢ «¨â¥à âãà¥, ¯à¨¢¥¤¥­­®©
¢ ª®­æ¥ à §¤. 0.5).

������� 3
�á­®¢­ë¥ ¨­â¥£à «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï.

� §¢ ­¨¥ �­â¥£à «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ �®à¬ã«  ®¡à é¥­¨ï

�à¥®¡à §®¢ ­¨¥
� ¯« á  f̃(p)=

∫ ∞

0
e−ptf(t) dt f(t)= 1

2πi

∫ c+i∞

c−i∞
eptf̃(p) dp

�à¥®¡à §®¢ ­¨¥
�ãàì¥ f̃(u)= 1√

2π

∫ ∞

−∞
e−iuxf(x) dx f(x)= 1√

2π

∫ ∞

−∞
eiuxf̃(u) du

�¨­ãá-¯à¥®¡à §®¢ ­¨¥
�ãàì¥ f̃s(u)=

√
2
π

∫ ∞

0
sin(xu)f(x) dx f(x)=

√
2
π

∫ ∞

0
sin(xu)f̃s(u) du

�®á¨­ãá-¯à¥®¡à §®¢ ­¨¥
�ãàì¥ f̃c(u)=

√
2
π

∫ ∞

0
cos(xu)f(x) dx f(x)=

√
2
π

∫ ∞

0
cos(xu)f̃c(u) du

�à¥®¡à §®¢ ­¨¥
�¥««¨­  f̂(s)=

∫ ∞

0
xs−1f(x) dx f(x)= 1

2πi

∫ c+i∞

c−i∞
x−sf̂(s) ds

�à¥®¡à §®¢ ­¨¥
� ­ª¥«ï f̂ν(u)=

∫ ∞

0
xJν(xu)f(x) dx f(x)=

∫ ∞

0
uJν(xu)f̂ν(u) du

�à¥®¡à §®¢ ­¨¥
�¥©¥à  f̂(s)=

√
2
π

∫ ∞

0

√
sx Kν(sx)f(x) dx f(x)= 1

i
√

2π

∫ c+i∞

c−i∞

√
sx Iν(sx)f̂(s) ds

�¡®§­ ç¥­¨ï: i2=−1, Jµ(x) ¨ Yµ(x) | äã­ªæ¨¨ �¥áá¥«ï ¯¥à¢®£® ¨ ¢â®à®£® à®¤ , Iµ(x) ¨ Kµ(x) |
¬®¤¨ä¨æ¨à®¢ ­­ë¥ äã­ªæ¨¨ �¥áá¥«ï ¯¥à¢®£® ¨ ¢â®à®£® à®¤ .

� ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¬¨ ¨­â¥£à «ì­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ï¢«ïîâáï ¯à¥®¡à §®¢ ­¨ï
� ¯« á  ¨ �ãàì¥. �¨¦¥ ¤ ­® ªà âª®¥ ®¯¨á ­¨¥ íâ¨å ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨©.



0.5. �¥â®¤ ¨­â¥£à «ì­ëå ¯à¥®¡à §®¢ ­¨© 29

0.5.2. �à¥®¡à §®¢ ­¨¥ � ¯« á  ¨ ¥£® ¯à¨¬¥­¥­¨¥ ¢ ¬ â¥¬ â¨ç¥áª®©
ä¨§¨ª¥

0.5.2-1. �à¥®¡à §®¢ ­¨¥ � ¯« á . �¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ � ¯« á .
�à¥®¡à §®¢ ­¨¥ � ¯« á  ¤«ï ¯à®¨§¢®«ì­®© (ª®¬¯«¥ªá­®§­ ç­®©) äã­ªæ¨¨ f(t) ¤¥©áâ¢¨â¥«ì­®£®
¯¥à¥¬¥­­®£® t (t > 0) ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

~f(p) =
∫ ∞

0
e−ptf(t) dt, (1)

£¤¥ p = s + iσ | ª®¬¯«¥ªá­ ï ¯¥à¥¬¥­­ ï, i2 = −1.
�à¥®¡à §®¢ ­¨¥ � ¯« á  áãé¥áâ¢ã¥â ¤«ï ­¥¯à¥àë¢­ëå ¨ ªãá®ç­®-­¥¯à¥àë¢­ëå äã­ªæ¨©,

ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î |f(t)| < Meσ0t, £¤¥ M > 0 ¨ σ0 > 0 | ­¥ª®â®àë¥ ç¨á« . � «¥¥
áç¨â ¥¬, çâ® ¢ ãª § ­­®© ®æ¥­ª¥ ¢§ïâ® ­ ¨¬¥­ìè¥¥ ¨§ ¢®§¬®¦­ëå ç¨á¥« σ0, ª®â®à®¥ ­ §ë¢ ¥âáï
¯®ª § â¥«¥¬ à®áâ  äã­ªæ¨¨ f(t). �«ï ¢áïª®£® ®à¨£¨­ «  f(t) äã­ªæ¨ï ~f(p) ®¯à¥¤¥«¥­  ¢
¯®«ã¯«®áª®áâ¨ Re p > σ0 ¨ ï¢«ï¥âáï ¢ íâ®© ¯®«ã¯«®áª®áâ¨  ­ «¨â¨ç¥áª®© äã­ªæ¨¥©.

�® ¨§¢¥áâ­®¬ã ¨§®¡à ¦¥­¨î ~f(p) ®à¨£¨­ « f(t) ­ å®¤¨âáï á ¯®¬®éìî ®¡à â­®£® ¯à¥®¡à -
§®¢ ­¨ï � ¯« á 

f(t) = 1
2πi

∫ c+i∞

c−i∞
~f(p)ept dp, (2)

£¤¥ ¯ãâì ¨­â¥£à¨à®¢ ­¨ï à á¯®«®¦¥­ ¯ à ««¥«ì­® ¬­¨¬®© ®á¨ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ á¯à ¢ 
®â ¢á¥å ®á®¡ëå â®ç¥ª äã­ªæ¨¨ ~f(p), çâ® á®®â¢¥âáâ¢ã¥â c > σ0.

�­â¥£à « ¢ (2) ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï:∫ c+i∞

c−i∞
~f(p)ept dp = lim

ω→∞

∫ c+iω

c−iω

~f(p)ept dp.

� ®¡« áâ¨ t < 0 ä®à¬ã«  (2) ¤ ¥â f(t) ≡ 0.
�®à¬ã«  (2) á¯à ¢¥¤«¨¢  ¤«ï ­¥¯à¥àë¢­ëå äã­ªæ¨©. �á«¨ ¢ â®çª¥ t = t0 > 0 äã­ªæ¨ï f(t)

¨¬¥¥â ª®­¥ç­ë© à §àë¢ ¯¥à¢®£® à®¤ , â® ¯à ¢ ï ç áâì ä®à¬ã«ë (2) ¢ íâ®© â®çª¥ ¤ ¥â §­ ç¥­¨¥
1
2 [f(t0 − 0) + f(t0 + 0)] (¯à¨ t0 = 0 ¯¥à¢ë© ç«¥­ ¢ ª¢ ¤à â­ëå áª®¡ª å ¤®«¦¥­ ¡ëâì ®¯ãé¥­).

�à¥®¡à §®¢ ­¨¥ � ¯« á  (1) ¨ ä®à¬ã«ã ®¡à é¥­¨ï (2) ªà âª® ¡ã¤¥¬ ®¡®§­ ç âì â ª:
~f(p) = L{f(t)}, f(t) = L−1{~f(p)}.

0.5.2-2. �á­®¢­ë¥ á¢®©áâ¢  ¯à¥®¡à §®¢ ­¨ï � ¯« á .
� â ¡«. 4 ¯à¨¢¥¤¥­ë ®á­®¢­ë¥ ä®à¬ã«ë á®®â¢¥âáâ¢¨ï ®à¨£¨­ «®¢ ¨ ¨§®¡à ¦¥­¨© ¯à¥®¡à §®¢ -
­¨ï � ¯« á . � â ¡«. 5 ãª § ­ë ¯à¥®¡à §®¢ ­¨ï � ¯« á  ­¥ª®â®àëå äã­ªæ¨©.

������� 4
�á­®¢­ë¥ á¢®©áâ¢  ¯à¥®¡à §®¢ ­¨ï � ¯« á .

N0 �à¨£¨­ « �§®¡à ¦¥­¨¥ �¯¥à æ¨ï

1 af1(t) + bf2(t) a~f1(p) + b~f2(p) �¨­¥©­®áâì
2 f(t/a), a > 0 a~f(ap) �§¬¥­¥­¨¥ ¬ áèâ ¡ 

3 tnf(t); n = 1, 2, . . . (−1)n~f (n)
p (p) �¨ää¥à¥­æ¨à®¢ ­¨¥

¨§®¡à ¦¥­¨ï

4 eatf(t) ~f(p− a) �¬¥é¥­¨¥
¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨

5 f ′t(t) p~f(p)− f(+0) �¨ää¥à¥­æ¨à®¢ ­¨¥

6 f
(n)
t (t) pn~f(p)−

n∑
k=1

pn−kf
(k−1)
t (+0) �¨ää¥à¥­æ¨à®¢ ­¨¥

7 tmf
(n)
t (t), m > n (−1)m

[
pn~f(p)

](m)
p

�¨ää¥à¥­æ¨à®¢ ­¨¥

8
∫ t

0
f(τ) dτ

1
p

~f(p) �­â¥£à¨à®¢ ­¨¥

9
∫ t

0
f1(τ)f2(t− τ) dτ ~f1(p)~f2(p) �¢¥àâª 
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������� 5
�à¥®¡à §®¢ ­¨ï � ¯« á  ­¥ª®â®àëå äã­ªæ¨©.

N0 �à¨£¨­ «, f(t) �§®¡à ¦¥­¨¥, ~f(p) � ¬¥ç ­¨ï

1 1
1
p

||

2 tn
n!

pn+1 n = 1, 2, . . .

3 ta �(a + 1)p−a−1 a > −1
4 e−at (p + a)−1 ||

5 tae−bt �(a + 1)(p + b)−a−1 a > −1

6 sh(at)
a

p2 − a2 ||

7 ch(at)
p

p2 − a2 ||

8 ln t − 1
p

(ln p + C) C = 0,5772 . . . |
¯®áâ®ï­­ ï �©«¥à 

9 sin(at)
a

p2 + a2 ||

10 cos(at)
p

p2 + a2 ||

11 erfc
( a

2
√

t

) 1
p

exp
(−a

√
p

)
a > 0

12 J0(at)
1√

p2 + a2 J0(x) | äã­ªæ¨ï �¥áá¥«ï

�ãé¥áâ¢ãîâ ¯®¤à®¡­ë¥ â ¡«¨æë ¯àï¬ëå ¨ ®¡à â­ëå ¯à¥®¡à §®¢ ­¨© � ¯« á  (á¬. «¨â¥-
à âãàã ¢ ª®­æ¥ à §¤. 0.5), ¢ ª®â®àëå á¢¥¤¥­ë ¢¬¥áâ¥ ª®­ªà¥â­ë¥ äã­ªæ¨¨ ¨ ¨å ¨§®¡à ¦¥­¨ï.
�â¨ â ¡«¨æë ã¤®¡­® ¨á¯®«ì§®¢ âì ¤«ï à¥è¥­¨ï «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ¨ ¨­â¥£à «ì­ëå
ãà ¢­¥­¨©.

�â¬¥â¨¬ ¢ ¦­ë© á«ãç ©, ª®£¤  ¨§®¡à ¦¥­¨¥ ï¢«ï¥âáï à æ¨®­ «ì­®© äã­ªæ¨¥© ¢¨¤ 

~f(p) = R(p)
Q(p)

,

£¤¥ Q(p) ¨ R(p) |¬­®£®ç«¥­ë ¯¥à¥¬¥­­®© p, ¯à¨ç¥¬ áâ¥¯¥­ì ¬­®£®ç«¥­  Q(p) ¡®«ìè¥ áâ¥¯¥­¨
¬­®£®ç«¥­  R(p). �ç¨â ¥¬, çâ® ¢á¥ ­ã«¨ §­ ¬¥­ â¥«ï ¯à®áâë¥, â. ¥. á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
Q(p) ≡ const (p− λ1)(p− λ2) . . . (p− λn). �®£¤  ®à¨£¨­ « ¬®¦­® ®¯à¥¤¥«¨âì ¯® ä®à¬ã«¥

f(t) =
n∑

k=1

R(λk)
Q′(λk)

exp(λkt),

£¤¥ èâà¨å®¬ ®¡®§­ ç¥­ë ¯à®¨§¢®¤­ë¥.

0.5.2-3. �¥è¥­¨¥ § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï � ¯« á .

�  à¨á. 2 ¨§®¡à ¦¥­  áå¥¬  ¯à¨¬¥­¥­¨ï ¯à¥®¡à §®¢ ­¨ï � ¯« á  ¤«ï à¥è¥­¨ï «¨­¥©­ëå
ªà ¥¢ëå § ¤ ç, ®¯¨áë¢ ¥¬ëå ãà ¢­¥­¨ï¬¨ ¯ à ¡®«¨ç¥áª®£® ¨ £¨¯¥à¡®«¨ç¥áª®£® â¨¯®¢ á ¤¢ã¬ï
­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨, ª®íää¨æ¨¥­âë ª®â®àëå ­¥ § ¢¨áïâ ®â t.

� ¦­® ®â¬¥â¨âì, çâ® á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï � ¯« á  ¨áå®¤­ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï
á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ á¢®¤¨âáï ª ¡®«¥¥ ¯à®áâ®© § ¤ ç¥ ¤«ï ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨-
 «ì­®£® ãà ¢­¥­¨ï á ¯ à ¬¥âà®¬ p. �à¨ íâ®¬ ¯à®¨§¢®¤­ë¥ ¯® ¢à¥¬¥­¨ t § ¬¥­ïîâáï á®®â¢¥â-
áâ¢ãîé¨¬¨  «£¥¡à ¨ç¥áª¨¬¨ ¢ëà ¦¥­¨ï¬¨ á ãç¥â®¬ ­ ç «ì­ëå ãá«®¢¨© (á¬. á¢®©áâ¢  5 ¨«¨ 6
¢ â ¡«. 4).
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�¨á. 2. �å¥¬  à¥è¥­¨ï «¨­¥©­ëå ªà ¥¢ëå § ¤ ç á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï � ¯« á .

�à¨¬¥à 1. � áá¬®âà¨¬ § ¤ çã ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨

∂tw = ∂xxw, (x > 0, t > 0),
w = 0 ¯à¨ t = 0 (­ ç «ì­®¥ ãá«®¢¨¥),
w = w0 ¯à¨ x = 0 (£à ­¨ç­®¥ ãá«®¢¨¥),
w → 0 ¯à¨ x →∞ (£à ­¨ç­®¥ ãá«®¢¨¥).

�«ï à¥è¥­¨ï ¨á¯®«ì§ã¥¬ ¯à¥®¡à §®¢ ­¨¥ � ¯« á  ¯® ¢à¥¬¥­¨ t. �®« £ ï ~w = L{w} ¨ ãç¨âë¢ ï á®®â­®-
è¥­¨ï

L{∂tw} = p~w − w|t=0 = p~w [¨á¯®«ì§®¢ ­® á¢®©áâ¢® 5 ¨§ â ¡«. 4 ¨ ­ ç «ì­®¥ ãá«®¢¨¥],
L{w0} = w0L{1} = w0/p [¨á¯®«ì§®¢ ­® á¢®©áâ¢® 1 ¨§ â ¡«. 4 ¨ à ¢¥­áâ¢® L{1} = 1/p],

¯à¨å®¤¨¬ ª § ¤ ç¥ ¤«ï «¨­¥©­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  á
¯ à ¬¥âà®¬ p:

~w′′xx − p~w = 0,

~w = w0/p ¯à¨ x = 0 (£à ­¨ç­®¥ ãá«®¢¨¥),
~w → 0 ¯à¨ x →∞ (£à ­¨ç­®¥ ãá«®¢¨¥).

