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1. é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ 

 

u
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v
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w

 

 ÔÓÂÍˆËË ‚ÂÍÚÓ‡
ÒÍÓÓÒÚË Ì‡ ÓÒË 

 

r

 

, 

 

θ

 

, 

 

z

 

 ˆËÎËÌ‰Ë˜ÂÒÍÓÈ ÒËÒÚÂÏ˚
ÍÓÓ‰ËÌ‡Ú, 

 

p

 

 – ‰‡‚ÎÂÌËÂ ÊË‰ÍÓÒÚË. Ç ̋ ÚËı Ó·ÓÁÌ‡-
˜ÂÌËflı Û‡‚ÌÂÌËfl ‚‡˘‡ÚÂÎ¸ÌÓ-ÒËÏÏÂÚË˜ÌÓ„Ó
‰‚ËÊÂÌËfl ‚flÁÍÓÈ ÌÂÒÊËÏ‡ÂÏÓÈ ÊË‰ÍÓÒÚË ÔË ÓÚ-
ÒÛÚÒÚ‚ËË ‚ÌÂ¯ÌËı ÒËÎ ËÏÂ˛Ú ‚Ë‰

(1)

á‰ÂÒ¸ 

 

ν

 

 – ÍËÌÂÏ‡ÚË˜ÂÒÍËÈ ÍÓ˝ÙÙËˆËÂÌÚ ‚flÁÍÓÒ-
ÚË. èÎÓÚÌÓÒÚ¸ ÊË‰ÍÓÒÚË Ò˜ËÚ‡ÂÚÒfl ‡‚ÌÓÈ Â‰ËÌË-
ˆÂ, ˜ÚÓ ÌÂ Ó„‡ÌË˜Ë‚‡ÂÚ Ó·˘ÌÓÒÚË. í‡ÍÊÂ ·ÂÁ ÔÓ-
ÚÂË Ó·˘ÌÓÒÚË ÏÓÊÌÓ Ò˜ËÚ‡Ú¸, ˜ÚÓ Ì‡ ÊË‰ÍÓÒÚ¸
‰ÂÈÒÚ‚Û˛Ú ÔÓÚÂÌˆË‡Î¸Ì˚Â ‚ÌÂ¯ÌËÂ ÒËÎ˚; ‚ ˝ÚÓÏ
ÒÎÛ˜‡Â 

 

p

 

 Ó·ÓÁÌ‡˜‡ÂÚ ÏÓ‰ËÙËˆËÓ‚‡ÌÌÓÂ ‰‡‚ÎÂ-
ÌËÂ, ÔÓÎÛ˜‡˛˘ÂÂÒfl ËÁ ËÒıÓ‰ÌÓ„Ó ÔË·‡‚ÎÂÌËÂÏ
ÔÓÚÂÌˆË‡Î‡ ‚ÌÂ¯ÌËı ÒËÎ.

ä‡Í ËÁ‚ÂÒÚÌÓ [1], ÒËÒÚÂÏÛ (1) ÏÓÊÌÓ Ò‚ÂÒÚË Í
‰‚ÛÏ Û‡‚ÌÂÌËflÏ, Ò‚flÁ˚‚‡˛˘ËÏ ÓÍÛÊÌÛ˛ ÍÓÏ-
ÔÓÌÂÌÚÛ ÒÍÓÓÒÚË 

 

ν

 

 Ë ÙÛÌÍˆË˛ ÚÓÍ‡ 

 

ψ

 

, ÍÓÚÓ‡fl
ÓÔÂ‰ÂÎflÂÚÒfl ‡‚ÂÌÒÚ‚‡ÏË

(2)

çËÊÂ ÔÂ‰Î‡„‡ÂÚÒfl ‰Û„‡fl ÙÓÏ‡ Á‡ÔËÒË ËÒÒÎÂ‰Û-
ÂÏ˚ı Û‡‚ÌÂÌËÈ, ÓÒÌÓ‚‡ÌÌ‡fl Ì‡ ÒÎÂ‰Û˛˘ÂÏ Ì‡-
·Î˛‰ÂÌËË. ÖÒÎË ÔÓ‰ÒÚ‡‚ËÚ¸ ‚ ÚÂÚ¸Â Û‡‚ÌÂÌËÂ
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(1) ‚˚‡ÊÂÌËfl (2), ÚÓ ÂÁÛÎ¸ÚËÛ˛˘ÂÂ ‡‚ÂÌÒÚ‚Ó
ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â

„‰Â ÒËÏ‚ÓÎ 

 

E

 

 Ó·ÓÁÌ‡˜‡ÂÚ ÓÔÂ‡ÚÓ ëÚÓÍÒ‡,

éÚÒ˛‰‡ ‚˚ÚÂÍ‡ÂÚ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ ÙÛÌÍˆËË 

 

Φ

 

 Ú‡-
ÍÓÈ, ˜ÚÓ

(3)

(4)

èÓ‰ÒÚ‡ÌÓ‚Í‡ (2) ‚Ó ‚ÚÓÓÂ Û‡‚ÌÂÌËÂ ÒËÒÚÂÏ˚ (1)
ÔË‚Ó‰ËÚ Â„Ó Í ‚Ë‰Û

(5)

„‰Â ‚‚Â‰ÂÌÓ Ó·ÓÁÌ‡˜ÂÌËÂ 

 

