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11. �à ¢­¥­¨ï áâ àè¨å ¯®àï¤ª®¢
11.1. �à ¢­¥­¨ï, á®¤¥à¦ é¨¥ ¯à®¨§¢®¤­ãî ¯¥à¢®£® ¯®àï¤ª 

¯® t, «¨­¥©­ë¥ ®â­®á¨â¥«ì­® áâ àè¥© ¯à®¨§¢®¤­®©
11.1.1. �à ¢­¥­¨ï ¯ïâ®£® ¯®àï¤ª 

1. ∂w

∂t
+ w

∂w

∂x
= a

∂5w

∂x5 .

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.1.3.1 ¯à¨ n = 5, b = −1.

2. ∂w

∂t
− bwk ∂w

∂x
= a

∂5w

∂x5 .

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.1.3.2 ¯à¨ n = 5.

3. ∂w

∂t
= a

∂5w

∂x5 + beλw ∂w

∂x
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.1.3.3 ¯à¨ n = 5.

4. ∂w

∂t
= a

∂5w

∂x5 + (b ln w + c) ∂w

∂x
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.1.3.4 ¯à¨ n = 5.

5. ∂w

∂t
= a

∂5w

∂x5 + (b Arsh w + c) ∂w

∂x
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.1.3.5 ¯à¨ n = 2, k = 1.

6. ∂w

∂t
= a

∂5w

∂x5 + (b Arch w + c) ∂w

∂x
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.1.3.6 ¯à¨ n = 2, k = 1.

7. ∂w

∂t
= a

∂5w

∂x5 + (b arcsin w + c) ∂w

∂x
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.1.3.7 ¯à¨ n = 2, k = 1.

8. ∂w

∂t
= a

∂5w

∂x5 + (b arccos w + c) ∂w

∂x
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.1.3.8 ¯à¨ n = 2, k = 1.

9. ∂w

∂t
+ w

∂w

∂x
+ a

∂3w

∂x3 = b
∂5w

∂x5 .

�à ¢­¥­¨¥ � ¢ å àë. �¯¨áë¢ ¥â ¬ £­¨â® ªãáâ¨ç¥áª¨¥ ¢®«­ë ¢ ¯« §¬¥.
1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w1 = w(±x + C1,±t + C2),
w2 = w(x− C3t, t) + C3,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (¢ ¯¥à¢®©
ä®à¬ã«¥ ¡¥àãâáï «¨¡® ¢¥àå­¨¥, «¨¡® ­¨¦­¨¥ §­ ª¨).
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2◦. �ëà®¦¤¥­­®¥ à¥è¥­¨¥:
w(x, t) = x + C1

t + C2
.

3◦. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë:

w(x, t) = 105a2

169b ch4 z
+ 2C1, z = 1

2 kx− (18bk5 + C1k)t + C2, k =
√

a

13b
¯à¨ ab > 0;

w(x, t) = 105a2

169b sh4 z
+ 2C1, z = 1

2 kx− (18bk5 + C1k)t + C2, k =
√

a

13b
¯à¨ ab > 0;

w(x, t) = 105a2

169b cos4 z
+ 2C1, z = 1

2 kx− (18bk5 + C1k)t + C2, k =
√
− a

13b
¯à¨ ab < 0,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
4◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¯à¨ a = 0:

w(x, t) = 1680b

(x + C1t + C2)4 − C1.

5◦. �®ç­®¥ à¥è¥­¨¥:
w(x, t) = U(ζ) + 2C1t, ζ = x− C1t

2 + C2t,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U(ζ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ç¥â¢¥àâ®£® ¯®àï¤ª  (C3 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï)

bU ′′′′ζζζζ − aU ′′ζζ − 1
2 U2 − C2U = 2C1ζ + C3.

� áâ­ë© á«ãç © C1 = 0 á®®â¢¥âáâ¢ã¥â à¥è¥­¨î â¨¯  ¡¥£ãé¥© ¢®«­ë.gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 11.1.1.9: T. Kawahara (1972), �. �. �ã¤àïè®¢ (1990), A. D. Polyanin,
V. F. Zaitsev (2004, p. 632).

10. ∂w

∂t
+ aw

∂w

∂x
+ b

∂3w

∂x3 = c
∂5w

∂x5 + kw.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(x− aC1e

kt + C2, t + C3) + C1kekt,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥:

w = U(z) + C1kekt, z = x− aC1e
kt + C2t,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

cU (5)
z − bU ′′′zzz − aUU ′z − C2U

′
z + kU = 0.

�à¨ C1 = 0 ¨¬¥¥¬ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë.
3◦. �ãé¥áâ¢ã¥â ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥, «¨­¥©­®¥ ¯® x:

w(x, t) = ϕ(t)x + ψ(t).

11. ∂w

∂t
+ a1

∂w

∂x
+ a2w

∂w

∂x
+ a3

∂w

∂x

∂2w

∂x2 + a4
∂3w

∂x3 + a5w
∂3w

∂x3 + a6
∂5w

∂x5 = 0.
�¯¨áë¢ ¥â ¤«¨­­ë¥ ¢®«­ë ­  ¢®¤¥ (á¬. P. J. Olver, 1984).
1◦. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë:

w(x, t) = A + C1 exp(kx + C2t), k = ±
√
− a2

a3 + a5
, A = − a6k5 + a4k3 + a1k + C2

a5k3 + a2k
;

w(x, t) = A + C1 sh(kx + C2t + C3), k = ±
√
− a2

a3 + a5
, A = − a6k5 + a4k3 + a1k + C2

a5k3 + a2k
;

w(x, t) = A + C1 ch(kx + C2t + C3), k = ±
√
− a2

a3 + a5
, A = − a6k5 + a4k3 + a1k + C2

a5k3 + a2k
;

w(x, t) = A + C1 sin(kx + C2t + C3), k = ±
√

a2
a3 + a5

, A = a6k5 − a4k3 + a1k + C2
a5k3 − a2k

,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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2◦. �ãé¥áâ¢ãîâ â®ç­ë¥ à¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë á«¥¤ãîé¨å ¢¨¤®¢:

w(x, t) = A + B

ch z
+ C

ch2 z
,

w(x, t) = A + B

sh z
+ C

sh2 z
,

w(x, t) = A + B
sh z

ch z
+ C

ch2 z
,

w(x, t) = A + B + C sh z + D ch z

(E + ch z)2 ,

£¤¥ z = kx + λt + const,   ¯®áâ®ï­­ë¥ A, B, C, D, E, k, λ ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ ¯®¤áâ ­®¢ª¨
ãª § ­­ëå ¢ëà ¦¥­¨© ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥.gr �¨â¥à âãà : �. �. �ã¤àïè®¢, �. �. �ãå à¥¢ (2001), P. Saucez, A. Vande Wouwer, W. E. Schiesser,
P. Zegeling (2003).

11.1.2. �à ¢­¥­¨ï ¢¨¤  ∂w

∂t
= a

∂nw

∂xn
+ f(x, t, w)

1. ∂w

∂t
= a

∂nw

∂xn
+ f(x + bt, w).

�®ç­®¥ à¥è¥­¨¥:
w = w(ξ), ξ = x + bt,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aw
(n)
ξ − bw′ξ + f(ξ, w) = 0.

2. ∂w

∂t
= a

∂nw

∂xn
+ bw ln w + f(t)w.

1◦. �¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = exp
[
Aebtx + Bebt + aAn

b(n− 1)
enbt + ebt

∫
e−btf(t) dt

]
,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = exp
[
Aebt + ebt

∫
e−btf(t) dt

]
ϕ(z), z = x + λt,

£¤¥ A, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ = ϕ(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
z − λϕ′z + bϕ ln ϕ = 0,

¯®àï¤®ª ª®â®à®£® ¬®¦­® ¯®­¨§¨âì ­  ¥¤¨­¨æã.
3◦. � ¬¥­ 

w(x, t) = exp
[
ebt

∫
e−btf(t) dt

]
u(x, t)

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂u

∂t
= a

∂nu

∂xn
+ bu ln u.

3. ∂w

∂t
= a

∂nw

∂xn
+ bw ln w +

[
f(x) + g(t)

]
w.

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = exp
[
Cebt + ebt

∫
e−btg(t) dt

]
ϕ(x),

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨-
 «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + bϕ ln ϕ + f(x)ϕ = 0.



586 �à ¢­¥­¨ï áâ àè¨å ¯®àï¤ª®¢

2◦. � ¬¥­ 
w(x, t) = exp

[
ebt

∫
e−btg(t) dt

]
u(x, t)

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂u

∂t
= a

∂nu

∂xn
+ bu ln u + f(x)u.

4. ∂w

∂t
= a

∂nw

∂xn
+ f(t)w ln w + g(t)w.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:
w(x, t) = exp

[
ϕ(t)x + ψ(t)

]
.

�¤¥áì äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï ä®à¬ã« ¬¨

ϕ(t) = AeF , ψ(t) = BeF + eF

∫
e−F (aAnenF + g) dt, F =

∫
f dt,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

5. ∂w

∂t
= a

∂nw

∂xn
+ f(t)w ln w +

[
g(t)x + h(t)

]
w.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:
w(x, t) = exp

[
ϕ(t)x + ψ(t)

]
.

�¤¥áì äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï ä®à¬ã« ¬¨

ϕ(t) = AeF + eF

∫
e−F g dt, F =

∫
f dt,

ψ(t) = BeF + eF

∫
e−F (aϕn + h) dt,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

6. ∂w

∂t
= a

∂nw

∂xn
+ f(x)w ln w +

[
bf(x)t + g(x)

]
w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = e−btϕ(x),
£¤¥ äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + f(x)ϕ ln ϕ +

[
g(x) + b

]
ϕ = 0.

11.1.3. �à ¢­¥­¨ï ¢¨¤  ∂w

∂t
= a

∂nw

∂xn
+ f(w) ∂w

∂x

�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �à ¢­¥­¨ï ¤ ­­®£® ¢¨¤  ¤®¯ãáª îâ â®ç­ë¥ à¥è¥­¨ï â¨¯ 
¡¥£ãé¥© ¢®«­ë

w = w(z), z = x + λt,

£¤¥ λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ (n− 1)-£® ¯®àï¤ª  (C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï)

aw(n−1)
z +

∫
f(w) dw − λw = C.

1. ∂w

∂t
= a

∂nw

∂xn
+ bw

∂w

∂x
.

�¡®¡é¥­­®¥ ãà ¢­¥­¨¥ �îà£¥àá  | �®àâ¥¢¥£  | ¤¥ �à¨§ .
1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = Cn−1
1 w(C1x + bC1C2t + C3, C

n
1 t + C4) + C2,

£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
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2◦. �®ç­ë¥ à¥è¥­¨ï:

w(x, t) = − x + C1
b(t + C2)

,

w(x, t) = (−1)n a(2n− 2)!
b(n− 1)!

1
(x + bC1t + C2)n−1 + C1.

�¤¥áì ¯¥à¢®¥ à¥è¥­¨¥ ï¢«ï¥âáï ¢ëà®¦¤¥­­ë¬,   ¢â®à®¥ à¥è¥­¨¥ ï¢«ï¥âáï à¥è¥­¨¥¬ â¨¯ 
¡¥£ãé¥© ¢®«­ë (ç áâ­ë© á«ãç © à¥è¥­¨ï ¨§ ¯. 3◦).
3◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:

w = w(ξ), ξ = x + λt,

£¤¥ λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ (n− 1)-£® ¯®àï¤ª 

aw
(n−1)
ξ + 1

2 bw2 = λw + C.

4◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w(x, t) = t
1−n

n u(η), η = xt−
1
n ,

£¤¥ äã­ªæ¨ï u(η) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

au(n)
η + buu′η + 1

n
ηu′η + n− 1

n
u = 0.

5◦. �®ç­®¥ à¥è¥­¨¥:
w(x, t) = U(ζ) + 2C1t, ζ = x + bC1t

2 + C2t,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U(ζ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ (n− 1)-£® ¯®àï¤ª 

aU
(n−1)
ζ + 1

2 bU2 − C2U = 2C1ζ + C3.

6◦. �®ç­®¥ à¥è¥­¨¥:

w = ϕn−1F (z) + 1
bϕ

(ϕ′tx + ψ′t), z = ϕ(t)x + ψ(t).

�¤¥áì äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï ä®à¬ã« ¬¨

ϕ(t) = (Ant + C1)−
1
n ,

ψ(t) = C2(Ant + C1)
n−1

n + C3(Ant + C1)−
1
n + B

A2(n− 1)
,

£¤¥ A, B, C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï F (z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aF (n)
z + bFF ′z + A(n− 2)F + A2

b
(1− n)z + B

b
= 0.

gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 11.1.3.1: A. D. Polyanin, V. F. Zaitsev (2004, pp. 635{636).

2. ∂w

∂t
= a

∂nw

∂xn
+ bwk ∂w

∂x
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = Cn−1
1 w(Ck

1 x + C2, C
nk
1 t + C3),

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w(x, t) = t
1−n
nk U(z), z = xt−

1
n ,

£¤¥ äã­ªæ¨ï U = U(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aU (n)
z + bUkU ′z + 1

n
zU ′z + n− 1

nk
U = 0.
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3. ∂w

∂t
= a

∂nw

∂xn
+ beλw ∂w

∂x
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w(C1x + C2, C
n
1 t + C3) + n− 1

λ
ln C1,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = U(z) + 1− n

nλ
ln t, z = xt−

1
n ,

£¤¥ äã­ªæ¨ï U = U(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aU (n)
z + beλUU ′z + 1

n
zU ′z + n− 1

nλ
= 0.

4. ∂w

∂t
= a

∂nw

∂xn
+ (b ln w + c) ∂w

∂x
.

1◦. �ãáâì äã­ªæ¨ï w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = eC1w(x + bC1t + C2, t + C3),

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = exp
[

x + C2
C1 − bt

+ a

b(n− 2)
1

(C1 − bt)n−1 − c

b

]
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = eλtu(z), z = x + 1
2 bλt2 + kt,

£¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï u(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

au(n)
z + (b ln u + c− k)u′z − λu = 0.

�­ ç¥­¨î λ = 0 á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë.gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 636).

5. ∂w

∂t
= a

∂2n+1w

∂x2n+1 + [b Arsh(kw) + c] ∂w

∂x
.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = 1
k

sh
[

x + C2
C1 − bt

+ a

b(2n− 1)
1

(C1 − bt)2n
− c

b

]
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

6. ∂w

∂t
= a

∂2n+1w

∂x2n+1 + [b Arch(kw) + c] ∂w

∂x
.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = 1
k

ch
[

x + C2
C1 − bt

+ a

b(2n− 1)
1

(C1 − bt)2n
− c

b

]
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 637).

7. ∂w

∂t
= a

∂2n+1w

∂x2n+1 + [b arcsin(kw) + c] ∂w

∂x
.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = 1
k

sin
[

x + C2
C1 − bt

+ a(−1)n

b(2n− 1)
1

(C1 − bt)2n
− c

b

]
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 637).



11.1. �à ¢­¥­¨ï, á®¤¥à¦ é¨¥ ¯à®¨§¢®¤­ãî wt, «¨­¥©­ë¥ ®â­®á¨â¥«ì­® áâ àè¥© ¯à®¨§¢®¤­®© 589

8. ∂w

∂t
= a

∂2n+1w

∂x2n+1 + [b arccos(kw) + c] ∂w

∂x
.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = 1
k

cos
[

x + C2
C1 − bt

+ a(−1)n

b(2n− 1)
1

(C1 − bt)2n
− c

b

]
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

11.1.4. �à ¢­¥­¨ï ¢¨¤  ∂w

∂t
= a

∂nw

∂xn
+ f(x, t, w) ∂w

∂x
+ g(x, t, w)

1. ∂w

∂t
= a

∂nw

∂xn
+ (bx + c) ∂w

∂x
+ f(w).

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(x + C1e

−bt, t + C2),
£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w = w(z), z = x + C1e
−bt,

£¤¥ äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
aw(n)

z + (bz + c)w′z + f(w) = 0.

2. ∂w

∂t
= a

∂nw

∂xn
+ f(t) ∂w

∂x
+ g(w).

�à¥®¡à §®¢ ­¨¥ w = u(z, t), z = x +
∫

f(t) dt ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î

∂u

∂t
= a

∂nu

∂zn
+ g(u),

ª®â®à®¥ ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë u = u(kz + λt).