�­â¥£à¨àãï ãà ¢­¥­¨¥, ¯®«ãç¨¬ ®¡é¥¥ à¥è¥­¨¥ ~w = A1(p)e−x
√

p+A2(p)ex
√

p. �¤®¢«¥â¢®àïï £à ­¨ç­ë¬
ãá«®¢¨ï¬, ®¯à¥¤¥«¨¬ ¯®áâ®ï­­ë¥ A1(p) = w0/p, A2(p) = 0. � à¥§ã«ìâ â¥ ­ å®¤¨¬ ¨§®¡à ¦¥­¨¥

~w = w0
p

e−x
√

p.

�à¨¬¥­¨¬ ª ®¡¥¨¬ ç áâï¬ íâ®£® à ¢¥­áâ¢  ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ � ¯« á . �à¨£¨­ « ¯à ¢®© ç áâ¨
®¯à¥¤¥«¨¬ á ¯®¬®éìî â ¡«. 5 (á¬. áâà®ªã N0 11 ¯à¨ a = x). � ¨â®£¥ ¯®«ãç¨¬ à¥è¥­¨¥ ¨áå®¤­®© § ¤ ç¨

w = w0 erfc
( x

2
√

t

)
.
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������� 6
�á­®¢­ë¥ á¢®©áâ¢  ¯à¥®¡à §®¢ ­¨ï �ãàì¥.

N0 �à¨£¨­ « �§®¡à ¦¥­¨¥ �¯¥à æ¨ï

1 af1(x) + bf2(x) a~f1(u) + b~f2(u) �¨­¥©­®áâì
2 f(x/a), a > 0 a~f(au) �§¬¥­¥­¨¥ ¬ áèâ ¡ 

3 xnf(x); n = 1, 2, . . . in~f (n)
u (u) �¨ää¥à¥­æ¨à®¢ ­¨¥

¨§®¡à ¦¥­¨ï
4 f ′′xx(x) −u2~f(u) �¨ää¥à¥­æ¨à®¢ ­¨¥

5 f (n)
x (x) (iu)n~f(u) �¨ää¥à¥­æ¨à®¢ ­¨¥

6
∫ ∞

−∞
f1(ξ)f2(x− ξ) dξ ~f1(u)~f2(u) �¢¥àâª 

0.5.3. �à¥®¡à §®¢ ­¨¥ �ãàì¥ ¨ ¥£® ¯à¨¬¥­¥­¨¥ ¢ ¬ â¥¬ â¨ç¥áª®©
ä¨§¨ª¥

0.5.3-1. �à¥®¡à §®¢ ­¨¥ �ãàì¥ ¨ ¥£® á¢®©áâ¢ .
�à¥®¡à §®¢ ­¨¥ �ãàì¥ ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

~f(u) = 1√
2π

∫ ∞

−∞
f(x)e−iux dx, i2 = −1. (3)

�â  ä®à¬ã«  ¨¬¥¥â á¬ëá« ¤«ï «î¡®© äã­ªæ¨¨ f(x),  ¡á®«îâ­® ¨­â¥£à¨àã¥¬®© ­  ¨­â¥à¢ «¥
(∞, +∞). �à¥®¡à §®¢ ­¨¥ �ãàì¥ (3) ªà âª® ¡ã¤¥¬ ®¡®§­ ç âì â ª: ~f(u) = F{f(x)}.

�® ¨§¢¥áâ­®¬ã ¨§®¡à ¦¥­¨î ~f(u) ®à¨£¨­ « f(x) ­ å®¤¨âáï á ¯®¬®éìî ®¡à â­®£® ¯à¥®¡-
à §®¢ ­¨ï �ãàì¥

f(x) = 1√
2π

∫ ∞

−∞
~f(u)eiux du, (4)

£¤¥ ¨­â¥£à « ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï. �®à¬ã«ã ®¡à é¥­¨ï (4) ªà âª® ¡ã¤¥¬
®¡®§­ ç âì â ª: f(x) = F−1{~f(u)}.

�®à¬ã«  (4) á¯à ¢¥¤«¨¢  ¤«ï ­¥¯à¥àë¢­ëå äã­ªæ¨©. �á«¨ ¢ â®çª¥ x = x0 äã­ªæ¨ï f(x)
¨¬¥¥â ª®­¥ç­ë© à §àë¢ ¯¥à¢®£® à®¤ , â® ¯à ¢ ï ç áâì ä®à¬ã«ë (4) ¢ íâ®© â®çª¥ ¤ ¥â §­ ç¥­¨¥
1
2

[
f(x0 − 0) + f(x0 + 0)

]
.

� â ¡«. 6 ¯à¨¢¥¤¥­ë ®á­®¢­ë¥ ä®à¬ã«ë á®®â¢¥âáâ¢¨ï ®à¨£¨­ «®¢ ¨ ¨§®¡à ¦¥­¨© ¯à¥®¡à -
§®¢ ­¨ï �ãàì¥.

0.5.3-2. �¥è¥­¨¥ § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �ãàì¥.
�à¥®¡à §®¢ ­¨¥ �ãàì¥ ®¡ëç­® ¨á¯®«ì§ã¥âáï ¤«ï à¥è¥­¨ï ªà ¥¢ëå § ¤ ç, ®¯¨áë¢ ¥¬ëå «¨­¥©-
­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨, ª®íää¨æ¨¥­âë ª®â®àëå ­¥
§ ¢¨áïâ ®â ¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®© x (−∞ < x < ∞).

�å¥¬  à¥è¥­¨ï «¨­¥©­ëå ªà ¥¢ëå § ¤ ç á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �ãàì¥  ­ «®£¨ç­  áå¥-
¬¥, ¨á¯®«ì§ã¥¬®© ¯à¨ à¥è¥­¨¨ § ¤ ç á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï � ¯« á . �à¨ ¯à¥®¡à §®¢ ­¨¨
�ãàì¥ ¯à®¨§¢®¤­ë¥ ¯® ¯¥à¥¬¥­­®© x ¢ ãà ¢­¥­¨¨ § ¬¥­ïîâáï á®®â¢¥âáâ¢ãîé¨¬¨  «£¥¡à ¨ç¥-
áª¨¬¨ ¢ëà ¦¥­¨ï¬¨ (á¬. á¢®©áâ¢  4 ¨«¨ 5 ¢ â ¡«. 6). � á«ãç ¥ ¤¢ãå ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå
§ ¤ ç  ¤«ï ãà ¢­¥­¨ï á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ á¢®¤¨âáï ª ¡®«¥¥ ¯à®áâ®© § ¤ ç¥ ¤«ï ®¡ëª­®-
¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á ¯ à ¬¥âà®¬ u. �¥è¨¢ íâã § ¤ çã, ­ å®¤ïâ ¨§®¡à ¦¥­¨¥.
� â¥¬, ¨á¯®«ì§ãï ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥, ¯®«ãç îâ à¥è¥­¨¥ ¨áå®¤­®© ªà ¥¢®© § ¤ ç¨.

�à¨¬¥à 2. � áá¬®âà¨¬ § ¤ çã �®è¨ ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨
∂tw = ∂xxw (−∞ < x < ∞),

w = f(x) ¯à¨ t = 0 (­ ç «ì­®¥ ãá«®¢¨¥).
�«ï à¥è¥­¨ï ¨á¯®«ì§ã¥¬ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¯® ¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®© x. �®« £ ï ~w = F{w}
¨ ãç¨âë¢ ï á®®â­®è¥­¨¥ F{∂xxw} = −u2 ~w (á¬. á¢®©áâ¢® 4 ¢ â ¡«. 6) ¯à¨å®¤¨¬ ª § ¤ ç¥ ¤«ï «¨­¥©­®£®
®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¯¥à¢®£® ¯®àï¤ª  á ¯ à ¬¥âà®¬ u:

~w′t + u2 ~w = 0,

w = ~f(u) ¯à¨ t = 0,



0.6. �à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï § ¤ ç¨ �®è¨ ç¥à¥§ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ 33

£¤¥ ~f(u) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (3). �¥è¨¢ íâã § ¤ çã, ­ å®¤¨¬ ¨§®¡à ¦¥­¨¥
~w = ~f(u)e−u2t.

�à¨¬¥­¨¬ ª ®¡¥¨¬ ç áâï¬ íâ®£® à ¢¥­áâ¢  ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥. �®á«¥ ­¥ª®â®àëå ¢ëç¨á«¥­¨©
¯®«ãç¨¬ à¥è¥­¨¥ ¨áå®¤­®© § ¤ ç¨:

w = 1√
2π

∫ ∞

−∞
~f(u)e−u2teiux du = 1

2π

∫ ∞

−∞

[∫ ∞

−∞
f(ξ)e−iuξdξ

]
e−u2t+iuxdu =

= 1
2π

∫ ∞

−∞
f(ξ) dξ

∫ ∞

−∞
e−u2t+iu(x−ξ)du = 1√

2πt

∫ ∞

−∞
f(ξ) exp

[
− (x− ξ)2

4t

]
dξ.

�¤¥áì ­  ¯®á«¥¤­¥¬ íâ ¯¥ ¡ë«  ¨á¯®«ì§®¢ ­  ä®à¬ã« 
∫∞
−∞ exp

(−a2u2 + bu
)
du =

√
π
|a| exp

(
b2

4a2

)
.

�à¥®¡à §®¢ ­¨¥ �ãàì¥ ¤®¯ãáª ¥â n-¬¥à­®¥ ®¡®¡é¥­¨¥:
~f(u) = 1

(2π)n/2

∫

Rn

f(x)e−i(u·x) dx, (u · x) = u1x1 + · · ·+ unxn, (5)

£¤¥ f(x) = f(x1, . . . , xn), ~f(u) = f(u1, . . . , un), dx = dx1 . . . dxn.
�®®â¢¥âáâ¢ãîé¥¥ ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¨¬¥¥â ¢¨¤

f(x) = 1
(2π)n/2

∫

Rn

~f(u)ei(u·x) du, du = du1 . . . dun.

�à¥®¡à §®¢ ­¨¥ �ãàì¥ (5) ç áâ® ¨á¯®«ì§ã¥âáï ¢ â¥®à¨¨ «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ (x ∈ Rn).gr �¨â¥à âãà  ª à §¤¥«ã 0.5: �. �­¥¤¤®­ (1955), �. �. �¨âª¨­, �. �. �àã¤­¨ª®¢ (1965, 1974), �. �¥©â¬¥­,
�. �à¤¥©¨ (1969, 1970), J. W. Miles (1971), �. �ñç (1971), �. �. �¨æ ¤§¥ (1978, áâà. 246{265), B. Davis
(1978), Yu. A. Brychkov, A. P. Prudnikov (1989), D. Zwillinger (1989), W. H. Beyer (1991), �. �. � ­¦¨à®¢,
�. �. �®«ï­¨­ (1999).

0.6. �à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï § ¤ ç¨ �®è¨ ç¥à¥§
äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥

0.6.1. � ¤ ç  �®è¨ ¤«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯ 
0.6.1-1. �¡é ï ä®à¬ã«  ¤«ï à¥è¥­¨ï § ¤ ç¨ �®è¨.

�ãáâì x = {x1, . . . , xn} ¨ y = {y1, . . . , yn}, £¤¥ x ∈ Rn ¨ y ∈ Rn.
� áá¬®âà¨¬ «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¯ à ¡®«¨ç¥áª®£® â¨¯  á ¯à®¨§¢®«ì­®©

¯à ¢®© ç áâìî
∂w

∂t
− Lx,t[w] = �(x, t), (1)

£¤¥ «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª  Lx,t ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬ (2)
¨§ à §¤. 0.2.1.

�¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (1) á ¯à®¨§¢®«ì­ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬
w = f(x) ¯à¨ t = 0

¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå ¨­â¥£à «®¢

w(x, t) =
∫ t

0

∫

Rn

�(y, τ)E (x, y, t, τ) dy dτ +
∫

Rn

f(y)E (x, y, t, 0) dy, dy = dy1 . . . dyn.

�¤¥áì E = E (x, y, t, τ) | äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨, ª®â®à®¥ ¯à¨ t > τ > 0
ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ®¤­®à®¤­®¬ã ãà ¢­¥­¨î

∂E
∂t

− Lx,t[E ] = 0 (2)
á ­¥®¤­®à®¤­ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬ á¯¥æ¨ «ì­®£® ¢¨¤ 

E = δ(x− y) ¯à¨ t = τ. (3)
� § ¤ çã (2){(3) ¢¥«¨ç¨­ë τ ¨ y ¢å®¤ïâ ª ª á¢®¡®¤­ë¥ ¯ à ¬¥âàë,   δ(x) = δ(x1) . . . δ(xn) |
n-¬¥à­ ï ¤¥«ìâ -äã­ªæ¨ï.

� ¬¥ç ­¨¥ 1. �á«¨ ª®íää¨æ¨¥­âë ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  Lx,t ¢ (2) ­¥ § ¢¨áïâ ®â
¢à¥¬¥­¨ t, â® äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¨¬¥¥â ¢¨¤ E (x, y, t, τ) = E (x, y, t− τ).

� ¬¥ç ­¨¥ 2. �«ï ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  Lx,t á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨
äã­¤ ¬¥­â «ì­®¥ § ¤ ç¨ �®è¨ à¥è¥­¨¥ ¨¬¥¥â ¢¨¤ E (x, y, t, τ) = E (x− y, t− τ).

3 �. �. �®«ï­¨­
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0.6.1-2. �ã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥, ¤®¯ãáª îé¥¥ ­¥¯®«­®¥ à §¤¥«¥­¨¥ ¯¥à¥¬¥­­ëå.
� áá¬®âà¨¬ á¯¥æ¨ «ì­ë© á«ãç ©, ª®£¤  ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à Lx,t ¢ ãà ¢­¥­¨¨ (1)
¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë

Lx,t[w] = L1,t[w] + · · ·+ Ln,t[w], (4)
£¤¥ ª ¦¤®¥ á« £ ¥¬®¥ § ¢¨á¨â â®«ìª® ®â ®¤­®© ¯à®áâà ­áâ¢¥­­®© ª®®à¤¨­ âë ¨ ¢à¥¬¥­¨

Lk,t[w] ≡ ak(xk, t) ∂2w

∂x2
k

+ bk(xk, t) ∂w

∂xk

+ ck(xk, t)w, k = 1, . . . , n.

�à ¢­¥­¨ï íâ®£® ¢¨¤  ç áâ® ¢áâà¥ç îâáï ¢ ¯à¨«®¦¥­¨ïå. �ã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ § ¤ ç¨
�®è¨ ¤«ï n-¬¥à­®£® ãà ¢­¥­¨ï (1) á ®¯¥à â®à®¬ (4) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï

E (x, y, t, τ) =
n∏

k=1
E k(xk, yk, t, τ), (5)

£¤¥ E k = E k(xk, yk, t, τ) | äã­¤ ¬¥­â «ì­ë¥ à¥è¥­¨ï, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ®¤­®¬¥à­ë¬
ãà ¢­¥­¨ï¬

∂E k

∂t
− Lk,t[E k] = 0 (k = 1, . . . , n)

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
E k = δ(xk − yk) ¯à¨ t = τ.