J

 

 = 

 

r

 

v

 

. íÂÔÂ¸ ÔÓ‰ËÙ-
ÙÂÂÌˆËÛÂÏ ÒÓÓÚÌÓ¯ÂÌËfl (3) Ë (4) ÔÓ 

 

r

 

 Ë 

 

z

 

 ÒÓÓÚ-
‚ÂÚÒÚ‚ÂÌÌÓ Ë ÔÓ‰ÒÚ‡‚ËÏ ‚ ÔÂ‚ÓÂ Û‡‚ÌÂÌËÂ (1), ‚
ÍÓÚÓÓÏ ÙÛÌÍˆËË 

 

u

 

, 

 

w

 

 ‚˚‡ÊÂÌ˚ ̃ ÂÂÁ 

 

ψ

 

. å˚ ÔÓ-
ÎÛ˜ËÏ:

(6)

ëËÒÚÂÏ‡ (4)–(6) Ë ·Û‰ÂÚ Ó·˙ÂÍÚÓÏ ‰‡ÌÌÓ„Ó ËÒÒÎÂ-
‰Ó‚‡ÌËfl.

2. Ñ‡ÎÂÂ 

 

R

 

+

 

 Ó·ÓÁÌ‡˜‡ÂÚ ÔÓÎÛÔÎÓÒÍÓÒÚ¸ 

 

r

 

 > 0
ÔÎÓÒÍÓÒÚË 
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, 

 

Ω

 

 – Ó„‡ÌË˜ÂÌÌÛ˛ Ó·Î‡ÒÚ¸ ‚ 

 

R

 

+
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Σ

 

 –
„‡ÌËˆÛ Ó·Î‡ÒÚË 
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T
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(0, 
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S

 

T

 

 = 

 

Σ × 

 

(0, 
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).
èÂ‰ÔÓÎÓÊËÏ ‰Îfl ÔÓÒÚÓÚ˚, ˜ÚÓ Á‡Ï˚Í‡ÌËÂ 

 

Ω

 

Ó·Î‡ÒÚË 

 

Ω

 

 ÌÂ ÒÓ‰ÂÊËÚ ÚÓ˜ÂÍ ÓÒË 

 

z

 

. ÖÒÚÂÒÚ‚ÂÌÌ‡fl
ÔÓÒÚ‡ÌÓ‚Í‡ Ì‡˜‡Î¸ÌÓ-Í‡Â‚ÓÈ Á‡‰‡˜Ë ‰Îfl ÒËÒÚÂ-
Ï˚ (1) ÒÓÒÚÓËÚ ‚ Á‡‰‡ÌËË ÁÌ‡˜ÂÌËÈ ÙÛÌÍˆËÈ 

 

u

 

, 

 

v

 

,

 

w

 

 Ì‡ ÌËÊÌÂÏ ÓÒÌÓ‚‡ÌËË 

 

Ω

 

 Ë ·ÓÍÓ‚ÓÈ ÔÓ‚ÂıÌÓÒÚË

 

S
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 ˆËÎËÌ‰‡ 
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T

 

. àÁ‚ÂÒÚÌÓ, ˜ÚÓ ÔË Ì‡‰ÎÂÊ‡˘Ëı
ÛÒÎÓ‚Ëflı „Î‡‰ÍÓÒÚË ‚ıÓ‰Ì˚ı ‰‡ÌÌ˚ı ˝Ú‡ Á‡‰‡˜‡
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é· Û‡‚ÌÂÌËflı ‚‡˘‡ÚÂÎ¸ÌÓ-ÒËÏÏÂÚË˜ÌÓ„Ó ‰‚ËÊÂÌËfl 
‚flÁÍÓÈ ÌÂÒÊËÏ‡ÂÏÓÈ ÊË‰ÍÓÒÚË
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ÄËÒÚÓ‚, èÛıÌ‡˜Â‚

ËÏÂÂÚ, Ë ÔËÚÓÏ Â‰ËÌÒÚ‚ÂÌÌÓÂ, ÍÎ‡ÒÒË˜ÂÒÍÓÂ Â-
¯ÂÌËÂ ÔË Î˛·ÓÏ T > 0 [2]. 

çËÊÂ Ï˚ Ó„‡ÌË˜ËÏÒfl ÒÎÛ˜‡ÂÏ, ÍÓ„‰‡ Ì‡ „‡-
ÌËˆÂ Ó·Î‡ÒÚË ÚÂ˜ÂÌËfl ‚˚ÔÓÎÌÂÌ˚ ÛÒÎÓ‚Ëfl ÔËÎË-
Ô‡ÌËfl u = v = w = 0. Ç ÚÂÏËÌ‡ı ÙÛÌÍˆËÈ ψ, J ˝ÚË
ÛÒÎÓ‚Ëfl ÔÂÂÔËÒ˚‚‡˛ÚÒfl ‚ ÒÎÂ‰Û˛˘ÂÏ ‚Ë‰Â:

(7)

(8)

„‰Â  Ó·ÓÁÌ‡˜‡ÂÚ ‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂ ÔÓ ÌÓ-

Ï‡ÎË Í ÍË‚ÓÈ Σ. ÑÎfl Á‡Ï˚Í‡ÌËfl ÔÓÒÚ‡ÌÓ‚ÍË Á‡‰‡-
˜Ë ‰Îfl ÒËÒÚÂÏ˚ (4)–(6) ÚÂ·ÛÂÚÒfl Á‡‰‡Ú¸ Ì‡˜‡Î¸-
Ì˚Â ÛÒÎÓ‚Ëfl

(9)