3. ∂w

∂t
= a

∂nw

∂xn
+

[
bx + f(t)] ∂w

∂x
+ g(w).

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w = w(z), z = x + Ce−bt + e−bt

∫
ebtf(t) dt,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨-
 «ì­ë¬ ãà ¢­¥­¨¥¬

aw(n)
z + bzw′z + g(w) = 0.

4. ∂w

∂t
= a

∂nw

∂xn
+ f(x) ∂w

∂x
+ bw ln w +

[
g(x) + h(t)

]
w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = exp
[
Cebt + ebt

∫
e−bth(t) dt

]
ϕ(x),

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨-
 «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + f(x)ϕ′x + bϕ ln ϕ + g(x)ϕ = 0.

5. ∂w

∂t
= a

∂nw

∂xn
+ bw

∂w

∂x
+ f(t).

�à¥®¡à §®¢ ­¨¥

w = u(z, t) +
∫ t

t0

f(τ) dτ, z = x + b

∫ t

t0

(t− τ)f(τ) dτ,

£¤¥ t0 | «î¡®¥ ç¨á«®, ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  11.1.3.1:
∂u

∂t
= a

∂nu

∂xn
+ bu

∂u

∂x
.

gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 638).
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6. ∂w

∂t
= a

∂nw

∂xn
+ bw

∂w

∂x
+ cw.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(x + bC1e

ct + C2, t + C3) + C1ce
ct,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥:

w = U(z) + C1ce
ct, z = x + bC1e

ct + C2t,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aU (n)
z + bUU ′z − C2U

′
z + cU = 0.

�à¨ C1 = 0 ¨¬¥¥¬ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë.
3◦. �ãé¥áâ¢ã¥â ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥, «¨­¥©­®¥ ¯® x:

w(x, t) = ϕ(t)x + ψ(t).

7. ∂w

∂t
= a

∂nw

∂xn
+

[
bw + f(t)

] ∂w

∂x
+ g(t).

�à¥®¡à §®¢ ­¨¥

w = u(z, t) +
∫ t

t0

g(τ) dτ, z = x +
∫ t

t0

f(τ) dτ + b

∫ t

t0

(t− τ)g(τ) dτ,

£¤¥ t0 | «î¡®¥, ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  11.1.3.1:
∂u

∂t
= a

∂nu

∂xn
+ bu

∂u

∂x
.

8. ∂w

∂t
+ a

∂nw

∂xn
+ f(t)w ∂w

∂x
+ g(t)w = 0.

�ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w

(
x + C1ψ(t) + C2, t

)− C1ϕ(t),
£¤¥

ϕ(t) = exp
[
−

∫
g(t) dt

]
, ψ(t) =

∫
f(t)ϕ(t) dt,

â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï (C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥).
� ¬¥ç ­¨¥. � ãà ¢­¥­¨¨ a ¬®¦¥â ¡ëâì ¯à®¨§¢®«ì­®© äã­ªæ¨¥© ¢à¥¬¥­¨, a = a(t).

9. ∂w

∂t
= a

∂nw

∂xn
+ [f(t) ln w + g(t)] ∂w

∂x
.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:
w(x, t) = exp[ϕ(t)x + ψ(t)],

£¤¥

ϕ(t) = −
[∫

f(t) dt + C1

]−1
, ψ(t) = ϕ(t)

∫
[g(t) + aϕn−1(t)] dt + C2ϕ(t),

C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.*

10. ∂w

∂t
= a

∂2n+1w

∂x2n+1 + [f(t) Arsh(kw) + g(t)] ∂w

∂x
.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = 1
k

sh
[
ϕ(t)x + ψ(t)

]
,

£¤¥

ϕ(t) = −
[∫

f(t) dt + C1

]−1
, ψ(t) = ϕ(t)

∫
[g(t) + aϕ2n(t)] dt + C2ϕ(t),

C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

* � ãà ¢­¥­¨ïå 11.1.4.9{11.1.4.13 ¨ ¨å à¥è¥­¨ïå a ¬®¦¥â ¡ëâì ¯à®¨§¢®«ì­®© äã­ªæ¨¥© ¢à¥¬¥­¨,
a = a(t).
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11. ∂w

∂t
= a

∂2n+1w

∂x2n+1 + [f(t) Arch(kw) + g(t)] ∂w

∂x
.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = 1
k

ch
[
ϕ(t)x + ψ(t)

]
,

£¤¥

ϕ(t) = −
[∫

f(t) dt + C1

]−1
, ψ(t) = ϕ(t)

∫
[g(t) + aϕ2n(t)] dt + C2ϕ(t),

C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

12. ∂w

∂t
= a

∂2n+1w

∂x2n+1 + [f(t) arcsin(kw) + g(t)] ∂w

∂x
.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = 1
k

sin
[
ϕ(t)x + ψ(t)

]
,

£¤¥

ϕ(t) = −
[∫

f(t) dt + C1

]−1
, ψ(t) = ϕ(t)

∫
[g(t) + a(−1)nϕ2n(t)] dt + C2ϕ(t),

C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

13. ∂w

∂t
= a

∂2n+1w

∂x2n+1 + [f(t) arccos(kw) + g(t)] ∂w

∂x
.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = 1
k

cos
[
ϕ(t)x + ψ(t)

]
,

£¤¥

ϕ(t) = −
[∫

f(t) dt + C1

]−1
, ψ(t) = ϕ(t)

∫
[g(t) + a(−1)nϕ2n(t)] dt + C2ϕ(t),

C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

11.1.5. �à ¢­¥­¨ï ¢¨¤  ∂w

∂t
= a

∂nw

∂xn
+ F

(
x, t, w,

∂w

∂x

)

1. ∂w

∂t
= a

∂nw

∂xn
+ b

(
∂w

∂x

)2
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = Cn−2

1 w(C1x + 2bC1C2t + C3, C
n
1 t + C4) + C2x + bC2

2 t + C5,

£¤¥ C1, . . . , C5 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = C1t + C2 +
∫

θ(z) dz, z = x + λt,

£¤¥ C1, C2, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï θ(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ (n− 1)-£® ¯®àï¤ª 

aθ(n−1)
z + bθ2 − λθ − C1 = 0.

�­ ç¥­¨î C1 = 0 ®â¢¥ç ¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë.
3◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w(x, t) = t
2−n

n u(ζ), ζ = xt−
1
n ,

£¤¥ äã­ªæ¨ï u(ζ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

au
(n)
ζ + b(u′ζ)2 + 1

n
ζu′ζ + n− 2

n
u = 0.
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4◦. �ãé¥áâ¢ã¥â ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥, «¨­¥©­®¥ ¯® x:

w(x, t) = ϕ(t)x2 + ψ(t)x + χ(t).
5◦. �à¥®¡à §®¢ ­¨¥ �¥ª«ã­¤ 

∂w

∂x
= u

2
,

∂w

∂t
= a

2
∂n−1u

∂xn−1 + b

4
u2 (1)

á¢ï§ë¢ ¥â à áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥ á ®¡®¡é¥­­ë¬ ãà ¢­¥­¨¥¬ �îà£¥àá  | �®àâ¥¢¥£  | ¤¥
�à¨§  11.1.3.1:

∂u

∂t
= a

∂nu

∂xn
+ bu

∂u

∂x
. (2)

�ãáâì u = u(x, t) | ­¥ª®â®à®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (2). �®£¤  «¨­¥©­ ï á¨áâ¥¬  ãà ¢­¥­¨© ¯¥à-
¢®£® ¯®àï¤ª  (1) ¯®§¢®«ï¥â ­ ©â¨ á®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ w = w(x, t) ¨áå®¤­®£® ãà ¢­¥­¨ï.
gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 11.1.5.1: A. D. Polyanin, V. F. Zaitsev (2004, p. 640).

2. ∂w

∂t
= a

∂nw

∂xn
+ b

(
∂w

∂x

)2
+ f(t).

1◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = C1t + C2 +
∫

f(t) dt + �(z), z = x + λt,

£¤¥ C1, C2, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï �(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

a�(n)
z + b

(
�′z

)2 − λ�′z − C1 = 0.

2◦. �®¤áâ ­®¢ª  w = U(x, t) +
∫

f(t) dt ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  11.1.5.1:

∂U

∂t
= a

∂nU

∂xn
+ b

(
∂U

∂x

)2
.

3. ∂w

∂t
= a

∂nw

∂xn
+ b

(
∂w

∂x

)2
+ cw + f(t).

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w(x + C1, t) + C2e
ct,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = Aect + ect

∫
e−ctf(t) dt + θ(z), z = x + λt,

£¤¥ A, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï θ(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aθ(n)
z + b

(
θ′z

)2 − λθ′z + cθ = 0.

3◦. �ãé¥áâ¢ã¥â ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥, ª¢ ¤à â¨ç­®¥ ¯® x:

w(x, t) = ϕ(t)x2 + ψ(t)x + χ(t).

4◦. � ¬¥­  w = U(x, t) + ect

∫
e−ctf(t) dt ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î

∂U

∂t
= a

∂nU

∂xn
+ b

(
∂U

∂x

)2
+ cU.
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4. ∂w

∂t
= a

∂nw

∂xn
+ b

(
∂w

∂x

)2
+ cw

∂w

∂x
+ kw2 + f(t)w + g(t).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, t) = ϕ(t) + ψ(t) exp(λx),

£¤¥ λ | ª®à¥­ì ª¢ ¤à â­®£® ãà ¢­¥­¨ï bλ2 + cλ + k = 0,   äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª 

ϕ′t = kϕ2 + f(t)ϕ + g(t), (1)
ψ′t =

[
(cλ + 2k)ϕ + f(t) + aλn]

ψ. (2)
�à ¢­¥­¨¥ �¨ªª â¨ (1) ¨­â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å, ­ ¯à¨¬¥à, ¢ á«¥¤ãîé¨å ç áâ­ëå

á«ãç ïå [á¬. �. � ¬ª¥ (1976), �. �. � ©æ¥¢, �. �. �®«ï­¨­ (2001 a)]:
(a) k = 0, (b) g(t) ≡ 0, (c) f(t) = const, g(t) = const .

�®á«¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1) «¥£ª® ¬®¦­® ¯®«ãç¨âì à¥è¥­¨¥ ãà ¢­¥­¨ï (2), ª®â®à®¥ «¨­¥©­®
®â­®á¨â¥«ì­® äã­ªæ¨¨ ψ.

5. ∂w

∂t
= a

∂nw

∂xn
+ f(x)

(
∂w

∂x

)2
+ g(x) + h(t).

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = At + B +
∫

h(t) dt + ϕ(x).

�¤¥áì A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + f(x)

(
ϕ′x)2 + g(x)−A = 0.

2◦. � ¬¥­  w = U(x, t) +
∫

h(t) dt ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î

∂U

∂t
= a

∂nU

∂xn
+ f(x)

(
∂U

∂x

)2
+ g(x).

6. ∂w

∂t
= a

∂nw

∂xn
+ f(x)

(
∂w

∂x

)2
+ bw + g(x) + h(t).

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = ϕ(x) + Aebt + ebt

∫
e−bth(t) dt.

�¤¥áì A | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + f(x)(ϕ′x)2 + bϕ + g(x) = 0.

2◦. � ¬¥­  w = U(x, t) + ebt

∫
e−bth(t) dt ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î

∂U

∂t
= a

∂nU

∂xn
+ f(x)

(
∂U

∂x

)2
+ bU + g(x).

7. ∂w

∂t
= a

∂nw

∂xn
+ f(t)

(
∂w

∂x

)2
+ bf(t)w2 + g(t)w + h(t).

1◦. �®ç­ë¥ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, á®¤¥à¦ é¨¥ íªá¯®­¥­âã ®â x:
w(x, t) = ϕ(t) + ψ(t) exp

(±x
√
−b

)
, b < 0, (1)

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¯¥à¢®£® ¯®àï¤ª  á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ( à£ã¬¥­âë ã äã­ªæ¨© f , g, h ­¥ ãª §ë¢ îâáï)

ϕ′t = bfϕ2 + gϕ + h, (2)
ψ′t =

[
2bfϕ + g + a(±

√
−b )n]

ψ. (3)

38 �. �. �®«ï­¨­, �. �. � ©æ¥¢
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�à ¢­¥­¨¥ (2) ¤«ï äã­ªæ¨¨ ϕ = ϕ(t) ï¢«ï¥âáï ãà ¢­¥­¨¥¬ �¨ªª â¨ ¨ ¬®¦¥â ¡ëâì á¢¥¤¥­® ª
«¨­¥©­®¬ã ãà ¢­¥­¨î ¢â®à®£® ¯®àï¤ª . � ª­¨£ å �. � ¬ª¥ (1976), �. �. � ©æ¥¢, �. �. �®«ï­¨­,
2001 a) ¯à¨¢¥¤¥­® ¬­®£® à¥è¥­¨© íâ®£® ãà ¢­¥­¨ï ¤«ï à §«¨ç­ëå äã­ªæ¨© f , g, h.

�á«¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (2) ¨§¢¥áâ­®, â® à¥è¥­¨¥ ãà ¢­¥­¨ï (3) ¤«ï äã­ªæ¨¨ ψ = ψ(t)
®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

ψ(t) = C exp
[
a(±

√
−b )nt +

∫
(2bfϕ + g) dt

]
, (4)

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
�â¬¥â¨¬ ¤¢  ç áâ­ëå á«ãç ï ¨­â¥£à¨à®¢ ­¨ï ãà ¢­¥­¨ï (2).
�¥è¥­¨¥ ãà ¢­¥­¨ï (2) ¯à¨ h ≡ 0:

ϕ(t) = eG

(
C1 − b

∫
feG dt

)−1
, G =

∫
g dt,

£¤¥ C1 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
�á«¨ äã­ªæ¨¨ f , g, h ¯à®¯®àæ¨®­ «ì­ë:

g = αf, h = βf (α, β = const),
â® à¥è¥­¨¥ ãà ¢­¥­¨ï (2) ¨¬¥¥â ¢¨¤

∫
dϕ

bϕ2 + αϕ + β
=

∫
f dt + C2, (5)

£¤¥ C2 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �®á«¥ ¨­â¥£à¨à®¢ ­¨ï «¥¢®© ç áâ¨ ¢ëà ¦¥­¨ï (5) ¬®¦­®
¯®«ãç¨âì ï¢­ë© ¢¨¤ § ¢¨á¨¬®áâ¨ ϕ = ϕ(t).
2◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå (®¡®¡é ¥â à¥è¥­¨¥ ¨§ ¯. 1◦):

w(x, t) = ϕ(t) + ψ(t) exp
(
x
√
−b

)
+ χ(t) exp

(−x
√
−b

)
, b < 0, (6)

£¤¥ äã­ªæ¨¨ ϕ(t), ψ(t), χ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨© ¯¥à¢®£® ¯®àï¤ª  á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

ϕ′t = bfϕ2 + gϕ + h + 4bfψχ, (7)
ψ′t =

[
2bfϕ + g + a(

√
−b )n]

ψ, (8)
χ′t =

[
2bfϕ + g + a(−

√
−b )n]

χ. (9)

�«ï ãà ¢­¥­¨© ç¥â­®£® ¯®àï¤ª  ¯à¨ n = 2m (m = 1, 2, . . .) ¨§ ãà ¢­¥­¨© (8) ¨ (9) á«¥¤ã¥â,
çâ® äã­ªæ¨¨ ψ(t) ¨ χ(t) ¯à®¯®àæ¨®­ «ì­ë. �®« £ ï ψ(t) = Aθ(t) ¨ χ(t) = Bθ(t), ¢ íâ®¬ á«ãç ¥
à¥è¥­¨¥ (6) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

w(x, t) = ϕ(t) + θ(t)
[
A exp

(
x
√
−b

)
+ B exp

(−x
√
−b

)]
, b < 0, (10)

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ θ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′t = bf
(
ϕ2 + 4ABθ2) + gϕ + h, (11)

θ′t =
[
2bfϕ + g + (−1)mabm]

θ. (12)
�§ ãà ¢­¥­¨ï (12) ¬®¦­® ¢ëà §¨âì ϕ ç¥à¥§ θ,   § â¥¬ ¯®¤áâ ¢¨âì ¢ (11). � ¨â®£¥ ¯®«ãç ¥âáï

­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ θ (¯à¨ f, g, h = const íâ® ãà ¢­¥­¨¥
ï¢«ï¥âáï  ¢â®­®¬­ë¬ ¨ ¤®¯ãáª ¥â ¯®­¨¦¥­¨¥ ¯®àï¤ª ).