� ¤ ­­®¬ á«ãç ¥ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ (5) ¤®¯ãáª ¥â ­¥¯®«­®¥ à §¤¥«¥-
­¨¥ ¯¥à¥¬¥­­ëå (®­® à §¤¥«ï¥âáï ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ x1, . . . , xn, ­® ­¥ à §¤¥-
«ï¥âáï ¯® ¢à¥¬¥­¨ t).

0.6.2. � ¤ ç  �®è¨ ¤«ï ãà ¢­¥­¨© £¨¯¥à¡®«¨ç¥áª®£® â¨¯ 
� áá¬®âà¨¬ «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ £¨¯¥à¡®«¨ç¥áª®£® â¨¯  á ¯à®¨§¢®«ì­®© ¯à ¢®©
ç áâìî

∂2w

∂t2
+ ϕ(x, t) ∂w

∂t
− Lx,t[w] = �(x, t) (6)

£¤¥ «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª  Lx,t ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬ (2)
¨§ à §¤. 0.2.1, x ∈ Rn.

�¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (6) á ®¡é¨¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
w = f0(x) ¯à¨ t = 0,

∂tw = f1(x) ¯à¨ t = 0
¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë

w(x, t) =
∫ t

0

∫

Rn

�(y, τ)E (x, y, t, τ) dy dτ −
∫

Rn

f0(y)
[

∂

∂τ
E (x, y, t, τ)

]
τ=0

dy +

+
∫

Rn

[
f1(y) + f0(y)ϕ(y, 0)

]E (x, y, t, 0) dy, dy = dy1 . . . dyn.

�¤¥áì E = E (x, y, t, τ) | äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨, ª®â®à®¥ ¯à¨ t > τ > 0
ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ®¤­®à®¤­®¬ã ãà ¢­¥­¨î

∂2E
∂t2

+ ϕ(x, t) ∂E
∂t

− Lx,t[E ] = 0 (7)
á ¯®«ã®¤­®à®¤­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ á¯¥æ¨ «ì­®£® ¢¨¤ 

E = 0 ¯à¨ t = τ,

∂tE = δ(x− y) ¯à¨ t = τ.
(8)

� § ¤ çã (7){(8) ¢¥«¨ç¨­ë τ ¨ y ¢å®¤ïâ ª ª á¢®¡®¤­ë¥ ¯ à ¬¥âàë (y ∈ Rn).
� ¬¥ç ­¨¥ 1. �á«¨ ª®íää¨æ¨¥­âë ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  Lx,t ¢ (7) ­¥ § ¢¨áïâ ®â

¢à¥¬¥­¨ t, â® äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¨¬¥¥â ¢¨¤ E (x, y, t, τ) = E (x, y, t− τ).
� íâ®¬ á«ãç ¥ ∂

∂τ
E (x, y, t, τ)

∣∣
τ=0 = − ∂

∂t
E (x, y, t).

� ¬¥ç ­¨¥ 2. �«ï ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  Lx,t á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨
äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¨¬¥¥â ¢¨¤ E (x, y, t, τ) = E (x− y, t− τ).gr �¨â¥à âãà  ª à §¤¥«ã 0.6: �. �. � ¡¨ç, �. �. � ¯¨«¥¢¨ç, �. �. �¨å«¨­ ¨ ¤à. (1964), �. �. �¨«®¢
(1965), �. �. �®«ï­¨­ (2000 b, c).
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0.7. �¥®¤­®à®¤­ë¥ ªà ¥¢ë¥ § ¤ ç¨ á ®¤­®©
¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®©. �à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï
ç¥à¥§ äã­ªæ¨î �à¨­ 

0.7.1. � ¤ ç¨ ¤«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯ 

0.7.1-1. �®áâ ­®¢ª  § ¤ ç¨ (t > 0, x1 6 x 6 x2).

�¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯ à ¡®«¨ç¥áª®£® â¨¯  á ¯¥à¥¬¥­­ë¬¨
ª®íää¨æ¨¥­â ¬¨ ®¡é¥£® ¢¨¤  ¢ ®¤­®¬¥à­®¬ á«ãç ¥ § ¯¨áë¢ ¥âáï â ª:

∂w

∂t
− Lx,t[w] = �(x, t), (1)

£¤¥
Lx,t[w] ≡ a(x, t) ∂2w

∂x2 + b(x, t) ∂w

∂x
+ c(x, t)w, a(x, t) > 0. (2)

� áá¬®âà¨¬ ­¥áâ æ¨®­ à­ãî ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢­¥­¨ï (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬
®¡é¥£® ¢¨¤ 

w = f(x) ¯à¨ t = 0 (3)
¨ ¯à®¨§¢®«ì­ë¬¨ «¨­¥©­ë¬¨ ­¥®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

s1
∂w

∂x
+ k1(t)w = g1(t) ¯à¨ x = x1, (4)

s2
∂w

∂x
+ k2(t)w = g2(t) ¯à¨ x = x2. (5)

� ¤ ¢ ï á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ §­ ç¥­¨ï ª®íää¨æ¨¥­â®¢ s1, s2 ¨ äã­ªæ¨¨ k1 = k1(t),
k2 = k2(t) ¢ (4) ¨ (5) ¬®¦­® ¯®«ãç¨âì ¯¥à¢ãî, ¢â®àãî, âà¥âìî ¨ á¬¥è ­­ë¥ ªà ¥¢ë¥ § ¤ ç¨
¤«ï ãà ¢­¥­¨ï (1).

0.7.1-2. �à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï § ¤ ç¨ ç¥à¥§ äã­ªæ¨î �à¨­ .

�¥è¥­¨¥ «¨­¥©­®© ­¥®¤­®à®¤­®© ªà ¥¢®© § ¤ ç¨ (1){(5) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë

w(x, t) =
∫ t

0

∫ x2

x1

�(y, τ)G(x, y, t, τ) dy dτ +
∫ x2

x1

f(y)G(x, y, t, 0) dy +

+
∫ t

0
g1(τ)a(x1, τ)�1(x, t, τ) dτ +

∫ t

0
g2(τ)a(x2, τ)�2(x, t, τ) dτ. (6)

�¤¥áì G(x, y, t, τ) | äã­ªæ¨ï �à¨­ , ª®â®à ï ¯à¨ t > τ > 0 ã¤®¢«¥â¢®àï¥â ®¤­®à®¤­®¬ã
ãà ¢­¥­¨î

∂G

∂t
− Lx,t[G] = 0 (7)

á ­¥®¤­®à®¤­ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬ á¯¥æ¨ «ì­®£® ¢¨¤ 
G = δ(x− y) ¯à¨ t = τ (8)

¨ ®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨:

s1
∂G

∂x
+ k1(t)G = 0 ¯à¨ x = x1, (9)

s2
∂G

∂x
+ k2(t)G = 0 ¯à¨ x = x2. (10)

� § ¤ çã (7){(10) ¢¥«¨ç¨­ë y ¨ τ ¢å®¤ïâ ª ª á¢®¡®¤­ë¥ ¯ à ¬¥âàë (x1 6 y 6 x2), δ(x) | ¤¥«ìâ -
äã­ªæ¨ï.

� ç «ì­®¥ ãá«®¢¨¥ (8) ®§­ ç ¥â, çâ® ¤«ï «î¡®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ f = f(x) ¨¬¥¥â ¬¥áâ®
¯à¥¤¥«ì­®¥ á®®â­®è¥­¨¥

f(x) = lim
t→τ

∫ x2

x1

f(y)G(x, y, t, τ) dy.

3*
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������� 7
�ëà ¦¥­¨ï ¤«ï äã­ªæ¨© �1(x, t, τ) ¨ �2(x, t, τ), ¢å®¤ïé¨å ¢

¯®¤ë­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï ¤¢ãå ¯®á«¥¤­¨å á« £ ¥¬ëå ¢ à¥è¥­¨¨ (6).

�¨¯ § ¤ ç¨ �¨¤ £à ­¨ç­ëå ãá«®¢¨© �ã­ªæ¨¨ �m(x, t, τ)

�¥à¢ ï ªà ¥¢ ï § ¤ ç 
(s1 = s2 = 0, k1 = k2 = 1)

w = g1(t) ¯à¨ x = x1
w = g2(t) ¯à¨ x = x2

�1(x, t, τ) = ∂yG(x, y, t, τ)
∣∣
y=x1

�2(x, t, τ) = −∂yG(x, y, t, τ)
∣∣
y=x2

�â®à ï ªà ¥¢ ï § ¤ ç 
(s1 = s2 = 1, k1 = k2 = 0)

∂xw = g1(t) ¯à¨ x = x1
∂xw = g2(t) ¯à¨ x = x2

�1(x, t, τ) = −G(x, x1, t, τ)
�2(x, t, τ) = G(x, x2, t, τ)

�à¥âìï ªà ¥¢ ï § ¤ ç 
(s1 = s2 = 1, k1 < 0, k2 > 0)

∂xw+k1w = g1(t) ¯à¨ x = x1
∂xw+k2w = g2(t) ¯à¨ x = x2

�1(x, t, τ) = −G(x, x1, t, τ)
�2(x, t, τ) = G(x, x2, t, τ)

�¬¥è ­­ ï ªà ¥¢ ï § ¤ ç 
(s1 = k2 = 0, s2 = k1 = 1)

w = g1(t) ¯à¨ x = x1
∂xw = g2(t) ¯à¨ x = x2

�1(x, t, τ) = ∂yG(x, y, t, τ)
∣∣
y=x1

�2(x, t, τ) = G(x, x2, t, τ)

�¬¥è ­­ ï ªà ¥¢ ï § ¤ ç 
(s1 = k2 = 1, s2 = k1 = 0)

∂xw = g1(t) ¯à¨ x = x1
w = g2(t) ¯à¨ x = x2

�1(x, t, τ) = −G(x, x1, t, τ)
�2(x, t, τ) = −∂yG(x, y, t, τ)

∣∣
y=x2

�ã­ªæ¨¨ �1(x, t, τ) ¨ �2(x, t, τ), ¢å®¤ïé¨¥ ¢ ¯®¤ë­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï ¤¢ãå ¯®á«¥¤­¨å
á« £ ¥¬ëå ¢ à¥è¥­¨¨ (6), ¢ëà ¦ îâáï ç¥à¥§ äã­ªæ¨î �à¨­  G(x, y, t, τ). �«ï ®á­®¢­ëå â¨¯®¢
ªà ¥¢ëå § ¤ ç á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ¤«ï �m(x, t, τ) ¤ ­ë ¢ â ¡«. 7.

� ¦­® ¯®¤ç¥àª­ãâì, çâ® äã­ªæ¨ï �à¨­  G ¨ äã­ªæ¨¨ �1 ¨ �2 ­¥ § ¢¨áïâ ®â äã­ªæ¨© �, f ,
g1, g2, å à ªâ¥à¨§ãîé¨å à §«¨ç­ë¥ ­¥®¤­®à®¤­®áâ¨ ªà ¥¢®© § ¤ ç¨.

�á«¨ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (1){(2) ¨ ª®íää¨æ¨¥­âë k1 ¨ k2 ¢ £à ­¨ç­ëå ãá«®¢¨ïå (4)
¨ (5) ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨ t, â. ¥. ¢ë¯®«­¥­ë ãá«®¢¨ï

a = a(x), b = b(x), c = c(x), k1 = const, k2 = const, (11)
â® äã­ªæ¨ï �à¨­  § ¢¨á¨â â®«ìª® ®â âà¥å  à£ã¬¥­â®¢

G(x, y, t, τ) = G(x, y, t− τ).
� íâ®¬ á«ãç ¥ äã­ªæ¨¨ �m § ¢¨áïâ ®â ¤¢ãå  à£ã¬¥­â®¢ �m = �m(x, t− τ), m = 1, 2.

�®à¬ã«  (6) ®áâ ¥âáï á¯à ¢¥¤«¨¢®© â ª¦¥ ¤«ï § ¤ ç¨ á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ âà¥âì¥£®
à®¤ , ¥á«¨ k1 = k1(t), k2 = k2(t). �à¨ íâ®¬ á¢ï§ì ¬¥¦¤ã äã­ªæ¨ï¬¨ �m (m = 1, 2) ¨ äã­ªæ¨¥©
�à¨­  G ¡ã¤¥â â ª®© ¦¥, ª ª ¨ ¤«ï á«ãç ï ¯®áâ®ï­­ëå k1 ¨ k2 (á ¬  äã­ªæ¨ï �à¨­  ¡ã¤¥â
¤àã£®©).

�«ï ¯¥à¢®©, ¢â®à®© ¨ âà¥âì¥© ªà ¥¢®© § ¤ ç¨, ª®â®àë¥ à áá¬ âà¨¢ îâáï ­  ¯®«ã¨­â¥à¢ «¥
x1 6 x < ∞, ç áâ® ¢ëáâ ¢«ï¥âáï ãá«®¢¨¥ § âãå ­¨ï à¥è¥­¨ï ­  ¡¥áª®­¥ç­®áâ¨ (w → 0 ¯à¨
x →∞). � íâ®¬ á«ãç ¥ à¥è¥­¨¥ ¬®¦­® ­ ©â¨ ¯® ä®à¬ã«¥ (6) ¯à¨ �2 = 0, £¤¥ ¢ëà ¦¥­¨¥ ¤«ï
äã­ªæ¨¨ �1 ãª § ­® ¢ â ¡«. 7.

0.7.2. � ¤ ç¨ ¤«ï ãà ¢­¥­¨© £¨¯¥à¡®«¨ç¥áª®£® â¨¯ 
0.7.2-1. �®áâ ­®¢ª  § ¤ ç¨ (t > 0, x1 6 x 6 x2).

�¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ £¨¯¥à¡®«¨ç¥áª®£® â¨¯  á ¯¥à¥¬¥­­ë¬¨
ª®íää¨æ¨¥­â ¬¨ ®¡é¥£® ¢¨¤  ¢ ®¤­®¬¥à­®¬ á«ãç ¥ § ¯¨áë¢ ¥âáï â ª:

∂2w

∂t2
+ ϕ(x, t) ∂w

∂t
− Lx,t[w] = �(x, t), (12)

£¤¥ ¢ëà ¦¥­¨¥ ¤«ï ®¯¥à â®à  Lx,t[w] ¯à¨¢¥¤¥­® ¢ (2).
� áá¬®âà¨¬ ­¥áâ æ¨®­ à­ãî ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢­¥­¨ï (12) á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

w = f0(x) ¯à¨ t = 0,

∂tw = f1(x) ¯à¨ t = 0 (13)

¨ ¯à®¨§¢®«ì­ë¬¨ «¨­¥©­ë¬¨ ­¥®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (4){(5).
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0.7.2-2. �à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï § ¤ ç¨ ç¥à¥§ äã­ªæ¨î �à¨­ .
�¥è¥­¨¥ § ¤ ç¨ (12), (13), (4), (5) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë

w(x, t) =
∫ t

0

∫ x2

x1

�(y, τ)G(x, y, t, τ) dy dτ−

−
∫ x2

x1

f0(y)
[

∂

∂τ
G(x, y, t, τ)

]
τ=0

dy +
∫ x2

x1

[
f1(y)+f0(y)ϕ(y, 0)

]
G(x, y, t, 0) dy +

+
∫ t

0
g1(τ)a(x1, τ)�1(x, t, τ) dτ +

∫ t

0
g2(τ)a(x2, τ)�2(x, t, τ) dτ. (14)

�¤¥áì G(x, y, t, τ) | äã­ªæ¨ï �à¨­ , ª®â®à ï ®¯à¥¤¥«ï¥âáï ¯ãâ¥¬ à¥è¥­¨ï ®¤­®à®¤­®£® ãà ¢-
­¥­¨ï

∂2G

∂t2
+ ϕ(x, t) ∂G

∂t
− Lx,t[G] = 0 (15)

á ¯®«ã®¤­®à®¤­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
G = 0 ¯à¨ t = τ,

∂tG = δ(x− y) ¯à¨ t = τ

(16)
(17)

¨ ®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (9) ¨ (10). � § ¤ çã (15){(17), (9), (10) ¢¥«¨ç¨­ë y ¨ τ
¢å®¤ïâ ª ª á¢®¡®¤­ë¥ ¯ à ¬¥âàë (x1 6 y 6 x2), δ(x) | ¤¥«ìâ -äã­ªæ¨ï.