(10)

Ë Í‡Â‚˚Â ÛÒÎÓ‚Ëfl ‰Îfl ÙÛÌÍˆËË Φ, ËÒÔÓÎ¸ÁÓ‚‡‚
ÔË ˝ÚÓÏ ÛÒÎÓ‚ËÂ (7), ËÁ·˚ÚÓ˜ÌÓÂ ‰Îfl Û‡‚ÌÂÌËfl
(4). ë ˝ÚÓÈ ˆÂÎ¸˛ ÔÂ‚‡ÚËÏ (6) ‚ Û‡‚ÌÂÌËÂ ˜ÂÚ-
‚ÂÚÓ„Ó ÔÓfl‰Í‡, ÔÓ‰ÂÈÒÚ‚Ó‚‡‚ Ì‡ ÌÂ„Ó ÓÔÂ‡ÚÓ-
ÓÏ E:

(11)

é‰ÌÓ Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ ‰Îfl (11) ÒÎÂ‰ÛÂÚ ÌÂÔÓÒÂ‰-
ÒÚ‚ÂÌÌÓ ËÁ (6)–(8):

(12)

ÑÎfl ÔÓÎÛ˜ÂÌËfl ‚ÚÓÓ„Ó ÛÒÎÓ‚Ëfl ÔËÏÂÌËÏ Í

Ó·ÂËÏ ˜‡ÒÚflÏ Û‡‚ÌÂÌËfl (6) ÓÔÂ‡ˆË˛  Ë ÒÌÓ‚‡

‚ÓÒÔÓÎ¸ÁÛÂÏÒfl ‡‚ÂÌÒÚ‚‡ÏË (7), (8). Ç ÂÁÛÎ¸Ú‡ÚÂ
·Û‰ÂÏ ËÏÂÚ¸:

(13)

éÍÓÌ˜‡ÚÂÎ¸Ì‡fl ÙÓÏÛÎËÓ‚Í‡ Á‡‰‡˜Ë ÓÔÂ‰ÂÎÂ-
ÌËfl ÙÛÌÍˆËÈ ψ, J, Φ Ú‡ÍÓ‚‡: Ì‡ÈÚË Â¯ÂÌËÂ ÒËÒÚÂ-
Ï˚ (4), (5), (11) Ú‡Í, ˜ÚÓ·˚ Û‰Ó‚ÎÂÚ‚ÓflÎËÒ¸ ÛÒÎÓ-
‚Ëfl (8)–(10), (12), (13).

ì‡‚ÌÂÌËfl (4), (5), (11) Ó·‡ÁÛ˛Ú ÒÎ‡·Ó Ò‚flÁ‡Ì-
ÌÛ˛ ÒËÒÚÂÏÛ ‰‚Ûı Ô‡‡·ÓÎË˜ÂÒÍËı Û‡‚ÌÂÌËÈ ‚ÚÓ-
Ó„Ó ÔÓfl‰Í‡, ‰Îfl ÍÓÚÓ˚ı ÒÚ‡‚ËÚÒfl ÔÂ‚‡fl Ì‡-
˜‡Î¸ÌÓ-Í‡Â‚‡fl Á‡‰‡˜‡ Ë Ó‰ÌÓ„Ó ÎËÌÂÈÌÓ„Ó ̋ ÎÎËÔ-
ÚË˜ÂÒÍÓ„Ó Û‡‚ÌÂÌËfl ˜ÂÚ‚ÂÚÓ„Ó ÔÓfl‰Í‡, ‰Îfl
ÍÓÚÓÓ„Ó ÒÚ‡‚ËÚÒfl Á‡‰‡˜‡ ÚËÔ‡ çÂÈÏ‡Ì‡. Ç ˝ÚÓÏ
ÒÏ˚ÒÎÂ ÓÌ‡ ÔÓıÓÊ‡ Ì‡ Ú‡‰ËˆËÓÌÌÛ˛ ÒËÒÚÂÏÛ
Û‡‚ÌÂÌËÈ ‚‡˘‡ÚÂÎ¸ÌÓ-ÒËÏÏÂÚË˜ÌÓ„Ó ‰‚ËÊÂ-
ÌËfl, Á‡ÔËÒ‡ÌÌÛ˛ ‚ ÚÂÏËÌ‡ı ψ, v Ë ω = r–1E. èÂ-
ËÏÛ˘ÂÒÚ‚Ó ÌÓ‚ÓÈ ÙÓÏ˚ Á‡ÔËÒË ÒÓÒÚÓËÚ ‚ ÚÓÏ,
˜ÚÓ Í‡Â‚˚Â ÛÒÎÓ‚Ëfl ‰Îfl ÙÛÌÍˆËÈ ψ, J Ë Φ ÓÍ‡Á˚-
‚‡˛ÚÒfl "‡Á‚flÁ‡ÌÌ˚ÏË", ‚ ÓÚÎË˜ËÂ ÓÚ Ú‡‰ËˆËÓÌ-
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ÌÓ„Ó ÔÓ‰ıÓ‰‡, ‚ ÍÓÚÓÓÏ Ì‡ıÓÊ‰ÂÌËÂ „‡ÌË˜Ì˚ı
ÁÌ‡˜ÂÌËÈ ÙÛÌÍˆËË ω ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÂ¸ÂÁÌÛ˛ ‚˚-
˜ËÒÎËÚÂÎ¸ÌÛ˛ ÔÓ·ÎÂÏÛ.