�â¬¥â¨¬ ¤¢  ç áâ­ëå á«ãç ï à¥è¥­¨ï ¢¨¤  (10), ª®â®àë¥ ¢ëà ¦ îâáï ç¥à¥§ £¨¯¥à¡®«¨ç¥-
áª¨¥ äã­ªæ¨¨:

w(x, t) = ϕ(t) + θ(t) ch
(
x
√
−b

)
¯à¨ A = 1

2 , B = 1
2 ;

w(x, t) = ϕ(t) + θ(t) sh
(
x
√
−b

)
¯à¨ A = 1

2 , B = − 1
2 .

3◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, á®¤¥à¦ é¥¥ âà¨£®­®¬¥âà¨ç¥áª¨¥ äã­ª-
æ¨¨ x:

w(x, t) = ϕ(t) + ψ(t) cos
(
x
√

b
)

+ χ(t) sin
(
x
√

b
)
, b > 0, (13)

£¤¥ äã­ªæ¨¨ ϕ(t), ψ(t), χ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨© (ª®â®à ï §¤¥áì ­¥ ¯à¨¢®¤¨âáï).
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�«ï ãà ¢­¥­¨© ç¥â­®£® ¯®àï¤ª  ¯à¨ n = 2m (m = 1, 2, . . .) ¨¬¥îâáï â®ç­ë¥ à¥è¥­¨ï
á«¥¤ãîé¥£® ¢¨¤  (c | «î¡®¥):

w(x, t) = ϕ(t) + θ(t) cos
(
x
√

b + c
)
, b > 0, (14)

£¤¥ c | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨¨ ϕ(t) ¨ θ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª  á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

ϕ′t = bf
(
ϕ2 + θ2) + gϕ + h, (15)

θ′t =
[
2bfϕ + g + (−1)mabm]

θ. (16)
�§ ãà ¢­¥­¨ï (16) ¬®¦­® ¢ëà §¨âì ϕ ç¥à¥§ θ,   § â¥¬ ¯®¤áâ ¢¨âì ¢ (15). � ¨â®£¥ ¯®«ãç ¥âáï

­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ θ (¯à¨ f, g, h = const íâ® ãà ¢­¥­¨¥
ï¢«ï¥âáï  ¢â®­®¬­ë¬ ¨ ¤®¯ãáª ¥â ¯®­¨¦¥­¨¥ ¯®àï¤ª ).gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 11.1.5.7: V. A. Galaktionov (1995), �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002,
áâà. 353{354).

8. ∂w

∂t
= a

∂nw

∂xn
+ f(w)

(
∂w

∂x

)n

+
[
xg(t) + h(t)

] ∂w

∂x
.

�¥à¥å®¤ï ª ­®¢ë¬ ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬

τ =
∫

ϕn(t) dt, z = ϕ(t)x +
∫

h(t)ϕ(t) dt, ϕ(t) = exp
[∫

g(t) dt

]
,

¯à¨å®¤¨¬ ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂w

∂τ
= a

∂nw

∂zn
+ f(w)

(
∂w

∂z

)n

,

ª®â®à®¥ ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë w = u(kz + λτ) ¨  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥
w = v(zτ−1/n).

9. ∂w

∂t
= a

∂nw

∂xn
+ f

(
x,

∂w

∂x

)
+ g(t).

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = At + B +
∫

g(t) dt + ϕ(x).

�¤¥áì A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + f

(
x, ϕ′x

)−A = 0.

2◦. � ¬¥­ 
w = U(x, t) +

∫
g(t) dt

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂U

∂t
= a

∂nU

∂xn
+ f

(
x,

∂U

∂x

)
.

10. ∂w

∂t
= a

∂nw

∂xn
+ f

(
x,

∂w

∂x

)
+ bw + g(t).

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = ϕ(x) + Aebt + ebt

∫
e−btg(t) dt.

�¤¥áì A | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + f

(
x, ϕ′x

)
+ bϕ = 0.

2◦. � ¬¥­ 
w = U(x, t) + ebt

∫
e−btg(t) dt

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂U

∂t
= a

∂nU

∂xn
+ f

(
x,

∂U

∂x

)
+ bU.

38*
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11. ∂w

∂t
= a

∂nw

∂xn
+ wf

(
t,

1
w

∂w

∂x

)
.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = A exp
[
λx + aλnt +

∫
f(t, λ) dt

]
,

£¤¥ A, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

11.1.6. �à ¢­¥­¨ï ¢¨¤  ∂w

∂t
= a

∂nw

∂xn
+ F

(
x, t, w,

∂w

∂x
, . . . ,

∂n−1w

∂xn−1

)

1. ∂w

∂t
= a

∂nw

∂xn
+ f(t)

i,j<n∑

i,j=0
bij

∂iw

∂xi

∂jw

∂xj
+

n−1∑

k=0
gk(t) ∂kw

∂xk
+ h(t).

�¤¥áì ¯à¨­ïâ® ®¡®§­ ç¥­¨¥: ∂0w
∂x0 ≡ w.

1◦. � ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ ¨¬¥¥â à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 
w(x, t) = ϕ(t) + ψ(t) exp(λx),

£¤¥ λ | ª®à­¨  «£¥¡à ¨ç¥áª®£® ãà ¢­¥­¨ï:
i,j<n∑
i,j=0

bijλ
i+j = 0.

2◦. �ãáâì n | ç¥â­®¥ ç¨á«® ¨ ¢ ¯¥à¢®© áã¬¬¥ ¢á¥ ª®íää¨æ¨¥­âë bij = 0, ª®£¤  áã¬¬  ¨å
¨­¤¥ªá®¢ i + j | ­¥ç¥â­®¥ ç¨á«®. � íâ®¬ á«ãç ¥ ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â â ª¦¥ à¥è¥­¨ï á
®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 

w(x, t) = ϕ1(t) + ψ1(t)
[
A ch(λx) + B sh(λx)

]
,

w(x, t) = ϕ2(t) + ψ2(t)
[
A cos(λx) + B sin(λx)

]
,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, ¯ à ¬¥âà λ ®¯à¥¤¥«ï¥âáï ¯ãâ¥¬ à¥è¥­¨ï  «£¥¡à ¨ç¥áª¨å
ãà ¢­¥­¨©,   äã­ªæ¨¨ ϕ1(t), ψ1(t) ¨ ϕ2(t), ψ2(t) ­ å®¤ïâáï ¨§ á®®â¢¥âáâ¢ãîé¨å á¨áâ¥¬
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª .

2. ∂w

∂t
= a

∂nw

∂xn
+ F

(
x,

∂w

∂x
, . . . ,

∂n−1w

∂xn−1

)
+ g(t).

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = At + B +
∫

g(t) dt + ϕ(x).

�¤¥áì A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + F

(
x, ϕ′x, . . . , ϕ(n−1)

x

)−A = 0,

¯®àï¤®ª ª®â®à®£® ¯®­¨¦ ¥âáï ¯®¤áâ ­®¢ª®© U(x) = ϕ′x.

2◦. � ¬¥­  w = u(x, t) +
∫

g(t) dt ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î

∂u

∂t
= a

∂nu

∂xn
+ F

(
x,

∂u

∂x
, . . . ,

∂n−1u

∂xn−1

)
.

gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 646).

3. ∂w

∂t
= a

∂nw

∂xn
+ F

(
x,

∂w

∂x
, . . . ,

∂n−1w

∂xn−1

)
+ bw + g(t).

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = ϕ(x) + Aebt + ebt

∫
e−btg(t) dt.

�¤¥áì A | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + F

(
x, ϕ′x, . . . , ϕ(n−1)

x

)
+ bϕ = 0.
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2◦. � ¬¥­  w = u(x, t) + ebt

∫
e−btg(t) dt ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î

∂u

∂t
= a

∂nu

∂xn
+ F

(
x,

∂u

∂x
, . . . ,

∂n−1u

∂xn−1

)
+ bu.

gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 646).

4. ∂w

∂t
= a

∂nw

∂xn
+ wF

(
t,

1
w

∂w

∂x
, . . . ,

1
w

∂n−1w

∂xn−1

)
.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = A exp
[
λx + aλnt +

∫
F (t, λ, . . . , λn−1) dt

]
,

£¤¥ A, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

5. ∂w

∂t
= a

∂2nw

∂x2n
+ wF

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2n−2w

∂x2n−2

)
.

�®ç­ë¥ à¥è¥­¨ï ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) =
[
A ch(λx) + B sh(λx)

]
exp

[
aλ2nt +

∫
F (t, λ2, . . . , λ2n−2) dt

]
,

w(x, t) =
[
A cos(λx) + B sin(λx)

]
exp

[
(−1)naλ2nt + �(t)

]
,

�(t) =
∫

F
(
t,−λ2, . . . , (−1)n−1λ2n−2) dt,

£¤¥ A, B, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

11.1.7. �à ¢­¥­¨ï ¢¨¤  ∂w

∂t
= aw

∂nw

∂xn
+ f(x, t, w) ∂w

∂x
+ g(x, t, w)

1. ∂w

∂t
= aw

∂nw

∂xn
+ f(t)w + g(t).

1◦. �ëà®¦¤¥­­®¥ à¥è¥­¨¥:

w(x, t) = F (t)
(
An−1x

n−1 + · · ·+ A1x + A0
)

+ F (t)
∫

g(t)
F (t)

dt, F (t) = exp
[∫

f(t) dt

]
,

£¤¥ A0, A1, . . . , An−1 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, t) = ϕ(t)
(
xn + An−1x

n−1 + · · ·+ A1x + A0
)

+ ϕ(t)
∫

g(t)
ϕ(t)

dt,

ϕ(t) = F (t)
[
C − an!

∫
F (t) dt

]−1
, F (t) = exp

[∫
f(t) dt

]
,

£¤¥ A0, A1, . . . , An−1, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

2. ∂w

∂t
= aw

∂nw

∂xn
+ f(x)w +

n−1∑

k=0
bkxk.

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, t) = t

n−1∑

k=0
bkxk +

n−1∑

k=0
Ckxk − 1

a(n− 1)!

∫ x

x0

(x− ξ)n−1f(ξ) dξ,

£¤¥ C0, C1, . . . , Cn−1, x0 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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3. ∂w

∂t
= aw

∂nw

∂xn
+ bw2 + f(t)w + g(t).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, t) = ϕ(t)�(x) + ψ(t).

�¤¥áì äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨© ¯¥à¢®£® ¯®àï¤ª 

ϕ′t = Cϕ2 + bϕψ + f(t)ϕ,

ψ′t = Cϕψ + bψ2 + f(t)ψ + g(t),
£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï �(x) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ®¡ëª­®¢¥­­®¬ã
¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î n-£® ¯®àï¤ª 

a�(n)
x + b� = C.

4. ∂w

∂t
= aw

∂2nw

∂x2n
− ak2nw2 + f(x)w + b1 sh(kx) + b2 ch(kx).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, «¨­¥©­®¥ ¯® t:
w(x, t) = t

[
b1 sh(kx) + b2 ch(kx)

]
+ ϕ(x).

�¤¥áì äã­ªæ¨ï ϕ(x) ®¯à¥¤¥«ï¥âáï ¨§ «¨­¥©­®£® ­¥®¤­®à®¤­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨-
 «ì­®£® ãà ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

aϕ(2n)
x − ak2nϕ + f(x) = 0.

5. ∂w

∂t
= aw

∂nw

∂xn
+

[
xf(t) + g(t)

] ∂w

∂x
+ h(t)w.

�à¥®¡à §®¢ ­¨¥

w(x, t) = H(t)u(z, τ), z = xF (t) +
∫

g(t)F (t) dt, τ =
∫

F n(t)H(t) dt,

£¤¥ äã­ªæ¨¨ F (t) ¨ H(t) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

F (t) = exp
[∫

f(t) dt

]
, H(t) = exp

[∫
h(t) dt

]
,

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂u

∂τ
= au

∂nu

∂zn
,

ª®â®à®¥ ¤®¯ãáª ¥â, ­ ¯à¨¬¥à, â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë u = u(kz + λτ) ¨  ¢â®¬®-
¤¥«ì­®¥ à¥è¥­¨¥ ¢¨¤  u = u(ξ), ξ = zτ−1/n.

6. ∂w

∂t
= aw

∂nw

∂xn
+ f(x)w ∂w

∂x
+ g(t)w + h(t).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, t) = ϕ(t)�(x) + ψ(t),

£¤¥ äã­ªæ¨¨ ϕ(t), ψ(t), �(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨

ϕ′t = Cϕ2 + g(t)ϕ,

ψ′t =
[
Cϕ + g(t)

]
ψ + h(t),

a�(n)
x + f(x)�′x = C,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �®á«¥¤®¢ â¥«ì­® ¨­â¥£à¨àãï, ¤«ï äã­ªæ¨© ϕ(t) ¨ ψ(t) ¯®«ãç¨¬

ϕ(t) = G(t)
[
A− C

∫
G(t) dt

]−1
, G(t) = exp

[∫
g(t) dt

]
,

ψ(t) = Bϕ(t) + ϕ(t)
∫

h(t)
ϕ(t)

dt,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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7. ∂w

∂t
= aw

∂nw

∂xn
+ f(x)w ∂w

∂x
+ g(x)w2 + h(t)w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = ϕ(x)H(t)
[
A + B

∫
H(t) dt

]−1
, H(t) = exp

[∫
h(t) dt

]
,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯à¥¤¥«ï¥âáï ¨§ «¨­¥©­®£® ®¡ëª­®¢¥­-
­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

aϕ(n)
x + f(x)ϕ′x + g(x)ϕ + B = 0.

11.1.8. �àã£¨¥ ãà ¢­¥­¨ï

1. ∂w

∂t
= a

∂n

∂xn

(
wm ∂kw

∂xk

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = C1w(C2x + C3, C

m
1 Cn+k

2 t + C4),
£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:

w = w(z), z = x + λt,

£¤¥ λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï w(z) ã¤®¢«¥â¢®àï¥â  ¢â®­®¬­®¬ã ®¡ëª­®¢¥­­®¬ã
¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î a[wmw

(k)
z ](n)

z − λw′z = 0.
3◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w(x, t) = t−
(n+k)β+1

m u(ξ), ξ = xtβ ,

£¤¥ β | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï u = u(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

−[(n + k)β + 1]u + mβξu′ξ = am[umu
(k)
ξ ](n)

ξ .

4◦. �®ç­®¥ à¥è¥­¨¥:
w(x, t) = (C1t + C2)−1/mV (ζ), ζ = x + C3 ln |C1t + C2|,

£¤¥ äã­ªæ¨ï V = V (ζ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥-
­¨¥¬

am[V mV
(k)

ζ ](n)
ζ −mC1C3V

′
ζ + C1V = 0.

� ¬¥ç ­¨¥. � áâ­®¬ã á«ãç î C3 = 0 á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå
 à£ã¬¥­â®¢.
5◦. �¡®¡é¥­­®- ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w(x, t) = e−(n+k)βtϕ(η), η = xemβt,

£¤¥ β | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï ϕ = ϕ(η) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

−(n + k)βϕ + mβηϕ′η = a[ϕmϕ(k)
η ](n)

η .

2. ∂w

∂t
= a

∂n

∂xn

(
wm ∂kw

∂xk

)
+

[
xf(t) + g(t)

] ∂w

∂x
+ h(t)w.

�à¥®¡à §®¢ ­¨¥

w(x, t) = u(z, τ)H(t), z = xF (t) +
∫

g(t)F (t) dt, τ =
∫

F n+k(t)Hm(t) dt,

£¤¥ äã­ªæ¨¨ F (t) ¨ H(t) ®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨

F (t) = exp
[∫

f(t) dt

]
, H(t) = exp

[∫
h(t) dt

]
,

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  11.1.8.1:
∂u

∂τ
= a

∂n

∂zn

(
um ∂ku

∂zk

)
.

gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, á. 357{358).
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3. ∂w

∂t
= a

∂n

∂xn

(
eλw ∂kw

∂xk

)
+ f(t).

�à¥®¡à §®¢ ­¨¥

w(x, t) = u(x, τ) + F (t), τ =
∫

exp
[
λF (t)

]
dt, F (t) =

∫
f(t) dt,

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂u

∂τ
= a

∂n

∂xn

(
eλu ∂ku

∂xk

)
.