�ã­ªæ¨¨ �1(x, t, τ) ¨ �2(x, t, τ), ¢å®¤ïé¨¥ ¢ ¯®¤ë­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï ¤¢ãå ¯®á«¥¤­¨å
á« £ ¥¬ëå ¢ à¥è¥­¨¨ (14), ¢ëà ¦ îâáï ç¥à¥§ äã­ªæ¨î �à¨­  G(x, y, t, τ). �«ï ®á­®¢­ëå â¨¯®¢
ªà ¥¢ëå § ¤ ç á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ¤«ï �m(x, t, τ) ¤ ­ë ¢ â ¡«. 7.

� ¦­® ¯®¤ç¥àª­ãâì, çâ® äã­ªæ¨ï �à¨­  G ¨ äã­ªæ¨¨ �1 ¨ �2 ­¥ § ¢¨áïâ ®â äã­ªæ¨© �, f0,
f1, g1, g2, å à ªâ¥à¨§ãîé¨å à §«¨ç­ë¥ ¢¨¤ë ­¥®¤­®à®¤­®áâ¨ ­¥áâ æ¨®­ à­®© ªà ¥¢®© § ¤ ç¨.

�á«¨ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (12) ¨ ª®íää¨æ¨¥­âë k1 ¨ k2 ¢ £à ­¨ç­ëå ãá«®¢¨-
ïå (4) ¨ (5) ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨ t, â® äã­ªæ¨ï �à¨­  § ¢¨á¨â â®«ìª® ®â âà¥å  à-
£ã¬¥­â®¢ G(x, y, t, τ) = G(x, y, t − τ). � íâ®¬ á«ãç ¥ ¢ à¥è¥­¨¨ (14) ¬®¦­® ¯®«®¦¨âì

∂
∂τ

G(x, y, t, τ)
∣∣
τ=0 = − ∂

∂t
G(x, y, t).

gr �¨â¥à âãà  ª à §¤¥«ã 0.7: �. �. � ¡¨ç, �. �. � ¯¨«¥¢¨ç, �. �. �¨å«¨­ ¨ ¤à. (1964), �. �. �àá¥­¨­
(1974), �. �. �ãâª®¢áª¨© (1979), �. �. �®«ï­¨­ (2000 a, b, c).

0.8. �¥®¤­®à®¤­ë¥ ªà ¥¢ë¥ § ¤ ç¨ á® ¬­®£¨¬¨
¯à®áâà ­áâ¢¥­­ë¬¨ ¯¥à¥¬¥­­ë¬¨. �à¥¤áâ ¢«¥­¨¥
à¥è¥­¨ï ç¥à¥§ äã­ªæ¨î �à¨­ 

0.8.1. � ¤ ç¨ ¤«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯ 
0.8.1-1. �®áâ ­®¢ª  § ¤ ç¨.

�¡é¥¥ «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯ à ¡®«¨ç¥áª®£® â¨¯  á n ¯à®-
áâà ­áâ¢¥­­ë¬¨ ¯¥à¥¬¥­­ë¬¨ ¨¬¥¥â ¢¨¤

∂w

∂t
− Lx,t[w] = �(x, t), (1)

£¤¥

Lx,t[w] ≡
n∑

i,j=1
aij(x, t) ∂2w

∂xi∂xj

+
n∑

i=1
bi(x, t) ∂w

∂xi

+ c(x, t)w, (2)

x = {x1, . . . , xn},
n∑

i,j=1
aij(x, t)ξiξj > σ

n∑
i=1

ξ2
i , σ > 0.

�ãáâì V | ­¥ª®â®à ï ®¤­®á¢ï§­ ï ®¡« áâì ¢ Rn á ¤®áâ â®ç­® £« ¤ª®© ¯®¢¥àå­®áâìî
S = ∂V . �ã¤¥¬ à áá¬ âà¨¢ âì ­¥áâ æ¨®­ à­ãî ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢­¥­¨ï (1) ¢ ®¡« áâ¨ V
á ¯à®¨§¢®«ì­ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬

w = f(x) ¯à¨ t = 0 (3)
¨ «¨­¥©­ë¬ ­¥®¤­®à®¤­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬

�x,t[w] = g(x, t) ¯à¨ x ∈ S. (4)
� ®¡é¥¬ á«ãç ¥ �x,t | ¯à¥¤áâ ¢«ï¥â á®¡®© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯¥à¢®£®
¯®àï¤ª  ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬, ª®íää¨æ¨¥­âë ª®â®à®£® § ¢¨áïâ ®â x ¨ t.
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�¨¤ äã­ªæ¨¨ H(x, y, t, τ) ¤«ï ®á­®¢­ëå â¨¯®¢ ­¥áâ æ¨®­ à­ëå ªà ¥¢ëå § ¤ ç.

�¨¯ § ¤ ç¨ �¨¤ £à ­¨ç­®£® ãá«®¢¨ï (4) �ã­ªæ¨ï H(x, y, t, τ)

�¥à¢ ï ªà ¥¢ ï § ¤ ç  w = g(x, t) ¯à¨ x ∈ S H(x, y, t, τ) = − ∂G
∂My

(x, y, t, τ)

�â®à ï ªà ¥¢ ï § ¤ ç  ∂w
∂Mx

= g(x, t) ¯à¨ x ∈ S H(x, y, t, τ) = G(x, y, t, τ)

�à¥âìï ªà ¥¢ ï § ¤ ç  ∂w
∂Mx

+ kw = g(x, t) ¯à¨ x ∈ S H(x, y, t, τ) = G(x, y, t, τ)

0.8.1-2. �à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï § ¤ ç¨ ç¥à¥§ äã­ªæ¨î �à¨­ .
�¥è¥­¨¥ «¨­¥©­®© ­¥®¤­®à®¤­®© ªà ¥¢®© § ¤ ç¨ (1){(4) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë

w(x, t) =
∫ t

0

∫

V

�(y, τ)G(x, y, t, τ) dVy dτ +
∫

V

f(y)G(x, y, t, 0) dVy +

+
∫ t

0

∫

S

g(y, τ)H(x, y, t, τ) dSy dτ. (5)

�¤¥áì G(x, y, t, τ) | äã­ªæ¨ï �à¨­ , ª®â®à ï ¤«ï t > τ > 0 ã¤®¢«¥â¢®àï¥â ®¤­®à®¤­®¬ã
ãà ¢­¥­¨î

∂G

∂t
− Lx,t[G] = 0 (6)

á ­¥®¤­®à®¤­ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬ á¯¥æ¨ «ì­®£® ¢¨¤ 
G = δ(x− y) ¯à¨ t = τ (7)

¨ ®¤­®à®¤­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬
�x,t[G] = 0 ¯à¨ x ∈ S. (8)

� § ¤ çã (6){(8) ¢¥«¨ç¨­  y = {y1, . . . , yn} ¢å®¤¨â ª ª n-¬¥à­ë© á¢®¡®¤­ë© ¯ à ¬¥âà (y ∈ V ),
δ(x− y) = δ(x1 − y1)δ(x2 − y2) . . . δ(xn − yn) | n-¬¥à­ ï ¤¥«ìâ -äã­ªæ¨ï. �ã­ªæ¨ï �à¨­  G
­¥ § ¢¨á¨â ®â äã­ªæ¨© �, f ¨ g, å à ªâ¥à¨§ãîé¨å à §«¨ç­ë¥ ­¥®¤­®à®¤­®áâ¨ ªà ¥¢®© § ¤ ç¨.
� à¥è¥­¨¨ (5) ¨­â¥£à¨à®¢ ­¨¥ ¢¥§¤¥ ¢¥¤¥âáï ¯® ¯ à ¬¥âàã y, ¯à¨ íâ®¬ dVy = dy1 dy2 . . . dyn.

�ã­ªæ¨ï H(x, y, t, τ), ¢å®¤ïé ï ¢ ¯®¤ë­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¯®á«¥¤­¥£® á« £ ¥¬®£® ¢
à¥è¥­¨¨ (5), ¢ëà ¦ ¥âáï ç¥à¥§ äã­ªæ¨î �à¨­  G(x, y, t, τ). �«ï âà¥å ®á­®¢­ëå â¨¯®¢ ªà ¥¢ëå
§ ¤ ç á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ¤«ï H(x, y, t, τ) ¤ ­ë ¢ â ¡«. 8 (¢ âà¥âì¥© ªà ¥¢®© § ¤ ç¥
ª®íää¨æ¨¥­â k ¬®¦¥â § ¢¨á¥âì ®â x ¨ t). � £à ­¨ç­ë¥ ãá«®¢¨ï ¢â®à®£® ¨ âà¥âì¥£® à®¤ 
¨ à¥è¥­¨¥ ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ ¢å®¤ïâ ®¯¥à â®àë ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® ­ ¯à ¢«¥­¨î
ª®­®à¬ «¨ ®¯¥à â®à  (2), ª®â®àë¥ ¤¥©áâ¢ãîâ â ª:

∂G

∂Mx

≡
n∑

i,j=1
aij(x, t)Nj

∂G

∂xi

,
∂G

∂My

≡
n∑

i,j=1
aij(y, τ)Nj

∂G

∂yi

, (9)

£¤¥ N = {N1, . . . , Nn} | ¥¤¨­¨ç­ë© ¢¥ªâ®à ¢­¥è­¥© ­®à¬ «¨ ª ¯®¢¥àå­®áâ¨ S. � ç áâ­®¬
á«ãç ¥, ª®£¤  aii(x, t)=1 ¨ aij(x, t)=0 ¯à¨ i 6= j, ®¯¥à â®à (9) á®¢¯ ¤ ¥â á ®¡ëç­ë¬ ®¯¥à â®à®¬
¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® ­ ¯à ¢«¥­¨î ¢­¥è­¥© ­®à¬ «¨ ª ¯®¢¥àå­®áâ¨ S.

�á«¨ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (6) ¨ £à ­¨ç­®¥ ãá«®¢¨¥ (8) ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨ t, â®
äã­ªæ¨ï �à¨­  ¨¬¥¥â ¢¨¤ G(x, y, t, τ) = G(x, y, t− τ).

� ¬¥ç ­¨¥. �á«¨ ­  à §­ëå ç áâïå ¯®¢¥àå­®áâ¨ S =
p∑

i=1
Si ¢ëáâ ¢«ïîâáï £à ­¨ç­ë¥

ãá«®¢¨ï à §­®£® â¨¯ 
�(i)

x,t[w] = gi(x, t) ¯à¨ x ∈ Si, i = 1, . . . , p, (10)
â® ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ à¥è¥­¨¨ (5) § ¬¥­ï¥âáï áã¬¬®©

p∑
i=1

∫ t

0

∫

Si

gi(y, τ)Hi(x, y, t, τ) dSy dτ. (11)
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0.8.2. � ¤ ç¨ ¤«ï ãà ¢­¥­¨© £¨¯¥à¡®«¨ç¥áª®£® â¨¯ 

0.8.2-1. �®áâ ­®¢ª  § ¤ ç¨.
�¡é¥¥ «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ £¨¯¥à¡®«¨ç¥áª®£® â¨¯  á n ¯à®-
áâà ­áâ¢¥­­ë¬¨ ¯¥à¥¬¥­­ë¬¨ ¨¬¥¥â ¢¨¤

∂2w

∂t2
+ ϕ(x, t) ∂w

∂t
− Lx,t[w] = �(x, t), (12)

£¤¥ ï¢­ë© ¢¨¤ ¢ëà ¦¥­¨ï Lx,t[w] ãª § ­ ¢ (2).
�ã¤¥¬ à áá¬ âà¨¢ âì ­¥áâ æ¨®­ à­ãî ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢­¥­¨ï (12) ¢ ®¡« áâ¨ V á

¯à®¨§¢®«ì­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
w = f0(x) ¯à¨ t = 0,

∂tw = f1(x) ¯à¨ t = 0
(13)
(14)

¨ «¨­¥©­ë¬ ­¥®¤­®à®¤­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬ (4).

0.8.2-2. �à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï § ¤ ç¨ ç¥à¥§ äã­ªæ¨î �à¨­ .
�¥è¥­¨¥ «¨­¥©­®© ­¥®¤­®à®¤­®© ªà ¥¢®© § ¤ ç¨ (12){(14), (4) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë

w(x, t) =
∫ t

0

∫

V

�(y, τ)G(x, y, t, τ) dVy dτ −
∫

V

f0(y)
[

∂

∂τ
G(x, y, t, τ)

]
τ=0

dVy +

+
∫

V

[
f1(y) + f0(y)ϕ(y, 0)

]
G(x, y, t, 0) dVy +

∫ t

0

∫

S

g(y, τ)H(x, y, t, τ) dSy dτ. (15)

�¤¥áì G(x, y, t, τ) | äã­ªæ¨ï �à¨­ , ª®â®à ï ã¤®¢«¥â¢®àï¥â ®¤­®à®¤­®¬ã ãà ¢­¥­¨î
∂2G

∂t2
+ ϕ(x, t) ∂G

∂t
− Lx,t[G] = 0 (16)

á ¯®«ã®¤­®à®¤­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
G = 0 ¯à¨ t = τ,

∂tG = δ(x− y) ¯à¨ t = τ

¨ ®¤­®à®¤­®¬ã £à ­¨ç­®¬ã ãá«®¢¨î (8).
�á«¨ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (16) ¨ £à ­¨ç­®¥ ãá«®¢¨¥ (8) ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨ t, â®

äã­ªæ¨ï �à¨­  ¨¬¥¥â ¢¨¤ G(x, y, t, τ) = G(x, y, t− τ). � íâ®¬ á«ãç ¥ ¢ à¥è¥­¨¨ (15) ¬®¦­®
¯®«®¦¨âì ∂

∂τ
G(x, y, t, τ)

∣∣
τ=0 = − ∂

∂t
G(x, y, t).

�ã­ªæ¨ï H = H(x, y, t, τ), ¢å®¤ïé ï ¢ ¯®¤ë­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¯®á«¥¤­¥£® á« £ ¥¬®£®
¢ à¥è¥­¨¨ (15), ¢ëà ¦ ¥âáï ç¥à¥§ äã­ªæ¨î �à¨­  G(x, y, t, τ). �«ï ®á­®¢­ëå â¨¯®¢ ªà ¥¢ëå
§ ¤ ç á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ¤«ï H ¤ ­ë ¢ â ¡«. 8 (¢ âà¥âì¥© ªà ¥¢®© § ¤ ç¥ ª®íää¨æ¨¥­â
k ¬®¦¥â § ¢¨á¥âì ®â x ¨ t).

� ¬¥ç ­¨¥. �á«¨ ­  à §­ëå ç áâïå ¯®¢¥àå­®áâ¨ S =
p∑

i=1
Si ¢ëáâ ¢«ïîâáï £à ­¨ç­ë¥

ãá«®¢¨ï à §­®£® â¨¯  (10), â® ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ à¥è¥­¨¨ (15) § ¬¥­ï¥âáï áã¬¬®© (11).