Ç Á‡ÍÎ˛˜ÂÌËÂ ˝ÚÓ„Ó ‡Á‰ÂÎ‡ ÓÚÏÂÚËÏ, ˜ÚÓ ËÁ
ÒÓÓÚÌÓ¯ÂÌËÈ (6), (13) ‚˚ÚÂÍ‡ÂÚ ‡‚ÂÌÒÚ‚Ó (7), ÂÒ-
ÎË ‚˚ÔÓÎÌÂÌÓ ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÂ ÛÒÎÓ‚ËÂ

„‰Â ϕ – Û„ÓÎ ÏÂÊ‰Û ÓÒ¸˛ z Ë Ì‡Ô‡‚ÎÂÌËÂÏ ÌÓÏ‡-
ÎË Í ÍË‚ÓÈ Σ. èÓ‚ÂË‚ ‚˚ÔÓÎÌÂÌËÂ ÔÓÒÎÂ‰ÌÂ„Ó
ÛÒÎÓ‚Ëfl ÔË t = 0, Ï˚ ÏÓÊÂÏ „‡‡ÌÚËÓ‚‡Ú¸, ˜ÚÓ
ÓÌÓ ·Û‰ÂÚ Û‰Ó‚ÎÂÚ‚ÓÂÌÓ ÔÓ Í‡ÈÌÂÈ ÏÂÂ ‰Îfl Ï‡-
Î˚ı T > 0.

3. ä‡Í Ó·˘ËÂ Û‡‚ÌÂÌËfl ç‡‚¸Â–ëÚÓÍÒ‡, Ú‡Í Ë
Û‡‚ÌÂÌËfl ‚‡˘‡ÚÂÎ¸ÌÓ-ÒËÏÏÂÚË˜ÌÓ„Ó ‰‚ËÊÂ-
ÌËfl Ó·Î‡‰‡˛Ú ·Ó„‡ÚÓÈ „ÛÔÔÓÈ ÒËÏÏÂÚËÈ [3, 4].
èÓÒÍÓÎ¸ÍÛ ÔÂÂıÓ‰ ÓÚ Û‡‚ÌÂÌËÈ (1) Í ÒËÒÚÂÏÂ
(4)–(6) ÒÓ‰ÂÊËÚ ÌÂÎÓÍ‡Î¸Ì˚Â ÔÂÓ·‡ÁÓ‚‡ÌËfl,
ÚÓ „ÛÔÔ˚, ‰ÓÔÛÒÍ‡ÂÏ˚Â Ó·ÂËÏË ÒËÒÚÂÏ‡ÏË, ÌÂ
fl‚Îfl˛ÚÒfl ËÁÓÏÓÙÌ˚ÏË. ç‡Ë·ÓÎÂÂ ¯ËÓÍ‡fl
„ÛÔÔ‡ ÔÂÓ·‡ÁÓ‚‡ÌËÈ, ‰ÓÔÛÒÍ‡ÂÏ‡fl Û‡‚ÌÂÌËfl-
ÏË (4)–(6), ‚˚˜ËÒÎÂÌ‡ ë.Ç. ÉÓÎÓ‚ËÌ˚Ï. Å‡ÁËÒ ÒÓ-
ÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ‡Î„Â·˚ ãË Ó·‡ÁÓ‚‡Ì ÒÎÂ‰Û˛-
˘ËÏË ÓÔÂ‡ÚÓ‡ÏË

á‰ÂÒ¸ α, β, γ, δ – ÔÓËÁ‚ÓÎ¸Ì˚Â (ÍÎ‡ÒÒ‡ C∞) ÙÛÌÍ-
ˆËË t; ÚÓ˜Í‡ ÓÁÌ‡˜‡ÂÚ ‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂ ÔÓ t.

ç‡ÎË˜ËÂ ‚ „ÛÔÔÂ ÒËÏÏÂÚËÈ ÒËÒÚÂÏ˚ (4)–(6)
ÔÂÓ·‡ÁÓ‚‡ÌËÈ, Á‡‚ËÒfl˘Ëı ÓÚ ÔÓËÁ‚ÓÎ¸Ì˚ı
ÙÛÌÍˆËÈ ‚ÂÏÂÌË, ÔÓÁ‚ÓÎflÂÚ ÒÚÓËÚ¸ ËÌ‚‡Ë‡ÌÚ-
Ì˚Â Â¯ÂÌËfl ˝ÚÓÈ ÒËÒÚÂÏ˚, Ó·Î‡‰‡˛˘ËÂ ‡ÔËÓ-
Ë ÙÛÌÍˆËÓÌ‡Î¸Ì˚Ï ÔÓËÁ‚ÓÎÓÏ. èË‚Â‰ÂÏ Ó‰ËÌ
ËÁ ÔËÏÂÓ‚ ÔÓ‰Ó·Ì˚ı Â¯ÂÌËÈ. ê‡ÒÒÏÓÚËÏ
„ÛÔÔÛ, ÔÓÓÊ‰ÂÌÌÛ˛ ÓÔÂ‡ÚÓÓÏ X3 + X4. é·˘ËÈ
‚Ë‰ ËÌ‚‡Ë‡ÌÚÌÓ„Ó Â¯ÂÌËfl ÓÚÌÓÒËÚÂÎ¸ÌÓ ‰‡ÌÌÓÈ
„ÛÔÔ˚ Ú‡ÍÓ‚:

(14)

îÛÌÍˆËË f, g Ë h Û‰Ó‚ÎÂÚ‚Ófl˛Ú ÂÍÛÂÌÚÌÓÈ ÒË-
ÒÚÂÏÂ ÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ

1

r2
----

∂ψz

∂n
--------- ϕ ∂

∂n
------ 1

r
---Eψ 

  ϕ 0, r z t, ,( ) ST ,∈≠sin+cos

X1 ∂t, X2 2t∂t r∂r z∂z ψ∂ψ,+ + += =

X3 2α∂ z r2α∂ψ 4ȧ r2zȧ̇–( )∂Φ,+ +=

X4 β∂ψ zβ̇∂Φ, X5– γ∂Φ, X6 r2δ∂Φ.= = =

ψ z
2α
------- r2α̇ 2β+( ) f r t,( ), J+ g r t,( ),= =

Φ = 
z2

2α2
--------- r2 α̇2 αα̇̇

2
-------– 

  2α̇β αβ̇–+
2α̇z
α

--------- f h r t,( ).+ +

f t
r2α̇ 2β+

2αr
--------------------- f r– 2

α̇
α
--- f+ ν f rr

1
r
--- f r– 

  .=

gt
r2α̇ 2β+

2αr
---------------------gr– ν grr

1
r
---gr– 

  .=
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é· Û‡‚ÌÂÌËflı ‚‡˘‡ÚÂÎ¸ÌÓ-ÒËÏÏÂÚË˜ÌÓ„Ó ‰‚ËÊÂÌËfl 3

êÂ¯ÂÌËÂ (14) Ó·Ó·˘‡ÂÚ ‚ ‰‚Ûı Ì‡Ô‡‚ÎÂÌËflı
ËÁ‚ÂÒÚÌ˚È ‚Ëı¸ Å˛„ÂÒ‡ [5]. ÇÓ-ÔÂ‚˚ı, ÓÔË-
Ò˚‚‡ÂÏÓÂ ËÏ ‰‚ËÊÂÌËÂ fl‚ÎflÂÚÒfl ÌÂÒÚ‡ˆËÓÌ‡-
Ì˚Ï, ‡ ‚Ó-‚ÚÓ˚ı, ÔË β ≠ 0 ÔÓÎÂ ÒÍÓÓÒÚÂÈ ËÏÂÂÚ
ÓÒÓ·ÂÌÌÓÒÚ¸ Ì‡ ÓÒË ÒËÏÏÂÚËË, ÔÓÓÊ‰ÂÌÌÛ˛ ‡‚-
ÌÓÏÂÌÓ ‡ÒÔÂ‰ÂÎÂÌÌ˚Ï ËÒÚÓ˜ÌËÍÓÏ Ò ÎËÌÂÈÌÓÈ

ÔÎÓÚÌÓÒÚ¸˛ , ÔÓËÁ‚ÓÎ¸ÌÓ Á‡‚ËÒfl˘ÂÈ ÓÚ ‚Â-

ÏÂÌË. á‡ÏÂÚËÏ, ̃ ÚÓ ÍÎ‡ÒÒË˜ÂÒÍÓÂ Â¯ÂÌËÂ Å˛„Â-
Ò‡ ËÏÂÂÚ ÌÂÚË‚Ë‡Î¸ÌÛ˛ ÚÂÓÂÚËÍÓ-„ÛÔÔÓ‚Û˛
ÔËÓ‰Û: ÓÌÓ ÌÂ fl‚ÎflÂÚÒfl ËÌ‚‡Ë‡ÌÚÌ˚Ï Â¯ÂÌËÂÏ
ÒËÒÚÂÏ˚ (1), ÌÓ ÏÓÊÂÚ ·˚Ú¸ ÔÓÎÛ˜ÂÌÓ Í‡Í ËÌ‚‡Ë-
‡ÌÚÌÓÂ Â¯ÂÌËÂ ÌÂÍÓÚÓÓÈ ˜‡ÒÚË˜ÌÓ ËÌ‚‡Ë‡ÌÚ-
ÌÓÈ ÔÓ‰ÏÓ‰ÂÎË ̋ ÚÓÈ ÒËÒÚÂÏ˚. åÂÊ‰Û ÚÂÏ, ËÒÔÓÎ¸-
ÁÓ‚‡ÌËÂ Û‡‚ÌÂÌËÈ (4)–(6) ÔÓÁ‚ÓÎflÂÚ ÔÓÎÛ˜ËÚ¸ Â-
¯ÂÌËÂ Å˛„ÂÒ‡ Ë Â„Ó Ó·Ó·˘ÂÌËfl ‰ÓÒÚ‡ÚÓ˜ÌÓ
ÔÓÒÚ˚Ï ÒÔÓÒÓ·ÓÏ.