�®á«¥¤­¥¥ ¤®¯ãáª ¥â, ­ ¯à¨¬¥à, â®ç­ë¥ à¥è¥­¨ï á«¥¤ãîé¨å ¢¨¤®¢:
u = U(kx + λτ) (à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë),
u = V

(
xτ−1/(n+k)) ( ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥),

u = ϕ(x) + ψ(τ) (à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢).

4. ∂w

∂t
= a

∂n

∂xn

(
eλw ∂kw

∂xk

)
+ f(x)eλw.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w = − 1
λ

ln(λt + C) + ϕ(x),

£¤¥ λ, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

a
dn

dxn

(
eλϕ dkϕ

dxk

)
+ f(x)eλϕ + 1 = 0.

�à¨ k = 1 íâ® ãà ¢­¥­¨¥ á¢®¤¨âáï ª «¨­¥©­®¬ã á ¯®¬®éìî ¯®¤áâ ­®¢ª¨ ψ = eλϕ.

5. ∂w

∂t
=

n∑

k=0
[fk(t) ln w + gk(t)] ∂kw

∂xk
.

�¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:
w(x, t) = exp[ϕ(t)x + ψ(t)],

£¤¥ äã­ªæ¨¨ ϕ = ϕ(t) ¨ ψ = ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª 

ϕ′t =
n∑

k=0
fk(t)ϕk+1,

ψ′t =
n∑

k=0
ϕk[fk(t)ψ + gk(t)].

6. ∂w

∂t
= ∂n−1

∂xn−1

[
f(w) ∂w

∂x

]
+ a

f(w)
+ b.

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢ ­¥ï¢­®¬ ¢¨¤¥:∫
f(w) dw = at− b

n!
xn + Cn−1x

n−1 + · · ·+ C1x + C0,

£¤¥ C0, C1, . . . , Cn−1 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 650).

7. ∂w

∂t
= ∂n−1

∂xn−1

[
f(w) ∂w

∂x

]
+ g(t)

f(w) + h(x).

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢ ­¥ï¢­®¬ ¢¨¤¥:∫
f(w) dw =

∫
g(t) dt− 1

(n− 1)!

∫ x

x0

(x− ξ)n−1h(ξ) dξ + Cn−1x
n−1 + · · ·+ C1x + C0,

£¤¥ C0, C1, . . . , Cn−1 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, x0 | «î¡®¥ ç¨á«® (¤«ï ª®â®à®£® ¯®á«¥¤­¨©
¨­â¥£à « ¨¬¥¥â á¬ëá«).
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8. ∂w

∂t
= ∂n

∂xn

[
f(w) ∂kw

∂xk

]
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(C1x + C2, C

n+k
1 t + C3),

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. � ­­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â â®ç­ë¥ à¥è¥­¨ï á«¥¤ãîé¨å ¢¨¤®¢:

w(x, t) = u(ξ), ξ = kx + λt (à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë),
w(x, t) = z(ζ), ζ = xn+k/t ( ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥).

9. ∂w

∂t
= ∂n

∂xn

[
f(w) ∂kw

∂xk

]
+

[
xg(t) + h(t)

] ∂w

∂x
.

�à¥®¡à §®¢ ­¨¥ ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå

z = xG(t) +
∫

h(t)G(t) dt, τ =
∫

Gn+k(t) dt, G(t) = exp
[∫

g(t) dt

]
,

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  11.1.8.8:
∂w

∂τ
= ∂n

∂zn

[
f(w) ∂kw

∂zk

]
.

10. ∂w

∂t
= f(w)

(
∂nw

∂xn

)k

+
[
xg(t) + h(t)

] ∂w

∂x
.

�à¥®¡à §®¢ ­¨¥

z = xG(t) +
∫

h(t)G(t) dt, τ =
∫

Gnk(t) dt, G(t) = exp
[∫

g(t) dt

]
,

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂w

∂τ
= f(w)

(
∂nw

∂zn

)k

.

�®á«¥¤­¥¥ ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¨  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥.

11. ∂w

∂t
= ∂n

∂xn

[
f(x, w)

]
+ g(t)

fw(x, w)
+ h(x).

�¥è¥­¨¥ ¢ ­¥ï¢­®¬ ¢¨¤¥:

f(x, w) =
∫

g(t) dt− 1
(n− 1)!

∫ x

x0

(x− ξ)n−1h(ξ) dξ + Cn−1x
n−1 + · · ·+ C1x + C0,

£¤¥ C0, C1, . . . , Cn−1 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, x0 | «î¡®¥ ç¨á«® (¤«ï ª®â®à®£® ¯®á«¥¤­¨©
¨­â¥£à « ¨¬¥¥â á¬ëá«).

11.2. �à ¢­¥­¨ï ®¡é¥£® ¢¨¤ , á®¤¥à¦ é¨¥ ¯¥à¢ãî
¯à®¨§¢®¤­ãî ¯® t

11.2.1. �à ¢­¥­¨ï ¢¨¤  ∂w

∂t
= F

(
w,

∂w

∂x
, . . . ,

∂nw

∂xn

)

�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. � áá¬®âà¨¬ ãà ¢­¥­¨¥
∂w

∂t
= F

(
w,

∂w

∂x
, . . . ,

∂nw

∂xn

)
. (1)

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ ãà ¢­¥­¨ï (1). �®£¤  äã­ªæ¨ï w(x + C1, t + C2), £¤¥ C1, C2 |
¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. � ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ (1) ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë

w = w(ξ), ξ = kx + λt, (2)
£¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
w, kw′ξ, . . . , knw

(n)
ξ

)− λw′ξ = 0.

� ¤ ­­®¬ à §¤¥«¥ à áá¬®âà¥­ë ç áâ­ë¥ á«ãç ¨ ãà ¢­¥­¨ï (1), ª®â®àë¥ ¯®¬¨¬® à¥è¥­¨ï
â¨¯  ¡¥£ãé¥© ¢®«­ë (2) ¤®¯ãáª îâ â ª¦¥ ¤àã£¨¥ â®ç­ë¥ à¥è¥­¨ï.
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1. ∂w

∂t
= F

(
∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C−n
1 w(C1x + C2, C

n
1 t + C3) +

n−1∑

k=0
Akxk,

£¤¥ C1, C2, C3, Ak | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = F (A)t + A

n!
xn + Cn−1x

n−1 + · · ·+ C1x + C0,

£¤¥ A, C0, C1, . . . , Cn−1 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �®ç­®¥ à¥è¥­¨¥ «¨­¥©­®¥ ¯® ¯¥à¥¬¥­­®© t:

w(x, t) = t

n−1∑

k=0
Akxk +

n−1∑

k=0
Bkxk +

∫ x

0

(x− ξ)n−1

(n− 1)!
�

(n−1∑

k=0
Akξk

)
dξ,

£¤¥ Ak, Bk | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   �(u) | äã­ªæ¨ï ®¡à â­ ï ª F (u).
4◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = A1t + 1
n!

A2x
n +

n−1∑
m=0

Bmxm + U(z), z = kx + λt,

£¤¥ A1, A2, Bm, k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U = U(z) ®¯¨áë¢ ¥âáï
 ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

A1 + λU ′z = F
(
A2 + knU (n)

z

)
.

5◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w(x, t) = t �(ζ), ζ = xt−1/n,

£¤¥ äã­ªæ¨ï �(ζ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

nF
(
�(n)

ζ

)
+ ζ�′ζ − n� = 0.

2. ∂w

∂t
= F

(
∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
.

�®ç­®¥ à¥è¥­¨¥:
w(x, t) = At + B + ϕ(ξ), ξ = kx + λt,

£¤¥ A, B, k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
kϕ′ξ, k2ϕ′′ξξ, . . . , knϕ

(n)
ξ

)− λϕ′ξ −A = 0.

3. ∂w

∂t
= F

(
∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
+ aw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.2.2.1 ¯à¨ g(t) = a ¨ Ft = 0.

4. ∂w

∂t
= aw

∂w

∂x
+ F

(
∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(x + aC1t + C2, t + C3) + C1,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
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2◦. �ëà®¦¤¥­­®¥ à¥è¥­¨¥:

w(x, t) = − x + C1
aτ

+ 1
τ

∫
τF

(
− 1

aτ
, 0, . . . , 0

)
dτ, τ = t + C2.

3◦. �®ç­®¥ à¥è¥­¨¥:
w(x, t) = U(ζ) + 2C1t, ζ = x + aC1t

2 + C2t,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U(ζ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
U ′ζ , U ′′ζζ , . . . , U

(n)
ζ

)
+ aUU ′ζ = C2U

′
ζ + 2C1.

� ç áâ­®¬ á«ãç ¥ C1 = 0 ¨¬¥¥¬ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë.gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 11.2.1.4: A. D. Polyanin, V. F. Zaitsev (2004, p. 653).

5. ∂w

∂t
= aw

∂w

∂x
+ F

(
∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
+ bw.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(x + aC1e

bt + C2, t + C3) + C1be
bt,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �ãé¥áâ¢ã¥â ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥, «¨­¥©­®¥ ¯® x:

w(x, t) = ϕ(t)x + ψ(t).
3◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:

w = w(ξ), ξ = x + λt,

£¤¥ λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
w′ξ, w

′′
ξξ, . . . , w

(n)
ξ

)
+ aww′ξ − λw′ξ + bw = 0.

6. ∂w

∂t
= F

(
1
w

∂w

∂x
,

1
w

∂2w

∂x2 , . . . ,
1
w

∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = C−1

1 w(x + C2, C1t + C3),
£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = tϕ(ξ), ξ = kx + λ ln |t|,
£¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F

(
k

ϕ
ϕ′ξ,

k2

ϕ
ϕ′′ξξ, . . . ,

kn

ϕ
ϕ

(n)
ξ

)
= λϕ′ξ + ϕ.

7. ∂w

∂t
= wF

(
1
w

∂w

∂x
,

1
w

∂2w

∂x2 , . . . ,
1
w

∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = C1w(x + C2, t + C3),

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = Ceλtϕ(x),
£¤¥ C, λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F

(
ϕ′x
ϕ

,
ϕ′′xx

ϕ
, . . . ,

ϕ
(n)
x

ϕ

)
= λ.

�â® ãà ¢­¥­¨¥ ¨¬¥¥â ç áâ­ë¥ à¥è¥­¨ï ¢¨¤  ϕ(x) = eαx, £¤¥ α | ª®à­¨  «£¥¡à ¨ç¥áª®£® (¨«¨
âà ­áæ¥­¤¥­â­®£®) ãà ¢­¥­¨ï F

(
α, α2, . . . , αn

)− λ = 0.
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3◦. �®ç­®¥ à¥è¥­¨¥:
w(x, t) = Ceλtψ(ξ), ξ = kx + βt

£¤¥ C, k, λ, β | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ψ(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

ψF

(
k

ψ
ψ′ξ,

k2

ψ
ψ′′ξξ, . . . ,

kn

ψ
ψ

(n)
ξ

)
= βψ′ξ + λψ.

�â® ãà ¢­¥­¨¥ ¨¬¥¥â ç áâ­ë¥ à¥è¥­¨ï ¢¨¤  ψ(ξ) = eµξ.

8. ∂w

∂t
= wmF

(
1
w

∂w

∂x
,

1
w

∂2w

∂x2 , . . . ,
1
w

∂nw

∂xn

)
.

�à¨ m = 0 á¬. ãà ¢­¥­¨¥ 11.2.1.6,   ¯à¨ m = 1 | ãà ¢­¥­¨¥ 11.2.1.7.
1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C1w(x + C2, C
m−1
1 t + C3),

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) =
[
(1−m)At + B

] 1
1−m ϕ(x),

£¤¥ A, B |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

ϕm−1F

(
ϕ′x
ϕ

,
ϕ′′xx

ϕ
, . . . ,

ϕ
(n)
x

ϕ

)
= A.

3◦. �®ç­®¥ à¥è¥­¨¥:

w(z, t) = (t + C)
1

1−m �(z), z = kx + λ ln(t + C),
£¤¥ C, k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï �(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

�mF

(
k

�′z
�

, k2 �′′zz

�
, . . . , kn �(n)

z

�

)
= λ�′z + 1

1−m
�.

9. ∂w

∂t
= wmF

(
wk ∂w

∂x
, w2k+1 ∂2w

∂x2 , . . . , wnk+n−1 ∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C1w(C−k−1
1 x + C2, C

m−1
1 t + C3),

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ¯à¨ m 6= 1, k 6= −1:

w(x, t) = t
1

1−m U(z), z = xt
k+1
m−1 ,

£¤¥ äã­ªæ¨ï U(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
1

1−m
U + k + 1

m− 1
zU ′z = UmF

(
UkU ′z, U2k+1U ′′zz, . . . , Unk+n−1U (n)

z

)
.

3◦. �¡®¡é¥­­®¥  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ¯à¨ m = 1, k 6= −1:

w(x, t) = exp
(
− 1

k + 1
t

)
u(ξ), ξ = xet,

£¤¥ äã­ªæ¨ï u(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

− 1
k + 1

u + ξu′ξ = uF
(
uku′ξ, u2k+1u′′ξξ . . . , unk+n−1u

(n)
ξ

)
.

4◦. �à¨ k = −1 á¬. ãà ¢­¥­¨¥ 11.2.1.8.
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10. ∂w

∂t
= eβwF

(
∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(x + C1, C2t + C3) + 1

β
ln C2,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = − 1
β

ln(Aβt + B) + ϕ(x),

£¤¥ A, B |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

eβϕF
(
ϕ′x, ϕ′′xx, . . . , ϕ(n)

x

)
+ A = 0.

3◦. �®ç­®¥ à¥è¥­¨¥:
w(x, t) = − 1

β
ln(t + C) + �(ξ), ξ = kx + λ ln(t + C),

£¤¥ C, k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï �(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

eβ�F
(
k�′ξ, k2�′′ξξ, . . . , kn�(n)

ξ

)
= λ�′ξ − 1

β
.

11. ∂w

∂t
= a ln w

∂w

∂x
+ wF

(
1
w

∂w

∂x
,

1
w

∂2w

∂x2 , . . . ,
1
w

∂nw

∂xn

)
.

1◦. �ãáâì äã­ªæ¨ï w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = eC1w(x + aC1t + C2, t + C3),

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = exp
[
− x

at
+ 1

t

∫
tF

(
− 1

at
, . . . ,

1
(−at)n

)
dt

]
.

3◦. �®ç­®¥ à¥è¥­¨¥:
w(x, t) = eλtu(z), z = x + 1

2 aλt2 + kt,

£¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï u(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(a ln u− k)u′z − λu + uF

(
u′z
u

,
u′′zz

u
, . . . ,

u
(n)
z

u

)
= 0.

�­ ç¥­¨î λ = 0 á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë.

12. ∂w

∂t
= F

(
∂2w

∂x2

/
∂w

∂x
, . . . ,

∂nw

∂xn

/
∂w

∂x

)
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.2.1.2.
1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C−1
1 w(x + C2, C1t + C3) + C4,

£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = At + B + ϕ(ξ), ξ = kx + λt,
£¤¥ A, B, k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
kϕ′′ξξ/ϕ′ξ, . . . , kn−1ϕ

(n)
ξ /ϕ′ξ

)
= λϕ′ξ + A.

3◦. �®ç­®¥ à¥è¥­¨¥:
w(x, t) = (t + C1)�(z) + C2, z = kx + λ ln |t + C1|,

£¤¥ C1, C2, k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï �(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬
®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
k�′′zz/�′z, . . . , kn−1�(n)

z /�′z
)

= λ�′z + �.
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13. ∂w

∂t
= ∂w

∂x
F

(
∂2w

∂x2

/
∂w

∂x
, . . . ,

∂nw

∂xn

/
∂w

∂x

)
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.2.1.2.
1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C1w(x + C2, t + C3) + C4,

£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = At + B + ϕ(z), z = kx + λt,

£¤¥ A, B, k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

kϕ′zF
(
kϕ′′zz/ϕ′z, . . . , kn−1ϕ(n)

z /ϕ′z
)

= λϕ′z + A.

3◦. �®ç­®¥ à¥è¥­¨¥:
w(x, t) = Aeβt�(ξ) + B, ξ = kx + λt,

£¤¥ A, B, k, β, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï �(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬
®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

k�′ξF
(
k�′′ξξ/�′ξ, . . . , kn−1�(n)

ξ /�′ξ
)

= λ�′ξ + β�.