0.8.3. � ¤ ç¨ ¤«ï ãà ¢­¥­¨© í««¨¯â¨ç¥áª®£® â¨¯ 

0.8.3-1. �®áâ ­®¢ª  § ¤ ç¨.
� ®¡é¥¬ á«ãç ¥ «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ í««¨¯â¨ç¥áª®£® â¨¯  ¬®¦­® § ¯¨á âì â ª:

−Lx[w] = �(x), (17)
£¤¥

Lx[w] ≡
n∑

i,j=1
aij(x) ∂2w

∂xi∂xj

+
n∑

i=1
bi(x) ∂w

∂xi

+ c(x)w. (18)

�¢ã¬¥à­ë¬ § ¤ ç ¬ ®â¢¥ç ¥â n = 2,   âà¥å¬¥à­ë¬ | n = 3.
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�¨¤ äã­ªæ¨¨ H(x, y), ¢å®¤ïé¥© ¢ ¯®¤ë­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¯®á«¥¤­¥£®

á« £ ¥¬®£® ¢ à¥è¥­¨¨ (20), ¤«ï ®á­®¢­ëå â¨¯®¢ áâ æ¨®­ à­ëå ªà ¥¢ëå § ¤ ç.

�¨¯ § ¤ ç¨ �¨¤ £à ­¨ç­®£® ãá«®¢¨ï (19) �ã­ªæ¨ï H(x, y)

�¥à¢ ï ªà ¥¢ ï § ¤ ç  w = g(x) ¯à¨ x ∈ S H(x, y) = − ∂G
∂My

(x, y)

�â®à ï ªà ¥¢ ï § ¤ ç  ∂w
∂Mx

= g(x) ¯à¨ x ∈ S H(x, y) = G(x, y)

�à¥âìï ªà ¥¢ ï § ¤ ç  ∂w
∂Mx

+ kw = g(x) ¯à¨ x ∈ S H(x, y) = G(x, y)

�à ¢­¥­¨¥ (17){(18) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ ®¡« áâ¨ V á ®¡é¨¬ «¨­¥©­ë¬ £à ­¨ç­ë¬
ãá«®¢¨¥¬

�x[w] = g(x) ¯à¨ x ∈ S. (19)

�¥è¥­¨¥ áâ æ¨®­ à­®© § ¤ ç¨ (17){(19) ¬®¦­® ¯®«ãç¨âì ¯ãâ¥¬ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¯à¨
t→∞ ¢ à¥è¥­¨¨ (5) ¤«ï ­¥áâ æ¨®­ à­®© § ¤ ç¨ á¯¥æ¨ «ì­®£® ¢¨¤ . �«ï íâ®£® ­ ¤® à áá¬®âà¥âì
ãà ¢­¥­¨¥ (1), ª®íää¨æ¨¥­âë ¨ ¯à ¢ ï ç áâì ª®â®à®£® ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨ t, ¨ ¢§ïâì
®¤­®à®¤­®¥ ­ ç «ì­®¥ ãá«®¢¨¥ (3) ¯à¨ f(x) = 0 ¨ áâ æ¨®­ à­®¥ £à ­¨ç­®¥ ãá«®¢¨¥ (4).

0.8.3-2. �à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï § ¤ ç¨ ç¥à¥§ äã­ªæ¨î �à¨­ .

�¥è¥­¨¥ «¨­¥©­®© ªà ¥¢®© § ¤ ç¨ (17){(19) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë

w(x) =
∫

V

�(y)G(x, y) dVy +
∫

S

g(y)H(x, y) dSy. (20)

�¤¥áì G(x, y) | äã­ªæ¨ï �à¨­ , ª®â®à ï ã¤®¢«¥â¢®àï¥â ­¥®¤­®à®¤­®¬ã ãà ¢­¥­¨î á¯¥æ¨ «ì-
­®£® ¢¨¤ 

−Lx[G] = δ(x− y) (21)
á ®¤­®à®¤­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬

�x[G] = 0 ¯à¨ x ∈ S. (22)

� § ¤ çã (21), (22) ¢¥«¨ç¨­  y ={y1, . . . , yn} ¢å®¤¨â ª ª n-¬¥à­ë© á¢®¡®¤­ë© ¯ à ¬¥âà (y∈V ).
�ã­ªæ¨ï �à¨­  G ­¥ § ¢¨á¨â ®â äã­ªæ¨© � ¨ g, å à ªâ¥à¨§ãîé¨å à §«¨ç­ë¥ ­¥®¤­®à®¤­®áâ¨
¨áå®¤­®© ªà ¥¢®© § ¤ ç¨.

�ã­ªæ¨ï H(x, y), ¢å®¤ïé ï ¢ ¯®¤ë­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¢â®à®£® á« £ ¥¬®£® ¢ à¥è¥­¨¨
(20), ¢ëà ¦ ¥âáï ç¥à¥§ äã­ªæ¨î �à¨­  G(x, y). �«ï âà¥å ®á­®¢­ëå â¨¯®¢ ªà ¥¢ëå § ¤ ç
á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ¤«ï H(x, y) ¤ ­ë ¢ â ¡«. 9. � £à ­¨ç­ë¥ ãá«®¢¨ï ¢â®à®£® ¨
âà¥âì¥£® à®¤  ¨ à¥è¥­¨¥ ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ ¢å®¤ïâ ®¯¥à â®àë ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯®
­ ¯à ¢«¥­¨î ª®­®à¬ «¨ ®¯¥à â®à  (18), ª®â®àë¥ ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (9) (¢ ¤ ­­®¬ á«ãç ¥
ª®íää¨æ¨¥­âë aij § ¢¨áïâ â®«ìª® ®â x).

� ¬¥ç ­¨¥. �«ï ¢â®à®© ªà ¥¢®© § ¤ ç¨ ¯à¨ c(x)≡ 0 â ª¨¬ ®¡à §®¬ ®¯à¥¤¥«ï¥¬ ï äã­ªæ¨ï
�à¨­  ¬®¦¥â ­¥ áãé¥áâ¢®¢ âì (á¬. § ¬¥ç ­¨¥ 2 ¢ à §¤. 8.2.1-2).

0.8.4. �®¯®áâ ¢«¥­¨¥ áâàãªâãàë à¥è¥­¨© ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨©
à §«¨ç­®£® â¨¯ 

� â ¡«. 10 ªà âª® áä®à¬ã«¨à®¢ ­ë ¯®áâ ­®¢ª¨ ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª 
í««¨¯â¨ç¥áª®£®, ¯ à ¡®«¨ç¥áª®£® ¨ £¨¯¥à¡®«¨ç¥áª®£® â¨¯®¢. �ç¨â ¥âáï, çâ® ª®íää¨æ¨¥­âë
¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ Lx ¨ �x ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ x1, . . . , xn ­¥
§ ¢¨áïâ ®â ¢à¥¬¥­¨ t ¨ íâ¨ ®¯¥à â®àë ®¤¨­ ª®¢ë ¤«ï ¤ ­­ëå § ¤ ç.
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�®à¬ã«¨à®¢ª¨ ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© à §«¨ç­®£® â¨¯ .

�¨¯ ãà ¢­¥­¨ï �¨¤ ãà ¢­¥­¨ï � ç «ì­ë¥ ãá«®¢¨ï �à ­¨ç­®¥ ãá«®¢¨¥

�««¨¯â¨ç¥áª¨© −Lx[w] = �(x) ­¥ ¢ëáâ ¢«ïîâáï �x[w] = g(x) ¯à¨ x ∈ S

� à ¡®«¨ç¥áª¨© ∂tw − Lx[w] = �(x, t) w = f(x) ¯à¨ t = 0 �x[w] = g(x, t) ¯à¨ x ∈ S

�¨¯¥à¡®«¨ç¥áª¨© ∂ttw − Lx[w] = �(x, t) w = f0(x) ¯à¨ t = 0,

∂tw = f1(x) ¯à¨ t = 0 �x[w] = g(x, t) ¯à¨ x ∈ S

�¨¦¥ ¯®á«¥¤®¢ â¥«ì­® ¢ë¯¨á ­ë ®¡é¨¥ ä®à¬ã«ë ¤«ï à¥è¥­¨ï íâ¨å § ¤ ç ¯à¨ ­ã«¥¢ëå
­ ç «ì­ëå ãá«®¢¨ïå (f = f0 = f1 = 0):

w0(x) =
∫

V

�(y)G0(x, y) dVy +
∫

S

g(y)H[
G0(x, y)

]
dSy,

w1(x, t) =
∫ t

0

∫

V

�(y, τ)G1(x, y, t− τ) dVy dτ +
∫ t

0

∫

S

g(y, τ)H[
G1(x, y, t− τ)

]
dSy dτ,

w2(x, t) =
∫ t

0

∫

V

�(y, τ)G2(x, y, t− τ) dVy dτ +
∫ t

0

∫

S

g(y, τ)H[
G2(x, y, t− τ)

]
dSy dτ,

£¤¥ Gn | äã­ªæ¨¨ �à¨­ ; ¨­¤¥ªáë 0, 1 ¨ 2 á®®â¢¥âáâ¢¥­­® ®â­®áïâáï ª § ¤ ç ¬ í««¨¯â¨ç¥áª®£®,
¯ à ¡®«¨ç¥áª®£® ¨ £¨¯¥à¡®«¨ç¥áª®£® â¨¯®¢. �® ¢á¥ à¥è¥­¨ï ¢å®¤¨â ®¤¨­ ª®¢ë© ®¯¥à â®àH[G]
(¥£® ï¢­ë© ¢¨¤ ¤«ï à §«¨ç­ëå £à ­¨ç­ëå ãá«®¢¨© ãª § ­ ¢ à §¤. 0.8.1 | 0.8.3, á¬. â ª¦¥
à §¤. 0.7).

�¨¤­®, çâ® à¥è¥­¨ï § ¤ ç ¯ à ¡®«¨ç¥áª®£® ¨ £¨¯¥à¡®«¨ç¥áª®£® â¨¯  ¯à¨ ­ã«¥¢ëå ­ ç «ì-
­ëå ãá«®¢¨ïå ¨¬¥îâ ®¤¨­ ª®¢ãî áâàãªâãàã. �âàãªâãà  à¥è¥­¨ï § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï ¯ à -
¡®«¨ç¥áª®£® â¨¯  ®â«¨ç ¥âáï áâàãªâãàë à¥è¥­¨ï § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï í««¨¯â¨ç¥áª®£® â¨¯ 
¤®¯®«­¨â¥«ì­ë¬ ¨­â¥£à¨à®¢ ­¨¥¬ ¯® ¯¥à¥¬¥­­®© t.
gr �¨â¥à âãà  ª à §¤¥«ã 0.8: �. �. � ¡¨ç, �. �. � ¯¨«¥¢¨ç, �. �. �¨å«¨­ ¨ ¤à. (1964), �. �. �ãâª®¢áª¨©

(1979), �. �. �®«ï­¨­ (2000 a, b, c).

0.9. �®áâà®¥­¨¥ äã­ªæ¨© �à¨­ . �¡é¨¥ ä®à¬ã«ë ¨
á®®â­®è¥­¨ï

0.9.1. �ã­ªæ¨¨ �à¨­  ªà ¥¢ëå § ¤ ç, ®¯¨áë¢ ¥¬ëå ãà ¢­¥­¨ï¬¨
à §«¨ç­®£® â¨¯  ¢ ®¡« áâïå ª®­¥ç­ëå à §¬¥à®¢

0.9.1-1. �ëà ¦¥­¨ï ¤«ï äã­ªæ¨© �à¨­  ¢ ¢¨¤¥ ¡¥áª®­¥ç­ëå àï¤®¢.

� â ¡«. 11 ¯à¨¢¥¤¥­ë äã­ªæ¨¨ �à¨­  ªà ¥¢ëå § ¤ ç, ®¯¨áë¢ ¥¬ëå ãà ¢­¥­¨ï¬¨ ¢â®à®£® ¯®-
àï¤ª  à §«¨ç­®£® â¨¯  ¢ ª®­¥ç­®© ®¡« áâ¨ V . �ç¨â ¥âáï, çâ® Lx | «¨­¥©­ë© á ¬®á®¯àï¦¥­-
­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª  ®â­®á¨â¥«ì­® ¯à®áâà ­áâ¢¥­­ëå ¯¥à¥¬¥­-
­ëå x1, . . . , xn; �x | «¨­¥©­ë© £à ­¨ç­ë© ®¯¥à â®à ­ã«¥¢®£® ¨«¨ ¯¥à¢®£® ¯®àï¤ª , ª®â®àë©
¬®¦¥â § ¤ ¢ âì £à ­¨ç­®¥ ãá«®¢¨¥ ¯¥à¢®£®, ¢â®à®£® ¨«¨ âà¥âì¥£® à®¤  (ª®íää¨æ¨¥­âë ®¯¥à -
â®à®¢ Lx ¨ �x ¬®£ãâ § ¢¨á¥âì ®â ¯à®áâà ­áâ¢¥­­ëå ¯¥à¥¬¥­­ëå, ­® ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨ t).
�®íää¨æ¨¥­âë λk ¨ äã­ªæ¨¨ uk(x) ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï ®¤­®à®¤­®© ªà ¥¢®© § ¤ ç¨
­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï:

Lx[u] + λu = 0, (1)
�x[u] = 0 ¯à¨ x ∈ S. (2)

�§ â ¡«. 11 ¢¨¤­®, çâ® §­ ï äã­ªæ¨î �à¨­  ¢ § ¤ ç¥ ¤«ï ãà ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® (¨«¨
£¨¯¥à¡®«¨ç¥áª®£®) â¨¯  «¥£ª® ¬®¦­® ¯®áâà®¨âì äã­ªæ¨¨ �à¨­  ¢ á®®â¢¥âáâ¢ãîé¨å § ¤ ç å
¤«ï ãà ¢­¥­¨© í««¨¯â¨ç¥áª®£® ¨ £¨¯¥à¡®«¨ç¥áª®£® (¨«¨ ¯ à ¡®«¨ç¥áª®£®) â¨¯®¢. � ç áâ­®áâ¨,
äã­ªæ¨ï �à¨­  § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï í««¨¯â¨ç¥áª®£® â¨¯  ¢ëà ¦ ¥âáï ç¥à¥§ äã­ªæ¨î �à¨­ 
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������� 11
�ã­ªæ¨¨ �à¨­  ªà ¥¢ëå § ¤ ç, ®¯¨áë¢ ¥¬ëå ãà ¢­¥­¨ï¬¨ à §«¨ç­®£® â¨¯  ¢ ®¡« áâïå
ª®­¥ç­ëå à §¬¥à®¢. �® ¢á¥å § ¤ ç å ®¯¥à â®àë Lx ¨ �x ®¤¨­ ª®¢ë, x = {x1, . . . , xn}.