4. åÌÓÊÂÒÚ‚Ó ÚÓ˜Ì˚ı Â¯ÂÌËÈ ÒËÒÚÂÏ˚ (4)–(6)
ÌÂ ËÒ˜ÂÔ˚‚‡ÂÚÒfl ÂÂ ËÌ‚‡Ë‡ÌÚÌ˚ÏË Â¯ÂÌËflÏË.
é‰ÌÓ ËÁ ÌËı (ÒÚ‡ˆËÓÌ‡Ì˚È ˆËÎËÌ‰Ë˜ÂÒÍËÈ ‚Ëı¸)
ÔÓÒÚÓÂÌÓ ‚ ‡·ÓÚÂ [6]. Ç ˝ÚÓÏ Â¯ÂÌËË ÍÓÏÔÓÌÂÌ-
Ú˚ v, w ‚ÂÍÚÓ‡ ÒÍÓÓÒÚË ÔÓÔÓˆËÓÌ‡Î¸Ì˚ z, ‡
ÍÓÏÔÓÌÂÌÚ‡ u ÌÂ Á‡‚ËÒËÚ ÓÚ z. íÂÓÂÚËÍÓ-„ÛÔÔÓ-
‚‡fl ÔËÓ‰‡ ‰‡ÌÌÓ„Ó Â¯ÂÌËfl ‚˚flÒÌÂÌ‡ ‚ [7]. àÒıÓ-
‰fl ËÁ Û‡‚ÌÂÌËÈ (4)–(6), ÌÂÚÛ‰ÌÓ ÔÓÎÛ˜ËÚ¸ Ó·Ó·˘Â-
ÌËÂ Â¯ÂÌËfl [6] Ì‡ ÌÂÒÚ‡ˆËÓÌ‡Ì˚È ÒÎÛ˜‡È, ÔË˜ÂÏ
Á‡‚ËÒËÏÓÒÚ¸ ÙÛÌÍˆËÈ v, w ÓÚ z ÏÓÊÂÚ ·˚Ú¸ ÌÂÓ‰ÌÓ-
Ó‰ÌÓÈ. ÑÎfl ˝ÚÓ„Ó ‰ÓÒÚ‡ÚÓ˜ÌÓ ÔÓÎÓÊËÚ¸

„‰Â A, B, C, D, F, G, H – ÙÛÌÍˆËË ÔÂÂÏÂÌÌ˚ı r Ë t.
èË ˝ÚÓÏ Û‡‚ÌÂÌËfl ‰Îfl A, C, F Ó·‡ÁÛ˛Ú Á‡ÏÍÌÛ-
ÚÛ˛ Í‚‡ÁËÎËÌÂÈÌÛ˛ ÒËÒÚÂÏÛ:

(15)

èË ËÁ‚ÂÒÚÌ˚ı A, C Ë F ÙÛÌÍˆËË B, D, G. H ÓÔÂ-
‰ÂÎfl˛ÚÒfl ËÁ ÒËÒÚÂÏ˚ ÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ, ÍÓÚÓ-
‡fl Á‰ÂÒ¸ ÌÂ Á‡ÔËÒ‡Ì‡ (ÓÚÏÂÚËÏ, ˜ÚÓ ÔÓÒÎÂ‰Ìflfl
‚ÒÂ„‰‡ ËÏÂÂÚ Â¯ÂÌËÂ, ‚ ÍÓÚÓÓÏ ÙÛÌÍˆËË B, D Ë
G ‡‚Ì˚ ÌÛÎ˛, ‡ Û‡‚ÌÂÌËÂ ‰Îfl ÙÛÌÍˆËË H Â¯‡-
ÂÚÒfl ‚ Í‚‡‰‡ÚÛ‡ı).

Ç‡ÊÌÓÂ Ò‚ÓÈÒÚ‚Ó ÒËÒÚÂÏ˚ (15) ÒÓÒÚÓËÚ ‚ ÚÓÏ,
˜ÚÓ ÓÌ‡ Ì‡ÒÎÂ‰ÛÂÚ ˜‡ÒÚ¸ „ÛÔÔÓ‚˚ı Ò‚ÓÈÒÚ‚ ÔÓ-

hrr
1
r
---hr r2 α2 αα̇̇

2
-------– 

  2α̇β αβ̇–+  =–

=  
1

r2
---- g2 r2α̇ 2β+( )2

4α̇
----------------------------+

2
r
--- f r f rr

1
r
--- f r– 

  .+

β
2πα
----------–

ψ Az B, J+ Cz D, Φ+ Fz2 Gz H ,+ += = =

Ar
1
r
---AAr– 2F+ ν Arr

1
r
---Ar– 

  ,=

Ct
1
r
---ACr–

1
r
---ArC+ ν Crr

1
r
---Cr– 

  ,=

Frr
1
r
---Fr–

1

r2
----C2 2

r
---Ar Arr

1
r
---Ar– 

  .+=

ÓÊ‰‡˛˘ÂÈ ÒËÒÚÂÏ˚ (4)–(6). Ç ˜‡ÒÚÌÓÒÚË, Â˛ ‰Ó-
ÔÛÒÍ‡ÂÚÒfl ÓÔÂ‡ÚÓ ‡ÒÚflÊÂÌËfl

àÌ‚‡Ë‡ÌÚÌÓÏÛ Â¯ÂÌË˛ ÒËÒÚÂÏ˚ (15) ÓÚÌÓÒË-
ÚÂÎ¸ÌÓ ÓÔÂ‡ÚÓ‡ X7 ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÌÓ‚ÓÂ ‡‚ÚÓÏÓ-
‰ÂÎ¸ÌÓÂ Â¯ÂÌËÂ Û‡‚ÌÂÌËÈ (1) ‚Ë‰‡

(16)

„‰Â ξ = r(vt)–1/2. àÒÒÎÂ‰Ó‚‡ÌËÂ Â¯ÂÌËfl (16) ‚˚ıÓ-
‰ËÚ Á‡ ‡ÏÍË ‰‡ÌÌÓ„Ó ÒÓÓ·˘ÂÌËfl.

5. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ Â¯ÂÌËÂ ÒËÒÚÂÏ˚ (4)–(6)
ÓÔÂ‰ÂÎÂÌÓ ‚ Ó·Î‡ÒÚË ΠT = R+ × (0, T) Ë Û‰Ó‚ÎÂÚ‚Ó-

flÂÚ ÛÒÎÓ‚ËflÏ ψ → 0 ÔË ρ =  → ∞ Ë

(17)

Ò ÌÂÍÓÚÓ˚ÏË ÔÓÒÚÓflÌÌ˚ÏË m, 2 < m ≤ 4 Ë C1 =
= C1(T) > 0. éÒÌÓ‚˚‚‡flÒ¸ Ì‡ ÂÁÛÎ¸Ú‡Ú‡ı ‡·ÓÚ [8,
9] (ÒÏ. Ú‡ÍÊÂ ˆËÚËÛÂÏÛ˛ ‚ ÌËı ÎËÚÂ‡ÚÛÛ) Ë ËÒ-
ÔÓÎ¸ÁÛfl ‚‡˘‡ÚÂÎ¸ÌÛ˛ ÒËÏÏÂÚË˛ ÔÓÎfl ÒÍÓÓ-
ÒÚÂÈ, ÏÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ÌÂ‡‚ÂÌÒÚ‚‡ (17) ·Û‰ÛÚ
‚˚ÔÓÎÌÂÌ˚ ‚ Ó·Î‡ÒÚË ΠT ÔË ÌÂÍÓÚÓÓÏ T > 0, ÂÒ-
ÎË ÓÌË ÒÔ‡‚Â‰ÎË‚˚ ÔË t = 0 Ò ÌÂÍÓÚÓÓÈ ÔÓÒÚÓ-
flÌÌÓÈ C0 > 0.

éˆÂÌÍË (17) ÔÓÁ‚ÓÎfl˛Ú ÔÓÎÛ˜ËÚ¸ ÒÎÂ‰Û˛˘ÂÂ
ÔÂ‰ÒÚ‡‚ÎÂÌËÂ ‰Îfl Â„ÛÎflÌÓ„Ó Ì‡ ÓÒË z Â¯ÂÌËfl
Φ Û‡‚ÌÂÌËfl (6) Ë Â„Ó ÔÓËÁ‚Ó‰Ì˚ı:

(18)

„‰Â C2 = const > 0. çÂ‡‚ÂÌÒÚ‚‡ (18) ÓÁÌ‡˜‡˛Ú, ˜ÚÓ
Â¯ÂÌËÂ ÌÂÓ‰ÌÓÓ‰ÌÓ„Ó Û‡‚ÌÂÌËfl (6) Ò ·˚ÒÚÓ
Û·˚‚‡˛˘ÂÈ Ô‡‚ÓÈ ˜‡ÒÚ¸˛ ÔË ·ÓÎ¸¯Ëı ρ ‚Â‰ÂÚ
ÒÂ·fl Ú‡Í ÊÂ, Í‡Í ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÓÂ Â¯ÂÌËÂ –
r2(4πρ3)–1 Û‡‚ÌÂÌËfl EΦ = 0 Ò ÓÒÓ·ÂÌÌÓÒÚ¸˛ ‚ Ì‡-
˜‡ÎÂ ÍÓÓ‰ËÌ‡Ú. èËÏÂÌËÏ ÌÂ‡‚ÂÌÒÚ‚‡ (17), (18)
Í ÔÓÎÛ˜ÂÌË˛ ËÌÚÂ„‡Î¸Ì˚ı ÚÓÊ‰ÂÒÚ‚, ÍÓÚÓ˚Ï
Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÔÓÎÂ ÒÍÓÓÒÚÂÈ ‚‡˘‡ÚÂÎ¸ÌÓ-ÒËÏ-
ÏÂÚË˜ÌÓ„Ó ‰‚ËÊÂÌËfl ÊË‰ÍÓÒÚË, Á‡ÔÓÎÌfl˛˘ÂÈ
‚ÒÂ ÔÓÒÚ‡ÌÒÚ‚Ó.