14. ∂w

∂t
=

(
∂w

∂x

)β

F

(
∂2w

∂x2

/
∂w

∂x
, . . . ,

∂nw

∂xn

/
∂w

∂x

)
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.2.1.2. �à¨ β = 0 ¨ β = 1 á¬. ãà ¢­¥­¨ï 11.2.1.11 ¨ 11.2.1.12.
1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C1w(x + C2, C
β−1
1 t + C3) + C4,

£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, t) =
[
A(1− β)t + B

] 1
1−β ϕ(x) + C,

£¤¥ A, B, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(
ϕ′x

)β
F

(
ϕ′′xx/ϕ′x, . . . , ϕ(n)

x /ϕ′x
)

= Aϕ.

3◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = (t + A)
1

1−β �(z) + B, z = kx + λ ln(t + A),
£¤¥ A, B, k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï �(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

kβ(
�′z

)β
F

(
k�′′zz/�′z, . . . , kn−1�(n)

z /�′z
)

= λ�′z + 1
1− β

�.

11.2.2. �à ¢­¥­¨ï ¢¨¤  ∂w

∂t
= F

(
t, w,

∂w

∂x
, . . . ,

∂nw

∂xn

)

1. ∂w

∂t
= F

(
t,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
+ g(t)w.

�ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w(x, t) + C exp
[∫

g(t) dt

]
,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
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2. ∂w

∂t
= F

(
∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
+ aw

∂w

∂x
+ g(t).

�à¥®¡à §®¢ ­¨¥

w = u(z, t) +
∫ t

t0

g(τ) dτ, z = x + a

∫ t

t0

(t− τ)g(τ) dτ,

£¤¥ t0 | «î¡®¥ ç¨á«®, ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  11.2.1.4:
∂u

∂t
= au

∂u

∂x
+ F

(
∂u

∂x
,

∂2u

∂x2 , . . . ,
∂nu

∂xn

)
.

gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 657).

3. ∂w

∂t
= F

(
t,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
+ f(t)w ∂w

∂x
+ g(t)w.

�ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w

(
x + C1ψ(t) + C2, t

)
+ C1ϕ(t),

£¤¥

ϕ(t) = exp
[∫

g(t) dt

]
, ψ(t) =

∫
f(t)ϕ(t) dt, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,

â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.

4. ∂w

∂t
= wF

(
t,

1
w

∂w

∂x
, . . . ,

1
w

∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = C1w(x + C2, t),

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = A exp
[
λx +

∫
F (t, λ, . . . , λn) dt

]
,

£¤¥ A, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

5. ∂w

∂t
= wF

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = C1w(x + C2, t),

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­ë¥ à¥è¥­¨ï ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = A exp
[
λx +

∫
F

(
t, λ2, . . . , λ2n)

dt

]
,

w(x, t) =
[
A ch(λx) + B sh(λx)

]
exp

[∫
F

(
t, λ2, . . . , λ2n)

dt

]
,

w(x, t) =
[
A cos(λx) + B sin(λx)

]
exp

[∫
F

(
t,−λ2, . . . , (−1)nλ2n)

dt

]
,

£¤¥ A, B, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

6. ∂w

∂t
= f(t)wβ�

(
1
w

∂w

∂x
,

1
w

∂2w

∂x2 , . . . ,
1
w

∂nw

∂xn

)
+ g(t)w.

�à¥®¡à §®¢ ­¨¥

w(x, t) = G(t)u(x, τ), τ =
∫

f(t)Gβ−1(t) dt, G(t) = exp
[∫

g(t) dt

]
,

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  11.2.1.8:
∂u

∂τ
= uβ�

(
1
u

∂u

∂x
,

1
u

∂2u

∂x2 , . . . ,
1
u

∂nu

∂xn

)
,

ª®â®à®¥, ­ ¯à¨¬¥à, ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë u = u(ax + bτ) ¨ à¥è¥­¨¥ ¢
¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢ u = ϕ(x)ψ(τ).
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7. ∂w

∂t
= f(t)eβw�

(
∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
+ g(t).

�à¥®¡à §®¢ ­¨¥

w(x, t) = u(x, τ) + G(t), τ =
∫

f(t) exp
[
βG(t)

]
dt, G(t) =

∫
g(t) dt,

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  11.2.1.10:
∂u

∂τ
= eβu�

(
∂u

∂x
,

∂2u

∂x2 , . . . ,
∂nu

∂xn

)
,

ª®â®à®¥, ­ ¯à¨¬¥à, ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë u = u(ax + bτ) ¨ à¥è¥­¨¥ ¢
¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢ u = ϕ(x) + ψ(τ).

8. ∂w

∂t
= f(t)�

(
w,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
+ g(t) ∂w

∂x
.

�à¥®¡à §®¢ ­¨¥
w = u(z, τ), z = x +

∫
g(t) dt, τ =

∫
f(t) dt,

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂u

∂τ
= �

(
u,

∂u

∂z
,

∂2u

∂z2 , . . . ,
∂nu

∂zn

)
,

ª®â®à®¥ ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë u = u(kz + λτ).

9. ∂w

∂t
= w�0

(
t,

1
w

∂w

∂x
, . . . ,

1
w

∂nw

∂xn

)
+

m∑

k=1

∂kw

∂xk
�k

(
t,

1
w

∂w

∂x
, . . . ,

1
w

∂nw

∂xn

)
.

�à ¢­¥­¨¥ ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = Aeλx�(t),

£¤¥ A, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

10. ∂w

∂t
=w�0

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+

m∑

k=1

∂2kw

∂x2k
�k

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
.

�à ¢­¥­¨¥ ¨¬¥¥â â®ç­ë¥ à¥è¥­¨ï ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = Aeλx�1(t),
w(x, t) =

[
A ch(λx) + B sh(λx)

]
�1(t),

w(x, t) =
[
A cos(λx) + B sin(λx)

]
�2(t),

£¤¥ A, B, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

11.2.3. �à ¢­¥­¨ï ¢¨¤  ∂w

∂t
= F

(
x, w,

∂w

∂x
, . . . ,

∂nw

∂xn

)

1. ∂w

∂t
= F

(
x,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
.

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, «¨­¥©­®¥ ¯® t:
w(x, t) = Axt + Bt + C + ϕ(x),

£¤¥ A, B, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
x, ϕ′′xx, . . . , ϕ(n)

x

)
= Ax + B.

2. ∂w

∂t
= F

(
x,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = At + B + ϕ(x),

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
x, ϕ′x, ϕ′′xx, . . . , ϕ(n)

x

)
= A.
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3. ∂w

∂t
= F

(
∂w

∂x
, x

∂2w

∂x2 , . . . , xn−1 ∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = C−1

1 w(C1x, C1t + C2) + C3,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = At + B + ϕ(x),
£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
ϕ′x, xϕ′′xx, . . . , xn−1ϕ(n)

x

)
= A.

3◦. �®ç­®¥ à¥è¥­¨¥:
w(x, t) = tU(z) + C, z = x/t,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï U(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨-
 «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
U ′z, zU ′′zz, . . . , zn−1U (n)

z

)
+ zU ′z − U = 0.

4. ∂w

∂t
= ax

∂w

∂x
+ F

(
w,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(x + C1e

−at, t + C2),
£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w = w(z), z = x + Ce−at,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨-
 «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
w, w′z, w′′zz, . . . , w(n)

z

)
+ azw′z = 0.

gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 659).

5. ∂w

∂t
= F

(
w, x

∂w

∂x
, x2 ∂2w

∂x2 , . . . , xn ∂nw

∂xn

)
.

�®¤áâ ­®¢ª  x = ±ez ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  11.2.1.2.

6. ∂w

∂t
= xkF

(
w, x

∂w

∂x
, . . . , xn ∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(C1x, C−k

1 t + C2),
£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w(x, t) = w(z), z = xt1/k,

£¤¥ äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
kzk−1F

(
w, zw′z, . . . , znw(n)

z

)− w′z = 0.

7. ∂w

∂t
= xkF

(
w, x

∂w

∂x
, . . . , xn ∂nw

∂xn

)
+ ax

∂w

∂x
.

�¥à¥å®¤ï ª ­®¢ë¬ ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬

z = xeat, τ = 1
ak

(
1− e−akt),

¯®«ãç¨¬ ¡®«¥¥ ¯à®áâ®¥ ãà ¢­¥­¨¥ ¢¨¤  11.2.3.6:
∂w

∂τ
= zkF

(
w, z

∂w

∂z
, . . . , zn ∂nw

∂zn

)
.
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8. ∂w

∂t
= eλxF

(
w,

∂w

∂x
, . . . ,

∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w(x + C1, e
−λC1 t + C2),

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, t) = w(z), z = λx + ln t,

£¤¥ äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

ezF
(
w, λw′z, . . . , λnw(n)

z

)− w′z = 0.

9. ∂w

∂t
= wF

(
x,

1
w

∂w

∂x
,

1
w

∂2w

∂x2 , . . . ,
1
w

∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = C1w(x, t + C2),

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = Aeµtϕ(x),
£¤¥ A, µ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
x, ϕ′x/ϕ, ϕ′′xx/ϕ, . . . , ϕ(n)

x /ϕ
)

= µ.

10. ∂w

∂t
= wβF

(
x,

1
w

∂w

∂x
,

1
w

∂2w

∂x2 , . . . ,
1
w

∂nw

∂xn

)
.

�à¨ β = 1 á¬. ãà ¢­¥­¨¥ 11.2.3.9.
1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C1w(x, Cβ−1
1 t + C2),

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) =
[
(1− β)At + B

] 1
1−β ϕ(x),

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

ϕβ−1F
(
x, ϕ′x/ϕ, ϕ′′xx/ϕ, . . . , ϕ(n)

x /ϕ
)

= A.

11. ∂w

∂t
= eβwF

(
x,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w(x, C1t + C2) + 1
β

ln C1,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = − 1
β

ln(Aβt + B) + ϕ(x),

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

eβϕF
(
x, ϕ′x, ϕ′′xx, . . . , ϕ(n)

x

)
+ A = 0.
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12. ∂w

∂t
= ∂w

∂x
F

(
x,

∂2w

∂x2

/
∂w

∂x
, . . . ,

∂nw

∂xn

/
∂w

∂x

)
.

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = At + B + ϕ(x),

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

ϕ′xF
(
x, ϕ′′xx/ϕ′x, . . . , ϕ(n)

x /ϕ′x
)

= A.

2◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, t) = Aeµt�(x) + B,

£¤¥ A, B, µ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï �(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

�′xF
(
x, �′′xx/�′x . . . , �(n)

x /�′x
)

= µ�.

13. ∂w

∂t
=

(
∂w

∂x

)β

F

(
x,

∂2w

∂x2

/
∂w

∂x
, . . . ,

∂nw

∂xn

/
∂w

∂x

)
.

�à¨ β = 1 á¬. ãà ¢­¥­¨¥ 11.2.3.12.
1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C1w(x, Cβ−1
1 t + C2) + C3,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = At + B + ϕ(x),
£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ (

ϕ′x
)β

F
(
x, ϕ′′xx/ϕ′x, . . . , ϕ(n)

x /ϕ′x
)

= A.

3◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, t) =
[
A(1− β)t + C1

] 1
1−β

[
�(x) + B

]
+ C2,

£¤¥ A, B, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï �(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(
�′x

)β
F

(
x, �′′xx/�′x . . . , �(n)

x /�′x
)

= A� + AB.

11.2.4. �à ¢­¥­¨ï ¢¨¤  ∂w

∂t
= F

(
x, t, w,

∂w

∂x
, . . . ,

∂nw

∂xn

)

1. ∂w

∂t
= F

(
x, t,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
+ g(t)w.

�ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w(x, t) + C exp
[∫

g(t) dt

]
,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.

2. ∂w

∂t
= F

(
ax + bt, w,

∂w

∂x
, . . . ,

∂nw

∂xn

)
.

�®ç­®¥ à¥è¥­¨¥:
w = w(ξ), ξ = ax + bt,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
ξ, w, aw′ξ, . . . , anw

(n)
ξ

)− bw′ξ = 0.

39*
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3. ∂w

∂t
= F

(
ax + bt,

∂w

∂x
, . . . ,

∂nw

∂xn

)
.

�®ç­®¥ à¥è¥­¨¥:
w = ϕ(ξ) + Ct, ξ = ax + bt,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï ϕ(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨-
 «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
ξ, aϕ′ξ, . . . , anϕ

(n)
ξ

)− bϕ′ξ − C = 0,

¯®àï¤®ª ª®â®à®£® ¯®­¨¦ ¥âáï á ¯®¬®éìî ¯®¤áâ ­®¢ª¨ U(ξ) = ϕ′ξ.

4. ∂w

∂t
= f(t)xk�

(
w, x

∂w

∂x
, . . . , xn ∂nw

∂xn

)
+ xg(t) ∂w

∂x
.

�¥à¥å®¤ï ª ­®¢ë¬ ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬

z = xG(t), τ =
∫

f(t)G−k(t) dt, G(t) = exp
[∫

g(t) dt

]
,

¯à¨å®¤¨¬ ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  11.2.3.6:
∂w

∂τ
= zk�

(
w, z

∂w

∂z
, . . . , zn ∂nw

∂zn

)
.

5. ∂w

∂t
= w�

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+ f(t)eλx.

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, t) = eλxE(t)
[
A +

∫
f(t)
E(t)

dt

]
+ Be−λxE(t),

E(t) = exp
[∫

�
(
t, λ2, . . . , λ2n)

dt

]
,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

6. ∂w

∂t
= w�

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+ f(t)eλx + g(t)e−λx.

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, t) = eλxE(t)
[
A +

∫
f(t)
E(t)

dt

]
+ e−λxE(t)

[
B +

∫
g(t)
E(t)

dt

]
,

E(t) = exp
[∫

�
(
t, λ2, . . . , λ2n)

dt

]
,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

7. ∂w

∂t
= w�

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+ f(t) ch(λx) + g(t) sh(λx).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, t) = ch(λx)E(t)
[
A +

∫
f(t)
E(t)

dt

]
+ sh(λx)E(t)

[
B +

∫
g(t)
E(t)

dt

]
,

E(t) = exp
[∫

�
(
t, λ2, . . . , λ2n)

dt

]
,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

8. ∂w

∂t
= w�

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+ f(t) cos(λx).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, t) = cos(λx)E(t)
[
A +

∫
f(t)
E(t)

dt

]
+ B sin(λx)E(t),

E(t) = exp
[∫

�
(
t,−λ2, . . . , (−1)nλ2n)

dt

]
,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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9. ∂w

∂t
= w�

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+ f(t) cos(λx) + g(t) sin(λx).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, t) = cos(λx)E(t)
[
A +

∫
f(t)
E(t)

dt

]
+ sin(λx)E(t)

[
B +

∫
g(t)
E(t)

dt

]
,

E(t) = exp
[∫

�
(
t,−λ2, . . . , (−1)nλ2n)

dt

]
,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

10. ∂w

∂t
= f(t)wβ�

(
x,

1
w

∂w

∂x
,

1
w

∂2w

∂x2 , . . . ,
1
w

∂nw

∂xn

)
+ g(t)w.

�à¥®¡à §®¢ ­¨¥

w(x, t) = G(t)u(x, τ), τ =
∫

f(t)Gβ−1(t) dt, G(t) = exp
[∫

g(t) dt

]
,

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  11.2.3.10:
∂u

∂τ
= uβ�

(
x,

1
u

∂u

∂x
,

1
u

∂2u

∂x2 ,
1
u

∂nu

∂xn

)
,

ª®â®à®¥ ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢ u = ϕ(x)ψ(τ).