�¨¯ ¨ ¢¨¤ ãà ¢­¥­¨ï � ç «ì­ë¥ ¨
£à ­¨ç­ë¥ ãá«®¢¨ï �ã­ªæ¨ï �à¨­ 

�««¨¯â¨ç¥áª®¥ ãà ¢­¥­¨¥
−Lx[w] = �(x)

�x[w] = g(x) ¯à¨ x ∈ S
(­ ç «ì­®¥ ãá«®¢¨¥ ­¥ ­ã¦­®) G(x, y) =

∞∑

k=1

uk(x)uk(y)
‖uk‖2λk

, λk 6= 0

� à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥
∂tw − Lx[w] = �(x, t)

w = f(x) ¯à¨ t = 0
�x[w] = g(x, t) ¯à¨ x ∈ S

G(x, y, t) =
∞∑

k=1

uk(x)uk(y)
‖uk‖2 exp

(−λkt
)

�¨¯¥à¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥
∂ttw − Lx[w] = �(x, t)

w = f0(x) ¯à¨ t = 0
w = f1(x) ¯à¨ t = 0

�x[w] = g(x, t) ¯à¨ x ∈ S

G(x, y, t) =
∞∑

k=1

uk(x)uk(y)
‖uk‖2√

λk

sin
(
t
√

λk

)

§ ¤ ç¨ ¤«ï ãà ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯  ¯® ä®à¬ã«¥:

G0(x, y) =
∫ ∞

0
G1(x, y, t) dt. (3)

�¤¥áì ãçâ¥­®, çâ® ¢á¥ λk > 0 [¢ á«ãç ¥ ¢â®à®© ªà ¥¢®© § ¤ ç¨ áç¨â ¥âáï, çâ® λ = 0 ­¥ ï¢«ï¥âáï
á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ § ¤ ç¨ (1){(2)].

0.9.1-2. �¥ª®â®àë¥ § ¬¥ç ­¨ï ¨ ®¡®¡é¥­¨ï.
� ¬¥ç ­¨¥ 1. �®à¬ã«  (3) ¬®¦¥â ¨á¯®«ì§®¢ âìáï â ª¦¥ ¤«ï ­¥®£à ­¨ç¥­­®© ®¡« áâ¨ V .

� íâ®¬ á«ãç ¥ ­ ¤® ¯à®¢¥àïâì áå®¤¨¬®áâì ¨­â¥£à «  ¢ ¯à ¢®© ç áâ¨.
� ¬¥ç ­¨¥ 2. �ãáâì ¢ ãà ¢­¥­¨ïå, ¯à¨¢¥¤¥­­ëå ¢® ¢â®à®¬ áâ®«¡æ¥ â ¡«. 11, ¢¬¥áâ®

−Lx[w] áâ®¨â ¢ëà ¦¥­¨¥ −Lx[w]−βw á® á¢®¡®¤­ë¬ ¯ à ¬¥âà®¬ β. �®£¤  ¢ ¢ëà ¦¥­¨ïå ¤«ï
äã­ªæ¨¨ �à¨­  ¢ âà¥âì¥¬ áâ®«¡æ¥ â ¡«. 11 §­ ç¥­¨ï λk ¢¥§¤¥ á«¥¤ã¥â § ¬¥­¨âì ­  λk−β [ª ª ¨
à ­¥¥ λk ¨ uk(x) ¡ã¤ãâ ®¯à¥¤¥«ïâìáï ¯ãâ¥¬ à¥è¥­¨ï § ¤ ç¨ ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï (1){(2)].

� ¬¥ç ­¨¥ 3. �à¨¢¥¤¥­­ë¥ ¢ â ¡«. 11 ä®à¬ã«ë ¤«ï äã­ªæ¨© �à¨­  ¡ã¤ãâ á¯à ¢¥¤«¨¢ë
â ª¦¥ ¤«ï ªà ¥¢ëå § ¤ ç, ®¯¨áë¢ ¥¬ëå ãà ¢­¥­¨ï¬¨ ç¥â¢¥àâ®£® ¨ ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢
¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ [ª®£¤  ®¤­®à®¤­ ï § ¤ ç  ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¤«ï
ãà ¢­¥­¨ï (1) á á®®â¢¥âáâ¢ãîé¨¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ ¡ã¤¥â á ¬®á®¯àï¦¥­­®©].

0.9.2. �ã­ªæ¨¨ �à¨­ , ¤®¯ãáª îé¨¥ ­¥¯®«­®¥ à §¤¥«¥­¨¥ ¯¥à¥¬¥­­ëå
0.9.2-1. �à ¥¢ë¥ § ¤ ç¨ ¤«ï ®¡« áâ¥© á ¯àï¬®ã£®«ì­ë¬¨ £à ­¨æ ¬¨.

1◦. � áá¬®âà¨¬ ãà ¢­¥­¨¥ ¯ à ¡®«¨ç¥áª®£® â¨¯ 
∂w

∂t
= L1,t[w] + · · ·+ Ln,t[w] + �(x, t), (4)

£¤¥ ª ¦¤®¥ á« £ ¥¬®¥ Lm,t[w] § ¢¨á¨â â®«ìª® ®â ®¤­®© ¯à®áâà ­áâ¢¥­­®© ª®®à¤¨­ âë xm ¨
¢à¥¬¥­¨ t:

Lm,t[w] ≡ am(xm, t) ∂2w

∂x2
m

+ bm(xm, t) ∂w

∂xm

+ cm(xm, t)w, m = 1, . . . , n.

�«ï ãà ¢­¥­¨ï (4) ¢ëáâ ¢«ï¥¬ ­ ç «ì­®¥ ãá«®¢¨¥ ®¡é¥£® ¢¨¤ 
w = f(x) ¯à¨ t = 0. (5)

� áá¬®âà¨¬ ®¡« áâì V = {αm 6 xm 6 βm, m = 1, . . . , n}, ª®â®à ï ¯à¥¤áâ ¢«ï¥â á®¡®©
n-¬¥à­ë© ¯ à ««¥«¥¯¨¯¥¤. �  £à ­ïå íâ®£® ¯ à ««¥«¥¯¨¯¥¤  ¢ëáâ ¢«ïîâáï £à ­¨ç­ë¥ ãá«®¢¨ï

s(1)
m

∂w

∂xm

+ k(1)
m (t)w = g(1)

m (x, t) ¯à¨ xm = αm,

s(2)
m

∂w

∂xm

+ k(2)
m (t)w = g(2)

m (x, t) ¯à¨ xm = βm.
(6)



0.9. �®áâà®¥­¨¥ äã­ªæ¨© �à¨­ . �¡é¨¥ ä®à¬ã«ë ¨ á®®â­®è¥­¨ï 43

� ¤ ¢ ï á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ §­ ç¥­¨ï ª®íää¨æ¨¥­â®¢ s(1)
m , s(2)

m ¨ äã­ªæ¨¨ k
(1)
m = k

(1)
m (t),

k
(2)
m = k

(2)
m (t) ­  ª ¦¤®© £à ­¨ ¬®¦­® ¯®«ãç¨âì £à ­¨ç­ë¥ ãá«®¢¨ï ¯¥à¢®£®, ¢â®à®£® ¨ âà¥âì¥£®

à®¤ . �«ï ­¥®£à ­¨ç¥­­ëå ®¡« áâ¥© á®®â¢¥âáâ¢ãîé¨¥ ¡¥áª®­¥ç­ë¬ §­ ç¥­¨ï¬ αm = −∞ ¨«¨
βm = ∞ £à ­¨ç­ë¥ ãá«®¢¨ï ®¯ãáª îâáï.
2◦. �ã­ªæ¨î �à¨­  ­¥áâ æ¨®­ à­®© n-¬¥à­®© ªà ¥¢®© § ¤ ç¨ (4){(6) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
¯à®¨§¢¥¤¥­¨ï

G(x, y, t, τ) =
n∏

m=1
Gm(xm, ym, t, τ), (7)

£¤¥ Gm = Gm(xm, ym, t, τ) |äã­ªæ¨¨ �à¨­ , ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ®¤­®¬¥à­ë¬ ãà ¢­¥­¨ï¬
∂Gm

∂t
− Lm,t[Gm] = 0 (m = 1, . . . , n)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬
Gm = δ(xm − ym) ¯à¨ t = τ

¨ ®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

s(1)
m

∂Gm

∂xm

+ k(1)
m (t)Gm = 0 ¯à¨ xm = αm,

s(2)
m

∂Gm

∂xm

+ k(2)
m (t)Gm = 0 ¯à¨ xm = βm.

�¤¥áì ym ¨ τ | á¢®¡®¤­ë¥ ¯ à ¬¥âàë (αm 6 ym 6 βm, t > τ > 0), δ(x) | ¤¥«ìâ -äã­ªæ¨ï.
�¨¤­®, çâ® äã­ªæ¨ï �à¨­  (7) ¤®¯ãáª ¥â ­¥¯®«­®¥ à §¤¥«¥­¨¥ ¯¥à¥¬¥­­ëå (®­  à §¤¥«ï¥âáï

¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ x1, . . . , xn, ­® ­¥ à §¤¥«ï¥âáï ¯® ¢à¥¬¥­¨ t).

0.9.2-2. �à ¥¢ë¥ § ¤ ç¨ ¤«ï æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ á ¯à®¨§¢®«ì­ë¬ á¥ç¥­¨¥¬.
1◦. � áá¬®âà¨¬ ãà ¢­¥­¨¥ ¯ à ¡®«¨ç¥áª®£® â¨¯ 

∂w

∂t
= Lx,t[w] + Mz,t[w] + �(x, z, t), (8)

£¤¥ Lx,t | ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª  ¯® ¯¥à¥¬¥­-
­ë¬ x1, . . . , xn, ª®íää¨æ¨¥­âë ª®â®à®£® § ¢¨áïâ ®â x ¨ t;   Mz,t | ¯à®¨§¢®«ì­ë© «¨­¥©­ë©
¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª  ¯® ¯¥à¥¬¥­­®© z, ª®íää¨æ¨¥­âë ª®â®à®£® § ¢¨-
áïâ ®â z ¨ t.

�«ï ãà ¢­¥­¨ï (8) ¢ëáâ ¢«ï¥¬ ­ ç «ì­®¥ ãá«®¢¨¥ ®¡é¥£® ¢¨¤ 
w = f(x, z) ¯à¨ t = 0. (9)

�ç¨â ¥¬, çâ® ¯à®áâà ­áâ¢¥­­ë¥ ¯¥à¥¬¥­­ë¥ ¨§¬¥­ïîâáï ¢ æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨
V = {x∈D, z1 6 z 6 z2} á ¯à®¨§¢®«ì­ë¬ á¥ç¥­¨¥¬ D. �  £à ­¨æ å íâ®© ®¡« áâ¨ ¢ëáâ ¢«ïîâáï
ãá«®¢¨ï*

�1[w] = g1(x, t) ¯à¨ z = z1 (x ∈ D),
�2[w] = g2(x, t) ¯à¨ z = z2 (x ∈ D),
�3[w] = g3(x, z, t) ¯à¨ x ∈ ∂D (z1 6 z 6 z2),

(10)

£¤¥ «¨­¥©­ë¥ £à ­¨ç­ë¥ ®¯¥à â®àë �k (k = 1, 2, 3) ¬®£ãâ § ¤ ¢ âì £à ­¨ç­ë¥ ãá«®¢¨ï ¯¥à¢®£®,
¢â®à®£® ¨«¨ âà¥âì¥£® à®¤  (¢ ¯®á«¥¤­¥¬ á«ãç ¥ ª®íää¨æ¨¥­âë ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢
�k ¬®£ãâ § ¢¨á¥âì ®â ¢à¥¬¥­¨ t).
2◦. �ã­ªæ¨ï �à¨­  § ¤ ç¨ (8){(10) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï

G(x, y, z, ζ, t, τ) = GL(x, y, t, τ)GM (z, ζ, t, τ), (11)
£¤¥ GL = GL(x, y, t, τ) ¨ GM = GM (z, ζ, t, τ) | ¢á¯®¬®£ â¥«ì­ë¥ äã­ªæ¨¨ �à¨­ , ª®â®àë¥
®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï ¤¢ãå ¡®«¥¥ ¯à®áâëå § ¤ ç ¬¥­ìè¥© à §¬¥à­®áâ¨:

� ¤ ç  ­  á¥ç¥­¨¨ D: � ¤ ç  ­  ®âà¥§ª¥ z1 6 z 6 z2:



∂GL

∂t
= Lx,t[GL] ¯à¨ x ∈ D,

GL = δ(x− y) ¯à¨ t = τ,

�3[GL] = 0 ¯à¨ x ∈ ∂D,





∂GM

∂t
= Mz,t[GM ] ¯à¨ z1 < z < z2,

GM = δ(z − ζ) ¯à¨ t = τ,

�k[GM ] = 0 ¯à¨ z = zk (k = 1, 2).

* �à¨ x1 = −∞ ¨«¨ x2 = ∞ á®®â¢¥âáâ¢ãîé¥¥ £à ­¨ç­®¥ ãá«®¢¨¥ ®¯ãáª ¥âáï.
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�¤¥áì y, ζ, τ | á¢®¡®¤­ë¥ ¯ à ¬¥âàë (y ∈ D, z1 6 ζ 6 z2, t > τ > 0).
�¨¤­®, çâ® äã­ªæ¨ï �à¨­  (11) ¤®¯ãáª ¥â ­¥¯®«­®¥ à §¤¥«¥­¨¥ ¯¥à¥¬¥­­ëå (®­  à §¤¥«ï-

¥âáï ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ x ¨ z, ­® ­¥ à §¤¥«ï¥âáï ¯® ¢à¥¬¥­¨ t).

0.9.3. �®áâà®¥­¨¥ äã­ªæ¨© �à¨­  á ¯®¬®éìî äã­¤ ¬¥­â «ì­ëå
à¥è¥­¨©

0.9.3-1. �à ¢­¥­¨ï í««¨¯â¨ç¥áª®£® â¨¯ . �ã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥.
� áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥ í««¨¯â¨ç¥áª®£® â¨¯ 

Lx[w] + ∂2w

∂z2 = �(x, z), (12)

£¤¥ x = {x1, . . . , xn} ∈ Rn, z ∈ R1, Lx[w] | «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à, ª®â®àë©
§ ¢¨á¨â ®â ¯¥à¥¬¥­­ëå x1, . . . , xn ¨ ­¥ § ¢¨á¨â ®â z. �«ï ¤ «ì­¥©è¥£® ¢ ¦­®, çâ® ®¤­®à®¤­®¥
ãà ¢­¥­¨¥ (¯à¨ � ≡ 0) ­¥ ¬¥­ï¥âáï ¯à¨ § ¬¥­¥ z ­  −z ¨ z ­  z + const.

�ãáâì E = E (x, y, z − ζ) | äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (12), â. ¥.

Lx[E ] + ∂2E
∂z2 = δ(x− y)δ(z − ζ).

�¤¥áì y = {y1, . . . , yn} ∈ Rn, ζ ∈ R1 | á¢®¡®¤­ë¥ ¯ à ¬¥âàë.
�ã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ¤ ­­®£® ãà ¢­¥­¨ï ï¢«ï¥âáï ç¥â­®© äã­ªæ¨¥© ®â­®á¨â¥«ì­®

¯®á«¥¤­¥£®  à£ã¬¥­â :
E (x, y, z) = E (x, y,−z).

�¨¦¥ ¢ à §¤. 0.9.3-2 ¨ 0.9.3-3 ¯à¨¢¥¤¥­ë ä®à¬ã«ë, ¯®§¢®«ïîé¨¥ ¢ëà ¦ âì äã­ªæ¨¨ �à¨­ 
­¥ª®â®àëå ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨ï (12) ç¥à¥§ ¥£® äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥.

0.9.3-2. �¡« áâì: x ∈ Rn, 0 6 z < ∞. �à ¥¢ë¥ § ¤ ç¨ ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨©.
1◦. �¥à¢ ï ªà ¥¢ ï § ¤ ç . �à ­¨ç­®¥ ãá«®¢¨¥:

w = f(x) ¯à¨ z = 0.

�ã­ªæ¨ï �à¨­ :
G(x, y, z, ζ) = E (x, y, z − ζ)− E (x, y, z + ζ).