á‡ÔË¯ÂÏ Û‡‚ÌÂÌËÂ (6) ‚ ˝Í‚Ë‚‡ÎÂÌÚÌÓÈ ÙÓÏÂ

X7 2t∂t r∂r C∂c– 2F∂F.–+=

u
1

t
-----u ξ( ), v

z
t
--v ξ( ), w

z
t
--w ξ( ),= = =

p
z2

t2
---- p ξ( ) 1

t
---q ξ( ),+=

r2 z2+

∇ψ
r

-----------, Eψ ,
J
r

----- C1 1 ρ+( ) m–≤

Φ
C2r2

ρ3
---------- O

r2

ρ4
----- 

  , Φz+
3C2r2z

ρ5
-----------------– O

r2

ρ5
----- 

  ,+= =

Φr

C2r 2z2 r2–( )
ρ5

-------------------------------- O
r

ρ4
----- 

  ,+=

∂
∂r
----- rΦr 2Φ– ψz

2 ψr
2–+( ) ∂

∂z
----- rΦz 2ψzψr–( )  =+

=  r u2
v

2 2w2–+( ),
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ÄËÒÚÓ‚, èÛıÌ‡˜Â‚

„‰Â ÍÓÏÔÓÌÂÌÚ˚ ÒÍÓÓÒÚË u, w ‚˚‡Ê‡˛ÚÒfl ˜ÂÂÁ
ψr, ψz ÔÓ ÙÓÏÛÎ‡Ï (2), ‡ v = r–1J. àÌÚÂ„ËÛfl ÔÓ-
ÎÛ˜ÂÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ ÔÓ Ó·Î‡ÒÚË R+ Ë ËÒÔÓÎ¸ÁÛfl
ÓˆÂÌÍË (17), (18), Ï˚ Á‡ÍÎ˛˜‡ÂÏ:

(19)

íÓÊ‰ÂÒÚ‚Ó (19) fl‚ÎflÂÚÒfl ˜‡ÒÚÌ˚Ï ÒÎÛ˜‡ÂÏ ÚÓÊ-
‰ÂÒÚ‚, ÔÓÎÛ˜ÂÌÌ˚ı ‚ [10] Ò ÔÓÏÓ˘¸˛ ‰Ó‚ÓÎ¸ÌÓ
ÒÎÓÊÌ˚ı ÔÓÒÚÓÂÌËÈ. 

Ö˘Â Ó‰ÌÓ ËÌÚÂÂÒÌÓÂ ÚÓÊ‰ÂÒÚ‚Ó ÔÓÎÛ˜‡ÂÚÒfl
ÔÓÒÎÂ ÛÏÌÓÊÂÌËfl Û‡‚ÌÂÌËfl (4) Ì‡ r Ë ËÌÚÂ„ËÓ-
‚‡ÌËfl ÂÁÛÎ¸Ú‡Ú‡ ÔÓ ÍÛ„Û ρ < N, r > 0. èÂ‰ÔÓÎÓ-
ÊËÏ, ˜ÚÓ ÔÓÍ‡Á‡ÚÂÎ¸ m ‚ ÌÂ‡‚ÂÌÒÚ‚‡ı (17) ÎÂÊËÚ
‚ ËÌÚÂ‚‡ÎÂ (3, 4], ÚÓ„‰‡ ‚ ÛÔÓÏflÌÛÚÓÏ ÚÓÊ‰ÂÒÚ‚Â
ÏÓÊÌÓ ÔÂÂÈÚË Í ÔÂ‰ÂÎÛ ÔË N → ∞. èÂ‰ÂÎ¸ÌÓÂ
ÒÓÓÚÌÓ¯ÂÌËÂ ËÏÂÂÚ ‚Ë‰

(20)

Ç ÚÓÊ‰ÂÒÚ‚‡ (19), (20) ÌÂ ‚ıÓ‰ËÚ "ÎË¯Ìflfl" ÙÛÌÍ-
ˆËfl Φ, ÙËÁË˜ÂÒÍËÈ ÒÏ˚ÒÎ ÍÓÚÓÓÈ ÌÂ ‚ÔÓÎÌÂ flÒÂÌ.
éÌË ÔËÏÂ˜‡ÚÂÎ¸Ì˚ Â˘Â Ë ÚÂÏ, ˜ÚÓ ÌÂ ÒÓ‰ÂÊ‡Ú
fl‚ÌÓ ÍÓ˝ÙÙËˆËÂÌÚ ‚flÁÍÓÒÚË ν Ë ÓÒÚ‡˛ÚÒfl ÒÔ‡-
‚Â‰ÎË‚˚ÏË ‚ ÔÂ‰ÂÎÂ ν → 0.

Ä‚ÚÓ˚ ‚˚‡Ê‡˛Ú ÔËÁÌ‡ÚÂÎ¸ÌÓÒÚ¸ ë.Ç. ÉÓ-
ÎÓ‚ËÌÛ, ÔÂ‰ÓÒÚ‡‚Ë‚¯ÂÏÛ ‚ Ëı ‡ÒÔÓflÊÂÌËÂ Â-
ÁÛÎ¸Ú‡Ú˚ ‚˚˜ËÒÎÂÌËfl ÓÒÌÓ‚ÌÓÈ „ÛÔÔ˚ ÒËÒÚÂÏ˚
(4)–(6).

ê‡·ÓÚ‡ ÔÓ‰‰ÂÊ‡Ì‡ „‡ÌÚ‡ÏË êîîà ‹ 01-01-
00446, PE-009 CRDF (ë.ç. ÄËÒÚÓ‚), ‡ Ú‡ÍÊÂ „‡Ì-
ÚÓÏ êîîà ‹ 01-01-00782 Ë ÒÚËÔÂÌ‰ËÂÈ ãÓÌ‰ÓÌÒÍÓ-
„Ó Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓ„Ó Ó·˘ÂÒÚ‚‡ (Ç.Ç. èÛıÌ‡˜Â‚). 
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