11. ∂w

∂t
= f(t)

(
∂w

∂x

)k

�
(

x,
∂2w

∂x2

/
∂w

∂x
, . . . ,

∂nw

∂xn

/
∂w

∂x

)
+ g(t)w + h(t).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, t) = ϕ(t)�(x) + ψ(t),

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¯¥à¢®£® ¯®àï¤ª  (C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï)

ϕ′t = Af(t)ϕk + g(t)ϕ, (1)
ψ′t = g(t)ψ + Bf(t)ϕk + h(t), (2)

  äã­ªæ¨ï �(x) ã¤®¢«¥â¢®àï¥â ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î n-£® ¯®àï¤ª (
�′x

)k�
(
x, �′′xx/�′x, . . . , �(n)

x /�′x
)

= A� + B.
�¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë (1), (2) ¤ ¥âáï ä®à¬ã« ¬¨

ϕ(t) = G(t)
[
C + A(1− k)

∫
f(t)Gk−1(t) dt

] 1
1−k

, G(t) = exp
[∫

g(t) dt

]
,

ψ(t) = DG(t) + G(t)
∫ [

Bf(t)ϕk(t) + h(t)
] dt

G(t)
,

£¤¥ A, B, C, D | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

12. ∂w

∂t
=

[
f1(t)w+f0(t)

]( ∂w

∂x

)k

�
(

x,
∂2w

∂x2

/
∂w

∂x
, . . . ,

∂nw

∂xn

/
∂w

∂x

)
+g1(t)w+g0(t).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, t) = ϕ(t)�(x) + ψ(t),

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¯¥à¢®£® ¯®àï¤ª  (C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï):

ϕ′t = Cf1(t)ϕk+1 + g1(t)ϕ, (1)
ψ′t =

[
Cf1(t)ϕk + g1(t)

]
ψ + Cf0(t)ϕk + g0(t), (2)

  äã­ªæ¨ï �(x) ã¤®¢«¥â¢®àï¥â ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î n-£® ¯®àï¤ª (
�′x

)k�
(
x, �′′xx/�′x, . . . , �(n)

x /�′x
)

= C.
�¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë (1), (2) ¤ ¥âáï ä®à¬ã« ¬¨

ϕ(t) = G(t)
[
A− kC

∫
f1(t)Gk(t) dt

]−1/k

, G(t) = exp
[∫

g1(t) dt

]
,

ψ(t) = Bϕ(t) + ϕ(t)
∫ [

Cf0(t)ϕk(t) + g0(t)
] dt

ϕ(t)
,

£¤¥ A, B, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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13. ∂w

∂t
= f(t)eβw�

(
x,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
+ g(t).

�à¥®¡à §®¢ ­¨¥

w(x, t) = u(x, τ) + G(t), τ =
∫

f(t) exp
[
βG(t)

]
dt, G(t) =

∫
g(t) dt,

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  11.2.3.11:
∂u

∂τ
= eβu�

(
x,

∂u

∂x
,

∂2u

∂x2 , . . . ,
∂nu

∂xn

)
,

ª®â®à®¥ ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢ u = ϕ(x) + ψ(τ).

14. ∂w

∂t
= w�0

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+

+
m∑

k=1

∂2kw

∂x2k
�k

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+ f(t)eλx + g(t)e−λx.

�ãé¥áâ¢ã¥â â®ç­®¥ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 
w(x, t) = eλxϕ(t) + e−λxψ(t).

15. ∂w

∂t
= w�0

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+

+
m∑

k=1

∂2kw

∂x2k
�k

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+ f(t) ch(λx) + g(t) sh(λx).

�ãé¥áâ¢ã¥â â®ç­®¥ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 
w(x, t) = ch(λx)ϕ(t) + sh(λx)ψ(t).

16. ∂w

∂t
= w�0

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+

+
m∑

k=1

∂2kw

∂x2k
�k

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2nw

∂x2n

)
+ f(t) cos(λx) + g(t) sin(λx).

�ãé¥áâ¢ã¥â â®ç­®¥ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 
w(x, t) = cos(λx)ϕ(t) + sin(λx)ψ(t).

17. ∂w

∂t
= wF (t, ζ0, ζ1, . . . , ζn), ζk =

n∑
i=k

(−1)i+k

k! (i − k)!
xi−k ∂iw

∂xi
, k = 0, 1, . . . , n.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = (C0 + C1x + · · ·+ Cnxn)ϕ(t),

£¤¥ C0, C1, . . . , Cn | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ = ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

ϕ′t = ϕF (t, C0ϕ, C1ϕ, . . . , Cnϕ).
gr �¨â¥à âãà : Ph. W. Doyle (1996), à áá¬ âà¨¢ «áï á«ãç © ∂tF ≡ 0.

11.3. �à ¢­¥­¨ï, á®¤¥à¦ é¨¥ ¢â®àãî ¯à®¨§¢®¤­ãî ¯® t

11.3.1. �à ¢­¥­¨ï ¢¨¤  ∂2w

∂t2
= a

∂nw

∂xn
+ f(x, t, w)

1. ∂2w

∂t2
= a

∂nw

∂xn
+ f(x + bt, w).

�®ç­®¥ à¥è¥­¨¥:
w = w(ξ), ξ = x + bt,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
aw

(n)
ξ − b2w′′ξξ + f(ξ, w) = 0.
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2. ∂2w

∂t2
= a

∂nw

∂xn
+ bw ln w + f(t)w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = ϕ(t)ψ(x),

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
ϕ′′tt −

[
b ln ϕ + f(t) + C

]
ϕ = 0,

aψ(n)
x +

(
b ln ψ − C

)
ψ = 0,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

3. ∂2w

∂t2
= a

∂nw

∂xn
+ bw ln w +

[
f(x) + g(t)

]
w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = ϕ(t)ψ(x),

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
ϕ′′tt −

[
b ln ϕ + g(t) + C

]
ϕ = 0,

aψ(n)
x +

[
b ln ψ + f(x)− C

]
ψ = 0,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

4. ∂2w

∂t2
= a

∂nw

∂xn
+ f(x)w ln w +

[
bf(x)t + g(x)

]
w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = e−btϕ(x),

£¤¥ äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
aϕ(n)

x + f(x)ϕ ln ϕ +
[
g(x)− b2]ϕ = 0.

11.3.2. �à ¢­¥­¨ï ¢¨¤  ∂2w

∂t2
= a

∂nw

∂xn
+ F

(
x, t, w,

∂w

∂x

)

1. ∂2w

∂t2
= a

∂nw

∂xn
+ f(x) ∂w

∂x
+ bw ln w +

[
g(x) + h(t)

]
w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = ϕ(t)ψ(x),

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
ϕ′′tt −

[
b ln ϕ + h(t) + C

]
ϕ = 0,

aψ(n)
x + f(x)ψ′x +

[
b ln ψ + g(x)− C

]
ψ = 0,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

2. ∂2w

∂t2
= a

∂nw

∂xn
+ b

(
∂w

∂x

)2
+ f(t).

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(x + C1, t) + C2t + C3,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = C1t
2 + C2t +

∫ t

t0

(t− τ)f(τ) dτ + θ(z), z = x + λt,

£¤¥ C1, C2, t0, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï θ(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬
®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aθ(n)
z − λ2θ′′zz + b

(
θ′z

)2 − 2C1 = 0.
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3◦. �ãé¥áâ¢ã¥â ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥, ª¢ ¤à â¨ç­®¥ ¯® x:
w(x, t) = ϕ(t)x2 + ψ(t)x + χ(t).

4◦. � ¬¥­  w = U(x, t) +
∫ t

0
(t− τ)f(τ) dτ ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î

∂2U

∂t2
= a

∂nU

∂xn
+ b

(
∂U

∂x

)2
,

ª®â®à®¥ ¤®¯ãáª ¥â  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ¢¨¤  U = t
2(2−n)

n u(ζ), £¤¥ ζ = xt−
2
n .

3. ∂2w

∂t2
= a

∂nw

∂xn
+ b

(
∂w

∂x

)2
+ cw + f(t).

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w1 = w(x + C1, t) + C2 ch(kt) + C3 sh(kt) ¯à¨ c = k2 > 0,

w2 = w(x + C1, t) + C2 cos(kt) + C3 sin(kt) ¯à¨ c = −k2 < 0,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = ϕ(t) + ψ(z), z = x + λt,

£¤¥ λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨¨ ϕ(t) ¨ ψ(z) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨
¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨

ϕ′′tt − cϕ− f(t) = 0,

aψ(n)
z − λ2ψ′′zz + b

(
ψ′z

)2 + cψ = 0.

�¡é¥¥ à¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤

ϕ(t) = C1 ch(kt) + C2 sh(kt) + 1
k

∫ t

0
f(τ) sh

[
k(t− τ)

]
dτ ¯à¨ c = k2 > 0,

ϕ(t) = C1 cos(kt) + C2 sin(kt) + 1
k

∫ t

0
f(τ) sin

[
k(t− τ)

]
dτ ¯à¨ c = −k2 < 0,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �ãé¥áâ¢ã¥â ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥, ª¢ ¤à â¨ç­®¥ ¯® x:

w(x, t) = ϕ2(t)x2 + ϕ1(t)x + ϕ0(t).
4◦. �®¤áâ ­®¢ª  w = U(x, t) + ϕ(t), £¤¥ äã­ªæ¨ï ϕ(t) ®¯¨á ­  ¢ ¯. 2◦, ¯à¨¢®¤¨â ª ¡®«¥¥
¯à®áâ®¬ã ãà ¢­¥­¨î

∂2U

∂t2
= a

∂nU

∂xn
+ b

(
∂U

∂x

)2
+ cU.

4. ∂2w

∂t2
= a

∂nw

∂xn
+ b

(
∂w

∂x

)2
+ cw

∂w

∂x
+ kw2 + f(t)w + g(t).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, t) = ϕ(t) + ψ(t) exp(λx),

£¤¥ λ | ª®à­¨ ª¢ ¤à â­®£® ãà ¢­¥­¨ï bλ2 + cλ + k = 0,   äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï
á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′tt = kϕ2 + f(t)ϕ + g(t), (1)
ψ′′tt =

[
(cλ + 2k)ϕ + f(t) + aλn]

ψ. (2)
� ç áâ­®¬ á«ãç ¥ ¯à¨ f(t) = const, g(t) = const ãà ¢­¥­¨¥ (1) ¨¬¥¥â ç áâ­ë¥ à¥è¥­¨ï ¢¨¤ 

ϕ=const ¨ ¢¢¨¤ã ¥£®  ¢â®­®¬­®áâ¨ ¬®¦¥â ¡ëâì ¯à®¨­â¥£à¨à®¢ ­® ¢ ª¢ ¤à âãà å. �à ¢­¥­¨¥ (2)
«¨­¥©­® ®â­®á¨â¥«ì­® äã­ªæ¨¨ ψ, ¯®íâ®¬ã ¯à¨ ϕ = const ¥£® ®¡é¥¥ à¥è¥­¨¥ ¢ëà ¦ ¥âáï ç¥à¥§
íªá¯®­¥­âë ¨«¨ á¨­ãá ¨ ª®á¨­ãá.
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5. ∂2w

∂t2
= a

∂nw

∂xn
+ f(x)

(
∂w

∂x

)2
+ g(x) + h(t).

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = C1t
2 + C2t +

∫ t

t0

(t− τ)h(τ) dτ + ϕ(x).

�¤¥áì C1, C2, t0 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + f(x)

(
ϕ′x)2 + g(x)− 2C1 = 0.

2◦. � ¬¥­  w = U(x, t) +
∫ t

0
(t− τ)h(τ) dτ ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î

∂2U

∂t2
= a

∂nU

∂xn
+ f(x)

(
∂U

∂x

)2
+ g(x).

6. ∂2w

∂t2
= a

∂nw

∂xn
+ f(x)

(
∂w

∂x

)2
+ bw + g(x) + h(t).

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = ϕ(t) + ψ(x).

�¤¥áì äã­ªæ¨¨ ϕ(t) ¨ ψ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
ϕ′′tt − bϕ− h(t) = 0,

aψ(n)
x + f(x)(ψ′x)2 + bψ + g(x) = 0.

�¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï ¤«ï ϕ(t) ¨¬¥¥â ¢¨¤

ϕ(t) = C1 ch(kt) + C2 sh(kt) + 1
k

∫ t

0
h(τ) sh

[
k(t− τ)

]
dτ ¯à¨ b = k2 > 0,

ϕ(t) = C1 cos(kt) + C2 sin(kt) + 1
k

∫ t

0
h(τ) sin

[
k(t− τ)

]
dτ ¯à¨ b = −k2 < 0,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

7. ∂2w

∂t2
= a

∂2nw

∂x2n
+ f(t)

(
∂w

∂x

)2
+ bf(t)w2 + g(t)w + h(t).

1◦. �®ç­ë¥ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, á®¤¥à¦ é¨¥ íªá¯®­¥­æ¨ «ì­ë¥
äã­ªæ¨¨ x:

w(x, t) = ϕ(t) + ψ(t) exp
(±x

√
−b

)
, b < 0, (1)

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¢â®à®£® ¯®àï¤ª  á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ( à£ã¬¥­âë ã äã­ªæ¨© f , g, h ­¥ ãª §ë¢ îâáï)

ϕ′′tt = bfϕ2 + gϕ + h, (2)
ψ′′tt =

[
2bfϕ + g + (−1)nabn]

ψ. (3)
� ç áâ­®¬ á«ãç ¥, ª®£¤  f , g, h | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥, ãà ¢­¥­¨¥ (2) ¨¬¥¥â ç áâ­ë¥

à¥è¥­¨ï ¢¨¤  ϕ = const. � íâ®¬ á«ãç ¥ ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3) ¢ëà ¦ ¥âáï ç¥à¥§
íªá¯®­¥­âë ¨«¨ á¨­ãá ¨ ª®á¨­ãá.
2◦. �®ç­®¥ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå (®¡®¡é ¥â à¥è¥­¨ï ¨§ ¯. 1◦):

w(x, t) = ϕ(t) + ψ(t)
[
A exp

(
x
√
−b

)
+ B exp

(−x
√
−b

)]
, b < 0, (4)

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¢â®à®£® ¯®àï¤ª  á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

ϕ′′tt = bf
(
ϕ2 + 4ABψ2) + gϕ + h, (5)

ψ′′tt =
[
2bfϕ + g + (−1)nabn]

ψ. (6)
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�§ ãà ¢­¥­¨ï (8) ¬®¦­® ¢ëà §¨âì ϕ ç¥à¥§ ψ,   § â¥¬ ¯®¤áâ ¢¨âì ¢ (7). � ¨â®£¥ ¯®«ãç ¥âáï
­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ ç¥â¢¥àâ®£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ ψ (¯à¨ f, g, h = const íâ® ãà ¢­¥­¨¥
ï¢«ï¥âáï  ¢â®­®¬­ë¬ ¨ ¤®¯ãáª ¥â ¯®­¨¦¥­¨¥ ¯®àï¤ª ).

�â¬¥â¨¬ ¤¢  ç áâ­ëå á«ãç ï à¥è¥­¨ï ¢¨¤  (6), ª®â®àë¥ ¢ëà ¦ îâáï ç¥à¥§ £¨¯¥à¡®«¨ç¥áª¨¥
äã­ªæ¨¨:

w(x, t) = ϕ(t) + ψ(t) ch
(
x
√
−b

)
¯à¨ A = 1

2 , B = 1
2 ;

w(x, t) = ϕ(t) + ψ(t) sh
(
x
√
−b

)
¯à¨ A = 1

2 , B = − 1
2 .

3◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, á®¤¥à¦ é¨¥ âà¨£®­®¬¥âà¨ç¥áª¨¥ äã­ª-
æ¨¨ ®â x:

w(x, t) = ϕ(t) + ψ(t) cos
(
x
√

b + c
)
, b > 0,

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¢â®à®£® ¯®àï¤ª  á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

ϕ′′tt = bf
(
ϕ2 + ψ2) + gϕ + h,

ψ′′tt =
[
2bfϕ + g + (−1)nabn]

ψ.
gr �¨â¥à âãà : V. A. Galaktionov (1995), �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, áâà. 371).

8. ∂2w

∂t2
= a

∂nw

∂xn
+ f

(
x,

∂w

∂x

)
+ g(t).

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = C1t
2 + C2t +

∫ t

t0

(t− τ)g(τ) dτ + ϕ(x),

£¤¥ C1, C2, t0 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + f

(
x, ϕ′x

)− 2C1 = 0,

¯®àï¤®ª ª®â®à®£® ¬®¦­® ¯®­¨§¨âì á ¯®¬®éìî ¯®¤áâ ­®¢ª¨ u(x) = ϕ′x.

2◦. � ¬¥­  w = U(x, t) +
∫ t

0
(t− τ)g(τ) dτ ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î

∂2U

∂t2
= a

∂nU

∂xn
+ f

(
x,

∂U

∂x

)
.

9. ∂2w

∂t2
= a

∂nw

∂xn
+ f

(
x,

∂w

∂x

)
+ bw + g(t).

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = ϕ(t) + ψ(x),

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
ϕ′′tt − bϕ− g(t) = 0,

aψ(n)
x + f

(
x, ψ′x

)
+ bψ = 0.

�¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï ¤«ï ϕ(t) ¨¬¥¥â ¢¨¤

ϕ(t) = C1 ch(kt) + C2 sh(kt) + 1
k

∫ t

0
g(τ) sh

[
k(t− τ)

]
dτ ¯à¨ b = k2 > 0,

ϕ(t) = C1 cos(kt) + C2 sin(kt) + 1
k

∫ t

0
g(τ) sin

[
k(t− τ)

]
dτ ¯à¨ b = −k2 < 0,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �®¤áâ ­®¢ª  w = U(x, t) + ϕ(t), £¤¥ äã­ªæ¨ï ϕ(t) ®¯¨á ­  ¢ ¯. 1◦, ¯à¨¢®¤¨â ª ¡®«¥¥
¯à®áâ®¬ã ãà ¢­¥­¨î

∂2U

∂t2
= a

∂nU

∂xn
+ f

(
x,

∂U

∂x

)
+ bU.
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10. ∂2w

∂t2
= a

∂nw

∂xn
+ wf

(
t,

1
w

∂w

∂x

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = C1w(x + C2, t),

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = eλxϕ(t),
£¤¥ λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï ϕ(t) ®¯¨áë¢ ¥âáï «¨­¥©­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¢â®à®£® ¯®àï¤ª 

ϕ′′tt =
[
aλn + f(t, λ)

]
ϕ.

11.3.3. �à ¢­¥­¨ï ¢¨¤  ∂2w

∂t2
= a

∂nw

∂xn
+ F

(
x, t, w,

∂w

∂x
, . . . ,

∂n−1w

∂xn−1

)

1. ∂2w

∂t2
= a

∂nw

∂xn
+ bw

∂2w

∂x2 + c.

1◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w(x, t) = u(ξ), ξ = kx + λt,

£¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï u = u(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aknu
(n)
ξ + (bk2u− λ2)u′′ξξ + c = 0.

2◦. �®ç­®¥ à¥è¥­¨¥:

w = U(z) + 4bC2
1 t2 + 4bC1C2t, z = x + bC1t

2 + bC2t,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aU (n)
z + bUU ′′zz − b2C2

2U ′′zz − 2bC1U
′
z = 8bC2

1 − c.

3◦. �ãé¥áâ¢ã¥â ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥, ª¢ ¤à â¨ç­®¥ ¯® x:

w(x, t) = f2(t)x2 + f1(t)x + f0(t).

2. ∂2w

∂t2
= a

∂nw

∂xn
+ b

∂

∂x

(
w

∂w

∂x

)
+ c.

1◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w(x, t) = u(ξ), ξ = kx + λt,

£¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï u = u(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aknu
(n)
ξ + bk2(uu′ξ)′ξ − λ2u′′ξξ + c = 0.

2◦. �®ç­®¥ à¥è¥­¨¥:

w = U(z) + 4bC2
1 t2 + 4bC1C2t, z = x + bC1t

2 + bC2t,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aU (n)
z + b(UU ′z)′z − b2C2

2U ′′zz − 2bC1U
′
z = 8bC2

1 − c.

3◦. �ãé¥áâ¢ã¥â ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥, ª¢ ¤à â¨ç­®¥ ¯® x:

w(x, t) = f2(t)x2 + f1(t)x + f0(t).
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3. ∂2w

∂t2
= a

∂nw

∂xn
+ f(t)

i,j<n∑

i,j=0
bij

∂iw

∂xi

∂jw

∂xj
+

n−1∑

k=0
gk(t) ∂kw

∂xk
+ h(t).

�¤¥áì ¯à¨­ïâ® ®¡®§­ ç¥­¨¥: ∂0w

∂x0 ≡ w.
1◦. � ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨¥ ¨¬¥¥â à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 

w(x, t) = ϕ(t) + ψ(t) exp(λx),

£¤¥ λ | ª®à­¨  «£¥¡à ¨ç¥áª®£® ãà ¢­¥­¨ï:
i,j<n∑
i,j=0

bijλ
i+j = 0.

2◦. �ãáâì n | ç¥â­®¥ ç¨á«® ¨ ¢ ¯¥à¢®© áã¬¬¥ ¢á¥ ª®íää¨æ¨¥­âë bij = 0, ª®£¤  áã¬¬  ¨å
¨­¤¥ªá®¢ i + j | ­¥ç¥â­®¥ ç¨á«®. � íâ®¬ á«ãç ¥ ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â â ª¦¥ à¥è¥­¨ï á
®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 

w(x, t) = ϕ1(t) + ψ1(t)
[
A ch(λx) + B sh(λx)

]
,

w(x, t) = ϕ2(t) + ψ2(t)
[
A cos(λx) + B sin(λx)

]
,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, ¯ à ¬¥âà λ ®¯à¥¤¥«ï¥âáï ¯ãâ¥¬ à¥è¥­¨ï  «£¥¡à ¨ç¥áª¨å
ãà ¢­¥­¨©,   äã­ªæ¨¨ ϕ1(t), ψ1(t) ¨ ϕ2(t), ψ2(t) ­ å®¤ïâáï ¨§ á®®â¢¥âáâ¢ãîé¨å á¨áâ¥¬
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª .

4. ∂2w

∂t2
= a

∂nw

∂xn
+ F

(
x,

∂w

∂x
, . . . ,

∂n−1w

∂xn−1

)
+ g(t).

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = 1
2 At2 + Bt + C +

∫ t

0
(t− τ)g(τ) dτ + ϕ(x).

�¤¥áì A, B, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aϕ(n)
x + F

(
x, ϕ′x, . . . , ϕ(n−1)

x

)−A = 0,

¯®àï¤®ª ª®â®à®£® ¬®¦­® ¯®­¨§¨âì á ¯®¬®éìî ¯®¤áâ ­®¢ª¨ U(x) = ϕ′x.
2◦. � ¬¥­ 

w = u(x, t) +
∫ t

0
(t− τ)g(τ) dτ

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂2u

∂t2
= a

∂nu

∂xn
+ F

(
x,

∂u

∂x
, . . . ,

∂n−1u

∂xn−1

)
.

5. ∂2w

∂t2
= a

∂nw

∂xn
+ F

(
x,

∂w

∂x
, . . . ,

∂n−1w

∂xn−1

)
+ bw + g(t).

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = ϕ(t) + ψ(x).

�¤¥áì äã­ªæ¨¨ ϕ(t) ¨ ψ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
ϕ′′tt − bϕ− g(t) = 0,

aψ(n)
x + F

(
x, ψ′x, . . . , ψ(n−1)

x

)
+ bψ = 0.

�¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï ¤«ï ϕ(t) ¨¬¥¥â ¢¨¤

ϕ(t) = C1 ch(kt) + C2 sh(kt) + 1
k

∫ t

0
g(τ) sh

[
k(t− τ)

]
dτ ¯à¨ b = k2 > 0,

ϕ(t) = C1 cos(kt) + C2 sin(kt) + 1
k

∫ t

0
g(τ) sin

[
k(t− τ)

]
dτ ¯à¨ b = −k2 < 0,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. � ¬¥­  w = u(x, t) +ϕ(t), £¤¥ äã­ªæ¨ï ϕ(t) ¯à¨¢¥¤¥­  ¢ ¯. 1◦, ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã
ãà ¢­¥­¨î

∂2u

∂t2
= a

∂nu

∂xn
+ F

(
x,

∂u

∂x
, . . . ,

∂n−1u

∂xn−1

)
+ bu.
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6. ∂2w

∂t2
= a

∂nw

∂xn
+ wF

(
t,

1
w

∂w

∂x
, . . . ,

1
w

∂n−1w

∂xn−1

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = C1w(x + C2, t),

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) = eλxϕ(t),
£¤¥ λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï ϕ(t) ®¯¨áë¢ ¥âáï «¨­¥©­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¢â®à®£® ¯®àï¤ª 

ϕ′′tt =
[
aλn + F (t, λ, . . . , λn−1)

]
ϕ.

7. ∂2w

∂t2
= a

∂2nw

∂x2n
+ wF

(
t,

1
w

∂2w

∂x2 , . . . ,
1
w

∂2n−2w

∂x2n−2

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = C1w(x + C2, t),

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, t) =
[
A ch(λx) + B sh(λx)

]
ϕ(t),

£¤¥ A, B, λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(t) ®¯¨áë¢ ¥âáï «¨­¥©­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¢â®à®£® ¯®àï¤ª 

ϕ′′tt = �(t)ϕ, �(t) = aλ2n + F
(
t, λ2, . . . , λ2n−2).

3◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) =

[
A cos(λx) + B sin(λx)

]
ϕ(t),

£¤¥ A, B, λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(t) ®¯¨áë¢ ¥âáï «¨­¥©­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¢â®à®£® ¯®àï¤ª 

ϕ′′tt = �(t)ϕ, �(t) = (−1)naλ2n + F
(
t,−λ2, . . . , (−1)n−1λ2n−2).

11.3.4. �à ¢­¥­¨ï ¢¨¤  ∂2w

∂t2
= aw

∂nw

∂xn
+ f(x, t, w) ∂w

∂x
+ g(x, t, w)

1. ∂2w

∂t2
= aw

∂nw

∂xn
+ f(x)w +

n−1∑

k=0
bkxk.

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, t) = 1
2 t2

n−1∑

k=0
bkxk + t

n−1∑

k=0
Akxk +

n−1∑

k=0
Bkxk − 1

a(n− 1)!

∫ x

0
(x− ξ)n−1f(ξ) dξ,

£¤¥ A0, A1, . . . , An−1 ¨ B0, B1, . . . , Bn−1 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

2. ∂2w

∂t2
= aw

∂nw

∂xn
+ f(t)w + g(t).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, t) = ϕ(t)

(
Anxn + · · ·+ A1x

)
+ ψ(t),

£¤¥ A1, . . . , An | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′tt = Anan! ϕ2 + f(t)ϕ,

ψ′′tt = Anan! ϕψ + f(t)ψ + g(t).
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3. ∂2w

∂t2
= aw

∂nw

∂xn
+ bw2 + f(t)w + g(t).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, t) = ϕ(t)�(x) + ψ(t),

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¢â®à®£® ¯®àï¤ª  (C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï)

ϕ′′tt = Cϕ2 + bϕψ + f(t)ϕ,

ψ′′tt = Cϕψ + bψ2 + f(t)ψ + g(t),
  äã­ªæ¨ï �(x) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î n-£®
¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

a�(n)
x + b� = C.

4. ∂2w

∂t2
= aw

∂2nw

∂x2n
− ak2nw2 + f(x)w + b1 sh(kx) + b2 ch(kx).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, ª¢ ¤à â¨ç­®¥ ¯® ¯¥à¥¬¥­­®© t:
w(x, t) = 1

2 (t + C)2[b1 sh(kx) + b2 ch(kx)
]

+ ϕ(x).
�¤¥áì C |¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï ϕ(x) ®¯à¥¤¥«ï¥âáï ¨§ «¨­¥©­®£® ­¥®¤­®à®¤­®£®
®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

aϕ(2n)
x − ak2nϕ + f(x) = 0.

5. ∂2w

∂t2
= aw

∂nw

∂xn
+ f(x)w ∂w

∂x
+ g(t)w + h(t).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, t) = ϕ(t)�(x) + ψ(t),

£¤¥ äã­ªæ¨¨ ϕ(t), ψ(t), �(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
ϕ′′tt = Cϕ2 + g(t)ϕ,

ψ′′tt =
[
Cϕ + g(t)

]
ψ + h(t),

a�(n)
x + f(x)�′x = C,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

6. ∂2w

∂t2
= aw

∂nw

∂xn
+ f(x)w ∂w

∂x
+ g(x)w2 + h(t)w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, t) = ϕ(x)ψ(t),

£¤¥ äã­ªæ¨¨ ϕ(t) ¨ ψ(t) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨

aϕ(n)
x + f(x)ϕ′x + g(x)ϕ− C = 0,

ψ′′tt − Cψ2 − h(t)ψ = 0,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

11.3.5. �à ¢­¥­¨ï ¢¨¤  ∂2w

∂t2
= F

(
x, t, w,

∂w

∂x
, . . . ,

∂nw

∂xn

)

1. ∂2w

∂t2
= ∂n−1

∂xn−1

[
f(w) ∂w

∂x

]
− a2 f ′(w)

f3(w)
+ b.

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢ ­¥ï¢­®¬ ¢¨¤¥:∫
f(w) dw = at− b

n!
xn + Cn−1x

n−1 + · · ·+ C1x + C0,

£¤¥ C0, C1, . . . , Cn−1 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 675).
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2. ∂2w

∂t2
= F

(
∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C−2n
1 w(C2

1x + C2, C
n
1 t + C3) +

n−1∑

k=0
(Akt + Bk)xk,

£¤¥ C1, C2, C3, Ak, Bk | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢ ¢¨¤¥ ¬­®£®ç«¥­  n-© áâ¥¯¥­¨ ¯®
¯¥à¥¬¥­­®© x:

w(x, t) = 1
n!

(C1t + C2)xn +
n−1∑

k=0
(Akt + Bk)xk +

∫ t

0
(t− ξ)F (C1ξ + C2) dξ,

£¤¥ C1, C2, Ak, Bk | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, ª¢ ¤à â¨ç­®¥ ¯® ¯¥à¥¬¥­­®© t:

w(x, t) = 1
2

t2
n−1∑

k=0
Akxk + t

n−1∑

k=0
Bkxk +

n−1∑

k=0
Ckxk +

∫ x

0

(x− ξ)n−1

(n− 1)!
�

(n−1∑

k=0
Akξk

)
dξ,

£¤¥ Ak, Bk, Ck | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   �(u) | äã­ªæ¨ï ®¡à â­ ï ª F (u).
4◦. �®ç­®¥ à¥è¥­¨¥:

w(x, t) = 1
2

A1t
2 + 1

n!
A2x

n +
n−1∑
m=0

(Bmt + Cm)xm + ϕ(ζ), ζ = kx + λt,

£¤¥ A1, A2, Bm, Cm, k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ = ϕ(ζ) ®¯¨áë¢ ¥âáï
 ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

A1 + λ2ϕ′′ζζ = F
(
A2 + knϕ

(n)
ζ

)
.

5◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:
w = t2U(z), z = xt−2/n,

£¤¥ äã­ªæ¨ï U = U(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

2U + 2(2− 3n)
n2 zU ′z + 4

n2 z2U ′′zz = F (U (n)
z ).

3. ∂2w

∂t2
= aw

∂2w

∂x2 + F

(
∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
.

1◦. �ãé¥áâ¢ã¥â ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥, «¨­¥©­®¥ ¯® x:

w = (C1t + C2)x + C3t + C4 +
∫ t

0
(t− τ)F (C1τ + C2, 0, . . . , 0) dτ.

2◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w(x, t) = u(ξ), ξ = kx + λt,

£¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï u = u(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®-
¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(ak2u− λ2)u′′ξξ + F (ku′ξ, k
2u′′ξξ, . . . , k

nu
(n)
ξ ) = 0.

3◦. �®ç­®¥ à¥è¥­¨¥:
w = U(z) + 4aC2

1 t2 + 4aC1C2t, z = x + aC1t
2 + aC2t,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(aU − a2C2
2 )U ′′zz − 2aC1U

′
z + F (U ′z, U ′′zz, . . . , U (n)

z ) = 8aC2
1 .

gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 676).
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4. ∂2w

∂t2
= (aw + bx) ∂2w

∂x2 + F

(
∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
.

� ¬¥­  w = u− (b/a)x ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  11.3.5.3:
∂2u

∂t2
= au

∂2u

∂x2 + F

(
∂u

∂x
− b

a
,

∂2u

∂x2 , . . . ,
∂nu

∂xn

)
.

5. ∂2w

∂t2
= F

(
x, t,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
+ aw.

�ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨
w1 = w(x, t) + C1 ch(kt) + C2 sh(kt) ¯à¨ a = k2 > 0,

w2 = w(x, t) + C1 cos(kt) + C2 sin(kt) ¯à¨ a = −k2 < 0,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï.