�¡« áâì ¨§¬¥­¥­¨ï á¢®¡®¤­ëå ¯ à ¬¥âà®¢: y ∈ Rn, 0 6 ζ < ∞.
2◦. �â®à ï ªà ¥¢ ï § ¤ ç . �à ­¨ç­®¥ ãá«®¢¨¥:

∂zw = f(x) ¯à¨ z = 0.

�ã­ªæ¨ï �à¨­ :
G(x, y, z, ζ) = E (x, y, z − ζ) + E (x, y, z + ζ).

3◦. �à¥âìï ªà ¥¢ ï § ¤ ç . �à ­¨ç­®¥ ãá«®¢¨¥:
∂zw − kw = f(x) ¯à¨ z = 0.

�ã­ªæ¨ï �à¨­ :

G(x, y, z, ζ) = E (x, y, z − ζ) + E (x, y, z + ζ)− 2k

∫ ∞

0
e−ksE (x, y, z + ζ + s) ds =

= E (x, y, z − ζ) + E (x, y, z + ζ)− 2k

∫ ∞

z+ζ

e−k(σ−z−ζ)E (x, y, σ) dσ.

0.9.3-3. �¡« áâì: x ∈ Rn, 0 6 z 6 l. �à ¥¢ë¥ § ¤ ç¨ ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨©.
1◦. �¥à¢ ï ªà ¥¢ ï § ¤ ç . �à ­¨ç­ë¥ ãá«®¢¨ï:

w = f1(x) ¯à¨ z = 0, w = f2(x) ¯à¨ z = l.

�ã­ªæ¨ï �à¨­ :

G(x, y, z, ζ) =
∞∑

n=−∞

[E (x, y, z − ζ + 2nl)− E (x, y, z + ζ + 2nl)
]
. (13)

�¡« áâì ¨§¬¥­¥­¨ï á¢®¡®¤­ëå ¯ à ¬¥âà®¢: y ∈ Rn, 0 6 ζ 6 l.
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2◦. �â®à ï ªà ¥¢ ï § ¤ ç . �à ­¨ç­ë¥ ãá«®¢¨ï:
∂zw = f1(x) ¯à¨ z = 0, ∂zw = f2(x) ¯à¨ z = l.

�ã­ªæ¨ï �à¨­ :

G(x, y, z, ζ) =
∞∑

n=−∞

[E (x, y, z − ζ + 2nl) + E (x, y, z + ζ + 2nl)
]
. (14)

3◦. �¬¥è ­­ ï ªà ¥¢ ï § ¤ ç . �  «¥¢®© £à ­¨æ¥ § ¤ ¥âáï ¨áª®¬ ï ¢¥«¨ç¨­ ,   ­  ¯à ¢®©
£à ­¨æ¥ | ¥¥ ¯à®¨§¢®¤­ ï:

w = f1(x) ¯à¨ z = 0, ∂zw = f2(x) ¯à¨ z = l.

�ã­ªæ¨ï �à¨­ :

G(x, y, z, ζ) =
∞∑

n=−∞
(−1)n[E (x, y, z − ζ + 2nl)− E (x, y, z + ζ + 2nl)

]
. (15)

4◦. �¬¥è ­­ ï ªà ¥¢ ï § ¤ ç . �  «¥¢®© £à ­¨æ¥ § ¤ ¥âáï ¯à®¨§¢®¤­ ï,   ­  ¯à ¢®© £à ­¨æ¥ |
¨áª®¬ ï ¢¥«¨ç¨­ :

∂zw = f1(x) ¯à¨ z = 0, w = f2(x) ¯à¨ z = l.

�ã­ªæ¨ï �à¨­ :

G(x, y, z, ζ) =
∞∑

n=−∞
(−1)n[E (x, y, z − ζ + 2nl) + E (x, y, z + ζ + 2nl)

]
. (16)

� ¬¥ç ­¨¥. �«¥¤ã¥â ¯à®¢¥àïâì áå®¤¨¬®áâì àï¤®¢ (13){(16) [­ ¯à¨¬¥à, ¤«ï âà¥å¬¥à­®£®
ãà ¢­¥­¨ï � ¯« á  àï¤ë (13), (15), (16) áå®¤ïâáï,   àï¤ (14) | à áå®¤¨âáï].

0.9.3-4. �à ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯ .

�ãáâì x ∈ Rn, z ∈ R1, t > 0. � áá¬®âà¨¬ ãà ¢­¥­¨¥ ¯ à ¡®«¨ç¥áª®£® â¨¯ 
∂w

∂t
= Lx,t[w] + ∂2w

∂z2 + �(x, z, t), (17)

£¤¥ Lx,t[w] | «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à, ª®â®àë© § ¢¨á¨â ®â ¯¥à¥¬¥­­ëå
x1, . . . , xn ¨ t, ­® ­¥ § ¢¨á¨â ®â z.

�ãáâì E = E (x, y, z − ζ, t, τ) | äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï
(17), â. ¥.

∂E
∂t

= Lx,t[E ] + ∂2E
∂z2 ¯à¨ t > τ,

E = δ(x− y)δ(z − ζ) ¯à¨ t = τ.

�¤¥áì y ∈ Rn, ζ ∈ R1, τ > 0 | á¢®¡®¤­ë¥ ¯ à ¬¥âàë.
�ã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¨¬¥¥â á¢®©áâ¢®:

E (x, y, z, t, τ) = E (x, y,−z, t, τ).
� â ¡«. 12 ¯à¨¢¥¤¥­ë ä®à¬ã«ë, ¯®§¢®«ïîé¨¥ ¢ëà ¦ âì äã­ªæ¨¨ �à¨­  ­¥ª®â®àëå ­¥áâ -

æ¨®­ à­ëå ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨ï (17) ç¥à¥§ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨.
gr �¨â¥à âãà  ª à §¤¥«ã 0.9: �. �. � ¡¨ç, �. �. � ¯¨«¥¢¨ç, �. �. �¨å«¨­ ¨ ¤à. (1964), �. �. �ã¤ ª,

�. �. � ¬ àáª¨©, �. �. �¨å®­®¢ (1972), �. �. �®«ï­¨­ (2000 b).

0.10. �à¨­æ¨¯ë �î ¬¥«ï ¢ ­¥áâ æ¨®­ à­ëå § ¤ ç å
0.10.1. � ¤ ç¨ ¤«ï «¨­¥©­ëå ®¤­®à®¤­ëå ãà ¢­¥­¨©

0.10.1-1. �à ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨.
� áá¬®âà¨¬ § ¤ çã ¤«ï «¨­¥©­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯ 

∂w

∂t
= a(x) ∂2w

∂x2 + b(x) ∂w

∂x
+ c(x)w (1)
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������� 12
�à¥¤áâ ¢«¥­¨¥ äã­ªæ¨© �à¨­  G = G(x, y, z, ζ, t, τ) ç¥à¥§ äã­¤ ¬¥­â «ì­ë¥
à¥è¥­¨ï E = E (x, y, z, ζ, t, τ) ¤«ï ­¥ª®â®àëå ­¥áâ æ¨®­ à­ëå ªà ¥¢ëå § ¤ ç.

� ¤ ç  �à ­¨ç­ë¥ ãá«®¢¨ï �ã­ªæ¨ï �à¨­ 

�¥à¢ ï ªà ¥¢ ï § ¤ ç 
x ∈ Rn, z ∈ R1 G = 0 ¯à¨ z = 0 E (x, y, z − ζ, t, τ)− E (x, y, z + ζ, t, τ)

�â®à ï ªà ¥¢ ï § ¤ ç 
x ∈ Rn, z ∈ R1 ∂zG = 0 ¯à¨ z = 0 E (x, y, z − ζ, t, τ) + E (x, y, z + ζ, t, τ)

�à¥âìï ªà ¥¢ ï § ¤ ç 
x ∈ Rn, z ∈ R1 ∂zG− kG = 0 ¯à¨ z = 0

E (x, y, z − ζ, t, τ) + E (x, y, z + ζ, t, τ)−
− 2k

∫ ∞

0
e−ksE (x, y, z + ζ + s, t, τ) ds

�¥à¢ ï ªà ¥¢ ï § ¤ ç 
x ∈ Rn, 0 6 z 6 l

G = 0 ¯à¨ z = 0,

G = 0 ¯à¨ z = l

∞∑
n=−∞

[E (x, y, z − ζ + 2nl, t, τ)−

− E (x, y, z + ζ + 2nl, t, τ)
]

�â®à ï ªà ¥¢ ï § ¤ ç 
x ∈ Rn, 0 6 z 6 l

∂zG = 0 ¯à¨ z = 0,

∂zG = 0 ¯à¨ z = l

∞∑
n=−∞

[E (x, y, z − ζ + 2nl, t, τ) +

+ E (x, y, z + ζ + 2nl, t, τ)
]

�¬¥è ­­ ï ªà ¥¢ ï § ¤ ç 
x ∈ Rn, 0 6 z 6 l

G = 0 ¯à¨ z = 0,

∂zG = 0 ¯à¨ z = l

∞∑
n=−∞

(−1)n
[E (x, y, z − ζ + 2nl, t, τ)−

− E (x, y, z + ζ + 2nl, t, τ)
]

�¬¥è ­­ ï ªà ¥¢ ï § ¤ ç 
x ∈ Rn, 0 6 z 6 l

∂zG = 0 ¯à¨ z = 0,

G = 0 ¯à¨ z = l

∞∑
n=−∞

(−1)n
[E (x, y, z − ζ + 2nl, t, τ) +

+ E (x, y, z + ζ + 2nl, t, τ)
]

á ®¤­®à®¤­ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬
w = 0 ¯à¨ t = 0 (2)

¯à¨ á«¥¤ãîé¨å £à ­¨ç­ëå ãá«®¢¨ïå:
s1∂xw + k1w = g(t) ¯à¨ x = x1, (3)
s2∂xw + k2w = 0 ¯à¨ x = x2. (4)

� ¤ ¢ ï á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ §­ ç¥­¨ï ª®íää¨æ¨¥­â®¢ s1, s2, k1, k2 ¢ (3) ¨ (4) ¬®¦­®
¯®«ãç¨âì ¯¥à¢ãî, ¢â®àãî, âà¥âìî ¨ á¬¥è ­­ë¥ ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (1).

�¥è¥­¨¥ § ¤ ç¨ (1){(4) á ­¥áâ æ¨®­ à­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬ (3) ¯à¨ x = x1 ¬®¦¥â ¡ëâì
¢ëà ¦¥­® ¯® ä®à¬ã«¥ (¯¥à¢ë© ¯à¨­æ¨¯ �î ¬¥«ï)

w(x, t) = ∂

∂t

∫ t

0
u(x, t− τ) g(τ) dτ =

∫ t

0

∂u

∂t
(x, t− τ) g(τ) dτ (5)

ç¥à¥§ à¥è¥­¨¥ u(x, t) ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (1) á ­ ç «ì­ë¬ ¨ £à ­¨ç­ë¬
ãá«®¢¨ï¬¨ (2) ¨ (4) (¢ ãà ¢­¥­¨¨, ­ ç «ì­®¬ ¨ £à ­¨ç­®¬ ãá«®¢¨ïå á«¥¤ã¥â § ¬¥­¨âì w ­  u) ¨
¡®«¥¥ ¯à®áâë¬ áâ æ¨®­ à­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬ ¯à¨ x = x1:

s1∂xu + k1u = 1 ¯à¨ x = x1. (6)
� ¬¥ç ­¨¥. �­ «®£¨ç­ ï ä®à¬ã«  ¡ã¤¥â á¯à ¢¥¤«¨¢  â ª¦¥ ¤«ï ®¤­®à®¤­®£® £à ­¨ç­®£®

ãá«®¢¨ï ¯à¨ x = x1 ¨ ­¥®¤­®à®¤­®£® ­¥áâ æ¨®­ à­®£® £à ­¨ç­®£® ãá«®¢¨ï ¯à¨ x = x2.

0.10.1-2. �à ¢­¥­¨ï £¨¯¥à¡®«¨ç¥áª®£® â¨¯  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨.
� áá¬®âà¨¬ § ¤ çã ¤«ï «¨­¥©­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï £¨¯¥à¡®«¨ç¥áª®£® â¨¯ 

∂2w

∂t2
+ ϕ(x) ∂w

∂t
= a(x) ∂2w

∂x2 + b(x) ∂w

∂x
+ c(x)w (7)
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á ®¤­®à®¤­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
w = 0 ¯à¨ t = 0,

∂tw = 0 ¯à¨ t = 0 (8)

¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (3), (4).
�¥è¥­¨¥ § ¤ ç¨ (7), (8), (3), (4) á ­¥áâ æ¨®­ à­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬ (3) ¯à¨ x=x1 ¬®¦¥â

¡ëâì ¢ëà ¦¥­® ¯® ä®à¬ã«¥ (5) ç¥à¥§ à¥è¥­¨¥ u(x, t) ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (7)
á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (8) ¨ £à ­¨ç­ë¬ ãá«®¢¨¥¬ (4) (¢ ãà ¢­¥­¨¨, ­ ç «ì­®¬ ¨ £à ­¨ç­®¬
ãá«®¢¨ïå á«¥¤ã¥â § ¬¥­¨âì w ­  u) ¨ ¡®«¥¥ ¯à®áâë¬ áâ æ¨®­ à­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬ (6)
¯à¨ x = x1.

� ¤ ­­®¬ á«ãç ¥ ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬ § ¬¥ç ­¨¥, ¯à¨¢¥¤¥­­®¥ ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥.

0.10.1-3. �à ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  á ­¥áª®«ìª¨¬¨ ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨.
�¥à¢ë© ¯à¨­æ¨¯ �î ¬¥«ï ¬®¦¥â ¨á¯®«ì§®¢ âìáï â ª¦¥ ¤«ï à¥è¥­¨ï «¨­¥©­ëå ®¤­®à®¤­ëå
ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® ¨ £¨¯¥à¡®«¨ç¥áª®£® â¨¯®¢ á® ¬­®£¨¬¨ ¯à®áâà ­áâ¢¥­­ë¬¨ ¯¥à¥-
¬¥­­ë¬¨ ¢¨¤ 

∂kw

∂tk
=

n∑
i,j=1

aij(x) ∂2w

∂xi∂xj

+
n∑

i=1
bi(x) ∂w

∂xi

+ c(x)w, (9)

£¤¥ k = 1, 2 ¨ x = {x1, . . . , xn}.
�ãáâì V | ­¥ª®â®à ï ®£à ­¨ç¥­­ ï ®¡« áâì ¢ Rn á ¤®áâ â®ç­® £« ¤ª®© ¯®¢¥àå­®áâìî

S = ∂V . �¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (9) ¢ ®¡« áâ¨ V á ®¤­®à®¤­ë¬¨ ­ ç «ì­ë¬¨
ãá«®¢¨ï¬¨ (2) (¯à¨ k = 1) ¨«¨ (8) (¯à¨ k = 2) ¨ ­¥®¤­®à®¤­ë¬ «¨­¥©­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬

�x[w] = g(t) ¯à¨ x ∈ S (10)
¤ ¥âáï ä®à¬ã«®©

w(x, t) = ∂

∂t

∫ t

0
u(x, t− τ) g(τ) dτ =

∫ t

0

∂u

∂t
(x, t− τ) g(τ) dτ.

�¤¥áì u(x, t) à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (9) á â¥¬¨ ¦¥ á ¬ë¬¨ ­ ç «ì­ë¬¨
ãá«®¢¨ï¬¨ (2) ¨«¨ (8) (¢ ãà ¢­¥­¨¨ ¨ ­ ç «ì­ëå ãá«®¢¨ïå á«¥¤ã¥â § ¬¥­¨âì w ­  u) ¨ ¡®«¥¥
¯à®áâë¬ áâ æ¨®­ à­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬

�x[u] = 1 ¯à¨ x ∈ S.

�â¬¥â¨¬, çâ® (10) ¬®¦¥â ¡ëâì £à ­¨ç­ë¬ ãá«®¢¨¥¬ ¯¥à¢®£®, ¢â®à®£® ¨«¨ âà¥âì¥£® à®¤ 
(áç¨â ¥âáï, çâ® ª®íää¨æ¨¥­âë ®¯¥à â®à  �x ­¥ § ¢¨áïâ ®â t).

0.10.2. � ¤ ç¨ ¤«ï «¨­¥©­ëå ­¥®¤­®à®¤­ëå ãà ¢­¥­¨©
0.10.2-1. �à ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯ .

�¥è¥­¨¥ «¨­¥©­®£® ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï
∂w

∂t
=

n∑
i,j=1

aij(x) ∂2w

∂xi∂xj

+
n∑

i=1
bi(x) ∂w

∂xi

+ c(x)w + �(x, t)

á ®¤­®à®¤­ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2) ¨ ®¤­®à®¤­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬
�x[w] = 0 ¯à¨ x ∈ S (11)

¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ (¢â®à®© ¯à¨­æ¨¯ �î ¬¥«ï)

w(x, t) =
∫ t

0
U(x, t− τ, τ) dτ. (12)

�¤¥áì U(x, t, τ) | à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¤«ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï
∂U

∂t
=

n∑
i,j=1

aij(x) ∂2U

∂xi∂xj

+
n∑

i=1
bi(x) ∂U

∂xi

+ c(x)U

á £à ­¨ç­ë¬ ãá«®¢¨¥¬ (11) (¢ ª®â®à®¬ á«¥¤ã¥â § ¬¥­¨âì w ­  U ) ¨ ­¥®¤­®à®¤­ë¬ ­ ç «ì­ë¬
ãá«®¢¨¥¬, § ¢¨áïé¨¬ ®â ¯ à ¬¥âà  τ :

U = �(x, τ) ¯à¨ t = 0.

�â¬¥â¨¬, çâ® (11) ¬®¦¥â ¡ëâì £à ­¨ç­ë¬ ãá«®¢¨¥¬ ¯¥à¢®£®, ¢â®à®£® ¨«¨ âà¥âì¥£® à®¤ .
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0.10.2-2. �à ¢­¥­¨ï £¨¯¥à¡®«¨ç¥áª®£® â¨¯ .
�¥è¥­¨¥ «¨­¥©­®£® ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï

∂2w

∂t2
+ ϕ(x) ∂w

∂t
=

n∑
i,j=1

aij(x) ∂2w

∂xi∂xj

+
n∑

i=1
bi(x) ∂w

∂xi

+ c(x)w + �(x, t)

á ®¤­®à®¤­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (8) ¨ ®¤­®à®¤­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬ (11) ¬®¦¥â
¡ëâì ¢ëà ¦¥­® ¯® ä®à¬ã«¥ (12) ç¥à¥§ à¥è¥­¨¥ U = U(x, t, τ) ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¤«ï
®¤­®à®¤­®£® ãà ¢­¥­¨ï

∂2U

∂t2
+ ϕ(x) ∂U

∂t
=

n∑
i,j=1

aij(x) ∂2U

∂xi∂xj

+
n∑

i=1
bi(x) ∂U

∂xi

+ c(x)U

á ®¤­®à®¤­ë¬¨ ­ ç «ì­ë¬ ¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬¨ (2) ¨ (11) (¢ ª®â®àëå á«¥¤ã¥â § ¬¥­¨âì w
­  U ) ¨ ­¥®¤­®à®¤­ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬, § ¢¨áïé¨¬ ®â ¯ à ¬¥âà  τ :

∂tU = �(x, τ) ¯à¨ t = 0.

�â¬¥â¨¬, çâ® (11) ¬®¦¥â ¡ëâì £à ­¨ç­ë¬ ãá«®¢¨¥¬ ¯¥à¢®£®, ¢â®à®£® ¨«¨ âà¥âì¥£® à®¤ .
gr �¨â¥à âãà  ª à §¤¥«ã 0.10: �. �ãà ­â (1962, áâà. 205{208), �. �®à­, �. �®à­ (1968, áâà. 316{317),

�. �. �àá¥­¨­ (1974, áâà. 124{129), S. J. Farlow (1982, pp. 106{111), E. Zauderer (1983, pp. 159{165),
D. Zwillinger (1989, pp. 342{344).

0.11. �à¥®¡à §®¢ ­¨ï, ã¯à®é îé¨¥ ­ ç «ì­ë¥ ¨ £à ­¨ç­ë¥
ãá«®¢¨ï

0.11.1. �à¥®¡à §®¢ ­¨ï, ¯à¨¢®¤ïé¨¥ ª ®¤­®à®¤­ë¬ £à ­¨ç­ë¬
ãá«®¢¨ï¬

�¨­¥©­ãî § ¤ çã á ¯à®¨§¢®«ì­ë¬¨ ­¥®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

�(k)
x,t [w] = gk(x, t) ¯à¨ x ∈ Sk (1)

¬®¦­® á¢¥áâ¨ ª «¨­¥©­®© § ¤ ç¥ á ®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨. �«ï íâ®£® á«¥¤ã¥â
á¤¥« âì § ¬¥­ã

w(x, t) = ψ(x, t) + u(x, t), (2)
£¤¥ äã­ªæ¨ï ψ ¤®«¦­  ã¤®¢«¥â¢®àïâì ­¥®¤­®à®¤­ë¬ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (1), â. ¥.

�(k)
x,t [ψ] = gk(x, t) ¯à¨ x ∈ Sk. (3)

� â ¡«. 13 ãª § ­ë ¯à¨¬¥àë â ª¨å ¯à¥®¡à §®¢ ­¨© ¤«ï «¨­¥©­ëå ªà ¥¢ëå § ¤ ç á ®¤­®©
¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®©, ª®â®àë¥ ®¯¨áë¢ îâáï ãà ¢­¥­¨ï¬¨ ¯ à ¡®«¨ç¥áª®£® ¨ £¨¯¥à-
¡®«¨ç¥áª®£® â¨¯®¢. � âà¥âì¥© ªà ¥¢®© § ¤ ç¥ áç¨â ¥âáï, çâ® k1 < 0, k2 > 0.

�â¬¥â¨¬, çâ® ¢ë¡®à äã­ªæ¨¨ ψ ­®á¨â ç¨áâ®  «£¥¡à ¨ç¥áª¨© å à ªâ¥à ¨ ­¥ á¢ï§ ­ á
à áá¬ âà¨¢ ¥¬ë¬ ãà ¢­¥­¨¥¬ [áãé¥áâ¢ã¥â ¡¥áª®­¥ç­®¥ ¬­®¦¥áâ¢® ¯®¤å®¤ïé¨å äã­ªæ¨© ψ,
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (3)]. �à¥®¡à §®¢ ­¨ï ¢¨¤  (2) ­¥à¥¤ª® ¨á¯®«ì§ãîâáï ­  ¯¥à¢®¬ íâ ¯¥
à¥è¥­¨ï ªà ¥¢ëå § ¤ ç.

0.11.2. �à¥®¡à §®¢ ­¨ï, ¯à¨¢®¤ïé¨¥ ª ®¤­®à®¤­ë¬ ­ ç «ì­ë¬ ¨
£à ­¨ç­ë¬ ãá«®¢¨ï¬

�¨­¥©­ãî § ¤ çã á ­¥®¤­®à®¤­ë¬¨ ­ ç «ì­ë¬¨ ¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ ¬®¦­® á¢¥áâ¨ ª
«¨­¥©­®© § ¤ ç¥ á ®¤­®à®¤­ë¬¨ ­ ç «ì­ë¬¨ ¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨. �«ï íâ®£® á«¥¤ã¥â
¢¢¥áâ¨ ­®¢ãî § ¢¨á¨¬ãî ¯¥à¥¬¥­­ãî ¯® ä®à¬ã«¥ (2), £¤¥ äã­ªæ¨ï ψ ¤®«¦­  ã¤®¢«¥â¢®àïâì
­¥®¤­®à®¤­ë¬ ­ ç «ì­ë¬ ¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬.

�ª ¦¥¬ â¥¯¥àì ¯à®áâ¥©è¨¥ äã­ªæ¨¨ ψ, ª®â®àë¥ ¬®¦­® ¨á¯®«ì§®¢ âì ¢ ¯à¥®¡à §®¢ ­¨¨ (2)
¤«ï ¯®«ãç¥­¨ï ªà ¥¢ëå § ¤ ç á ®¤­®à®¤­ë¬¨ ­ ç «ì­ë¬¨ ¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨. �«ï
ª®­ªà¥â­®áâ¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì ãà ¢­¥­¨¥ ¯ à ¡®«¨ç¥áª®£® â¨¯  á ®¤­®© ¯à®áâà ­áâ¢¥­­®©
¯¥à¥¬¥­­®© ¨ ®¡é¨¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬

w = f(x) ¯à¨ t = 0. (4)
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�à®áâ¥©è¨¥ ¯à¥®¡à §®¢ ­¨ï ¢¨¤  w(x, t) = ψ(x, t) + u(x, t), ¯à¨¢®¤ïé¨¥ ª ®¤­®à®¤­ë¬

£à ­¨ç­ë¬ ãá«®¢¨ï¬ ¢ § ¤ ç å á ®¤­®© ¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®© (0 6 x 6 l).

N0 � ¤ ç¨ �à ­¨ç­ë¥ ãá«®¢¨ï �ã­ªæ¨ï ψ(x, t)

1 �¥à¢ ï
ªà ¥¢ ï § ¤ ç 

w = g1(t) ¯à¨ x = 0
w = g2(t) ¯à¨ x = l

ψ(x, t) = g1(t) + x

l

[
g2(t)− g1(t)

]

2 �â®à ï
ªà ¥¢ ï § ¤ ç 

∂xw = g1(t) ¯à¨ x = 0
∂xw = g2(t) ¯à¨ x = l

ψ(x, t) = xg1(t) + x2

2l

[
g2(t)− g1(t)

]

3 �à¥âìï
ªà ¥¢ ï § ¤ ç 

∂xw + k1w = g1(t) ¯à¨ x = 0
∂xw + k2w = g2(t) ¯à¨ x = l

ψ(x, t) = (k2x−1−k2l)g1(t) + (1−k1x)g2(t)
k2 − k1 − k1k2l

4 �¬¥è ­­ ï
ªà ¥¢ ï § ¤ ç 

w = g1(t) ¯à¨ x = 0
∂xw = g2(t) ¯à¨ x = l

ψ(x, t) = g1(t) + xg2(t)

5 �¬¥è ­­ ï
ªà ¥¢ ï § ¤ ç 

∂xw = g1(t) ¯à¨ x = 0
w = g2(t) ¯à¨ x = l

ψ(x, t) = (x− l)g1(t) + g2(t)

1◦. �¥à¢ ï ªà ¥¢ ï § ¤ ç . � ­® ­ ç «ì­®¥ ãá«®¢¨¥ (4), £à ­¨ç­ë¥ ãá«®¢¨ï ¯à¨¢¥¤¥­ë ¢ 1-©
áâà®ª¥ â ¡«. 13. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï ­ ç «ì­®£® ¨ £à ­¨ç­ëå ãá«®¢¨©, â. ¥.
f(0) = g1(0), f(l) = g2(0). �®£¤  ¢ ª ç¥áâ¢¥ äã­ªæ¨¨ ψ ¢ ¯à¥®¡à §®¢ ­¨¨ (2) ¬®¦­® ¢§ïâì

ψ(x, t) = f(x) + g1(t)− g1(0) + x

l

[
g2(t)− g1(t) + g1(0)− g2(0)

]
.

2◦. �â®à ï ªà ¥¢ ï § ¤ ç . � ­® ­ ç «ì­®¥ ãá«®¢¨¥ (4), £à ­¨ç­ë¥ ãá«®¢¨ï ¯à¨¢¥¤¥­ë ¢® 2-©
áâà®ª¥ â ¡«. 13. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï ­ ç «ì­®£® ¨ £à ­¨ç­ëå ãá«®¢¨©, â. ¥.
f ′(0) = g1(0), f ′(l) = g2(0). �®£¤  ¢ ª ç¥áâ¢¥ äã­ªæ¨¨ ψ ¢ ¯à¥®¡à §®¢ ­¨¨ (2) ¬®¦­® ¢§ïâì

ψ(x, t) = f(x) + x
[
g1(t)− g1(0)

]
+ x2

2l

[
g2(t)− g1(t) + g1(0)− g2(0)

]
.

3◦. �à¥âìï ªà ¥¢ ï § ¤ ç . � ­® ­ ç «ì­®¥ ãá«®¢¨¥ (4), £à ­¨ç­ë¥ ãá«®¢¨ï ¯à¨¢¥¤¥­ë ¢ 3-©
áâà®ª¥ â ¡«. 13. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© á®£« á®¢ ­¨ï ­ ç «ì­®£® ¨ £à ­¨ç­ëå ãá«®¢¨© ¢
ª ç¥áâ¢¥ äã­ªæ¨¨ ψ ¢ ¯à¥®¡à §®¢ ­¨¨ (2) ¬®¦­® ¢§ïâì

ψ(x, t) = f(x) + (k2x− 1− k2l)
[
g1(t)− g1(0)

]
+ (1− k1x)

[
g2(t)− g2(0)

]

k2 − k1 − k1k2l
(k1 < 0, k2 > 0).

4◦. �¬¥è ­­ ï ªà ¥¢ ï § ¤ ç . � ­® ­ ç «ì­®¥ ãá«®¢¨¥ (4), £à ­¨ç­ë¥ ãá«®¢¨ï ¯à¨¢¥¤¥­ë ¢
4-© áâà®ª¥ â ¡«. 13. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï ­ ç «ì­®£® ¨ £à ­¨ç­ëå ãá«®¢¨©,
â. ¥. f(0) = g1(0), f ′(l) = g2(0). �®£¤  ¢ ª ç¥áâ¢¥ äã­ªæ¨¨ ψ ¢ ¯à¥®¡à §®¢ ­¨¨ (2) ¬®¦­® ¢§ïâì

ψ(x, t) = f(x) + g1(t)− g1(0) + x
[
g2(t)− g2(0)

]
.

5◦. �¬¥è ­­ ï ªà ¥¢ ï § ¤ ç . � ­® ­ ç «ì­®¥ ãá«®¢¨¥ (4), £à ­¨ç­ë¥ ãá«®¢¨ï ¯à¨¢¥¤¥­ë ¢
5-© áâà®ª¥ â ¡«. 13. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï ­ ç «ì­®£® ¨ £à ­¨ç­ëå ãá«®¢¨©,
â. ¥. f ′(0) = g1(0), f(l) = g2(0). �®£¤  ¢ ª ç¥áâ¢¥ äã­ªæ¨¨ ψ ¢ ¯à¥®¡à §®¢ ­¨¨ (2) ¬®¦­® ¢§ïâì

ψ(x, t) = f(x) + (x− l)
[
g1(t)− g1(0)

]
+ g2(t)− g2(0).

gr �¨â¥à âãà  ª à §¤¥«ã 0.11: �. �. � ¡¨ç, �. �. � ¯¨«¥¢¨ç, �. �. �¨å«¨­ ¨ ¤à. (1964), �. �. �®«ï­¨­,
�. �. �ï§ì¬¨­, �. �. �ãà®¢, �. �. � §¥­¨­ (1998).

4 �. �. �®«ï­¨­