11.4. �àã£¨¥ ãà ¢­¥­¨ï
11.4.1. �à ¢­¥­¨ï, á®¤¥à¦ é¨¥ á¬¥è ­ë¥ ¯à®¨§¢®¤­ë¥

1. ∂2w

∂x∂t
+

(
∂w

∂x

)2
− w

∂2w

∂x2 = f(t) ∂nw

∂xn
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1(x, t) = w

(
x + ϕ(t), t

)
+ ϕ′t(t),

£¤¥ ϕ(t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w = ϕ(t)eλx + 1
λ

ϕ′t(t)
ϕ(t)

− λn−2f(t),

£¤¥ ϕ(t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, λ | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
� ¬¥ç ­¨¥. �à¨ n = 3 íâ® ãà ¢­¥­¨¥ ¢áâà¥ç ¥âáï ¢ £¨¤à®¤¨­ ¬¨ª¥ [á¬. ãà ¢­¥­¨¥ (2) ¢ 9.3.3.1 ¨

ãà ¢­¥­¨¥ (4) ¯à¨ f1(t) = 0 ¢ 10.3.3.1].

2. ∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 = f(x) ∂nw

∂yn
.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1(x, y) = Cn−2

1 w(x, C1y + ϕ(x)) + C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   ϕ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨-
¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �ëà®¦¤¥­­®¥ à¥è¥­¨¥:

w(x, y) =
n−1∑

k=0
Ck

[
y + ϕ(x)

]k
,

£¤¥ ϕ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, Ck | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, y) = ϕ(x)eλy − λn−2
∫

f(x) dx + C,

£¤¥ ϕ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï; C, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
4◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, y) = ϕ(y)
∫

f(x) dx + ψ(y),

£¤¥ äã­ªæ¨¨ ϕ = ϕ(y) ¨ ψ = ψ(y) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

(ϕ′y)2 − ϕϕ′′yy = ϕ(n)
y ,

ϕ′yψ′y − ϕψ′′yy = ψ(n)
y .
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5◦. �¡®¡é¥­­®- ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:
w(x, y) = ϕ(x)U(z), z = ψ(x)y

£¤¥ äã­ªæ¨¨ ϕ = ϕ(x), ψ = ψ(x), U = U(z) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨©

(ϕψ)′x = C1f(x)ψn−1,

ϕ′x = C2f(x)ψn−2,

C1(U ′z)2 − C2UU ′′zz = U (n)
z .

6◦. �¬. â ª¦¥ ãà ¢­¥­¨¥ 11.4.1.3 ¯à¨ g(x) = 0.
� ¬¥ç ­¨¥. �à¨ n = 3 íâ® ãà ¢­¥­¨¥ ¢áâà¥ç ¥âáï ¢ £¨¤à®¤¨­ ¬¨ª¥ [á¬. ãà ¢­¥­¨¥ 9.3.1.1 ¯à¨

f(x) = const].gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, á. 375).

3. ∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 = f(x) ∂2nw

∂y2n
+ g(x).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 11.4.1.5.
�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, y) = ϕ(x)eλy − 1
2λ2ϕ(x)

[∫
g(x) dx + C1

]
e−λy − λ2n−2

∫
f(x) dx + C2,

£¤¥ ϕ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, C1, C2, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

4. ∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 = f(x)
(

∂2w

∂y2

)k−1 ∂nw

∂yn
.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1(x, y) = C2k+n−4
1 w

(
x, C2−k

1 y + ϕ(x)
)

+ C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, ϕ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬
íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w = U(z), z = y
[∫

f(x) dx + C
] 1

4−2k−n + ϕ(x),

£¤¥ ϕ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï,   äã­ªæ¨ï U = U(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(U ′z)2 = (4− 2k − n)(U ′′zz)k−1U (n)
z .

3◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, y) =
[
(2− k)

∫
f(x) dx + C

] 1
2−k

θ(y),

£¤¥ äã­ªæ¨ï θ(y) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(θ′y)2 − θθ′′yy = (θ′′yy)k−1θ(n)
y .

5. ∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 = F

(
x, w,

∂w

∂y
, . . . ,

∂nw

∂yn

)
.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1(x, y) = w

(
x, y + ϕ(x)

)
,

£¤¥ ϕ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �ãáâì ¯à ¢ ï ç áâì ãà ¢­¥­¨ï ­¥ § ¢¨á¨â ï¢­® ®â x. �®ç­®¥ à¥è¥­¨¥:

w = w(z), z = y + ϕ(x),
£¤¥ ϕ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï,   äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ F

(
w, w′z, . . . , w

(n)
z

)
= 0.

40 �. �. �®«ï­¨­, �. �. � ©æ¥¢
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3◦. �ãáâì ¯à ¢ ï ç áâì ãà ¢­¥­¨ï ­¥ § ¢¨á¨â ï¢­® ®â x ¨ w. �®ç­®¥ à¥è¥­¨¥:
w = Cx + g(z), z = y + ϕ(x),

£¤¥ ϕ(x) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï g(z) ®¯¨áë¢ ¥âáï
 ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ F

(
g′z, . . . , g

(n)
z

)
+ Cg′′zz = 0.

4◦. �à¥®¡à §®¢ ­¨¥ �¨§¥á 

ξ = x, η = w, u(ξ, η) = ∂w

∂y
, £¤¥ w = w(x, y),

­  ¥¤¨­¨æã ¯®­¨¦ ¥â ¯®àï¤®ª à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®à¬ã«ë ¤«ï ¢ëç¨á«¥­¨ï ¯à®¨§-
¢®¤­ëå:
∂w

∂y
= u,

∂2w

∂y2 = u
∂u

∂η
,

∂w

∂y

∂2w

∂x∂y
− ∂w

∂x

∂2w

∂y2 = u
∂u

∂ξ
,

∂3w

∂y3 = u
∂

∂η

(
u

∂u

∂η

)
,

∂

∂y
= u

∂

∂η
.

gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, áâà. 376).

6. ∂2w

∂x∂t
= a(t)w ∂2w

∂x2 + F

(
t,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w(x + ϕ(t), t) + ϕ′t(t)
a(t)

,

£¤¥ ϕ(t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �ëà®¦¤¥­­®¥ à¥è¥­¨¥, «¨­¥©­®¥ ¯® x:

w(x, t) = ϕ(t)x + ψ(t),
£¤¥ ψ(t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, ϕ(t) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢-
­¥­¨¥¬ ¯¥à¢®£® ¯®àï¤ª  ϕ′t = F (t, ϕ, 0, . . . , 0).
3◦. �à¨ a = const ¨ F = F (wx, wxx, . . . , w

(n)
x ), ãà ¢­¥­¨¥ ¨¬¥¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë

w = U(z), z = kx + λt,

£¤¥ k, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

kλU ′′zz = ak2UU ′′zz + F
(
kU ′z, k2U ′′zz, . . . , knU (n)

z

)
.

7. ∂n+1w

∂xn∂y
= aeλw.

�¡®¡é¥­­®¥ ãà ¢­¥­¨¥ �¨ã¢¨««ï.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w
(
C1x + C2, C3y + C4

)
+ 1

λ
ln(Cn

1 C3),
£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:

w = F (ξ), ξ = k1x + k2y,

£¤¥ k1, k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï F (ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ kn

1 k2F
(n+1)
ξ = aeλF .

3◦. �¥è¥­¨¥ â¨¯  ®¡®¡é¥­­®© ¡¥£ãé¥© ¢®«­ë:

w(x, y) = − n + 1
λ

ln z, z = ϕ(y)x + aλ(−1)n+1

(n + 1)!
ϕ(y)

∫
dy

[ϕ(y)]n+1 ,

£¤¥ ϕ(y) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï.
4◦. �®ç­®¥ à¥è¥­¨¥:

w = U(η) + n−m

mλ
ln y, η = xy1/m,

£¤¥ m | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï U(η) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨-
 «ì­ë¬ ãà ¢­¥­¨¥¬ ηU

(n+1)
η +nU

(n)
η = ameλU . �­ ç¥­¨î m = n á®®â¢¥âáâ¢ã¥â  ¢â®¬®¤¥«ì­®¥

à¥è¥­¨¥.
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8. ∂n+1w

∂xn∂y
= f

(
x,

∂w

∂x

)
eλw.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w
(
x, ϕ(y)

)
+ 1

λ
ln ϕ′y(y),

£¤¥ ϕ(y) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �à¨ f(x, wx) = f(wx) áãé¥áâ¢ã¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë

w = w(z), z = k1x + k2y,

£¤¥ k1, k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ kn

1 k2w
(n+1)
ξ = f(k1w

′
z)eλw.

9. ∂k+1w

∂xk∂t
= a(t)w ∂k+1w

∂xk+1 + F

(
t,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w(x + ϕ(t), t) + ϕ′t(t)
a(t)

,

£¤¥ ϕ(t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï ¯à¨ k = 1, 2, . . .

2◦. �à¨ a = const ¨ F = F (wx, wxx, . . . , w
(n)
x ), ãà ¢­¥­¨¥ ¨¬¥¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë

w = U(z), z = βx + λt,

£¤¥ β, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

λβkU (k+1)
z = aβk+1UU (k+1)

z + F
(
βU ′z, β2U ′′zz, . . . , βnU (n)

z

)
.

10. ∂2w

∂x∂t
= F

(
t,

∂w

∂x
,

∂2w

∂x2 , . . . ,
∂nw

∂xn

)
+ g(t) ∂2w

∂y2 .

1◦. ó�¢ã¬¥à­®¥ô à¥è¥­¨¥:

w(x, y, t) = u(z, t), z = x + C1y + C2
1

∫
g(t) dt + C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï u(z, t) ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬
∂2u

∂z∂t
= F

(
t, u,

∂u

∂z
,

∂2u

∂z2 , . . . ,
∂nu

∂zn

)
.

2◦. ó�¢ã¬¥à­®¥ô à¥è¥­¨¥:

w(x, y, t) = U(ξ, t), ξ = x + ϕ(t)(y + C1)2, ϕ(t) = −
[
4

∫
g(t) dt + C2

]−1
,

£¤¥ äã­ªæ¨ï U(ξ, t) ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬
∂2U

∂ξ∂t
= F

(
t, U,

∂U

∂ξ
,

∂2U

∂ξ2 , . . . ,
∂nU

∂ξn

)
+ 2g(t)ϕ(t) ∂U

∂ξ
.

11.4.2. �à ¢­¥­¨ï, á®¤¥à¦ é¨¥ ∂nw

∂xn
¨ ∂mw

∂ym

1. a
∂nw

∂xn
+ b

∂nw

∂yn
= (ayn + bxn)f(w).

�®ç­®¥ à¥è¥­¨¥:
w = w(z), z = xy,

£¤¥ äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
w(n)

z = f(w).
� ¬¥ç ­¨¥. � ¨áå®¤­®¬ ãà ¢­¥­¨¨ ¢¬¥áâ® ¯®áâ®ï­­ëå a ¨ b ¬®£ãâ áâ®ïâì ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨

a = a(x, y, w, wx, wy, . . .) ¨ b = b(x, y, w, wx, wy , . . .).

40*
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2. F

(
x,

1
w

∂w

∂x
, . . . ,

1
w

∂nw

∂xn
; 1

w

∂w

∂y
, . . . ,

1
w

∂mw

∂ym

)
= 0.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = Aeλyϕ(x),

£¤¥ A, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ n-£® ¯®àï¤ª 

F
(
x, ϕ′x/ϕ, . . . , ϕ(n)

x /ϕ; λ, . . . , λm)
= 0.

3. F

(
x,

1
w

∂w

∂x
, . . . ,

1
w

∂nw

∂xn
; 1

w

∂2w

∂y2 , . . . ,
1
w

∂2mw

∂y2m

)
= 0.

1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) =

[
A ch(λy) + B sh(λy)

]
ϕ(x),

£¤¥ A, B, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ n-£® ¯®àï¤ª 

F
(
x, ϕ′x/ϕ, . . . , ϕ(n)

x /ϕ; λ2, . . . , λ2m)
= 0.

2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) =

[
A cos(λy) + B sin(λy)

]
ϕ(x),

£¤¥ A, B, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ n-£® ¯®àï¤ª 

F
(
x, ϕ′x/ϕ, . . . , ϕ(n)

x /ϕ;−λ2, . . . , (−1)mλ2m)
= 0.

4. F1

(
x,

∂w

∂x
, . . . ,

∂nw

∂xn

)
+ F2

(
y,

∂w

∂y
, . . . ,

∂mw

∂ym

)
= kw.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x) + ψ(y).

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
F1

(
x, ϕ′x, . . . , ϕ(n)

x

)− kϕ = C,

F2
(
y, ψ′y, . . . , ψ(m)

y

)− kψ = −C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

5. F1

(
x,

1
w

∂w

∂x
, . . . ,

1
w

∂nw

∂xn

)
+ wkF2

(
y,

1
w

∂w

∂y
, . . . ,

1
w

∂mw

∂ym

)
= 0.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x)ψ(y).

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
ϕ−kF1

(
x, ϕ′x/ϕ, . . . , ϕ(n)

x /ϕ
)

= C,

ψkF2
(
y, ψ′y/ψ, . . . , ψ(m)

y /ψ
)

= −C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

6. F1

(
x,

∂w

∂x
, . . . ,

∂nw

∂xn

)
+ eλwF2

(
y,

∂w

∂y
, . . . ,

∂mw

∂ym

)
= 0.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x) + ψ(y).

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
e−λϕF1

(
x, ϕ′x, . . . , ϕ(n)

x

)
= C,

eλψF2
(
y, ψ′y, . . . , ψ(m)

y

)
= −C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
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7. F1

(
x,

1
w

∂w

∂x
, . . . ,

1
w

∂nw

∂xn

)
+ F2

(
y,

1
w

∂w

∂y
, . . . ,

1
w

∂mw

∂ym

)
= k ln w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x)ψ(y).

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨

F1
(
x, ϕ′x/ϕ, . . . , ϕ(n)

x /ϕ
)− k ln ϕ = C,

F2
(
y, ψ′y/ψ, . . . , ψ(m)

y /ψ
)− k ln ψ = −C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

8. F

(
ax + by, w,

∂w

∂x
, . . . ,

∂nw

∂xn
,

∂w

∂y
, . . . ,

∂mw

∂ym

)
= 0.

�®ç­®¥ à¥è¥­¨¥:
w = w(ξ), ξ = ax + by,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
ξ, w, aw′ξ, . . . , a

nw
(n)
ξ , bw′ξ, . . . , b

mw
(m)
ξ

)
= 0.

9. F

(
ax + by,

∂w

∂x
, . . . ,

∂nw

∂xn
,

∂w

∂y
, . . . ,

∂mw

∂ym

)
= 0.

�®ç­®¥ à¥è¥­¨¥:
w = ϕ(ξ) + Cx, ξ = ax + by,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï ϕ(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨-
 «ì­ë¬ ãà ¢­¥­¨¥¬

F
(
ξ, aϕ′ξ + C, a2ϕ′′ξξ, . . . , a

nϕ
(n)
ξ , bϕ′ξ, . . . , b

mϕ
(m)
ξ

)
= 0.

10. ∂n

∂xn

{[
a1x + b1y + f(w)

] ∂mw

∂xm

}
+ ∂n

∂yn

{[
a2x + b2y + g(w)

] ∂mw

∂ym

}
= 0.

�¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w = w(z), z = Ax + By,

£¤¥ ¯®áâ®ï­­ë¥ A ¨ B ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë ãà ¢­¥­¨©
a1A

n+m + a2B
n+m = A,

b1A
n+m + b2B

n+m = B.

�áª®¬ ï äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ m-£®
¯®àï¤ª  [

z + An+mf(w) + Bn+mg(w)
]
w(m)

z = C0 + C1z + · · ·+ Cn−1z
n−1,

£¤¥ C0, C1, . . . , Cn−1 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

11. (a1x+b1y) ∂nw

∂xn
+(a2x+b2y) ∂nw

∂yn
= F

(
w,

∂w

∂x
, . . . ,

∂mw

∂xm
,

∂w

∂y
, . . . ,

∂kw

∂yk

)
.

�¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w = w(z), z = Ax + By,

£¤¥ ¯®áâ®ï­­ë¥ A ¨ B ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë ãà ¢­¥­¨©
a1A

n + a2B
n = A,

b1A
n + b2B

n = B.

�áª®¬ ï äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ m-£®
¯®àï¤ª 

zw(n)
z = F

(
w, Aw′z, . . . , Amw(m)

z , Bw′z, . . . , Bkw(k)
z

)
.

� ¬¥ç ­¨¥. �­ «®£¨ç­ë¬ ®¡à §®¬ áâà®¨âáï à¥è¥­¨¥, ¥á«¨ ¯à ¢ ï ç áâì ãà ¢­¥­¨ï § ¢¨á¨â â ª¦¥ ®â
á¬¥è ­­ëå ¯à®¨§¢®¤­ëå.


